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1. Introduction

As a kind of new products in a *-ring, the operation XY — YX* was discussed in [6]. This product
XY — YX* is found playing a more and more important role in some research topics, and its study
has recently attracted many authors’ attention. This product was extensively studied because, by
the fundamental theorem of Semrl in [6], maps of the form T — TA — AT* naturally arise in the
problem of representing quadratic functionals with sesquilinear functionals (see, for example, [7,8]).
Semrl in [9] proved every Jordan s-derivation J : B(H) — B(H) (satisfying J(T?) = TJ(T) + J(T)T*)
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is of the form J(T) = TA — AT*, where B(H) denotes the algebra of all bounded linear operators on
a Hilbert space H. Motivated by the work of Semrl and the theory of rings (and algebras) equipped
with a Lie product [T,S] = TS — ST or a Jordan product T o S = TS + ST, Molnar recently in [5] ini-
tiated the systematic study of this new product, and studied the relation between subspaces and
ideals of B(H). Where he showed that if a subspace A" of B(H) satisfies AB — BA* € N for A € B(H)
and B € , then N is an ideal; and also, if the dimension of H is an odd natural number, then
N = B(H). In addition, he proved that if H is of dimension greater than 1 and A’ C B(H) is an ideal,
then span{AB — BA*|A € N,B € B(H)} = span{BA — AB*|A € N,B € B(H)} = N.In [2], Bre3ar and
FoSner generalized Molnar’s results to rings with involution in different ways, and studied the rela-
tionship between (ordinary) ideals of a ring R and left and right ideals of R with respect to the product
AB — BA*. Their approach is entirely algebraic and is completely different from one used by Molnar,
and it is based on discovering certain identities that connect the product AB — BA* with the initial,
associative product.

Let A and B be two *-rings. For A, B € A, denote by [A, B],. = AB — BA™* the new product of A and B.
Amap ¢ : A — Bis called new products preserving if ¢ ([A, Blx) = [¢(A), p (B)]. for allA,B € A.In
[1], the authors studied the bijective map preserving this new product on B(H), where H is a complex
Hilbert space of dimension greater than 2. They showed that such maps are in fact x-automorphisms
or conjugate x-automorphisms. This result shows that, in some sense, the new product AB — BA*
structure is determine enough the x-algebraic structure of B(H). In this paper, we will discuss such
a problem on more general factor von Neumann algebras. We prove that such a bijective map on
factor von Neumann algebras must be a x-additive isomorphism (see Main Theorem). In particular,
if the factor is of type I, then *-isomorphism is spatial, which generalized the main result in [1] to
any complex Hilbert space case (see Corollary 1). We mention here the method used in [1] is not
completely fit for general von Neumann algebras since the notion of finite-rank is meaningless in
general von Neumann algebras.

As usual, R and C denote respectively the real field and complex field. Recall that a factor is a von
Neumann algebra whose center only contains the scalar operators. An algebra R is called prime if
ARB = {0} implies that A = 0 or B = 0. It is well known that every factor von Neumann algebra is a
prime algebra.

Our main result is as follows:

Main Theorem. Let A and B be two factor von Neumann algebras. Assume that @ : A — B s a bijective
map. Then @ satisfies @ (AB — BA*) = & (A)® (B) — @ (B)® (A)* for all A,B € A if and only if @ is a
*-ring isomorphism.

2. The proof of Main Theorem

In this section, we will complete the proof of the main theorem by proving several claims. The
following results will be used many times in the proof of theorem.

Lemma 1. Let A be a factor von Neumann algebra, and A € A. Then AB = BA* for every B € A implies
that A € RI.

Proof. In fact, take B = I, then A = A*, and therefore, AB = BA for every B € A, hence A belongs to
the center of A. Note that A is a factor, it follows that A € RI. [

Lemma 2. Let A be a factor von Neumann algebra, and B € A. Then AB = BA* for every A € A implies
that B = 0.

Proof. It follows that AB = BA for every Hermitian element A, and hence AB = BA for every A € A
* * * *
since A = A+TA + iA;lA , Where ’% and A_z? are Hermitian. So there exists a scalar « € C such

that B = «l. Taking A € A such that A # A*, one has a(A — A*) = 0, and consequently, « = 0 and
B=0. O
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Proof of Main Theorem
Claim 1. ©(0) = 0.

ForanyA € A, wehave @ (A)®(0) — @ (0)® (A)* = @ (0).1It follows from the surjectivity of & that
there exists A € A such that @ (A) = il (where, i is the imaginary number unit), so 2i® (0) = & (0),
and hence @ (0) = 0.

Claim 2. @ (RI) = RI, @(CI) = CI and & preserves Hermitian elements in both directions.

Claim 1 and the injectivity of @ imply that
AB = BA* & ®(A)P(B) = ®(B)®(A)* forallA,B c A. (2.1)

Let o € R be arbitrary. Then the equality ol - A=A - (al)* (VA € A) implies that @ (al)®(A) =
@ (A)® (a)*. Now the surjectivity of @ ensures that

@ (a)S = S®(al)* forallS € B.

Lemma 1implies that @ («I) € RI.Asimilardiscussionimpliesthat®(A) € RI = A € RI.So®(RI) =
RI.

For any Hermitian element A € A (that is, A* = A), Eq. (2.1) implies that ® (A)@ (I) = @ ()P (A)*,
and hence it follows from @ (I) € RIand @ (I) # 0that @ (A) = @ (A)*. Conversely, assume that @ (A)
is Hermitian. Then, it follows from @ (RI) = RI and Eq. (2.1) again that A is Hermitian. So & preserves
Hermitian elements in both directions.

Let @ € C be arbitrary. Then, for every Hermitian element A € A, the equality A - al = («I) - A*
implies that @ (A)® (al) = @ (al)P (A)*. Since @ preserves Hermitian elements in both directions,
it follows from the surjectivity of @ that S® («l) = @ («I)S for every Hermitian element S € 3, and
therefore, T® (al) = @ («I)T for all T € B since T = Sy + iS; with S; and S; being Hermitian, so
@ (al) € CI. A similar discussion implies that ® (A) € CI = A € CI.So @(CI) = CL

Claim 3. @ (iA) = i®(A) (VA € A) or @ (iA) = —id (A) (VA € A) and @ preserves projections in both
directions.
Applying Claim 2, we have & (:I:%i]) € (C\R)I and @ (:i:%]) € RI. It follows from %i] =

[—3it.—31], that

@ (%i!) =20 (—%1) ® (—%il) , (2.2)

Also the equality —%I = [%i], %i]]* implies that

<—11) =20 <%i1)2 (2.3)

2
I=[-3

@ <—%1) =20 (—%u)z. (2.4)

Now Egs. (2.2)~(2.4) ensure that @ (—11) =—15 and

S

and — il, —%il] ensures that
*

2') — 72

1 1
(] <711> = +—il. (2.5)
2 2
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So, for every A € A, we have

@ (iA) = @ (Bil,AL) = [cp (%il) ,@(A)L = (cp Gu) — @ (;u>*) @ (A),

which, together with Eq. (2.5), implies that
@ (iA) = iP(A) (VA € A) or @(iA) = —iP(A)(VA € A).
For every projection P € A, since 2iP = iPI — I(iP)*, we have @ (2iP) = 32i® (P), and hence,
+2id (P) = @ (2iP) = @ ([iP, P],) = [®(iP), @ (P)], = £2i® (P)?,

so @ (P)2 = & (P). That is, @ (P) is a projection. Conversely, assume that @ (P) is a projection. Since
@~ has the same property as @ has, a similar discussion implies that P is a projection. Hence @
preserves projections in both directions.

Claim 4. Let P(A) and P(B) denote respectively the set of all projections in A and B, then @ : P(A) —
‘P(B) preserves the order and orthogonality in both directions.

Let P,R € P(A) be arbitrary and PR = RP = 0. That is, P and R are orthogonal projections. Then it
follows from Claims 1 and 3 that
0 = @([iP,R]x) = [®(iP), ®(R)]« = £i(®(P)?(R) + @(R)P(P)),

and consequently, @ (P)® (R) + & (R)® (P) = 0.Note that @ (P) and @ (R) are projections, so @ (P)® (R)
= @(R)®(P) = 0. Conversely, if @(P) and @ (R) are orthogonal projections in 5, then a similar dis-
cussion implies that P and R are orthogonal projections. Hence @ : P(A) — P(B) preserves the
orthogonality in both directions.

For any P, R € P(A) with P <R, thatis, PR = RP = P. By Claim 3,

+2i®(P) = @(2iP) = @ ([iP,R]x) = [®(iP), P(R) ]« = £i(@(P)P(R) + @ (R)P(P)),

and therefore, 2@ (P) = @(P)®(R) + ®(R)®(P). So @(P) = &(P)®(R) = ®(R)®(P). That is,
@ (P) <P (R). Let P, R € P(A) such that @ (P) < ®(R), a similar discussion is applied to @1, we
get that P <R, and hence, @ : P(A) — P(B) preserves the order in both directions.

Claim 5. Let A € A be an Hermitian element and A € R. Then
@A)+ DM —A) € Rl
LetA € AbeanHermitian elementand A € R.Forevery Hermitian elementX € A, since [A, X], =
[X, Al — A], one has
[@2(A), PX)]x = [@(X), P(A] — A) ],
which, together with Claim 2, implies that, for every Hermitian element X € A,
(@A) + M —A))PX) = 2X)(P(A) + P(Al — A)).

It follows from Claim 2 again that @ (A) + & (Al — A) commutes with every Hermitian element in 3,
and hence, commutes with every elementin B, so @ (A) + @ (Al — A) € CI.Note that @ (A) + & (Al —
A) is Hermitian, it follows that @ (A) + @ (Al — A) € RI.

Choose an arbitrary nontrivial projection P; in A and let P, = I — P;. Then, Claims 2 and 3 ensure
that there exist nontrivial projections Q; (i = 1, 2) such that @ (P;) = Q;. By Claim 5,Q; + Q, = I. Let
i,j = 1,2, write A;j = PiAPj and B;j = Q;3Qj, then

2 2
A=Y Aj and B= )Y Bj.
ij=1 =1
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Claim 6. ® (A;) = By (i # J).

Leti # jand X € 4;; be arbitrary. Since X = [P;, X], we have
QX) = [@(P), 2X) ]« = QP (X) — 2(X)Qi.
It follows that @ (X)Q; = 0 and @ (X) = Q;®(X), and hence Q;® (X) = 0. So

2
2(X) = ) QGPXQ = QP(X)Q € By.

ij=1

That is, @ (A;) < Bj. Since @~ has the same property as @ has, we have Bjj € @(Aj) Therefore,
¢(.Aij) = Bj.

Claim 7. & (A;) = B;i (i = 1,2).

Letj # i. Set Q € Bjj be an arbitrary projection. Then Q; + Q € B is a projection and Q; + Q > Q;.
By Claims 3 and 4, there exists a projection Py € A with Pg > P; such that @(Pq) = Q; + Q. Since,
for every A € A;;, we have [Pg,A]s = 0, it follows that [Q; + Q, @ (A)]« = 0, which, together with
[Qi, @ (A)]« = 0, implies that

@(A)Q = Q& (A) for every projection Q € Bj;. (2.6)
Taking Q = Q; in Eq. (2.6) and multiplying Q; respectively from the left side and the right side of Eq.
(2.6), one obtains that

Q®(A)Q =0 and Q®(A)Q; =0. (2.7)
Note that Bj; is a factor von Neumann algebra, and a von Neumann algebra is generalized by its
projections if and only if it has no infinite dimensional abelian summand (see, for example, [4]). It
follows from Eq. (2.6) that Q;®(A)Q; € CQ;, which, together with Eq. (2.7), implies that, for every
A € Aji, @(A) € B;i + CQ,.
For every A; € Aj;, define a function f; : A; — C as follows:

fi(A)Q; = QP (A)Q;, wherej #i.
Then @ (A;) = QP (A)Q; + fi(Ai)Q;. Take a nonzero element X € A; (i # j). Then it follows from
[X,Ai]x = 0 that [@(X), ®(Ai)]« = 0, that is,

D (X)(QP (A)Qi + fi(A)Q) = (QP(A)Q + fi(ANQ) P (X) ™.
ByClaim6, @ (X) € Bjj. Multiplying Q; from the right side of the above expression, one has f; (A;)) @ (X) =
0. Note that @ (X) # 0, we have f;(A;) = Oforevery A; € A;;.So fi(-) = 0, and therefore, @ (4;;) C B;.
The same discussion is applied to @ ~!, the inverse inclusion relation can be similarly proved. Hence
D (Aji) = Bj.

Claim 8. Fori,j = 1,2, let Aj € Ay, then
D (Aii + Ay) = ©(Ai) + P(Ay), 1],
D (Aji + Aji) = ©(Ai) + @A), 1#],
D (Aji + Aj) = P (Ay) + @A), i #],
D (Ajj + Aji) = P(Aj) + P(Aj), i+
Let @(T) = @ (Aji) + @ (Ajj). Then, for every Xj; € Aj;, it follows from Claims 6 and 7 that
@ ([Xj5, T1s) = [@(Xj), D (T)]4

= [@(Xj), D (Aij) + D (Ay) ]«
= [2(Xj), (A ]« = D ([Xjj, Ajjls).
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This, together with the injectivity of @, implies that
X;i(T — Ay) = (T — AyX;; for every X;; € A4;. (2.8)
Multiplying P; from the right side of Eq. (2.8), one has X;;(T — A;;)P; = 0 for every Xj; € A;;. That is,
PiXP;(T — Ajj)P; = 0 for every X € A. Note that A is prime, so P;TP; = 0. Multiplying P; from the left
side of Eq. (2.8), similarly, one gets that P;TP; = A;;. It follows from Eq. (2.8) again and Lemma 2 that
PiTP; = 0.
On the other hand, for every Xj; € A;;, by Claims 6 and 7, one has
D ([T, Xiilx) = [@(T), D (Xin) ]«
= [@(Ai) + P (Ay), D (Xii) ]«
= [@(Ai), @ (Xi) ]« = D ([Aii, Xiil)-
So (T — Aij)Xii = X;i(T — Aj)* for every X; € Aj;, and hence, there exists a real number a7 such that
P;TP; = Aj; + arP;. Therefore T = Zi%,‘:] PiTP; = Aji + Ajj + arP; and
D (Aii + Aj + arP) = @ (Ai) + D (Aj).
For every Xj; € Ajj (i # j), it follows from the above expression that there exists a real number o such
that
@ (AiXij — XA + arXy) = @ ([Ai + Ay + orPi, Xijli)
= [®(Aii + Ajj + arPy), @ (X;)]«
= [®(Ai) + D(Aj), D (Xij)]«
= @ ([Ai, Xijl+) + @ ([Ay, Xil+)
= (I)(A,‘ixij) + @(—XUA;;)
= D (AiXij — XUA;; + aP;).

Thus arXjj = aP;, and hence ar = 0. So
D (Aii + Aj) = P (Ai) + P (Ay). (2.9)
For every Tj; € Ajj, it follows from [Tj;, Aj; + Ajils« = [T}, Ajil« that
[©(Tj), @ (Aii + Aji) — P(Aji)]« = 0.
By Claim 7, we have, for every S;; € By,
Sii(@ (Aii + Aji) — @ (Ap) = (P (Aii + Aji) — P (4j))S}-
A similar discussion just as Eq. (2.8) implies that
QP Ai +AiDQ = P(Aji), QP(Ai+A;j)Q =0 and QP(A;+ Aj)Q = 0.
By Claim 7, there exists Bj; € A;; such that
Qi® (A + Aj))Q; = @ (By).
So
@ (Aii + Aji) = ©(Byi) + P (Aj).
For every Tj; € Aj; (j # i), the above expression and Eq. (2.9) imply that
@ (~TjiAy) + @ (=T;iA7) = & (=T;A; — T;iAz) = D ([Aii + Aji, Tiilx)
= [@(Aii + Aji), D (Tj) ]
= [®(Bii) + P (Aji), P (Ti) ]«
= (=T;iB}) + @ (—T;iA}).
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So Tji(Aj; — Bj;) = Oforevery Tj; € Aj;, and hence, B; = A;;. Hence
@ (Aii + Aji) = @ (Ai) + P (Aji).
Let @(T) = @ (A1) + @ (Ay). For every T1; € A1q, we have
@([Tn, Tle) = [@(T11), (D] = [®(T11), P(An) + P (A22)]x = D ([T11,Anls)-

Thisimplies that T1; (T — A1) = (T — A11)Ty; forevery Ty; € Aqq,and therefore Py TP, = 0,P,TP; = 0
and P1TP; = Aq;. Similarly, one can prove that P,TP, = A>. So

D (A1 +Ax) = @(An) + P (Ax2). (2.10)
Forevery Tj; € Aj;, we have always [Ajj + Aji, Tiil« = [Aji, Tiil« (i # j). It follows that, for every S;; €

Bij,

(@ (Ajj + Aji) — P(Aj)Sii = Sii(P (Aij + Aji) — P(Aji)™,
so Q@ (Aj + Aji)Q; = @ (Aji) and there exists £ € R such that Q;® (A; + Aj;)Q; = £Q;. Similarly, it
follows from [Aij —l—Aj,‘,Tjj]* = [Aij,Tjj]* (VTjj [S Ajj) that Qi¢(Aij —|—Aj,‘)Q_j = @(A,‘j) and Q_j@(Aij +
Aji)Qj = uQj for some 1 € R. Thus

D (Ajj + Aji) = P (Aj) + P (Aj) +EQ + nQ;. (2.11)
Take a nonzero element Tj; € Ajj (i # j), it follows from Eqgs. (2.10) and (2.11) that

D (A;iTy) + ¢(_TU’A;;~) = @ (A;iTj — TijA;;)
= D ([Aij + Aji, Til«)
= [@(Aj + Ajp), D (Ty) ]«
= [®(A)) + P(Aj) + EQi + nQ;, D (T«
= @ (AjiTy) + @ (=TAy) + (€ — )@ (Ty),
and hence (§ — )@ (T;) =0,s0& = pu.
For all Tj; € Ajyj, it follows from Eq. (2.11) again that there exist n € R such that
@ (TiAy) + @ (—A;iT;) + Qi + nQ
= @ (TyAj — AiiTy)
= O ([Tii, Aj + Ajil)
= [®(Ty), @ (Ay) + P (Aj) +5Qi +£Q;]«
= & (TjAj) + D (—A;iT;) + (@ (Tyi) — D (Ti)™).
It follows that
nQi +nQ = §((Ty) — @(Ty)*) forall Ty € Aj.
Multiply Q; in the above expression, then nQ; = 0, and hence n = 0 and
0 =&(@(Ty) — @(T;)*) forallTy € Ay,
which implies that £ = 0. Therefore
D (Ajj + Aji) = ©(Aj) + P (Aji).
Claim 9. Let Aj € A;j (i,j = 1,2). Then & ( 2 A,-,-) =32, o).
Forevery Tj; € Aj;, since [A;; + A + Aji, Tiil« = [Aii + Aji, Tiil« (i # j), it follows from Claim 7 that,

for every Si; € Bij,
(@ (Aii + Ajj + Aji) — D (Aii + Ai))Sii = Sii(P (At + A + Aji) — @ (Aii + Aj) ™.
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Hence Claims 6-8 and Lemma 1 imply that Q;® (A;; + Aj + Aj))Q; = @ (A;;) and
Qi? (Aii + Ajj + Aj)Qi = @ (A;i) + aQ; forsomea € R.

For every Tj; € Aj;, it follows from [Aj; + Ay + Aji, Tjjl« = [Ajj, Tjjl« (i # j) and Claim 7 that, for every
Sll S Bjj'

(@ (Aii + Ajj + Ajj) — ©(Aj))Sji = Sji(@ (Aii + Ajj + Aji) — Q)(AU))*

So Q;® (A + Ajj + Aji)Qj = @ (A;) and there exists B € R such that Q;@ (A; + A + Aj)Q; = BQ;.
Thus

D (Aii + Ay + Aj) = P (Ay) + aQ; + P (Ay) + P(Aj) + BQ;. (212)
For every Tj; € Ay, it follows from Eq. (2.12) that there exist y,§ € R such that
@ (TiAii — AiiT;) + @ (TiAy) + @ (—A;iT;) + ¥ Qi + 8Q;
= @ (TiAii + TiiAyj — AT — AjiTy)
= O ([T, Ait + Ay + Ajils)
= [@(Ty), @ (Aij) + aQ; + @ (Aj) + @ (Aj) + BQl«
= @ (TiAii — AiTyp) + @ (TiAy) + P (—A;iTy) + (P (Ti) — @(Ti)™).
Soa = y = & = 0. On the other hand, for every Tj; € 4j;, it follows from Eq. (2.12) and Claim 8 that
@ (TjhAi) + @ (—ATy) = @ (TjAii — AyTy)
= @ ([T, Aii + Aij + Ajil+)
= [@(Tj), @A) + ©(Aj) + @ (Aj) + BQjl«
= @ (TjAji) + @ (=AyT;) + (@ (Ty) — @(Tj)™),
and hence 8 = 0.So
@ (Aii + Aij + Ajp) = ©(Ay) + P(Ay) + P(Aji). (2.13)
ForeveryTy; € Ajp, wehave [Ty1, Ay + Az + A21 + Axzls = [Ti1, A + A1z + Az1]s. So, for every
S11 € Biy, it follows that

S1(@(An + Az + Ayt +Ap) — @ (A + Az + Ax))
= (D (A1 + Az + A + Ap) — P(An + Az + A2))ST;-

This, together with Eq. (2.13), ensures that
P1® (A + A + Ay + Ap)Pr = @(An),
P1®@ (A + A + Ay + Ax)P; = @(Ar2),
P,® (A1 + A1z + Azl + An)P1 = @(An).
By Claim 7, there exists C3, € Aj; such that
P,®(A11 + A1z + Az + An)Pr = @((22).
Thus
D (A1 + Az +Ax1 +Ax) = @(An) + P(A2) + P(An) + D (C2).
For every Toy € Aj», it follows from the above expression and Eq. (2.13) that
D (Ta2An) + @ (—A12Ty,) + P (TrAz, — A2rT,)
= & (TAxn — A12TS, + TaaAn — AnTs))
= O ([T2, A1 + Az + Ay + Axnls)
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= [@(T2), (A1) + P (A1) + P (A1) + P (C2) ]+
= & (TpA2) + P(—A1xTs,) + @ (To2Coz — C2T5)).

S0 Ty (Cop — Azz) = (Cop — Ap) T3, for every Ty € Ajyp, and hence, Cy; = Az and the claim holds.

Claim 10. Let Aj;, Bij € A;i and Ajj, Bij € Ajj (i #j). Then
@ (Aj + Bj) = @(Aj) + @(Bj) and @ (Aj; + By) = @ (A;) + @ (By).

It follows from [P; + Ajj, Pj + Bjjl« = Aij + Bjj — A?} - B,-jA;}‘-, Claim 8 and Eq. (2.13) that

@ (Aj) + D (By) — D (Aj)* — & (By) D (A"
= [Qi + ©(Ay),Q; + @ (By)]«
= [@(P; + Ay), D (P + By) ]«
= @([P; + Ayj, P + Bjl+)
= & (Aj + Bj — A} — BjA})
= @ (Aj + By) + @ (—A)) + @ (—ByA}).
Multiplying respectively Q; and Q; from the left side and right side of the above expression, one has
@ (Ajj + Bj) = @ (Aj) + D (Bj).
Let Tjj € Ajj (i # j) be arbitrary. Applying the above expression, we have
@ (Aji + Bi) @ (Ty) = [@ (Aii + Bii), D (Tjj) 1«
= @([Aii + Bii, Tyjl+) = @ (AT + BiiTy)
= @ (AiiTy) + P (BiTy)
= @ ([Aii, Tyls) + @ ([Bii, Tijl«)
= [®(Ai), D (Tjj) 1+ + [P (Bii), D (Tjj) ]«
= (P2 (Ai) + @ (Bi) 2(Ty).

Claim 6 implies that (@ (A; + Bj) — @ (A;) — ©(B;;))S;; = OforallS; € Bjj, and hence @ (A;; + Bjj) =
D (Aij) + D (B).

Claim 11. Let A, B € A;i and Ay, Bjj € Ajj (i # j). Then
P (AiiBii) = @ (Aii) P (Bii), P (AjjBji) = @ (Ayj) P (Bji),
D (AiiBj) = @ (Ai) P (Byj), P (AjBjj) = P (Aj)P (Bj).
Let X € A;j (i # j) be arbitrary. Then @ (A;;X) = @ ([Aj;, X]«) = @ (A;;)P(X), and hence,
P (AiiBii) P (X) = @ (AjiBiiX) = P (Aii) P (BiX) = @ (Aii) P (Bii) P (X)
for all X € A;;. Now Claim 6 implies that
@ (AiiBii) = @ (Aii) D (Bir). (214)
From Claim 6, it follows that
@ (AijBji) = @ ([Ay, Bjilx) = [P (Aj), @(Bji)]« = P (Aj) D (Bji).
Thus, for every Tj; € Aji (j # i), the above expression and Eq. (2.14) imply that
D (A;iBij) @ (Tj;) = @ (A;iiBiTji) = @ (Ai) P (B;jTji) = @ (Aij) @ (Byj) @ (Tj),

and therefore,
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@ (AiiBjj) = @ (Ay) D (By).
Similarly, for every Tj; € Aji (j # i),

D (Tji) @ (AyBjj) = @ (TjiAiBjj) = @ (TjiAyj) P (Bjj) = P (T;i) P (Ayj) P (Bjj).
So

D (AjjBjj) = @ (Aj) P (Bj)).

Claim 12. @ : A — Bis a x-ring isomorphism.

Claims 9 and 10 imply that @ is additive. Next, we prove that @ is multiplicative. For any A, B € A,
writeA = Y2 | Ajand B = Y_2_, B Then

AB = (A11B11 + A12B21) + (ABiz2 + A12By2)
+ (A21B11 + A2B31) + (A21B12 + AxB)).

It follows from Claims 9, 10 and 11 that @ (AB) = ®(A)® (B).

ForeveryA € A,wehaveA = A+A + 'A;f* ,where A4A" and % are self-adjoint. It follows from

2
@ (iA) = £i®P (A) (VA € A) that @ (A*) = P (A)* for every A € A, so @ is a *-ring isomorphism.
The following corollary generalized the result in [1], where the author assume that the Hilbert

space is at least of dimension 3.

Corollary 1. Let A and B be type I factor von Neumann algebras acting on complex Hilbert spaces H and
K, respectively. Then a bijective map ® : A — B satisfying ® (AB — BA*) = & (A)®(B) — ®(B)® (A)*
if and only if there exists a unitary or conjugate unitary operator U : H — K such that & (A) = UAU™ for
everyA € A.

Proof. Since every ring isomorphism from A onto B is spatial, the result follows from Main
theorem. [

Corollary 2. Let A and B be von Neumann algebras acting on complex Hilbert spaces H and K, respectively.
Assume that A and B are finite factors. Then a linear bijective map ® : A — B satisfying @ (AB — BA*) =
®(A)D(B) — @ (B)D (A)* ifand only if there exists a unitary operator U : H — K such that ® (A) = UAU*
forevery A € A.

Proof. The result follows from Main Theorem and [3, Proposition 10, pp. 304], which states that every
isomorphism between finite factors is spatial. []
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