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Perturbation analysis
Generic perturbation
Rank one perturbation

1. Introduction

We consider matrices which are selfadjoint with respect to an indefinite inner product structure
given by a Hermitian invertible matrix.

Definition 1.1. Let H = H* be aninvertible Hermitiann x ncomplex matrix. Ann X ncomplex matrix
Ais called H-selfadjoint if HA = A*H. Here X* denotes the conjugate transpose of the matrix X.

In this paper, we study the perturbation theory of the canonical forms, including the Jordan forms,
of such H-selfadjoint matrices. We focus on generic rank one perturbations which in turn are also H-
selfadjoint. Our main results derive the possible Jordan forms of the perturbed H-selfadjoint matrix,
depending on the canonical form associated with the original selfadjoint matrix and the indefinite
inner product. As the sign characteristic is an essential part of the canonical form, we also identify the
sign characteristic of the perturbed matrix.

The general perturbation analysis of eigenvalues of general square matrices under generic low
rank perturbations, in particular, for rank one perturbations, has been studied in [2,10,13,20,23,24].
Motivated by numerous applications, see e.g.[16,17,25], the eigenvalue perturbation analysis of generic
structured rank one perturbations of matrices with various structures has been studied in [16]; the
sense in which “generic" is used is carefully presented in [16]. Here, we continue this line of investiga-
tion, and focus on H-selfadjoint matrices. In contrast to [16], where general eigenvalue perturbation
results were obtained and several classes of structured complex matrices were investigated, in this
paper the sign characteristic of H-selfadjoint matrices and its behavior under H-selfadjoint generic
rank one perturbation plays a key role. The analysis of the behavior of the sign characteristic under
perturbations is of particular importance in the context of perturbations that perturb a passive system
to a nearby non-passive system, because in this application eigenvalues have to be perturbed off the
imaginary axis by small norm perturbations, and whether this is possible or not strongly depends on
the sign characteristic, see [7,9,18].

Our main results are stated in Section 3; the rather long proof of Theorem 3.3 is relegated to Section
4.In Section 5 we investigate the sign characteristic attached to new real eigenvalues of the perturbed
matrix, namely those real eigenvalues that are not eigenvalues of the original matrix. Finally, our
conclusions are presented in the last section.

The following notation is used throughout the paper. C and R stand for the complex and real
field, respectively, and we use F to denote either C or R. The real, imaginary parts of a complex number
A will be denoted by Re(A) = % Im(A) = % respectively.

The set of positive integers is denoted by N. 7, (A) denotes an upper triangular m x m Jordan block
with eigenvalue A and R, stands for the m x m matrix with 1 on the leftbottom-topright diagonal
and zeros elsewhere, i.e.,

A1 0 0o ... 0 1
A : S0
RN 0o .- :

0 A 1 0 ... 0

The kth standard basis vector of length n will be denoted by ey, or in short ey if the length is clear
from the context. The spectrum of a matrix A € F"*", i.e., the set of eigenvalues including possibly
nonreal eigenvalues of real matrices, is denoted by o (A). An eigenvalue A € o (A) is said to be simple if
the corresponding algebraic multiplicity is one, i.e., A is a simple zero of the characteristic polynomial
of A.
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A block diagonal matrix with diagonal blocks Xj, .. ., X4 (in that order) is denoted by X; & X, &
- @ X4. We will also use the notation XK forX X P --- B X (k times).

IfvT = [vy,...,v,]" € C" then Toep(v) denotes the n x n upper triangular Toeplitz matrix
Vi 1) e Vn
Toep(v) = 1
N . T, 1]
0 . 0 Vi

If M C F™ is a subspace, we denote by Mt the orthogonal complement of M with respect to the
standard Euclidean metric in F™.

We say that a set W C R" is algebraic if there exists a finite set of polynomials f1(x1, ..., X%n), ...,
fi(x1, . . ., xn) with real coefficients such that a vector [ay, . . ., a,]7 € R" belongs to W if and only if

fitai,...,ay) =0, j=12,... k.

In particular, the empty set is algebraic and R" is algebraic. We say that a set W C R" is generic if W is
not empty and the complement R" \ W is contained in the union of finitely many algebraic sets which
is not R".

2. Canonical form, partial Brunovsky form

In this section, we recall two known key theorems needed for the proofs of our main results. The
first is the well-known canonical form for H-selfadjoint matrices, where H is Hermitian and invertible;
see e.g. [7,9,14] for details.

Theorem 2.1. Let H € C"™™" be Hermitian and invertible, and let A € C™" be H-selfadjoint. Then there
exists an invertible matrix P € C™*" such that P~1AP and P*HP are block diagonal matrices
P7!AP = A; ®A,, P*HP = H; ® H,, (21)
where
(i)
Al =A11 @D - DA, Hi=Hi1 @D - DHyy,

and
A],j = jnm ()\]) D---D Jnj’pj ()"j)r H],j = O—j,anj}l D---D O],ijnj_pj.
with njq, .. Mg €N, M1 = 2np, and ojy, . . Ojp € {+1,-1}, for j=1,...,u and
A1, ..., Ay € R being pairwise distinct;
(i)
Ay =A1 D --- DAy, Hp=Hy1 @ - D Hyy,
and
Tmi1 (T)) 0 :| jmj.Q'(Tj) 0
Ay = .1 A5 j ,
2] [ 0 @ ]®® 0 g, @
0 Im ] 0 Mig
H),: = .1 .. i,
2j |:Im | 0 ® D |:1qu] 0
withm;,, .. S Mig € Nmjp 2.+ 2 Mg, and 7; € CwithIm(tj) > 0forj =1,..., v. Moreover,

T4, ..., Ty are pairwise distinct.
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The form (2.1) is uniquely determined by the pair (A, H), up to a simultaneous permutation of diagonal
blocks in the right hand sides of (2.1).

The signs 0j1, . . ., Gjp;,j = 1,2, ..., u, form the sign characteristic of the pair (A, H). Thus, the sign
characteristic attaches a sign to every block associated with a real eigenvalue in the canonical form.

The most important tool for obtaining the main results of this paper is the so-called partial Brunovsky
form developed in [16].

Theorem 2.2 (Partial Brunovsky form, [16, Theorem 2.10]). Let
A= (Ji‘h ():)6951) DD (Jnm (i)@Zm) @A e (2.2)

whereny > --- > ny, and 0(7\) ccC\ {):}. Moreover, let a = £1ny + - - - + €yny, denote the algebraic
multiplicity of A and let B = uv’, where u € C" and

v

YD
v=| = |, V=] |, v et j=1,...,6 i=1,...,m.
vim W)
~ yt
v
Assume that the first component of each vector v(iJ),j =1,...,¢,i=1,...,mis nonzero. Then the

following statements hold:

(1) The inverse of the matrix

4 ) £ )
v (@Toep(v(l'f) CRRRY:> EBToep(v(’"")) ® In—q

j=1 j=1

exists and

SAST'=A SBST'=wlel,.....el €, 2 (2.3)

{1 times L times

where w = Su, and for some appropriate vector z € C" 9.
(2) The matrix S(A + B)S™! has at least £1 + - - - + £, — 1 Jordan chains associated with X given as
follows, starting with eigenvectors:

(a) €1 — 1 Jordan chains of length at least ny:

€1 — ény+1, <ew Bnp T e2ny;
: ) (2.4)
€1 — e —n+1 cew €n; — €¢ynys
(b) £; Jordan chains of length at least n; fori = 2,...,m:
€1 — €+l 41 ceo G T @yl
e1r — e£1n1+---+€i,1ni,1 +ni+1, B en,- - e£1n1+---+li,1ni,1 +2n;5 (2 5)

€1 = el Al +G=D+1 oo 8y T eyl ni g +lin -



C. Mehl et al. / Linear Algebra and its Applications 436 (2012) 4027-4042 4031

The vectors in (2.4) and (2.5) are in their totality linearly independent. But generally speaking we
do not claim that the vectors in (2.4) and (2.5), when multiplied on the left by S~!, form a basis for the

root subspace of A 4 B associated with A.
To illustrate Theorem 2.2, let m = 2, {1 = £ = 2, ny = 3, ny = 2, A = 0 and A empty, in other
words,
A= 735(0) ® 75(0) ® 7(0) ® 7(0) € 'O
Then S(A + uv')S™! = S(A + B)S~! has the form

W1 1 0 W1 0 0 W1 0 W1 0
w, 0 1 wp, 0 0 wp 0 wy O
w3 0 0 w3 0 0 w3 0 w3 0
Wy 0 0 Wy 1 0 Wy 0 Wy 0
Ws 0 0 Ws 0 1 Ws 0 Ws 0
Wg 0 0 wg 0 0 wg 0 wg 0|’
wy, 0 0 wp, 0 O w; 1 wy; O
Wwg 0 0 Wg 0 0 Wwg 0 Wg 0
Wq 0 0 Wq 0 0 Wq 0 Wq 1
| W10 0 0 wp 0 0 0 wp 0 0 w 0 O_

where the wj’s are the components of w = Su.
3. Main results

In this section, we let H € C"™*" be Hermitian and invertible, and consider the perturbations of
eigenvalues as well as the sign characteristic under generic H-selfadjoint rank one perturbations. We
will restrict ourselves to perturbations of the form B = uu*H. Note that rank one perturbations of the
form —uu™*H can be treated in a similar fashion, or alternatively consider —H in place of H.

Applying the general results from [16] to this particular situation, we obtain the following result
on the effect of generic H-selfadjoint rank one perturbations of H-selfadjoint matrices.

Theorem 3.1. Let H € C"*" be Hermitian and invertible, let A € C"*" be H-selfadjoint, and let ). € C. If
A has the Jordan canonical form

(G2 @ & (F, (W) B, (31)

whereny > -+ > npy and where o (A) € C \ {1} and if B € C"™*" is a rank one perturbation of the form
B = uu*H, then generically (with respect to 2n independent real variables that represent the real and
imaginary components of u) the matrix A + B has the Jordan canonical form

(70 W) & (3, (W22) @ & (T, (W) @ F,

where 7 contains all the Jordan blocks of A + B associated with eigenvalues different from A.
Proof. This follows immediately from Theorem 2.1, and [16, Theorems 3.1 and 3.2]. [

Observe that Theorem 3.1 describes the Jordan structure after generic structured rank one pertur-
bations, but does not discuss the canonical form of the pair (A + uu*H, H) (cf. Theorem 2.1). More
precisely, Theorem 3.1 gives no information concerning the relation between the signs in the sign
characteristic of (A, H) corresponding to an eigenvalue A, and the signs in the sign characteristic of the
pair (A + uu™H, H) corresponding to the same eigenvalue A.

The following example is illustrative.

Example 3.2. Consider the matrices

I 0
A=0pxn H= |:’6+ _IK_]'
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where k4 + k_ = n. Then A + uu*H = uu*H. Assume that u*Hu # 0, which is a generic condition.
Then u is an eigenvector of A 4+ uu*™H corresponding to the nonzero eigenvalue u*Hu. Let v, ..., Vp_1
be an H-orthogonal basis for (Span{Hu})" (which exists because of Theorem 2.1). The signs in the sign
characteristic of (A, H) corresponding to the zero eigenvalue of A + uu*H are then given by the signs
of the numbers v{Hv;,i = 1, ..., n — 1. Considering the basis u, v4, . . ., v4—; of C" and computing the
sign characteristic of H using this basis, we see the following:

Sign characteristic of the eigenvalue zero Sign of the eigenvalue u*Hu
# of signs + 1 # of signs — 1

u*Hu > 0 ky — 1 K_ +1

U*Hu < 0 Ky K- — 1 —1

It is easy to see that the sets
Q. ={uecC":u"Hu> 0}, 2_:={uec":u"Hu <0}

are the two connected components of the set of vectors u for which u*Hu # 0. Observe that on each
of the components 2 and £2_, the sign characteristic of the eigenvalue 0 (of algebraic multiplicity
n—1) of A+ uu™H is constant (as a function of u), but it is different for the different connected
components.

This situation turns out to be typical, as the following theorem shows. In the theorem, “generically”
means “generically with respect to the real and imaginary components of u".

Theorem 3.3. Let H € C"*" be Hermitian and invertible and let A € C"*" be H-selfadjoint. Assume that
the pair (A, H) has the canonical form (A, H) with

A= é ((n; 3)®) @ (I 0) ) @ -+ @ (T, () ) )
j=1

T Tks,; (7)) 0
@@(EB[ A jk”(,j)*}), (3.2)

where Aj € R, nqj > -+ > nmj,j,j =1...,uand7 € (C\R,lq,j>~~~>kqj,j,j =1,...,v(notethat
we group together Jordan blocks of the same size for real eigenvalues A;, but not so for nonreal eigenvalues),
and with

j=1 s=1 s=1

12 £ ) Cmy j
H= @ @Glszlﬁj @UZS]RHZJ DD @UmJSJan]j

whereoisj € {(+1,—1},s=1,...,4;;i=1,...,m,j=1,..., u.IfB € C"™*"isarank one perturba-
tion of the form B = uu™H, then:

(a) generically the pair (A + B, H) has the canonical form (A’, H'), given by

= é ((jnl,j()\tj)@El,j*]) D (an'j(kj)@ﬁz,j) DD (jnmj,j (kj)ealmj,j»
=1



C. Mehl et al. / Linear Algebra and its Applications 436 (2012) 4027-4042 4033

o AS [k (@) 0 /
69@(@[ 0 Jks,,-(rj)*D@A}

j=1 \s=2

£9,j—1 23] Lmj.j
H’ — @ ( @ U]/,s,jRnl,j) (&) (@ UZS:J'an,j) D---D @ O'mj:S:janj,j
j: s=1

j=1 s=1 s=1

(8, i)en

s=2 IkSvJ'

where A} consists of Jordan blocks with eigenvalues different from the eigenvalues of A, and where
the list (0{’1'14, cee U{'ll}j_]’j) is obtained from (01,1,1, cen al,gw.,j) by removing either exactly one
sign 41 or exactly one sign —1;

(b) generically all eigenvalues of A + uu™H which are not eigenvalues of A are simple;

(c) let 2 C C" be the generic (with respect to the real and imaginary parts of vectors) set such that
for every u € §2 properties (a) and (b) hold. Then, within each connected component $2¢ of §2, the
sign characteristic of the pair (A + uu*H, H), u € 2o, corresponding to those among the A;’s that
are eigenvalues of A + uu™H, is constant, and the sign characteristic of any simple real eigenvalue
y = y(u) of A+ uu*H which is different from the A;’s is also constant, assuming y (u) is chosen to
be a continuous function of u € Q.

We see in Theorem 3.3 that the sign characteristic of the pair (A + B, H) for the eigenvalue A; is the
same as this for (A, H), except that, for the set of Jordan blocks with eigenvalue A; and maximal size,
one sign is dropped.

The rather long proof of Theorem 3.3 will be given in Section 4.

4. Proof of Theorem 3.3

Proof of parts (a) and (c). First note that the Jordan canonical form of A 4+ B in part (a) follows by
applying Theorem 3.1 to each eigenvalue of A and taking advantage of the fact that the intersection of
finitely many generic sets is again generic. We next show the part of the assertion concerning the sign

characteristic. To this end, pick a fixed eigenvalue A; = ’ and assume without loss of generality that
the pair (A, H) is in canonical form, where the diagonal blocks have been permuted in such a way that
the blocks associated with A come first.

For simplicity, let n; := n; j, £; := ¢; j, m := mj, and o0js := 0j j, i.e. A and H have the forms

A= (T (%) & (0, (V) @ - @ (F,(W®7) @4

04 123 lm
H= Doy | ® | D 02iRn, | ®--- & | D omiRn, | © H,
i=1 i=1 i=1
where A contains all the blocks associated with eigenvalues different from . Let
(€)) .
u u @D ug"k)
u=| |, uP=| |, uW=| : |ech Bec™"

um (i) ur(lii,k)
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where a = Y. . ¢;n; denotes the algebraic multiplicity of the eigenvalue A By Theorem 2.2, the
i=1

transformation matrix S that brings A + B into partial Brunovsky form takes the form S = SO g
where

04 - £m N
S= (@ Toep <0‘1,iRn1U(l'i)>) DD (@ Toep (Um,ianu(m'i)>) .

i=1 i=1

Note that the inverse of the matrix S exists if uﬁ,’f’i) #0fork=1,...,¢;,i=1,...,mwhichis gener-

ically (in the sense of the theorem) the case. Now S(A 4 B)S~! is in partial Brunovsky form (2.3) and
ST*HS~!-selfadjoint, where

h ) I )
S*HS'=H®H H= (@ H(l")) BB (EB H(m,l))
i=1 i=1

and where each H®) € ¢*"i takes the form

0 . 0 Ok,i|u,(1’:'i)|72
HOD = : S * : (41)
0 . . :
"~ . .
cr,<,,~|u§l,. l)| 2 * *

Note that by Theorem 3.1 the algebraic multiplicity of the eigenvalue AofA+Bisa— nq, thus the
Jordan chains (2.4) and (2.5) form a basis of the corresponding root space.

We are now going to compute the sign characteristic of the eigenvalue A of (A 4 B). We do this by
using the description of the sign characteristic given in [9, Section 5.8] (see also the alternative “second

description” in [7]). Thus, let ¥; = Ker(A — ):In) and let v(x) be the maximal length of a Jordan chain
of A beginning with the eigenvector x € ¥; \ {0}, and let ¥; denote the subspace of ¥; spanned by all
x € ¥y withv(x) >i,i =1,...,ny. Observe that

2% 2 2,
and

dim¥,, =€ — 1, dim¥, = £, — 14+ £, ..., dimW, =€ — 1+ Ly + -+ €.
Finally, let

fixy) :=x"Hy?, xe ¥, yey\ {0}

wherey = y(l),y(z), o ,y(i) is a Jordan chain of A associated with X with the eigenvector y, and lgt
fi(x,0) = 0.Then by [9, Theorem 5.8.1] the value fi(x, y) does not depend on the choice of y@, . . ., y®.
Furthermore, there exists a selfadjoint linear transformation G; : ¥; — ¥; such that

filtx,y) = x*Giy forallx,y € ¥;

and the number of positive (negative) eigenvalues of G;, counting multiplicities, coincides with the
number of positive (negative) signs in the sign characteristic of (A, H) corresponding to the Jordan
blocks of size i associated with the eigenvalue A Thus, it remains to calculate the signature of a matrix
representation My, of G, fori = 1,...,m in order to compute the sign characteristic of A. Note that
there are £;1 — 1+ £, + - - - 4 ¢; eigenvectors in the chains (2.4) and (2.5) which are in ¥, so these
eigenvectors form a basis of ¥, and we will compute the matrix representation My, with respect to
this basis. Firstleti > 1. Note that by [9, Theorem 5.8.1 (iii)] we have Ker G, = ¥y, 41, soitis sufficient
to consider those basis vectors that are in ¥y, but not in ¥, 1, i.e. the vectors
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€1 —€ni1+1,€1 — Epip+1,-- -, €1 — ewi+1,

where nj := €111 + - -+ + £i—1ni—1 + (k — Dn;, k = 1,. .., £;. Then, the (k, 7 )-entry of My, is given
by

* o= po—1
foi (el ~ Cnit+1,€1 em,n-H) = (61 - eni,K-H) S HS (e”i - erli,7r+ﬂi)
0 ifk #m,

. =2
* (k) . (k)
Chiet+1H " ety = Ol )”m

ifk =m,

because S~*HS ™! is block diagonal and, since e¥H"Ve,, = 0, because H""") € C™*™ has the special
form (4.1) and n; < ny. Thus, My, is diagonal and the number of positive (negative) eigenvalues of
My, equals the number of positive (negative) signs among o, .. ., 0j¢,. This means that the sign

characteristic of (A + B, H) corresponding to the blocks of size n; associated with the eigenvalue A is
the same as that for (A, H).

Fori = 1, setting n1x := €1ny + - - - + €i_1nj—1 + kn;, k = 1,...,£1 — 1 we similarly obtain that
the (k, r)-entry of the ({1 — 1) x (£; — 1) matrix M, takes the form

*
—*prc—1
oy (61 ~ e+, €1 — em,n-H): <e1 - eTll,K-H) STHS (eﬂl - e’]l,ﬂ+nl)

_ o uzgll'l)‘iz if €« # 7,
- 01,1 ‘ug’l)‘_z + 014 ‘ur(ll{'()‘_z if Kk =m.
Thus, we have
01,2 ‘u'(111,2)‘—2 0 1 .1
My, = Yo ‘un:,l) -2 SR
0 o1, [0 1o

i.e. My, is a Hermitian rank one perturbation of a Hermitian diagonal matrix. The result then follows
using an interlacing theorem which is a special case of Weyl's Theorem on eigenvalues. Indeed, assum-
ing that My, is invertible (which is a generic condition with respect to the real and imaginary parts of
the components of u), let there be 7 signs +1 among 011, . . ., 01,¢,. Then by [11, Corollary 4.3.3 and
Theorem 4.3.4] it is guaranteed that My, has at least w — 1 and at most 7 positive eigenvalues. Thus,
the sign characteristic of (A 4+ B, H) corresponding to the Jordan blocks of size n; associated with the
eigenvalue X is the same as that for (A, H), except that exactly one sign is dropped.

Part (c) follows from results on perturbation of sign characteristic [22, Theorem 3.6], [3].

It remains to prove part (b) of the theorem. In the proof, the following two examples of matrices
Z and their characteristic polynomials x (Z) = det(xI — Z) will be used. The first example is well
known.

Example 4.1. Let

A 1 0
Q)] A T mxm
ZVV(\a) = = Im(A) + aepe,Rn € C , A€C, «aecC\{0}.
: . |
o ... 0 A

Then ZD A, a)) = (x — A)™ — a; in particular, Z( (A, o) has m distinct eigenvalues.
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Example 4.2. Let

TIm(T) 0 oen | [aen 1570 In
7@ (1, a)= (C2m><2m'
(r.0) [ 0 jm(r)*} + [ae& [oee1:| I, O <
teC Imt>0 «ae€ecC)\({0}.

Using the Laplace expansion theorem for determinants with respect to the first m rows of det(xI —
7@ (7, @)), and omitting terms that are obviously vanishing, we find

x (22 @)= x (20 1) x (2@ 1)) = lol*
= (=" =) (k=" = ) — ||

Elementary calculations show that Z?)(t, @) is guaranteed to have 2m distinct simple eigenvalues if
« is chosen so that
T—rt|"
< P27
2
Indeed, assuming that xo is a common zero of x (2 (z,)) and of & x (Z?(r,)), we have (with

B = lal?):

=)™ xo—T)" = Bxo— )" —Bxo —T)" =0, (4.2)
o — )" Mo — D"+ (0 — 7)™t — D)™ = Bxo — )™ ' =Bxo — )™ = 0.
(4.3)

Multiplying (4.3) by xo — t and using (4.2), after simple algebraic manipulations, we get
(o = D)™ =B ).

Analogously,
(o — D™ = p(r - D).

These two identities are contradictory if 8 is sufficiently small, namely if 8 < #

We denote by £2’ the generic set of vectors u € C" for which Theorem 3.3 (a) holds. We may assume
that £2’ is open.

Lemma 4.3. Let £2’ be the generic set of vectors u € C" for which Theorem 3.3 (a) holds. Then there exists

€ > 0 and an open dense (in {u € C" : |Ju|| < €}) set ol C 2/ such that for every u € ol [lull <€,
the Jordan form of A + uu*H is as in Theorem 3.3, where Az has only simple eigenvalues different from any
of the A;’s and from any of the ty’s and Ty’s.

Proof. The proof follows the same approach as that of [ 16, Lemma 2.5]. However, additional consid-
erations are needed here, due to the presence of paired nonreal eigenvalues T;, T.

Denote by D(z, €) the closed disc of radius € centered at z € C. Let € > 0 be so small that for
every u € C" with |ul| < ¢, all eigenvalues of A + B lie within the union of the closed pairwise
nonintersecting discs of radius € centered at each of the points A1, ..., A, 71,77, . . ., Ty, Ty. We also
suppose that € is so small that

(1 ")2 in {jz— 7’ s=1.2.....n)
—€ < — min Tk — Tkl S= L, 4,...,n;.
2 2 k=l vt KTk
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(This is to make sure that in a subsequent application of Example 4.2 the values of the parameter « in
that example are such that the simplicity of the relevant eigenvalues is guaranteed.) It will be assumed
from now on in the proof that ||u] < €.

Let x (Aj,u)forj =1,2,..., u,and x (ti, u), x (Ty, u) fork = 1,2,. .., v, be the characteristic poly-
nomials of the independent variable x for the restrictions of A + B to its spectral invariant subspaces
corresponding to the eigenvalues of A+ B within the disc D(A;, €) (or the discs D(ty, €), D(Ty, €),
respectively). Notice that the coefficients of x (A;, u), x (Tk, u), x (T, u) are real analytic functions of
the real and imaginary parts of u. Indeed, this follows from the formula for the projection onto the
spectral invariant subspace

1 -1
%/F(ﬂ—(fwrs)) dz,

for a suitable closed simple contour I".

Let q(Aj, u), resp., q(tx, u), be the number of distinct eigenvalues of A + B in the disc D(;, €), resp.,
D(ty, €). (We need not consider separately the number of distinct eigenvalues of A 4 B in the disc
D(Ty, €), since it is equal to q(ty, u) in view of the H-selfadjointness of A + B.) Let

max(A) =  max  {q(A;,u)}, qmax(tk) = max {q(Ty, w)}.
ueCh |lull<e ueCh |lull<e

Next, we fix A;, and denote by S(p1, p2) the Sylvester resultant matrix of the two polynomials p1 (x),
p2(x) (see e.g.[1,5]); note that S(p1, p2) is of square size degree (p1) + degree (p2) and recall the well
known fact (see [15] for example) that the rank deficiency of p1 (x), p2 (x) coincides with the degree of
the greatest common divisor of the polynomials p1(x) and p2 (x). We have

dx (Aj,u)
X}Z) =+t nm) + 1.

q(Aj, u) =rank S (x (A, u), 5

The entries of S (X (Aj, u), 8)(5;1"‘”)) are scalar (independent of u) multiples of the coefficients of

x (A, u), and therefore the set Q(A;) of all vectors u € C", ||u|| < e, for which q(4;, u) = gmax(}})
is the complement of the set of common zeros of finitely many real analytic functions of the real and
imaginary parts of u. In particular, Q (};) is open and dense in {u € C" : |Ju| < €}.

On the other hand, still for a fixed A;, consider

S
1 uq
up = —€"| Y,
2 Uz 1
LU2,v |

partitioned conformably with the partitioning in (3.2), where all the entries u;; and uyy are zero,
except for uy j which has 1 in the n jth position and zeros elsewhere. One checks easily (cf. Example
4.1) that in the disc D(%;, €) the matrix A 4 ugugH has:

(1) my,j simple eigenvalues different from A;; and
(2) the eigenvalue A; with partial multiplicities £1,; — 1 times ny j and ¢; ; times n; j,i = 2,...,m;.

If by chance ug is not in £/, then we slightly perturb ug to obtain a new vector ug € 2’ such that (1)
and (2) are still valid for the matrix A + u6 (u{))*H. (This is possible because £2’ is generic, the property
of eigenvalues being simple persists under small perturbations, and the total number of eigenvalues of
A 4 uu*H within D(};, €), counted with multiplicities, is equal tonq j 4 - - - + N o foreveryu € C™,
llull < €.)Since £2 is open, clearly there exists § > 0such that(1)and (2)are valid forevery A + uu*H,
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whereu € C"and ||u — ug|| < §.Since the setofall such u’s is open in C", it follows from the properties
of the set Q (1;) established in the preceding paragraph that in fact we have

q(Aj, u) = gmax (%), forallu € C", |u — ug|| < 6.
So for the following open dense (in {u € C" : |lu|]| < €}) set
oV i=eipne’
the following property holds: For everyu € Qj(l), the part of the Jordan form of A 4+ uu™H correspond-
ing to the eigenvalues within D(A, €) consists of
o , Cm: i
(a1, AD®T) & (T, ON®2) @ - © (T, 0 )

and nq j simple eigenvalues different from A;.
Apply now a similar argument to the blocks associated with nonreal eigenvalues (Tj, 7:j*) for a fixed

jG=12,...,v),using instead of ug the vector

-
Uy
/
/ ._1 n u],;/,
up = —¢€ e,
2 U4
u/
L*2,v

partitioned conformably with the partitioning in (3.2), where all the entries ”/1,1' and u/2 , are zeros
except for u’zj which has 1 in the kq jth and kq ; + 1th positions and zeros elsewhere. Note that the
2kq,j x 2kq,j matrix

[T (1) 0 aey,; ] [oew; ] [0 I,
? @) ‘_[ 0 i, @*] T Laer | [oer | [, 0

has 2k4 j (necessarily simple) distinct eigenvalues none of which is equal to 7j, Tj, for every complex
a # 0 with |« sufficiently small. (See Example 4.2.) Consequently, in the union of the discs D(zj, €) U

D(Tj, €) the matrix A + ug (up)”* H has:

(1) kq,j simple eigenvalues different from zj, 7;; and
(2) the eigenvalues 7j, Tj each with partial multiplicities k2 j, . . ., kg;,j.

As a consequence we obtain an open dense (in {u € C" : |Ju|| < €}) set .Qj(z) such that the part of the

Jordan form of A + uu™H, where u € Qj(z), corresponding to the eigenvalues within D(j, €) U D(Tj, €)
consists of (more precisely, is similar to)

sz,j(.’:j) 0 jkqj,j('fj) 0
[ 0 sz,]—(ff)*] 0 gy,

and 2k, j simple eigenvalues different from tj, 7.
Now let

to satisfy Lemma 4.3. [

Proof of part (b). Let x, (x) be the characteristic polynomial (in the independent variable x) of A + B =
A + uu™H. Then the number of distinct roots of y,(x) is given by the rank of the Sylvester resultant



C. Mehl et al. / Linear Algebra and its Applications 436 (2012) 4027-4042 4039

matrix S ( Xu(x), % Xu (x)) minus n — 1 (cf. the proof of Lemma 4.3). Therefore, the set §2y of all vectors

uon which the number of distinct roots of x, (x) is maximal, is a generic set. By Lemma 4.3, the maximal
number of distinct roots of x,(x) is equal to

P
ny1+ -+ np1+ » min{g — 1,1}
j=1
Thus, for the generic set U = 29 N £2’ the Jordan structure of A + uu*H is described by (a) and (b), as
required. [

5. Local behavior of the sign characteristic: new real eigenvalues

We continue our study of the local behavior of the sign characteristic of H-selfadjoint matrices under
generic H-selfadjoint rank one perturbations. In Section 3, we have considered the real eigenvalues of
the perturbed matrices that are also the eigenvalues of the original matrix. Here, we consider “new"
real eigenvalues of the perturbed matrix - those that are not eigenvalues of the original matrix - under
small generic rank one perturbations. To this end we use the description of the sign characteristic in
terms of “analytic eigenvalues". This technique was used in [6,7], and in more general contexts in [8,21].
We provide the necessary background in the next subsection.

5.1. Analytic eigenvalues and sign characteristics

Let H € C"™*" be Hermitian and invertible, and let A be H-selfadjoint. The function xH — HA of the
real variable x clearly takes Hermitian matrix values. It is well known (Rellich’s theorem, see e.g. [12],
a proof can be also found in [6, Chapter S.6]) that the eigenvalues 41 (x), . . ., ty(x) of xXH — HA can be
enumerated so that they become real analytic functions of x. So let /,L'? x),..., ,/,3 (x) be the eigenvalues
of xH — HA, for every x € R, and assume that they are analytic functions of x. Clearly, Ao € R is an
eigenvalue of A if and only if Ag is a zero of one of the functions ;Lf‘ (x). The following lemma was
proved in [7].

Lemma 5.1. Let Ag be a real eigenvalue of A, and let
1 (), L ()
be all the functions among the ,u}“ (x)’s that have a zero at Ag. Suppose that Aq is a zero of “JAW (x) of

multiplicity kw, w = 1,2, ..., s. Then the partial multiplicities of Ao as an eigenvalue of A are k1, . . ., Ks,
and the sign in the sign characteristic of (A, H) associated with the multiplicity ., coincides with the sign

of the nonzero real number (uf‘w)(KW) (Ao) (the Kk th derivative of pL]AW (x) evaluated at ).

Now fix a nonzero vector u € C", and let B = Fuu™H. For the subsequent analysis we choose the
sign —; if the sign is 4, then just replace H with —H to reduce the consideration to the case of the sign
—. Analogously we have the analytic eigenvalues /LQH'B x),..., ,uf’B (x) of xH — H(A + B). Note that

xH — H(A + B) — (xH — HA) = Huu™H
is positive semidefinite. Thus, by the well known monotonicity property of eigenvalues of Hermitian
matrices [11, Corollary 4.3.3], we have

#lic Pz > # i 0 >4f (5:1)

for every x € R and every real number q. (Here, #L denotes the cardinality of a finite set L.)
We also note the following fact:

Lemma 5.2. For afixed real x, suppose that there are s eigenvalues (counted with multiplicities) of xH — HA
in the real interval [«, B]. Then there are at least s eigenvalues of xH — H(A — uu®H) in the interval
lo — luu*H|, B + lluu*HI|].
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For the proof, observe that Lemma 5.2 follows easily from Mirsky’s inequality for eigenvalues of
two Hermitian matrices [4,19].

5.2. The sign characteristic of new real eigenvalues: main result

Let H € C™" be Hermitian and invertible, and let A € C"*" be H-selfadjoint. Fix a real eigenvalue
Ag of A.Letny > --- > np be the distinct partial multiplicities of A corresponding to Aq, and let there
be £; blocks in the Jordan form of A having size n; and eigenvalue Ao, forj = 1,2, .. ., p, with the signs
&r==x1,k=12,..., ¢ attached to the partial multiplicities nj, .. ., n; (repeated ¢; times) in the
sign characteristic of (A, H) associated with the eigenvalue Ag. Recall (Theorem 2.1) that the signs &;,
for every fixed j, are uniquely determined up to a permutation. For the purpose of our analysis, it will
be convenient to distinguish &; 1 and classify the various possibilities according to the value &1 = 1
or§; =—1.

We distinguish two cases: (e) ny is even; (0) n; is odd. According to Theorem 3.3, for a generic set
(with respect to the real and imaginary parts of the components) of vectors u € C", we have one of
the following four (not necessarily mutually exclusive) situations:

(e+) nq is even, £&11 = 1, and at the eigenvalue A the H-selfadjoint matrix A — uu*H has distinct

partial multiplicitiesny > - -- > nprepeated £1 — 1, {5, .. ., £, times, respectively (if £; = 1, then ny
is omitted), with signs in the sign characteristic &1, k = 2, .. ., £1 corresponding to the partial multi-
plicities ny (repeated £; — 1times)and &, k = 1,2, ..., {; corresponding to the partial multiplicities
n; (repeated ¢; times) forj = 2,3,...,p.

(e—)nq is even, &1 = —1, and all other properties as described in (e+).

(ot+)nq isodd, &1 = 1, and all other properties as described in (e+).

(o—)nyisodd, &,; = —1, and all other properties as described in (e+).

In addition, we shall assume ||u|| is sufficiently small, so that A — uu™H has generically n; eigen-
values vy, . . ., vp, (which may be real or complex) different from Ag that are clustered around Aq. By
Theorem 3.3, we may assume that generically the eigenvalues vy, . . . vy, are all simple. Renumbering
the eigenvalues so that vy, . . ., vy, are real and the rest are nonreal, we let (generically) v < - -+ < vy,
(Note that m may depend on u, but this dependence is not reflected in the notation.) Thus, there is
a sign 74 associated with vg, ¢ = 1,2,...,m, in the sign characteristic of (A — uu™H, H). Obviously,
ms<ny.

We now state our main result on the “new" eigenvalues vg and their sign characteristic. Denote by
£2 the open generic (with respect to the real and imaginary parts of the components of u) set of vectors
u € C" for which one of (e+), (e—), (o+), (0—) holds and the eigenvalues vy, . .., v, are all distinct,
simple, and none of them is equal to Ag.

1

Theorem 5.3

(a) Under the above notation, and assuming that u € 2 and ||u|| is sufficiently small (the sufficiency of
the smallness of ||u|| is determined by the pair (A, H) only), misevenand ny + --- + nym = 0in
cases (e+) and (e—), and mis odd and 1 + - - - + nm = =£1 in cases (o%).

(b) Assuming in addition that the geometric multiplicity of L as the eigenvalue of A is equal to one, then:

(b1) if (e+) holds, then the vq are all nonreal, i.e. m = 0;
(b2) if (e—) holds, then for some odd k, k < m, we have

Vi<V <o < Vg <Ag <Vkp1 <+ <VUp,

withng = (=1)97 1, forg=1,2,...,m.
(b3) if (o+) holds, then vi < v < -+ < vy < Ag, Withng = (-9 1 forq=1,2,...,m.
(b4) if (o—) holds, then kg < vi < V3 < -+ < vy, Withng = (=1)%, forq=1,2,...,m.

We emphasize that the number m in Theorem 5.3 may depend on u € £2 (although this is not
reflected in the notation).
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Proof. Fix a disc {z € C : |z — Ag| < &}, where § is chosen so that Ag is the only eigenvalue of A in
the disc. Part (a) concerning the number m follows easily from the fact that the number of nonreal
eigenvalues of A+ B in a disc {z € C : |z — Ag| < &} is even and the total number of eigenvalues
of A+ B in the disc is equal to n1£; + - - - + np¥, (for sufficiently small ||u|). The statements about
n;'s then follow from the general perturbation theory for H-selfadjoint matrices, see, for example, [9,
Chapter 9].

We prove (b). We give a detailed proof for the cases (b1) and (b2) only, the proof in the other cases
is obtained by analogous considerations. Thus, let n; be the even algebraic multiplicity of Ag, with
the sign —1. Following the analysis and notation of Section 5.1, let 1 (x) be the analytic (as function
of the real variable x) eigenvalue of xH — HA so that MA(X) has a zero at Ag of multiplicity n; and
(MA)(’“) (Ao) < 0. Clearly, there exists § > 0 such that Ag is the only zero of any x*(x) in the interval
[Ao — 8, Ao + 8] and that the graphs of all other analytic eigenvalues of xH — HA do not intersect the
closed rectangle

(o +w,y) € R |w| <8, |y| <8} (5.2)

In view of Lemma 5.2, there exists € > 0 such that for every u € £2, ||u]| < €, there is exactly one
analytic eigenvalue pu+B(x) of xH — H(A — uu*H) = xH — H(A + B) that intersects the rectangle
(5.2). Moreover, by taking € smaller if necessary, we may assume also that u*+t8(Ly £ 8) = 0 and
that u? (o = 8) and utB (1o & 8) have the same sign. Because of these conditions, and taking into
account that (Lo £ 8) < 0(since A is the only zero of 4 (x) on the interval [Ag — 8, Ao + 8]), and
we are in the case (b2)), we have

u B £8) <o0. (5.3)
On the other hand, property (5.1) (applied with x = Ay and g = 0) yields

W B () > 0. (5.4)
In view of Lemma 5.1, inequalities (5.3) and (5.4) now easily lead to the desired conclusion in the case

(b2).

Suppose now that ny is even with the sign +1. Let u?(x) and uA8(x) be the analytic eigenvalues
of xH — HA and of xH — H(A + B), respectively, having the properties as in the case (b2), foru € 2
with ||u|| sufficiently small. By property (5.1), we have A8 (x) > uA(x) foreveryx € [Ag — 8, Ao + §].
Since u 1B (1) #+ 0, we must have wtB(x) > 0forallx € [Ag — &, Ag + 8], and the result follows.
0

Example 5.4. To illustrate Theorem 5.3, we consider the matrices
A= J4(0), H= —Ry.

Thus, we are in the case (b2) of Theorem 5.3, so for a given sufficiently small vector u, the following
situations are possible for the eigenvalues of the matrix A — uu*H:

(i) two real eigenvalues, one positive, one negative;
(ii) four real eigenvalues, one negative, three positive;
(iii) four real eigenvalues, three negative, one positive.

Indeed, it seems that all three possibilities can be realized by arbitrarily small perturbations. For an
example realizing (iii), one can take the vector

1
L 2
u=e| q
1
EE
Then MATLAB computations show that for ¢ = 10~1,1072,...,107 16 the matrix A — uu*H has one

positive and three negative eigenvalues. For example, by taking ¢ = 1073, the eigenvalues of A — uu*H
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are —0.000885, —0.000113, —0.000092, and 0.001093. However, it should be noted that if ¢ is kept
fixed, but the vector u is scaled down in norm by i = tu, then the situation changes from (iii) to
(i). E.g., taking in the above example ¢ = 1073 and 7 = 1/10, the eigenvalues of A — ut*H become
—0.000062,0.000162, and —0.000050 =+ 0.000087i. Numerical experiments suggest that this is true
in general: for a fixed vector u that realizes situations (iii), scaling down the norm of u has the effect
that at some point the situation changes from (iii) to (i) and continues to be (i) when the norm is scaled
further down.

6. Conclusions

We have discussed the perturbation theory for selfadjoint matrices in an indefinite inner product
under generic selfadjoint rank one perturbations. We have derived the Jordan structures of the per-
turbed matrices and also characterized the behavior of the sign characteristic associated with the real
eigenvalues under these perturbations.
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