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We study SU(3) flavor-breaking corrections to the relation between the octet baryon masses and the nucleon-
meson CP-violating interactions induced by the QCD θ̄ term. We work within the framework of SU(3) chiral
perturbation theory and work through next-to-next-to-leading order in the SU(3) chiral expansion, which isO(m2

q ).
At lowest order, the CP-odd couplings induced by the QCD θ̄ term are determined by mass splittings of the baryon
octet, the classic result of Crewther et al. [Phys. Lett. B 88, 123 (1979)]. We show that for each isospin-invariant
CP-violating nucleon-meson interaction there exists one relation that is respected by loop corrections up to the
order we work, while other leading-order relations are violated. With these relations we extract a precise value
of the pion-nucleon coupling ḡ0 by using recent lattice QCD evaluations of the proton-neutron mass splitting. In
addition, we derive semiprecise values for CP-violating coupling constants between heavier mesons and nucleons
with ∼ 30% uncertainty and discuss their phenomenological impact on electric dipole moments of nucleons and
nuclei.
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I. INTRODUCTION

Violation of time reversal (T ), or, equivalently, violation
of the product of charge conjugation and parity (CP) is one
of the ingredients [1] needed to explain the matter-antimatter
asymmetry of the visible universe. The standard model (SM)
of particle physics contains two sources of CP violation, the
phase of the Cabibbo-Kobayashi-Maskawa (CKM) matrix and
the QCD θ̄ term. The phase of the CKM matrix explains the
observed CP violation in K and B decays [2], but appears to
be too small for electroweak baryogenesis (see Ref. [3] and
references therein). The QCD θ̄ term is severely constrained
by the nonobservation of the neutron electric dipole moment
(EDM). The current limit on the neutron EDM, |dn| < 2.9 ×
10−13 e fm [4], bounds θ̄ to be small, θ̄ < 10−10, the well-
known strong CP problem.

The viability of attractive, low-scale baryogenesis mech-
anisms such as electroweak baryogenesis thus requires new
sources of CP violation. With the assumption that new physics
is heavier than the electroweak scale and that there are no
new light degrees of freedom, new sources of CP violation
appear as higher-dimensional operators in the SM Lagrangian,
suppressed by powers of the scale M

�T
at which T violation

arises. These operators involve SM particles and respect the
SM gauge symmetry. In the quark sector, they are at least
dimension six and are suppressed by two powers of M

�T
[5,6].

EDMs of the nucleon, light-nuclei, atomic, and molecular
systems are extremely sensitive probes of such flavor-diagonal
T -violating (�T ) operators; for reviews, see Refs. [7–9]. The
current generation of experiments probes scales of TeV (or
higher) and provides powerful constraints on new physics
models, complementary to direct searches of new physics at
colliders. Furthermore, a vigorous experimental program is
under way [10] to improve current bounds on the neutron
EDM [4] by two orders of magnitude, to measure EDMs of

light nuclei at the same or even higher level of accuracy [11,12]
and to improve the bounds on EDMs of diamagnetic atoms,
like 199Hg [13], 129Xe [14], and 225Ra [15].

The extraction of robust information on possible new
sources of CP violation from EDM measurements involves
dynamics on a large variety of scales, from the new physics
scale M

�T
to the electroweak (EW) and QCD scales, down

to the atomic scale. The step to hadronic and nuclear scales
involves nonperturbative strong matrix elements, which are
often poorly known, leading to large uncertainties [8]. In
recent years, lattice QCD has made progress in computing
the nucleon EDM induced by the QCD θ̄ term [16–18],
while the study of the nucleon EDM generated by higher-
dimensional operators is still in its infancy (an exception is
the quark EDM [19]). Another important ingredient for the
study of EDMs is composed of �T pion-nucleon couplings,
which determine the leading nonanalytic contribution to the
nucleon EDM [20]. In addition, they generate �T long-range
nucleon-nucleon potentials, contributing to EDMs of light
nuclei [21,22], and diamagnetic atoms [7,8].

The direct calculation of�T pion-nucleon couplings on the
lattice, from both θ̄ and dimension-six operators, is difficult.
Some information can be gained by the study of the momentum
dependence of the electric dipole form factor (EDFF) [23,24],
but the most recent lattice calculations are performed at too-
large momenta for a reliable extraction [16,18,25]. Fortunately,
in some cases other methods exist to extract the values of
the pion-nucleon interactions. For chiral-symmetry-breaking
sources, like the QCD θ̄ term, or the light-quark chromoelec-
tric dipole moments (qCEDMs), the pion-nucleon couplings
are intimately related to CP-even, chiral-symmetry-breaking
effects. In the case of the QCD θ̄ term this was realized in
Ref. [20], which expressed the isoscalar �T coupling ḡ0 in
terms of mass splittings of the octet baryons. In particular,
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in SU(2) chiral perturbation theory (χPT) it is possible to relate
ḡ0 to the neutron-proton mass difference induced by the quark
mass difference md − mu, which we denote by δmN . All the
information on nonperturbative dynamics entering ḡ0 can thus
be extracted by computing a property of the baryon spectrum,
the nucleon mass splitting, a task for which lattice QCD is
particularly well suited. Indeed, existing calculations of the
nucleon mass splitting allow a determination of ḡ0 with 10%
accuracy [26,27], if one considers only lattice uncertainties.
Similar relations between �T pion-nucleon couplings and
modifications to the meson and baryon spectrum can be derived
in the case of the qCEDM operators [7,28] and provide a
viable route to improve the determination of couplings that,
at the moment, are only known at the order-of-magnitude
level [7,8,29].

The relations between �T couplings and baryon masses
strictly hold at leading order (LO) in χPT. Furthermore, if
one considers the strange quark as light and extends the chiral
group to SU(3) × SU(3), more LO relations can be written;
e.g., ḡ0 can be expressed in terms of the mass difference of
the � and � baryons. Using the two LO relations leads to
values of ḡ0 that differ by about 50%, well beyond the lattice
QCD uncertainty. Is this large difference owing to an inherent
uncertainty in the relation between the spectrum and the �T
couplings? Does this imply that the relations to the baryon
spectrum can only be used for order-of-magnitude estimates
of the�T couplings?

In this paper we investigate these questions and seek to
quantify the SU(3) flavor-breaking corrections between the
baryon masses and �T couplings induced by the QCD θ̄
term. We work in the framework of SU(3) heavy-baryon
χPT [30,31] and compute higher-order corrections in the
chiral expansion. We show that most LO relations are badly
violated, already at next-to-leading order (NLO) and cannot be
used for reliable extractions of the meson-nucleon couplings.
However, for all isospin-invariant �T couplings there exists
exactly one relation that is preserved by all loop corrections
up to next-to-next-to-leading order (N2LO). By using the
relations that are not violated by SU(3) flavor breaking, a
precise extraction of the couplings is possible irrespective of
the convergence of SU(3) χPT through this order. In the case
of ḡ0, the preserved relation is to δmN , while the relation to the
mass difference of the � and � baryons receives large NLO
and N2LO corrections, which show little sign of convergence.
Expressing ḡ0 in terms of the � and � masses overestimates
the coupling by about 50%, well outside the uncertainty which
is determined with δmN .

For isospin-breaking couplings, such as the isovector pion-
nucleon coupling ḡ1, we were not able to identify any robust
relation that does not receive large violations already at NLO.
We are forced to conclude that SU(3) heavy-baryon χPT does
not provide a reliable method to extract this important coupling
from known matrix elements.

In this work we focus only on CP violation from the SM
QCD θ̄ term, leaving higher-dimensional operators arising
from possible beyond-standard-model (BSM) physics for fu-
ture work. However, our results are also relevant for scenarios
of BSM physics where the strong CP problem is solved by a
Peccei-Quinn mechanism. In this case, an effective θ̄ term can

be induced proportional to any appearing higher-dimensional
CP-odd sources [7,32]. Other BSM scenarios involve cases
where parity is assumed to be an exact symmetry at high
energies, requiring θ̄ = 0 [33], while a calculable contribution
to θ̄ is induced at lower energies once parity is spontaneously
broken; see, for instance, Ref. [34]. In any case, a quantitative
understanding of the low-energy consequences of the θ̄ term
is necessary to unravel the underlying source of CP violation
once a nonzero EDM is measured [35] and to test scenarios,
such as the one in Ref. [36], where a small but nonzero θ̄
term is expected. Our values of the CP-odd pion-nucleon
couplings can also be used for more precise limits on axion
searches [37,38].

This paper is organized as follows. In Sec. II we review
the closely related chiral-symmetry-breaking and�T sectors of
the χPT Lagrangian. In Sec. III we discuss baryon masses
and �T couplings at tree level and identify the relations
between masses and couplings imposed by SU(3) symmetry. In
Sec. IV we study NLO corrections to masses and�T couplings
and identify which relations are respected by NLO loop
corrections. In Sec. V A we discuss in detail N2LO corrections
to the nucleon mass splitting, including, for the first time,
decuplet corrections. The expressions of N2LO corrections to
the mass splittings of the � and � baryons and to the octet
baryon average masses are relegated to Appendixes A and B.
In Sec. V B we examine N2LO corrections to ḡ0 and show
that all the loops at this order are related to contributions to
the nucleon mass splitting. In Secs. V C and V D we discuss
the remaining �T nucleon couplings. In Sec. VI we use the
conserved relations to determine the value of the�T couplings
induced by the QCD θ̄ term and discuss the impact of our
analysis on the nucleon EDFF and on the�T nucleon-nucleon
potential. We conclude in Sec. VII.

II. QCD AND EFT LAGRANGIAN

At the QCD scale, μ ∼ 1 GeV, heavy gauge bosons, the
Higgs and the heavy quarks can be integrated out, and the
SM Lagrangian involves gluons, photons, and three flavors of
quarks,

LQCD = −1

4
FμνF

μν − 1

4
Ga

μνG
a μν + q̄i /Dq − eiρ q̄LMqR

− e−iρ q̄RMqL − θ
g2

s

64π2
εμναβGa

μνG
a
αβ, (1)

where q is a triplet of quark fields q = (u,d,s), Fμν and
Ga

μν are the photon and gluon field strengths, and Dμ is the
SU(3)c × U(1)em covariant derivative. The first three terms in
Eq. (1) are the photon, gluon, and quark kinetic terms. Without
loss of generality, the quark mass matrix can be expressed in
terms of a real diagonal matrix M = diag(mu,md,ms), and
a common phase ρ. The last term in Eq. (1) is the QCD
θ̄ term. Despite being a total derivative, it contributes to
physical observables through extended field configurations,
the instantons [39]. The two CP-violating parameters in
Eq. (1), θ and the phase ρ, are not independent, and CP
violation is proportional to the combination θ̄ = θ − nf ρ,
where nf = 3 is the number of flavors of light quarks. This
can be explicitly seen by performing an anomalous UA(1) axial
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rotation. With an appropriate choice of phase, the θ term can
be completely eliminated, in favor of a complex mass term.
The residual freedom of performing nonanomalous SU(3)A
axial rotations can be used to align the vacuum in presence
of CP violation to the original vacuum of the theory. If the
complex mass term is the only �T operator in the theory,
vacuum alignment is accomplished by making the complex
mass term isoscalar [40]. At the level of the meson Lagrangian,
the condition of vacuum alignment is equivalent to setting the
LO coupling of the pion and η meson to the vacuum to zero.

After vacuum alignment, the QCD Lagrangian in the
presence of the θ̄ term reads

LQCD = − 1
4FμνF

μν − 1
4Ga

μνG
a μν + q̄i /Dq

− q̄
(M − iγ5m∗θ̄

)
q, (2)

where we denote

m∗ = mumdms

ms(mu + md ) + mumd

= m̄(1 − ε2)

2 + m̄
ms

(1 − ε2)
, (3)

with 2m̄ = mu + md and ε = (md − mu)/(md + mu). When
providing numerical results, we take the values of these
quantities from the most recent lattice average by Flavor
Lattice Averaging Group (FLAG) (quoted in the MS scheme
at μ = 2 GeV when relevant) [41]:

m̄ = 3.42 ± 0.09 MeV,
ms

m̄
= 27.46 ± 0.44,

(4)
ε = 0.37 ± 0.03.

The QCD Lagrangian is approximately invariant under the
global chiral group SU(3)L × SU(3)R . Chiral symmetry and
its spontaneous breaking to the vector subgroup SU(3)V lead to
the emergence of an octet of pseudo-Nambu-Goldstone (pNG)
bosons, the pion, kaon, and η mesons, whose interactions are
dictated by chiral symmetry. The quark mass and the QCD
θ̄ term break chiral symmetry explicitly. Chiral invariance
can be formally recovered by assigning the mass term the
transformation properties

M + im∗θ̄ → R(M + im∗θ̄ )L†,
(5)M − im∗θ̄ → L(M − im∗θ̄ )R†,

under a SU(3)L × SU(3)R rotation. The QCD θ̄ term thus
induces�T interactions between pNG bosons, and pNG bosons
and matter fields, that can be constructed using the same
spurion fields employed in the construction of the meson and
baryon mass terms. We refer to Refs. [20,28,42–45] for more
details. In the next sections we give the meson and baryon
χPT Lagrangians relevant to the calculation of�T baryon-pNG
couplings at N2LO.

A. Meson sector

The constraints imposed by chiral symmetry and its sponta-
neous and explicit breaking on the interactions of pNG bosons
can be formulated in an effective Lagrangian, χPT [42,46–49],
whose construction is well known. We adopt here the notation
of Ref. [42]. In the absence of explicit chiral symmetry
breaking, the interactions of pNG bosons are proportional to
their momentum, q, which guarantees that low-momentum

observables can be computed as a perturbative expansion in
q/�χ , where �χ is a typical hadronic scale, �χ ∼ 1 GeV. The
quark masses explicitly break chiral symmetry, giving masses
to the pNG bosons and inducing nonderivative couplings.
However, the breaking is small and can be incorporated in the
expansion by counting each insertion of the quark mass as q2.

We assign each term in the χPT Lagrangian an integer
index that counts the powers of momentum or of the quark
mass. The LO meson Lagrangian contains two derivatives or
one light-quark mass insertion and is given by

L(2)
π = F 2

0

4
Tr(∂μU∂μU †) + F 2

0

4
Tr[U †χ + Uχ †], (6)

where F0 is the pion decay constant in the chiral limit. Beyond
LO, SU(3) breaking corrections break the degeneracy of the
pion, kaon, and η decay constants. We denote by Fπ and FK

the empirical pion and kaon decay constants, Fπ = 92.2 MeV
and FK = 113 MeV [2]. Fη can be expressed in terms of FK

and Fπ , and we use Fη = 1.3Fπ [42]. In Eq. (6) we introduced
the unitary matrix

U (π ) = u(π )2 = exp

(
2iπ

F0

)
, (7)

where π ’s are the pNG boson fields,

π = πataij = 1√
2

⎛
⎜⎜⎝

π3√
2

+ π8√
6

π+ K+

π− − π3√
2

+ π8√
6

K0

K− K
0 − 2√

6
π8

⎞
⎟⎟⎠, (8)

where (ta)ij are the generators of SU(3), a = 1, . . . ,8 is
the octet index, and i,j = 1, . . . ,3 are indices of the funda-
mental representation of SU(3). Under a SU(3)L × SU(3)R
transformation, the pNG field has a complicated nonlinear
transformation, while U transforms simply as U → RUL†.
The first term in Eq. (6) is chirally invariant. The second term,
with χ = 2B(M + im∗θ̄ ), is the realization of the quark mass
term which, with the transformation properties in Eq. (5), is
also formally invariant.

Equation (6) induces the leading contribution to the pion,
kaon, and η meson masses,

m2
π± = 2Bm̄,

m2
π0 = 2Bm̄ − B

m̄2ε2

ms − m̄
,

m2
η = 2

3
B(2ms + m̄) + B

m̄2ε2

ms − m̄
, (9)

m2
K± = B(ms + m̄ − m̄ε),

m2
K0 = B(ms + m̄ + m̄ε).

When working in the isospin limit, we denote m2
K = B(ms +

m̄). At the order we are working, we need the meson masses
only at LO, and, for numerical evaluations, we use the
Particle Data Group (PDG) values mπ± = 139.6 MeV, mK+ =
493.7 MeV, mK0 = 497.6 MeV, mη = 547.9 MeV [2]. The
experimental error on the meson masses is always negligible
compared to other uncertainties in the calculations, and we can
neglect it.
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The relation between the physical π0 and η and the pNG
bosons π3 and π8 is determined, at LO, by the π -η mixing
angle φ,

π0 = cos φ π3 + sin φ π8,
(10)

η = − sin φ π3 + cos φ π8,

with

φ√
3

= m̄ε

2(ms − m̄)
. (11)

Beyond lowest order, η-π mixing cannot simply be described
by a mixing angle [42,50].

In the �T sector, vacuum alignment eliminates pion and η
tadpoles in LO. In SU(2) χPT, vacuum alignment eliminates
all LO three-pion vertices. However, in SU(3) χPT the meson
mass term induces a three-pNG vertex of the form

Lπππ = − B

3F0
m∗θ̄ dabcπaπbπc, (12)

where dabc are the constants determined by the anticommutator
of SU(3) generators

{ta,tb} = 1
3δab + dabctc. (13)

The interaction in Eq. (12) involves one η and two pions, one
η and two kaons, or one pion and two kaons and induces
the CP-odd decay η → ππ . Limits on this branching ratio
make it possible to put a bound on θ̄ , though several orders
of magnitude less stringent than the bound from the neutron
EDM [51]. Three-pion interactions also arise at LO, but they
are proportional to the η-π mixing angle and vanish for
large ms .

The O(q4) meson Lagrangian is well known [42]. At the
order we are working, we only need the terms

L(4)
π ⊃ L4 Tr(∂μU † ∂μU )Tr(χ †U + U †χ )

+L5Tr[∂μU † ∂μU (χ †U + U †χ )]

+L7[Tr(Uχ † − χ U †)]2

+L8Tr(Uχ †Uχ † + χU †χU †). (14)

L4 and L5 contribute to the pNG wave function renormaliza-
tion and to the renormalization of F0. L7 and L8 generate pion
and η tadpoles, which contribute to�T pion-nucleon couplings
at N2LO. For �T baryon-pNG couplings, the dependence on
L4 and L5 cancels between the wave function renormalization
and the corrections to F0. L7 and L8 have been determined
from global fits to meson data [52,53]. We use the NLO
fits in Ref. [53], which give L7 = (−0.3 ± 0.2) × 10−3 and
L8 = (0.5 ± 0.2) × 10−3. L8 is scale dependent, and it is
evaluated at the scale μ = 770 MeV.

B. Baryon sector

The inclusion of baryons in χPT has been derived in a
large number of papers, for instance Refs. [30,31,54–57]. The
baryon octet can be included in a way consistent with the chiral
expansion by working in the nonrelativistic limit and removing
the large, inert octet mass mB [30,31]. The mass splittings
of octet states vanish in the chiral limit and scale as O(q2).

χPT can be extended to include the decuplet baryons at the
price of introducing a new scale �, the decuplet-octet splitting,
which does not vanish in the chiral limit, nor can it be rotated
away [30,57]. This octet-decuplet splitting scales as 1/Nc in
the large Nc expansion [58–60]. The explicit inclusion of the
decuplet is necessary for the chiral expansion to respect the
1/Nc counting rules [61], and the predictions from a combined
SU(3)-1/Nc expansion are phenomenologically well satisfied
in lattice QCD calculations [62,63].

In the heavy-baryon formalism, the lowest-order chiral-
invariant octet and decuplet baryon Lagrangian is given by

L(1) = Tr(iB̄v · DB) + F Tr(B̄Sμ[uμ,B])

+D Tr(B̄Sμ{uμ,B}) − iT
μ
v · DTμ + �T

μ
Tμ

+ C
2

(T
μ
uμB + B̄uμT μ) + HT

μ
SνuνTμ, (15)

where vμ and Sμ denote the heavy-baryon velocity and spin.
D and F are the octet axial couplings, D � 0.8 and F �
0.45, and D + F = gA = 1.27. C is the decuplet-octet axial
coupling, C � 1.5. H is the decuplet axial coupling, which
does not play a role in our discussion. The matrix B denotes
the octet baryon field

B = Bataij =

⎛
⎜⎜⎝

1√
2
�0 + 1√

6
� �+ p

�− − 1√
2
�0 + 1√

6
� n

�− �0 − 2√
6
�

⎞
⎟⎟⎠.

(16)

The decuplet field T
μ
ijk carries three completely symmetrized

fundamental indices. The pNG bosons appear through the
combinations uμ = u†i∂μu − ui∂μu† and, in the covariant
derivatives, Vμ = 1

2 (u∂μu† + u†∂μu). The chiral covariant
derivatives are

DμB = ∂μB + [Vμ,B], (17)

DνT
μ
ijk = ∂νT

μ
ijk + (Vν)ilT

μ
ljk + (Vν)j lT

μ
ilk + (Vν)klT

μ
ij l . (18)

Invariant terms involving the octet and decuplet baryons are
constructed using the contractions

B̄uμT μ ≡ B̄iluμ jmT
μ
klmεijk, T̄ μuμB ≡ T̄

μ
klmuμmjBliε

ijk.

(19)

Baryon mass terms and �T couplings appear in the SU(3)
Lagrangian at O(q2), and they are given by [30]

L(2) = b0Tr
(
B̄B

)
Trχ+ + bDTr

(
B̄{χ+,B}) + bF Tr

(
B̄[χ+,B]

)
+ bC T

μ
χ+Tμ + b� Tr(χU † + χ †U ) T

μ
Tμ, (20)

where χ+ = u†χu† + uχ †u. b0 and b� denote common shifts
to all octet and decuplet masses, and do not give rise to
�T nucleon couplings with one pNG boson. bD , bF , and bC

induce splittings between the different octet and decuplet states
and give rise to �T baryon-pNG interactions. The low energy
constant (LECs) b0, bD , and bF scale as �−1

χ , and do not depend
on the quark masses. When including decuplet corrections b0,
bD , and bF must be interpreted as series expansions in the
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octet-decuplet splitting � [64–67]

bi = 1

�χ

(
b

(0)
i + b

(1)
i

�

�χ

+ b
(2)
i

�2

�2
χ

+ · · ·
)

, (21)

where the higher orders in �/�χ arise from finite contribu-
tions and are needed to absorb the divergences arising from
diagrams with decuplet intermediate states. There is no sense
in keeping track of the finite � dependence in the LECs
as these corrections are quark mass independent, and thus
not discernible with present lattice QCD calculations at fixed
Nc = 3.

Baryon mass splittings and�T couplings receive O(q3) cor-
rections from one-loop diagrams involving the chiral-invariant
interactions in Eq. (15), and chiral-breaking interactions from
Eq. (6). This is distinct from SU(2) χPT in which the O(q3)
corrections cancel in the isospin mass splitting. At O(q4), one

has to consider one-loop diagrams involving operators in the
O(q2) Lagrangian and tree-level diagrams with one insertion
of the O(q4) Lagrangian. Besides the mass terms in Eq. (20),
L(2) contains relativistic corrections to the interactions in
Eq. (15), and baryon-pNG interactions with two derivatives.
The operators are listed in Ref. [68] and here we give only those
relevant to our discussion. There are four operators containing
two derivatives of pNG fields:

L(2)
ππ = b1Tr(B̄[uμ,[uμ,B]]) + b2Tr(B̄[uμ,{uμ,B}])

+ b3Tr(B̄{uμ,{uμ,B}}) + b8Tr[B̄B]Tr[uμuμ]. (22)

The effects on the baryon masses of operators similar to
b1, . . . ,b8, but with uμ replaced with v · u, can be accounted for
by a redefinition of bi and of the O(q4) LECs. For this reason,
we do not include these operators explicitly. The relativistic
corrections are

L(2)
rel = − D

2mB

Tr(B̄Sμ[iDμ,{v · u,B}]) − F

2mB

Tr(B̄Sμ[iDμ,[v · u,B]])

− F

2mB

Tr(B̄Sμ[v · u,[iDμ,B]]) − D

2mB

Tr(B̄Sμ{v · u,[iDμ,B]})

+ D2 − 3F 2

24mB

Tr(B̄[v · u,[v · u,B]]) − D2

12mB

Tr(B̄B)Tr(v · u v · u)

− 1

2mB

Tr(B̄[Dμ,[Dμ,B]]) + 1

2mB

Tr(B̄[v · D,[v · D,B]])

− DF

4mB

Tr(B̄[v · u,{v · u,B}]). (23)

We find that the contribution of recoil corrections to D and F to the baryon masses is small. The relativistic corrections to the
octet-decuplet coupling C can be removed using the LO equations of motion [65–67].

The O(q4) Lagrangian is

L(4) = d1Tr(B̄[χ+,[χ+,B]]) + d2Tr(B̄[χ+,{χ+,B}]) + d3Tr(B̄{χ+,{χ+,B}})
+ d4Tr(B̄χ+)Tr(χ+B̄) + d5Tr(B̄[χ+,B]) Tr(χ+) + d6Tr(B̄{χ+,B}) Tr(χ+)

+ d7Tr(B̄B)Tr(χ+)Tr(χ+) + d8Tr(B̄B) Tr(χ2
+) + d9Tr(B̄[χ−,[χ−,B]]) + d10Tr(B̄[χ−,{χ−,B}])

+ d11Tr(B̄{χ−,{χ−,B}}) + d12Tr(B̄χ−)Tr(χ−B) + d13Tr(B̄[χ−,B])Tr(χ−) + d14Tr(B̄{χ−,B})Tr(χ−)

+ d15Tr(B̄B)Tr(χ−)Tr(χ−) + d16Tr(B̄B)Tr(χ2
−). (24)

d1, . . . ,d8 were constructed in Ref. [68] and contribute to
baryon masses and splittings. The operators d9, . . . ,d16 involve
two insertions of χ− = u†χu† − uχ †u. The CP-even parts of
these operators do not contribute to baryon masses and mass
splittings, but do contribute to pion-nucleon scattering. The
CP-odd components give O(q4) corrections to�T baryon-pNG
couplings.

III. OCTET BARYON MASSES AND�T COUPLINGS
AT TREE LEVEL

The Lagrangian (20) realizes the leading effects of the
light-quark masses in the baryon sector. The light-quark
masses induce splittings between the octet and decuplet states,
and, in the presence of the QCD θ̄ term, cause the appearance
of �T couplings between baryon and pNG bosons. The LO

corrections to the baryon masses are well known (see, for
example, Refs. [69,70]), we give them here to make the
connection with�T couplings explicit.

The nucleon, �, and � mass splittings are given by

δ(0)mN = mn − mp = −8Bm̄ε (bF + bD),

δ(0)m� = m�− − m�0 = −8Bm̄ε (bF − bD), (25)

δ(0)m� = m�+ − m�− = 16Bm̄ε bF ,

respectively, where we introduced the superscript (0) to
denote that these are the leading contributions. The three
mass splittings are not independent, but are related by the
Coleman-Glashow relation [71]

δ(0)mN + δ(0)m� + δ(0)m� = 0. (26)
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Neglecting O(ε2) corrections to the �0 and � masses, the
isospin-averaged masses of the nucleon, �, �, and �, baryon
are

�(0)mN = mn + mp

2
− mB

= −4B[ms(b0 + bD − bF ) + m̄(2b0 + bD + bF )],

�(0)m� = m�− + m�0

2
− mB

= −4B[ms(b0 + bD + bF ) + m̄(2b0 + bD − bF )],

�(0)m� = m�+ + m�0 + m�−

3
− mB

= −4B[(ms + 2m̄)b0 + 2m̄bD],

�(0)m� =m� − mB =−4B

[
(ms +2m̄)b0+ 2

3
(m̄+2ms)bD

]
,

(27)

respectively, where all the masses are measured with respect
to mB , the common octet mass in the chiral limit. Finally, mB

gets a corrections proportional to ms + 2m̄,

�(0)mB = 2�(0)mN + 2�(0)m� + 3�(0)m� + �(0)m�

8

= −4B(ms + 2m̄)

(
b0 + 2

3
bD

)
. (28)

In the presence of a θ̄ term, the operators in Eq. (20)
induce�T baryon-pNG couplings. The couplings of the great-
est phenomenological interest are pion-nucleon couplings.
Besides giving a LO contribution to the nucleon EDM, the
isoscalar nonderivative pion-nucleon coupling ḡ0 induces a
�T nucleon-nucleon potential, which is expected to give a
sizable, when not dominant, contribution to EDMs of light
nuclei with N 	= Z [21,72,73]. Furthermore, EDMs of heavier
systems, like 199Hg, are commonly computed in terms of three
nonderivative pion-nucleon couplings [8].

Introducing the nucleon doublet, N = (p n)T , we write the
�T pion-nucleon couplings as

Lπ = − ḡ0

2Fπ

N̄τ · πN − ḡ1

2Fπ

π0N̄N − ḡ2

2Fπ

π0N̄τ 3N + · · · ,

(29)

where τ are the Pauli matrices and · · · includes terms with
more derivatives. Notice that we defined the couplings in terms
of the physical pion decay constant Fπ , rather than F0. The
difference between Fπ and F0 is an N2LO correction.

At tree level, the�T pion-nucleon couplings are expressed in
terms of the LECs bD and bF . b0 does not generate tree-level�T
couplings with only one pNG boson, but does induce couplings
with at least three pNG, which are relevant at one loop. ḡ0, ḡ1,
and ḡ2 are given by

ḡ
(0)
0 = −8B(bD + bF )m∗θ̄ , (30)

ḡ
(0)
1 = 8B(bD − 3bF )

φ√
3
m∗θ̄ , (31)

ḡ
(0)
2 = 4B(bD + bF )φ2m∗θ̄ , (32)

where φ is the η-π mixing angle defined in Eq. (11). From
Eqs. (25) and (30), we see that ḡ0 is related to the tree-level
contribution to the nucleon mass splitting,

ḡ
(0)
0 = δ(0)mN

m∗θ̄
m̄ε

= δ(0)mN

1 − ε2

2ε
θ̄ + O

(
m̄

ms

)
. (33)

For ms 
 m̄, this is the same relation that holds in SU(2) [44].
In SU(3) χPT, at tree level one can also write [20]

ḡ
(0)
0 = (�(0)m� − �(0)m�)

2m∗
ms − m̄

θ̄ . (34)

We show that both Eq. (33) and Eq. (34) are violated at N2LO.
However, Eq. (33) is violated only by finite terms and by new
LECs appearing at O(q4), while it is respected by all loop
diagrams. However, Eq. (34) is already violated at NLO and
receives much larger corrections.

An isoscalar operator like θ̄ can generate the isospin-
breaking couplings ḡ1 and ḡ2 only in the presence of some
source of isospin violation. In SU(2) χPT this implies that
ḡ1 and ḡ2 are suppressed and appear at O(q4) and O(q6),
respectively. In SU(3) χPT, the η-π mixing angle φ appears at
LO, which means that ḡ1,2 are formally LO as well. However,
numerically they are suppressed by powers of m̄/ms ∼ 0.04.

The coupling ḡ1 is particularly important for EDMs
of nuclei with N = Z such as the deuteron. At LO, the
combination of LECs bD − 3bF can be expressed in terms
of baryon-mass splittings as

ḡ
(0)
1 = −(δ(0)m� − δ(0)m�)

φ√
3

m∗
m̄ε

θ̄

= −(�(0)mN − �(0)mB)
φ√
3

6m∗
(ms − m̄)

θ̄

= −
[(

d

dms

− d

2dm̄

)
�(0)mN

]
φ√
3

4m∗θ̄ , (35)

where the masses and splittings are given in Eq. (27).
Equations (31) and (35) were used in Ref. [74] to estimate
ḡ1 and its contribution to the deuteron EDM. Contributions
to ḡ1 that are not suppressed by m̄/ms only appear at N2LO.
However, as we discuss in Sec. V C, they can be as large as
Eq. (35).

In the case of the QCD θ̄ term, the coupling ḡ2 is suppressed
by m̄2/m2

s , and because it is of little phenomenological
consequence, we neglect ḡ2 henceforth.

Nonanalytic LO contributions to the nucleon EDM in
SU(3) χPT involve other �T nucleon couplings [23]. Intro-
ducing the isospin doublet K = (K+,K0), and an isospin
triplet � = (�+,�0,�−), we can write the isospin-invariant�T
couplings between the nucleon and η meson, and the nucleon,
kaon, and � or � baryon as

L=−ḡ0 η

2Fη

ηN̄N − ḡ0 N�K

2FK

N̄τ · �K − ḡ0 N�K

2FK

N̄K�0 + H.c.

(36)

Isospin-breaking couplings also arise at LO, but are suppressed
by m̄ε/ms , and we neglect them in the following. At LO, the
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couplings in Eq. (36) are given by

ḡ
(0)
0 η = 8B

bD − 3bF√
3

m∗θ̄ , (37)

ḡ
(0)
0 N�K = 8B(bF − bD)m∗θ̄ , (38)

ḡ
(0)
0 N�K = 8B

(bD + 3bF )√
3

m∗θ̄ . (39)

These �T couplings can be expressed in terms of various
combinations of baryon masses. We list some of them,

√
3ḡ

(0)
0 η = −(δ(0)m� − δ(0)m�)

m∗θ̄
m̄ε

= −
[(

d

dms

− d

2dm̄

)
�(0)mN

]
4m∗θ̄ , (40)

ḡ
(0)
0 N�K = −δ(0)m�

m∗θ̄
m̄ε

= −(�(0)m� − �(0)mN )
2m∗θ̄

ms − m̄
, (41)

√
3ḡ

(0)
0 N�K = −(δ(0)mN − δ(0)m�)

m∗θ̄
m̄ε

= −(�(0)m� − �(0)mN )
6m∗θ̄

ms − m̄
, (42)

where the approximate SU(3) symmetry enforces many other
LO relations between corrections to the octet masses. The
second equation in Eq. (40) is particularly interesting, because
it relates ḡ0 η not directly to the nucleon mass, but to its
derivatives with respect to ms and m̄. Through the Feynman-
Hellmann theorem, these derivatives can be related to the
nucleon σ terms

σNq = mq〈N |q̄q|N〉 = mq

∂�mN

∂mq

. (43)

We can thus write
√

3ḡ
(0)
0 η = −

(
σ

(0)
Ns

ms

− σ
(0)
Nl

2m̄

)
4m∗θ̄ , (44)

where σNl = σNu + σNd .
In the rest of the paper we show that in most cases the

relations between baryon mass splittings and �T baryon-pNG
couplings break down already at NLO. The slow convergence
of SU(3) baryon χPT then renders the usefulness of these
relations to be qualitative only. However, for each isospin-
invariant coupling, there exists one relation that survives NLO
and most of the N2LO corrections. These relations thus provide
a powerful method to extract �T couplings from well-known
T -even matrix elements. The most important example is the
link between ḡ0 and δmN , which, as we discuss in Secs. IV
and V, receives particularly small corrections.

IV. OCTET BARYON MASSES AND�T COUPLINGS AT NLO

In Fig. 1 we represent one-loop corrections to the baryon
masses [Figs. 1(a) and 1(b)], and to �T octet-pNG couplings
[Figs. 1(c) and 1(d)]. In dimensional regularization, Fig. 1(a) is
finite and contributes to the octet masses and mass splittings at
O(q3). In particular, it affects the mass splittings δmN , δm�,
and δm� through the kaon mass difference m2

K0 − m2
K+ =

B(md − mu) and the η-π mixing angle φ. At the same order,
diagrams with intermediate decuplet states contribute via
Fig. 1(b). These diagrams have UV poles that are linear in
the octet-decuplet splitting � and are absorbed by bD , bF , and
b0. Figure 1(b) contributes to the nucleon mass splitting only
through the kaon mass difference because of the vanishing of
the octet-decuplet-η axial coupling. The mass splittings of the
� and � baryons receive contributions from both the kaon
mass splitting and the η-π mixing.

All together, we find

δ(1)mN = (D2 − 6DF − 3F 2)

48πF 2
0

(
m3

K0 − m3
K+

) + (D − 3F )(D + F )

8πF 2
0

φ√
3

(
m3

η − m3
π

)

+ C2

144π2F 2
0

[f (mK0,�) − f (mK+ ,�)], (45)

δ(1)m� = − (D2 + 6DF − 3F 2)

48πF 2
0

(
m3

K0 − m3
K+

) − (D + 3F )(D − F )

8πF 2
0

φ√
3

(
m3

η − m3
π

)

− 7C2

144π2F 2
0

[f (mK0,�) − f (mK+ ,�)] − C2

12π2F 2
0

φ√
3

[f (mη,�) − f (mπ,�)], (46)

δ(1)m� = DF

4πF 2
0

(
m3

K0 − m3
K+

) + DF

2πF 2
0

φ√
3

(
m3

η − m3
π

)

+ C2

24π2F 2
0

[f (mK0 ,�) − f (mK+ ,�)] + C2

12π2F 2
0

φ√
3

[f (mη,�) − f (mπ,�)]. (47)

The loop function appearing in the decuplet diagrams is given by

f (mK,�) = �

(
−�2 + 3

2
m2

K

)
L + �

6

[
12m2

K − 10�2 + 3
(
3m2

K − 2�2
)

ln
μ2

m2
K

]
+ 2

(
m2

K − �2
)3/2

arccot
�√

m2
K − �2

.

(48)
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FIG. 1. O(q3) corrections to the baryon masses and baryon-pNG �T couplings. Plain, double, and dashed lines denote octet baryons,
decuplet baryons, and pNG bosons, respectively. Dotted vertices denote CP-even couplings, i.e., the octet-pNG axial couplings D and F and
the decuplet-octet-pNG coupling C. A square denotes a�T coupling.

L encodes the UV divergence and is defined as

L = 1

ε
+ ln 4π − γE, (49)

where γE is the Euler constant. For the spin projector
for decuplet fields in d = 4 − 2ε dimensions, we used the
definition of Ref. [57]. The poles are absorbed by defining
the renormalized couplings br

D and br
F . We work in the MS

scheme and define

br
D = bD − �

C2

64π2F 2
π

L, br
F = bF + �

5C2

384π2F 2
π

L. (50)

In the limit � → 0, the divergence disappears and f assumes
the same form as the octet corrections,

lim
�→0

f (mK,�) = πm3
K. (51)

The NLO corrections in Eqs. (45), (46), and (47) that
do not involve the decuplet agree with Ref. [75]. Both
octet and decuplet corrections respect the Coleman-Glashow
relation.

In addition to the mass splittings, the tree-level relations
between baryon masses and �T couplings involve the octet
isospin-averaged masses. Baryon masses in the isospin limit
were computed at NLO in Refs. [69,70] and at N2LO in
Refs. [65,68,69,75,76]. At NLO

�(1)mN = − 1

96πF 2
0

[
2(5D2 − 6DF + 9F 2)m3

K + 9(D + F )2m3
π + (D − 3F )2m3

η

] − C2

48π2F 2
0

[f (mK,�) + 4f (mπ,�)],

(52)

�(1)m� = − 1

96πF 2
0

[
2(5D2 + 6DF + 9F 2)m3

K + 9(D − F )2m3
π + (D + 3F )2m3

η

]

− C2

48π2F 2
0

[3f (mK,�) + f (mπ,�) + f (mη,�)], (53)

�(1)m� = − 1

96πF 2
0

[
12(D2 + F 2)m3

K + 4(D2 + 6F 2)m3
π + 4D2m3

η

] − C2

144π2F 2
0

[10f (mK,�) + 2f (mπ,�) + 3f (mη,�)],

(54)

�(1)m� = − 1

24πF 2
0

[
(D2 + 9F 2)m3

K + D2
(
3m3

π + m3
η

)] − C2

48π2F 2
0

[2f (mK,�) + 3f (mπ,�)], (55)

where the decuplet loop function f is given in Eq. (48).
NLO corrections to ḡi are induced by the �T three-pNG coupling in Eq. (12). This coupling is fixed at LO by the meson

masses and does not involve a free coefficient. The relevant loop diagrams with octet and decuplet intermediate states are shown
in Fig. 1. Figure 1(c) is finite, while Fig. 1(d) is UV divergent. Both diagrams contribute to ḡ0, ḡ1, and ḡ2, although the last two
couplings are suppressed by m̄/ms and m̄2/m2

s , respectively. The corrections to ḡ0 and ḡ1 are given by

ḡ
(1)
0 = Bm∗θ̄

{
D2 − 6DF − 3F 2

24πF 2
0

m2
K+ + m2

K0 + mK+mK0

mK0 + mK+

+ (D − 3F )(D + F )

12πF 2
0

(
m2

η + mηmπ + m2
π

mη + mπ

)
+ C2

72π2F 2
0

f (mK0 ,�) − f (mK+ ,�)

m2
K0 − m2

K+

}
, (56)
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ḡ
(1)
1 = Bm∗θ̄

(
5D2 − 6DF + 9F 2

32πF 2
0

[
mK0 − mK+ + (mK0 + mK+)

φ√
3

]

+
[

3
(D − 3F )2mη − 5(D + F )2mπ

16πF 2
0

+ (D2 + 6DF − 3F 2)

6πF 2
0

m2
η + mηmπ + m2

π

mη + mπ

]
φ√
3

+ C2

32π2F 2
0

{
f ′(mK0 ,�) − f ′(mK+,�) + φ√

3
[f ′(mK0 ,�) + f ′(mK+ ,�)]

}

− φ√
3

C2

6π2F 2
0

[
3f ′(mπ,�) − 2

f (mη,�) − f (mπ,�)

m2
η − m2

π

])
. (57)

The function f ′ entering the decuplet corrections to ḡ1 is

f ′(x,y) = 1

2x

∂

∂x
f (x,y). (58)

Notice that loops with only pions do not contribute to ḡ0 at NLO, in accordance with the SU(2) result of Ref. [44]. The piece
proportional to (D + F )2mπ contributing to ḡ

(1)
1 is the same as found in SU(2) χPT [22] once the LO identifications D + F = gA

and φ/
√

3 = (δm2
π )/(2Bm̄ε), with δm2

π = m2
π± − m2

π0 , are made. In SU(2) χPT this contribution appears at N3LO.
The one-loop diagrams in Fig. 1 give also the isospin-invariant nucleon-pNG couplings defined in Eq. (36). For these couplings

we work in the isospin limit and find

√
3 ḡ

(1)
0 η = Bm∗θ̄

16πF 2
0

{
mK (5D2 − 6DF + 9F 2) − 9(D + F )2mπ + (D − 3F )2mη + 2C2

3
[f ′(mK,�) − 8f ′(mπ,�)]

}
, (59)

ḡ
(1)
0 N�K = Bm∗θ̄

{
5D2 + 18DF − 15F 2

48πF 2
0

m2
K + mKmπ + m2

π

mK + mπ

+ (D − F )(D + 3F )

48πF 2
0

m2
η + mηmK + m2

K

mK + mη

+ C2

288π2F 2
0

[
10

f (mK,�) − f (mπ,�)

m2
K − m2

π

+ f (mη,�) − f (mK,�)

m2
η − m2

K

]}
, (60)

√
3 ḡ

(1)
0 N�K = Bm∗θ̄

{
−3(D2 − 6DF − 3F 2)

16πF 2
0

m2
K + mπmK + m2

π

mK + mπ

+ (D − F )(D + 3F )

16πF 2
0

m2
η + mηmK + m2

K

mK + mη

+ C2

8π2F 2
0

f (mK,�) − f (mπ,�)

m2
K − m2

π

}
. (61)

Testing the relations at NLO

Armed with the NLO expressions for the baryon masses and
the �T nucleon-pNG couplings, we investigate the relations
found in Sec. III. We start with ḡ0, which is of the greatest
phenomenological interest. We repeat the relations we want to
test

ḡ0 = δmN

m∗θ̄
m̄ε

= (�m� − �m�)
2m∗

ms − m̄
θ̄ . (62)

As these relations hold at LO, it is sufficient to test the relation
for the NLO corrections themselves. A comparison of Eq. (45)
and Eq. (56) shows that it is possible to write

ḡ
(1)
0 = 2B

[
δ(1)mK

N

m2
K0 − m2

K+
+ 1

3

(
φ√
3

)−1
δ(1)m

η−π
N

m2
η − m2

π

]
m∗θ̄ ,

(63)
where δ(1)mK

N (δ(1)m
η−π
N ) denotes the pieces of Eq. (45)

induced by the kaon mass splitting (η-π mixing). Using the
LO expression for the meson masses and mixing angle, this

simplifies into

ḡ
(1)
0 = δ(1)mN

m∗
m̄ε

θ̄ . (64)

Thus, NLO corrections, with both octet and decuplet interme-
diate states, conserve the relation between ḡ0 and δmN .

Next we consider the second equality in Eq. (62). Using
Eqs. (53) and (54), and expanding for simplicity the decuplet
contributions in the limit � → 0, the NLO corrections to ḡ0

can be expressed as

ḡ0 =
[

(�(1)m� − �(1)m�) + 3(D2 − 6DF − 3F 2) + C2

288πF 2
0

× (mK − mπ )2(mK + 2mπ )

]
2m∗

ms − m̄
θ̄ . (65)

So in addition to a term proportional to �(1)m� − �(1)m� ,
there is a second term that violates the relation. This second
term vanishes in the SU(3) limit, ms = m̄, and is nonanalytic in
the quark masses. The severity of the breaking is best illustrated
by plugging in numerical values. Up to NLO it is possible to
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write

ḡ0

�m� − �m�

=
[

1 + 3(D2 − 6DF − 3F 2) + C2

288πF 2
0

× (mK − mπ )2(mK + 2mπ )

�m� − �m�

]
2m∗

ms − m̄
θ̄

= (1 − 0.7 + 0.2)
2m∗

ms − m̄
θ̄ , (66)

where the second and third contributions in the second line are
the octet and decuplet corrections, respectively. We used the
observed value of the � − � mass splitting, �m� − �m� =
124 MeV [2], and F0 = Fπ , the difference being higher order.
We see that the tree-level relation is violated by a 50%
correction and thus it is unsuitable for a precise determination
of ḡ0.

Next we look at the �T couplings in Eq. (36). Using the
NLO results for octet masses, we conclude that the following
relations survive NLO corrections:

√
3ḡ

(1)
0 η = −

(
σ

(1)
Ns

ms

− σ
(1)
Nl

2m̄

)
4m∗θ̄ , (67)

ḡ
(1)
0 N�K = −(�(1)m� − �(1)mN )

2m∗θ̄
ms − m̄

, (68)

√
3ḡ

(1)
0 N�K = −(�(1)m� − �(1)mN )

6m∗θ̄
ms − m̄

. (69)

The remaining LO relations in Eqs. (40), (41), and (42) are
violated. We observe that NLO corrections do not spoil the
relations if the baryons that enter the �T vertices are the same
as those appearing in the mass combinations, while relations
to masses of baryons that are not involved in the�T vertices are
violated.

Finally, we discuss ḡ1. At tree level, ḡ1 is closely related
to ḡ0 η, ḡ

(0)
1 = ḡ

(0)
0 ηφ, as can be seen from Eqs. (35) and (40).

This can be understood because at this order ḡ1 is induced by
the emission of an η meson by the nucleon and the consequent
mixing of the η with a neutral pion. As was the case for ḡ

(1)
0 η , the

first two relations of Eq. (35) are violated at NLO; however,
in this case also the third relation is violated. At this order, ḡ1

receives a contribution identical to ḡ
(1)
0 η, but in addition there

are contributions from the kaon mass splitting and from η-π
mixing in the internal pion and η propagators. Neglecting in
this discussion the decuplet correction, we find

ḡ
(1)
1 = ḡ

(1)
0 ηφ + Bm∗θ̄

[
5D2 − 6DF + 9F 2

32πF 2
0

(mK0 − mK+)

+ 1

24πF 2
0

(D2 + 6DF − 3F 2)(mη − mπ )2 + 6(D2 + 3F 2)
(
m2

η − m2
π

)
mη + mπ

φ√
3

]
. (70)

The first piece, proportional to ḡ0 η, respects the relation to
the nucleon σ term. However, we were not able to find any
useful relation respected by the remaining piece of Eq. (70).
As numerically the violation of the relation is of similar size
as the ḡ

(1)
0 ηφ part, the tree-level relation is of little use.

To assess the importance of corrections to the tree-level
value of ḡ1, we evaluate Eqs. (31) and (57) using bD =
0.068 GeV−1 and bF = −0.209 GeV−1 (these values are
discussed in Sec. VI B). We find

ḡ1

2Fπ

= (0.85 + 1.0 + 0.85) × 10−3 θ̄ . (71)

The first number is the LO contribution. The second and third
numbers are the octet and decuplet contributions to the NLO
corrections, Eq. (57). We see that NLO corrections are large,
as big as the leading term, and the inclusion of the decuplet
makes them even larger. Because there is no surviving relation
between ḡ1 and baryon masses or σ terms and the χPT
corrections show no sign of convergence, we conclude that
in SU(3) χPT there is no safe way to extract ḡ1 from the
baryon spectrum.

V. OCTET BARYON MASSES AND�T COUPLINGS AT N2LO

In Sec. IV we have seen that NLO corrections affect the
octet baryon mass splittings and nucleon�T couplings in such a
way that most LO tree-level relations between�T couplings and

baryon masses are violated. The exceptions are the relations
between ḡ0 and the nucleon mass splitting δmN and similar
relations for the couplings ḡ0 N�K and ḡ0 N�K to �m� − �mN

and �m� − �mN . Furthermore, the link between ḡ0 η and
the nucleon σ term also survives NLO corrections. Of these
couplings, ḡ0 has the largest phenomenological impact as it
contributes to the nucleon EDFF at LO and gives rise to the
dominant piece of the θ̄-induced�T nucleon-nucleon potential.
In Secs. V A and V B we therefore focus on δmN and ḡ0. We
discuss ḡ1 in Sec. V C and the nucleon couplings involving η
and kaons in Sec. V D.

We show that again all loop corrections affect δmN and ḡ0 in
the same way, except for finite contributions that are quadratic
in the isospin-breaking parameter ε and thus numerically
suppressed. All LECs from L(4) that are needed to absorb
divergences in the loops appear in the same way in ḡ0 and δmN .
The relation between ḡ0 and δmN is broken by additional,
finite contributions to ḡ0 from operators in L(4), which do
not contribute to δmN . These contributions, however, scale as
B2m̄2 and not as B2msm̄. Even though the values of these LECs
are currently not known, they should not affect the ḡ0 − δmN

relation in a significant way. Finally, SU(3)-breaking effects
induce subleading pion and η tadpoles, which contribute to
ḡ0 but not to δmN , thus violating the relation. We estimate
these violations and show that our results allow for a precise
extraction of ḡ0 from available lattice evaluations of the strong
part of the nucleon mass splitting.
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FIG. 2. O(q4) corrections to the baryon octet mass splittings. Circled dotted vertices denote SU(3) invariant couplings of Eqs. (22) and (23).
Crosses denote insertions of the octet and decuplet baryon mass terms of Eq. (20). Other notation as in Fig. 1.

In what follows we calculate N2LO correction to the
nucleon mass splitting (the nucleon average mass and the
masses and mass splittings of the other octet baryons are given
in Appendixes A and B) and ḡ0, including corrections owing
to the baryon decuplet. We keep terms linear in the quark mass
difference, ε, neglecting O(ε2) contributions. We comment on
these corrections briefly at the end of the section.

A. Corrections to the nucleon mass splitting

N2LO corrections to the nucleon and � mass splittings in
SU(2) χPT were considered in Ref. [67]. In SU(3) χPT N2LO
octet masses and mass splittings were considered in Ref. [75],
in the infrared regularization scheme. Here we repeat the calcu-
lation in the heavy-baryon formalism and include corrections
from the baryon decuplet. At O(q4), baryon masses receive
corrections from loops involving vertices in the Lagrangians
L(2), L(2)

ππ , and L(2)
rel in Eqs. (20), (22), and (23), respectively,

and from tree-level insertions from the Lagrangian L(4) in
Eq. (24). The relevant loop diagrams are shown in Fig. 2.
Figures 2(a)–2(f) show the contributions of octet intermediate
states. Figure 2(a) includes the correction to the propagator.
It contributes to the mass splittings in two ways, through the
kaon mass splitting or η-π mixing, and through the on-shell
relation, which relates v · p to the mass of the external baryon
in the diagram. Figures 2(b) and 2(c) contain recoil corrections
to the axial couplings D and F , and are proportional to 1/mB .

Figure 2(d) has a piece given by a recoil correction and a piece
proportional to the LECs b1, b2, and b3. The LEC b8 does
not contribute to mass splittings, but only to isospin-averaged
masses. Figures 2(e) and 2(f) have an insertion of the SU(3)
breaking couplings bD , bF , and b0.

The diagrams in Fig. 2 are UV divergent and the divergences
are absorbed by the counterterms in L(4). Of the operators
defined in Eq. (24), only d1, d2, d3, d5, and d6 are relevant for
mass splittings. Furthermore, di satisfy the relation in Eq. (26),
implying that there are only four independent counterterms.
We write

δmct
N = (4B)2(2m̄ε)(m̄d̃1 + msd̃2),

δmct
� = (4B)2(2m̄ε)(m̄d̃3 + msd̃4), (72)

δmct
� = −(4B)2(2m̄ε)[m̄(d̃3 + d̃1) + ms(d̃4 + d̃2)],

where we neglected terms of order ε2, and d̃i are defined as

d̃1 = −2(d1 + d2 + d3 + d5 + d6),

d̃2 = 2d1 − 2d3 − d5 − d6,
(73)

d̃3 = 2(d1 − d2 + d3 − d5 + d6),

d̃4 = −2d1 + 2d3 − d5 + d6.

Because the counterterms satisfy the Coleman-Glashow rela-
tion, the divergences of the diagrams in Fig. 2 must do so as
well. We have explicitly checked that this holds and that, at
N2LO, Eq. (26) is only violated by the finite term [77]

δmN + δm� + δm� = B(bF D2 + 2bDDF )

π2F 2
0

[
(ms − m̄)m2

K ln
m2

K0

m2
K+

− 2m̄ε m2
π ln

m2
K

m2
π

]

− C2 B(9bD + 12bF + 7bC)

36π2F 2
0

{(ms − m̄)f −
2 (mK,�) − m̄ε [f +

2 (mK,�) − 2f2(mπ,�)]}, (74)

where the decuplet loop function f2(x,y) is defined below in Eq. (81).
We now present our results for the nucleon mass splitting, after having subtracted the UV divergences in the MS scheme. To

facilitate the comparison to loop corrections to ḡ0, we split the N2LO corrections to δmN in three contributions. We start from
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Figs. 2(b)–2(d) and the piece of Fig. 2(a) proportional to m−1
B ,

δm
(a,b,c,d)
N = (b1 + b2 + b3)

1

8π2F 2
0

(
m4

K0 − m4
K+ + m4

K0 ln
μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)

− (3b1 + b2 − b3)
φ√
3

1

4π2F 2
0

(
m4

π − m4
η + m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
η

)
− D2 − 6DF − 3F 2

96π2F 2
0 mB

×
(

m4
K0 ln

μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)
+ (D − 3F )(D + F )

16π2F 2
0 mB

φ√
3

(
m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
η

)
. (75)

Here and in the following we omit the superscript (2). Figures 2(a) and 2(e) give

δm
(a,e)
N = −8Bm̄ε (bD + bF )

1

16π2F 2
0

{
(D + F )2m2

π

(
1 + 3 ln

μ2

m2
π

)

+ 3D2 + 2DF + 3F 2

6
m2

K

(
1 + 3 ln

μ2

m2
K

)
− ms − m̄

36m̄ε
(D + 3F )2g2(mK0 ,mK+ )

}

− 4Bm̄ε(bD − bF )
D

12π2F 2
0

{
(D − F )m2

K

(
1 + 3 ln

μ2

m2
K

)
− ms − m̄

6m̄ε
(D − 3F )g2(mK0 ,mK+)

}
, (76)

where pion loops are proportional to the combination bD + bF , which determines δmN at tree level, while kaon loops also give
contributions proportional to bD − bF . Only pion and kaon loops contribute to δm

(a,e)
N . In the case of the η and of η-π mixing,

the contributions of Figs. 2(a) and 2(e) exactly cancel.
Finally, Fig. 2(f) gives

δm
(f)
N = −8Bm̄ε (bD + bF )

1

32π2F 2
0

{
m2

π

(
1 + ln

μ2

m2
π

)
+ m2

η

3

(
1 + ln

μ2

m2
η

)

− m̄

(ms − m̄)

(
m2

π − m2
η + m2

π ln
μ2

m2
π

− m2
η ln

μ2

m2
η

)
+ m2

K

(
1 + ln

μ2

m2
K

)
+ m̄ + ms

2m̄ε
g1(mK0 ,mK+)

}
. (77)

The loop functions g1 and g2 are defined as

g1(mK0 ,mK+ ) = m2
K0 − m2

K+ + m2
K0 ln

μ2

m2
K0

− m2
K+ ln

μ2

m2
K+

, (78)

g2(mK0 ,mK+) = m2
K0 − m2

K+ + 3m2
K0 ln

μ2

m2
K0

− 3m2
K+ ln

μ2

m2
K+

. (79)

Eqs. (75), (76), and (77) reproduce the results of Ref. [75].
We then consider N2LO decuplet corrections to the baryon

octet mass splittings. The relevant diagrams are depicted in
Figs. 2(g) and 2(h). We give here the results for δmN , while
the contributions to the � and � mass splittings can again be
found in Appendix A.

The UV poles of the diagrams involving decuplet interme-
diate states have the form

f uv
2 (m,�) = −(2�2 − m2) L. (80)

The divergence proportional to �2 is absorbed by the O(�2)
piece of the LECs bD and bF , while the divergence proportional
to the quark mass is canceled by the counterterms d̃1 and d̃2.
After subtracting the UV poles, the decuplet contributions can
be expressed in terms of the function

f2(m,�) = −2�2 + (m2 − 2�2) ln
μ2

m2

− 4�
√

m2 − �2 arccot
�√

m2 − �2
, (81)

and we define

f ±
2 (mK,�) = [f2(mK0 ,�) ± f2(mK+,�)]. (82)

Figure 2(g) induces corrections to the mass splittings that are
proportional to the LECs b0, bD , and bF ,

δm
(g)
N = − C2

8π2F 2
0

Bm̄ε (bF + bD)[8f2(mπ,�) + f +
2 (mK,�)]

+ C2

24π2F 2
0

B[(ms + 2m̄)b0 + m̄(bD + bF )

+ms(bD − bF )]f −
2 (mK,�), (83)

where we neglected relativistic corrections to the decuplet
propagator. Figure 2(h) contains corrections that are induced
by mass splittings of the decuplet, and are proportional to the
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LEC bC in Eq. (20):

δm
(h)
N = − bC C2

36π2F 2
0

B

{
2m̄ε [10f2(mπ,�) + f +

2 (mK,�)]

− ms + 2m̄

2
f −

2 (mK,�)

}
. (84)

Contributions proportional to b� in Eq. (20) can be absorbed
by a redefinition of � and we did not explicitly consider them.
If we neglect kaon loops, Eqs. (83) and (84) agree with the
SU(2) calculation of Ref. [67].

B. N2LO corrections to ḡ0

The N2LO corrections to ḡ0 with octet and decuplet
intermediate states are shown in Fig. 3. In addition to these
diagrams, we need the nucleon wave function renormalization
ZN , and the pion wave function renormalization, Zπ . For the
calculation of ḡ0, it is sufficient to compute them in the isospin
limit mK0 = mK+ = mK and φ = 0. Denoting δZN = ZN − 1
and δZπ = Zπ − 1, we have

δZN = 3(D + F )2 m2
π

64π2F 2
0

(
1 + 3 ln

μ2

m2
π

)

+ (5D2 − 6DF + 9F 2)
m2

K

96π2F 2
0

(
1 + 3 ln

μ2

m2
K

)

+ (D − 3F )2
m2

η

192π2F 2
0

(
1 + 3 ln

μ2

m2
η

)

+ C2

32π2F 2
0

[f2(mK,�) + 4f2(mπ,�)], (85)

δZπ = − m2
π

24π2F 2
0

(
1 + ln

μ2

m2
π

)
− m2

K

48π2F 2
0

(
1 + ln

μ2

m2
K

)

− 16B

F 2
0

[(ms + 2m̄)L4 + m̄L5]. (86)

Finally, at this order one has to consider the correction arising
from expressing F0 in the LO �T pion-nucleon coupling in
terms of Fπ . At N2LO, the relation between F0 and Fπ is [42]

δFπ = 1 − Fπ

F0

= − m2
π

16π2F 2
0

(
1 + ln

μ2

m2
π

)
− m2

K

32π2F 2
0

(
1 + ln

μ2

m2
K

)

− 8B

F 2
0

[(ms + 2m̄)L4 + m̄L5]. (87)

We compute the diagrams in Fig. 3 with on-shell baryons
and an incoming pion with energy v · q and zero three-
momentum �q = 0. The on-shell condition can be written as

v · K = 1

2
(v · p + v · p′)

= 1

2
(mi + mf − 2mB) + �p 2 + �p ′ 2

2mB

, (88)

v · q = (v · p′ − v · p) = mf − mi, (89)

where mf,i are the corrections to the masses of the baryons
in the final and initial state and mB is the common mass of
the octet. For the diagrams in Fig. 3, it is enough to use the
tree-level expression of the baryon masses, which are given in
Eqs. (25) and (27).

The counterterms are determined from Eq. (24). Operators
d1-d6 contribute in the same way to ḡ0 and δmN and
thus preserve the tree-level relation. Some of the remaining
counterterms do spoil the ḡ0-δmN relation. These corrections
are discussed in Sec. V B.

We move on to the loop diagrams, which we discuss in
some detail. The contribution of Figs. 3(a)–3(d) to ḡ0 can be
written as

ḡ
(a,b,c,d)
0 = δm

(a,b,c,d)
N

m∗
m̄ε

θ̄ , (90)

where we applied the LO expressions of the meson masses and
mixing angle. In this expression δm

(a,b,c,d)
N is given in Eq. (75).

Both in Eq. (75) and in Eq. (90), only the pieces of Figs. 2(a)
and 3(a) proportional to 1/mB are considered.

When we combine the contribution of diagram 3(a)
proportional to v · K , that on-shell becomes proportional
to the average nucleon mass, the nucleon wave function
renormalization ZN , and Figs. 3(e) and 3(g), we obtain

ḡ
(a,e,g)
0 + ḡ

(0)
0 δZN = δm

(a,e)
N

m∗
m̄ε

θ̄ , (91)

where ḡ
(0)
0 is given in Eq. (30) and δm

(a,e)
N in Eq. (76).

Contributions from the η meson in the loop diagrams in
Figs. 3(e) and 3(g) are canceled by the sum of wave function
renormalization and Fig. 3(a) in the same way as it happens
for the nucleon mass splitting. Figures 3(k) and 3(l) mutually
cancel.

Then we consider Figs. 3(f), 3(h), 3(i), and 3(j). These
diagrams need to be combined with one-loop corrections to the
pion wave function renormalization and to the decay constant
F0. Considering these effects, we find

ḡ
(f,h,i,j)
0 + ḡ

(0)
0

(
1

2
δZπ − δFπ

)
= δm

(f)
N

m∗
m̄ε

θ̄ , (92)

where δm
(f)
N is in Eq. (77). Notice that the contribution of

the LECs L4 and L5 cancels between the pion wave function
renormalization and δFπ .

Finally, we consider the decuplet corrections in Figs. 3(o)–
3(q). An explicit calculation shows that Fig. 3(o) and Figs. 3(p)
and 3(q) are in direct correspondence with Figs. 2(g) and 2(h),
respectively, once the decuplet corrections to the nucleon wave
function renormalization are included. Thus, N2LO decuplet
corrections do not spoil the ḡ0-δmN relation.

The results in this section show that all UV-divergent
contributions to ḡ0 up to N2LO can be expressed in terms
of the strong part of the nucleon mass splitting. However, at
this order, we find some finite violations of the relation, which
we discuss now.

N2LO violations of the relation between ḡ0 and δmN

There are three types of N2LO corrections to ḡ0 that cannot
be written in terms of δmN . The first of these corrections arises
from additional counterterm contributions to ḡ0. As discussed
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FIG. 3. N2LO contributions to�T nucleon couplings. Squares denote�T pNG and baryon-pNG couplings. Other notation is as in Figs. 1
and 2.

in the preceding section, the counterterms d1 to d8 in Eq. (24)
conserve the relation, while d9-d16 can potentially spoil it. It
can be seen that d9 and d12 do not contribute to�T baryon-pNG
couplings at this order, while d15 and d16 only contribute to ḡ1.
The remaining correction can then be written as

ḡct
0 = δmct

N

m∗θ̄
m̄ε

− (4B)2 d̃5 (2m̄)m∗ θ̄ , (93)

where d̃5 is the combination

d̃5 = 2d10 + 4d11 + 3d13 + 3d14. (94)

The combination of LECs d̃5 is thus not related to mass
splittings in the baryon spectrum, but could, in principle, be
extracted from a precise analysis of nucleon-pion scattering.
In practice, however, these LECs appear at too high order

and are not well constrained [78]. This additional counterterm
is present in SU(2) χPT as well, where it also appears at
N2LO [44]. Both in SU(2) and in SU(3), the additional
contribution to ḡ0 scales as m̄ and not as ms , in contrast to
the terms in Eq. (72). Considering the good convergence of
SU(2) χPT, we expect these corrections to be of the expected
size, m2

π/�2
χ , of the order of a few percent.

The second type of contributions that violates the ḡ0-δmN

relation appears owing to additional isospin violation. We
have not calculated these contributions systematically, but give
just one example. Figure 3(a) induces, besides the component
proportional to v · K discussed above, a contribution propor-
tional to the energy transfer v · q. Such a term gives rise to a
correction to ḡ0 that is quadratic in the quark mass splitting
ε2, which is not matched by an analogous correction to δmN .
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This correction is proportional to the tree-level pion-nucleon
coupling, and we can write

δḡ
(c)
0,v·q

ḡ
(0)
0

= D2 − 6DF − 3F 2

256π2F 2
0

×
m4

K0 − m4
K+ + 2m2

K0
m2

K+ ln
m2

K+
m2

K0

m2
K0 − m2

K+
. (95)

Plugging in the values of the axial couplings and kaon masses,
Eq. (95) gives

δḡ
(c)
0,v·q

ḡ
(0)
0

� −2 × 10−6, (96)

which is completely negligible. We do not expect significant
corrections from the remaining O(ε2) contributions that we
did not compute.

Finally, the third type of violations arises from tadpole
contributions, Figs. 3(m) and 3(n). In the O(q4) meson
Lagrangian, the operators L7 and L8 generate pion and η
tadpoles. In addition, one has to consider one-loop diagrams
with one external η or π0, and the �T three-pNG vertex of
Eq. (12). Together with the two-pNG vertices from the baryon
mass terms, the tadpoles generate contributions to ḡ0 and ḡ1.
Up to corrections of O(ε2), the contribution to ḡ0 arises only
from η tadpoles and is proportional to ḡ

(0)
0 . We find

δḡ
(m,n)
0

ḡ
(0)
0

= m2
π

3m2
η

{
32B

F 2
0

(Lr
8 + 3L7)(ms − m̄)

+ 1

32π2F 2
0

[
2m2

K ln
μ2

m2
K

+ m2
η ln

μ2

m2
η

− 3m2
π ln

μ2

m2
π

]}
, (97)

where here we have adopted the subtraction scheme of
Ref. [42] to define the renormalized coupling Lr

8, while L7

is not renormalized. Using the values of L7 and L8 discussed
in Sec. II A, we can estimate the tadpole corrections to be

δḡ
(m,n)
0

ḡ
(0)
0

= (−0.5 ± 1.3) × 10−2. (98)

We thus expect the relation between ḡ0 and δmN to hold up to
a few percent.

C. N2LO corrections to ḡ1

We have shown that already at NLO no relations between
ḡ1 and baryon masses survive. However, in SU(2) χPT, where
ḡ1 only appears at N2LO, it can be shown that part of ḡ1 can
be related to the pion mass splitting induced by the quark mass
difference [44]. At the same order, there appears an unknown

direct contribution to ḡ1 which has been estimated to be small
by use of resonance saturation techniques in Ref. [73]. In this
section, we study this relation in SU(3) χPT and study the
effects of the SU(3) LO and NLO contributions to ḡ1 that are
missing in SU(2).

The SU(2) relation of ḡ1 to the strong component of
the pion mass splitting can be recovered by studying the
tadpole diagrams, Figs. 3(m) and 3(n), and, in particular, the
contribution of the pion tadpole. In SU(3) χPT the pion tadpole
receives contributions from the LECs L7 and L8 and from
one-loop diagrams with insertion of the�T three-pNG vertex in
Eq. (12). When these contributions are combined, the coupling
of the pion to the vacuum given by

Ltad = −2Bm∗θ̄ ftad F0π
0, (99)

where the function ftad is

ftad = 48B

F 2
0

m̄ε
(
3L7 + Lr

8

)

+ 1

32π2F 2
0

(
m2

K0 ln
μ2

m2
K0

− m2
K+ ln

μ2

m2
K+

)

+ φ√
3

1

32π2F 2
0

(
2m2

K ln
μ2

m2
K

+ 3m2
η ln

μ2

m2
η

− 5m2
π ln

μ2

m2
π

)
. (100)

It is possible to show that ftad is related to the pion mass
splitting in the large ms limit, more precisely,

lim
ms→∞ ftad = − lim

ms→∞
δm2

π

m2
πε

, (101)

where δm2
π denotes the component of the pion mass splitting

induced by md − mu. The expressions of the pion mass and
mass splitting at one loop can be found in Refs. [42,79].

The pion tadpole induces a correction to ḡ1, of the form

δḡ
(m,n)
1 = −8B(2b0 + bD + bF )ftadm∗θ̄ , (102)

which, using Eqs. (27) and (101), can be expressed in terms of
the light-quark σ term and δm2

π as

δḡ
(m,n)
1 = −

(
m̄

d

dm̄
�(0)mN

)
δm2

π

m2
π

∣∣∣∣
ms→∞

1 − ε2

ε
, (103)

where we expanded also m∗/m̄ in the large ms limit. Equa-
tion (103) is exactly what is found in SU(2) [44]. Notice,
however, that in SU(3) it is not possible to express ḡ1 in terms
of the full pion mass splitting, but only of its large ms limit.

To estimate the pion tadpole correction to ḡ1, we use the
extraction of the light-quark σ term of Ref. [80]. In this paper,
the SU(3) χPT expressions of the nucleon mass and σ term are
fitted to lattice data, and the LO contribution to the light-quark
nucleon σ term is found to be

m̄
d�(0)mN

dm̄
= 65 ± 19 MeV. (104)
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Using Eq. (104), together with L7 and L8 discussed in
Sec. II A, the pion tadpole contribution to ḡ1 is

δḡ
(m,n)
1

2Fπ

= −(1.9 ± 3.7) × 10−3 θ̄ . (105)

The central value is in reasonable agreement with the estimate
of Ref. [22], while the larger errors stem mainly from the
uncertainties on L7 and L8 and the partial cancellation between
L7 and L8 in the combination 3L7 + L8.

Equation (103) is only a subset of the N2LO corrections
to ḡ1. In addition, one should consider the loop diagrams
in Fig. 3, the η tadpole, contributions from corrections to
η-π mixing, and N2LO counterterms. We have not computed
these corrections, because, as we discuss now, they are not
particularly instructive.

Comparing Eqs. (105) and (71), we see that the contribution
of the pion tadpole, which is formally N2LO, is comparable
with the LO and NLO pieces of ḡ1. This is not surprising,
because the LO and NLO terms vanish in the limit ms → ∞,
and thus are suppressed by powers of m̄/ms . However, at
N2LO ḡ1 starts to receive contributions that are finite in
the ms → ∞ limit, pion tadpoles being one such example.
Equations (71) and (105) show that for ḡ1 the suppression
owing to inverse powers of ms or �χ is similar. An analogous
observation was made for δm2

π , which is also determined at
LO by the η-π mixing angle [42]. Thus, we conclude that
the SU(3) χPT power counting does not provide a good
organizational principle for ḡ1. Currently, the best possible
estimates are those based on SU(2) [22], which, however, are
also affected by large uncertainties, leaving the determination
of this important coupling in an unsatisfactory status. For
clarity we repeat the SU(2) estimate of Ref. [22] here,

ḡ
SU(2)
1

2Fπ

= −(3.4 ± 1.5) × 10−3 θ̄ , (106)

which is partially based on a resonance saturation estimate of
an unknown N2LO LEC [73] and on the tree-level relation

δm2
π = (ε2/4)m4

π/(m2
K − m2

π ). The error in Eq. (106) is
perhaps slightly underestimated. Including the uncertainty on
the pion mass splitting, either through the estimate of higher-
order corrections [42], or using the error on the extraction
of Ref. [81] δm2

π = (87 ± 55) MeV2, would raise the 45%
uncertainty in Eq. (106) to about 70%. We stress that even
with this large uncertainty, the SU(2) determination of ḡ1

is incompatible with the LO SU(3) tree-level estimate in
Eq. (71). Finally, we note that Eq. (106) does not include
yet a higher-order contribution arising from the �T three-pion
vertex.1 This contribution enhances the estimate in Eq. (106)
by roughly 50% [22,28], making the tree-level estimate of ḡ1

even less reliable.
The large uncertainty on ḡ1 dominates the uncertainty of

light-nuclear EDMs when expressed in terms of θ̄ directly [35].
It also affects the EDMs of diamagnetic atoms, but there the
nuclear uncertainty associated with the complicated nuclear
many-body problem is still larger. Nevertheless more theoret-
ical work on the size of ḡ1 could significantly increase the
precision of EDM analyses.

D. Other�T nucleon couplings

The relations of ḡ0 η, ḡ0 N�K , and ḡ0 N�K to the nucleon
σ term, the nucleon-� and nucleon-� mass splittings, can be
checked in a way analogous to what done in Secs. V A and V B
for ḡ0 and δmN . The expressions for �mN , �m� , and �m� are
given in Appendix B. In addition, one needs the expressions of
the baryon and meson wave function renormalizations and the
expression of FK and Fη as function of F0, which we also give
in Appendix B. After all the ingredients are put together, it is
possible to show that the loop contributions to the�T couplings
satisfy

1In SU(3) χPT this contribution already appears at NLO and is
identified with the piece proportional to (D + F )2mπ in Eq. (57).

√
3ḡ

(2)
0 η = ḡ

(loop)
0 η + ḡ

(0)
0 η

(
δZN + 1

2
δZη − δFη

)
= −

(
σ

(2)
Ns

ms

− σ
(2)
Nl

2m̄

)
4m∗θ̄ , (107)

ḡ
(2)
0 N�K = ḡ

(loop)
0 N�K + ḡ

(0)
0 N�K

[
1

2
(δZN + δZ� + δZK ) − δFK

]
= −(

�(2)m� − �(2)mN

) 2m∗θ̄
ms − m̄

, (108)

√
3ḡ

(2)
0 N�K = ḡ

(loop)
0 N�K + ḡ

(0)
0 N�K

[
1

2
(δZN + δZ� + δZK ) − δFK

]
= −(

�(2)m� − �(2)mN

) 6m∗θ̄
ms − m̄

. (109)

Equations (107), (108), and (109) include all the loop corrections, with the exception of the v · q contribution to Fig. 3(a). In the
case of ḡ0 η, v · q = 0, and this contribution vanishes. For ḡ0 N�K and ḡ0 N�K , this contribution violates the tree-level relations,
as in the case of ḡ0. However, for ḡ0 the breaking is proportional to ε2, while for couplings involving the nucleon and the � or
� baryons it goes as (ms − m̄)2, and thus is potentially larger. We find

δḡ0 N�K, v·q
ḡ

(0)
0 N�K

= 1

512π2F 2
0

⎡
⎣(D2 − 18DF + 9F 2)

m4
K − m4

π − 2m2
Km2

π ln m2
K

m2
π

m2
K − m2

π

+ 9(D − F )2
m4

K − m4
η − 2m2

Km2
η ln m2

K

m2
η

m2
K − m2

η

⎤
⎦ � −0.015, (110)
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δḡ0 N�K, v·q
ḡ

(0)
0 N�K

= − 1

512π2F 2
0

⎡
⎣3(3D2 + 2DF + 3F 2)

m4
K − m4

π − 2m2
Km2

π ln m2
K

m2
π

m2
K − m2

π

+ (D + 3F )2
m4

K − m4
η − 2m2

Km2
η ln m2

K

m2
η

m2
K − m2

η

⎤
⎦ � −0.035. (111)

Therefore, also for ḡ0 N�K and ḡ0 N�K , these violations are only a few percent.
The other contributions that violate the tree-level relations are the tadpole diagrams, Figs. 3(m) and 3(n), and the counterterms

d9-d16. For the nucleon-� and nucleon-� couplings, the tadpole contribution is proportional to the tree level, and we can write

δḡ
(m,n)
0 N�K

ḡ
(0)
0 N�K

= δḡ
(m,n)
0 N�K

ḡ
(0)
0 N�K

= −15m2
η − 7m2

π

48m2
η

[
32B

F 2
0

(Lr
8 + 3L7)(ms − m̄)

+ 1

32π2F 2
0

(
2m2

K ln
μ2

m2
K

+ m2
η ln

μ2

m2
η

− 3m2
π ln

μ2

m2
π

)]
, (112)

where, again, we have used the subtraction scheme of Ref. [42]. Using the values of L7 and Lr
8 discussed in Sec. II A, we find

that the tadpole corrections amount to no more than 10%.
In the case of the η, the tadpole corrections are not proportional to the tree level

δḡ
(m,n)
0 η

ḡ
(0)
0 η

= −
(

1 − m2
π

3m2
η

+ 2b0 + bD + bF

bD − 3bF

)[
32B

F 2
0

(Lr
8 + 3L7)(ms − m̄)

+ 1

32π2F 2
0

(
2m2

K ln
μ2

m2
K

+ m2
η ln

μ2

m2
η

− 3m2
π ln

μ2

m2
π

)]
. (113)

In this case, the estimate of the tadpole corrections is affected by larger uncertainties. Nonetheless, using the tree-level values of
bD and bF , bD = 0.068 GeV−1 and bF = −0.209 GeV−1, and expressing 2b0 + bD + bF in terms of the LO contribution to the
light-quark nucleon σ term, Eq. (104), we get that the tadpole corrections to ḡ0 η come in at 30%.

Finally, the operators in the Lagrangian L(4) can also violate the tree-level relations. The counterterms d1-d8, which are needed
to absorb the divergences in the baryon mass, respect the relations, as one expects. The operators d9-d11 only contribute to the�T
couplings, and we find

√
3δḡ

(ct)
0 η

m∗θ̄
= −(4B)2(6d10 − 4d11 + 9d13 − 3d14)

2

3
(2ms + m̄) + (4B)28

(
4

3
d11 + 2d14 + 3d15 + d16

)
(ms − m̄), (114)

δḡ
(ct)
0 N�K

m∗θ̄
= (4B)2(2d10 − 4d11 + 3d13 − 3d14) (ms + m̄), (115)

δḡ
(ct)
0 N�K

m∗θ̄
= (4B)2(6d10 + 4d11 + 9d13 + 3d14) (ms + m̄). (116)

We cannot give a precise estimate of the corrections in
Eqs. (114)–(116), owing to the ignorance of the LECs d10, d11,
and d13–d16. However, we see that the corrections to ḡ0 η scale,
at most, as m2

η/�
2
χ , and to ḡ0 N�K and ḡ0 N�K as m2

K/�2
χ .

Taking �χ = 4πFπ , the counterterm corrections should be
around 15%–20%, of similar size as the tadpole contribution.

VI. DISCUSSION

A. Best estimates of the�T couplings

In this section we give the best estimates of the�T couplings
by using the relations in Eqs. (33) and (67)–(69) that do not
suffer from large SU(3) χPT corrections.

The coupling ḡ0 is related to the strong contribution the
nucleon mass splitting for which there are now several lattice

QCD calculations [27,82–86]. The first three calculations
[82–84] were performed with only a single lattice spacing and
with pion masses mπ � 250 MeV. According to the FLAG
Lattice Averaging Group standards [41], these results would
not be included in averages of lattice QCD predictions. The
next calculation [85] was performed with mπ � 283 MeV and
four lattice spacings. According to the FLAG criterion, these
results would be included in an average, but perhaps do not
have all the systematics under complete control. The final
two calculations [27,86], although performed by the same
group, are independent from each other and are performed
with multiple lattice spacings and with pion masses at or near
their physical value. Both calculations include effects on the
splitting from QED. In the first case, QED was not included
in the sea quarks, while in the second, the entire calculation
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included the effects of QED. The strong contribution to the
nucleon mass splitting from both of these calculations would
receive the “green star” from FLAG.

There are only a small number of results that pass the
FLAG criterion. For a final determination of the md − mu

contribution to δmN from lattice QCD, one must have more
results. In this case, the exclusion of the first three results
mostly stems from the use of a single lattice spacing. In
the mass splitting, the leading discretization effects exactly
cancel, because the lattice regulator used in those works
respects flavor symmetry. We therefore chose to include all
the results [27,82–86] to construct a lattice average. However,
we assign a weight penalty to the first three calculations. This
follows the averaging scheme in Refs. [26,87]: The weight
factor is chosen to be

wi = yi

σ 2
i

, (117)

where σi are the given statistical and systematic uncertainties
in the given lattice QCD calculation combined in quadrature
and yi = 1 for the first three calculations [82–84], yi = 2
for Ref. [85], and yi = 3 for the most recent two calcula-
tions [27,86], with these weights chosen somewhat arbitrarily.
This weighted average yields

δmN = 2.49 ± 0.17 MeV. (118)

Substituting this in Eq. (33) together with ε, Eq. (4), we obtain

ḡ0

2Fπ

= (15.5 ± 2.0 ± 1.6) × 10−3 θ̄ . (119)

The first uncertainty comes from combining those on δmN and
ε in quadrature, while the second is a conservative estimate
of the theoretical error associated to the N2LO corrections
discussed in Sec. V B. This estimate agrees with the recent
determination in Ref. [22] based on SU(2) χPT. Because
the relation to the nucleon mass splitting is preserved, the
only difference compared to SU(2) is attributable to the m̄/ms

correction in Eq. (3), which is tiny. In addition, the error in
Eq. (119) is slightly larger than in Ref. [22] owing to inclusion
of higher-order chiral corrections.

The fact that the relations of ḡ0 N�K and ḡ0 N�K to,
respectively, m� − mN and m� − mN are violated only by
finite N2LO corrections allows for a reliable estimate of these
couplings. In this case, the electromagnetic contribution to the
isospin averaged masses is relatively small, and we can use the
experimentally observed baryon masses, �m� = 1193 MeV,
�m� = 1116 MeV, and �mN = 939 MeV, with negligible
experimental uncertainties. We use the ratio ms/m̄ in Eq. (4)
to obtain

ḡ0 N�K

2FK

= −(36 ± 1 ± 11) × 10−3 θ̄ , (120)

ḡ0 N�K

2FK

= −(44 ± 1 ± 13) × 10−3 θ̄ . (121)

The first error is given by the errors on ms/m̄ and ε, while the
second estimates the effects of the finite terms that break the
relations. In this case the breaking scales as m2

K/�2
χ which we

estimate at the 30% level; see the discussion in Sec. V D.

Finally, ḡ0 η is expressed in terms of the nucleon σ
terms. For the light-quark σ term, the most precise value
is determined from low-energy πN scattering with the most
recent determination from Ref. [88],

σNl = 59.1 ± 3.5 MeV. (122)

This number is consistent with earlier χPT analyses [89–91].
This quantity can also be determined with lattice QCD.
However, there is significantly larger uncertainty from the
lattice determination arising from a few systematic issues.
The primary means to determine this quantity is invoking the
Feynman-Hellman theorem, Eq. (43), with a large spread of
results; see Ref. [92] for a recent review. There is a surprising
“phenomenological” pion mass dependence of the nucleon
mass found in lattice QCD calculations [93,94], yielding
mN � 800 MeV +mπ over a wide range of pion masses,
including the physical point. This, in turn, provides an estimate
of σNl = 67 ± 5 MeV. The best lattice QCD calculation, which
also would receive a “green star” from FLAG, was performed
with pion masses as light as mπ ∼ 190 MeV [80] with the
result

σNl = 39+18
−8 MeV. (123)

It will likely be years before lattice QCD results can compete
with the dispersive πN scattering determination of Ref. [88]
in Eq. (122).

For the scalar strange content of the nucleon, there is no
close second to the lattice QCD determination, although the
results are not yet mature. Reference [87] compared all recent
lattice QCD calculations of σNs [76,80,95–101] (where only
Ref. [80] evaluated all systematics) and found a systematically
low value, as compared with prior estimates from SU(3)
baryon χPT. An average value was determined,

σNs = 40 ± 10 MeV. (124)

Thus, our estimate for the coupling using inputs from
Eqs. (122) and (124) is

ḡ0 η

2Fη

= (115 ± 8 ± 35) × 10−3θ̄ , (125)

where the first error is from the uncertainty in the σ terms and
the second from the N2LO corrections discussed in Sec. V D.

B. A comment on baryon EDMs

The θ̄ -induced EDMs of the baryon octet in the framework
of three-flavored χPT have been studied in great detail in
Refs. [23,43,102,103] (for a calculation of the nucleon EDM
arising from the CKM phase, see Ref. [104]). In these works
U(3)L × U(3)R χPT is applied to calculate the EDMs of the
whole baryon octet up to NLO in the chiral power counting.
Compared to the SU(3) × SU(3) χPT framework used in this
work, the main difference arises from the dynamical inclusion
of the η′ meson. However, as shown in Ref. [102], these effects
can be absorbed in a redefinition of a counterterm contributing
to the EDMs of the charged baryons p, �±, and �−.

In the case of CP violation induced by the θ̄ term, the
first contributions to baryon EDMs arise at O(q2/�3

χ ). At this
order, the baryon EDMs depend on only two combinations of
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FIG. 4. An example of an NLO two-loop correction to baryon
EDMs involving the �T three-pNG vertex. Several other diagrams
with different topologies appear at the same order.

counterterms in addition to one-loop diagrams involving the�T
nucleon-pNG vertices ḡ0, ḡ0 N�K , and ḡ0 N�K and analogous
couplings of the other octet baryons to pions and kaons.
At NLO, no new counterterms appear but several additional
one-loop diagrams contribute with no additional LECs. At
NLO, one finds the first contributions from neutral mesons and
thus those from ḡ0 η and ḡ1. Corrections induced by ḡ1, being
proportional to m̄ε/ms , are small and have been neglected
in Refs. [23,102]. In SU(2) χPT, ḡ1 only contributes at
N3LO [24]. The baryon-pNG vertices are related to bD and bF

using the tree-level relations in Eqs. (30) and (37)–(39) and val-
ues for {bD, bF } = {0.068,−0.209} GeV−1 are obtained by fit-
ting the baryon masses to the tree-level expressions in Eq. (27).
The two unknown counterterms are fitted to lattice data of
the neutron and proton EDMs and the EDMs of the other
baryons are predicted. It is found that NLO contributions are
significant, in particular for nonphysical large pion masses that
are typically used in lattice evaluations of the nucleon EDM.

One class of diagrams has not been considered in these
works. This class consists of diagrams involving the�T three-
pNG vertices. Despite being two loop, these diagrams are
of order O(q3/�4

χ ) and thus contribute to baryon EDMs at
NLO,2 and can be potentially large. An example of such a
two-loop diagram is shown in Fig. 4. A two-loop calculation
is beyond the scope of this work, but we note here that some
of the two-loop diagrams involve a one-loop subpiece with the
topology of Fig. 1(c). Thus, at least part of these corrections are
taken into account by including one-loop corrections to ḡ0, ḡ0 η,
ḡ0 N�K , and ḡ0 N�K ; that is, they are automatically taken into
account if the baryon-pNG couplings are obtained from the
relation to baryon masses that survive higher-order corrections.
Of course, a better assessment of the strangeness contribution
to the nucleon EDM requires the full two-loop calculation. In
two-flavor χPT�T three-pion couplings arise only at sublead-
ing order, implying that two-loop diagrams as the one depicted
in Fig. 4 only contribute at N3LO and can thus be neglected.

In Table I, a comparison is given between the tree-level
predictions in Eqs. (30) and (37)–(39) using {bD, bF } =
{0.068,−0.209} GeV−1 and the values obtained in Sec. VI A.
The two predictions agree well for the couplings to kaons.

2These diagrams are NLO because the three-pNG vertices appear at
lower order than the tree-level�T baryon-pNG vertices used in the LO
one-loop diagrams. Although the extra loop comes with a suppression
of (q/�χ )2, the relative size of the three-pNG vertex brings in a factor
�χ/q, making the two-loop diagrams genuine NLO corrections.

TABLE I. Comparison between tree-level predictions for �T
nucleon-pNG couplings using {bD, bF } = {0.068,−0.209} GeV−1

(see Refs. [23,102]) and the predictions from Sec. VI A. All values
are in units of 10−3θ̄ .

Tree-level values Values obtained here
(×10−3 θ̄ ) (×10−3 θ̄ )

ḡ0/(2Fπ ) 26 15.5 ± 2.5
ḡ0 η/(2Fη) 56 115 ± 37
ḡ0 N�K/(2FK ) −41 −36 ± 11
ḡ0 N�K/(2FK ) −48 −44 ± 13

ḡ0 N�K and ḡ0 N�K are only 10% smaller, and the predictions
agree within errors. The coupling to pions is more affected,
being roughly 40% smaller, with a smaller uncertainty (this
point was already made in Ref. [73] based on LO SU(3) χPT
arguments). This can be easily understood, because using
the values of bD and bF obtained by fits to the tree-level
isospin-averaged octet masses is equivalent to use the relation
of ḡ0 to �m� − �m� , rather than the robust relation to δmN .
Finally, using the nucleon σ terms rather than the tree-level
prediction in terms of bD and bF leads to a considerably larger
ḡ0 η. This is a reflection of the poor convergence of the SU(3)
expansion for the nucleon σ term. However, our best estimate
is affected by a relatively large error owing to unknown LECs
that enter at N2LO.

We conclude that SU(3) corrections to the baryon-pNG
couplings moderately alter the tree-level predictions. We do
not expect that the 40% shift in ḡ0 significantly affects the
nucleon EDM extractions performed in Ref. [102,103], as the
lattice data are not yet sensitive to nonzero values of�T nucleon-
pNG couplings [25]. (Notice, however, that the analysis of
Ref. [25] did not include the more recent results of Ref. [18].)
For future extractions based on more precise lattice data with
pion masses closer to the physical point, we recommend the
values (and uncertainties3) of the �T couplings given in the
third column of Table I.

Finally, we discuss decuplet corrections to the nucleon
EDMs, which have not been calculated in the literature.
The leading �T Lagrangian induced by θ̄ , Eq. (20), contains
nonderivative �T decuplet-pNG and octet-pNG couplings, but
no �T decuplet-octet-pNG couplings. Such couplings require,
to conserve angular momentum, at least two derivatives and
thus are suppressed in the χPT power counting. The lack of a
�T nucleon-decuplet-pNG vertex at the order at which we work
implies that there are no LO one-loop contributions to the
nucleon EDM. In three-flavor χPT, two-loop contributions
appear at NLO owing to diagrams with similar topology as
Fig. 4, but with an internal decuplet propagator. However, as
argued above, these corrections are partially taken into account
if the�T baryon-pNG couplings are inferred from the protected

3Some of the uncertainties on the couplings arise from N2LO
corrections and thus are formally higher order than considered in the
baryon EDM calculation. They were estimated in Refs. [102,103] by
varying the renormalization scale appearing in the chiral logarithms.
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relations. We therefore do not expect decuplet corrections to
play an important role in the study of baryon EDMs. We note
that contributions from the decuplet EDMs to octet EDMs only
appear at N2LO.

The nucleon Schiff moment

An alternative way of extracting the �T nucleon-pNG
couplings is to study the momentum dependence of the nucleon
EDFF. While the EDM gets both long-range and short-range
contributions, the momentum dependence of the EDFF at NLO

is finite and determined purely by loop diagrams. Short-range
effects enter only at N2LO. The full momentum dependence
of the EDFF is given in Refs. [23,102], with the omission of
two-loop diagrams as the one depicted in Fig. 4. Denoting
the nucleon [proton] EDFF as Fn(�q 2) [Fp(�q 2)], the Schiff
moment is defined as

Sn,p = − dFn,p(�q 2)

d �q 2

∣∣∣∣
�q 2=0

(126)

and is given at NLO by

Sn = − e

(4πFπ )2

[
ḡ0gA

6m2
π

(
1 − 5πmπ

4mN

)
− ḡ0 N�K (D − F )

6m2
K

(
1 − 5πmK

4mN

− π
�m� − �mN

2mK

)]
, (127)

Sp = e

(4πFπ )2

[
ḡ0gA

6m2
π

(
1 − 5πmπ

4mN

)
+ ḡ0 N�K (D − F )

12m2
K

(
1 − 5πmK

4mN

− π
�m� − �mN

2mK

)

− ḡ0 �N�(D + 3F )

12
√

3m2
K

(
1 − 5πmK

4mN

− π
�m� − �mN

2mK

)]
, (128)

where we expressed the results in Refs. [23,102] in terms of
ḡ0, ḡ0 N�K , and ḡ0 N�K and of the nucleon-� and nucleon-�
mass splittings and we used D + F = gA. Considering only
pion loops, these results agree with the SU(2) calculations
of Refs. [24,105,106]. In SU(3) χPT, the neutron and proton
Schiff moments have two components. The contribution of
pion loops is isovector and its typical scale is determined by
the pion mass. In addition, both neutron and proton receive
contributions from kaon loops, which vary on the scale of
the kaon mass. The neutron only receives contributions from
loops involving the � baryon, while the proton from both
� and � intermediate states. One can immediately see that
the kaon contributions receive large NLO corrections, indeed
larger than the LO, being πmK/mN ∼ 2. However, the neutron
and proton Schiff moments receive their largest contributions
from pion loops, so that in this case the poor convergence is
not a big issue quantitatively.

Using the values of the�T couplings in Table I, we find

S0 = Sn + Sp

2
= −(0.5 ± 0.7) × 10−5θ̄ e fm3,

S1 = Sp − Sn

2
= [(7.6 ± 1.4) − (2.4 ± 0.6)] × 10−5θ̄ e fm3,

(129)

where the isoscalar Schiff moment is given purely by kaon
loops. For S1 we have listed separately the contributions of
pion and kaon loops. The uncertainties only include the errors
from the �T couplings, while we do not give an estimate of
the theoretical error from higher-order corrections. Because
the isovector Schiff moment is very sensitive to ḡ0, using our
best estimate in Eq. (119) results in nucleon Schiff moments
that are smaller by roughly a factor 2 than found in Ref. [23].
It is interesting that even in SU(3) χPT the Schiff moment
is predominantly isovector, owing to accidental cancellations
between the pieces proportional to ḡ0 N�K and ḡ0 N�K .

While a measurement of the nucleon EDFF is not going to
happen in the foreseeable future, the predictions (127), (128),
and (129) can be compared to lattice evaluations of the EDFFs.
In particular, lattice calculations performed at several values
of light-quark masses could provide enough information to
disentangle the contributions from the pion-nucleon and kaon-
nucleon �T couplings, which have different dependence on m̄
and ms . This would provide a method to check the values of
the�T couplings.

C. A few comments on the�T nucleon-nucleon potential

The EDMs of light nuclei and diamagnetic atoms obtain
important contributions from the�T nucleon-nucleon potential.
In case of the QCD θ̄ term, this potential is expected to
be dominated by one-pion-exchange diagrams. In particular,
because ḡ1 is suppressed with respect to ḡ0, often only the
latter is taken into account. However, we stress that for certain
�T quantities such as the EDMs of the light nuclei 2H, 6Li,
and 9Be [107–109], the 225Ra Schiff moment [8], or the
181Ta magnetic quadrupole moment [110], the nuclear matrix
element for ḡ1 is significantly larger than that for ḡ0. In these
cases ḡ1 should be included in the analysis. The value of
ḡ0 extracted in Sec. VI A can be immediately used in the
existing calculations of EDMs that use the lowest-order chiral
�T potential induced by the QCD θ̄ term [72]. However, as
discussed in Sec. V C, at the moment chiral symmetry only
allows a determination of ḡ1, and thus of the �T isospin-
breaking potential, with a relatively large uncertainty.

Nuclear EDMs can obtain important contributions from�T
nucleon-nucleon contact interactions. In case of strong CP
violation, such interactions appear at N2LO only and are thus
expected to be small. The corresponding potential is of the
form [72]

VSR(�q ) = − i

2

(
C̄1 + C̄2τ

(1) · τ (2)
)(�σ (1) − �σ (2)

) · �q, (130)
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where �σ (i) and τ (i) denote the spin and isospin of nucleon
i and �q is the momentum transfer �q = �p − �p ′, with �p ( �p ′)
the center-of-mass momentum of the incoming (outgoing)
nucleons. C̄1,2 are LECs that in SU(2) χPT scale as C̄1,2 =
O(θ̄m2

π/F 2
π�3

χ ). C̄2 is needed to absorb the divergences in two-
pion exchange (TPE) diagrams, while C̄1 is not renormalized
at this order [72]. The TPE contribution can be used to give a
rough estimate of C̄2 [22],

|C̄2| = O
[

ḡ0g
3
A

F 2
π (4πFπ )2

]
� 2 × 10−3 θ̄ fm3, (131)

and C̄1 is expected to be of similar size. Clearly, this estimate is
not very precise and below we derive an independent estimate
of the sizes of C̄1,2.

For nuclear physics applications, the typical momentum
transfer is smaller than the kaon and η masses. We can estimate
the size of C̄1,2 by calculating contributions from ḡ0 η, ḡ0 N�K ,
and ḡ0 N�K to the potential and expanding them in powers of
|�q |/mK,η, where |�q | ∼ mπ . In principle, the same can be done
for decuplet corrections but these only appear at higher order
because of the absence of a �T nucleon-decuplet-pNG vertex
(see the discussion at the end of Sec. VI B).

The coupling to η, ḡ0 η contributes to the potential at tree
level, providing a finite piece to C̄1. We obtain

C̄1 = ḡ0 η

2F 2
η

D − 3F√
3

1

m2
η

= −8 × 10−3 θ̄ fm3, (132)

FIG. 5. Contribution of ḡ0 N�K and ḡ0 N�K to the nucleon-nucleon
�T potential. Single lines denote nucleon external states. Double lines
denote � or � baryon propagators. Only one possible ordering per
topology is shown.

which is in reasonable agreement with Eq. (131) considering
the uncertainty of that estimate.
The couplings ḡ0 N�K and ḡ0 N�K contribute to the nucleon
potential only at one loop and are thus formally suppressed by
two powers in the chiral counting compared to the one-pion-
exchange contribution. Nevertheless, because the �T coupling
to kaons are somewhat larger than ḡ0, their contribution
might be sizable. The corresponding diagrams are shown
in Fig. 5. They are similar to the TPE diagrams studied in
Ref. [72], with the exception that only triangle and crossed
diagrams are possible because box diagrams are forbidden
by strangeness conservation. We computed the diagrams
in the limit |�q | � mK , while keeping the mass difference
between the nucleon and the strange baryons in the baryon
propagator. The diagrams contribute both to C̄1 and to C̄2. After
canceling the UV poles, diagrams involving the�T nucleon-�
coupling give

C̄1 � = 9ḡ0 N�K (D − F )

8F 2
K (4πFK )2

{[
1 − 3

2
(D − F )2

]
v(mK,��) − (D + 3F )2

6
v(mK,���) + 2

3

}
,

(133)

C̄2 � = − ḡ0 N�K (D − F )

8F 2
K (4πFK )2

{[
1 + 3

2
(D − F )2

]
v(mK,��) − (D + 3F )2

2
v(mK,���) + 2

3

}
,

while those with the�T nucleon-� coupling give

C̄1 � = −3ḡ0 N�K (D + 3F )

8
√

3F 2
K (4πFK )2

{[
1 − (D + 3F )2

6

]
v(mK,��) − 3

2
(D − F )2v(mK,���) + 2

3

}
,

(134)

C̄2 � = − ḡ0 N�K (D + 3F )

8
√

3F 2
K (4πFK )2

{[
1 − (D + 3F )2

2

]
v(mK,��) + 3

2
(D − F )2v(mK,���) + 2

3

}
.

The function v(mK,�) is defined as

v(mK,�) =
⎛
⎝ln

μ2

m2
K

− 2

3
− 2

�√
m2

K − �2
arccot

�√
m2

K − �2

⎞
⎠, (135)

and �� = �m� − �mN and �� = �m� − �mN . The first diagram in Fig. 5 can involve � and � intermediate states at the
same time, and thus is a function of �� and ��. In this case, we find that the loop function is well approximated by evaluating
v in ��� = (�m� + �m� − 2�mN )/2 and ignoring contributions proportional to �m� − �m�.

We can estimate the contributions to the potentials by setting the scale μ = mN = 939 MeV, and using the values for the�T
couplings in Eqs. (120) and (121),

C̄1 � = −0.5 × 10−3 θ̄ fm3, C̄2 � = 0.1 × 10−3 θ̄ fm3, (136)

C̄1 � = 1.0 × 10−3 θ̄ fm3, C̄2 � = −0.5 × 10−3 θ̄ fm3. (137)
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Thus, the contributions of the nucleon-kaon couplings to the
�T potentials are below the naive dimensional analysis (NDA)
estimate of C̄1,2 in Eq. (131) and significantly smaller than the
contribution of ḡ0 η.

The contributions of C̄1,2 to the EDMs of 3He and 3H
were studied in Refs. [21,22]. Unfortunately, these operators
are very sensitive to the choice of the T -conserving strong-
interaction potential and results vary by about an order of
magnitude. Here we use the results of Ref. [22] obtained with
the N2LO chiral potential [111], which gives the largest de-
pendence on C̄1,2. The EDM of 3He is, ignoring uncertainties,
given by

d3He = 0.9dn − 0.03dp

+
(

−0.11
ḡ0

2Fπ

− 0.40 C̄1F
3
π + 0.88 C̄2F

3
π

)
e fm.

(138)

Focusing on the pieces proportional to ḡ0 and C̄1 and using
the estimates in Eqs. (119) and (132), we find

d3He − 0.9dn + 0.03dp = (−1.8 + 0.3) × 10−3θ̄ e fm,
(139)

where the first (second) number is the contribution of ḡ0

(C̄1). The short-range potential provides a 15% correction
compared to the one-pion-exchange contribution,4 well within
theO(20%) uncertainties of the nuclear calculation of the latter
(see Ref. [22] for a more detailed discussion). It seems safe to
neglect the short-range contributions to, at least, light-nuclear
EDMs in case of the QCD θ̄ term. This conclusion is in line
with Refs. [21,22].

VII. CONCLUSION

In this work we have investigated higher-order SU(3)
flavor-breaking corrections to the relations between�T meson-
nucleon couplings and baryon masses in the framework of
SU(3) χPT. For each isospin-invariant �T nucleon-meson
coupling induced by the QCD θ̄ term, we have identified one
relation to baryon mass splittings or sigma terms which is not
spoiled by loop corrections up to N2LO. The determination
of these couplings from spectroscopy is therefore independent
of the convergence issues of SU(3) baryon χPT through this
order. In Sec. VI A we have used the conserved relations to
derive precise values for �T couplings. We recommend these
values and corresponding uncertainties in future lattice QCD
extractions of the nucleon EDM and in studies of nuclear
�T quantities such as EDMs, Schiff moments, and magnetic
quadrupole moments.

The most important of these relations is the one linking the
pion-nucleon coupling ḡ0 to the nucleon mass splitting induced
by md − mu, the quark mass difference. We find that all loop
corrections, with the exception of small terms quadratic in
md − mu, affect ḡ0 and δmN in the same way, so that at N2LO

4A similar conclusion can be drawn by inserting the value of the
ḡ0η coupling in the results of Ref. [112], where η exchange was
considered explicitly.

we can express ḡ0 in terms of δmN , plus corrections that are not
enhanced by chiral logarithms and are not proportional to ms .
We stress that, at this order, the effects of strangeness on ḡ0 are
completely buried in δmN and thus accounted for when using
lattice calculations of δmN with dynamical strange quarks.
We conservatively estimate the impact of terms violating the
relation between ḡ0 and δmN to be about 10%. Thus, available
lattice calculations of δmN make it possible to determine ḡ0

with 15% uncertainty. Further reduction of the errors will
require improvements of the lattice calculations of the nucleon
mass splitting, but also the determination of the unknown LECs
that enter at O(q4), Eq. (93), which are not related to baryon
masses. Using the tree-level relation to �m� − �m� , as often
done in the literature, overestimates ḡ0 by about 50%. It will
be interesting to see if a direct extraction of ḡ0 from the lattice,
e.g., from the momentum dependence of the nucleon EDFF,
will give a value compatible with Eq. (119).

Similarly, the �T couplings of the nucleon to the η meson,
ḡ0 η, and the couplings involving kaons, ḡ0 N�K and ḡ0 N�K ,
are determined, respectively, by the nucleon σ term and by
the mass differences of the nucleon and � and � baryons. In
this case, the importance of the terms breaking the relation
is larger, because they scale as m2

K/�2
χ rather than m2

π/�2
χ ,

and the corrections are estimated to be 30%. These couplings
contribute to the nucleon EDM at LO, but, as discussed in
Sec. VI C, they do not considerably affect the �T nucleon-
nucleon potential induced by the QCD θ̄ term and therefore
play a minor role in the calculation of�T nuclear observables.

For the phenomenologically interesting coupling ḡ1, all
LO relations to baryon mass splittings and σ terms obtain
O(100%) corrections already at NLO and higher-order cor-
rections are even larger. We see no pattern of convergence and
conclude that SU(3) χPT does not provide a reliable method
to extract a value of ḡ1. This coupling plays an important
role in many interesting �T observables such as the deuteron
EDM and the 225Ra Schiff moment, such that the lack of a
robust relation to the baryon spectrum is unfortunate. In this
case, the SU(2) χPT extraction discussed in Sec. V C is more
reliable but nevertheless suffers from a large uncertainty. This
uncertainty could be reduced by more precise evaluations of
the pion mass splitting induced by the quark mass difference.

As a byproduct of our study, we have obtained expressions
for the octet baryon masses and mass splittings at N2LO
in SU(3) χPT. For diagrams involving octet intermediate
state, our results reproduce the findings of Ref. [75]. We
also included the effects of the decuplet baryons on the mass
splittings of the nucleon, �, and � baryons. The N2LO
expressions of the octet masses and mass splittings depend
on several LECs, which cannot be determined purely from
experimental data. Given the poor convergence and/or lack
of convergence of SU(3) baryon χPT [62,63,113,114], it is
not clear that they can meaningfully be determined from a
comparison with lattice QCD either.

In this work we have focused on strong CP violation, but it
would be interesting to extend the study to higher-dimensional
CP-violating operators. In many scenarios of BSM physics,
large nucleon and nuclear EDMs are induced by qCEDMs.
However, the sizes of the nucleon EDMs and�T pion-nucleon
couplings ḡ0,1 are poorly known [8,29], leading to large
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uncertainties in the analysis of EDM constraints on BSM
physics (see, for instance, Ref. [115]). Just as for the θ̄ term,
it is possible to derive LO relations between qCEDM-induced
�T pion-nucleon couplings and baryon mass splittings induced
by CP-even quark chromomagnetic dipole moments [28], the
chiral partners of the qCEDMs. The baryon mass splittings
can be evaluated on the lattice providing a method to
accurately evaluate ḡ0,1. However, the relations have only
been studied at LO and they might suffer from large higher-
order corrections [116]. Finally, a recent evaluation [117]
of the neutron EDM in SU(3) χPT found a much larger
dependence on the strange qCEDM than previous studies
based on QCD sum rules [32,118]. As qCEDMs typically
scale with the quark mass, this would strongly impact neutron
EDM constraints on BSM scenarios. However, the analysis of
Ref. [117] is based on LO SU(3) χPT and, as demonstrated in
this work, higher-order corrections might strongly affect the
results.
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APPENDIX A: N2LO CORRECTIONS TO MASS
SPLITTINGS OF THE � AND � BARYONS

In this appendix we give the expression of the loop
contributions to δm� and δm� at N2LO. The counterterm
contributions are given in Eq. (72), and the violation to
the Coleman-Glashow relation is given in Eq. (74). The
loop functions g1 and g2 are defined in Eq. (78), while
f2(x,y) and f ±

2 (x,y) are defined in Eqs. (81) and (82). The
octet contributions agree with Ref. [75], while the decuplet
corrections are new results.

(i) �. The contribution of the relativistic corrections and of the two-pion couplings b1, b2, and b3 is

δm
(a,b,c,d)
� = −(b1 − b2 + b3)

1

8π2F 2
0

(
m4

K0 − m4
K+ + m4

K0 ln
μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)

+ (3b1 − b2 − b3)
φ√
3

1

4π2F 2
0

(
m4

π − m4
η + m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
η

)
+ D2 + 6DF − 3F 2

96π2F 2
0 mB

×
(

m4
K0 ln

μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)
− (D − F )(D + 3F )

16π2F 2
0 mB

φ√
3

(
m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
η

)
. (A1)

Loop corrections involving the operators bD and bF give

δm
(a,e)
� = −8B(bF − bD)m̄ε

1

16π2F 2
0

{
(D − F )2m2

π

(
1 + 3 ln

μ2

m2
π

)

+ 3D2 − 2DF + 3F 2

6
m2

K

(
1 + 3 ln

μ2

m2
K

)
− ms − m̄

36m̄ε
(D − 3F )2 g2(mK0 ,mK+ )

}

+ 4Bm̄ε (bD + bF )
D

12π2F 2
π

{
(D + F )

(
1 + 3 ln

μ2

m2
K

)
− ms − m̄

6m̄ε
(D + 3F )g2(mK0,mK+ )

}
, (A2)

δm
(f)
� = −8B(bF − bD)m̄ε

1

32π2F 2
0

{
m2

π

(
1 + ln

μ2

m2
π

)
+ m2

η

3

(
1 + ln

μ2

m2
η

)

− m̄

ms − m

(
m2

π − m2
η + m2

π ln
μ2

m2
π

− m2
η ln

μ2

m2
η

)
+ m2

K

(
1 + ln

μ2

m2
K

)
+ ms + m̄

2m̄ε
g1(mK0 ,mK+)

}
. (A3)

The decuplet contribution to the � mass splitting is

δm
(g,h)
� = B(bD − bF )m̄ε

C2

4π2F 2
0

[
f2(mπ,�) + f2(mη,�) + 3

2
f +

2 (mK,�)

]

+ C2

2π2F 2
0

B[b0(ms + 2m̄) + bD(m̄ + ms) + bF (ms − m̄)]

{
[f2(mπ,�) − f2(mη,�)]

φ√
3

− 7

12
f −

2 (mK,�)

}
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+ bC C2

36π2F 2
0

Bm̄ε
[
f2(mπ,�) − 3f2(mη,�) − 2f +

2 (mK,�)
]

+ bC C2

6π2F 2
0

B

{
(2ms + m̄)

φ√
3

[f2(mπ,�) − f2(mη,�)] − 2m̄ + 19ms

12
f −

2 (mK,�)

}
. (A4)

(ii) �. The recoil corrections to D and F and the couplings b1, b2, and b3 give

δm
(a,b,c,d)
� = −2b2

1

8π2F 2
0

(
m4

K0 − m4
K+ + m4

K0 ln
μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)

+ b2
1

2π2F 2
0

φ√
3

(
m4

π − m4
η + m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
π

)

− DF

8π2F 2
0 mB

(
m4

K0 ln
μ2

m2
K0

− m4
K+ ln

μ2

m2
K+

)
+ DF

4π2F 2
0 mB

φ√
3

(
m4

π ln
μ2

m2
π

− m4
η ln

μ2

m2
η

)
. (A5)

Loop corrections involving the operators bD and bF are

δm
(a,e)
� = Bm̄ε

1

12π2F 2
0

{
4[2bDDF + bF (D2 + 3F 2)] m2

π

(
1 + 3 ln

μ2

m2
π

)

+ [
2bDDF + bF (D2 + F 2)

][
6m2

K

(
1 + 3 ln

μ2

m2
K

)
− 3g2(mK0 ,mK+ )

ms − m̄

m̄ε

]}
,

δm
(f)
� = BbF m̄ε

1

2π2F 2
0

{
m2

π

(
1 + ln

μ2

m2
π

)
+ m2

η

3

(
1 + ln

μ2

m2
η

)

− m̄

ms − m̄

(
m2

π − m2
η + m2

π ln
μ2

m2
π

− m2
η ln

μ2

m2
η

)
+ m2

K

(
1 + ln

μ2

m2
K

)
+ ms + m̄

2m̄ε
g1(mK0 ,mK+ )

}
. (A6)

The decuplet corrections are

δm
(g,h)
� = C2

6π2F 2
0

BbF m̄ε [2f2(mπ,�) + 3f2(mη,�) + 5f +
2 (mK,�)]

− C2

2π2F 2
0

B[b0(ms + 2m̄) + 2m̄bD]

{
φ√
3

[f2(mπ,�) − f2(mη,�)] − 1

2
f −

2 (mK,�)

}

+ bC C2

18π2F 2
0

Bm̄ε

[
f2(mπ,�) + 3f2(mη,�) + 11

2
f +

2 (mK,�)

]

− bC C2

6π2F 2
0

B

{
(ms + 2m̄)

φ√
3

[f2(mπ,�) − f2(mη,�)] − 7m̄ + 2ms

6
f −

2 (mK,�)

}
. (A7)

APPENDIX B: N2LO CORRECTIONS TO THE OCTET AVERAGE MASSES

In this appendix, we give the corrections to the nucleon, �, �, and � average masses. To verify the relations involving
the couplings ḡ0 η, ḡ0 N�K , and ḡ0 N�K , in addition to �(2)mN , �(2)m� , and �(2)m�, one needs the octet baryon wave-function
renormalization, the kaon and η meson wave function renormalization, and the corrections to FK and Fη.

The corrections to the mesons wave function renormalization and decay constants are [42]

δZK = − m2
π

64π2F 2
0

(1 + Lπ ) − m2
K

32π2F 2
0

(1 + LK ) − m2
η

64π2F 2
0

(
1 + Lη

) − 16B

F 2
0

[
(ms + 2m̄)L4 + 1

2
(ms + m̄)L5

]
, (B1)

δZη = − m2
K

16π2F 2
0

(1 + LK ) − 16B

F 2
0

[
L4(ms + 2m̄) + 1

3
(2ms + m̄)L5

]
, (B2)
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δFK = − 3m2
π

128π2F 2
0

(1 + Lπ ) − 3m2
K

64π2F 2
0

(1 + LK ) − 3m2
η

128π2F 2
0

(1 + Lη) − 8B

F 2
0

[
(ms + 2m̄)L4 + 1

2
(ms + m̄)L5

]
, (B3)

δFη = − 3m2
K

32π2F 2
0

(1 + LK ) − 8B

F 2
0

[
(ms + 2m̄)L4 + 1

3
(2ms + m̄)L5

]
, (B4)

where we have introduce the shorthand Li = ln μ2/m2
i , for i = {π,K,η}, to make the formulas in this appendix more compact.

Then we give the corrections to the baryon octet masses and wave function renormalization. The result of Figs. 2(a)–2(f),
which involve octet intermediate states, agree with Ref. [65,75]. The decuplet corrections agree with the results of Ref. [65]. We
also agree with Ref. [69], after we expand in �, and set the light-quark mass m̄ to zero, as was done in Ref. [69].

(i) Nucleon. The nucleon wave function renormalization is given in Eq. (85). The loop contributions to the nucleon mass,
including decuplet corrections, are

�mN = 1

96π2F 2
0 mB

[
(5D2 − 6DF + 9F 2)m4

KLK + 9

2
(D + F )2m4

πLπ + (D − 3F )2
m4

η

2
Lη

]

+ 1

48π2F 2
0

[
6(3b1 − b2 + 3b3 + 4b8) m4

K (1 + LK )

+(9b1 − 3b2 + b3 + 6b8) m4
η(1 + Lη) + 9(b1 + b2 + b3 + 2b8) m4

π (1 + Lπ )
]

−B(ms − m̄)
m2

K

72π2F 2
0

[(13D2 − 30DF + 9F 2)bD − 3(5D2 − 6DF + 9F 2)bF ]

×(1 + 3LK ) − B(ms + m̄)
m2

K

8π2F 2
0

(4b0 + 3bD − bF )(1 + LK )

−3Bm̄
m2

π

8π2F 2
0

(2b0 + bD + bF )(1 + Lπ ) − B
m2

η

24π2F 2
0

[4ms(b0 + bD − bF ) + m̄(2b0 + bD + bF )](1 + Lη)

−B
C2

8π2F 2
0

[(2b0 + bD + bF )m̄ + (b0 + bD − bF )ms][4f2(mπ,�) + f2(mK,�)]

−B
bC C2

24π2F 2
0

[(2m̄ + ms)f2(mK,�) + 12m̄f2(mπ,�)]. (B5)

The counterterm operators in L(4) give

�(ct)mN

(4B)2
= −[

(d1 − d2 + d3 − d5 + d6 + d7 + d8)m2
s − (2d1 − 2d3 + d5 − 3d6 − 4d7)m̄ms

+(d1 + d2 + d3 + 2d5 + 2d6 + 4d7 + 2d8)m̄2
]
. (B6)

(ii) �. The wave function renormalization of the � field, in the isospin limit, is

δZ� = (5D2 + 6DF + 9F 2)
m2

K

96π2F 2
0

(1 + 3LK ) + (D + 3F )2
m2

η

192π2F 2
0

(
1 + 3Lη

)

+ 3(D − F )2 m2
π

64π2F 2
0

(1 + 3Lπ ) + C2

32π2F 2
0

[3f2(mK,�) + f2(mη,�) + f2(mπ,�)]. (B7)

The loop contributions to the � mass, including decuplet corrections, are

�m� = 1

96π2F 2
0 mB

[
(5D2 + 6DF + 9F 2)m4

KLK + 9

2
(D − F )2m4

πLπ + (D + 3F )2
m4

η

2
Lη

]

+ 1

48π2F 2
0

[
6(3b1 + b2 + 3b3 + 4b8)m4

K (1 + LK ) + (9b1 + 3b2 + b3 + 6b8)m4
η(1 + Lη)

+ 9(b1 − b2 + b3 + 2b8)m4
π (1 + Lπ )

] − B(ms − m̄)
m2

K

72π2F 2
0

[(13D2 + 30DF + 9F 2)bD
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+ 3(5D2 + 6DF + 9F 2)bF ](1 + 3LK ) − B(ms + m̄)
m2

K

8π2F 2
0

(4b0 + 3bD + bF )(1 + LK )

− 3Bm̄
m2

π

8π2F 2
0

(2b0 + bD − bF )(1 + Lπ ) − B
m2

η

24π2F 2
0

[4ms(b0 + bD + bF ) + m̄(2b0 + bD − bF )](1 + Lη)

−B
C2

8π2F 2
0

[(2b0 + bD − bF )m̄ + (b0 + bD + bF )ms][f2(mπ,�) + f2(mη,�) + 3f2(mK,�)]

−B
bC C2

24π2F 2
0

{(m̄ + 2ms)[f2(mπ,�) + f2(mη,�)] + (7ms + 2m̄)f2(mK,�)}. (B8)

The counterterm operators in L(4) give

�(ct)m�

(4B)2
= −[

(d1 + d2 + d3 + d5 + d6 + d7 + d8)m2
s − (2d1 − 2d3 − d5 − 3d6 − 4d7)m̄ms

+ (d1 − d2 + d3 − 2d5 + 2d6 + 4d7 + 2d8)m̄2
]
. (B9)

(iii) �. The wave function renormalization of the � field, in the isospin limit, is

δZ� = (D2 + F 2)
m2

K

16π2F 2
0

(1 + 3LK ) + (D2 + 6F 2)
m2

π

48π2F 2
0

(1 + 3Lπ )

+D2
m2

η

48π2F 2
0

(
1 + 3Lη

) + C2

32π2F 2
0

[
10

3
f2(mK,�) + f2(mη,�) + 2

3
f2(mπ,�)

]
. (B10)

The loop contributions to the � mass, including decuplet corrections, are

�m� = 1

48π2F 2
0 mB

[
3(D2 + F 2)m4

KLK + (D2 + 6F 2)m4
πLπ + D2m4

ηLη

]

+ 1

24π2F 2
0

[
6(b1 + b3 + 2b8)m4

K (1 + LK ) + (2b3 + 3b8)m4
η(1 + Lη) + 3(4b1 + 2b3 + 3b8)m4

π (1 + Lπ )
]

+B(ms − m̄)
m2

π

9π2F 2
0

bDD2(1 + 3Lπ ) + B(ms − m̄)
m2

K

4π2F 2
0

[
(D2 + F 2)bD + 2DFbF

]
(1 + 3LK )

−B(ms + m̄)
m2

K

4π2F 2
0

(2b0 + bD)(1 + LK ) − 3Bm̄
m2

π

4π2F 2
0

(b0 + bD)(1 + Lπ )

−B
m2

η

12π2F 2
0

[m̄bD + b0(2ms + m̄)](1 + Lη) − B
C2

24π2F 2
0

[2(b0 + bD)m̄ + b0ms][2f2(mπ,�) + 3f2(mη,�)

+ 10f2(mK,�)] − B
bC C2

72π2F 2
0

{(2m̄ + ms)[2f2(mπ,�) + 3f2(mη,�)] + 2(2ms + 13m̄)f2(mK,�)}. (B11)

The counterterm operators in L(4) give

�(ct)m�

(4B)2
= −[

(d7 + d8)m2
s + 2(d6 + 2d7)m̄ms + (4d3 + 4d6 + 4d7 + 2d8)m̄2

]
. (B12)

(iv) �. The wave function renormalization of the � field, in the isospin limit, is

δZ� = (D2 + 9F 2)
m2

K

48π2F 2
0

(1 + 3LK ) + D2 m2
π

16π2F 2
0

(1 + 3Lπ ) + D2
m2

η

48π2F 2
0

(
1 + 3Lη

)

+ C2

32π2F 2
0

[2f2(mK,�) + 3f2(mπ,�)]. (B13)
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The loop contributions to the � mass, including decuplet corrections, are

�m� = 1

48π2F 2
0 mB

[
(D2 + 9F 2)m4

KLK + 3D2m4
πLπ + D2m4

ηLη

]

+ 1

24π2F 2
0

[
2(9b1 + b3 + 6b8)m4

K (1 + LK ) + 3(2b3 + b8)m4
η(1 + Lη) + 3(2b3 + 3b8)m4

π (1 + Lπ )
]

−B(ms − m̄)
m2

π

3π2F 2
0

(
bDD2)(1 + 3Lπ ) − B(ms − m̄)

m2
K

36π2F 2
0

[
(D2 + 9F 2)bD + 18DFbF

]
(1 + 3LK )

−B(ms + m̄)
m2

K

12π2F 2
0

(6b0 + 5bD)(1 + LK ) − Bm̄
m2

π

4π2F 2
0

(3b0 + bD)(1 + Lπ )

−B
m2

η

36π2F 2
0

[(m̄ + 8ms)bD + 3b0(2ms + m̄)](1 + Lη) − B
C2

24π2F 2
0

[3b0(2m̄ + ms) + 2bD(m̄ + 2ms)]

× [3f2(mπ,�) + 2f2(mK,�)] − B
bC C2

24π2F 2
0

[(2m̄ + ms)3f2(mπ,�) + 2(2ms + m̄)f2(mK,�)]. (B14)

The counterterm operators in L(4) give

�(ct)m�

(4B)2
= −1

3

{
[8d3 + 2d4 + 4d6 + 3(d7 + d8)]m2

s + 2(−2d4 + 5d6 + 6d7)m̄ms + 2(2d3 + d4 + 2d6 + 6d7 + 3d8)m̄2
}
.

(B15)
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