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Construction of a multidimensional potential energy surface from an energy

Spectrum
R. L. Waterland and J. B. Delos

Department of Physics, The College of William and Mary, Williamsburg, Virginia 23185

{(Received 8 July 1983; accepted 18 October 1983)

A method for the systematic construction of a multidimensional potential energy surface from an
energy spectrum is presented. We show that if the Hamiltonian and the energy spectrum satisfy
certain conditions then there is an inversion technique which gives a potential energy function
from the spectrum. The method proceeds via a sequence of canonical transformations and leads to
a potential energy which is symmetric in all its variables. We test the procedure for one- and two-
dimensional examples and show that it gives reasonable results. However, the method does not
give a unique result and we discuss two types of nonuniqueness exhibited by the procedure.

Given a Hamiltonian in quantum mechanics, there are
many ways to calculate the spectrum of allowed discrete en-
ergy levels. We consider in this paper the inverse problem:
Given a spectrum of energy levels, can we reconstruct the
Hamiltonian? A general answer to this question is not pres-
ently available, but partial answers can be obtained if the
problem is suitably restricted.

In particular, one-dimensional systems for which the
semiclassical approximation is valid have been studied ex-
tensively and are now well understood. In the early years of
quantum mechanics, shortly after the WKB method for cal-
culating energy eigenvalues was developed, corresponding
semiclassical inversion techniques were found for calculat-
ing a potential energy curve from the observed spectrum.'
These techniques are simple and reliable and they have had
great success. Also for one-dimensional systems, there is a
large literaure on fully quantum mechanical inversion tech-
niques, which do not rely upon the semiclassical approxima-
tion.2

However, very little is known about inversion proce-
dures in more than one dimension. There is a substantial
spectroscopic literature based on trial and error,” and a clas-
sic mathematical paper by Kac* (*Can One Hear the Shape
of a Drum?”), but we know of only two other papers that deal
with the systematic construction of an N-dimensional poten-
tial energy surface from a spectrum.

Gerber, Roth, and Ratner’ proposed an inversion
method based upon a semiclassical self-consistent-field ap-
proximation. The SCF method involves the best separable
approximation to the wave function and the semiclassical
approximation then gives formulas for the energy levels that
are sufficiently similar to one-dimensional formulas that an
approximate type of RKR inversion can be used.

Clary®® developed an iterative scheme for finding the
potential energy based upon Percival and Pomphrey’s meth-
od’ for finding vibrational eigenvalues. Simplifying some-
what, the essence of his idea is the following. Expressing the
potential energy as a power series containing M terms, one
first has to guess the values of the coefficients in this series.
Then invariant tori with quantized actions (eigentrajector-
ies) are constructed. Each torus implies a relationship
between the set of momenta p and the set of coordinates g,
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and

Tlplg)] + Vig)=E,

where E is the energy of the corresponding eigentrajec-
tory.® Now for each torus, let us select a particular point g,
and let us denote E as the observed energy for the corre-
sponding quantum state. Then the expression

Vigo) = E — T [plgo)]

can be used with M distinct energies and their corresponding
tori to determine M coefficients in V. A new set of quantized
tori is constructed, the new relationship p(g) is again used in
the above equation to obtain a new set of coefficents in ¥, and
one iterates until convergence is (or is not) achieved.

In this paper, we develop a new approach to the inver-
sion problem, using techniques involved in the Birkhoff Nor-
mal Form. We show that under certain conditions, the syste-
matic procedures used to construct a spectrum from a
Hamiltonian by the Birkhoff method can be done back-
wards, to obtain a Hamiltonian from a spectrum. We test
this inversion method by carrying it out for one- and two-
dimensional systems, and we show that it gives reasonable
results for the cases studied.

I. REVIEW OF ONE-DIMENSIONAL INVERSION
METHODS

Our results will be clearer if we first briefly review the
well-known one-dimensional semiclassical inversion tech-
niques as used in molecular physics. In the Rydberg—Klein—
Rees (RKR) method, a potential energy curve for a diatomic
molecule is constructed pointwise from an energy spectrum.
If vibrational and rotational energy levels are both known,
then the RKR method is unambiguous; however, if the rota-
tional levels are unknown and only the vibrational levels for
a fixed rotational state are known, then only the differences
between turning points can be recovered. In that case the
potential energy function could be determined uniquely only
if it were known to be symmetric.®

A very clear derivation is given by Landau and Lif-
shitz,’ and we state their result in a slightly different way.
Given m > Oand given a finite function 7{E ) >0 on an interval
0<E<E, we define (for V< E)
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7E)

l Vv
Vi= dE. 1
" szz;L V—E)" y

Obviously g(¥)>»0. One can show that ¢(¥) is a monotonical-
ly increasing function of ¥V if 7(E ) is continuous and satisfies
the integral inequality

1 . E=¢ r(x)dx
T(E)>2(‘/§_1) lel—rg[‘/zj; (E—x)alz]'

If g(V') is amonotonic function of ¥, then the inverse function
V (g} exists for g >0, and we define for ¢<0,

Vigl=V(—q).
Then (theorem)

(2)

E)
nE)=2m . [E—Vig] ' dg (3)
— 4

This theorem has the following meaning: If we have a
particle of known mass m moving periodically in one dimen-
sion, and its period 7 is known as a function of a parameter E
associated with its motion [and if 7{E ) satisfies Eq. (2)], then

there exists a Hamiltonian of the usual form,

P2
h(pg)= Py + Vig),

with ¥ (g) a unique symmetric function, such that the period
of motion under this Hamiltonian as a function of energy is
precisely r{(E).

In quantum mechanics, the period of motion has no
meaning, but in semiclassical mechanics, the period is inter-
polated from the discrete energy spectrum as

_dl 2k

dh~ AE’
I being an action variable and AE being the energy gap
between adjacent levels.

Our results in N dimensions are somewhat similar to
the above. We also need an interpolation of the energy spec-
trum, and we also obtain a symmetric potential energy by a
systematic process. On the other hand, the actual method of
constructing the potential energy is quite different, and the
result, unfortunately, is not unique.

il. INVERSION OF THE BIRKHOFF PROCEDURE

Earlier work'® has shown that a procedure invented by
Birkhoff'! (for incommensurable systems) and modified by
Gustavson'? (for commensurable systems) is a very good
way to calculate an energy spectrum from a Hamiltonian. If
the Hamiltonian is given in the form (we call it the “‘standard
form”)

N

h= 3 s+ + Vigi-gw) @)
where the frequencies are incommensurable, and ¥ (q,...q )
is a power series containing cubic terms and higher, then
Birkhoff showed that there exists a sequence of canonical
transformations to new variables { P;,Q,} such that the new
Hamiltonian H is a polynomial depending upon P’sand Qs
only in the combination @,J;, with

ie.,
H=H(w1 Jl""YwNJN)' (6)

Equation (6) is called the Birkhoff Normal Form. This Nor-
mal Form directly gives the energy spectrum by quantiza-
tion in the new variables

Ji=Pi+Qlon +14 ™
E, ..=H [0’1 (i +4)smoy(ny +3)]. (8)

Our fundamental result is that the “dual” of this pro-
cess can be carried out: from an interpolation of the energy
spectrum in the form (8), there is a sequence of transforma-
tions that leads to a Hamiltonian in the “standard form” (4)
with a symmetric potential energy.

More precisely, suppose we are given a set of energy
levels of an N-dimensional system and that these levels form
a regular pattern characterized by N quantum numbers
n,...ny."* Suppose the pattern is such that the energy levels
are given to good approximation by a polynomial expression
in the quantum numbers {Eq. (8] and suppose that the fre-
quencies @; are incommensurable. We may then interpret
the function H as a Birkhoff Normal Form (6) which was
quantized by the prescription (7). Then {theorem): there ex-
ists, and one can construct, a formal sequence of real canoni-
cal transformations which convert the polynomial H into the
standard form (4), in which the potential energy Vis a sym-
metric function of each of its variables

Vigy-gi-qn) = Vg~ —giqy), i=1..,N. (9)
The sequence begins by transforming terms of lowest degree
and proceeds upwards through terms of higher degree.
(There also exist other sequences of canonical transforma-
tions that construct unsymmetric potential energy func-
tions, but coefficients of unsymmetric terms are not deter-
mined by this procedure.)

These results are proven below by methods similar to

these used by Birkhoff,
(1) Given:
H= Y H"J) (9a)
even
J;=Pi+0Q} (9b)
HO =0, {9c)
H? = 2 w,J;, (9d)

where A is a homogeneous polynomial of degree / in P’s
and Q’s, and @, are incommensurable.'* Obviously terms of
degree 2 and lower are already in standard form. We show
that if all terms of degree less than s are in standard form then
the terms of degree s can be put in standard form.

To prove this, define'*

N
F(Pg)= Y Pg, + W"(Pg), (10)
i=1
where W " is a homogeneous polynomial of degree s in Pand
g. The transformation equations generated by F are

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984
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awe

Q=q+—37, (11a)
IWY

p=P+—aq—, (11b)

h(pq)=H(P.Q) (11c)
Substitution of Egs. {11a), and (11b) into Eq. {11c) gives

{s) {s)
h(P+a;V ,q>=H(P,q+——-‘7W ) (12)
q

ap
If Taylor expansions of H and 4 about P and g are per-
formed and terms of equal degree in these expansions equat-
ed, the following set of equations is obtained:

h% Pg) =H"YPg), i<s, {13a)
DWY(Pq)=H"Y(Pgq)—h"(Pg), i=s5, (13b)
hPqg) =HYPgqg) i>s (13¢)

1 aUlHU){aW(S))j alilh(l){aw(s))j]
;-.zzﬂ dg¥ \ AP aPv \ aq V1
N
= Hj"’

1=l +Uls—1=4

il = 50

I<lji<i<i,
I>2, s>3,

where
d a a
D=V o P——q,—}
i;l ( dq; 9 oP i)
Equation (13a) shows that the order s transformation leaves
lower orders unaffected; Eq. (13b) must be solved for
W( P,q), and when this is done, Eq. (13c) gives the higher
“degree terms in the new Hamiltonian.
The solution to Eq. (13b) is

W =D ~YH" — b, (14)

It is most easily constructed by transforming to variables
7;§; such that

1
PA = —{7. & s
i ﬁm+@

g =%2{77,~ —ig). (15)

In these variables D has the form

—~ . a a
3ol o)
; J Jag.] ]a”j
and its eigenfunctions are
By = THG-NNE T E T N (17)

with eigenvalues
z'z w;(m; —1)). (18)
7

We require that
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) — a,_a a
hY = Z V(asl)az---a,vqllq22"'q1\;v:
5>3

(£ "

where V), are coefficients which are to be determined.
When H" and 4" are expressed as functions of (7,£ ) it is
found that they contain both range-space and null-space
terms.'® For a solution to Eq. (14) to exist, it is necessary and
sufficient to make the null-space terms in 4 cancel those in H.
Write

HO =N +RY, F9=N9+RY, (20)
where Vand R denote “the set of null-space terms” and “the
set of range-space terms,” respectively; then

Ny =NY, (21)

W=D '[RY-RY] (22)
Equation (21) gives

(N+s—1)

Nis— 1)t

relations for the undetermined { ¥} of Eq. (19) in terms of
known coefficients in & and the { ¥*} from previous itera-
tions. Equation (22) gives I7V“’(11,§ ), which can be used to
generate higher order terms in the new Hamiltonian from
Eq. (13c). This defines the iterative procedure, and completes
the proof of the assertion made above Eq. (10).

(2) If 5 is odd, all coefficients V‘::...,,N are undetermined.
For odd s, H and A are odd in at least one of the P, ,q, . Hence,
when they are reexpressed in terms of 7, §, they must re-
main of odd degree. But the only null space terms are powers
of 9, &, i.e., they are of even degree. Hence Egs. {21) and (22)
put no restriction on odd degree terms and coefficients V'
with s odd are undetermined by this procedure.

(3) If s is even, those coefficients V'), for which any of
the a’s are odd are undetermined. (Proof is the same as
above).

(4) If s is even, then those coefficients V', for which
all a’s are even are determined from H . Since

m i H ”
9x = {“E(ﬂk —l§k)]
if m is even, the binomial expansion of g7’ contains a term
proportional to

(Mx gk)’"/z

and this is in the null-space. From Eq. (21), its coefficient
must be equal to that of the corresponding null-space term in
H.

Since V', are undetermined if any of the a, are odd,
we may take them to be zero. Then the remaining V'}) ., are
uniquely specified by the iterative procedure.

The convergence properties of this inversion method'®
have not been established; it is useful, therefore, to examine
results when the procedure is carried to various levels.

lll. ONE DIMENSIONAL SYSTEMS

As discussed earlier, there already exist successful one-
dimensional inversion methods. We discuss this case to illus-

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984
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trate the new technique and to show that it leads to sensible
results.

A. General inversion in one dimension

For all one dimensional problems the Birkhoff Normal
Form is

H(PQ)=}w(P’+ Q%)+ H®Jw( P>+ Q))?
+H®Jw(P*+ QY]

+H(4’[£w(P2 + Q2)]4 4oy
{22)
where o is the frequency of the unperturbed oscillator and
H ) are numerical coefficients. They could be found, e.g., by
fitting parameters to the energy spectrum

E, = (n + Yo + H®(n + )°#o’
+H(3)(” + 5)3#613 +H(4)(n + %]4%04.
The generated Hamiltonian is required to be

h(pg) =3 o(p* +¢) + VOP + Vgt 4 YO
+ V(6)q6 + V(7)q7 + V(8)q8 + ... (23)

Equations (13) were implemented using MACSYMA, "’
a LISP-based language that permits analytical calculations.

Null-space terms appeared for even order transforma-
tions. According to theorem (2), ¥, ¥, and ¥ are unde-
termined, and they were arbitrarily set to zero. Resulting
null-space terms were;

(i) Fourth degree terms

N¥ = —yope? (24a)
N = — o®Hp€> (24b)
(ii) Sixth degree terms

N@ = —3vOies, (25a)

2

~ (4)
NG = ( —’H® —30V®H®? + —Zw )m3§3. (25b)

(iii) Eighth degree terms
NP =3vone, (26a)
Xr(lsl) — (co‘H“) _ 245 V(4)ZH(2) + 165 V(4)V(6) _ 15V(4))
16 8w 320
Xné.
{26b)
From Eq. (21)
)
The resulting equations are easily solved, giving
2ry(2)
y@w— __2(”_11__, (27)
3
3 27
V(6) = 20 (H(S) + 17TH )’ (28)
5 9
po - 4o' (211 @4 HOg® 4 128 H‘Z”). (29)
35 18

Hence the required Hamiltonian is (to the eighth degree)

2037

h(p.q) ,
2y 2 3 17 (2
=_%_w(p2+q2)+za)§1 q4+ 2‘;’ (H(3)+ 191 )q6
4 @
+ %_(21{ @) + 11H &) 7 4L + &411;1__)48‘ (30)

B. Comparison of results of inversion by two methods

Let us compare the results obtained above with those
obtained through the more standard inversion technique.
Our method of making this comparison is the following: We
start from a certain zero-order potential energy

_e_ L

Volg) BT
which does not happen to be symmetric. From ¥V(g) we can
compute 7{E ), and from 7{E ) we can compute a symmetric
potential energy ¥ (g) using the method given by Landau
and Lifschitz (L%, as described in Sec. I of this article. Also
from V,(q) we can calculate a Birkhoff normal form, and
then invert it to obtain another symmetric potential energy

Velg)
1. L2 method

b
_ £ dq
ﬂE)—fﬁ a (31)

where p(q) is the classical momentum at position ¢ and a, b
are the classical turning points of the motion.
A particle moving in the potential

2 3
Vign=4 _9_ 32
olg) 7 30 (32)

is bound provided that the particle energy E is less than 200/
27. For such a particle

dE>=ﬁfb 94 , m=1. (33}
" JE-L L
2 20

Let the roots of the cubic equation in the denominator of the
integrand be o, B, and ¥ where @ > 8> 7. Substitution of

g=y+(B—yhin’g (34)
reduces the integral to a complete elliptic integral of the first
kind, i.e.,

2\/§4\/§ /2 d¢

E)= ,(35

nE) {cos()((E)—'rr/6}”3J: ,/_1_k7sin’<p( )
where

=L cos1f1 - 2TE

YE)= 3 cos (1 100) (36)
and

k2 Sny(E) (37)

cos( Y(E) — w/6)

In the L? method, 7{(E ) determines only the difference
between the two turning points. That difference can be found
by direct solution of the cubic equation in the denominator
of Eq. (32) and the result is

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984
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0(E) — g,(E) =—j‘3@sﬁnx(E) (38)

so therefore the L? method gives
10 .
g(Vp)=—siny(V.) (39)
NE]
or, by use of Eq. (36),

V,_(q)=1—;.79[1 -—cos[3 sin“%”. (40)

2. Inverse Birkhoff method

To apply the Birkhoff inversion, we require the Birk-
hoff-Gustavson normal form for the given Hamiltonian, i.e.,

ho=4(p*+ %) —4¢°/20, (@=1). (41)
Using the method of Swimm and Delos'° one readily obtains
H=05P>+Q%)—234375x1073(P? 4+ Q%?

—8.25195X 1078 P% + Q?° — 3.701 02
X 10~ P2+ Q?* (42)

(to eighth degree). Comparison with Eq. (22) gives

H?= —937500x10%, (43a)
H®= —6.60156x10~5 (43b)
HY= —592163%x1077, (43c)

and, using Eq. (30),
h=0.5(p* + ¢°) — 6.250 00X 1073 ¢* 4 4.000 00 103 ¢°

—5.08259%1077¢® (to eighth degree).

(44)

3. Comparison of methods

In Fig. 1 we plot the result of the Landau technique [Eq.
(40)] and that for the inverse Birkhoff technique [Eq. (44])].
Agreement is excellent for g<3.5; the maximum error in this
range is 3.2%. As q increases, the inaccuracy of the inverse
Birkhoff curve increases and for 4.5<¢<5.0 it is a poor ap-
proximation to the exact L? result. However the inverse
Birkhoff result is everywhere a much more accurate curve

R. L. Waterland and J. B. Delos: Potential energy surface from a spectrum
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FIG. 1. Comparison of one dimensional inversion procedures: ¥, is the
Landau result [Eq. (40)]; ¥ is the inverse Birkhoff result [Eq. (44)]; V' ;" is
the inverse Birkhoff result truncated to a quartic form.

than the pure harmonic oscillator curve which is plotted for
reference.

(Somewhat surprisingly, the best fit is obtained by tak-
ing terms through ¢*. Addition of the ¢° term reduces accu-
racy in the whole region 0 < ¢< 5; then addition of the ¢ term
increases accuracy slightly. We have also plotted the inverse
Birkhoff result truncated to a quartic form; for ¢<3.5 the
maximum error is 1.9%).

IV. TWO DIMENSIONAL SYSTEMS

In this section we apply the inverse Birkhoff method to
the general two dimensional, incommensurable frequencies
problem. To illustrate the technique we examine a particular
example and demonstrate the consistency of the Birkhoff
inversion method.

A. General two dimensional incommensurable frequencies problem

For all two dimensional incommensurable frequencies problems, we write the normal form using simpler notation:

H( PI’PZ’QI!QZ)

=Jo,( P} + Q%) + 10, P} + Q3)+Bi[iw:P} + 01)]* + Ba[lo( P} + @ Nwa P + @3)] +Bs e P; + Q3)]°

+7’1[%‘01(Pf +Qﬂ]3+7’2{[%‘01(1)% +Q%)]2%wz( P3 + Q7)) + 7l P} +Qf)[§a)2(P§

+ @317} + vallwa P2+ Q3)]° + .

(45)

The quantized energy spectrum would satisfy a corresponding formula, and the coefficients f3;, 7,,... are assumed to be

obtained from the spectrum.

The generated Hamiltonian is required to be

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984
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h(pg)=1oP: + @) +10, P2 + @)+ Vibat + Vg, + Viiaias + Viiaa + Vi
+ V‘:{)‘I? + V(56,)1q1q2 V(G)qqu + Vg?sﬁqz + V(zs,’47142 + V(lqs%%. Vg‘,’é?z- (46)

Equations (13) were implemented using MACSYMA. Null-space terms appeared for even order transformations. Using

theorem (2), V', V', VO, V€., and V¢, were set to zero. Resulting null-space terms were:

(i} Fourth degree terms
N{ = WenET + VS o mab, — 3V omEs, (47a)
N@= — 0B} + 0whmé b, — o3BmE] (47b)

{i1) Sixth degree terms

- yia 2 wlay V5 otV
Nf'={—3leS‘.{)B1+ 2 +3v 8, ]m,g, [—;Bzwzvf:a— Buie Froie,
4w, @), — 0 )w, + w,)  owle,—o)w,+v)
B} ) V‘z‘,’z 32“’?“’2’1(2‘.)2 SN VW 2
0y0\w2 — 0@, + @1) 20,010, — o)), + ) Hewle, — o)e, + ,)]?
e 4y Bl Ve,
— —Z 2+%V(4?)z}771§1’7£2+{ o
4o w0, - 0w, + v))] 20,00, — w,)lw, + @)

ﬂz“’nwz Vw Bawla); V(zf)z Bs‘l-’x @3 VW
20,0,(@; — 0))lw; + @) 0,00, -0 )w, +0,) 00w, — o)+ o))

3 442
@@ V5,

4 w\ww; — o), +“’1)]2
ool V2 3 3 ]
_ _ o VW 4 Spe 242
Moo, — @)\, + @) —2—)82 1V o4 T 5724 Méma€s
5 2
+ {278~ o, + S e, (484)
X“I? = w??’l"’héd + 010272’715177252 + ‘010’27’37715177252 + 0’27’4”725'2- (48b)
| 2
From Egq. (21 17,
'Eq 21 v, - ﬁ{_ﬁ }q], (52
NP =N§. 5 9
. . . .. 2 2,92
The resulting equations are easily solved giving: Ve, ~ f&’z [ BB, + 72+ (32)(:2- _Z—a:; z)f 2 ] (53)
v = i“’%, (49) 2&)1(02 (202 2— 3w2;ﬁz
' 3 Vi = {25283 ———2—2—} (54)
w dw; — o7)
Vi: = 0,08, (50) (6) ; 1782
) Vel == A (55)
yi, = 2B (51) S0
04 ™ T o ¢
3 ) Hence the required Hamiltonian is (to eighth degree)
2B\ 20}
h(pg) = 5‘01(1’% +4q7) + Joo P+ qz) +_‘§—91 + 0084197 + 2'6_;“12 + 5‘
B3 20w 302 - 20? %
X ——"+?’1]q +— z{wﬁz+72+%@ﬂ—7‘))82] A ; 2{25253+'}’3
2 — Of
(203 — 3w}) } 23 {17ﬁ§ }
il Bacd L 1 P G ;. 56
4ot — o) jtaies + 5 ) + Y4(92 (56)

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984
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B. An example: Birkhoff inversion for the Hénon-Heiles
Hamiitonian

Swimm and Delos'® have calculated the Birkhoff normal form for the Hénon—Heiles'® Hamiltonian,

hy = %ﬂ-’l(pi +41) + Lo, P +aqi)+ __iv_zq%qz + —%qg
@@; W,
with
0, =13, 0,=07, A= —0.1, =01
They obtained

1.3

(57)

0.7
H:—Z—( P} +Q%)+—2—(P§ +03)~ 1.56 185X 107°[4( P; + 03)]% — 1.023 323X 1072[4( P? + Q3)( P? + 03)].

~5.80199X 1073 [ PT + Q1)]° — 1.092X 107°[4( P} + @3)]° — LT719X 10 *[{ P} + Q31 P% + Q3)]
— 2.7327X107*[{ P} + Q3 P} + Q3] — 8.625X107°[1 (P? + Q%)) (to eighth degree). (58)

Comparison of Eq. {58) with Eq. (45) gives
Bi= —343313x1073,
B,= —1.12453% 1072,
By= —3.18745X 1077,
Y= —3.92581x1077
¥, = —230997X1074,
¥;= —2.78163Xx107%,
Va= —3.183 671077,
and, using Eq. (56),

(59a)
(59b)
(59¢)
(59d)
(5%)
(591
(59g)

13 0.7
h= T(p% +q1)+ —5—(;@ + %) — 3.867 99X 10~ 3¢* — 1.023 32X 1024?42

—1.04 123X 1073¢% — 1.494 X 1075¢¢ — 8.160X 10~¢% 2 — 4.192X 10~ g2 g% — 1.74X 10~45.

(60)

To within the accuracy of the Birkhoff and inverse Birkhoff procedures, this Hamiltonian (60) should give the same spectrum

as does the Hénon—Heiles Hamiltonian'® (57).

V. UNIQUENESS

As noted earlier, the present method does not uniquely
determine the potential energy surface. There are two dis-
tinct types of nonuniqueness in the inverse Birkhoff tech-
nique.

The inverse Birkhoff method does not determine asym-
metric terms in the potential energy function. In this regard
itis similar to other inversion methods. The one dimensional
RKR"? method requires both rotational and vibrational
data for uniqueness; if the rotational spectrum is unknown
the RKR method can only give a symmetric potential energy
curve. Likewise Clary®® notes that his inversion “does not
appear to be appropriate for determining potentials contain-
ing odd powers of the coordinates,” since it does not incor-
porate rotational data. However, Gerber et al.’® did include
the rotational part of the spectrum, so they were able to ob-
tain a unique result,

A second type of nonuniqueness arises from the obser-
vation that the generating function W is not uniquely deter-

mined. Referring to Eq. (22) it is apparent that arbitrary null-
space terms could be added to . In all previous work using
the BGNF, %2 such terms have been omitted. By direct cal-
culation we have found that addition of arbitrary null-space
terms to the generating function results in changes in the
symmetric part of the potential function. Such problems also
exist in the calculation of a normal form, but nevertheless the
work of Gustavson, of Swimm and Delos, and of Jaffé and
Reinhardt indicates that the omission of the arbitrary null-
space terms leads to good results. Perhaps these extra terms
are, in some sense, insignificant. At present, this type of non-
uniqueness is not understood.

Vi. CONCLUSION

We have presented a method for constructing a multidi-
mensional potential energy surface from an energy spec-
trum. In this method, the energy spectrum is fitted to a trun-
cated Birkhoff Gustavson Normal Form, and then a
sequence of canonical transformations is applied to the trun-
cated normal form which transform it into 2 Hamiltonian of
standard form (4). Symmetric potential energy terms are de-
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termined by this procedure; asymmetric terms are not, and
they are set to zero.

The method has been applied to the general cases in one
and two dimensions, and analytic formulas relating the coef-
ficients of the normal form to those of the generated symmet-
ric potential have been derived. We have applied the tech-
nique to two examples and it has been found to give
reasonable results.

ACKNOWLEDGMENTS

We thank Don Noid for performing a numerical com-
putation and Carl Andersen for his assistance during the
writing of the MACSYMA programs. The contributions of
the Mathlab Group at the Laboratory for Computer Science,
MIT in making MACSYMA available are appreciated. This
research was supported by the National Science Foundation.

'J. L. Dunham, Phys. Rev. 41, 721 (1932); I. Sandeman, Proc. R. Soc. Edin-
burgh 60, 210 (1940); W. R. Jarmain, Can. J. Phys. 38, 217 (1960); H. W.
Wooley, J. Chem. Phys. 37, 1307 (1962); R. Rydberg, Z. Phys. 73, 376
{1931); O. Klein, ibid. 76, 226 (1932); A. L. G. Rees, Proc. R. Soc. London
Ser. A 59, 998 (1947).
2C. E. Frobérg, Phys. Rev. 72, 519 (1947); E. A. Hylleraas, Phys. Rev. 74,
48 (1948); L. D. Faddeev, J. Math. Phys. 4, 72 (1963); V. Bargman, Phys.
Rev. 75, 301 (1949); Rev. Mod. Phys. 21, 488 (1949); T. M. Gel'fand, and
B. M. Levitan, Dokl. Akad. Nauk S.S.S.R. 77, 559 (1951); R. Jost and W.
Kohn, K. Dan. Vidensk Selsk, Mat.-Fys. Medd. 27 (1953); Phys. Rev. 87,
977 (1952); 88, 832 (1952); N. Levinson, Phys. Rev. 75, 1445 (1949). These
results are compactly expressed in R. G. Newton, Scattering Theory of
Waves and Particles (McGraw-Hill, New York, 1966), pp. 610-632.
3K. Machida and J. Overend, J. Chem. Phys. 50, 4429 (1969); 51, 2535
{1969); D. F. Smith and J. Overend, ibid. 53, 2411 (1970); 57, 523 (1972); R.
G. Parr and J. E. Brown, ibid. 49, 4849 (1968); 54, 3429 (1971); A. C. Jean-
notte, C. Marcott, and J. Overend, ibid. 68, 2076 (1978); K. Scanlon, 1.
Suzuki, and J. Overend, ibid. 74, 3735 (1981).

“M. Kac, Am. Math. Monthly 73, 1 (1966).

SR. B. Gerber, R. M. Roth, and M. A. Ratner, Mol. Phys. 44, 1335 (1981).

$@ D, C. Clary, Chem. Phys. 41, 307 {1979}

6 The relationship between ¢ and p is not a single-valued function, but ¢
and p are each single-valued functions of angle variables 6. Properly
plq,) really means [p(6,), ¢(6,)], where 8, is some chosen value of the
angle variables.

1. C. Percival and N. Pomphrey, J. Phys. B9, 3131 (1976).

8For diatomic molecules, the potential energy is not symmetric, and it can-
not be determined from the vibrational spectrum alone.

°L. D. Landau and E. M. Lifshitz, Mechanics (Pergamon, Oxford, 1976),
pp. 27-29.

1R, T. Swimm and J. B. Delos, J. Chem. Phys. 71, 1706 (1979); C. Jaffee and
W.P. Reinhardt, ibid. 77, 5191 (1982); W. P. Reinhardt and D. Farrelly, J.
Phys. Coll. Suppl. 11, 29 (1982).

""G. D. Birkhoff, Dynamical Systems (American Mathematics Society,
New York, 1966), Vol. IX.

2F. G. Gustavson, Astron. J. 71, 670 (1966).

13A set of energy levels with this property is known as a regular spectrum;
Hamiltonian systems can also display irregular spectra—see 1. C. Perci-
val, J. Phys B 6, L.229 (1973); D. W. Noid, M. L. Koszykowski, and R. A.
Marcus, Annu. Rev. Phys. Chem. 32, 267 (1981); M. V. Berry, J. Phys. A
10, 2083 (1977).

In subsequent equations, p, g, P, O mean “the set of p,” “the set of g, “the
set of P,”” and “the set of Q,” respectively, and WJ means “the set of pro-
ducts W.J,.”

a is in the null-space of operator 4 if Aa = 0, otherwise a is in the range
space of 4. For incommensurable frequencies, the only null-space terms of
Dare Pypz.5 =(mé Pk, Prr{m, £ for all positive integers k.

'$The convergence properties of the Birkhoff Normal form have been estab-
lished by C. L. Siegel, Ann. Math. 42, 806 (1941); Math. Ann. 128, 144
(1945); Vorlesung iiber Himmelsmechanik (Springer, Berlin, 1957). The
Normal form converges if the coefficients in the Hamiltonian satisfy a
certain infinite set of conditions; these conditions being rarely satisfied,
the method diverges in general. For a discussion see J. Moser, Stable and
Random Motions in Dynamical Systems, Ann. Math. Studies (Princeton
University, Princeton, 1973) Vol. 77.

'R. Bogen, MACSYMA Reference Manual (The Mathlab Group, MIT,
1977).

'SM. Hénon and C. Heiles, Astron. J. 69, 73 (1964).

'®A test of this, though not a definite one, was made for us by D. Noid;
neglecting the terms proportional to g5 and to g3, he computed the spec-
trum associated with Eq. (60). The resulting spectrum is in fact very close
to that of Eq. (57).

208ee for example E. A. Mason and L. Monchick, Adv. Chem. Phys. 12, 329
(1967).

J. Chem. Phys., Vol. 80, No. 5, 1 March 1984



	Construction of a Multidimensional Potential Energy Surface from an Energy Spectrum
	Recommended Citation

	tmp.1638989793.pdf.449bt

