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Abstract

Let M,'," be the set of entrywise nonnegative n x n matrices. Denote by r(A) the spectral radius (Perron
root) of A € M,j' . Characterization is obtained for maps f : M,'f — M,';" such that r(f(A) + f(B)) =
r(A+ B) forall A, B € M,}" . In particular, it is shown that such a map has the form

Ars STIAS or A ST1AUS

for some S € M, with exactly one positive entry in each row and each column. Moreover, the same
conclusion holds if the spectral radius is replaced by the spectrum or the peripheral spectrum. Similar
results are obtained for maps on the set of n x n nonnegative symmetric matrices. Furthermore, the proofs
are extended to obtain analogous results when spectral radius is replaced by the numerical range, or the
spectral norm. In the case of the numerical radius, a full description of preservers of the sum is also obtained,
but in this case it turns out that the standard forms do not describe all such preservers.
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1. Introduction

Preserver problems concern the characterization of maps on matrices or operators leaving
invariant a certain function, a certain subset of a certain relation. Earlier studies focused on linear
maps with these properties. The literature on this subject is extensive; see, for example, [12,23]
and monographs [19,20,21]. Recently, researchers have studied preserver problems under mild
assumptions. In particular, for a given function v on a matrix set M with a binary operator A o B,
maps f : M — M have been studied, that satisfy

v(f(A)o f(B)) =v(AoB) VA,BeM (1.1)

but not a priori assumed linear or continuous; [5,6,13,14,26] is a small selection of recent works
on the topic. There has been interest in studying such problems when v(A) is the spectrum, the
peripheral spectrum, the numerical radius, the spectral norm, etc. (see the definitions below).
See for example the papers [7,15,22], where preserver problems have been studied for v the
peripheral spectrum in the context of uniform algebras; in fact, these works served as motivation
for the present study of preservers on nonnegative matrices, as for nonnegative matrices the
peripheral spectrum always contains the spectral radius. Moreover, the problems have also been
considered for in more general contexts such as function or operator algebras [19]. It is worth
noting that even without the linearity assumption, the preservers often end up to be linear and
have certain “standard” or “expected” form. Although the statements of results in many cases look
similar to those of linear preservers, researchers often have to develop new techniques to solve
the preserver problems under mild assumptions; sometimes these assumptions involve nothing
more than validity of (1.1). In some cases, one may get unexpected forms for preservers, which
lead to deeper understanding and insight to the structures under consideration.

The purpose of this paper is to characterize preservers of the spectral radius, numerical radius,
or spectral norm of the sum of nonnegative matrices. There are not many works in the literature on
preservers in the context of real entrywise nonnegative matrices: we mention [18], where spectrum
preservers are described, [1,10,24,25] that deal with column rank preservers; [2] is concerned
with primitivity preservers, and in [4] preserver problems that have to do with irreducibility are
considered. In all these works, the linearity of the map f is assumed. In contrast, in the present
work we do not assume a priori any additional hypotheses on f exceptfor(l.1)forAo B =A+ B
and a suitable choice of v.

Let M," be the set of real entrywise nonnegative matrices, and let 7 (A) be the spectral radius
of a square matrix A. In Section 2, we characterize maps f : M,” — M, such that

r(f(A)+ f(B) =r(A+B) YA,Be M,/ .
In particular, it is shown that such a map has the form
Ar> ST'AS or A STIAVS, (1.2)

for some S € M, with exactly one positive entry in each row and each column. Moreover, as
byproducts, we show that the same conclusion holds if the spectral radius is replaced by the
spectrum or the peripheral spectrum. Similar results are obtained for maps on the set of n x n
nonnegative symmetric matrices in Section 3. Furthermore, the proofs are extended to obtain
analogous results when spectral radius is replaced by the numerical range, radius, or the spectral
norm in Sections 4 and 5. In the case of the numerical radius, a characterization of preservers of
the sum is also obtained, but in this case it turns out that the standard forms (1.2) do not describe
all such preservers.
The following notation will be used throughout the paper:
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M, the set of all n x n real matrices.

K, the set of all n x n real skew-symmetric matrices.

M, the set of n x n real matrices with nonnegative entries.

S, the set of symmetric matrices in M, .

To avoid trivialities, we assume n > 2 throughout our discussion.

i = +/—1 complex unit.

C and R stand for the complex field and the real field, respectively.

lx|| Euclidean length of a vector x.

e; is the ith coordinate vector: 1 in the ith position and zeros elsewhere.

E;;j € M| the matrix unit: 1 in the (i, j)th position and zeros everywhere else.
r(A) the spectral radius of a matrix A.

o (A) the spectrum (the set of eigenvalues) of a matrix A.

0p(A) =0 (A)N{r € C:|A| =r(A)} the peripheral spectrum of A.

A" the transpose of A.

A* the conjugate transpose of A.

W(A) = {x*Ax : x € C", x*x = 1} the numerical range of A.

w(A) = max{|u| : u € W(A)} the numerical radius of A.

|A| = max{|x*Ay| : x,y € C", x*x = y*y = 1} the spectral norm of A.
xev=5 }]

0pxq the p X g zero matrix.

2 C M,} the group of permutation matrices.

9 C M, the group of diagonal matrices with positive entries on the diagonal.
P9 C M, the group of matrices of the form P D where P € Z and D € Z.
The role of 2% is exemplified by the following well-known fact:

Fact. A matrix A € M, has the property that A is invertible and Al e M, if and only if
A e 29.

To see the fact, suppose A has columns xi, ..., x, and A~! has rows y?, e, y,[,r. Suppose
x1 has k positive entries. Then for j = 2,...,n, y; will have zero entries in the corresponding
nonzero positions of x| because y; is nonnegative and yx; = 0. So, all the nonzero entries of the
linearly independent vectors y», ..., y, will lie in fewer than n — k positions. As a result, k£ < 1
so that x1 has only one positive entry. Similar arguments apply to the other columns. Clearly, the
nonzero entries of A must lie in different rows because A is invertible.

2. Spectral radius preservers on M-
Here is our main theorem of this section.
Theorem 2.1. The following statements (1)—(4) are equivalent for a function f : M;} — M, .

) r(A+B)=r(f(A)+ f(B)) VA,BGM,T. 2.1
(i) 0,(A + B) = 0,(f(A) + f(B) VA,Be M. (2.2)
(i) 0 (A + B) = o (f(A) + f(B)) VA,Be M}. (2.3)
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(iv) There exists a matrix Q € P such that either
f(A)=07'40 VA eM]},

or
f(A)=07'A"Q VA e M} (2.4)

Since for A € M, we always have r(A) € op(A), the implications (3) = (2) = (1) are clear.
Also, (4) = (3) is not difficult to see. It remains to prove (1) = (4).

First, we present some general results and easy observations that will be often used, sometimes
without explicit reference, throughout the paper. We will use the directed graph I'(A) associated
with A € M,/ Recall that {1, 2, ..., n} is the set of vertices of I'(A), and (i, j) is a directed edge
in I'(A) if and only if the (i, j)th entry of A is positive.

A matrix A € M} is said to be irreducible if there is no permutation matrix P such that

Ax
criterion for irreducibility is given in terms I (A):

PAPY — [Aal Alz] such that A; and Ay; are non-trivial square matrices. A useful well-known

Lemma 2.2. A € M, is irreducible if and only if I'(A) is strongly connected.

Next, we list several well-known properties of nonnegative matrices and their spectral radii
(see, for example [8, Theorem 8.4.5] or [3]).

Lemma 2.3. Let A € M,}. Then:

(a) r(A

) = r(A’) for any principal submatrix A’ of A. In particular,
r(A) > max{d : d is a diagonal entry of A}.

(b) If A € M, is nilpotent, i.e., r(A) = 0, then all diagonal entries of A are zeros.

(¢) If A € M, is irreducible and B € M, is nonzero, then r(A + B) > r(A).

(d) If A € M} is reducible, then there is a permutation matrix P such that PAP"Y is upper
triangular block form [A;jl1<i, j<k suchthat A1y, ..., Ax are irreducible square matrices
and r(A) = max{r(A;;): 1 < j <k}

(e)IfA,B e M,f and A > B entrywise, thenr(A) > r(B).

Notice that (b) is an immediate consequence of (a).

Lemma 2.4. Let Ay, Ay € M,| have irreducible principal submatrices By and By, respectively,
such that r(A1) =r(By),r(Az) = r(B2). If the row and column indices of B and By have
non-empty intersection, then

r(A1 + Az) > max{r(Aj), r(Az)}. 2.5)

Proof. For #1, t; € (0, 1] consider ;A1 + t2A> and its irreducible principal submatrix B(t1, t2)
whose set of row and column indices is the union of the set of row and column indices of Bj and
that of B,. Since row and column indices of By and B, have non-empty intersection, the matrix
B(t1, 1) is irreducible in view of Lemma 2.2, for all 11, , € (0, 1]. Now
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r(A1+ Az) 2r(B(1, 1)) > max{r(B(1, 1/2)), r(B(1/2, 1))}
Zmax{r(By), r(B2)} = max{r(Ay), r(A2)},

where the strict inequality holds by Lemma 2.3 (c), and the non-strict inequalities hold in view
of Lemma 2.3 (e). [

Proof of Theorem 2.1. We focus on the implication (1) = (4). Assume that the function f
satisfies the condition (1) of Theorem 2.1. We divide the proof into several assertions.

Assertion 2.5. (a) For any A € M, we have r(A) = r(f(A)).
(b) A € M, is nilpotent if and only if f(A) is nilpotent.
(c) If A is nonzero, then f(A) is nonzero.

Proof. Condition (a) follows from setting A = B in (2.1).

Condition (b) follows readily from (a).

Suppose A in nonzero and the (i, j) entry of A is nonzero. If i = j then A is not nilpo-
tent and neither is f(A). Thus, f(A) is nonzero. If i # j, then for B = Ej;, the submatrix
of A4 B with row and column indices {i, j} has positive spectral radius. If f(A) =0 then
r(f(A)+ f(B)) =r(f(B)) = r(B) =0, which is a contradiction. [

Assertion 2.6. There is a permutation P such that for any u > 0 the diagonal of the matrix
Pf(uwE;;)P" is the same as that of wE;; fori =1,...,n.

Proof. In what follows we let F;; = f(E;;). First, consider 4 = 1. For each j =1,...,n, let
G j; be an irreducible principal submatrix of F; such that

r(Gjj)=r(Fj) =1

(The existence of principal submatrices G j; is guaranteed by Lemma 2.3 (d).) We will show that
G jj = [1]. Note that the row (column) indices of Gy, ..., G, cannot overlap. If it is not true
and the row indices of G;; and G j; overlap, then by Lemma 2.4,

r(Fii + Fj;) > r(Fii)) =1 =r(E; + Ej;),

which is a contradiction. Thus, G11, . . ., Gy, are one-by-one with non-overlapping row (column)
indices. Since r(G j;) = 1, we see that G;; = [1] forall j = 1, ..., n. Thus, there exists P € #

such that P F;; P" has one in the (j, j) position. Suppose i # j. the (i, i) entry P Fj; P" is zero.
Otherwise, the (i, i) entry of P(Fj; + Fjj)Ptr is larger than 1 so that by Lemma 2.3(a),

r(F;i + Fjj) = r(P(F; + Fjj))P") > 1 = r(E;; + Ejj).

For any v > 0, we can apply the preceding proof to show that there is a permutation matrix P,
such that P, f (uE; ,~)P;Lr has p at the (i, i) position and all other diagonal entries equal to zero. If
P, # P, then there will be indices i # j and k so that f(wE;;) has u in the (k, k) position, and
f(Ej;) has one in the (k, k) position. But then by Lemma 2.3 (a),

r(f(Ei) + f(Ejj) =21+ pu>r(uk;+ Ejj),

which is a contradiction. [
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Assertion 2.7. Let P be the permutation satisfying the conclusion of Assertion 2.6. Then for any
i # j,the2 x 2 submatrix of P(E;; + Ej;) P lying at rows and columns with indices {i, j} has

the form [8(2)1 g(‘f] with g1pg01 = 1.
Proof. For simplicity, we assume that P is the identity matrix. Otherwise, consider the map
X — Pf(X)P".

For eachi # j,let X = E;; + Ej; and let G;; be an irreducible principal submatrix of f(X)
such that

r(Gij) =r(f(X)) =r(X) =L (2.6)
We claim that G;; must lie in a submatrix of f(X) with row and column indices in the set {i, j}.
Indeed, suppose this is not true, and let k be a row and column index of G;; different from i and
from j. Denote by [ f (Exx)] the principal submatrix of f(Eji) having the same row and column
indices as G;; does. Then:

r(f(X) + f(Ew)) 2r(Gij + [f(Ex)D > r(Gij)
=1=r(X+ Ex) =r(f(X) + f(Ex)),

where the strict inequality follows from Lemma 2.3(c). A contradiction is obtained.

811 812
821 822

have g1 = 1 or goo = 1. Butthenfor Y = E;; or Ej;, f(X) + f(Y) adiagonal entry larger than
or equal to 2. By Lemma 2.3 (a), we have

1 5
FFX) + (X)) =2 > ZJ_

which is a contradiction. Thus, g12g21 # 0.
Next, we claim that g1; = 0. If it is not true, then for sufficiently large y > 0, the matrix
S(uE;) + f(X) has u + g1 at the (i, i) position so that

r(f(nEi) + f(X) 2 pn+ g > [M+\/M2+4:| [2=r(nE; + X),

which is a contradiction. Similarly, we can show that g = 0. Since 7(G;;) = 1, we see that
grrgan =101

Suppose G;; = [ ] If at least one of g7 and g3 is zero, then, in view of (2.6) we must

=r(X+Y),

In the rest of the proof, we assume that Assertions 2.6 and 2.7 hold with P = [ for simplicity.

Assertion 2.8. For every 1 > 0 and every pair of indices i # j, f(uE;;) is a nonzero multiple
of E;j orof Ej;.

Proof. By Assertion2.7, forany i # j,the matrix f(E;; + E j;) has asubmatrix G;; = [g(,-),- g{{]
with row and column indices in {7, j} such that g;; g;; = 1.
Now, suppose i > 0,i # j,and let f(LE;;) = [zr5]" Then zz; = O for all k. Otherwise,

r,s=1-

the (k, k) entry of f(Exx) + f(uE;;) is larger than 1 so that

r(f(Eu) + f(REij) > 1 =r(Eu + REij),
which is a contradiction. We also have z,, = 0 if at least one of the indices p and g (p # ¢) does
not belong to the two-element set {i, j}. Otherwise, the submatrix of f(E,q + Egp) + f(UE;})
with row and column indices in {p, ¢} has the form
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C = |: 0 8pq T qui|
8qp T Zgp 0

with g,,8pq = 1, so that
r(f(qu + Egp) + f(ﬂEtj)) 2r(C)>1=r(Ep + Egp + HEij),
which is a contradiction.

Since 0 = r(wE;j) =r(f(nE;j)), we see that z;;z;; = 0. Hence f(uE;;) is amultiple of E;;
or Ej;. Similarly, f(uEj;) is a multiple of E;; orof Ej;. [

Assertion 2.9. Let X = X & 0,,_3, where X¢ € M; is nilpotent. Then f(X) = Zo & 0,—3 such
that Zp € M3+ is nilpotent with at most 3 nonzero entries. Moreover, let

S={E;:1<i,j<3,i#j} 2.7
and
fS) ={wijEij : 1<i,j<3,i+#j} forsomepu;; >0

(The form of f(S) follows from Assertion 2.8.) One of the following is true:

(1) If £(X) has only one nonzero entry, then ( f(X) + Z) > 0 for only one matrix Z in f(S5).

(2) If f(X) has exactly two nonzero entries, and they lie in the same row or the same column,
then r (f(X) + Z) > 0 for exactly two matrices Z in f(S).

(3) If f£(X) has two or three nonzero entries such that two of them are not in the same row or
column, then r(f (X) + Z) > 0 for at least three matrices Z in f(S5).

Proof. Let f(X) = [ypq]’;,’q:l. Then f(X)isnilpotentsothat y;; = Oforall j =1, ..., n. Also,
if i # j and at least one of 7 and j is larger than 3, then y;; = 0. Otherwise,

r(f(X)+ f(Eij) >0=r(X+E;jj) or r(f(X)+ f(E;))>0=r(X+Ej)

by the fact that f(E;;) or f(Ej;) is amultiple of E;;. So,if y;; # 0,theni # jand 1 < i, j < 3.
Moreover, since 0 = r(X) = r(f (X)), we see that y;;y;; = 0 for i # j (otherwise, the 2 x 2
principal submatrix of f(X) with row and column indices {i, j} would have a positive spectral
radius, a contradiction with Lemma 2.3(a)). Thus, there are at most three nonzero entries in
f(X), and they all lie in the leading 3 x 3 principal submatrix of f(X). Using the condition that
f(X)= [Yij]?,jzl with y;;y;i = 0, we see that one of the condition (1)—=(3) is true. [J

Assertion 2.10. There is D € & such that either

(1) f(kE;j) = uDE;;D~" for all > 0 and all pairs (i, j), or
(2) f(REij) = uDE;;D~! forall u > 0 and all pairs (i, j).

Proof. First consider the case when i = 1, for all pairs of indices (i, j) such thati # j.
By Assertion 2.8, f(E12) = u2Ep or f(E12) = naEs| for some o > 0. Assume f(Ejp) =
w2 E12. Otherwise, replace f by the map X — f(X)". Since

I =r(En+ E2) =r(f(E) + f(E2)) =r(uEn + f(E21)),

using the result of Assertion 2.8 again, we see that f(E21) = E»1/u2. We get the desired con-
clusion for f(E;;) withi # jifn = 2.
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Assumen > 3.Forany j > 2,weclaimthat f(E;;) = u; E;; forsome ;> 0.For simplicity,

suppose that j = 3. Let X = E12 + Ej3 and let f(X) = [Zij]?,j=1- By Assertion 2.9, z;; can be

nonzero only if i # j and 1 <i, j < 3; also, z;jz;; =0 for all 7, j. Since r(X +Y) > 0 for
exactly two matrices Y € § (the set S is defined in (2.7)), we conclude that 7 ( f (X) + Z) > 0 for
exactly two matrices Z in f(S), and therefore condition (2) of Assertion 2.9 holds. Note that

Il =r(X+ Ey) =r(f(X)+ f(E2) =r(f(X) + E2/12). (2.8)

As aresult, 712> must be one of the two nonzero entries of f(X) in the same row or same column.
Thus, either

(@ zpzi3#0, or (b) zpzn #0.
If (a) holds, then
I=r(X+ E3) =r(f(X) + f(E31)).

Applying Assertion 2.8 for f(E31) we see that f(E3;1) is amultiple of E3q, and f(E13) = u3E13
as asserted. Suppose (b) holds. Then

f(Ex3 + E3) — (kEyz + k™' E3)

is nonnegative for some k > 0 by Assertion 2.7. It follows that
r(X + Ex3+ En) =1 < r(f(X) +kEx + k™" Epp) <r(f(X)+ f(Ex + E))

(the inequality < holds by Lemma 2.3 (e)), which is a contradiction.

Now, we have f(E1;) = pjEqj withu; > O0for j =2,...,n. Let

D = diag(1, ua, ..., tn).

We may replace f by the map X — Df(X)D™! so that f(E1j) =Ejfor j=2,..., n Since
L=r(Ey;+ Ej) =r(f(E1j)+ f(Ej)) =r(Ey + f(Ej1)

and since by Assertion 2.8 f(E 1) is amultiple of either E;; or £ 1, we haveinfact f(E ;1) = Ej;
forall j =2,...,n.

Next, we show that f(E;;) = E;; if i # j and i, j > 2. Assume that (i, j) = (2, 3) for sim-
plicity. Let X = E12 + E31 and f(X) = [Zij]?,j=1- We claim that f(X) = X. Note that X =
Xo ® 0,3 with Xy € M;’ is nilpotent. Since r(X + Y) > O for at least three matrices Y in §,
it follows that »(f(X) + ?) > 0 for at least three matrices Y in f(S). Hence, f(X) satisfies
condition (3) of Assertion 2.9. Since

O0=r(X+Y)=r(f(X)+ f(¥))

for Y = E», E31 and E3p, we see that zo; = 0, zy3 = 0and z03 = 0, i.e.,

0 zip O
fxX)=10 0 o0
31 7z O

Since
I=r(X+ Ex) =r(f(X)+ E2),
we see that z12 = 1; since

1=r( X+ Ep) =r(f(X)+ E3),
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we see that z31 = 1. If Y = E»3 4+ E37, then by Assertion 2.7 there is v > 0 such that
f(Y)—vEy—Exn/v (2.9)
is nonnegative. Let
Z=Ep+ E3 +20En +vExs + En.
Assuming for the moment that v > 1, we have
r(fX)+ ) Zr(2) = r(X+Y) =r(f(X) + f(V)), (2.10)

where the second inequality follows by comparison between the largest roots of the characteristic
polynomials —A3 + A + 1 and —A3 + (vz32 + DA + v of X + Y and of Z, respectively. Since
the second inequality in (2.10) is an equality, we see that in fact

v=1 and 2z3 =0. .11
Hence f(X) = X. Now, by Assertion 2.8, f(E3) is a multiple of E»3 or E3,. Since
l=r(X+ Ex) =r(X+ f(E23)),

we see that f(E23) = E3 as asserted.

If v of (2.9) is smaller than 1, we apply the arguments in the preceding paragraph to X =
E>1 + Ej3 rather than to X, replacing v by v~! and interchanging everywhere the subscripts.
Then a contradiction with (2.11) will be obtained, thus v < 1 is not possible.

At this point, we may assume that f(E;;) = E;; ifi # j.Now consider f(uE;;) = [Zl’q];,q=l
foru > 0andi # j. Then z,, = 0forall p € {1, ..., n}. Otherwise, we obtain a contradiction
(in the next formula W stands for a matrix with zero diagonal):

r(f(WEij) + f(Epp)) =r(f(REij) + Epp + W) Zr((1 +2pp)Epp) > 1
= r(,Uinj + Epp),

where the first equality follows from Assertion 2.6, and the non-strict inequality follows from
Lemma 2.3 (e). Also, z,4 = O for p # g if (p, q) # (i, j). Otherwise, a contradiction again:

r(f(REij) + f(Egp)) = r(2pgEpg + f(Eqp)) =r(ZpgEpg + Eqp) > 0
=r(nEij + Egp).
Finally,
Vi =rE;; + Eji) =r(f(WEij) + f(Eji)) =r(f(WEij) + Eji)
implies that
S(WEij) = WE;;. (2.12)

Next, consider f(uE;j;) = [er]:l,szl for fixed u > 0 and fixed i € {1,...,n}. Then z;; = u
and z;; = O for j # i by Assertion 2.6. Also, z,, = 0 for any p # q. Otherwise,

r(f(RE:ii) + f(VEg)) = r(zpgEpg + fF(VEg))
=r(2pgEpqg + VEgp) (using (2.12))
> p=r(nk; + Vqu)

for a sufficiently large v. Hence f(wE;;) = nE;;. O
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Assertion 2.11. The function f has the form as in (4) of Theorem 2.1.

Proof. Let D € & satisfy the conclusion of Assertion 2.10. We may replace f by the map X —
D~! f(X)D and assume that D = I. We may further assume that f(UE;j) = nE;jforallu > 0
and (i, j) pairs. Otherwise, replace f by the map X — f(X)¥.

Suppose A = [aij],r'l,j:1 € M) and f(A) = [Zij];l,jzl‘ First, we show that z;; = a;; for each j.
For simplicity, we consider z;;. Let

ail Al 211 Z12
A= and A) = .
|:A21 A22:| FA) [Zzl 222:|

Suppose t > r(A) = r(f(A)) =2 max{r(Axn), r(Z2)},
Bii= Ap(thi—1 — An) Ay and B, i= Zip(th—1 — Z2) " Zay.
Since det(tI,, — (A + nE71)) is equal (as a function of ) to
—p(det(tl,—1 — Ax)) +det(z], — A),
it follows that there is (unique) w; > 0 such that
det(tl, — (A + n:Eq11)) = 0.
Using Schur complements, we see that
det(tl, — (A+ e En) = (¢ —an — ue — By)det(t1,—1 — An) =0,
i.e.,
o
t—ayn — e — Zt_k_1A12A]§2A21 =0.
k=0
Obviously,

o
s —apl — e — Zs_k_lAlelﬁzAzl >0
k=0
for every s > t; thus
t=r(A+uwkEn) =r(f(A) + uErn).
Now
0 =det(tl, — (f(A) + wE1) = (t — 211 — y — By) det(tly—1 — Zn),

ie.,
o0
O=t—z11 —us — Zt*k*]ZuZé‘zZzl-
k=0
As aresult,

o o
an + Zt_k_lAlelﬁzAzl =u —t=2z1+ Zt_k_lzlzz§2221
k=0 k=0
for all sufficiently large ¢, and hence a;; = z11 as asserted.
Next, we show that a;; = z;; fori # j. For simplicity, we consider z15. First, suppose n = 2.
Since
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r(A+tEy) = [(dn +an) + /(a1 —a)? + 4an(az + l)]/2

and

r(f(A) +tEy) = [(111 +22) + V(211 — 222)? + 4212 (201 + t)]/2

are equal for all # > 0, and using aj; = z11, a2 = 722, we see that ajp = by».
Next, suppose n > 2. Let

A=l ] e =20 22)
with A1, Zy; € M2Jr . Arguing by contradiction, assume that

e=ap—212>0 (2.13)
[If the opposite inequality holds, interchange the roles of A and f(A) in the following argument.]

Suppose t > r(A) =r(f(A)) and

o0
B, = Ap(tl — Ap) 1Ay = Zt_lAlz(t_lAzz)kAzl-

k=0
There is T > 0 such that each entry of B; lies in [0, ¢/3) whenever t > T. If
b b
By=| " 1 and Crp=An+uEn+B (u>0),
by by

then C; ;, has eigenvalues

[(au +axn + b1 + bw)

+ \/(an + b1y — axn — bp)? +4(aiz + bia)(az + bar + M)]/z-
(2.14)

Note that
det(tl;, — (A + wEkr)) =det(tlr — C; ) det(tl,—» — Ap) (2.15)

sothatdet(tl, — C; ) > 0if u = 0. Inequality (2.13) implies that a; > 0, which, together with
formula (2.14), shows that there is (unique) v; > 0 such that the larger eigenvalue of C; ,, equals
t. Moreover, for any A > ¢, we have

det ] — A — v, Ep) # 0 = det(t] — A — v, Eay).
Hence,

t =r(A+vExn) =r(f(A) +viEn)).
Similarly, if

B = Zin(thys — Z2) ' Zo1 = [Bij]%j:] € My and Ci:=Z11 + v Ex + By,
then

det(tl, — f(A) — v Eq) = det(tl — C;) det(t], 2 — Zn),

and there exists T > 0 such that every entry of §t is smaller than ¢/3 whenever ¢t > T. Observe
that C; has eigenvalues
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[(zn + 220 + b1y + b2)

+ \/(Zu +b11 — 222 — b)? + 4(z12 + bi12) (221 + b1 + Vz)]/2~

So, 2r(A + v, E31) and 2r (f (A) + v E21) are equal to the following quantities, respectively:

ar1 +axn + by + by + (@i + by — axn — b)? + 4@z + bi2)(azr + bay + vr)
(2.16)

and

211+ 22+ bii + by + \/(Zu + b1 — 220 — b)) + 4(z12 + b12) (221 + b1 + ).
2.17)

Evidently, v, — oo as ¢t — oo. Since

a4+ b — (i +bn) >¢e— 2(e/3) > 0 fort > max{T, T},
we have

r(A+viEx) > r(f(A) + v Ea)

for sufficiently large ¢, which is the desired contradiction. [J

3. Spectral radius preservers on S;

An adaptation of the proof of Theorem 2.1 yields the following preserver result on the set S;F
of n x n symmetric nonnegative matrices.

Theorem 3.1. The following statements (1)—(4) are equivalent for a function f : S, — S, .

(1) r(A+B)=r(f(A)+ f(B)) VA,BeS'. 3.1)
2  o0,(A+B)=0,(f(A)+ f(B)) VA,BeS;}. (3.2)
(3) o(A+B)=0(f(A)+ f(B)) YA, BeSt (3.3)

(4) There exists a matrix Q € P such that f(A) = Q"'AQ VA € S,

Proof. We only need to deal with the non-trivial implication (1) = (4). So assume that f satisfies
(3.1). Then r(A) = r(f(A)) forevery A € S,T, and in particular f(A) = O if and only if A = 0.

We divide the rest of the proof into several steps.

Step 1. Assertion 2.6, together with its proof, remains valid. Thus, there exists a permutation
Q such that for any p > 0 the diagonal of the matrix Qf (uwE;;) QY is the same as that of wE;;
fori=1,...,n.

Step 2. Let Q be the matrix in Step 1. We show, by following the proof of Assertion 2.7 that
for i # j, the 2 x 2 submatrix in Qf (E;; + Ejl-)Q_1 with row and column indices i, j has the

form [? (1)] .
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Step 3. Assuming the matrix Q in Step 1 equal I,,, we prove that f(X) is a nonzero multiple
of X, for X = u(Ej; + Ej;) with u > Oandi # j.
Proof of Step 3. By Step 2, for any i # j, the matrix f(E;; 4+ E ;) has a submatrix [? (1)] with
row and column indices in {i, j}. Let f(X) = [Z”]f,s:l‘ As in the proof of Assertion 2.8 (but
using E;j + Ej; in place of E;;) we show that 7 = 0 for all k, and that z,, = 0 for all pairs
{p,q}, p # g such that at least one of p and g does not belong to {i, j}. Since f(X) is symmetric
and f(X) # 0, the result of Step 3 follows. [

Step 4. Again assuming Q = I, we prove the symmetric analog of Assertion 2.10: The equality

f(E;j + Eji)) = u(Eij + Ej;) (3.4)
holds for all u > 0 and all pairs (i, j).
Proof of Step 4. For i # j, the result follows easily from Step 3: f(u(E;j + E}j;)) = /' (Eij +
Ej;) for some p/ > 0, but the equality

r(f(u(Eij + E;j))) =r(u(E;; + Ejp))
yields u' = p, as claimed.

Next, consider f(uE;;) = [er]f,hl € S} for fixed u > 0 and fixed i € {1,...,n}. Then
zii = p and zj; = 0 for j # i by Step 1. Also, z,; = 0 for any p # g. Suppose it is not true
and z,, = z4p # 0 for some p # g. Then using the already proved part of (3.4), we can choose
v > u so that

r(f(nEi) + f(V(Eqp + qu)))
2 r(WEii +z2pg(Epg + Egp) + f(V(Eqp + Epg)))
= V(/,LE,',' + qu(qu + Eqp) + V(Eqp + qu))

_ qu"‘v lfp#l,q:,él, (35)
B %(u+\/u2+4(zpq+v)2) ifp=iorqg=i ’
and
v if p#i, q+#1i, 26
E;; E E = . . . .
rikii v (Epg + Egp)) %<H+VM2+4U2) if p=iorg=1. (3.6)

But then the right hand side of (3.6) is smaller than that of (3.5), a contradiction with (3.1). Hence
SfWE;) = pE;. O

Step 5. Conclusion of the proof that (assuming Q = 1) f(A) = A forall A € S;}.
Proof of Step 5. Suppose A = [a,-j]l’fj=1 € Sn+ and f(A) = [z;j] . Asin the proof of Assertion
2.11, we show that z;; = a;; for each j.

Next, we will prove the equalities a;; = z;; fori # j, following the (suitably modified) argu-
ments of the proof of Assertion 2.11. We use the notation introduced in the proof of Assertion
2.11, with obvious additional properties that follow from symmetry; thus Atlr2 = A, Atzr2 = Ay,
etc. For simplicity, consider z;2. First, suppose n = 2. Since

r(A+1(Ey + Ep)) = [(an +ax) + V(@1 — an)? + Han + Hian + r)] / 2

n
i,j=1

and

r(f(A)+t(Ex + Ep)) = [(Zn +222) + vV (@11 — 222)% + 412 + Dz + f)] /2

areequal forallt > 0,andusingaj; = z11,a22 = 722,412 = a21,212 = 221, we seethatayy = z12.
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Now suppose n > 2. We argue as in the proof of Assertion 2.11, replacing everywhere E»|
with E71 + E12, and using the partitions

A A VATERVAY)
= y A) = y
|:A21 A22:| FA) |:221 Zzz:|
where A1 = AY,, Zy1 = ZY,, and A}, Z;; are symmetric for j = 1,2,
By = Anp(thy—2 — Ap) ™' Aoy = [bij17 j_, € S5,
By = Zuy(thy—2 — Zn)™ ' Zo1 = [bj 1} ;) € 55 .
Then

r(A+v(Ear + E2)) =r(f(A) +vi(Ex + E12)), (3.7

onthe otherhand, r (A + v (E21 + E12)) and r (f(A) + v (E21 + E12)) are equal to the quantities
(2.16) and (2.17), respectively, with b1, replaced by b> + v;, and with b 12 replaced by blz + vy,
Lete = ajp — 212 = az1 — z21 > 0. Then

- - 1
aip +bip +ax + by — (212 + b2+ 221 + b21) > 36> 0

for large ¢, a contradiction with (3.7). [

4. Numerical radius and numerical range preservers

It turns out that preservers of the numerical radius of the sum of nonnegative matrices have
more complicated form than the “standard” maps as in other results of this paper.

To state and prove the result, we need to work with the set K, of n x n real skew-symmetric
matrices.

Theorem 4.1. Let f : M, — M,". Then
w(A+ B) = w(f(A) + f(B)) YA,BeM, 4.1)

if and only if there is a permutation matrix P and a function g : M} — K, satisfying A + A" —
g(A) € Mt for each A such that

f(A) = P(A+ A"+ g(A)P"/2 forall Ae M. 4.2)

Proof. Observe that we have
w(A) =r(A+A")/2, AeM,, “4.3)

because for any unit length vector x we can let |x| be obtained from x by replacing all its entries
by their absolute values so that

[x*Ax| < |x|"Alx| = [x["(A+ A")|x]/2 < r(A+ A")/2 (4.4)

and for x a nonnegative eigenvector corresponding to the largest eigenvalue of the symmetric
matrix A + A" the equality prevails in (4.4). Thus, (4.1) reads

r(A+A"+ B+ B") =r(f(A) + f(A" + f(B)+ f(B)Y) YA,Be M/ . 4.5)

With this observation, the “if” part of Theorem 4.1 is clear.
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We focus on the “only if” part. First, note that w(f(A) + f(A)) = w(A + A) implies that
w(A) = w(f(A)) forall A € M;}. Also, w(A) =r(A) forall A € S}. O

Assertion 4.2. There is a permutation matrix P such that for any A € S, we have
f(A) = P(A+ Ag)P"

with Ax € K, such that A + Ag € M.

Proof. Consider the map fp : S} — S, defined by fo(A) = [f(A) + f(A)"]/2. Then
r(fo(A) + fo(B)) =w(f(A)+ f(B) =w(A+B)=r(A+B) VA,BeS,.

By Theorem 3.1, we see that fj has the form A — P AP for some permutation matrix P, and
Assertion 4.2 follows. [J

Assertion 4.3. Let P be as in Assertion 4.2. For any A € M,", we have f(A) = P(A + A" +
Ak)P"/2 with Ax € K, suchthat A+ A" + Ag € M,

Proof. For simplicity, we may assume that P = I. Suppose A = A1 + Az and f(A) =Z1 + Z»
with (A1, A2), (Z1, Z2) € S x K,. Then for any B € S;f', we have

1
r(Ar+B)=w(A+ B)=w(f(A)+ f(B) =r <Zl + E(f(B) + f(B)tr)>
=r(Z1 + B), (4.6)

where the last but one equality follows from (4.3), and the last equality holds by Assertion 4.2.
We now prove that

Ay = lail} oy = 121 i1 = Z1.

First we prove a;; = z;;, and for simplicity assume i = 1. Then we argue as in the proof of
Assertion 2.11, using the partitions

ail Au 211 ZlZ
Al=A= and Z| =
! |:A21 A22:| ! |:Z2l Z22:|

and the property (which follows from (4.6)) that
r(Ar+pEn) =r(Z + nEn) Yu>0.

For the proof that a;; = z;j,i # j, and assume for simplicity (i, j) = (1, 2), proceed in the same
way as in Step 5 of the proof of Theorem 3.1; here, we use the partitions

A An VAVIVAY! ¥
Al = , Z1= , A1,Zn €S
! |:A21 Axn "Zlza 2z A==

and the property that
r(A1+v(En+ E2)) =r(Z1 +v(En + E21)) Yv > 0.

Now, define g : M} — K, by g(A) =2f(A) — P(A + A")P". In view of Assertion 4.3 we
see that f has the desired form (4.2). [
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Theorem 4.4. Let f : M,” — M, Then

W(A+ B)=W(f(A)+ f(B)) YA,BeM, 4.7
if and only if there is a permutation matrix Q such that either

f(A)=07'40 VAeMm],
or

f(A)=071A"Q VA e M.

In the proof the following well-known facts will be used. See, for example, Theorem 1.3.6 and
Theorem 1.5.2 in [9].

Lemma 4.5. (a) For n x n complex matrices X and Y, the equality W(X) = W (Y) holds if and
only if the largest eigenvalues of the two matrices ¢! X 4+ e~ X* and e''Y + e™!'Y* are always
the same for every t € [0, 2m).

(b) For a complex 2 x 2 matrix X, W (X) is an elliptical disk with foci at the eigenvalues of X.

Proof of Theorem 4.4. The implication “if”’ is clear. (Note that W(X) = W (X") for any n x
n complex matrix X.) We focus on the converse. Thus, suppose f satisfies (4.7). Note that
W(f(A)+ f(A)) = W(A + A) implies that W(f(A)) = W(A) forall A € M,.

Clearly, since (4.7) holds, then (4.1) holds as well. By Theorem 4.1, f(A) has symmetric part
P(A + A"™)P" /2 foreach A € M,}. For simplicity, we may assume that P = I,,. If A € S;, then
W(f(A)) = W(A) C Rand hence f(A) = f(A)" € S;. It follows that

f(A)=A VAeS;. (4.8)

We divide the rest of the proof into two steps.
Step 1. One of the following holds:

(@) f(uE;j) = wk;jforalli # jand u > 0, or
(b) f(uE;j) = uEj; foralli # j and u > 0.

Proof of Step 1. Let f(E12) = X + Y with (X,Y) € S} x K,,. Then X = (E12 + E21)/2 and
X +Y € M}, onlythe (1, 2) and (2, 1) entries of ¥ can be nonzero. Since W(E12) = W(X +Y),
by Lemma 4.5(b) we see that X + Y is nilpotent. Thus, ¥ = (E12 — E»1)/2 or (Ey1 — E12)/2.
Hence f(E12) = E1» or E>;. We may assume that the former case holds. Otherwise, replace f
by the map X — f(X)Y.

Now, we will show that (a) holds. First, we can use the argument in the preceding paragraph
to show that for u > 0, either f(uE>;) = wEy or f(wE21) = wEq; holds. Since

W(uE2 + E12) = W(f(nE2) + f(E12)) = W(f(uE2) + Ep2),

Lemma 4.5(b) yields f(wE>1) = uE>1. Now, change the roles of Ej; and E3; in the above
argument. We see that f(uE12) = wE, for any n > 0. We are done if n = 2.

Suppose n > 3. We can show (as in the preceding paragraph) that for 4 > 0 and j > 2, either
f(uEj) = wEyjor f(ukErj) = wkEjy. For simplicity, assume that j = 3. Suppose f(uE13) =
wEsp. Let A = u(Ex + E3p) and B = p(E + Ej3). Then

f(A) =4, fB)+f(B)"=B+B"
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Since
B+B"+ f(B)— f(B)" = f(B)+ f(B)" + f(B) — f(B)" =2f(B) € M;},

the skew-symmetric matrix f(B) — f(B)Y can have nonzero entries only in (1,2), (1,3), (2,1),
(3,1) positions, and the absolute value of these entries cannot exceed p. On the other hand,
W(f(B)) = W(B), which is known to be the circular disk centered at zero with radius u/ V2
(see [16] or [11, Theorem 4.1], for example), and therefore +i u«/z are eigenvalues of the matrix
f(B) — f(B)". It follows that the (1,2), (2,1), (1,3), (3,1) entries of f(B) — f(B)" have absolute
values equal to i, and f(B) must be one of the following four matrices:

w(Ep + E3), w(Ex + E31), w(Ep+ E3), w(Ex + E3).

Suppose the third or the fourth case holds. Then for X = A+ B and Y = f(A) + f(B), the
largest eigenvalues of e7/3X 4+ e /3 X" and e7/3Y + e~ 7/3yY"™ are 1.6861x and 1.6007,
respectively, by a Matlab computation. Thus, W(X) # W(Y), which is a contradiction with
(4.7).Now, if f(B) = nw(E>; + E31),thenfor X = uE» + BandY = uE13 + f(B),thelargest
eigenvalues of i(X — X¥) and i(Y — YY) are u and V5u, respectively. Thus, W(uE2 + B) #
W(wE12 + f(B)), a contradiction again. So, we must have f(B) = u(E12 + E13) = B. Now,
consider X = uEj3+ BandY = f(uE13) + B = wE3 + B.Butthen W(X) # W(Y) (indeed,
W (X) is a circular disk but W (Y) is not because Y has 3 distinct eigenvalues [11, Corollary 2.5]),
a contradiction. So f(uE13) = wE3; is impossible, and we see that f(uwE13) = wE3 holds.
Analogously we show that f(uE1;) = wE1j and f(uE;1) = nkEj forall j > 2.

Now, consider i, j > 2 and i # j. Repeat the arguments of the preceding paragraph with
E12, Ez1, Ev3, E3p replaced by E;1, Ey;, Ejj, Ej;, respectively, thereby proving the equalities
SWE;j) = puEij, u>0. 0

Step 2. Assume that condition (a) of Step 1 holds. Then f(A) = A forall A € M;“ .

Proof of Step 2. Suppose f(A) = [z;}] Since f(A) 4+ f(A)" = A+ A", wesee that zj; =
ajjforall j =1,...,n. Suppose

A—A" =[x oy and  f(A) = FAT =yl
Suppose there is x;; > y;; > 0 for some i # j. (We may interchange the roles of A and f(A) in
the following if 0 < x;; < y;;.) Say,

x12 > yi2 2 0. (4.9)

Then for sufficiently large > 0, one can use a similar argument in the proof of Assertion 2.11
to show that

r((A+pEpR) — (A+pE)") #r(f(A) + pEn) — (f(A) + pER)"). (4.10)
For the reader’s benefit, we provide details.
By Step 1 and (4.8) we know that f(uwE;;) = wkE;; for all pairs (i, j) and all u > 0.If n = 2,
inequality (4.10) is immediate. So assume n > 3. Partition:

n
i,j=1"

Ayl Ap t Zn Zn
A— AT = and A) — f(AT =
[A21 Azz} F(A) = 7 (&) Zy ZIxn
with
A =-Af e My, Zi=-Z, € My, Ay =—-AY,, 4.11)
Zy = —Zﬁrz, Ax = —At2r2 e My_o, Zyp= —Zgz € M,_». 4.12)

For sufficiently large t € R and for u > 0, consider
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b1 b2

By = Ap(it] — Ap) ' Ay = [b21 by

] and Cy, = An+ (WE — nkz) + B

Note that B; and C; ,, are complex skew-Hermitian matrices. Then C; , has eigenvalues (note
that x;; = xp2 = 0)

[bu +Dbp + \/(1711 — b20)? 4+ 4(x12 + b1a + ) (x21 + by — M)] /2 (4.13)
(Here and in the rest of the proof, for a negative number w, we denote /w = i|/—w|.) Also,
since Trace (B;) is obviously an analytic function of 7 in a neighborhood of infinity, we have
Trace (By) = ig(1),

where ¢ (¢) € R has a fixed sign for all sufficiently large values of #; say g(#) > 0. We note also
the formula

B, =Y (i An((it) " Ax)* Ay (4.14)
k=0

Formula (4.13) shows that there is (unique) v; > O such that the eigenvalue of C; ,, with the
larger absolute value equals if; here we use the inequality ¢ (¢) > 0. Moreover, for any |A| > 1,
A € C, we have

det(A — (A — A"™) — v, (E12 — E21)) # 0 =det(it] — (A — A") — v, (E1p — E21))
(this follows from a Schur complement equality analogous to (2.15)). Hence,
t=r((A—A") +v(E;; — Ez))
and
—i2r(A — A" 4+ vi(Ep2 — E21))
= b1t + b + V(11 — b2)? + 4(x12 + bz + v) (x21 + b1 — vy). (4.15)

Similarly, if

B = Zia(ithy—2 — Z22) ' Z1 = [Bij]iz,jzl € M and
Ci:=Z1 4+ vi(Ea — Ea1) + By,

then a has eigenvalues

[(511 +by) + \/(1511 — by2)? +4(y12 + bia + vi) (a1 + bo1 — Vt):| /2-
So, for sufficiently large 7, and hence for sufficiently large v;, we have
—i2r(f(A) = f(A)" 4+ vi(E12 — E21))
=bn+bn+ \/(511 — b22)? 4+ 4(y12 + bia + v) (y21 + bar — vp). (4.16)

Since x12 > y12,X21 = —X12, Y21 = —Y12,and since the abg)lutevaluesofbij andl;,-j,i,j =1,2,
are small in view of (4.14) and an analogous formula for B;, we see that the right hand sides of
(4.15) and (4.16) are not equal for sufficiently large v,. This proves (4.10).
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Now, in view of (4.10), we have

W(A + pnE) # W(f(A) + nEwn) = W(f(A) + f(nE)),

where the equality follows from Step 1. This is a contradiction with (4.7). So, A — A" = f(A) —
f(A)Y, and we conclude that f(A) = A. O

5. Spectral norm preservers

In this section, we consider spectral norm preservers on nonnegative matrices. In contrast with
other sections in the paper, here it is natural to prove the result in the framework of the set M,
of m x n entrywise nonnegative matrices.

Theorem 5.1. Let f : M, — M.} . Then
IA+ Bl =f(A)+ f(B)l VA,BeM,, (CRY

ifand only if there exist permutation matrices P € M,} and Q € M, suchthat one of the following
holds.

(@) f(A) = PAQ forall A € M ,.
(bym =nand f(A) = PA"Q forall A € M}

ne

Proof. We focus on the non-trivial “only if” part. Thus, assume (5.1) holds. We may assume that
m < nandn > 2 (The case m > n can treated similarly, and the case m = n = 1 is trivial.) The
following easy observation will be used repeatedly:

Observation 5.2. (a) For u > 0, we have 1 + . = || E;j + nE 4|l if and only if (i, j) = (p, q).
(b) The equality V2= lEij + Ep4|l holds if and only if eitheri = p, j # g,0ri # p,j =q.
We divide the proof into several steps.

Step 1. For every w > 0, there exist permutation matrices P € M, and Q € M,/ (which a
priori may depend on w) such that

(a) Pf(MEii)Q = [LE,'I‘ fori = 1, cee,m, and
(b) for j =1,...,n — m, the equalities Pf(UwE 1 m+;)O = wE] myj hold, in case n > m.

Proof of Step 1. Fix u > 0, and let f(wE;;) = F;; for 1 <i < m. The condition (5.1) implies
that || f(A)|| = ||A|| for every A € M} ;in particular,

m,n>

| Fiill = p. (5.2)

Since Fj; is entrywise nonnegative, there exist entrywise nonnegative vectors of unit length x; €
R™ such that

t .
I Fiill =p, i=1,...,m.

For any i # j, since

u? = |wEii + nE;jj|* = | Fii + FjjII?
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>x;"(Fii + Fjj)(Fii + Fjj)'x;
>x"F;i Flixi = "2,
T

we see that x}r(F ij F};)xi = 0. So, x; is an eigenvector of F; F]t. i corresponding to the (smallest)

eigenvalue 0. Recall that x is the eigenvector of F; F;; corresponding to the (largest) eigenvalue
,uz. So, x; and x; are orthogonal. As a result, {xy, ..., X} is an orthonormal basis of R™. Since
X1, ..., X, are nonnegative, we can conclude that x, ..., x, is a permutation of ey, . ..., ey.
We may replace f by a map of the form A — P(f(A)) for a suitable permutation matrix P and
assume thatx; = e;. Thene!" Fj; F]t.;.ei = 0(i # j).Itfollows thatthe (i, i) entry of F; F]‘; is zero
forall i # j. Since Fj; FE is positive semidefinite of norm 2, we see that F i th; = u’E jj-As
aresult, Fj; = pe; v}r for some nonnegative vector v; € R” of unit length, for j = 1,2, ..., m.
Moreover, the equation || Fj; + Fjj|| = p for i # j implies that v;rvj =0 for i # j, i.e., the
vectors vy, .. ., U, have positive entries at different positions.

If m = n, then the vectors vy, ..., v, are a permutation of ey, ..., e;, and the proof of Step
1 is complete. Suppose n > m. Consider F(uE;;) = Fy; for j > m. Applying the preceding
argumentto Fy;, F2o, ..., Fyy, weseethat F1j = ueq w}r for some nonnegative unit length vector
w; € R" such that w; and vy has positive entries at different positions forany k = 2, ..., m. Note
that (for j > m)

Ul =|pE + wErI* = [ Fii 4 FijlI° = llen (o] + pwi)?
tr||2

+ pw;

tr
1 J

=|uv = (v + pw)" (pui + pw;) =207 + 2w'vy,

hence w; and v; also have positive entries at different positions. Applying the same reasoning to
wEy j, and uEq j,, (j1, j2 > m), we see that also w;, and w, have positive entries at different
positions. Now it follows that each of the vectors

Ulyeevs Uy Wy enny Whem (5.3)

has exactly one positive entry and the positions of these positive entries are different for different
vectors in the set (5.3). Thus, the set (5.3) is a permutation of e1, . .., ¢,, and the results of Step
1 follows. O

Step 2. There exist permutation matrices P € M} and Q € M, such that

(@) Pf(LE;;))Q = uEjfori =1,...,mandall u > 0, and
(b) for j =1,...,n — m, the equalities Pf(UEy ;) O = wE m+; hold for all u > 0, in
case n > m.

Proof of Step 2. By Step 1, there exist permutations P (u) and Q(u) such that
P(uw) f(LE;;)Q(u) = uk;, i=1,...,m,
and

P(uw) f(ME1Lm+)) QW) = uEymyj, j=1,...,n—m

(ifm < n).
We may assume that P(1) = I, and Q(1) = I,,. Otherwise, replace f by the map of the form
X~ P(D7'F(X)0Q(1)~!. Hence, if

S ={Ej;:1<j<njU{Ej:m < j<n},
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then f(X) = X forany X € &.Moreover,foranyu > Oand X € &, f(uX) = P(u)uXQ0u) =
WEp4 for some (p, g) pair. Since

L+ p=1X+pX| =X+ fX)] =X+ fX),

we see (using Observation 5.2) that f(uX) = puX. O
Step 3. Assume that P = [ and Q = I in Step 2. Then one of the two following possibilities
holds:

(a) f(uE;j) = wE;j forall u > 0 and (i, j) pairs,
(b) m =nand f(uE;;) = nEj; forall u > 0and (i, j) pairs.

Proof of Step 3. We may suppose i # j (the cases when i = j are taken care of in Step 2). Here
1<i<m1<j<n

First, we prove Step 3 for the case m = 1. By Step 2, we have f(uE11) = wEq; forall © > 0.
If f([x1,x2,...,x:)) = [21,...,2n], then

n
(+x0)? + Y x = nEn + [, 22, oxall? = IEn + (21, - 2ol

j=2
n
=+’ +) 3
j=2
forall u > O which implies x; = z;. In particular, f maps the set {[ay, ..., a,] € an tap =0}
to itself, and using the induction on n, we obtain the equalities f(uE;;) = wEy; forall u > 0
and j = 2,3, ..., n. From now on in the proof of Step 3 we assume m > 2.

Next, for any pair (i, j), | <i <m, 1 < j < n, we can find permutation matrices R (of size
m x m) and S (of size n x n) such that Ejj = RE1S. Then, applying the result of Step 2 to
the map f(X) = f(RXS), X € M}, we see that f(UE;j) = wEp, for some index pair (p, q)

m,n’
which is independent of j. It remains to show that

(a) (p, q) always equals (i, j), or
(b) m = n and (p, q) always equals (j, i).

To this end, consider f(E;;) withi # j. By Step 1,
I (Eij) + Enll = I/ (Eij) + f (Bl = |1 Eij + Exill = V2
for k € {i, j}, j < m. By Observation 5.2 (b), we see that
f(Ej)=E; or [f(Ej)=Ej. (5.4
Consider f(E12). If n > m, then
V2= |E + Etmstll = 11 f(E12) + Et st |-

Thus, f(E12) = E12. Suppose m = n and f(E12) = E»;. We may replace f by the map A —
f(A)" and assume that f(Ej2) = Eja.
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Assuming that f(E|2) = E12, we can easily shows that f(E;) = Eyj forall j =3,...,m,
because

V2= |En+ Eijll=1f(EwR)+ fEDI=1En+ fFEDI,
where (5.4) was used. Note that f(Ey;) = E1; for j > m by Step 1. Recall that fori =3, ..., m,
we have f(E,'l) = E,’l or f(E,'l) = El,‘. Since
L=lEy + Eall =1 f(Ew) + fEDN = 1En + fFEDI,
we see that f(E;1) = E;j fori =2,...,m.
Now, for any E;; for 2 < i, j < m, since
V2= IEv; + Eijll = | f(Evj) + fEDI = 1E1j + fEDI,

and using Observation 5.2, we see that f(E;;) = E;;. For E;; withi > 2 and j > m, we have
V2= |Eij + Eijll = 1 f(Exj) + fEpI = | Exj + Epgll.

where the pair (p, g) is such that f(E;;) = Ep4, and
V2 =|Eir + Eijl = |Eir + Epgll, r=1,2,...m,

so by Observation 5.2 we must have (p, q) = (i, j). So, for any (r, s) pair, we have f(E,s) =
E.. O

Step 4. Assume that (a) in Step 3 holds, and assume also P = I, Q = I. Then f(A) = A for
allAe M) .

Proof of Step 4. Let A = [a;;] and f(A) = [z;;] in M,;n. We show that a;; = z;; for each
(i, j) pair. Arguing by contradiction, assume a;; # z;; for some pair (i, j). Say, (i, j) = (1, 1)
(for other pairs (i, j) the proof is exactly the same). Suppose a1 > z11 (if the opposite inequality
holds, interchange the roles of A and f(A) in the subsequent argument). Then for © > 0,

(A+RE1)*(A+ nEn) = p?Ery + w(A*Eyy + EA) + A*A.
Note that the largest eigenvalue of A= M2E11 + u(A*Eq] + Eq1A) equals

n
[M(M+2a11)+\/Mz(u+2a11)2+u2a} /2 with o =4Za%j.
j=2

Similarly, we have
(f(A) + LE)*(f(A) + _E) = n?Eqy + _(f(A*En + En f(A) + f(A)* f(A)
and the largest eigenvalue of 7= MZEU + u(f(A)*E1 + E11 f(A)) equals

[u(u+2zn) +\/M2(M+2211)2 +M2,3] /2 with B =4ZZ%j'

j=2

Denote by A1(X) the largest eigenvalue of X € S;F. Since a1 > z;1, there is a sufficiently large
> 0 such that

w( +2a11) > (e +2z11) + 201 (f (A)* f(A)

and

(1 +2a11)* +a > (u+2z1)° + B.
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Consequently,

M(A) > M (Z) 4+ M (FA* f(A))
ME + fFA) (WE + f(A))).

It follows that ||A + wEq1|| > || f(A) + wE11 |, which is the desired contradiction, because by
Step 3 we have f(uEq11) = uE;. O

M(WE + A)*(RE + A))

VoWV
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