
W&M ScholarWorks W&M ScholarWorks 

Arts & Sciences Articles Arts and Sciences 

3-1984 

Construction of a Multidimensional Potential Energy Surface from Construction of a Multidimensional Potential Energy Surface from 

an Energy Spectrum an Energy Spectrum 

Robert Leonard Waterland 
William & Mary 

John B. Delos 
William & Mary, jbdelo@wm.edu 

Follow this and additional works at: https://scholarworks.wm.edu/aspubs 

 Part of the Physics Commons 

Recommended Citation Recommended Citation 
Waterland, Robert Leonard and Delos, John B., Construction of a Multidimensional Potential Energy 
Surface from an Energy Spectrum (1984). Journal of Chemical Physics, 80(5), 2034-2041. 
https://doi.org/10.1063/1.446967 

This Article is brought to you for free and open access by the Arts and Sciences at W&M ScholarWorks. It has been 
accepted for inclusion in Arts & Sciences Articles by an authorized administrator of W&M ScholarWorks. For more 
information, please contact scholarworks@wm.edu. 

https://scholarworks.wm.edu/
https://scholarworks.wm.edu/aspubs
https://scholarworks.wm.edu/as
https://scholarworks.wm.edu/aspubs?utm_source=scholarworks.wm.edu%2Faspubs%2F1839&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/193?utm_source=scholarworks.wm.edu%2Faspubs%2F1839&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@wm.edu


Construction of a multidimensional potential energy surface from an energy 
spectrum 

R. L. Waterland and J. B. Delos 
Department oj Physics, The College oj William and Mary, Williamsburg, Virginia 23185 

(Received 8 July 1983; accepted 18 October 1983) 

A method for the systematic construction of a multidimensional potential energy surface from an 
energy spectrum is presented. We show that if the Hamiltonian and the energy spectrum satisfy 
certain conditions then there is an inversion technique which gives a potential energy function 
from the spectrum. The method proceeds via a sequence of canonical transformations and leads to 
a potential energy which is symmetric in all its variables. We test the procedure for one- and two­
dimensional examples and show that it gives reasonable results. However, the method does not 
give a unique result and we discuss two types of non uniqueness exhibited by the procedure. 

Given a Hamiltonian in quantum mechanics, there are 
many ways to calculate the spectrum of allowed discrete en­
ergy levels. We consider in this paper the inverse problem: 
Given a spectrum of energy levels, can we reconstruct the 
Hamiltonian? A general answer to this question is not pres­
ently available, but partial answers can be obtained if the 
problem is suitably restricted. 

In particular. one-dimensional systems for which the 
semiclassical approximation is valid have been studied ex­
tensively and are now well understood. In the early years of 
quantum mechanics, shortly after the WKB method for cal­
culating energy eigenvalues was developed. corresponding 
semiclassical inversion techniques were found for calculat­
ing a potential energy curve from the observed spectrum. 1 

These techniques are simple and reliable and they have had 
great success. Also for one-dimensional systems, there is a 
large literaure on fully quantum mechanical inversion tech­
niques, which do not rely upon the semiclassical approxima­
tion.2 

However, very little is known about inversion proce­
dures in more than one dimension. There is a substantial 
spectroscopic literature based on trial and error, 3 and a clas­
sic mathematical paper by Kac4 ("Can One Hear the Shape 
of a Drum?"), but we know of only two other papers that deal 
with the systematic construction of an N-dimensional poten­
tial energy surface from a spectrum. 

Gerber, Roth, and Ratner proposed an inversion 
method based upon a semiclassical self-consistent-field ap­
proximation. The SCF method involves the best separable 
approximation to the wave function and the semiclassical 
approximation then gives formulas for the energy levels that 
are sufficiently similar to one-dimensional formulas that an 
approximate type of RKR inversion can be used. 

Clary6a developed an iterative scheme for finding the 
potential energy based upon Percival and Pomphrey's meth­
od7 for finding vibrational eigenvalues. Simplifying some­
what, the essence of his idea is the following. Expressing the 
potential energy as a power series containing M terms, one 
first has to guess the values of the coefficients in this series. 
Then invariant tori with quantized actions (eigentrajector­
ies) are constructed. Each torus implies a relationship 
between the set of momenta p and the set of coordinates q, 

and 

T[p(q)] + V(q)=E, 

where E is the energy of the corresponding eigentrajec­
tory.6b Now for each torus,let us select a particular point qo 
and let us denote E as the observed energy for the corre­
sponding quantum state. Then the expression 

V(qo) = E - T [p(qo)] 

can be used with M distinct energies and their corresponding 
tori to determine M coefficients in V. A new set of quantized 
tori is constructed, the new relationship p(q) is again used in 
the above equation to obtain a new set of coefficents in V, and 
one iterates until convergence is (or is not) achieved. 

In this paper, we develop a new approach to the inver­
sion problem, using techniques involved in the BirkhoffNor­
mal Form. We show that under certain conditions, the syste­
matic procedures used to construct a spectrum from a 
Hamiltonian by the Birkhoff method can be done back­
wards, to obtain a Hamiltonian from a spectrum. We test 
this inversion method by carrying it out for one- and two­
dimensional systems, and we show that it gives reasonable 
results for the cases studied. 

I. REVIEW OF ONE-DIMENSIONAL INVERSION 
METHODS 

Our results will be clearer if we first briefly review the 
well-known one-dimensional semiclassical inversion tech­
niques as used in molecular physics. In the Rydberg-Klein­
Rees (RKR) method, a potential energy curve for a diatomic 
molecule is constructed pointwise from an energy spectrum. 
If vibrational and rotational energy levels are both known, 
then the RKR method is unambiguous; however, if the rota­
tionallevels are unknown and only the vibrational levels for 
a fixed rotational state are known, then only the differences 
between turning points can be recovered. In that case the 
potential energy function could be determined uniquely only 
if it were known to be symmetric.8 

A very clear derivation is given by Landau and Lif­
shitz,9 and we state their result in a slightly different way. 
Given m > 0 and given a finite function T(E »0 on an interval 

A A 

O<E <E, we define (for V < E) 
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(V)- 1 ( r(E) dE 
q - 21T...{im Jo (V-E)I/2 . 

(1) 

Obviously q(V»O. One can show that q( V) is a monotonical­
ly increasing function of V if r(E ) is continuous and satisfies 
the integral inequality 

rIEl> I lim[.Ji fE-e r( x)dx ]. (2) 
2(..fi - 1) e--.o Jo (E - X)3/2 

If q( V) is a monotonic function of V, then the inverse function 
V(q} exists for q>O, and we define for q<,O, 

V(q) = V( - q). 

Then (theorem) 

rEI 
r(E) = ~2m [E - V(q)] -1/2 dq. 

-qlEI 
(3) 

This theorem has the following meaning: If we have a 
particle of known mass m moving periodically in one dimen­
sion, and its period r is known as a function of a parameter E 
associated with its motion [and if r(E) satisfies Eq. (2)], then 
there exists a Hamiltonian of the usual form, 

2 

h(p,q)=L+ V(q), 
2m 

with V (q) a unique symmetric function, such that the period 
of motion under this Hamiltonian as a function of energy is 
precisely r(E ). 

In quantum mechanics, the period of motion has no 
meaning, but in semiclassical mechanics, the period is inter­
polated from the discrete energy spectrum as 

dI 2tr1i 
r= dh::::: LlE' 

I being an action variable and LlE being the energy gap 
between adjacent levels. 

Our results in N dimensions are somewhat similar to 
the above. We also need an interpolation of the energy spec­
trum, and we also obtain a symmetric potential energy by a 
systematic process. On the other hand, the actual method of 
constructing the potential energy is quite different, and the 
result, unfortunately, is not unique. 

II. INVERSION OF THE BIRKHOFF PROCEDURE 

Earlier work 10 has shown that a procedure invented by 
Birkhoffll (for incommensurable systems) and modified by 
Gustavson l2 (for commensurable systems) is a very good 
way to calculate an energy spectrum from a Hamiltonian. If 
the Hamiltonian is given in the form (we call it the "standard 
form") 

N 

h = L (OJ(p; + qi) + V(ql···qN)' (4) 
;=] 

where the frequencies are incommensurable, and V (q I···q N) 
is a power series containing cubic terms and higher, then 
Birkhoff showed that there exists a sequence of canonical 
transformations to new variables {Pj,Qi 1 such that the new 
Hamiltonian H is a polynomial depending upon P 's and Q's 
only in the combination {OjJ;. with 

(5) 

i.e., 

(6) 

Equation (6) is called the BirkhoffNormal Form. This Nor­
mal Form directly gives the energy spectrum by quantiza­
tion in the new variables 

Jj = P~ + Q;-n j +~, (7) 

Our fundamental result is that the "dual" of this pro­
cess can be carried out: from an interpolation of the energy 
spectrum in the form (8), there is a sequence of transform a­
tions that leads to a Hamiltonian in the "standard form" (4) 
with a symmetric potential energy. 

More precisely, suppose we are given a set of energy 
levels of an N-dimensional system and that these levels form 
a regular pattern characterized by N quantum numbers 
n1".n N •

13 Suppose the pattern is such that the energy levels 
are given to good approximation by a polynomial expression 
in the quantum numbers [Eq. (8)] and suppose that the fre­
quencies (OJ are incommensurable. We may then interpret 
the function H as a Birkhoff Normal Form (6) which was 
quantized by the prescription (7). Then (theorem): there ex­
ists, and one can construct, a formal sequence of real canoni­
cal transformations which convert the polynomial H into the 
standard form (4), in which the potential energy V is a sym­
metric function of each of its variables 

V(ql .. ·qj···qN) = V(ql'" - qj,,·qN)' i = 1, ... ,N. (9) 

The sequence begins by transforming terms oflowest degree 
and proceeds upwards through terms of higher degree. 
(There also exist other sequences of canonical transforma­
tions that construct unsymmetric potential energy func­
tions, but coefficients of unsymmetric terms are not deter­
mined by this procedure.) 

These results are proven below by methods similar to 
these used by Birkhoff. 

(1) Given: 

H = I HIII({OJ), 
even I 

J, =P7+Q;, 
HIOI=O, 

HI21 = I {OjJp 
j 

(9a) 

(9b) 

(9c) 

(9d) 

where H 11/ is a homogeneous polynomial of degree I in P's 
and Q 's, and (OJ are incommensurable. 14 Obviously terms of 
degree 2 and lower are already in standard form. We show 
that if all terms of degree less than s are in standard form then 
the terms of degree s can be put in standard form. 

To prove this, define l4 

N 

F( P,q) = L Pjqj + WISI( P,q), (10) 
j=1 

where Wls) is a homogeneous polynomial of degree s in P and 
q. The transformation equations generated by Fare 
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aWlS) 
Q=q+--ap' 

aWls) 
p=P+--. aq 
h (p,q) = H( P,Q). 

(lIa) 

(lIb) 

(lIc) 

Substitution ofEqs. ilIa), and (lIb) into Eq.111c) gives 

( 
aw(S)) ( aWlS)) 

h P + -aq,q = H P,q + ---aP . (12) 

If Taylor expansions of Hand h about P and q are per­
formed and terms of equal degree in these expansions equat­
ed, the following set of equations is obtained: 

DW(S)( P,q) = H(S)( P,q) _ h (5)( P,q), i = s, 

N 

j! = IIj;l. 
;=1 

/- ifl + if!(s-l)=i. 

where 

N 

if! = L j;, 
;=1 

1 < ifl<I< i, 
/';p2. s;;..3. 

D= i Wi(Pi~-qi~)' 
;= I aq; JP; 

(13a) 

(13b) 

Equation (13a) shows that the order s transformation leaves 
lower orders unaffected; Eq. (13b) must be solved for 
WIS)( P,q), and when this is done. Eq. (13c) gives the higher 
degree terms in the new Hamiltonian. 

The solution to Eq. (13b) is 

W(S) = D -1(H (5) _ h (S)). (14) 

It is most easily constructed by transforming to variables 
1JjSj such that 

~ = ~ (1Jj + iSj ). 

qj = ~ (1Jj - iSj )· 

In these variables D has the form 

D ..... D = iL Wj (sr~- - 1Jj~) 
j JSj J1Jj 

and its eigenfunctions are 

cp _ I, 12 INI: m'l: "'2 I: "'N 
1'·"/N.m,"·"'N -1JI1JZ"'1JN'::> I '::> Z "',::> N 

with eigenvalues 

iL Wj (mj - ~). 
j 

We require that 

(15) 

(16) 

(17) 

(18) 

(.iaj =s) 
~=1 

(19) 

where V~~".aN are coefficients which are to be determined. 
When H(s) and h (5) are expressed as functions of (1J.S) it is 
found that they contain both range-space and null-space 
terms. 15 For a solution to Eq. (14) to exist, it is necessary and 
sufficient to make the null-space terms in h cancel those in H. 
Write 

iI(S) - N(s) + R (5) -h (5) - N- (5) + R- (5) 
- H H' - h h. (20) 

where Nand R denote "the set of null-space terms" and "the 
set of range-space terms." respectively; then 

N- (5) - N- (5) 
h - H' 

W(s) = D - 1 [ R W - R ~)] . 
Equation (21) gives 

(N+s-l)! 
N!(s-l)! 

(21) 

(22) 

relations for the undetermined! VIS)} ofEq. (19) in terms of 
known coefficients in H and the! V(k)} from previous itera­
tions. Equation (22) gives W(s)(1J,S), which can be used to 
generate higher order terms in the new Hamiltonian from 
Eq. (13c). This defines the iterative procedure, and completes 
the proof of the assertion made above Eq. (10). 

(2) If s is odd, all coefficients V~:".aN are undetermined. 
For odd s, Hand h are odd in at least one of the Pk,q k' Hence, 
when they are reexpressed in terms of 1Jk Sk they must re­
main of odd degree. But the only null space terms are powers 
of1Jk Sk i.e., they are of even degree. Hence Eqs. (21) and (22) 
put no restriction on odd degree terms and coefficients VIS) 

with s odd are undetermined by this procedure. 
(3) If s is even, those coefficients V~~".aN for which any of 

the a's are odd are undetermined. (Proof is the same as 
above). 

(4) If s is even, then those coefficients V~~".aN for which 
all a's are even are determined from H(s). Since 

q7:= [~(1Jk -iSk)r 

if m is even, the binomial expansion of q7: contains a term 
proportional to 

(1Jk Skl"'/2 

and this is in the null-space. From Eq. (21), its coefficient 
must be equal to that of the corresponding null-space term in 
H. 

Since V~~".aN are undetermined if any of the a k are odd, 
we may take them to be zero. Then the remaining V~~ ... aN are 
uniquely specified by the iterative procedure. 

The convergence properties of this inversion method 16 

have not been established; it is useful. therefore, to examine 
results when the procedure is carried to various levels. 

III. ONE DIMENSIONAL SYSTEMS 

As discussed earlier, there already exist successful one­
dimensional inversion methods. We discuss this case to illus-

J. Chern. Phys., Vol. 80, No.5, 1 March 1984 
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trate the new technique and to show that it leads to sensible 
results. 

A. General Inversion In one dimension 

For all one dimensional problems the BirkhoffNormal 
Form is 

H( P,Q) = !w( p 2 + Q2) + H(2)[! w( p 2 + Q 2W 
+ H(3)[~ w( p2 + Q2)P 

+H(4)[! w( p2 + Q2)]4 + .... 
{22} 

where w is the frequency of the unperturbed oscillator and 
H (sl are numerical coefficients. They could be found. e.g., by 
fitting parameters to the energy spectrum 

En = (n +!)Iiw + H(2)(n + !)2Ifw2 

+H(3}(n + !f~W3 +H(4)(n + !)4~W4. 

The generated Hamiltonian is required to be 

h (p,q) = ~ W(p2 + q2) + V(3}q3 + V(4)q4 + V(S)tf 

+ V(6)q6 + V(7)q7 + V(S)qS + ... (23) 

Equations (13) were implemented using MACSYMA. I7 

a LISP-based language that permits analytical calculations. 
Null-space terms appeared for even order transforma­

tions. According to theorem (2). V(3), V(S), and V(7) are unde­
termined, and they were arbitrarily set to zero. Resulting 
null-space terms were: 

(i) Fourth degree terms 

N~4) = _ ~v(4)1lt2, 

N<f) = - w2H(2)1lt 2. 

(ii) Sixth degree terms 

N~61 = _ ~V(6)i1]3t3, 

( V~) N<J) = - w3H(3) - 3w V (4)H (2) + 4U) i1]3t3. 

(iii) Eighth degree terms 

(24a) 

(24b) 

(25a) 

(25b) 

N~I = ¥V(S)1]4t 4, (26a) 

N<J) = (w4H(4) _ 245 V(4)2H (2) + 165 V(4)V(6) _ 15V(4») 
16 8w 32w2 

x 1]4t 4. 

(26b) 

From Eq. (21) 

N- (s) - N- (sl 
h - H' 

The resulting equations are easily solved, giving 
2w2H(2) 

V(4) - (27) 
- 3 ' 

V(6) = U;3 (H(3) + 17~(2)} (28) 

V(S) = 4U)4 (2H(4) + 11H(2)H(3) + 124 H(2)3). (29) 
35 18 

Hence the required Hamiltonian is (to the eighth degree) 

B. Comparison of results of Inversion by two methods 

Let us compare the results obtained above with those 
obtained through the more standard inversion technique. 
Our method of making this comparison is the following: We 
start from a certain zero-order potential energy 

q2 q3 
Vo(q)=2"-w 

which does not happen to be symmetric. From Vo(q) we can 
compute 1'(E), and from 1'(E) we can compute a symmetric 
potential energy VL (q) using the method given by Landau 
and Lifschitz (L2), as described in Sec. I of this article. Also 
from Vo(q) we can calculate a Birkhoff normal form, and 
then invert it to obtain another symmetric potential energy 
VB (q). 

1. LZmethod 

1'(E) = J.b dq, 
Ip(q) 

(31) 

where p(q) is the classical momentum at position q and a, b 
are the classical turning points of the motion. 

A particle moving in the potential 

q2 q3 
Vo(q) = 2" - W (32) 

is bound provided that the particle energy E is less than 200/ 
27. For such a particle 

1'(E) = J2 fab----;;:::=::::d:::;;q =~ L q2 q3' 
(E-2"+-20) 

(m = 1). (33) 

Let the roots of the cubic equation in the denominator of the 
integrand be a, fJ, and r where a > fJ > r. Substitution of 

q = r + (/J - r)sin2 f/J (34) 

reduces the integral to a complete elliptic integral of the first 
kind, i.e., 

1'(E) = 2J2 4,[3 1/3 [12 df/J , (35) 
{coS(x(E)-1T/6} 0 ~1-k2sin2f/J 

where 

X(E)=-cos 1 1---1 _ ( 27E) 
3 100 

(36) 

and 

k 2 = sin X (E) . 
cos(X(E) -11'/6) 

(37) 

In the L 2 method, 1'(E) determines only the difference 
between the two turning points. That difference can be found 
by direct solution of the cubic equation in the denominator 
of Eq. (32) and the result is 

J. Chem. Phys., Vol. 80, No.5, 1 March 1984 



2038 R. L. Waterland and J. B. Delos: Potential anergy surface from a spectrum 

ql(E) -q2(E) =~sinx(E) 
/3 

so therefore the L 2 method gives 

q( VL ) = ...!Q. sin X (VL ) 

/3 
or, by use ofEq. (36), 

VL (q) = ~~ { 1 - cos [ 3 sin - 1 ~~ ] } • 

2. Inverse Birkhoff method 

(38) 

(39) 

(40) 

To apply the Birkhoff inversion, we require the Birk­
hoff-Gustavson normal form for the given Hamiltonian, i.e., 

ho=Up2+q2)_q3/20, (liJ=I). (41) 

Using the method ofSwimm and Delos 10 one readily obtains 

H = 0.5( p2 + Q2) _ 2.343 75X 1O-3( p2 + Q2f 

- 8.251 95X 1O-6( p2 + Q2)3 - 3.701 02 

(42) 

(to eighth degree). Comparison with Eq. (22) gives 

H(2) = - 9.375 OOx 10- 3, (43a) 

H(3) = - 6.601 56X 10-5
, (43b) 

H(4) = - 5.921 63X 10-7, (43c) 

and, using Eq. (30), 

h = 0.5(p2 + q2) _ 6.250 OOx 10-3 q4 + 4.000 OOx 10-5 q6 

- 5.082 59X 10-7 q8 (to eighth degree). 
(44) 

3. Comparison of methods 

In Fig. I we plot the result of the Landau technique [Eq. 
(40)] and that for the inverse Birkhoff technique [Eq. (44)]. 
Agreement is excellent for q.;;;3.5; the maximum error in this 
range is 3.2%. As q increases, the inaccuracy of the inverse 
Birkhoff curve increases and for 4.5.;;;q';;;5.0 it is a poor ap­
proximation to the exact U result. However the inverse 
Birkhoff result is everywhere a much more accurate curve 

8 
I 2 / v-, 

'2x -., B. /' 

/ 
.'/ 

/ 
/ 

FIG. 1. Comparison of one dimensional inversion procedures: VL is the 
Landau result [Eq. (40)]; VB is the inverse Birkholfresult [Eq. (44)]; v~runc is 
the inverse Birkholf result truncated to a quartic form. 

than the pure harmonic oscillator curve which is plotted for 
reference. 

(Somewhat surprisingly, the best fit is obtained by tak­
ing terms through q4. Addition of the q6 term reduces accu­
racy in the whole region 0 < q';;;5; then addition oftheq8 term 
increases accuracy slightly. We have also plotted the inverse 
Birkhoff result truncated to a quartic form; for q.;;;3.5 the 
maximum error is 1.9%). 

IV. TWO DIMENSIONAL SYSTEMS 

In this section we apply the inverse Birkhoff method to 
the general two dimensional, incommensurable frequencies 
problem. To illustrate the technique we examine a particular 
example and demonstrate the consistency of the Birkhoff 
inversion method. 

A. General two dimensional incommensurable frequencies problem 

For all two dimensional incommensurable frequencies problems, we write the normal form using simpler notation: 

H ( P1,P2,Ql,Q2) 

=!liJ1(PT +QT)+~liJ2(P~ + Q~)+.oIUliJl(PT + Qi)]2+.o2[!liJ dP i +QiHliJ2(P~ +Q~)] +.o3BliJ2(P~ +Q~)]2 

+rl[!liJ1(Pi +Qi)]3+ r2 fBliJ 1(Pi + Qi)r!liJ2( p~ +QilJ +r3f!liJ dP f +Qi)[~liJ2(P~ 

(45) 

The quantized energy spectrum would satisfy a corresponding formula, and the coefficients .oi' ro ... are assumed to be 
obtained from the spectrum. 

The generated Hamiltonian is required to be 

J. Chern. Phys., Vol. 80, No.5, 1 March 1984 
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(46) 

Equations (13) were implemented using MACSYMA. Null-space terms appeared for even order transformations. Using 
theorem (2), V~'I' V(~~, V~~'I' V~~, and V(~~ were set to zero. Resulting null-space terms were: 

(i) Fourth degree terms 

N- (41 3V(41 2",2 V(41 '" '" 3V(41 2",2 
h = -1 4,0111':> I + 2,2111':> 1112':>2 -1 0,4112':> 2' 

(ii) Sixth degree terms 

From Eq. (21) 

N- (sl - N- (s) 
h - H' 

The resulting equations are easily solved giving: 

V (4) _ 2,81wi 
4,0 - 3 ' 

V(4) _ 2,83W~ 
0,4 - 3 ' 

(49) 

(50) 

(51) 

V(61 _ 2lt.l~ { 17Pi } 
6,0 - 5 9 + Yl , 

V(61 = 2lt.lfW2{2,8Jfi + + (3wi -2lt.lfVli} 
4,2 3 2 Y2 4( 2 2) , Wz - WI 

V(6) = 2lt.l1wi {2,8,jJ + r + (2lt.li - 3wf VIi} 
2,4 3 3 3 Z 2 ' 

4((t)2 - WI ) 

V(61 _ 2lt.l~ {17P~ + } 
0,6 - -5- --9- r4' 

Hence the required Hamiltonian is (to eighth degree) 

J. Cham. Phys., Vol. 80, No.5, 1 March 1984 

(47a) 

(47b) 

(48a) 

(48b) 

(52) 

(53) 

(54) 

(55) 

(56) 
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B. An example: Blrkhoff Inversion for the Henon-Helles 
Hamiltonian 

Swimm and De1os lO have calculated the Birkhoffnormal form for the Henon-Heiles l8 Hamiltonian, 

ho = !lV 1( P~ + qi) + ~w2( P~ + q~) + A 112 qi q2 + )..3;2 q~ 
lV 1w2 lV2 

(57) 

with 

WI = 1.3, W 2 = 0.7, ).. = - 0.1, 1] = 0.1. 

They obtained 

1·3 0·7 
H = -=-t1 Pi + Qi) + T( P~ + Q~) - 1.56 1 85X 1O-3 B( P~ + Qi)]2 - 1.023 323X 1O-2 [.l( Pi + Qi)( P~ + Qm. 

- 5.801 99X 10-3 H( Pi + Qi)]2 - 1.092 X 10-5 [!( P~ + Q~IP - 1.7719X 10-4 [M P~ + Q~f( Pi + Qil] 
-2.7327XlO-4 [§(Pi +Q~)(Pt +Qi)2] -8.625XW-5 [!(Pi +Qi)P (to eighth degree). (58) 

Comparison ofEq. (58) with Eq. (45) gives 

PI = - 3.433 13 X 10-3, (59a) 

P2 = - 1.12453 X 10-2
, (59b) 

P3 = - 3.18745 X 10-3
, (59c) 

YI = - 3.925 81 X 10-5
, (59d) 

Y2 = - 2.309 97X 10-4
, (5ge) 

Y3 = - 2.781 63X 10-4
, (59£) 

Y4 = - 3.183 67X 10-5
, (59g) 

and, using Eq. (56), 

h 1·3 (2 2) O· 7 ( 2 2 3 867 99 1 3 4 1 2 2 2 =-PI+ql + P2+q2)-' X O-ql- .02332xlO-qlq2 
2 2 

- 1.04 123X W-3q~ - 1.494 X W- 5qt - 8.160X 1O-5qtqi - 4.192X 10-5qiq~ - 1.74 X 1O-6q~. 
(60) 

To within the accuracy ofthe Birkhoff and inverse Birkhoff procedures, this Hamiltonian (60) should give the same spectrum 
as does the Henon-Heiles Hamiltonian l9 (57). 

V. UNIQUENESS 

As noted earlier, the present method does not uniquely 
determine the potential energy surface. There are two dis­
tinct types of non uniqueness in the inverse Birkhoff tech­
nique. 

The inverse Birkhoff method does not determine asym­
metric terms in the potential energy function. In this regard 
it is similar to other inversion methods. The one dimensional 
RKR 1.20 method requires both rotational and vibrational 
data for uniqueness; if the rotational spectrum is unknown 
the RKR method can only give a symmetric potential energy 
curve. Likewise Clary6a notes that his inversion "does not 
appear to be appropriate for determining potentials contain­
ing odd powers of the coordinates," since it does not incor­
porate rotational data. However, Gerber et a/.5 did include 
the rotational part of the spectrum, so they were able to ob­
tain a unique result. 

A second type of non uniqueness arises from the obser­
vation that the generating function W is not uniquely deter-

I 
mined. Referring to Eq. (22) it is apparent that arbitrary null­
space terms could be added to W. In all previous work using 
the BGNF, 10.12 such terms have been omitted. By direct cal­
culation we have found that addition of arbitrary null-space 
terms to the generating function results in changes in the 
symmetric part of the potential function. Such problems also 
exist in the calculation of a normal form, but nevertheless the 
work of Gustavson, of Swimm and Delos, and of Jaffe and 
Reinhardt indicates that the omission of the arbitrary null­
space terms leads to good results. Perhaps these extra terms 
are, in some sense, insignificant. At present, this type of non­
uniqueness is not understood. 

VI. CONCLUSION 

We have presented a method for constructing a multidi­
mensional potential energy surface from an energy spec­
trum. In this method, the energy spectrum is fitted to a trun­
cated Birkhoff Gustavson Normal Form, and then a 
sequence of canonical transformations is applied to the trun­
cated normal form which transform it into a Hamiltonian of 
standard form (4). Symmetric potential energy terms are de-
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termined by this procedure; asymmetric terms are not, and 
they are set to zero. 

The method has been applied to the general cases in one 
and two dimensions, and analytic formulas relating the coef­
ficients of the normal form to those of the generated symmet­
ric potential have been derived. We have applied the tech­
nique to two examples and it has been found to give 
reasonable results. 
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