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Abstract

This work presents the development of a quantum theory of gravity motivated

by di↵eomorphism-invariance and background-independence. A composite graviton

state that satisfies the linearized Einstein’s field equations has been identified via

perturbative expansion about a curved vacuum spacetime. The emergence of this

gravitational interaction is discussed, as well as cancellation of tadpoles and treat-

ment of ultraviolet divergences via dimensional regularization. In other words, the

formalism of quantum field theory is used to identify a gravitational interaction as

an emergent phenomenon rather than as a fundamental aspect of nature. The lattice

is proposed as a candidate for a physical regulator, and future directions of research

are discussed.



Chapter 1

Introduction

One of the central questions in modern physics is how to formulate a model

that accurately predicts the behavior of both the smallest and largest structures in

the universe. Quantum field theory (QFT) is the dominant model in the subatomic

regime, having predicted the existence of antiparticles, radiative corrections, and

the behavior of fundamental particles such as in the electromagnetic interaction.

Einstein’s theory of general relativity (GR) is our best description of gravitation and

makes exquisitely precise predictions concerning cosmology, the motion of celestial

bodies, and gravitational waves. Despite the success of these descriptions individually,

they appear at face value to contradict. For example, QFT has been unable to produce

a prediction for the cosmological constant that agrees with observation, which is an

issue known as the cosmological constant problem [1]. Also, it is di�cult to define

time evolution in QFT when the Hamiltonian in GR vanishes, and this is called the

problem of time [2]. Our goal is to present a theory that uses QFT as a starting point

and has consequences consistent with GR in the long-distance limit.

The two primary motivations for our theory are di↵eomorphism invariance (also

known as general covariance) and independence of spacetime background. A di↵eo-

morphism invariant physical law remains unchanged under any continuous coordinate

transformation, and a background-independent theory is independent of non-physical
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fields (called clocks and rods) that determine the scale of space and time intervals [3].

GR has both of these properties by construction, but QFT was developed with im-

plicit assumptions about the geometry of spacetime. In particular, traditional QFT

assumes a flat spacetime background, commonly referred to as Minkowski space. As

shown in [4], it is possible to construct a di↵eomorphism invariant quantum theory

of gravity with a Minkowski space background that agrees with GR, up to quantum

corrections. Moreover, it was demonstrated in [5] that the same approach holds when

the background deviates slightly from Minkowski space. We further generalize these

findings in [6], but for our theory to be fully background-independent, we needed to

adopt the formalism of QFT in curved spacetime. Chapter 2 contains the founda-

tional theory required for the uninitiated to follow our argument. Chapter 3 outlines

our model and how it results in an emergent gravitational interaction. Chapter 4

begins the discussion of performing calculations when the model is put on a lattice.

In Chapter 5, implications of the theory and areas where more work is needed are

discussed.
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Chapter 2

Prerequisite Theory

Before discussing our particular theory, some of the notational and conceptual

ideas from GR and QFT must be addressed. For example, we take advantage of

Einstein’s summation notation throughout our work. Objects with indices, such as

vectors, can be written with upper indices (vµ) or lower indices (vµ). Repeated indices

are summed over unless otherwise specified, and this summation can only occur with

one index raised and the other lowered. A matrix is a two-index object, usually with

one upper index and one lower index so that the familiar multiplication of matrices

A and B:

AB =
X

k

AikBkj = C (2.0.1)

becomes

Aµ
�B

�
⌫ = Cµ

⌫ (2.0.2)

where the sum was carried out implicitly over the index �. A rank-n tensor is an object

with n indices and is a generalization of a matrix that transforms covariantly under

general coordinate transformations. That is, under the coordinate transformation

x↵
! x0↵ = ⇤↵

� x
�, the object T ↵···�

µ···⌫ is a tensor if it transforms as [7]:
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T ↵···�
µ···⌫ ! T 0↵···�

µ···⌫ = (⇤↵
� · · ·⇤

�
)(⇤

⇢
µ · · ·⇤ �

⌫ )T �···
⇢···� (2.0.3)

where ⇤↵
� is a real unitary operator. For our purposes, unless otherwise specified,

indices run from 0 to D� 1, where D is the number of spacetime dimensions (usually

four). Two common special tensors are the Kronecker delta �µ⌫ and the Minkowski

tensor ⌘µ⌫ where

�µ⌫ =

(
1 , µ = ⌫

0 , µ 6= ⌫
⌘µ⌫ =

8
><

>:

1 , µ = ⌫ = 0

�1 , µ = ⌫ 6= 0

0 , µ 6= ⌫

(2.0.4)

and the sign of ⌘µ⌫ is according to the standard convention in particle physics, which

di↵ers from the traditional standard in general relativity. We also work in natural

units:

~ = c = 1 (2.0.5)

where ~ is the reduced Planck’s constant, and c is the speed of light. Finally, the

partial derivative
@

@xµ
will be denoted @µ and has a lowered index.

2.1 General Relativity

The important concepts from GR that are needed to understand this project are the

metric tensor, spacetime curvature, the energy-momentum tensor, and Einstein’s field

equations. The metric tensor gµ⌫ contains all needed information about the geometry

of spacetime. The inverse metric gµ⌫ is defined so that gµ↵g↵⌫ = �µ⌫ . The raising and

lowering of indices on tensors is defined via the metric tensor. For example, if A↵
� is

a tensor:
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A↵� = g↵�A
�
� A↵� = g��A↵

� (2.1.1)

The generally covariant trace of a two-index object Bµ⌫ is Bµ
µ = gµ⌫Bµ⌫ , keeping in

mind that repeated indices are summed over.

The metric tensor is far more than notational convenience. The infinitesimal a�ne

parameter ds is given by

ds2 = gµ⌫dx
µdx⌫ (2.1.2)

where the components of xµ are coordinates, and gµ⌫ is in general a function of the

coordinates. The spacetime interval ds is preserved under general coordinate trans-

formations, and for a massive object, it is interpreted as the proper time. Therefore,

the metric tensor defines the meaning of distances in spacetime. In special relativity,

gµ⌫ = ⌘µ⌫ . This special spacetime is what we call flat space or Minkowski space. A

curved spacetime is defined by a di↵erent gµ⌫ , and the curvature of a spacetime is

described by the four-index curvature tensor Rµ
⌫↵�. The curvature tensor is a func-

tion of the metric tensor, and also useful to us are the Ricci tensor Rµ⌫ and the Ricci

scalar R defined as

Rµ⌫ = R�
µ�⌫ R = Rµ

µ (2.1.3)

The Ricci tensor and Ricci scalar are important to this discussion because they appear

in Einstein’s field equations.

The next piece of this story is the energy-momentum tensor T µ⌫ . As the name

implies, this object contains information about the density distribution of energy and

momentum in space. Notably, the Hamiltonian is given by the integral over all space
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of T 00, where the zero-component of an object with indices is the time component,

and the other components are space components. With these objects defined, we can

write down Einstein’s field equations (in our convention):

Rµ⌫ �
1

2
gµ⌫R =

1

(MP)2
(gµ⌫⇤+ Tµ⌫) (2.1.4)

where ⇤ is the cosmological constant governing the expansion of the universe, and MP

is the Planck mass, which determines the strength of the gravitational interaction.

Note that the left-hand side of the equation is entirely a function of gµ⌫ , so it depends

only on the geometry of spacetime. The right-hand side is a function of gµ⌫ and Tµ⌫ ,

so it depends on geometry and the distribution of energy and momentum of objects in

spacetime. The conceptual insight of this equation is this direct relationship between

the geometry of spacetime and the dynamics of objects.

We are interested in using Einstein’s field equations when Tµ⌫ = 0 (that is, in the

vacuum) and when the metric can be written in the form gµ⌫ = Gµ⌫ + hµ⌫ where

Gµ⌫ is some background spacetime metric that does not contribute to dynamics,

and hµ⌫ is a perturbation of the background that is small relative to Gµ⌫ . In this

regime, indices are raised and lowered with the background metric. A flat space

background corresponds to Gµ⌫ = ⌘µ⌫ , which is a common choice, but recall that

our goal is background-independence. In GR, hµ⌫ is traditionally interpreted to be a

propagating gravitational wave. When Einstein’s field equations are written to linear

order hµ⌫ , they are called the linearized Einstein’s field equations, and these are how

we check for consistency between our theory and GR.

2.2 Quantum Field Theory

The important concepts from QFT to address before discussing our theory are corre-

lation functions in the functional integral formalism, the free scalar theory, the e↵ec-
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tive action, and regularization. In moving from non-relativistic quantum mechanics

to QFT, wave functions are replaced by field operators. Our model is constructed

of scalar fields �, which follow Bose-Einstein statistics. The state |0i represents the

vacuum. The expression �(x1)|0i represents the creation of a particle from the vac-

uum by the field � at the location in spacetime identified by the four-vector x1. The

expression h0|�(x2) represents the annihilation of a particle at x2. The expression

GF (x1, x2) = h0|T{�(x1)�(x2)}|0i =

(
h0|�(x1)�(x2)|0i , x 0

1 > x 0
2

h0|�(x2)�(x1)|0i , x 0
2 > x 0

1

(2.2.1)

represents a particle being created in one location, propagating to the other location,

and being annihilated. The time-ordering operator T ensures that the particle is

created at the earlier time and annihilated at the later time. The symbol GF is called

the Feynman propagator, and its definition may need to be adjusted depending on the

conventions of one’s particular formalism (for example, including an extra factor of i).

This time-ordered product of fields (which is also a two-point correlation function of

the fields �(x1) and �(x2) in the free theory) is a sort of expectation value, and indeed

one can derive scattering amplitudes from such objects, but it should be thought of

more abstractly as one of the building blocks for analysis in QFT.

In classical mechanics, one derives equations of motion from the Lagrangian using

the principle of variation of the action. In QFT, the action also plays a fundamental

role. The action S is the integral over all spacetime of the Lagrangian density L:

S =

Z
d4x

p
|g| L (2.2.2)

where g = det(gµ⌫). The d4x indicates that the integral is over all spacetime. By

contrast, an integral over only space would have a d3x. The factor of
p
|g| is present

because the coordinates are general. For a familiar example, in flat Euclidean space
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spherical coordinates, d3x
p

|g| = dr d✓ d� r2 sin ✓.

In our theory, we use the functional integral formalism, which involves integrals

over all configurations of the fields. An important object in this regime is the vacuum-

to-vacuum expectation value h0|0i, given by

Z = h0|0i =

Z
D� eiS[�] (2.2.3)

when the action is a function of the fields �. This object plays the role of a partition

function in analogy to statistical mechanics. The mathematical interpretation of the

functional integral will be discussed in more detail as it becomes relevant. In this

formalism, the correlation function of the product of objects Aµ⌫ and B↵� (which

could in general alternatively have any number and configuration of indices) can be

written

hAµ⌫B↵�
i =

R
D� eiS[�] Aµ⌫B↵�

h0|0i
(2.2.4)

This notation is particularly useful when we vary the e↵ective action (soon to be

defined) with respect to the metric in order to obtain expressions for correlation

functions of the energy-momentum tensors of the fields.

Before defining the e↵ective action, we must discuss the free scalar theory, which

describes scalar fields � that do not interact. The free theory action in 4-dimensional

Minkowski space is given by

Sfree =

Z
d4x

1

2
⌘µ⌫@µ� @⌫��

m2

2
�2 (2.2.5)

where m is the mass of the field excitations. Through analysis similar to using the

Euler-Lagrange equations in classical mechanics, one can derive the Klein-Gordon

equation for free scalar fields, e↵ectively their equation of motion:
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(⇤+m2)� = 0 (2.2.6)

where the d’Alembertian operator ⇤ is @µ@µ. In our theory, the free action is stated

more generally in terms of the metric and number of dimensions for reasons that will

become clear, but now we can define the e↵ective action in the free theory We↵ as

satisfying

eiWe↵ =

Z
D� eiSfree (2.2.7)

in the functional integral formalism.

What remains is actually calculating these quantities. The challenge is that many

of the integrals in QFT are formally divergent. However, they are still physically

meaningful, and the process of making the infinities finite is called regularization. We

introduce a mathematical maneuver, called a regulator, that separates the divergent

parts of a calculation from the finite parts. There are di↵erent ways of accomplish-

ing this, but we mainly use dimensional regularization in our approach. We express

integrals as functions of the number of spacetime dimensions D, make sure the diver-

gences cancel by fine-tuning the parameters of the theory, then take the limit D ! 4

in the end. Dimensional regularization is not typically considered physical, but our

theory relies on the existence of a physical regulator, so we are using dimensional

regularization as a proxy. We are also interested in the lattice as a candidate for

physical regulator, as discussed in Chapter 4. The other important tool for perform-

ing calculations is Feynman diagrams, but these will be discussed as they appear.
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Chapter 3

The Emergence of Composite
Gravity

In our theory, gravitation is not a fundamental aspect of nature, but rather

a phenomenon that emerges at long distances from QFT. This idea comes from an

observation by the physicist Andrei Sakharov in 1967 that the e↵ective action of a

quantum field theory is guaranteed to contain terms that resemble the Lagrangian

for GR [8]. More specifically, if we do not quantize gravity a priori but rather leave

it semiclassical (i.e. Einstein’s equations couple to the energy-momentum tensors of

the fields in the theory), then the e↵ective action in QFT is guaranteed to contain

the terms [9]:

Z
d4x

p
|g|

�
c0 + c1R + c2(“R

2”) + . . .
�

(3.0.1)

where the factors ck are constants, and the expression “R2” refers to terms second

order in curvature. When comparing this to the action for gravity, called the Einstein-

Hilbert action:

Z
d4x

p
|g|

✓
⇤+

R

16⇡GN
+K(“R2”) + Lmatter

◆
(3.0.2)

where K is some constant, it appears as though all of GR could emerge from QFT
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without the metric being quantized from the outset. This observation is by no

means conclusive on its own, which is why we needed to work through the subtleties.

Sakharov called this phenomenon induced gravity, though it has also been referred to

as emergent gravity. We are calling it composite gravity because we can identify the

composite graviton state that mediates the interaction. The term composite means

that the graviton is not fundamental, but rather constructed from other states.

3.1 Regularizing the Model

Our model is given by the action

S =

Z
dDx

✓
D/2� 1

V (�a)

◆D/2�1

vuut
�����det

 
NX

a=1

@µ�a@⌫�a

!����� (3.1.1)

in D spacetime dimensions for a large number N of scalar fields �, where

V (�a) = V0 +�Vct + ⇤+
NX

a=1

1

2
m2�a�a (3.1.2)

with constants V0, ⇤, and �Vct tuned to cancel divergences in the theory. The action

can be rewritten as

S =

Z
dDx

p
|g|

"
1

2
gµ⌫

 
NX

a=1

@µ�
a@⌫�

a

!
� V (�a)

#
(3.1.3)

when the metric gµ⌫ is given by

gµ⌫ =
D/2� 1

V (�a)

 
DX

M,N=1

@µX
M@⌫X

NGMN

�

DX

M,N=1

@µX
M@⌫X

NGMN +
NX

a=1

@µ�
a@⌫�

a

!
(3.1.4)
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where GMN is an auxiliary background metric that depends on the clock and rod

fields XM . Note that the terms involving GMN are identically cancelled in this ex-

pression, which preserves the di↵eomorphism invariance of the theory because the

clock and rod fields do not contribute to the action. One of these terms allows us to

organize perturbation theory about a vacuum spacetime metric, and the other cancels

divergences. The generality of GMN gives us background-independence. By contrast,

previous works set GMN to ⌘MN or a small perturbation of ⌘MN . We choose the basis

for XM to satisfy

XM =

s
V0 + ⇤

D/2� 1
� M
µ xµ (3.1.5)

and we define the vacuum spacetime metric

Gµ⌫ ⌘
D/2� 1

V0 + ⇤

DX

M,N=1

@µX
M@⌫X

NGMN (3.1.6)

with the clock and rod fields serving as a coordinate basis for Gµ⌫ . The partition

function (in accordance with Eq. (2.2.3)) is

Z =

Z
D�a

Z
DXMeiS�

 
XM

�

s
V0 + ⇤

D/2� 1
� M
µ xµ

!
(3.1.7)

so that the regularized hgµ⌫i is GMN� M
µ � N

⌫ .

The next step is tuning the parameters of the theory to cancel divergences. These

poles occur because of correlation functions of products of operators that are evalu-

ated at the same spacetime point h�(x)�(x)i and h@µ�(x)@⌫�(x)i. These correlation

functions, if left unattended, would lead to instability of the vacuum (creation of

particles from nothing) from so-called tadpole diagrams. We are aided in calculation

by the e↵ective action in the free theory We↵, as defined in Eq. (2.2.7). In our case,

the free theory action is given by

12



Sfree =

Z
dDx

p
|g|

"
1

2
gµ⌫

 
NX

a=1

@µ�
a@⌫�

a

!
�

m2

2

NX

a=1

�a�a

#
(3.1.8)

which deviates from Eq. (2.2.5) to allow for a di↵erent number of spacetime dimen-

sions D, a general metric, and sums over fields. We use the free field action in this

case because it is the energy-momentum tensor of the free fields:

Tµ⌫ =
NX

a=1

✓
@µ�

a@⌫�
a
�

1

2
gµ⌫

�
@↵�a@↵�

a
�m2�a�a

�◆
(3.1.9)

that couples to the metric in the gravitational interaction. The e↵ective action is dom-

inated by divergent terms Wdiv, and using curved spacetime QFT with dimensional

regularization, we confirmed that

Wdiv = N

Z
dDx

p
|g|

⇢
�

1

(4⇡)D/2

1

D � 4


4mD

D(D � 2)
�

mD�2R

3(D � 2)
+O(R2)

��

(3.1.10)

by taking advantage of the fact that the propagator GF can be expanded as a series

in R, in agreement with [10, 11]. In [6], we have a more detailed discussion of the

O(R2) terms, but we dropped these in the results for simplicity of presentation.

We can compute correlation functions by varying the e↵ective action with respect

to various parameters. We found that the tadpoles are given by

h�(x)�(x)i = �
2p
|g|

�We↵

�(m2)
=

1

m2
hT

µ
µi

=
1

(4⇡)D/2

N

D � 4

4mD�4

(D � 2)


m2

�
D � 2

12
R

�
(3.1.11)

h@µ�(x)@⌫�(x)i = hTµ⌫i =
2p
|g|

�W (2)
div

�gµ⌫

=
1

(4⇡)D/2

N

D � 4

4mD�2

D(D � 2)


m2gµ⌫ +

D

6

✓
Rµ⌫ �

1

2
gµ⌫R

◆�
(3.1.12)
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The h@µ�(x)@⌫�(x)i tadpole only appears in the action within the expression

h@µ�(x)@⌫�(x)i �
2

D � 2
(V0 + ⇤)Gµ⌫ (3.1.13)

and therefore is canceled if this expression vanishes. If we fix

V0 =
1

(4⇡)D/2

N

D � 4

2

D
mD. (3.1.14)

Then we are left with

1

(4⇡)D/2

N

D � 4

mD�2

3

✓
Rµ⌫ �

1

2
Gµ⌫R

◆
= ⇤Gµ⌫ , (3.1.15)

as the condition to cancel the tadpole. This is Einstein’s equations in the vacuum as

in Eq. (2.1.4), which gives us an expression for the Planck mass

(MP )
D�2 =

1

(4⇡)D/2

N

D � 4

mD�2

3
=

V0D

6m2
. (3.1.16)

Likewise, 1
2m

2
h�(x)�(x)i appears with �Vct, so this tadpole is canceled by fixing

�Vct = �
1

2
m2

h�(x)�(x)i = �
D

D � 2
(V0 + ⇤). (3.1.17)

With these parameters defined and divergences regularized, we have a self-consistent

theory.

3.2 Identifying the Gravitational Interaction

We now write the full metric as a perturbation of the vacuum: gµ⌫ = Gµ⌫ +hµ⌫ . This

forces the energy-momentum tensor that appears in Einstein’s equations to vanish,

as in Eq. (3.1.15). The action to O(h2) becomes

14



S =

Z
dDx

p
|G|

 
V0 +�Vct + ⇤

D/2� 1
+

1

2

NX

a=1

⇥
@µ�a@µ�

a
�m2�a�a

⇤
�

1

2
hµ⌫

Tµ⌫

+
1

4

✓
hµ↵h⌫�

�
1

2
hµ⌫h↵�

◆ NX

a=1


Gµ⌫@↵�

a@��
a +G↵�@µ�

a@⌫�
a

�
1

2
Gµ⌫G↵�

✓
@��a@��

a
�m2�a�a

�
2

N

V0 + ⇤

D/2� 1

◆�
+O(h3)

◆
(3.2.1)

where in the definition of Tµ⌫ from Eq. (3.1.9), the metric is replaced by the vacuum

metric Gµ⌫ , and G = det(Gµ⌫). Note that the action contains products of hµ⌫ with

Tµ⌫ , @µ� @⌫�, and �2. Using the definitions of Tµ⌫ and hµ⌫ , these interaction terms

can be rewritten as products of Tµ⌫ ’s and �’s with Tµ⌫ ’s to leading order in 1/N and

1/(V0 + ⇤).

Our strategy for analyzing the interaction is to study two-into-two scattering of

fields � that couple to Tµ⌫ using Feynman diagrams. To do this, we need the four-point

correlation function

h0|T
�
�a(x1)�

a(x2)�
c(x3)�

c(x4)e
iSint

 
|0i (3.2.2)

where Sint is the interaction terms of the action. The purpose of this exercise is

look for consistency between the equation of motion for the fields and the equation of

motion for linearized gravity in curved spacetime. We write this four-point correlation

function in the form

Z
dDy1d

Dy2
p

|G(y1)G(y2)|Eµ⌫(x1, x2, y1)iA
µ⌫↵�(y1, y2)E↵�(x3, x4, y2) (3.2.3)

where Eµ⌫(x1, x2, y1) can be written as h�a(x1)�a(x2)Tµ⌫(y1)i. The factor iAµ⌫↵� acts

as a Green’s function for the equation of motion with the energy-momentum tensors

as a source.
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The contributing Feynman diagrams to leading order in 1/N are shown in Fig. 3.1

(found in [6]). The shaded blob represents the full interaction, which is the infinite

sum of loop diagrams shown in Fig. 3.1a. The diagram with no loops is called the tree-

level diagram. The sum is similar to a geometric series, and we can analogously use a

trick to calculate it explicitly. As shown in Fig. 3.1b, we can use a recursion relation

to state the full sum as the tree-level diagram plus the full interaction connected to

one loop, which is called the kernel. This way, we need only evaluate the tree-level

contribution and the kernel in order to describe the full interaction. The recursion

relation is

Aµ⌫↵� = Aµ⌫↵�
0 +Kµ⌫

�A
�↵� (3.2.4)

where Aµ⌫↵�
0 is the tree-level amplitude, and Kµ⌫

� is the kernel.

We found that the tree-level amplitude is

Aµ⌫↵�
0 = �

1

4(V0 + ⇤)

⇥
(D/2� 1)

�
G⌫↵Gµ� +Gµ↵G⌫�

�
�Gµ⌫G↵�

⇤
(3.2.5)

and the kernel is

Kµ⌫
�(y1, y2) =


V0

(V0 + ⇤)

1

2
(�µ��

⌫
 + �⌫��

µ
)

+ iAµ⌫⇢�
0

4MD�2
P

(D � 2)
D⇢��(y1)

�
�(D)(y1 � y2) (3.2.6)

where the four-index Dµ⌫↵� is the linearized gravitational wave operator in curved

space, given by
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(a) These diagrams represent the full geometric series of loops.

(b) These diagrams are equivalent, requiring calculation of only the tree-level diagram
and the one loop (i.e. the kernel) connected to the shaded blob on the right-hand side.

Figure 3.1: These are the diagrams that contribute to four-point correlation function
stated in Eq. (3.2.2) to leading order in 1/N . The shaded blob is the full interaction.

Dµ⌫↵� ⌘
1

2

✓
Gµ↵G⌫�⇤�

1

2
Gµ⌫G↵�⇤+Rµ↵G⌫� +R⌫↵Gµ�

�2Gµ⌫R↵� + 2Rµ⌫↵� �RGµ↵G⌫� +
1

2
RGµ⌫G↵�

◆
(3.2.7)

when D = 4. In performing these calculations, we again took advantage of the

e↵ective action, using

p
G(x)G(y)

4
hTµ⌫(x)T↵�(y)i = �

�2We↵

�hµ⌫(x)�h↵�(y)
. (3.2.8)

We found that the Green’s function Aµ⌫↵� satisfies the recursion relation in Eq. (3.2.4)
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if it solves the equation


4⇤

(D � 2)

✓
G⇢�G� �

1

2
G⇢�G�

◆
�

4MP

(D � 2)
D⇢��(y1)

�
A�↵�(y1, y2)

=
1p

|G(y1)|

1

2
(�↵⇢�

�
� + ��⇢�

↵
�)�

(D)(y2 � y1), (3.2.9)

which is the linearized Einstein’s field equations in vacuum with a curved background

Gµ⌫ with a delta-function source. Therefore, the equation of motion for the fields �

is as predicted by GR. This result confirms that an emergent composite gravitational

interaction between scalar fields can be identified from QFT in curved spacetime.
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Chapter 4

Putting the Model on a Lattice

So far, our analysis has relied on dimensional regularization to evaluate integrals

that diverge in the large momentum regime (known as ultraviolet divergences). How-

ever, this mathematical trick of considering the number of dimensions as slightly

di↵erent from four is not considered physical. A complete quantum field theory must

have a candidate for a physical regulator, so we began exploring how our model be-

haves on the lattice. We consider all spacetime points as lying on a four-dimensional

mesh of discrete lattice points, and each point is connected to two other lattice points

in each direction. There is a finite (presumably small on some scale) spacing a be-

tween lattice points, and though a could in general vary with location on the lattice,

we will consider it as constant for simplicity. The lattice serves as a regulator be-

cause integrals in momentum space that diverge as momentum goes to infinity are

cut o↵ at a large momentum proportional to 1/a [12]. Results can be compared to

the continuum formulation by taking the limit a ! 0.

Derivatives on the lattice can be understood via the limit definition of the deriva-

tive. For our purposes, it will be convenient to consider the symmetric derivative

@µ�(x) ! �µ�(x) =
�(x+ µ̂)� �(x� µ̂)

2a
(4.0.1)

where the x+µ̂ is point one lattice site forward from x in the xµ direction, and x�µ̂ is
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one lattice site backward. The distance between spacetime points is finite, so there is

no limit �x ! 0. The form of the symmetric second derivative on the lattice follows:

�µ�
µ�(x) =

�(x+ 2µ̂)� 2�(x) + �(x� 2µ̂)

4a2
(4.0.2)

using the points two sites forward and two sites backward from x. Integrals over

all spacetime are replaced with discrete sums over all lattice points, with di↵erential

elements again replaced by the lattice spacing.

Z
d4x !

X

x

a4 (4.0.3)

With these tools in place, we can write down our action on the lattice based on

Eq. (3.1.1):

S =
X

x

aD
✓
D/2� 1

V (�b)

◆D/2�1

vuut
�����det

 
NX

b=1

�µ�b�⌫�b

!����� (4.0.4)

where we stress that the sum over lattice points is the product of sums in four vari-

ables. We are free to set D = 4 when convenient because we are no longer performing

dimensional regularization.

Note that factors of a cancel in the action. The determinant in the action contains

2D factors of a in the denominator since �µ�b�⌫�b is a D ⇥D operator, and if A is

an n ⇥ n operator and ↵ a scale factor, then det(↵A) = ↵n det(A). Then, the root

determinant has D factors of a in the denominator, which cancel the D factors of a in

the numerator of Eq. (4.0.4). This cancellation is due to di↵eomorphism invariance

and is noteworthy because it suggests (at least näıvely) that the lattice spacing plays

no role in dynamics. The lattice spacing does influence the location of the spacetime

points used in the definition of the lattice derivative from Eq. (4.0.1), but it will be

interesting to see how the lattice results compare to the continuum if there are no
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explicit factors of a to take to zero.

Recall that we have been attempting to present a background-independent formu-

lation of composite gravity. However, this poses a potential problem for the lattice

framework. We currently have no reason to believe that any possible physical metric

that solves Einstein’s equations will permit a lattice. This question merits further

contemplation, but for the present, we take a step back and only consider a flat space-

time background. We know that flat space permits a lattice, so we will perform an

analysis in that regime and observe whether or not it is worth generalizing based on

its implications.

4.1 Functional Integration on the Lattice

In order to calculate correlation functions in the lattice framework, we must discuss

some of the inner workings of functional integration. Recall that in the continuum,

n-point correlation functions can be written

h0|T{�1 · · ·�n}|0i =

R
D�(�1 · · ·�n)eiSR

D� eiS
(4.1.1)

where the integrals are over an infinite number of variables. More precisely,

Z
D� = lim

N!1

Z NY

i=1

d�i (4.1.2)

where each � is a function of time, and the limit N ! 1 is the limit as the number

of time steps goes to infinity. On the lattice, this limit is omitted until the number

of lattice sites is taken to infinity.

In order to evaluate the functional integral, we begin with the free part of the

action. After that, the interacting part of exp(iS) = exp(iSfree) exp(iSint) can be

written as a perturbative expansion in powers of �. On the lattice, with the back-
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ground metric fixed to ⌘µ⌫ ,

Sfree =
X

x

a4
NX

b=1


1

2
�µ�

b�µ�b
�

1

2
m2�b�b

�
(4.1.3)

where perturbations about the background metric have been absorbed into the inter-

acting part of the action. By analogy with integration by parts, we assert that we

can rewrite this as

Sfree =
NX

b=1

X

x

a4

�
1

2
�b
�
�µ�

µ +m2
�
�b

�

= �
1

2
a4

NX

b=1

h
�txyz

�
�µ�

µ +m2
�
�tt

0
�xx

0
�yy

0
�zz

0
�t0x0y0z0

i

= �
1

2
a4

NX

b=1

h
�txyzK

tt0xx0yy0zz0�t0x0y0z0

i
(4.1.4)

where the four-index object �txyz contains the �b’s at every lattice site in spacetime,

and repeated indices in the last two lines are summed over and run from 1 to the

number of lattice sites in each respective direction. The operator K is referred to as

the kernel of the functional integral, which is not to be confused with the previously

discussed kernel of the Feynman diagrams. Schematically, our goal is to rewrite the

product �K� as a sum of �̃2 terms where  is a constant, and �̃ is constructed of

linear combinations of �b’s. We accomplish this by diagonalizing K. This transfor-

mation converts the functional integral into a product of Gaussian integrals, which

can be evaluated explicitly.

In order to diagonalize the functional integral kernel, we assume that � is a product

of functions of the individual coordinates t, x, y, and z by analogy with separation

of variables as used when solving partial di↵erential equations. We write K as a sum

of matrix operators acting on �.
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K
tt0xx0yy0zz0 =

�
�µ�

µ +m2
�
�tt

0
�xx

0
�yy

0
�zz

0

= �(2)tt0�xx
0
�yy

0
�zz

0
� �tt

0
�(2)xx0

�yy
0
�zz

0
� �tt

0
�xx

0
�(2)yy0�zz

0

� �tt
0
�xx

0
�yy

0
�(2)zz0 +m2�tt

0
�xx

0
�yy

0
�zz

0
(4.1.5)

where �(2) is the matrix representing the second derivative on the lattice. If we

enforce periodic boundary conditions on the lattice, then from Eq. (4.0.2), it follows

that

�(2) =
1

4a2

0

BBBBBBBBBBB@

�2 0 1 1 0
0 �2 0 1 0 1
1 0 �2 0 1

1 0 �2 0 1
. . . . . . . . . . . . . . .

1 0 �2 0 1
1 0 1 0 �2 0
0 1 1 0 �2

1

CCCCCCCCCCCA

(4.1.6)

which is a symmetric (also real hermitian) matrix because we chose a symmetric

definition of the discretized derivative. If we assume the lattice has the same number

n of lattice sites in each direction, Then �(2) is an n ⇥ n matrix for each term in

Eq. (4.1.5).

We can diagonalize �(2) using a process similar to one described in [13]. We can

write �(2) as 1/(4a2)(C + C†
� 2) where

C =

0

BBBBBBB@

0 0 1
0 0 1

. . . . . . . . .
0 0 1

1 0 0 0
0 1 0

1

CCCCCCCA

(4.1.7)

and C† is the hermitian conjugate of C. We can easily show that the eigenvalues of C

are !2
k where !k = exp(2⇡ik/n) are called the roots of unity with k 2 {0, 1, . . . , n�1}.

23



The eigenvectors are !̄k = (1,!k,!2
k, . . . ,!

n�1
k ). Likewise, the eigenvalues of C† are

!�2
k with the same eigenvectors. The proof:

C!̄k =

0

BBBBBBB@

!2
k

!3
k
...

!n�1
k

1
!k

1

CCCCCCCA

= !2
k

0

BBBBBBB@

1
!k
...

!n�3
k

!n�2
k

!n�1
k

1

CCCCCCCA

and C†!̄k =

0

BBBBBBB@

!n�2
k

!n�1
k

1
...

!n�4
k

!n�3
k

1

CCCCCCCA

= !�2
k

0

BBBBBBB@

1
!k

!2
k
...

!n�2
k

!n�1
k

1

CCCCCCCA

(4.1.8)

can be understood when keeping in mind that !n
k = 1. Therefore, the eigenvectors of

�(2) are !̄k with eigenvalues

1

4a2
(e4i⇡k/n + e�4i⇡k/n

� 2) =
1

2a2
(cos(4⇡k/n)� 1) = �

1

a2
sin2(2⇡k/n) (4.1.9)

which are real, as required by the fact that �(2) is hermitian. Following from

Eq. (4.1.5), the eigenvalues of K are
2

a2
sin2(2⇡k/n)+m2 with the same eigenvectors.

With this information, we will be able to diagonalize the full operator K, which will

allow us to compute correlation functions on the lattice. These e↵orts are ongoing.
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Chapter 5

Discussion and Conclusion

We have constructed a di↵eomorphism invariant and background-independent

scalar quantum theory of composite gravity. An emergent gravitational interaction

arises at long distances and conforms to the linearized Einstein’s field equations in

curved spacetime with quantum corrections. The theory pre-supposes the existence

of a physical regulator, and we used dimensional regularization as a proxy. We have

suggested the lattice as a candidate for a physical regulator and began the discussion

on performing calculations in this framework.

Moving forward, the most obvious next step is finishing the lattice calculations, in-

cluding some discussion of the plausibility of a background-independent lattice. If the

lattice is ruled out as a physical regulator, then some other candidate is needed, such

as the stochastic picture suggested in [14]. Beyond the regulator, the background-

independent model should be generalized to the standard model to include fermion

and gauge fields. Even in the scalar theory, another possible future direction of

research would be analyzing the e↵ects of higher-order terms in the perturbative

expansions. For example, these corrections could have an impact on early-universe

cosmology calculations where short-distance scale physics dominates. Also, higher-

order terms could reveal a prediction for the value of the cosmological constant. The

implications of this quantum theory of gravity merit further investigation.
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