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ABSTRACT

A t h e o r e t i c a l  i n v e s t ig a t io n  i s  made o f  th e  te m p e ra tu re  de­

pendence o f  th e  e l e c t r i c a l  r e s i s t i v i t y  o f  c o n c e n tra te d  s t ro n g -  

s c a t t e r i n g ,  d is o rd e re d  a l l o y s .  F i r s t ,  th e  d efo rm a tio n  p o t e n t i a l  th e o ry  

and th e  s e m i - c la s s ic a l  Boltzm ann e q u a tio n  a re  u sed  to  s tu d y  th e  e f f e c t  

o f  th e  c o l l i s i o n  r a t e  on th e  e le c tro n -p h o n o n  co u p lin g  c o n s ta n t .  The 

r e s u l t  in d i c a te s  t h a t  th e  c r i t e r i o n  on c o l l i s i o n  r a t e s  f o r  th e  v a l i d i t y  

o f  th e  u se  o f  B orn-O ppenheim er a d ia b a t i c  app rox im ation  may be beyond th e  

p re v io u s ly  a c c e p te d  l i m i t . The th e o ry  a ls o  in d ic a te s  t h a t  a l th o u g h  i t  

o c c u rs  in  p r i n c i p l e ,  in  r e a l  a l lo y s  th e  e lec tro n -p h o n o n  i n t e r a c t i o n  i s  

n e v e r quenched by f a s t  c o l l i s i o n s .  T hus, t h i s  mechanism f a i l s  to  accoun t 

f o r  th e  quenched te m p e ra tu re  dependence o f  th e  r e s i s t i v i t y  o b se rv e d  in  

many a l lo y s .  S econd, a  model c a l c u la t io n  f o r  th e  te m p e ra tu re  dependence 

o f  th e  e l e c t r o n i c  d e n s i ty  o f  s t a t e s  and th e  c o n d u c t iv i ty  b a sed  on th e  

Kubo l i n e a r  re sp o n se  th e o ry  i s  made by in tro d u c in g  th e rm al d i s o r d e r  in  

th e  c o h e re n t p o t e n t i a l  a p p ro x im a tio n . Thermal d is o rd e r  i s  found  t o  sm ear 

and b roaden  th e  s t a t i c  a l lo y  d e n s i ty  o f  s t a t e s .  The e l e c t r i c a l  r e s i s t i v i t y  

in  weak s c a t t e r i n g  a l lo y s  alw ays in c re a s e s  w ith  th e  te m p e ra tu re .  But in  

th e  s t r o n g - s c a t t e r in g  c a s e ,  th e  te m p e ra tu re  c o e f f i c ie n t s  o f  r e s i s t i v i t y  

can  be p o s i t i v e ,  z e ro ,  o r  n e g a t iv e ,  depending on th e  lo c a t io n  o f  th e  

Fermi en e rg y .



AN INVESTIGATION OF THE TEMPERATURE DEPENDENCE OF THE ELECTRICAL 

RESISTIVITY OF CONCENTRATED STRONG-SCATTERING ALLOYS



INTRODUCTION

The m acroscop ic  e l e c t r o n i c  p ro p e r t ie s  o f  a l l o y s ,  such as th e

d .c .  e l e c t r i c a l  r e s i s t i v i t y  and th e  H a ll c o e f f i c i e n t s ,  have been  f r u i t -

1 2f u l  s u b je c ts  f o r  e x p e r im e n ts , ’ b ecause  u s e fu l  d e v ic e s ,  e .g .  s t r a i n  

g au g es , have been c o n s tru c te d  w hich depend on th e s e  p r o p e r t i e s ,  th e y  

can be m easured  a c c u r a te ly ,  and th e  r e s u l t s  o f  th e s e  ex p erim en ts  p ro ­

v id e  an i n s ig h t  in to  th e  m ic ro sc o p ic  b eh av io r o f  th e  m a te r i a l s .  The 

t h e o r e t i c a l  i n t e r p r e t a t i o n  o f  th e s e  p ro p e r t ie s  h a s  la g g e d  f a r  b eh in d  

th e  w e a lth  o f  e x p e rim e n ta l in fo rm a tio n . For exam ple , i t  i s  w e ll  known 

t h a t  c o n s ta n ta n  has a v e ry  c o n s ta n t r e s i s t i v i t y  o v e r a  w ide ran g e  o f  

te m p e ra tu re  (See F ig . I ) .  B ecause o f  a fo rm id ab le  com bination  o f  com­

p l e x i t i e s ,  (a  d e t a i l e d  d is c u s s io n  o f  t h i s  p o in t  i s  g iv e n  a t  th e  end o f  

Chap. 3 ) ,  t h i s  f a c t  rem ains a  c h a lle n g in g  t h e o r e t i c a l  p rob lem . I t  i s  

to o  e a r ly  a  s ta g e  i n  th e  developm ent o f  a l lo y  th e o ry  t o  g iv e  a f i r s t  

p r i n c i p l e s ,  q u a n t i t a t i v e  d e s c r ip t io n  o f  th e  t r a n s p o r t  p r o p e r t i e s  o f  

c o n c e n tra te d ,  s tro n g  s c a t t e r i n g ,  d is o rd e re d  sy s te m s , l i k e  c o n s ta n ta n ,  

s in c e  th e  e a s i e r  and more b a s ic  e le c t r o n ic  q u a n t i ty ,  th e  s t a t i c  a l lo y  

d e n s i ty  o f  s t a t e s ,  i s  j u s t  b e g in n in g  to  be u n d e r s to o d .^ ’** At

p r e s e n t ,  even a  q u a l i t a t i v e  o r  m odel d e s c r ip t io n  o f  th e  t r a n s p o r t  

p r o p e r t i e s  in  such a l lo y s  i s  g r e a t ly  needed.

D e s ir in g  to  u n d e rs ta n d  th e  tem p era tu re  dependence o f  e l e c t r i c a l  

r e s i s t i v i t y ,  we s t a r t e d  an in v e s t ig a t io n  o f  th e  r o l e  o f  l a t t i c e  m otion  in

2



3

F ig u re  I .  E l e c t r i c a l  r e s i s t i v i t y  o f  Cu-Ni as a fu n c t io n  o f  te m p e ra tu re  

(R ef. 2 . p . 1 18 ). The numbers r e l a t e  to  th e  c o n c e n tra t io n s  

o f  N i. The te m p era tu re  in d i c a te d  by th e  arrow s a re  t h e  C urie 

p o in t s .  Those a l lo y s  c o n ta in in g  abou t ^0 t o  1+5 a t  -% o f  Ni 

which have v e ry  low r e s i s t i v i t y  te m p e ra tu re  c o e f f i c i e n t s  a re  

known as c o n s ta n ta n s .
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an a l lo y .  The f i r s t  sim p le  q u e s t io n  we a sk  i s :  can  th e  n a tu re  o f  th e

e lec tro n -p h o n o n  in t e r a c t io n  he  a f f e c t e d  b y  th e  h ig h  c o l l i s i o n  r a t e  o f 

e le c t r o n s  in  an impure m a te r ia l?  We app ro ach  t h i s  problem  from  d e fo r­

m ation  p o te n t i a l  th e o ry  and th e  c l a s s i c a l  Boltzm ann e q u a t io n . Using 

th e  c o l l i s i o n  tim e ap p ro x im a tio n , we d e r iv e  " c o l l i s i o n  tim e"  dependent 

d e fo rm a tio n  p o te n t ia l s  f o r  lo n g i tu d in a l  and  t r a n s v e r s e  p h o n o n s. The 

c o n c lu s io n  i s  t h a t  th e  c o l l i s i o n  r a t e s  e n c o u n te re d  in  r e a l  a l lo y s  can 

nev er become la rg e  enough to  a f f e c t  th e  e le c tro n -p h o n o n  in t e r a c t io n .

The c h a r a c t e r i s t i c  c o l l i s i o n  tim e  w hich m ust be reac h ed  b e fo re  c o l l is io n s  

change th e  defo rm ation  p o t e n t i a l  i s  much to o  f a s t  t o  f in d  even in  th e  most 

d is o rd e re d  c a se . This c h a r a c t e r i s t i c  tim e  c o n d it io n  can be und ers to o d

from th e  fo llo w in g  p o in t  o f  v iew . The c o n d i t io n  in d ic a te s  t h a t  th e  Born-
7

Oppenheimer a d ia b a t ic  ap p ro x im atio n  i s  v a l i d  as lo n g  as th e  d i f fu s io n  

le n g th  o f  an e le c tro n  in  a  phonon p e r io d  i s  g r e a te r  th a n  th e  Thomas- 

Fermi s c re e n in g  le n g th .  T his i s  e q u iv a le n t  to  th e  c o n d i t io n  t h a t  th e  

e f f e c t iv e  fo rc e  on an e l e c t r o n  due t o  c o l l i s i o n s  i s  sm a lle r  th a n  th e  

Coulomb fo rc e  p roducing  s c re e n in g .

The second p rob lem , th e  more im p o rta n t r e s u l t  o f  t h i s  r e ­

s e a rc h , i s  to  in v e s t ig a te  th e  te m p e ra tu re  dependence o f  th e  e l e c t r o n ic  

d e n s i ty  o f  s t a t e s  and e l e c t r i c a l  r e s i s t i v i t y  o f  d is o rd e re d  a l lo y s  from 

a more r ig o ro u s  th e o ry . F i r s t ,  we s e t  up th e  fo rm alism  f o r  th e  d en s ity  

o f  s t a t e s  and d .c .  c o n d u c t iv ity  o f  d is o r d e r e d  system s in  te rm s o f  th e  

av erag ed  G re e n 's  fu n c tio n s  «G >> and <<GG>>. Then a  g e n e ra l d is c u s ­

s io n  o f  th e  te m p era tu re  dependent a s p e c ts  o f  th e  fo rm u lae  i s  g iv en  along 

w ith  a  rev iew  o f  d i r e c t l y  r e l a t e d  w ork . A f te r  g iv in g  an o u t l i n e  o f  th e
o g g

fo rm alism  o f  th e  co h eren t p o t e n t i a l  ap p ro x im a tio n  (CPA), ’ ’ we p re sen t 

a  model c a lc u la t io n  b ased  on CPA.
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In  th e  model c a l c u l a t i o n ,  we use  a  model H am ilton ian  s im i la r  

to  th a t  o f  V e lick y  e t . a l . ,  h u t w ith  th e rm a l d is o rd e r  added. A new i n ­

t e r p r e t a t i o n  o f  th e  b a s i s  and  m a tr ix  e lem en ts  w hich e n te r  in to  th e  f o r ­

malism i s  g iv e n , and t h i s  i s  th e n  in c o rp o ra te d  in  th e  m a tr ix  m an ip u la ­

t i o n  o f  th e  av e rag ed  G re e n 's  fu n c t io n .  The th e rm a l d is o rd e r  H am ilto n ian  

ta k e s  th e  u su a l form c o n ta in in g  one-phonon c r e a t io n  and a n n ih i la t io n  

o p e ra to r s .  Working w ith in  t h i s  m odel, we red u ce  th e  CPA s e l f - c o n s i s t e n t  

o p e ra to r  e q u a t io n  to  a  s c a la r  i n t e g r a l  e q u a tio n  f o r  th e  s e l f - e n e rg y .  In  

o rd e r  to  o b ta in  th e  n u m e ric a l r e s u l t s ,  we u se  sim ple  forms fo r  th e  in p u t 

fu n c tio n s : a s e m i - e l l ip s e  f o r  th e  p u re  c r y s t a l  d e n s ity  o f  s t a t e s ,  a

v e lo c i ty  f u n c t io n a l  form  p r o p o r t io n a l  t o  th e  d e n s i ty  o f  s t a t e s ,  and a  

G aussian d i s t r i b u t i o n  g o v e rn in g  th e  th e rm a l f lu c tu a t io n  o f  th e  random 

atom ic energy  l e v e l s .  F o llow ing  a  d e t a i le d  d is c u s s io n  o f  th e  n u m e rica l 

method o f  s o lv in g  th e  i n t e g r a l  e q u a t io n ,  we p r e s e n t  th e  r e s u l t s  o f  

num erica l com pu ta tions  f o r  some r e p r e s e n ta t iv e  p a ra m e te rs . A s y s te m a tic  

s tu d y  o f  s e l f - e n e r g i e s ,  th e  t o t a l  d e n s i ty  o f  s t a t e s ,  th e  component d e n s i ty  

o f  s t a t e s  and th e  c o n d u c t iv i ty  i s  e x h ib i te d  in  th e  form o f  th r e e  dim en­

s io n a l  p l o t s .  Therm al d is o r d e r  i s  found to  smear and broaden  th e  s t a t i c  

a l lo y  d e n s ity  o f  s t a t e s .  D is o rd e r  alw ays in c re a s e s  th e  e l e c t r i c a l  

r e s i s t i v i t y  in  t h e  weak s c a t t e r i n g  l i m i t .  However, in  th e  s tro n g  s c a t ­

t e r i n g  c a s e , th e  c o n d u c t iv i ty  may d e c re a s e , in c r e a s e ,  or rem ain  c o n s ta n t  

w ith  te m p e ra tu re  depending  on th e  lo c a t io n  o f  th e  Fermi energy .

The n u m e ric a l r e s u l t s  a r e  fo llo w ed  by a d is c u s s io n  o f  th e  

im p lic a tio n s  o f  th e  m odel c a l c u l a t i o n .  The n o n -p e r tu rb a tio n  n a tu re  o f  

th e  problem  i s  b r i e f l y  m en tio n ed , th e n  an i n t e r p r e t a t i o n  o f  th e  s e l f ­

energy  in  th e  av e rag ed  G re e n 's  fu n c t io n  i s  g iv e n . We show th a t  th e
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r e l a x a t io n  t im e , c o rre sp o n d in g  to  th e  im ag in ary  p a r t  o f  th e  s e l f - e n e rg y  

a p p e a rin g  in  th e  fo rm u lae  f o r  th e  d e n s i ty  o f  s t a t e s  and th e  c o n d u c t iv i ty ,  

i s  no t th e  u s u a l  decay  tim e  o f  th e  B loch s t a t e s ,  b u t r a th e r  i s  th e  decay  

tim e f o r  a  d i f f e r e n t  p ro c e s s .  However, i n  th e  weak s c a t t e r in g  l i m i t ,  

th e re  i s  no d i s t i n c t i o n  betw een  th e s e  two r e la x a t io n  t im e s .  We a ls o  

a t te m p t,  by a  p ro p e r  ch o ice  o f  th e  r e la x a t io n  tim e and th e  Fermi v e l o c i t y ,  

to  re d u c e  th e  CPA c o n d u c t iv i ty  fo rm u la  t o  th e  custom ary form  w hich a id s  

in  th e  p h y s ic a l  i n t e r p r e t a t i o n  o f  th e  r e s u l t s .  In  th e  f r e e  e l e c t r o n  c a s e , 

t h i s  i s  p a r t i c u l a r l y  v iv id .

F in a l ly ,  a  s y s te m a tic  a n a ly s i s  o f  th e  problem s a s s o c ia te d  w ith  

a  r e a l  t r a n s i t i o n  m e ta l a l lo y  i s  g iv e n . From t h i s ,  we can  see how f a r  

we a re  from  th e  g o a l  o f  a  q u a n t i t a t i v e  th e o ry  o f  t r a n s i t i o n  m e ta l a l l o y s .



THE INFLUENCE OF THE COLLISION RATE 

ON THE ELECTRON-PHONON INTERACTION

A. A Sim ple I l l u s t r a t i o n  o f  a  S a tu ra te d  Q p ll is io n  R ate  and th e  Tempera­

tu r e  Dependence o f  th e  E l e c t r i c a l  R e s i s t i v i t y .

The s im p le s t  fo rm u la  f o r  th e  d .c .  e l e c t r i c a l  r e s i s t i v i t y  is"*'*"'

p  yn i
/  n , e }  T  > (2_1)
w here m* i s  t h e  e f f e c t iv e  mass o f  th e  c a r r i e r s ,  i s  t h e  number o f

c a r r i e r s  p e r  u n i t  volume and r i s  th e  c o l l i s i o n  tim e .

The s im p le s t  ap p ro x im atio n  f o r  T* in  an im pure m e ta l a t  f i n i t e

te m p e ra tu re  i s  th e  M a t th ie s s e n 's ^ - r u l e ,

j  !_  J —
- r  "  T p  i <2- 2 >

w here ' / ^ a n d  '/ j ^ a r e  th e  c o n t r ib u t io n s  to  th e  t o t a l  c o l l i s i o n  r a t e  1 fa  due

to  im p u r ity  s c a t t e r i n g  and e le c tro n -p h o n o n  in t e r a c t io n  r e s p e c t iv e l y .

Here i s  in d e p en d en t o f  te m p e ra tu re  w h ile  l/ ^ x s  l i n e a r  in  te m p e ra tu re  

a t  h ig h  te m p e ra tu re s .

I f  th e  r e s i s t i v i t y  o f  c e r t a in  c o n c e n tra te d  a l l o y s ,  such  as 

c o n s ta n ta n ,  w ere c a lc u la te d  u s in g  th e  M a tth ie s s e n 's  r u l e ,  th e n  th e  

te m p e ra tu re  c o e f f i c i e n t s  -r~. o f  th e  c a lc u la te d  r e s i s t i v i t y  would be
r  , d f

g r e a t e r  th a n  th e  o b se rv e d  v a lu e .  (The observ ed  f o r  c o n s ta n ta n  i s  

a lm ost ze ro  as  seen  from  F ig . I ) .  I t  i s  g e n e ra l ly  found th a t  m e ta ls  

w hich e x h ib i t  sm a ll t e m p e r a tu r e - c o e f f ic ie n ts  in  r e s i s t i v i t y  a l s o  have

8
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r a t h e r  l a r g e  r e s i s t i v i t i e s ,  so one q u e s tio n  t h a t  may be  asked  i s ,  can

h ig h  c o l l i s i o n  r a t e s  m odify th e  e le c tro n -p h o n o n  c o u p lin g  c o n s ta n t  in

such a  way t h a t  th e  te m p e ra tu re  v a r i a t i o n  o f  th e  r e s i s t i v i t y  i s  quenched?

The answ er to  t h i s  q u e s tio n  i s  yes  in  p r i n c i p l e ,  b u t n o t in  p r a c t i c e .

To s e rv e  as  an in t r o d u c t io n  to  th e  c h a p te r ,  an o u t l in e  o f  a  th e o ry  w i l l

be  d ev e lo p ed  to  show how th e  r e s i s t i v i t y  v a r i a t i o n  can be quenched . A

d e t a i l e d  th e o ry  co u ld  e a s i l y  be c o n s tru c te d  fo llo w in g  t h i s  o u t l i n e .

Suppose we have a c o l l i s io n - t im e  dependen t e le c tro n -p h o n o n

i n t e r a c t i o n  w hich can be e x p re sse d  as 

o
M a p  — H e . p Q i ' X ) , (2 -3 )

w here th e  fu n c t io n  g (TO ( See F ig . I I ) c o n ta in s  th e  e f f e c t  o f  c o l l i s i o n s

and i s  a  fu n c t io n  whose m agnitude s t a r t s  a t  u n i ty  and d e c re a se s  s h a rp ly

as  Vr" exceeds some c r i t i c a l  v a lu e  * A* . i s  th e  c o l l i s io n - t im e1 '  <e e .p

in d e p en d en t e le c tro n -p h o n o n  i n t e r a c t io n  H am ilto n ian . A c o l l i s i o n  tim e

0tp i s  a s s o c ia t e d  w ith  H as  'Tl i s  a s s o c ia te d  w ith  H As a  con -
r e .p  e -P

sequence o f  'g o ld e n  r u l e '  and Eq. ( 2 - 3 ) ,  ^  i s  r e l a t e d  to  'Tp'by

| 2 | ^
= l $ ( r ) l  T p  . (2-1+)

A pply ing  M atth ie ssen 's  r u le  i n  our c a s e ,  we a r r iv e  a t  a  s e l f - c o n s i s t e n t  

e q u a t io n  f o r  ,

- r r = : ^ ' + i ' ' = ^  +  . <2- 5 >

A g ra p h ic a l  s o lu t io n  fo r  from  Eq. (2 -5 )  i s  shown in  F ig . I I .  

We f in d  t h a t  i f  ‘/ tx * th e  c o l l i s i o n  r a t e  in c r e a s e s  w ith  te m p e ra tu re

and i s  s a tu r a t e d  a t  ‘/ r c - i f  ' / r ,  > V t . a s i t u a t i o n  w hich n e v e r o ccu rs  

i n  r e a l  m e ta ls  as w i l l  be seen  l a t e r ,  th e n  th e  c o l l i s i o n  r a t e  i s  c o n s ta n t ,  

n o t v a ry in g  w ith  te m p e ra tu re ,  and c:
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F ig u re s  I l ( a )  -  I l ( c ) .  The sk e tc h e s  o f  th e  g r a p h ic a l  s o lu t io n  f o r

Eq. ( 2 - 5 ) ,  i . e .  •+ I JCT; I * ~ T ^ 7 t ) '  o r

i ( r . y )  E  ( - ^ r  -  ) =  I • As a f u n c t io n  o f

‘/r» i?wl drops s h a rp ly  when y? > *>vc •
F ig u re  1 1 (a ) .  For V x i  ^  */tc » ^ e  s o lu t i o n s ,  * / f l T ) ’

in c re a s e  l i n e a r l y  w ith  i /'7£LT)-

F ig u re  I I ( b ) .  For ‘/T x  £  ‘/ r c  , th e  s o l u t i o n s , ‘/ r  CT),

a re  quenched around Vr«-
F ig u re  I l ( c ) .  For ^  5 s o lu t i o n s ,  ' / V f T j ’

a re  independen t o f  T  and a p p ro x im a te ly  e q u a l to  ' / i y
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The n ex t s e c t io n s  w i l l  g iv e  th e  d e t a i l s  o f  how to  c a lc u la te

H from th e  "b a re"  d e fo rm a tio n  p o t e n t i a l .  I t  w i l l  be seen  l a t e r  t h a t  e • p

th e  r e s u l t in g  Hg f o r  th e  l o n g i tu d in a l  phonons does have th e  c h a r a c te r  

re p re s e n te d  by Eq. ( 2 - 3 ) ,  b u t th e  c r i t i c a l  c o l l i s i o n  r a t e  r/rc i s  o f  o r -  

d e r  o f  / 0 s e c -  , w hich can n e v e r be re a c h e d  in  a r e a l  a l lo y .

H ere i s  a  ty p i c a l  phonon f re q u e n c y , say  th e  Debye fre q u e n c y , i s  th e  

speed  o f  sound, and i s  th e  e l e c t r o n  v e l o c i ty  a t  th e  Fermi l e v e l .  For 

t r a n s v e r s e  phonons, co rre sp o n d s  to  2  \ q ^ sec  \  b u t th e  s a tu r a ­

t i o n  e f f e c t  i s  o n ly  e f f e c t i v e  f o r  lo n g  wave le n g th  phonons, w hich c o n t r i ­

b u te  v e ry  l i t t l e  t o  r e s i s t i v i t y .  So th e  s a tu r a t e d  c o l l i s i o n  r a t e  canno t 

accoun t f o r  th e  e l e c t r i c a l  r e s i s t i v i t y  o f  c o n s ta n ta n .

B. D eform ation P o t e n t i a l .

When th e  atom ic l a t t i c e  i s  s u b je c te d  to  smooth, longwave de­

fo rm a tio n , so t h a t  l o c a l l y  i t  can  s t i l l  be th o u g h t o f  as c r y s t a l l i n e ,  a 

good d e s c r ip t io n  o f  th e  e l e c t r o n  dynam ics can be o b ta in e d  from th e  band 

s t r u c t u r e  as a  fu n c tio n  o f  p o s i t i o n .  The d e fo rm a tio n  p o te n t i a l  i s  th e  

energy  change o f  an  e l e c t r o n  p e r  u n i t  s t r a i n  r e l a t i v e  to  i t s  energy  in  

th e  s t a t i c  c r y s ta l  when th e  c r y s t a l  i s  d i s t o r t e d  by a  phonon. In  a 

m e ta l th e  m ajor c o n t r ib u t io n  t o  th e  d e fo rm a tio n  p o te n t i a l  a r i s e s  b ecause  

th e  e le c t ro n s  do n o t fo llo w  th e  m otion  o f  th e  io n s  p e r f e c t ly .  Con­

s e q u e n tly ,  in  th e  Coulomb g au g e , a  lo n g i tu d in a l  phonon produces an e l e c ­

t r i c a l  p o te n t i a l  and a  t r a n s v e r s e  phonon p ro d u ces  a v e c to r  p o t e n t i a l . - 

A s in g le  e le c t r o n  moves i n  th e  e l e c t r i c a l  p o t e n t i a l  caused  by a l l  th e  

o th e r  e le c t r o n s  and th e  d i s t o r t e d  io n  l a t t i c e .  The energy  o f  i n t e r a c t io n  

c o n s t i tu t e s  an e x t r a  te rm  in  th e  one e l e c t r o n  H am ilto n ian . This charge
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s h i f t  p la y s  a  v e ry  im p o rta n t r o l e  in  th e  d e te rm in a tio n  o f  e l e c t r o n -

12phonon i n t e r a c t i o n  in  m e ta ls .  But .in  an a l l o y ,  th e  h ig h  c o l l i s i o n  

r a t e  o f  th e  e l e c t r o n s  w ith  d e f e c t s ,  i . e .  " im p u r i t ie s "  and phonons, te n d s  

to  d rag  th e  e l e c t r o n s  a lo n g  w ith  t h e  moving l a t t i c e  in  an e q u il ib r iu m  

where th e  e l e c t r o n s  move r i g i d l y  w ith  th e  io n s .  Thus th e  charge  s h i f t ,  

and as a  consequence th e  e le c tro n -p h o n o n  i n t e r a c t i o n ,  can he m o d if ie d  

by c o l l i s i o n s .

We s h a l l  d e r iv e  th e  c o l l i s i o n  tim e dependent d efo rm a tio n  po­

t e n t i a l  by g e n e r a l iz in g  argum ents w hich have been  d ev eloped  fo r  th e  th e o ry

13 lU 15o f  a c o u s t ic  a t t e n u a t io n .  * 9 The a c o u s tic  a t t e n tu a t io n  th e o ry  i s

m o d ified  h e re  in  two w ays; f i r s t ,  th e  e f f e c t  o f  phonons on th e  band 

s t r u c tu r e  i s  fo rm a lly  in t ro d u c e d  in to  th e  th e o ry ,  and  seco n d , th e  s o lu ­

t i o n  method p r e v io u s ly  u s e d ,  i . e .  th e  Chambers t r a j e c t o r y  method,"1"  ̂ i s  

re p la c e d  by one in  w hich th e  p h y s ic a l  ap p rox im ations a re  more e v id e n t .

The th e o ry  i s  s e m i - c la s s ic a l  and in  o u t l in e  p ro ceed s  as fo l lo w s .  A 

Boltzmann e q u a tio n  f o r  th e  te m p o ra l and s p a t i a l  dependence o f  th e  e l e c ­

t r o n  d i s t r i b u t i o n  fu n c t io n ,  w ith  a  c o l l i s i o n  tim e  a p p ro x im a tio n , i s  

in tro d u c e d . A phonon a c t s  as  an  e x te r n a l  d r iv in g  fo rc e  i n  t h i s  e q u a t io n . 

The Boltzmann e q u a tio n  i s  so lv e d  s e l f - c o n s i s t e n t ly  w ith  M axw ell's  

e q u a tio n s  to  y i e ld  a  d e fo rm a tio n  p o te n t i a l  which i s  an e x p l i c i t  fu n c t io n  

o f  c o l l i s i o n  t im e .

I t  i s  w e ll  known t h a t  th e  d e fo rm a tio n  p o t e n t i a l  c a lc u la t io n

17o u tl in e d  above i s  o n ly  j u s t i f i e d  f o r  lo n g  wave phonons. For s h o r t 

wave phonons, we have an in h e r e n t ly  more d i f f i c u l t  p rob lem . Our m ethod 

cannot y ie ld  a c c u ra te  an sw ers . However, i t  shou ld  in d i c a te  th e  g e n e ra l
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t r e n d s .  We s h a l l  u se  th r e e  item s as in p u t f o r  o u r c a l c u la t io n :  th e

u n p e r tu rb e d  band s t r u c t u r e ,  th e  'b a r e '  d e fo rm a tio n  p o t e n t i a l  ( to  be 

d is c u s s e d  s h o r t ly )  and th e  c o l l i s i o n  tim e w hich r e p r e s e n t s  a l l  th e  

c o l l i s i o n s .  The p o in t  o f  i n t e r e s t  i s  how c o l l i s i o n s  m odify  th e  de­

fo rm a tio n  p o t e n t i a l .

C. The C a lc u la t io n  o f  th e  D eform ation  P o t e n t i a l .

1 . G enera l F orm ali sm

C o n sid e r a  c r y s t a l  w ith  n^ m ono-valen t atoms p e r  u n i t  volume 

a t  a  f i n i t e  te m p e ra tu re  T so th e r e  a re  a number o f  phonons th e rm a lly  

e x c i te d .  L e t us fo cu s  on th e  e l e c t r o n  in t e r a c t io n  w ith  one mode o f  th e  

phonon sp ec tru m , wave v e c to r  ^  and freq u en cy  oO . I f  th e  l a t t i c e  i s  

deform ed sm oo th ly , as i s  alw ays assumed in  th e  d e fo rm a tio n  p o t e n t i a l  

fo rm a lism , th e  phonon i s  c h a ra c te r iz e d  by th e  atom ic v e l o c i ty  f i e l d

u < r , t ) = 8 u e  *  .  ( 2 6 )

T h is  f i e l d  th e n  g e n e ra te s  fo rc e s  on th e  e le c t ro n s  w hich s h i f t  th e  e l e c ­

t r o n  d i s t r i b u t i o n .  A lso , th e  e le c t r o n s  c o l l id e  w ith  l a t t i c e  d e f e c ts  

w hich te n d  to  fo rc e  th e  e le c tro n s  tow ard  a new lo c a l  e q u i l ib r iu m . In  a 

s te a d y  s t a t e ,  we s h a l l  f in d  th e  e f f e c t iv e  fo rc e s  on th e  e l e c t r o n s  and 

t h e i r  en ergy  s h i f t  by  so lv in g  th e  Boltzmann e q u a t io n .

L et f ( r , k , t )  be th e  d i s t r i b u t io n  fu n c tio n  o f  th e  e l e c t r o n s .

I t  i s  th e  d e n s i ty  o f  e le c t r o n s  a t  lo c a t io n  " r ,  w ith  wave v e c to r  k ,  a t  

tim e  t .  The Boltzm ann e q u a tio n  in  th e  c o l l i s i o n  tim e  a p p ro x im a tio n  i s :

i£ + i£+X.i£ = - f i ' ( f ' l . t )
» ■ ) ?  *  j J  T  I (2 -T )
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where fh i s  t h e  lo c a l  e q u ilib r iu m  d i s t r i b u t i o n  to  w hich th e  e le c t r o n  X/ • s
a

c o l l i s i o n s  te n d  to  d r iv e  th e  system , and F i s  t h e  e f f e c t i v e  fo rc e  on 

th e  e l e c t r o n s  caused  by th e  phonon. The B oltzm ann e q u a t io n ,  Eq. ( 2 - 7 ) ,  

has been  w r i t t e n  assum ing th a t  th e  e f f e c t i v e  e l e c t r o n  mass e q u a ls  th e  

f r e e  e l e c t r o n  m ass. At any p o in t  in  s p a c e , th e  e l e c t r o n  d e n s i ty  n ( r , t )  

i s  r e l a t e d  t o  f ( r , k , t )  by

m r , i )  = J ^ t  - f r t b i ) '  (2 (J)

In  th e rm a l e q u ilib r iu m  and in  th e  ab sen ce  o f  phonons, th e

d i s t r i b u t i o n  f u n c t io n  f  (k ) i s  a  Fermi d i s t r i b u t i o n :e
/■ —* I /

T e ( &) =  4 -rr3 <o / j  (2 -9 )

where & -  ‘/ k t > K i s  th e  Boltzmann c o n s ta n t .  The e q u i l ib r iu m  e le c t r o n  

d e n s i ty  n^ i s

Tio =J J 3i  -fe (*) . (2_10)
/  \  &Eq. (2 -10 ) d e te rm in e s  , th e  Fermi en e rg y . i s  th e  u n p e r tu rb e d  energy

o f  th e  e l e c t r o n ,  i . e . ,  th e  u n p e rtu rb e d  band s t r u c t u r e .

The l o c a l  e q u ilib r iu m  d i s t r i b u t i o n  in t o  w hich th e  c o l l i s i o n s

te n d  to  d r iv e  th e  d i s t r i b u t io n  i s  a  d r i f t e d ,  l o c a l  Ferm i d i s t r i b u t i o n  f .ic.e

r ^  I____________________
i j . e  “  4TT3 ^  ?» • ’u C f s t * ]  (2-11)

E xcept f o r  te rm s o f  o rd e r  th a t  we n e g le c t ,  f .  i s  s im p ly  a  FermiXj • ©
fu n c t io n  in  te rm s o f  th e  e le c t r o n  e n e rg ie s  as  se e n  by an o b s e rv e r  r id in g

■ i ii ̂ 18 .. i  « & —0
t h e  atoms a t  v e l o c i ty  U . The d r i f t  te rm  -  Yvt l/y • (A ( T/ t )  t ra n s fo rm s  th e  

r e s t - f r a m e  en erg y  to  th a t  m easured in  th e  moving f ra m e .
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The d i s t r i b u t i o n  Eq.. (2 -1 1 ) i s  c a l le d  a " lo c a l"  d i s t r i b u t i o n ,  

b ecau se  th e  lo c a l  Fermi energy  r , t )  m ust be a d ju s te d  t o  m atch th e  

lo c a l  e le c tro n  d e n s i ty ,

n t t / t )  =  J f j i ' g  l Y i t *  > # (2-1 2)
F in a l l y , i n  Eq. (2 -1 1 ) , £ s » ( r , t )  i s  t h e  e n e rg y  o f  an e l e c t r o n  w ith  wave 

v e c to r  k in  a c r y s ta l  hom ogeneously s t r a i n e d  w ith  th e  s t r a i n  te n s o r  

c h a r a c te r iz in g  th e  neighborhood  o f  th e  p o s i t i o n  r  o f  th e  a c tu a l  c r y s ta l  

a t  tim e  t .  The d i f f e r e n c e  betw een £ ^ ( r , t )  and i s  th e  "b a re"  de­

fo rm a tio n  energy which i s  d e f in e d  by

S Z t i f . t )  s  S t  ' f ' t > -  S i  =  E ?  Y </3  ( 2 1 3 )

COL/3 yS  .
C-jf i s  c a l le d  th e  d e fo rm a tio n  p o t e n t i a l .  i-n s 't:an’kaneous

s t r a i n  te n s o r ,  which i s  r e l a t e d  to  t h e  v e l o c i ty  f i e l d " u ( r , t )  by

W < r ' i ) = ~ ^ Z — =  w e  • ( 2 - ^ )

A d e t a i l e d  form al developm ent o f  th e  c a l c u l a t i o n  o f  may be found in

W h i t f ie ld 's " ^  work, b u t £ ^ ( r , t )  w i l l  be re g a rd e d  as  an in p u t  to  th i s  

c a l c u la t io n .

The e f f e c t iv e  fo rc e  on an e l e c t r o n ,  F in  Eq. ( 2 - 7 ) ,  i s  g iven by

r  _  _  +  e ( -£ +_L v - x  B )
1 n  C *■ •C * (2-15)

The f i r s t  term  in  Eq. (2 -15) a r i s e s  b e c a u se  th e  band en ergy  in  th e  p re sen ce  

o f  a  phonon i s  p o s i t io n  d ep en d en t. The second  te rm  i s  th e  e le c tro m a g n e tic  

L o ren tz  fo rc e  due to  th e  f i e l d s  E and  B. These f i e l d s  m ust be determ ined 

s e l f - c o n s i s t e n t ly  from M axw ell's  e q u a t io n s ,  w ith  th e  ch arge  d e n s ity  r , t )  

d e f in e d  by

(2_ l6 )
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and th e  c u r re n t  d e n s i ty  J ( r , t )  d e f in e d  by

J c r . t )  =  -  * ° e  “ ‘ ’ ’O  . (2 . 1 7 )

In  Eq. (2 -1 6 ) ,  n ( r , t )  i s  th e  e le c t r o n  d e n s ity  d e f in e d  in  Eq. (2 -8 )  and 

n j ( r , t )  i s  th e  in s ta n ta n e o u s  io n ic  d e n s ity  around r  a t  t .  In  Eq. (2 -1 7 ) 

j  i s  th e  e l e c t r o n i c  c u r r e n t  d e n s i ty  w hich i s  r e l a t e d  to  th e  d i s t r i b u ­

t io n  fu n c tio n  f ( r , k , t )  by

C f i i )  =  J €  1/jjT / (  t . - t ) % (2-18)
The second  te rm  in  Eq. (2 -1 7 ) i s  th e  c u r re n t  d e n s ity  due to  th e  io n ic  

m otion .

The s o lu t io n  o f  th e  Boltzm ann e q u a tio n  in  th e  l i n e a r  a p p ro x i­

m ation i s  c h a r a c te r iz e d  by  a l l  v a r ia b le s  o s c i l l a t i n g  about t h e i r  e q u i ­

lib r iu m  v a lu e s  w ith  changes p r o p o r t io n a l  to  th e  s p a t i a l  and te m p o ra l 

i  ( ? * r — t )f a c to r  e * . Thus th e  v a r io u s  q u a n t i t i e s  can be w r i t t e n  a s

-  f e £ * >  +  S f d ) e

i c p r -
7 i d > t ) -  y\<» +  S n  e  ;

(2 -1 9 )

( 2- 2 0 )

( ( f  1
71, cr>i) = + > (2-2i)

» r  ~i „  ( C j - r - u t )
' f j t . e t f ' i ' * )  =  f e c k >  +  S j J . a t * )  &  ^

=  e t  +

i f ’a . l f - c o i  )

M e * ' * )  -  jJ L *  +  ,

( 2- 2 2 )

(2 -2 3 )

( 2- 2*0



E qs. ( 2 - 6 ) ,  ( 2 - 9 ) ,  (2 -1 1 ) ,  (2 -2 2 ) , (2 -23) and (2 -2 4 )  combine

t o  y i e ld

S~fjl e =   ̂ ^  ' * ' { £ ‘ $11 )   ̂ (2_2 J )

B ecause th e  Ferm i d i s t r i b u t i o n  c u ts  o f f  sh a rp ly , we have

-  4TT-* $  ( ,  (2 -28 )

w ith  f ix e d  by

So, =J tfk Sf j .e =  '  ^ 5 < I V  * /"  4  (2. 29)

The q u a n t i ty  D( S ^ ,) , th e  d e n s i ty  o f  s t a t e s  ( in c lu d in g  b o th  s p in s )  p e r

u n i t  volum e a t  t h e  Fermi l e v e l  £  i s  g iven  byr

(2 -3 0 )

„ •  *  %where d i s  an  elem ent o f  a r e a  in  k space on th e  u n p e r tu rb e d  Fermi 

s u r f a c e ,  and  i s  th e  sp eed  o f  th e  e le c tro n  w ith  wave v e c t o r -! ^ .  In

Eq. (2 -2 9 ) S£f i s  th e  av e rag e  o f  th e  change o f  th e  e l e c t r o n  e n e rg y  o v er 

th e  Ferm i s u r f a c e ,

S  f p  "  s ; /  S £ t ,  J  S r  ■ (2 -3 1 )

In  th e  l i n e a r  ap p ro x im atio n  th e  d r iv in g  te rm  in  Eq. (2 -7 )  i s  

ap p ro x im ated  by

^  '%  " £ ' 5 5  I '%+*%•&)%  <f" ? r  ^  (2-32)

N o tic e  th e  m a g n e tic  p a r t  o f  th e  L oren tz  fo rc e  j ;  makes no c o n t r ib u ­

t i o n  in  E q. (2 -3 2 )  s in c e  i t  i s  alw ays p e rp e n d ic u la r  to
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Now t h a t  a l l  th e  q u a n t i t i e s  a r e  d e f in e d ,  i t  i s  t r i v i a l  to  w r i te  

down th e  l i n e a r  s o lu t io n  to  Eq. (2 -7 )

$ S ( t )  1 S S t  (  < ? 1A ) -  e A - $ £  + S Z t "  S £ f -  - ' t n V x  '  2 U

' I -  «■' wnr + i t - A  > (2_33)hp4
where ^  = V>T i s  th e  mean f r e e  p a th  o f  th e  e l e c t r o n  w ith  v e lo c i ty  l / r  .

* g f
The f a c t o r  -----  in  Eq. (2 -3 3 ) g u a ra n te e s  t h a t  o n ly  e l e c t r o n s  n ea r th e

2 z i
Ferm i s u r fa c e  c o n t r ib u te  to  s f -

I t  i s  i n t e r e s t i n g  to  compare Eq. (2 -33 ) w ith  th e  r e s u l t  from 

a c o u s t ic  a t te n u a t io n  th e o ry . For th e  f r e e  e l e c t r o n  g a s ,  th e  "b a re"  

d e fo rm a tio n  en erg y  i s  z e ro , and th e  d e n s i ty  o f  s t a t e s  p e r  volume i s  

sim p ly

7 1  ^  =  1  J12LL>(*> -  .2 £p . (2-3U)
Thus Eq. (2 -3 3 ) red u ces  to

S f  f») = f j f . ) ^  + ”Vi ' S“Z i Sf^ , (2-35)
' 2 0w hich i s  e x a c t ly  th e  same as K i t t e l ' s  e x p re s s io n .

Eq. (2 -3 3 ) i s  s t i l l  an im p l i c i t  e q u a tio n  f o r  5  f » s in c e  th e  

e l e c t r i c  f i e l d  £  E i s  a  fu n c tio n  o f  $  n and th e  c u r re n t  d e n s i ty  j  

th ro u g h  M axw ell's  e q u a t io n s ,  w h ile  £ n  and j  a r e  i n  tu r n  fu n c tio n s  o f  

$  f  a s  seen  from  Eqs. (2 -8 ) and ( 2 - l 8 ) . The r e s u l t s  a r e  d i f f e r e n t  fo r  

d i f f e r e n t  ty p e s  o f  phonons. In  th e  n e x t two s e c t i o n s ,  lo n g i tu d in a l  and 

t r a n s v e r s e  phonons a re  d is c u s se d  s e p a r a t e ly .

2 . L o n g itu d in a l Phonon

For a  lo n g i tu d in a l  phonon, th e  d i r e c t i o n  o f  th e  v e lo c i ty  f i e l d
/I A

i s  th e  same as  t h a t  o f  th e  wave v e c to r ,  i . e .  U = f  • ^he e l e c t r i c a l  f i e l d  

E ( r , t )  i s  co n n ec ted  to  th e  p a r t i c l e  d e n s i t i e s  by P o is s o n 's  e q u a tio n ,
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=  4H e t  ncf>i.) -Ylxri't'*] (2- 36)
o r
o r

i j . $ E  -  A~rrc ( £ n -  Syis ) '
( 2- 3 7 )

Eq. (2 -3 3 ) th e n  becomes
,2

/7 r . ^  I .  .1 +    , (2-38>
where

■? =  [ 4 v e  'D )  . ( 2- 3 9 )

The wave number ^  i s  th e  r e c ip r o c a l  o f  th e  Fermi-Thomas s h ie ld in g  le n g th .

In  what fo l lo w s ,  we s h a l l  o n ly  t r e a t  a  p a r a b o l ic  band. Eq. (2 -3 8 ) r e l a t e s

two unknowns, $ f ( k )  and § n .  But £ n  does no t depend o n ~ k ,and ,from
_ •-*

E qs. (2 -8 ) ,  (2 -1 9 ) and  (2 -3 0 ) ,  i s  r e l a t e d  to  a  f ( k )  th ro u g h  a sim p le  

i n t e g r a t i o n ,

(2-1*0)

I f  we i n t e g r a t e  b o th  s id e s  o f  Eq. (2 -3 8 ) o ver k sp a c e , we can so lv e  f o r  

§  n in  te rm s o f  known q u a n t i t i e s .  A f te r  a  l i t t l e  m a n ip u la t io n , we f in d  

(se e  A ppendix A)

—  ^  f  . ' trt lTxSU ^  f
$ n x - s e f P ** -<■ Ta ~ d  T*$ n  = ---------1—*  , ^ — (2-ui)t +(  l + i c r ) )  _Lr

where

i oo r
1  cr) 3 --------------------- TTVa (2~k2)

I - i u o n r  -   *L— U l__________

J L  ( ± ± “ r + ‘ t «  )
i - C o o r - L < i A
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Wow t h a t  § n  i s  known, we can p roceed  to  o b ta in  t h e  e l e c t r i c a l  

p o t e n t i a l  < ^> (r,t) in  a  s t r a ig h tfo rw a rd  way. Let

(p c f ' - t ) =  S f  £  ' (2-U3)

U sing P o is s o n 's  e q u a t io n ,

= -4 7 T  e  [  n r t ' t ’ -  y i x c r , t j ]  f

we f in d

S f =  ( 2 J i 5 )

F in a l ly ,  th e  t o t a l  d e fo rm a tio n  energy  caused by th e  l o n g i tu d in a l  phonon

i s

< Q ~  ( ? , { > =  =  S Q f C Ci . ( z _k6)

Thus can be e x p re sse d  in  te rm s o f  a l l  th e  known q u a n t i t i e s .  The

r e s u l t  i s  a l s o  d e r iv e d  in  A ppendix A:

d V a -------------------------------;------------------------------- — j r - ---------------^ -------------- (2-V7)
t  I + r 1 + im j (.X j

From t h i s  we can w r i te  down th e  f i n a l  e le c tro n - lo n g itu d in a l-p h o n o n  

in t e r a c t i o n  H a m ilto n ia n ,

H e  r ^ ^ ‘ t f . r - co t )   ̂ <; 1
e - p  =  -*■ $ D ^  £  -1  ̂ ( 2 -U 8)

L e t 's  i n v e s t ig a t e  S d ^  to  see  where i t  changes c h a r a c te r  as 

' / r  in c r e a s e s .  To do t h i s ,  we f i r s t  ex p ress  %£t , S fF and s u  in  te rm s 

o f  S n j j  w ith  th e  a id  o f  some b r i e f  argum ents in v o lv in g  th e  s t r a i n  

te n s o r  d e f in e d  in  Eq. (2 -1 * 0 ,as fo llo w s . W ithout lo s in g  g e n e r a l i t y ,  we
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A  A
can  ta k e  U t o  be z .  In  t h i s  c a s e ,  th e  o n ly  n o n v a n ish in g  component in

th e  s t r a i n  t e n s o r  i s  Y , which a c c o rd in g  to  Eq.. (2 -lU ) i s
Z Z

Y,.<#.*> = - j g .  (2.w
The d i l a t a t i o n  ^ ( r , t )  i s  th e  t r a c e  o f  th e  s t r a i n  t e n s o r .  H ere i t  i s

j u s t  Y ( r , t ) .  D enote th e  d i l a t a t i o n  byz z

( 2- 50 )
i t

and th e  zz component o f  d efo rm ation  energy  i . e .  i n  Eq. (2 -13)

^ 2Z
£ t  =  ' (2 -51)

Then i t  i s  a  s tr a ig h tfo rw a rd  m a tte r  to  w r i te  th e  fo llo w in g  r e l a t i o n s :

§71  x r r - ’Y l o S ^  , (2-52)

6

$ £ f  = Uf  $ A  -  "  <4 , (2-5U)

w here Û , i s  av erag ed  o v er th e  u n p e rtu rb e d  Ferm i s u r f a c e .  S u b s t i tu ­

t i n g  Eqs. (2 -5 1 ) ,  (2 -53 ) and (2 -5^) in  Eq. (2—i+T) we f in d

s o f "  i - - f ) &  - 0i i ' )l.:I+I,T,] 4 ^  f 4 ^
'  I +  T I 4  JL ( T ) ]  ( J L )

N ote t h a t  ex cep t f o r  th e  l a s t  te rm  in  th e  n u m e ra to r , th e  dependence 

o f  SD f  o n ^ "  i s  th ro u g h  th e  fu n c tio n  I  <T> • R e fe r r in g  to  th e  d e f in i t i o n  

o f  i C f ) , Eq. (2 - i |2 ) ,  we now examine th e  ex trem e c a s e s :  £ / ! » »  and <•< i , 

w here I  ('J') red u ce s  to

« . C U ) T  . q  .

2 Q A  ) ’,  (2 -5  6)

Z l S ” r  =  z i i l j i -  ; 9A << I

(2-53)
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(2- 58)

Thus | l ( ' f ' ) |  i s  sm all compared t o  u n i ty  u n t i l  £ / | becomes sm all enough so 

t h a t

I t  i s  i n t e r e s t i n g  to  c o n s id e r  th e  case  when which a p p l ie s

21to  most m e ta ls . In  t h i s  case  re d u c e s  t o  Z im an 's r e s u l t

S D j  - ( -  £ £ ) [ - & •  +  U t - o f  +  £  / a +  £ )  .  (2- 57 )

U sing  Eq. (2 -3 M , Eq- (2 -5 5 ) becomes

$  D -  =  ( -  Hi *  ) T  ^  H * 4  J  + L ~Ya  ~Urt

* 110 I + [  I + J ( £ )
and Eq. (2-57) becomes

<- rx _ (  S*x x F T  5 s + 1

S D j  - ( i +  £  J . (2_59)

The q u a n t i ty  in  th e  b ra c k e t  o f  Eq. (2 -5 9 ) i s  th e  form f a c to r  o f  th e  e le c tro n -

22phonon in te r a c t io n  m a tr ix  elem ent as d is c u s s e d  in  Z im an 's t e x t .

N otice t h a t  i n  Eqs. (2 -5 7 ) and (2-59)>  S  i s indep en d en t o f7 "-

We s h a l l  show t h a t  $ D— rem ains s te a d y  o v er th e  ran g e  o f  c o l l i s i o n  tim e s
Pr t h a t  a re  p h y s ic a l ly  a c c e s s ib le .  From Eq. (2 -5 6 ) and Eq. (2 -5 8 ) , we see 

t h a t  c o l l i s io n s  a re  m ost e f f e c t iv e  in  chang ing  when i s  much

s m a lle r  th a n  one, b eca u se  I (T) in c r e a s e s  as and th e  l a s t  te rm  in  

th e  num erator o f  Eq. (2 -5 8 ) i s  p r o p o r t io n a l  t o  . But in  th e  l im i t  

f A  « i  > th e re  i s  a c a n c e l l a t io n  betw een th e  te rm  2  £  j ^ ^ a n d  th e  l a s t  

te rm  in  th e  num erator o f  Eq. ( 2 - 5 8 ) ,  le a v in g  th e  e q u a tio n  in  th e  form

c p ^  £Wr )  *  ~ i  " V c I T a  X 1d  Vf (, yt' J  t - f --- ^ ------------ (2_6o)
 ̂ +  (  J -  3 i  ) ( J l  I

Vf  f A ' I q i )
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I f  we d e f in e  a  c h a r a c t e r i s t i c  tim e  Tc  such  t h a t

*TC s  (rs ) 4 ^  > (2- 61)

th e n  Eq. (2 -6 0 ) becomes 

C n  . _  f -  ) T £ f +  "|rx " 1 3

^ ' 1 j  — i”  f  • <2- 6 2 )
• f ; 1- T  '  * '

There a re  t h r e e  f a c t o r s  i n  Eq. (2 -6 2 ) w hich g u a ra n te e  th e  s te a d in e s s  o f

% D_» as a  fu n c t io n  o f  n r -  F i r s t  Ug i s  sm a ll compared to  £  . For a
I

sm eared p o s i t i v e  back g ro u n d  and in  th e  H a r tre e  approx im ation  U i s  ze ro .

v-7 nn-8Second, th e  s c re e n in g  le n g th  1 /g^ i s  o f  th e  o rd e r  o f  10” to  10 cm,

and th e  maximum phonon wave v e c to r  i s  ro u g h ly  , so has an upper

-19l im i t  o f  o rd e r  one. T h ird ,  Tc i s  a  v e ry  s h o r t  tim e  o f  o rd e r  10 s e c . ,

which p re v e n ts  f:rom b e in g  im p o rta n t in  th e  p h y s ic a l  reg im e. A

-1 9  5c o l l i s i o n  tim e  o f  10 s e c . c o rre sp o n d s  to  a  r e s i s t i v i t y  o f  10 j a A -  cm,

which i s  f a r  b ig g e r  th a n  th e  h ig h e s t  r e s i s t i v i t y  found in  a l lo y s .

3. T ra n sv e rse  Phonon

F or a  t r a n s v e r s e  phonon, th e  d e fo rm a tio n  p o te n t i a l  can be ob­

t a in e d  in  a  way s im i la r  t o  t h a t  f o r  a  lo n g i tu d in a l  phonon. The d i f ­

fe re n c e  i s  t h a t  th e r e  i s  no c h a rg e  s h i f t ,  b ecau se  a  t r a n s v e r s e  phonon 

does n o t p roduce a  d i l a t i o n  in  th e  c r y s t a l .  There i s ,  how ever, a 

c u r re n t  g e n e ra te d  b y  th e  moving c h a rg e s .

U sing th e  same te c h n iq u e s  as u se d  in  th e  p re v io u s  s e c t io n ,  we 

can l e t  th e  e l e c t r o n  c u r r e n t  d e n s i ty  be

(2-63)
and th e  t o t a l  c u r r e n t  d e n s i ty  be
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= S j e i<+ f - " t L c S j : - « . ' r t ) e i ‘r 7 "*1’ (2. 6k)
«) ■—*

To so lv e  fo r  S’ jg*  f i r s t  we co n n ec t th e  c u r re n t  d e n s ity  n  w ith  th e

e f f e c t iv e  f i e l d  th ro u g h  M ax w ell's  e q u a t io n s .  W ithout lo s in g  g e n e r -

"r Aa l i t y ,  we can l e t  t h e  d i r e c t io n s  o f  V and  M be z and x r e s p e c t iv e ly .  Then 

th e  components o f  & E and  o J  a r e  s im p ly  r e l a t e d  by

u ‘  =  - f t  ,  (2 - 65)

and

• /  4-V . , V}  T 2 2
-  L ( c o J  L~ r  j  P T  i  y I  Vi

^ ■ 1  kv ^  * £ 7 - ^
Then we r e l a t e  J  j  and  $  E by

( 2- 66 )

S j t  = J d 3k  e %  $ { « > ,  (2.67)
which i s  th e  r e s u l t  o f  t h e  com bination  o f  Eq. (2 -1 8 ) , (2-19) and (2 -6 3 ) .  

Eqs. (2 -6 5 ) ,  (2 -6 6 ) and  (2 -6 7 ) a re  th e n  u sed  to  so lv e  fo r  $  j  .

But we have to  s p e c ify  th e  "b a re "  d efo rm atio n  p o te n t i a l  

in  £ fC k )  (See. Eq. ( 2 -3 3 ) )  b e fo re  we can  do th e  in te g r a t io n  in  Eq. (2 -6 7 ) . 

In  our c a s e ,  th e  o n ly  n o n -v a n ish in g  component o f  th e  s t r a i n  te n s o r  i s  

(See Eq. ( 2 - l b ) ) .  The c o rre sp o n d in g  can o b ta in e d  from a

com bination  o f  E qs. ( 2 - 1 3 ) ,  ( 2 - lb )  and (2 -2 3 ) .

t  1 c o  '  > (2 -6 8 )
Z*

where i s  t h e  zx component o f  th e  d e fo rm a tio n  energy  p e r u n i t

s t r a in  a s  d e f in e d  by Eq. (2 -1 3 ) .  I f  we used  a  g e n e ra l e x p re s s io n  f o r  

C  ^  19C.j- , e . g .  th e  one g iv e n  by W h i tf ie ld  , th e n  in te g r a t io n  o f  Eq. (2 -6 7 )

would be  q u i te  d i f f i c u l t .  Then th e  s e l f - c o n s i s t e n t  s o lu t io n  o f  th e
— _

c u rre n t d e n s i ty  £<ie w ould  be so i m p l i c i t  t h a t  in s ig h t  in to  th e
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c o l l i s i o n s '  e f f e c t  on th e  d e fo rm a tio n  p o te n t i a l  w ould be l o s t .  I n ­

s te a d ,  we s h a l l  r e s t r i c t  o u rs e lv e s  to  th e  je l l iu m  m odel. In  t h i s  c a s e ,  

and f ( k )  i s  sim ply

r / ?f* \ &A • ^  +?M * Su ]
; r —  ---------  I (2- 69 )dt-t 1 - t co 7- t c f -a

U sing £ f ( k )  from Eq.. (2 -6 9 ) ,  v e  f in d  th e  fo llo w in g  r e s u l t s  a f t e r  a  l i t t l e  

m a n ip u la tio n  (See A ppendix A):

S n  -  o  ,
( 2- 70 )

~  C =  0  /  (2 -7 ! )

and

_ r  . + C 3  # ? ( £ ) ( £ ) * < j 7  )  l

w *  = V t e S U I "  +  . 4 J^  1 y  L l r )  L VSJ (  %/\ > JLa s  

where ( y/<  ̂ ) ,  a g a in ,  i s  th e  Thomas-Fermi s c re e n in g  le n g th ,  D i s  th e

e le c t r o n i c  d e n s i ty  o f  s t a t e s  p e r  u n i t  volume a t  th e  Fermi l e v e l  £  ,r

(2 -7 2 )

and 1^ i s  th e  i n t e g r a l

T  g r y .  _____________° J_, I i - c o o T  +  c f A
From E qs. (2 -6 5 ) and (2 -6 6 ) ,  we th e n  o b ta in

$ B t  = S B y - o
and

(2 -7 3 )

(2-7*0

S £x = i * £  c - t )  S j , = i % ( & ) ' [ (S j , ) , -  » . e s u ] <2-75)
=  j  M  ( ■ & / „ . «  S u  (  ‘ 3 -  * * - >  ]

V

co j '  ' v  ' TA__________-  ^ < 4 ) 2 < %  ) O h 3 - V i J  n . e s u
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This e l e c t r i c  f i e l d  p roduces an e x t r a  fo rc e  on th e  e l e c t r o n s . The 

p e r tu rb in g  H am ilto n ian  H f o r  an e le c t r o n  can he o b ta in e d  by th e  

s ta n d a rd  m ethod:

S -  . • (2 . 76)

I t  i s  n a t u r a l  to  choose a  gauge in  which th e  e l e c t r i c  p o t e n t i a l  i s  z e ro , 

s in c e  th e r e  a re  no u n b a lan ced  charge  so u rc e s . Then th e  v e c to r  p o t e n t i a l  

A i s  r e l a t e d  to  th e  e l e c t r i c  f i e l d  by

CCAJ • (2 -77 )

From EqS. (2-7*0 and (2 -75 ) o n ly  A^ in  n o n ze ro , and ^ - A  = 0 i s  g u a ra n te e d  

in  th e  Coulomb gau g e , so Eq. (2 -76 ) i s  j u s t

To lo w es t o rd e r  in  th e  f i e l d s ,  we can r e p la c e  p by mv ( k ) .  L e t
X X

, i  ref.?-(Ait )

SHt .p ir-i> = %  e ?
K I * • (2 -79 )

T hen,from  Eqs. ( 2 -7 5 ) ,(2 -7 7 )  and (2 -7 8 ) ,  we can id e n tify S H g  as

c i i  e . e r ~ % £  S U [ 3

f  * ( 2- 8 0 )

| . j 2 ( rSL 12 /- ! r -  -4r

( 3 - A / i . ) m V x cT )  S u-  ( -  \  i t J  I ' t J ' - v i  j

^  ‘ i / ,  ( H .  ^ « £  . 2 I J
1 *  c c v j J  l c j r  J o
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But

^•Tf £  ftp __  L— — -? 2

K»1 £Ol ^  O -yyc 3

*2 - • J /  j i  (2 -81 )

V
P u t t in g  Eq. ( 2 - 8 l)  in to  Eq. (2 -8 0 ) , we f in d

r  j_|_, ~3~ ( ~ v j") ( 1 \ a )  ^ 3 -  4 / r c ) tn  ' t fgCk)  % U

* I -  4  ( S ) Zf  ~  )z  -
V3)  i u r r x 0 

-  ' t o ' V ' x C i )  S u  (  3 i  v ' T  x„ ~ c, co r  ^ ( 2- 82)
I

cu nr x  o
F or in  g e n e ra l  (p e rp e n d ic u la r )  d i r e c t i o n s ,  one sh o u ld  w r i te  Eq. (2 -82)

as

■ m  V f  • SU- (  3 i U r i .

*  i _  4  C , 2 ______!_____  (2 -8 3 )
1 *  ( p  ( H )  c u r l .

N o tic e  t h a t ,  i n  Eq. (2 -8 2 ) ,  th e  e n t i r e  e f f e c t  o f  th e  c o l l i s i o n s  i s  con­

t a in e d  in  th e  f a c t o r s  ■— X—~ and
C cuT

t -  . (2-8Jt)F = c « r i .  ,
As th e  c o l l i s i o n  r a t e  in c r e a s e s , F behaves as f o l l o w s : when

* *l/*h as  th e  c o n s ta n t  v a lu e  CTT —~ ; i t  rem ains v e ry  s te a d y  and goes t o  Ctt-2 )L ^L
Vp V

• u i tw h e n ^ f ' i . f ; th e n  i t  behaves l i k e  L ^ f A  a s  u  d e c re a se s  f u r t h e r .

D efin e  a  c h a r a c t e r i s t i c  wave number t r  t>y
? T  =  t m .  ~  , o - f ,

(2 -8 5 )



31

w hich i s  o f  o rd e r  o f  10+^ cm \  F or a f ix e d  q , as  a  f u n c t io n  o f  , 

§  H j b e g in s  w ith  th e  v a lu e

C l l  -  w V l - S U  I  . n  t  .
„  ,  t  2 f  > U ” 1 .

1 +‘ i l l )
(2- 86)

^  1 7r '
As 1 /■£ in c r e a s e s ,  §  s ta y s  v e ry  s te a d y ,  u n t i l  —— i s  com parable

i
c to 'w ith  T   , i . e .  when i A - / •  We g e t

 ̂ Xa

— r  /0 - 3 "  ; V, ]

S H t  =  -  w  v » ' s  L s  <■-"-*>____ n l  )  H a

I 4  i  JL f J _ f
rr-Z I i r )

(2-87)

As 1 f u r t h e r  in c r e a s e s ,  th e  two te rm s in  th e  n u m era to r te n d  to  cancel 

each  o th e r ,  and th e  denom inator g e t s  l a r g e r .  The c a n c e l l a t i o n  i s  exact 

when

S in ce  th e  f a c to r  LXO J T I 0 i s  a lm ost p u re  im a g in a ry , th e r e  i s  

n ev e r a  s in g u la r  b e h a v io r  in  §  Hg. Thus th e  in c re a s e  o f  c o l l i s i o n  r a te  

te n d s  t o  d im in ish  S h ^ ,  b u t t h i s  i s  u n im p o rtan t u n t i l  f . A fte r  t h a t

£  Hjj d e c re a se s  v e ry  f a s t .

There i s  a n o th e r  q u a n t i ty  t h a t  must be n o t i c e d .  The q u a n t i ty

<■I  2
i-n "k*16 denom inator makes $  sm all ex c e p t when ^ 4 .

I T  ~
i . e .  in  th e  ex tre m ely  lo n g  wave le n g th  phonon reg im e . T hus, s in c e  a

8 1 13ty p i c a l  Debye wavenumber i s  2 x 10 cm-  , o n ly  one phonon o u t o f  10

i s  in v o lv e d , and we can th e r e f o r e  ig n o re  th e  t r a n s v e r s e  phonons a l t o ­

g e th e r  .
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D. C onclusions

We have g iv en  th e  d e t a i l s  o f  th e  c a l c u la t io n  o f  th e  e f f e c t  o f  

c o l l i s i o n s  on th e  e le c tro n -p h o n o n  i n t e r a c t i o n  b a se d  on th e  d e fo rm atio n  

p o t e n t i a l  th e o ry  and th e  s e m i - c la s s ic a l  Boltzm ann e q u a t io n . The r e s u l t s  

f o r  b o th  lo n g i tu d in a l  and t r a n s v e r s e  phonons do e x h ib i t  a  d e c re a se  o f 

th e  d e fo rm a tio n  p o t e n t i a l ,  a s  i n t u i t i v e l y  su g g e s te d . In  th e  l i m i t  o f  

i n f i n i t e  c o l l i s i o n  r a t e  1 , th e  lo n g i tu d in a l  d e fo rm a tio n  energy  SPs
r

(Eq. (2 -6 2 ))  goes to  -  fZL j , w hich i s  j u s t  th e  in p u t "b a re"  deform a-
7} o

t i o n  energy  h i t  (Eq. ( 2 - 5 3 ) ) .  S im i la r ly  th e  e x t r a  t r a n s v e r s e  deform a­

t i o n  energy  goes t o  zero  in  th e  l i m i t  y  -* aa.

However, we have a l s o  concluded  t h a t  t h i s  phenomenon w hich 

y ie ld s  a  s a tu r a te d  c o l l i s i o n  tim e  canno t be th e  cause  o f  th e  o bserved  

s a tu r a te d  e l e c t r i c a l  r e s i s t i v i t y  o f  many h ig h  r e s i s t i v i t y  m e ta ls .  In  

th e  lo n g i tu d in a l  phonon c a s e , t h i s  does n o t happen u n t i l  a  c o l l i s i o n  

r a t e  i s  reac h ed  which i s  to o  f a s t ,  w h ile  th e  t r a n s v e r s e  phonons a re  

alw ays n e g l ig ib le .

The r e s u l t s  do , how ever, r e v e a l  t h a t  th e  a d ia b a t i c  decom posi­

t i o n  o f  th e  c r y s t a l  energy  in t o  e le c t r o n s  and phonons seems to  be v a l id
7

f a r  beyond th e  u su a l c r i t e r i o n .  I n s te a d  o f  th e  o ld  c r i t e r i o n ,

%AX 1 , (2-88)
w hich Ziman d e r iv e s  from a t r a n s p o r t  e q u a tio n  r e s u l t  o f  P ip p a rd  f o r  

a c o u s t ic  a t te n u a t io n ,  we a r r i v e  a t  th e  new c r i t e r i o n ,  t o  be d is c u s se d  

s h o r t l y ,

|  Ji t  I , (2-89)

where ' / *  i s  th e  s h ie ld in g  le n g th  o f  th e  e l e c t r o n s  and d i s  th e  d i f f u s io n  

le n g th  o f  th e  e le c tro n  in  a phonon p e r io d
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I t  i s  easy  to  show th a t  th e  c r i t e r i o n  in  Eq. (2 -8 9 ) i s  th e  

c o n d i t io n  th a t  g u a ran tee s  th e  in d ep en d en ce  o f  S’Dj* from  c o l l i s i o n  tim e . 

From Eq. (2 -6 0 ) , we see t h a t  $ D ^  i s  in d e p en d en t o f  *7“ as  long  as

^  — -i- <£ I (2-90)
Up f A  £ 2 ~  '

o r

£  u *  >
%x Vs* v< ~  1 . (2"91)

But Eq. (2 -91) can be r e w r i t t e n  as

S ^ A 1 -  >  I ( 2- 92 )T  /x co 7  ~  )

o r

| / I  / - J ?  2 -  I . (2 -93)

Now, ex cep t fo r  a  co n s tan t f a c t o r  o f  o r d e r  u n i t y ,  A  \l — i s  th e  ro o t  mean

sq u a re  d is ta n c e  d th a t  an e l e c t r o n  d i f f u s e s  in  a  t im e ^  = -l-. Thus we

a r r i v e  a t  th e  c r i t e r i o n  o f  Eq. ( 2 -8 9 ) .

The c r i t e r i o n  o f  Eq. (2 -8 9 ) a g re e s  w ith  th e  u s u a l  i n t u i t i v e

p i c tu r e  f o r  th e  v a l id i t y  o f  th e  a d i a b a t i c  a p p ro x im a tio n . As lo n g  as th e

e le c t r o n s  can d i f f u s e  a d is ta n c e  l a r g e  com pared to  th e  s h ie ld in g  le n g th

in  a  p e r io d  o f th e  phonon d is tu r b a n c e ,  " th e y  can  a d ju s t  th em se lv es  to

th e  io n ic  m otion , in c re a s in g  th e  n e g a t iv e  charge d e n s i ty  where th e  io n s

a re  com pressed, r e s to r in g  th e  Ferm i l e v e l  where t h i s  i s  d is tu r b e d ,  and 

23so o n ."  S ince th e  s h ie ld in g  le n g th  i s  s h o r t ,  ro u g h ly  one in te ra to m ic  

d i s ta n c e ,  a v io la t io n  o f  th e  c o n d i t io n ,  Eq. (2 -8 9 ) ,  means t h a t  th e  e le c ­

t r o n s  canno t move f a r  enough from  " t h e i r  io n s"  in  one phonon p e r io d  to  s e t



up th e  s h ie ld e d  d i s t r i b u t i o n  and th e  a d ia b a t i c  c o n d it io n  i s  n o t s a t i s ­

f i e d .  More s p e c i f i c a l l y ,  th e  e l e c t r o n s  a re  " r ig id l y "  a t ta c h e d  to  th e  

io n s  by c o l l i s i o n s ,  so th e r e  i s  no e le c tro -m a g n e tic  p o t e n t i a l  e s ta b l i s h e d  

by  unbalanced  so u rc e s .

I t  i s  w orth  m e n tio n in g  why o u r c r i t e r i o n  f o r  th e  v a l i d i t y  o f  

t h e  Born-Oppenheim er a p p ro x im a tio n  i s  d i f f e r e n t  from  Z im an 's . The m is­

ta k e  Ziman made stem s from  th e  f a c t  t h a t  he re a c h e d  h is  c r i t e r i o n  by 

w atch in g  th e  change o f  c h a r a c te r  o f  th e  a c o u s t ic  power ab so rb ed  as a 

fu n c t io n  o f  th e  c o l l i s i o n  t im e ,  in s t e a d  o f  th e  change o f  th e  co u p lin g  

c o n s ta n t  o f  e le c tro n -p h o n o n  i n t e r a c t i o n .  In  ou r n o ta t io n ,  in  th e  

lo n g i tu d in a l  phonon c a s e ,  th e  a c o u s t ic  power abso rb ed  as a  f u n c t io n  o f  

c o l l i s i o n  tim e i s  dom inated by a  te rm  w hich i s  p r o p o r t io n a l  to  th e  

im ag in a ry  p a r t  o f  I  (? ) ( see  E q s. (2-J+l) and ( 2 - ^ 2 ) ) ,  w hich changes i t s  

c h a r a c te r  a t  'v I as seen  from  Eq. (2 -5 6 ) . However, in  our c a s e ,  

th e  m agnitude o f  I  ( ? )  ( ° r  f s in c e  I  (? )  i s  a lm ost p u re  im ag inary )

m ust be com parable w ith  u n i ty  in  o rd e r  t o  change th e  c h a ra c te r  o f
P

( s e e  Eq. (2 -5 5 ) ) .  P h y s ic a l ly ,  th e  d i f f e r e n c e  a r i s e s  from th e  f a c t  th a t  

th e  in t e r a c t io n  H am ilto n ian  h as  a l a r g e  r - in d e p e n d e n t te rm  which a r i s e s  

from  th e  fo rc e s  p ro d u c in g  s h i e l d in g ,  in  c o m p e tit io n  w ith  th e  te rm s from 

c o l l i s i o n s .  However, t h i s  c o m p e tit io n  does n o t e x i s t  in  th e  e x p re s s io n  

f o r  a c o u s tic  a t t e n u a t io n ,  hence th e  d i f f e r e n c e  in  b e h a v io r . We con tend  

t h a t  th e  c r i t e r i o n  fo r  th e  v a l i d i t y  o f  th e  Born-O ppenheim er ap p ro x im atio n  

depends on th e  n a tu re  o f  th e  e le c tro n -p h o n o n  i n t e r a c t i o n ,  and o th e r  

m acroscop ic  q u a n t i t i e s  may n o t p ro v id e  a  p ro p e r  m easure .

But g e n e ra l ly  s p e a k in g , even  though  th e  H am ilton ian  d o e s n 't  

change i t s  c h a r a c te r ,  th e  u se  o f  Boltzm ann e q u a tio n  f o r  th e  t r a n s p o r t
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p r o p e r t i e s  o f  an  a l lo y  i s  s t i l l  n o t v a l id  s in c e  th e  c o n d i t io n

i f  A < i (2-9**>
can he re a c h e d  in  a  c o n c e n tra te d  t r a n s i t i o n  m e ta l a l lo y  l i k e  c o n s ta n ta n ,  

and we have no r i g h t  to  a s s ig n  a momentum to  an e le c t r o n  when th e  un­

c e r t a in t y  o f  th e  momentum exceeds th e  momentum. To in v e s t ig a t e  th e  p ro b ­

lem o f  th e  e le c tro n -p h o n o n  i n t e r a c t i o n  in  such a  sy stem , th e  quantum - 

m echan ica l d e n s i ty  m a tr ix  te c h n iq u e  ought to  be u sed . The b ro ad  comp­

u t a t i o n a l  p a th  i s  e s s e n t i a l l y  th e  same. For exam ple, we can s t a r t  w ith

2ha  " b a re "  e le c tro n -p h o n o n  i n t e r a c t i o n  as an in p u t ,  use Kubo’s l i n e a r  

re sp o n se  th e o ry  to  f in d  th e  ch arg e  d e n s i ty  ^ ( r , t )  and c u r re n t  d e n s i ty  

j ( r , t ) ,  and th e n  compute th e  e x t r a  e le c tro -m a g n e tic  p o t e n t i a l  on th e  

e l e c t r o n s .  But we no lo n g e r  u se  th e  s im p le  c o l l i s i o n  tim e  ap p ro x im atio n  

o r  momentum b a s i s  s t a t e s .  I n s te a d ,  we have to  s p e c ify  a l l  th e  c o l l i s i o n  

mechanisms in  th e  H am ilto n ian  and t r y  t o  c a r ry  o u t th e  t r a c e  r e q u ir e d  

in  th e  Kubo fo rm u la . T h is  p r e s c r ip t i o n  i s  much to o  in v o lv e d . The r e ­

s u l t  we would e x p e c t i s  t h a t  th e  " b a re "  i n t e r a c t i o n  would be s u b je c t  to  

th e  u s u a l s t a t i c  s c re e n in g  p ro c e s s e s  a p p ro p r ia te  to  th e  a l lo y .  C o l l is io n s  

would n o t a f f e c t  th e  s c re e n in g  u n t i l  th e  c r i t e r i o n  f j d t i  i s  v io l a t e d .

But in  o rd e r  to  o b ta in  th e  c o r r e c t  t r a n s p o r t  c o e f f i c i e n t s ,  we 

ought t o  ta k e  th e  f u l l  l i n e a r  re sp o n se  th e o ry  s e r io u s ly ,  r a th e r  th a n  

sim ply  u s in g  a Boltzm ann e q u a t io n . The n e x t p a r t  o f  th e  t h e s i s  i s  de­

v o te d  to  t h i s  p u rp o se .



THE TEMPERATURE DEPENDENCE OF THE ELECTRON DENSITY 

OF STATES AND D-C ELECTRICAL RESISTIVITY OF DISORDERED

BINARY ALLOYS

A. D e n s ity  o f  S t a t e s ,  C o n d u c tiv ity  and th e  G reen 's  F u n c tio n  in  a 

D iso rd e re d  S ystem .

T ra n s p o r t  p r o p e r t i e s ,  such as e l e c t r i c a l  c o n d u c t iv i ty ,  a re

o f te n  o b ta in e d  from  s o lu t io n s  t o  th e  Boltzmann e q u a tio n . But th e  sem i-

c l a s s i c a l  Boltzm ann e q u a t io n  i s  n o t v a l id  i f  th e  u n c e r t a in ty  in  th e

momentum o f  th e  c a r r i e r  i s  g r e a t e r  th a n  th e  momentum i t s e l f .  T h is  i s

25e q u iv a le n t  to  th e  L a n d a u -P e ie r ls  c r i t e r i o n  f o r  th e  v a l i d i t y  o f  

Boltzm ann e q u a tio n :

£ f T  (3 -1 )

To av o id  t h i s  d i f f i c u l t y ,  we have to  use  a quantum m ech an ica l ap ­

p ro ach  to  th e  t r a n s p o r t  p r o p e r t i e s .  One approach  i s  to  u se  some quantum

2 6t r a n s p o r t  e q u a t io n ,  such as  Van H ove's g e n e ra l iz e d  m a s te r  e q u a t io n ,  b u t

th e  a p p l i c a t io n  o f  t h i s  m ethod i s  n o t w e ll developed  in  th e  l i t e r a t u r e ,

s in c e  h i s  i n t e g r a l  e q u a tio n  i s  to o  d i f f i c u l t  to  s o lv e . O th e r , more

27 28m anageable t r a n s p o r t  e q u a t io n s ,  such as th e  K o h n -L u ttin g e r ty p e ,  * 

a r e  p e r t u r b a t i o n - t h e o r e t i c ,  and depend on th e  e x is te n c e  o f  a  sm a ll 

p a ra m e te r ,  such as a sm a ll im p u r ity  c o n c e n tra tio n  o r weak s c a t t e r i n g ;  

t h e r e f o r e ,  we canno t u se  such  a  method fo r  a c o n c e n tra te d , s t r o n g -  

s c a t t e r i n g  a l l o y .  A n o th e r, more p o p u la r  approach w i l l  be u sed  h e r e ,

2k 29nam ely th e  d e n s i ty  m a tr ix  m ethod o f  th e  Kubo l i n e a r  re sp o n se  th e o r y ,  ’
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w hich i s  b o th  r ig o ro u s  and co n v en ien t. A good com parison  o f  th e  Kubo

th e  Kubo fo rm ula  f o r  th e  e l e c t r i c a l  c o n d u c t iv i ty ,  i s  o b ta in e d  from  a 

fo rm al s o lu t io n  to  th e  L io u v i l le  e q u a tio n  o f  th e  d e n s i ty  m a tr ix  to  

f i r s t  o rd e r  in  th e  e x te rn a l  e l e c t r i c a l  f i e l d .  The fo rm al e x p re s s io n
«</9 2k

f o r  th e  d -c  e l e c t r i c a l  c o n d u c t iv i ty  te n s o r  i s

w here ( t )  i s  th e  of-com ponent o f  th e  t o t a l  c u r r e n t  o p e ra to r  in  th e  

u n p e r tu rb e d  H eisen b erg  p i c tu r e ,

and n  i s  th e  volume o f  th e  system , K i s  B o ltzm an n 's  c o n s ta n t ,  and T i s

tern b e fo re  th e  f i e l d  i s  tu rn e d  on. The b ra c k e t  ^  > in  Eq. (3 -2 )  means 

th e  ensem ble a v e ra g e , i . e .

g e n e r a l ly  in c lu d e s  a l l  th e  subsystem  H a m ilto n ia n s , e .g .  e l e c t r o n s ,  

phonons, s p in  w aves, e t c . ,  and th e  in t e r a c t io n s  among them . We s h a l l  

r e s t r i c t  o u rs e lv e s  to  an a l lo y  composed o f  N atom s and cN e l e c t r o n s .  

The a p p ro p r ia te  H am ilto n ian  o f  th e  a l lo y  i s

30and K o h n -L u ttin g e r m ethods i s  g iv en  by Moore. Our s t a r t i n g  p o in t

(3 -2 )

) (3 -3 )

th e  te m p e ra tu re .  In  Eq. (3 -3 ) ,  i s  th e  t o t a l  H am ilto n ian  o f  th e  s y s -

> (3-10

e q u ilib r iu m  d e n s ity  m a tr ix .  The H am ilto n ian

I
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w here th e  one e l e c t r o n  H am ilto n ian  H ta k e s  th e  form

t>1 _» -*  -
H  Ct ) =  —  +  ) K>J f a *  ■ ■ ' > R " )  y (3 -6 )

w here V (r; T ^ , R^, . . . ,  R^) i s  th e  a p p ro p r ia te  s c re e n e d  io n ic  p o te n t i a l  

when th e  io n s  a re  lo c a te d  a t  p o s i t i o n s  R^ th ro u g h  R^. N o tice  t h a t  H 

depends on th e  lo c a t io n s  o f  th e  i o n s . The e ig e n fu n c tio n s  o f  H and 

e ig e n v a lu e s  a re  d e f in e d  byf-J (T; R|; • - • >  ̂( K ) R\> "'J  ̂~ Sol ' R\* > Rn\ (3-j)
In  a  s t a t i c  a l lo y  th e  p o s i t io n s  o f  th e  io n s  a r e  f ix e d  so H commutes

31w ith  H. , and th e  Kubo fo rm u la  Eq. (3 -2 ) can be red u ced  to  th e  i o n ’
32Greenwood form ula

(3 -8 )

w here a  and b a re  quantum numbers d e f in e d  in  Eq. ( 3 - 7 ) ,  and V .  i s  e l e c -
s*b

t r o n  v e lo c i ty  m a tr ix  elem ent

K l J ,  =  } (3 -9 )

w here p**- i s  th e  oL -com ponent o f  th e  e l e c t r o n  momentum o p e ra to r .  In  

Eq. ( 3 - 8 ) ,  < > means an  av e rag e  o ver a l l  th e  s u b s t i t u t i o n a l  a rrangem ents  

o f  th e  i o n s , u s u a lly  c a l l e d  th e  " c o n f ig u ra t io n  a v e ra g e " . The fu n c tio n  

f  in  Eq. (3 -8 ) i s  th e  F erm i-D irac  d i s t r i b u t i o n

■fC£)= e/3t£-/l)+ , , <3-10)
w here ^  -  f /^ ja s  u s u a l ,  and jji i s  th e  Ferm i en e rg y .
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In  g e n e r a l ,  th e  one e l e c t r o n  H am ilto n ian  H does n o t commute

w ith  th e  io n ic  H am ilto n ian  H. • I t  i s  a r a t h e r  d i f f i c u l t  problemio n

tr y in g  to  c a r ry  ou t t h e  t r a c e  by any k in d  o f  p e r tu r b a t io n  ex pansion  in

Eq. (3 -2 ) .  However, we can app rox im ate  in  th e  s p i r i t  o f th e  Born-

Oppenheimer a d ia b a t ic  ap p ro x im atio n  a t  t h i s  p o in t .  S ince th e  io n ic

vio n  -3m otion  i s  slow  compared to  th e  e l e c t r o n  m o tio n , i . e .  ( ) 10 ,
e le c

we can f re e z e  th e  io n ic  p o s i t i o n s  and so lv e  f o r  e l e c t r o n ic  s t a t e s ,  i . e .

Eq. (3 -7 ) .  Then we can  f in d  th e  e x p e c ta t io n  v a lu e  o f  th e  e l e c t r o n ic  

q u a n t i t i e s  in  t h i s  p a r t i c u l a r  io n ic  c o n f ig u r a t io n .  F in a l ly ,  we can  

av e rag e  th e  e x p e c ta t io n  v a lu e  o v e r  a l l  p o s s ib le  p o s i t io n s  o f  th e  io n s  

in  th e  g iv en  c o n f ig u r a t io n ,  and th e n  o v er a l l  p o s s ib le  c o n f ig u ra tio n s  

to  g e t th e  m acroscop ic  e x p e c ta t io n  v a lu e .  A pply ing  t h i s  to  th e  e l e c ­

t r i c a l  r e s i s t i v i t y ,  t h e  Kubo-Greenwood fo rm u la  (Eq. (3 -8 ))  i s  m ere ly  

m o d ified  by an e x t r a  a v e ra g e ,

?l|i«I J „(- f £ > See.- e„)<«, >p>£ , (3-n)
where ^  ^ m ean s  an av e rag e  o v e r th e  io n ic  p o s i t i o n s .  We s h a l l  drop th e

in d ic e s  from th e  doub le  av e rag e  in  what fo l lo w s .

When Eq. (3 -1 1 ) i s  a p p l ie d  to  a  l i q u i d  m e ta l,  we do no t need

th e  c o n f ig u ra t io n  a v e ra g e . Then Eq. ( 3 - l l )  i s  i d e n t i c a l  w ith  th e  e q u a tio n  

33used  by Edwards. To be e x p l i c i t ,  l e t  us d e f in e  th e  a l lo y  e l e c t r o n ic  

s p e c t r a l  d e n s i ty  m a tr ic e s  / ? .  A  , e t c . ,  fo llo w in g  Edwards,

f i i T . t ; ' )  h  < / t  *■> ( 3  i 2 )

= «  ) if>„ i r, ’)  S ( E- ^  >
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and

/ > ,  r, .1; r .X i  E -V  =- V < 7'} k ,y:> ^
$ ( E , - E * )  S ( £ z ~ ^ b ) ^ >  ,  (3 -1 3 )

—A —A

where P (R.^, . . . ,R^) i s  th e  d i s t r i b u t i o n  fu n c tio n  o f  io n ic  p o s i t io n s  
a  >

(R^, . . . ,R^) i n  a  p a r t i c u l a r  io n ic  c o n f ig u r a t io n ,  as in d ic a te d  by  th e

index c. E x p l i c i t l y ,  Pc i s

P . - « - - W V ' V 4 , e ^ , (3 -1 H)

l c
where i s  th e  e ig e n fu n c t io n  o f  w ith  th e  e ig en  v a lu e  E ^  in  a

p a r t i c u l a r  c o n f ig u r a t io n  c , so t h a t

r t f . ' ■ * • / * * )  =  £% §t (R,> - sli*) .

Eqs. (3 -12) and  (3 -1 3 ) se rv e  to  d e f in e  th e  double average e x p l i c i t l y .

They a re  a l s o  u s e fu l  t o  co n n ec t th e  q u a n t i t i e s  o f  i n t e r e s t  t o  u s ,  i . e .  

d e n s ity  o f  s t a t e s  and e l e c t r i c a l  c o n d u c t iv i ty ,  to  th e  G reen 's  f u n c t io n ,  

as fo l lo w s .

The e l e c t r o n i c  d e n s i ty  o f  s t a t e s  p e r  atom i s

X ( . i 1 =  i f  d’ t f>,(r,7i E) . ( 3- 16)

The e l e c t r i c a l ,  c o n d u c t iv i ty  i s  r e l a t e d  to  ^  by

(3 -1 7 )
T/rf,

r* = r.
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Let us d e f in e  a G re e n 's  fu n c tio n  o f  complex argum ent z a s s o c ia te d  w ith  H,

r  . . .  I v  I '( « > < '( ’« I
G (U ? . . .  = 2 .  _ e .----  ' (3-18)

w hich i s  a n a ly t i c  everyw here e x c e p t f o r  a l i n e  o f  p o le s  £ , fo r  l a r g e  .£L

e q u iv a le n t  t o  a b ran ch  c u t a lo n g  th e  r e a l  energy  a x is ,w h e re  th e  spectrum  

o f  H l i e s .

U sing th e  i d e n t i t y

   - t  I T  + L n SfX)' (3 -1 9)
% ± ;  o x

we can e a s i l y  show th a t  Eq. (3 -1 6 ) i s  e q u iv a le n t to

J { ( E )  = i  QmTr «  G i £ * <■ 0)». (3-2 0)
We can a ls o  r e w r i te  Eq. (3 -1 1 ) o r  Eq. (3-17) in  th e  o p e ra to r  form

( 3 _ 2 i )

o r ,  when th e  d e l t a  fu n c tio n s  a r e  e x p re ssed  in  te rm s o f  th e  G re e n 's
tip

f u n c t io n  th ro u g h  E qs. (3 -18 ) and (3 -1 9 ) ,  C X  becomes

t l ' V ,  (3-22)

where

Xp'pfl (1}>v S 4 ^ 1  Tr p0 [ K(fs-K 7'jĴ, (3_23)
w ith

K  ( « . /  h )  = «  G e t .) f * 6 n ^  . (3 ' 2l°
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In  Eq. (3 -2 3 ) ,  ^  means |  + i #  .

So f a r  th e  fo rm u lae , E qs. (3 -2 0 ) and (3 -2 2 ) a r e  s t i l l  very- 

g e n e r a l ,  th e y  can app ly  t o  any d is o rd e re d  sy stem . T hus, to  so lv e  fo r  

th e  d e n s i ty  o f  s t a t e s ,  we need to  av e rag e  th e  one e l e c t r o n  G reen 's  

fu n c tio n  G; w h ile  f o r  c o n d u c t iv i ty ,  we n eed , lo o s e ly  sp e a k in g , an average 

o f  th e  p ro d u c t o f  two G reen 's  fu n c t io n s  <<G G ».

However, th e  c o n d u c t iv i ty  fo rm u la  Eq. (3 -2 2 ) i s  o n ly  an a p p ro x i­

m a tio n  to  th e  e x a c t Kubo fo rm u la  Eq. ( 3 - 2 ) .  I t  i s  v a l i d  w henever th e  

io n ic  m otion  can he t r e a t e d  c l a s s i c a l l y ,  o r ,  e q u iv a le n t ly ,  when we can 

n e g le c t  t h e  non-com m utation o f  th e  io n ic  momenta and p o s i t i o n s .  Thus, 

i t  i s  v a l id  to  use  Eq. (3 -2 2 ) in  l i q u i d  m e ta ls ,  and s o l i d  m e ta ls  a t  h igh  

te m p e ra tu r e s .

I n t u i t i v e l y ,  we f e e l  t h a t  Eq. (3 -2 2 ) may s t i l l  he a  v a l id  

ap p ro x im atio n  fo r  a s o l id  a l lo y  a t  low  te m p e ra tu re s  so lo n g  as  th e  c o l­

l i s i o n  r a t e  •/T  o f  th e  e l e c t r o n s  i s  much f a s t e r  th a n  th e  Debye freq u en cy  

cOp o f  th e  io n ic  m o tion , i . e . ,

Y  »  . (3 -25)

T h is  means t h a t  th e  u n c e r ta in ty  in  th e  e l e c t r o n  en ergy  i s  b ig  compared 

to  th e  maximum phonon en e rg y , so t h a t  th e  c o n s e rv a t io n  o f  energ y  in  th e  

s c a t t e r i n g  o f  one e le c t r o n  by a  phonon i s  o f  l i t t l e  s ig n i f i c a n c e .  Under 

t h i s  c irc u m stan c e  we can app ro x im ate  th e  phonons as  " s t a t i c  s c a t t e r s "  

and t r e a t  th e  s c a t t e r in g  as  e l a s t i c  as  in  Eq. ( 3 - l l ) .

B. A S u rv ey .

As we have seen  in  th e  p re v io u s  s e c t io n ,  th e  averag ed  G reen 's  

f u n c tio n s  « G »  and «GG>> d e te rm in e  th e  e l e c t r o n i c  p r o p e r t i e s  o f
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i n t e r e s t  in  th e  a l lo y :  th e  e l e c t r o n i c  d e n s i ty  o f  s t a t e s ^ / / ( E )  and th e

e l e c t r i c a l  r e s i s t i v i t y  A lthough  th e r e  has been  some c o n ta c t betw een

experim en t and some a s p e c ts  o f  th e  th e o ry ,  as rev iew ed  e x te n s iv e ly  by 

35M ott , p la u s ib le  a p p ro x im a tio n  schemes f o r  c a l c u la t io n s  in  r e a l  d i s -  

o rd e re d  m a te r ia ls  have no t been  worked ou t * , b u t  a re  r a p id ly  b e in g  

d ev e lo p ed . In  what f o l lo w s ,  we s h a l l  su rv ey  th e  r e le v a n t  a re a s  o f  th e  

f i e l d ,  and s t a t e  our own problem  and methods a g a in s t  t h i s  background .

In  th e  av e ra g in g  p r o c e s s ,  we m ust f i r s t  know th e  io n ic  d i s ­

t r i b u t i o n  fu n c tio n  in  Eq. (3 -1 * 0 , th e  q u a n t i ty  t h a t  le a d s  to  th e  

te m p e ra tu re  dependence o f  th e  d e n s i ty  o f  s t a t e s J \ f  {E) (E qs. (3 —16) and 

(3 -1 2 ))  and th e  c o n d u c t iv i ty  CV. (Eq. (3 -2 1 ) ) .  In  a  co m p le te ly  d is o rd e re d

system  w ith  no io n ic  c o r r e l a t i o n s ,  < ? c > ,  i s  th e  t r i v i a l  u n ifo rm  d i s t r i -
€

b u tio n

( 3- 26)

In  t h i s  c a s e ,  t h e r e  i s  no te m p e ra tu re  v a r i a t i o n  in ^ Y ^ E ) ,  w h ile  th e  

te m p e ra tu re  dependence o f  CX. i s  o n ly  c h a r a c te r i z e d  by th e  t r i v i a l  Fermi 

d i s t r i b u t i o n  f a c to r  / -  4 £  ) in  Eq. ( 3 - 2 l ) .  T h is  s im ply  d i s t r i b u t i o n  i s  

n o t t r u e  even in  th e  m ost d is o rd e re d  m a te r ia ls  l i k e  l i q u i d  a l lo y s  o r 

amorphous m a te r ia l .  The d e te rm in a tio n  o f  th e  te m p e ra tu re  c o e f f i c i e n t  

i n y ^ ( E )  and (X. o f  th e s e  m a te r ia l  r e l i e s  on a gen u in e  u n d e rs ta n d in g  o f  

P , w hich i s  alw ays c o m p lic a te d . However, when th e  atom ic p o t e n t i a l  i s  

w eak, ou r Eqs. (3 -1 7 ) o r  (3 -2 1 ) can  be r e d u c e d ^ t o  th e  F ab e r-Z im a n ^  

ty p e  fo rm u la  fo r  th e  r e s i s t i v i t y  o f  l i q u i d  a l l o y s .  What we th e n  need 

i s  th e  s t r u c tu r e  f a c t o r ,  w hich can be found  from  n e u tro n  d i f f r a c t i o n

koex p erim en ts  o r  can  be c a l c u la te d  as  in  th e  work o f  B a th ia  and T horn ton .



In  a  c r y s t a l l i n e  a l l o y ,  th e  Ions a r e  r e s t r i c t e d  t o  v ib r a t e  around  t h e i r

l a t t i c e  s i t e s .  Then th e  io n ic  m o tion  can be d e sc r ib e d  in  te rm s o f  norm al

m odes, o r  phonons. The av e rag e  o v e r  io n ic  p o s i t io n s  can  be  r e p la c e d  by

a  th e rm al av erage  o v e r th e  phonon d i s t r i b u t i o n .  In  a s t a t i c  d is o rd e re d

a l lo y ,  w hich i s  th e  m ost p o p u la r  to p ic  in  th e  l i t e r a t u r e ,  th e  average  i s

sim ply  th e  c o n f ig u r a t io n  av e ra g e  ^ > .

More d i f f i c u l t  th a n  th e  d e te rm in a tio n  o f  i s  t h e  com putation

o f  th e  av e ra g e  in  <<G>> and «GG>>. The m ost t r i v i a l  ap p ro x im atio n  to

« G »  i s  th e  one c o rre sp o n d in g  t o  « H » .  T h is  som etim es r e s u l t s  in  a

r i g i d  s h i f t  o f  th e  b and , and th e n  i s  c a l l e d  th e  " r ig id  band" m o d e l .^
1+2

In  th e  weak s c a t t e r in g  l i m i t ,  Edw ards, s t a r t i n g  from Eg. (3 -1 7 ) ,  summed

up c e r t a in  d iagram s in  b o th  th e  <G>C and <GG>c expansion  s e r i e s  and was

a b le  to  re d e r iv e  th e  u s u a l  c o n d u c t iv i ty  fo rm u la  ( th e  one a r r iv e d  a t  from
1+3

th e  Boltzmann e q u a t io n ) .  A t low c o n c e n tr a t io n ,  Langer u s e d  th e  many

1+1+body therm odynam ic G re e n 's  fu n c t io n  and a  p e r tu r b a t io n  ex p a n s io n  to

g e t th e  c o n d u c t iv i ty  to  th e  f i r s t  o rd e r  in  c o n c e n tra t io n . F o r s tro n g
1+5

s c a t t e r i n g ,  b u t l o c a l i z e d  p o t e n t i a l s ,  Beeby n e g le c te d  th e  s t a t i s t i c a l  

c o r r e l a t i o n  betw een  th e  atom ic  s c a t t e r i n g  m a tr ic e s  in  th e  m u l t ip l e  

s c a t t e r in g  ex p an s io n  o f  <G>c and summed up th e  s e r ie s  t o  g e t  th e  so 

c a l le d  "av e rag e  T m a tr ix "  a p p ro x im a tio n . T h is ap p ro x im atio n  produces
3

an u n p h y s ic a l band gap in  th e  a l lo y  d e n s i ty  o f  s t a t e s  a t  a l l  s c a t t e r in g

1+6p o te n t i a l  s t r e n g th s .  L a t e r ,  B a l le n tm e  u sed  a s e l f - c o n s i s t e n t  method 

in  th e  c a l c u la t io n  o f  th e  band s t r u c t u r e  o f  l i q u i d  A1 and B i . T h is 

" s e l f - c o n s i s t e n t  v i r t u a l  c r y s t a l "  ap p ro x im atio n  (see  R e fe re n ce  3 ) ,  in  

c o n t ra s t  t o  th e  " a v e ra g e d  T m a tr ix "  ap p ro x im a tio n , g iv e s  no s p l i t t i n g
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o f  th e  a l lo y  band no m a tte r  how b ig  th e  p o t e n t i a l  s t r e n g th  i s .  The f i r s t

good th e o ry  to  d e a l w ith  a l lo y s  o f  a r b i t r a r y  c o n c e n tr a t io n s  and s c a t t e r in g

s t r e n g th s  i s  th e  "C oheren t P o te n t ia l  A p p ro x im atio n " , o r  CPA f o r  s h o r t .

8T his app ro ach  to  <G>c was o r ig in a te d  by Soven and  was g r e a t ly  ex ten d ed
3 n

by V elick y  e t  a l .  . V e lick y  f u r th e r  ex ten d ed  CPA to  a t t a c k  th e  problem  

o f  e l e c t r o n i c  t r a n s p o r t  in  a  s t a t i c  a l l o y ,  and d is c u s s e d  th e  n u m e rica l 

r e s u l t s  f o r  (X i n  a  model a l lo y .

So f a r ,  th e  CPA app ro x im atio n  i s  s t i l l  th e  b a s ic  w orking  ap p ro ­

x im a tio n  in  th e  e l e c t r o n i c  th e o ry  o f c o n c e n tra te d  s t r o n g - s c a t t e r in g  a l lo y s .

I t  i s  a ls o  a  p o w erfu l to o l  f o r  o th e r  a l lo y  p r o p e r t i e s .  For exam ple,
1+7T a y lo r  u sed  th e  same te c h n iq u e  f o r  th e  l a t t i c e  v ib r a t i o n  problem  in

1+8a l l o y s ,  and Onodera and Toyozawa a p p lie d  th e  same ap p ro x im a tio n  to  

F re n k e l e x c i to n s  in  m ixed io n ic  c r y s t a l s .  S ince  we a r e  go in g  to  u se  CPA 

in  our model c a l c u la t io n  o f  th e  te m p e ra tu re  dependence o f y ^ ( E )  and (X in  

a  c r y s t a l l i n e  d is o rd e re d  a l l o y ,  th e  CPA fo rm alism  w i l l  be d is c u s s e d  in  

d e t a i l  in  th e  s e c t io n s  t h a t  fo llo w .

The more r e c e n t  developm ents in  th e  th e o ry  o f  <<G>> and « G G »  

a re  e i t h e r  m a th e m a tic a l j u s t i f i c a t i o n s ,  o r  g e n e r a l iz a t io n s  o f  CPA. F i r s t ,

1+9Yonezawa c a r e f u l ly  an a ly zed  and g e n e ra liz e d  th e  ex p an sio n  s e r i e s  in  th e  

s e l f - e n e rg y  o f  <G>c - E xclud ing  " m u ltip le  occupancy" o f  a  s i t e  by more 

th a n  one atom , she concluded  th a t  th e  app rox im ate  s e l f - e n e rg y  o b ta in a b le  

by summing a l l  te rm s in v o lv in g  m u lt ip le  s c a t t e r i n g  a t  th e  same s i t e  was 

i d e n t i c a l  w ith  th e  CPA r e s u l t .  L a te r ,  Z im an ^  c o n je c tu re d  t h a t  f o r  a  

t i g h t  b in d in g  a l l o y ,  th e  " lo c a to r "  exp an sio n  o f  M atsubara  and  T oyozaw a^ 

was s u p e r io r  to  th e  u s u a l band p ro p a g a to r  ex p an sio n  and  u sed  i t  to  a r r i v e  

a t  a  d i f f e r e n t  c o n c lu s io n  from CPA about th e  s p l i t t i n g  o f  th e  band . But
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52in  a  l a t e r  p a p e r L eath  , u sing  a  d iag ram  te c h n iq u e  and ta k in g  in to

accoun t th e  " m u lt ip le  occupancy" c o r r e c t io n ,  showed t h a t  Z im an 's  id e a

was n o t c o r r e c t .  F urtherm ore , he a ls o  showed t h a t  th e  d iagram s o f  
l i2  I4 3

Edwards , Langer ,and Verboven ,when p r o p e r ly  c o r r e c te d  f o r  " m u lt ip le
„  ̂ 9

occupancy , l e d  to  V e lic k y 's  CPA e l e c t r i c a l  c o n d u c t iv i ty  r e s u l t .  In

an a tte m p t to  improve CPA by in c lu d in g  random o f f - d ia g o n a l  (hopping)

53m a tr ix  e le m e n ts , Berk r e s t r i c t e d  h im s e lf  t o  th e  w e a k - s c a t te r in g  l i m i t ,

to  av o id  th e  d i f f i c u l t y  o f  th e  s t r o n g - s c a t t e r i n g  p rob lem . H is work i s

e s s e n t i a l l y  a d i f f e r e n t  v e rs io n  o f  th e  " s e l f - c o n s i s t e n t  v i r t u a l  c r y s ta l "

ap p ro x im a tio n . An a ttem p t a t  th e  same p rob lem  was made by Edwards and 

5bL oveluck . They used  an e la b o ra te  d iag ram  m ethod and summed up a la rg e  

number o f  d iag ram s. But t h e i r  r e s u l t  f o r  th e  d e n s i ty  o f  s t a t e s  s t i l l  

e x h ib i t s  th e  u n p h y s ica l "average  T m a tr ix "  band  g a p s . They a ls o  con­

c lu d ed  t h a t  th e  s e l f - c o n s i s te n t  m ethod was to o  c o m p lica ted  f o r  t h e i r  c a s e .

The most s u b s ta n t ia l  g e n e r a l i z a t i o n  o f  CPA, nam ely CPrf, was

55r e c e n t ly  d ev eloped  by F reed  and Cohen. They g e n e ra l iz e d  th e  coh eren t

p o t e n t i a l  th e o ry  from th e  s i n g l e - s i t e  ap p ro x im a tio n  to  n -a tom  c l u s t e r s .

The c l u s t e r  G re e n 's  fu n c tio n  G ( in  t h e i r  n o ta t io n )  i s  s e l f - c o n s i s t e n t l y

d e te rm in ed  in  a  way s im ila r  to  <G> in  CPA b u t more in v o lv e d . However,c
th e y  showed t h a t  u n ifo rm ly  av e ra g in g  a  f i n i t e  c l u s t e r  G re e n 's  fu n c tio n  

to  g e t th e  t r a n s l a t i o n a l  in v a r ia n t  a l lo y  G re e n 's  fu n c t io n  co u ld  no t 

p roduce a  d i f f e r e n t  r e s u l t  from CPA. In  o r d e r  to  g e t n o n t r i v i a l  r e s u l t s ,  

one shou ld  go th ro u g h  a s u b tle  a v e ra g in g  p r o c e s s ,  c a l le d  ECPn' (ex tended  

CPn a p p ro x im a tio n ) . The s im p le s t v e r s io n  o f  ECPn i s  K ohn 's n o tio n  o f  

p e r io d i c a l ly  compact d iso rd e re d  c l u s t e r s . ^  The m ost im p o rta n t r e s u l t s
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o f CPrf i s  th e  d em o n stra tio n  o f  t h e  e x is te n c e  o f  lo c a l iz e d  s t a t e s  (hound 

s t a t e s ) ,  o u ts id e  th e  CPA h an d , and in  th e  re g io n s  obeying th e  l o c a l i z a ­

t i o n  th e o re m .^

S e v e ra l i n t e r e s t i n g  u s e s  o f  CPA have app ea red  in  th e  l i t e r a t u r e .

CPA has  not heen r e s t r i c t e d  t o  th e  t i g h t  b in d in g  ap p ro x im atio n . In  an

57e a r l y ,  d i f f e r e n t  v e r s io n  o f  CPA, A nderson and M cM illan u se d  a s e l f -  

c o n s is te n t  e q u a tio n  fo r  th e  p h a s e - s h i f t  to  c a lc u la te  th e  hand s t r u c tu r e
r O

o f l i q u i d  i r o n .  Using a  s im i la r  m ethod , Soven has a p p l ie d  CPA t o  a

m u ffin  t i n  p o t e n t i a l  and has heen  a b le  to  d e a l  w ith  an a l lo y  w ith

c o n s t i tu e n ts  o f d i f f e r e n t  h a n d -w id th s . CPA a ls o  se rv e s  as an  ap p rox im ate

q u a n t i t a t iv e  scheme. I t  has heen  u sed  to  y i e ld  th e  d e n s ity  o f  s t a t e s  
k 5

in  Cu-Ni a l lo y s .  ’ I t  was a l s o  a p p l ie d  to  th e  m agnetic  p r o p e r t i e s  

o f  Cu-Ni a l l o y s . ^  V e lick y  and L ev in^^  have a ls o  u sed  CPA to  d is c u s s  

in tra h a n d  o p t i c a l  c o n s ta n ts  i n  a s im p le  t i g h t  b in d in g  hand. R e ce n tly  

L evin  and E h ren re ich ^  a p p l ie d  CPA a lo n g  w ith  a model H am ilton ian  f o r  

Ag-Au a l lo y s .  By a d ju s t in g  a  c o n c e n tr a t io n  dependent d - le v e l  en e rg y , 

th e y  could  make th e  c o n c e n tr a t io n  dependence o f  th e  o p t i c a l  a b s o rp tio n  

edge ag ree  w ith  e x p e r im e n t.

From t h i s  re v ie w , i t  can he seen  t h a t  th e  s e l f - c o n s i s t e n t  

G re e n 's  fu n c tio n  app roach  to  t h e  a l lo y  p ro b lem , w ith  CPA as th e  b a s ic  

ap p ro x im atio n , has heen  f r u i t f u l .  A lthough CPiT shou ld  g iv e  b e t t e r  answ ers 

th a n  CPA, a t  p r e s e n t ,  when even a  model d e s c r ip t io n  o f  CPn’ has y e t  to  he 

developed , and th e  CPn" two G re e n 's  fu n c t io n  av erage  has n o t even heen  

d is c u s s e d  in  th e  l i t e r a t u r e ,  CPA i s  th e  o n ly  sim ple and p r a c t i c a l  m ethod 

to  u se  in  an  in v e s t ig a t io n  o f  th e  te m p e ra tu re  v a r i a t i o n  t r e n d s  o fy Y ^E )
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and a  in  a  c o n c e n tra te d ,  s t r o n g - s c a t t e r in g  a l l o y .  I t  i s  e x p e c te d , 

how ever, t h a t  th e  m ethod developed  below  can he g e n e r a l iz e d  to  CPn.

C. The C oherent P o te n t i a l  A pproxim ation

H e n c e fo r th , we s h a l l  c o n s id e r  o n ly  c r y s t a l l i n e  d is o rd e re d  

s u b s t i t u t i o n a l  b in a ry  a l lo y s .  Let x  and y be th e  f r a c t i o n a l  c o n c e n tra ­

t i o n s  o f  th e  c o n s t i tu e n t  A atoms and B atoms r e s p e c t iv e l y ,  so t h a t  x 

i s  th e  p r o b a b i l i t y  o f  an  A atom occupying a  g iv e n  s i t e .  The o n e -e le c t ro n  

H am ilto n ian  H in  Eq. (3 -6 )  ta k e s  th e  form

H  =  H o  +  U  =  Ho + X n  1 (3- 27 )

where H^ i s  th e  p e r io d ic  p a r t  o f  H, and U c o n ta in s  th e  random ness due

to  b o th  s u b s t i t u t i o n a l  and th e rm al d is o r d e r .  U i s  th e  c o n t r ib u t io n  o fn

th e  n - th  s i t e  t o  U. The decom position  in  Eq. (3 -2 7 ) i s  n o t u n iq u e .

However, a  co n v en ien t decom position  can alw ays be chosen f o r  a  g iv en  

sy stem .

Our o b je c t  i s  t o  d e term in e  <<G>> and « G G » .  H ere th e  double 

av e ra g e  i s  a  th e rm a l av e ra g e  o v er th e  phonon ensem ble in  a  g iv e n  con­

f i g u r a t i o n ,  fo llo w e d  by an av erage  o v e r a l l  c o n f ig u r a t io n s .  The c o h e re n t 

p o t e n t i a l  a p p ro x im a tio n  (CPA) i s  a te c h n iq u e  fo r  f in d in g  a  s e l f - c o n s i s t e n t  

s o lu t io n  f o r  th e  av e ra g e  G re e n 's  fu n c t io n .  The m ethod i s  o u t l in e d  below . 

The av e rag e  G re e n 's  fu n c tio n  can be e x p re s se d  as

€  G  <"2)»  =  Q  =  -----  (3 -28 )
■z -  H 6 -  X

T his d e f in e s  X  > s e l f - e n e rg y  o p e ra to r ,  which has th e  f u l l  c r y s t a l
=  A

symmetry s in c e  G d o es . Thus X  r e p re s e n ts  an e f f e c t iv e  p o t e n t i a l  f o r
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th e  av e ra g ed  c r y s t a l .  E x p ressin g  G from  Eq. (3 -1 8 ) in  te rm s o f  G y ie ld s :

G  -  G  ■+ G  T * G 7 ( 3- 29 )

where
_ 1

T =■ ( u - i )  [ 1 - G i u - i ) ]  =  [  i - t u - i ) G  ] ' ( u - i ) 

= ( u - i )  + c u - i )  3  T -
Now ta k in g  th e  av erag e  on b o th  s id e s  o f  Eq. (3 -2 9 ) ,  we g e t

« G »  =  3  +  6  4 t » 3  ,  (3 -3 1 )

w hich i s  so lv e d  by

« T ( i ) »  =  o .  (3_32)

T h is ,  as  can be seen  from Eqs. (3 -28 ) and ( 3 - 3 0 ) ,  i s  th e  s e l f - c o n s i s t e n t
/» ^

e q u a tio n  w hich m ust be so lv ed  f o r  £  • 2  can e x p re s se d  a s  a sum o f
A

s e l f  en erg y  o p e ra to r s  ,

^  _  y,

2 * =  • (3 -3 3 )
A

The c h o ic e  o f  th e  o p e ra to r s  2 ln i s  n o t u n iq u e , th e  o n ly  r e s t r i c t i o n  i s

£  At h a t  th e  sum o v er 2 . n s must add to  th e  o p e r a to r  £  w hich has th e  

symmetry o f  th e  p u re  c r y s t a l .  A p a r t i c u l a r  c h o ic e  w i l l  be u s e f u l  such
A

t h a t  each  i s  lo c a l iz e d  n ear i t s  s i t e  n and p la c e s  an eq u a l c o n t r ib u ­

t i o n  on each  s i t e .

S in ce  th e  p o t e n t i a l  U i s  a  sum o f  c o n t r ib u t io n s  from each

s i t e ,  i . e .  U = ^  , th e  s c a t t e r in g  o p e ra to r  T can  be e x p re sse d  a s« u

^  (3 -3M

T =  I .  Q -  =  I »  < 2 *  ,

w ith

(3 -30)
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GU = [U.-X.U i+GT) = T , ( i + S
-  TV, -f Z" "TV G TV +■ 2 l TV (r  TV X  6  T^ +  •

mflrh 5 JL (#**>)

(3-35)

and
  _  J -----

Q L „ =  ( l - t T 6 ) ( G , - i . ) : (  ) T „

=  t »  + 1  t J t „ + £  t J I t . J t ,Wt-4»«7 ,>ei+»»0 *r*l* »»}

The atom ic s c a t t e r in g  o p e ra to r  T^ i s  d e f in e d  a s :

T „  =  t  i -  S t L v - r o ] " '

-  c u h -  2 * )  +  c i ; *  -  r „ ) &  T y ,

(3 -3 6 )

(3-37)

In  m u l t ip le  s c a t t e r in g  la n g u a g e , Q^, as  seen  from  E qs. ( 3 - 3 $  and (3-35) 

r e p r e s e n ts  th e  c o n t r ib u t io n  to  th e  t o t a l  s c a t t e r in g  such  t h a t  th e  l a s t  

s c a t t e r in g  happens a t  s i t e  n ; w h ile  r e p r e s e n t s  th e  c o n t r ib u t io n  to  T 

such th a t  th e  f i r s t  s c a t t e r in g  i s  a t  s i t e  n . In  te rm s  o f  th e  T ' s ,  th e  

s c a t t e r in g  o p e ra to r  T has th e  custom ary  form :

T =  T T. + I  T . 8 t »  + 1  T . g T j T ^  .
n.m  <»*»*•) l3 -3 o ;

( wfc**,, *»*■£)
The ensem ble average o f  Eq. (3-3*0 a lo n g  w ith  Eq. (3 -3 2 ) i s :

« t »  =  o  =  T  < ? Q » .

But from  Eq. (3 -35) we have

« Q „ »  =  « r ,  11  +  &  » •
A

The c o h e re n t p o te n t i a l  ap p ro x im atio n  f o r  £  c o n s i s t s  o f  two in g r e d ie n ts :
A

( i )  th e r e  e x i s t s  a decom position  o f  £  a s  i n  Eq. (3 -3 3 ) such t h a t  we can

n e g le c t  th e  s t a t i s t i c a l  c o r r e l a t i o n  betw een th e  a tom ic  T m a tr ix  T andn

(3-39)

(3-1+0)
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th e  e f f e c t iv e  waves coming from  o th e r  s i t e s ,  i . e .

«Q„»=«T»d+§I
(3 -U l)

- <'<Tk»( i+gl «a„»).
T his i s  a " s in g le  s i t e  a p p ro x im a tio n " .

/N
( i i )  2 ^  s a t i s f i e s

=  0 . ( 3. 1,2 )
/\ _

Eq. (3 -^2 ) i s  th e  CPA e q u a tio n  f o r  , w hich e n t i r e l y  d e te rm in es  G(z)

and th u s  th e  d e n s i ty  o f  s t a t e s

For th e  e l e c t r i c a l  c o n d u c t iv i ty ,  we have to  d e te rm in e  th e  

o p e ra to r  K as d e f in e d  in  Eq. (3 -2 * 0 . S u b s t i tu t in g  G in to  K from  th e  

Eq. (3 -2 9 ) ,  and u s in g  th e  CP e q u a t io n ,  Eq. (3 -3 2 ) ,  we can red u ce  K to  

th e  form

K  ( i> > pJ'i l i )  — G  (i i ' i  £ p*4 +• p (  2, I p*, J (3 -^3 )

where th e  v e r te x  o p e ra to r  ~J~* i s  g iv e n  by

(3_ ^ )

The v e r te x  o p e ra to r  /""* may th e n  be r e w r i t t e n  as  th e  sum o f  c o n t r ib u t io n

from  a l l  s i t e s  by u s in g  Eq. (3-3*0 f o r  T and E qs. (3 -35 ) and (3 -3 6 ) fo r  
<v

Qn and  r e s p e c t iv e ly ,

r = z.I.«a»5 r‘gQ„»
= 2 I«x;(i + 6 j  Q - p X i f e d + I  <2,S;r-»
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CPA f o r  K has  a  f u r th e r  s in g le  s i t e  app rox im ation  in  a d d i t io n  t o  Eq. (3-1+1),

i . e .

«  T» CI + 6  2  §  P * G  ( 1 + 2  61 6-J t ;  »
P ( * n t

-  ~  =  V vv (3- ^ 6)
~  « T *  <:< ( i +  G  I  6 l „ )  & P UG C i - t  Z & s & ) ^ T * ' r  ;

w hich i s  z e ro  f o r  n 5̂ m, s in c e  Tn and T^ a re  th e n  in d e p e n d e n t, and  each  

av e ra g e s  t o  z e ro ,  hy  Eq. (3-1+2). Thus we a r r iv e  a t  th e  fo llo w in g  r e s u l t

« Q „ §  z  « < a „ e  ? ' < ? § [ , . »  f „ „

- r (3'1*7)"" I h U M m

T h is ,  i n  two r e s o lv e n t  la n g u a g e , means th a t  we have n e g le c te d  a l l  th e  

s t a t i s t i c a l  c o r r e l a t i o n s  betw een two p a r t i c l e s  u n le ss  th e y  a re  s c a t t e r e d  

a t  th e  same s i t e .  In  o th e r  w ords, we have n e g le c te d  th e  s t a t i s t i c a l  

c o r r e l a t i o n  betw een th e  s c a t t e r e d  waves from two d i f f e r e n t  s i t e s .

U sing  E qs. (3 -3 5 ) ,  (3 -3 6 ) and (3-1+6) we f in d

r; = «6u<9
~ « r ~ « ( i  +  5 Z  / ’’‘g c i + Z  n »

f c * n) =  ( 3- 1+8 )

= «  T n « 5 PAG + %(ZF(£ )Q-f> S &/,») 6-» Tr* »

=  « T n S c F ' +  I p r t „ ] 7 > S  T „ »

In  Eq. (3-1+8) we have u sed  th e  CPA r e s u l t s  = <2 ~ n »  = 0 .

Combine E qs. (3-1+3), (3-1+5), (3-1+7), and (3-1+8) t o  o b ta in  th e  

c lo se d  e q u a tio n s  f o r  K,

(3- 1+9 )
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and

1Z  =  «  t »  K  t k »  -  ^< t »  5  [ 7  G > > , (3 -50 )

w hich  y i e l d  th e  fo rm al s o lu t io n  fo r  J~* :

(nim)

E q s. (3 -^ 9 )  and (3 -5 0 ) com plete th e  CPA form alism . They a r e  s t i l l  

fo rm id a b le .  We have to  o b ta in  th e  s e lf - e n e rg y  from Eq. (3-*+2) in  o rd e r  

to  g e t G, th e n  t r y  t o  sum th e  s e r ie s  in  Eq. (3—51) t o  g e t , and f i n a l l y  

i n s e r t  r in to  Eq. (3 -^ 3 ) to  f in d  K. In  th e  nex t s e c t io n  a  s im p le  band 

m odel H am ilto n ian  w i l l  be used  to  reduce th e  o p e ra to r  e q u a tio n s  to  s im p le  

s c a l a r  e q u a t io n s .

D. Model C a lc u la t io n

1 . S im ple Band Model

We s h a l l  u se  th e  s im p le s t p o s s ib le  model e l e c t r o n  H am ilto n ian  

t h a t  in c lu d e s  b o th  s u b s t i t u t i o n a l  im p u r it ie s  and th e rm a l d i s o r d e r ,

r e p r e s e n t s  th e  p a r t  o f  th e  H am ilton ian  o f f -d ia g o n a l  i n  s i t e  i n d i c e s ,  and

H  =  H o  +  D - + 0  > (3 -52 )

w here

/

H o  =  M i l (3 -53 )

th e  t  a r e  assumed to  be p e r io d ic ,  and independent o f  a l lo y in g  and l a t t i c e  

d i s t o r t i o n ,

(3-5*0
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r e p r e s e n ts  th e  " im p u rity "  H am ilto n ian  w ith  e i t h e r  o r  S-g,

a c c o rd in g  to  w hether an A o r  B atom  i s  on s i t e  n ,  and

on w hich io n  o ccu p ies  s i t e  n and on th e  phonon c o o r d in a te s .  T h is model 

i s  a g e n e r a l iz a t io n  o f  th e  K o s te r - S la te r  one im p u r i ty  c a s e ,  and i s  i d e n t i -

phonon c o n t r ib u t io n .

A few words a re  a p p r o p r ia te  h e re  ab o u t some assu m p tio n s , d e f i ­

n i t i o n s ,  and r e d e f in i t i o n s  t h a t  we a re  making. Some o f  th e  problem s 

abou t w hich we s h a l l  be speak in g  a r e  a lre a d y  p r e s e n t  in  th e  K o ste r-  

S l a t e r  c a s e ,  a lth o u g h  th ey  a re  c u s to m a rily  (and u n n e c e s s a r i ly )  ig n o re d . 

The h e a r t  o f  th e  problem  i s  t h e  d e f in i t i o n  o f  t h e  s i t e  b a s i s ,  and im­

p l i c a t i o n s  o f  th e  c h o ice . L e t u s  ta k e  j n> t o  b e  an  atom ic o r  W annier 

f u n c t io n  c e n te re d  a t  R^. F o llo w in g  th e  co n v en ien t custom , we p re te n d  

t h a t  th e  / n ^  a re  n o t only  v e ry  lo c a l i z e d ,  as a r e  atom ic wave fu n c tio n s ,  

b u t a ls o  o r th o g o n a l ,  a s  a re  W annier fu n c tio n s .  In  o th e r  w ords, we assume 

t h a t  th e  d i f f e r e n c e  between W annier and atom ic wave fu n c tio n s  can be neg­

l e c t e d ,  as i s  t r u e  in  a good t i g h t  b in d in g  c a s e .  Now u s u a l ly ,  in  an 

e x p o s i t io n  o f  th e  K o s te r -S la te r  m odel, th e  | n ^  a re  a l l  ta k e n  to  be 

one ty p e  o f  wave fu n c tio n , e . g .  p u re  A c r y s ta l  W annier fu n c tio n s  a s so c ­

i a t e d  w ith  a  s in g le  atom ic o r b i t a l ,  b u t t h i s  i s  h ig h ly  u n p h y s ic a l -  th e  

t r u e  wave fu n c t io n  can not g e n e r a l ly  be approx im ated  w e ll on such a 

b a s i s , w ith o u t m u ltip ly in g  th e  number o f  bands ta k e n  in to

a c c o u n t. T h e re fo re , l e t  us i n i t i a l l y  ta k e  I n> t o  be  J n $  o r  In V ,
'  A £

(3-55)

i s  th e  e le c t r o n  phonon i n t e r a t i o n .  The phonon o p e r a to r ,  Q depends

3c a l  w ith  th e  model e x p lo ite d  by V e lick y  e t a l .  , w ith  th e  a d d i t io n  o f  th e
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th e  s t a t e  a p p r o p r ia te  to  th e  ty p e  o f  atom a t  n . | n >  b e in g  c e n te re d
-» -»0

on th e  a c tu a l  p o s i t i o n  B , r a th e r  th a n  th e  o f f i c i a l  l a t t i c e  p o s i t i o n  B^.

We assume t h a t  th e  t a i l s  o f  th e  atom ic b a s is  a re  alm ost th e  sam e, so

th a t  we can n e g le c t  d i f f e r e n c e s  in  th e  o f f -d ia g o n a l m a tr ix  e lem en ts  o f

energy  and momentum, t  and p^ , and assume them to  be in d ep en d en t o f

a l lo y in g .  The phonon c o n t r ib u t io n  i s  r e s t r i c t e d  to  be d ia g o n a l o n ly  f o r
3

th e  r e s u l t i n g  m a th e m a tic a l conven ience  in  th e  CPA fo rm alism .

Wow l e t  us r e d e f in e  o u r p o in t  o f  view  o r  n o ta t io n .  U sing th e  

b a s is  d e s c r ib e d  above , f o r  a p a r t i c u l a r  c o n f ig u ra tio n  l e t  us c o n v e r t a l l  

o p e r a to r s ,  such as G, K, e t c . ,  in to  m a tr ic e s ,  and re g a rd  a l l  th e  CPA 

e q u a tio n s  as  m a tr ix  e q u a t io n s .  E q u iv a le n t ly ,  we co u ld  tu r n  th e s e  

m a tr ic e s  i n t o  o p e r a to r s  by  u s in g  an a b s t r a c t  p e r io d ic  b a s i s .  The f i n a l  

r e s u l t s  w i l l  n o t be a f f e c t e d ,  o f  c o u rs e ,  b u t some v e ry  clumsy n o ta t io n  

and lang u ag e  i s  b e in g  av o id ed , w ith o u t p re te n d in g  th a t  S c h ro d in g e r1s 

e q u a tio n  i s  i n s e n s i t i v e  t o  th e  p o t e n t i a l  ( th e  l i t e r a l  u se  o f  one ty p e  

o f  I n >  ) .

L e t u s a p p ly  th e  CPA fo rm u la tio n  o f  th e  p re v io u s  s e c t io n  to  

th e  sim ple band m odel. I n  th e  "mock p e r io d ic "  c r y s ta l  d e s c r ib e d  by 

Hq , th e  G reen 's  fu n c tio n  i s

i _ r i .  = Z t  '  <3-56>

where th e  / a re  th e  "mock B loch  s t a t e s "  o f  d e f in e d  by

i * >  s  '

w ith  energy  g iv e n  by  th e  u s u a l e x p re s s io n
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_* t ^  L
€ C l l ) = : Z - y i £  L YiO )

—1 . • ■ J. 1and k i s  th e  u s u a l wave v e c to r  in  th e  B r i l lo u m  zone a s s o c ia te d  

w ith  th e  s t a t i c  c r y s t a l  l a t t i c e .  The W annier o r  a tom ic  s t a t e s  |-.n> o f  

th e  s i t e  b a s is  a re  th e n  r e l a t e d  to  th e  "mock B loch s t a t e s "  by

l V  i  Sh . "ii/n> -  7 =j d  I £ > .  ( 3- 57)

S ince  th e  s i t e - d ia g o n a l  m a tr ix  e lem en ts  o f  a r e  s i t e -  

in d e p e n d e n t, i . e .

p o ( - 2 )  =  <Tvi| G o  | vi> =  < o \  \ o ' )

.  , y   i  ( 3 - 58)
(V ZL-jf - t - e d )  j

th e  p u re  c r y s t a l  d e n s i ty  o f  s t a t e s  p e r  atom , 0 ’ a c c o rd in g  to  Eq. (3 -2 0 ) 

i s

( £ )  =  -  " t F  ^  F* ( £  + 1 ' ( 3- 59)

A no ther u s e fu l  r e l a t i o n  betw een F^ and , o b ta in a b le  from  Eq. (3 -5 8 ) ,  

i s

r~  ,  f  J  r  ^  ^F. (a, = j  A i — —a  .  £  (3 -60 )

6ft
The av e ra g ed  f in i te - te m p e r a tu r e  a l lo y  d e s c r ib e d  by G(z) has th e  f u l l  

c r y s t a l  symmetry. T hus, co rresp o n d in g  to  Eq. ( 3 - 5 8 ) ,we can d e f in e

__________I___________

■2 — € (  i )~ £diA)  * ( 3 —6 l )
F = <o\  G (*)!<?> = ttI|
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H ere we have u sed  Eq. (3 -2 8 ) and th e  g e n e ra l  p e r io d ic  p ro p e r ty  o f  th e  

s e l f - e n e r g y ,

£ ( • * >  =  Z -  l * >  I  ( i d  > < < i .
■ *  ■ -  ( 3 - 6 2 )

In  th e  co h eren t p o t e n t i a l  a p p ro x im a tio n  we o b ta in  th e  s e l f -  

en erg y  from th e  s o lu t io n  o f  Eq. (3 -^ 2 ) .  A s c a la r  s o lu t io n  f o r  £  can 

he fo u n d , so t h a t  th e  s e l f - e n e rg y  i s  a  sum o f  s i t e  c o n t r ib u t io n s ,  i . e .

T  =  l * > Z  < " l  .A— U
(3-63)

T hus, T (Eq. (3 -3 7 ))  i s  s i t e  d ia g o n a l ,  and th e  o p e ra to r  e q u a t io n ,n

Eq. (3-^+2), becomes th e  s c a la r  e q u a tio n

g »  +  On  ~  I  \ \  (3-610// £n + On - 1 \\
^  I - C £ »  + 9 » - Z ) F  "  "

T his e q u a tio n  f o r  red u ce s  t o  Eq. ( k - 2 2 ) o f  r e fe re n c e  3 , i f  0  9

i . e .  in  th e  s t a t i c  a l lo y .  However, in  th e  s t a t i c  a l lo y  th e  e q u a tio n

f o r  £  i s  m ere ly  a lg e b r a ic ,  w hereas h e r e ,  w ith  phonons in c lu d e d ,  i t  i s  

an i n t e g r a l  e q u a tio n .

Once we o b ta in  g  from  Eq. (3 -6 U ), we can o b ta in  F from  

Eq. ( 3 - 6 l ) ,  in  te rm s o f  F^ (se e  Eq. ( 3 - 5 8 ) ) ,

F ( * >  =  F .  ‘ i - t ) ,  (3- 65>

s in c e  Z  i s  indep en d en t o f  Tc. The d e n s i ty  o f  s t a t e s  p e r  atom ) \ f  (E) i s  

th e n ,  from E qs. (3 -20 ) and ( 3 - 6 l ) ,

//(O =  ±  9  ̂F  ( E?io) . {3-66)
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To o b ta in  an e x p re s s io n  f o r  th e  c o n d u c t iv i ty ,  we f i r s t  p rove  t h a t  th e  

v e r te x  c o r r e c t io n  p* in  Eq. (3 -51)  v a n is h e s .  Each te rm  in  th e  s e r i e s  

e x p an s io n , Eq. ( 3 - 5 1 ) ,  c o n ta in s  a  f a c to r  "JnG Th. ®̂ nce ''_S s ^ e 

d ia g o n a l ,  f t  = 0,  i f  &  l n >  = 0. But we have

< n l  5  f s  l » >  =  I t  i s  ---------- --------------- ( 3 - 6 7 )
* M f a - e c t i - z )  c * z - e r t ) - Z )  9

where ’U’(k) i s  th e  oL component o f  th e  v e l o c i ty ,  d e f in e d  by

i f c t )  =  - k  f U l * > .  ( 3 - 6 8 )

Time r e v e r s a l  symmetry g iv e s  th e  r e l a t io n s

fV-i) = - ir*c*> , (3-69)
and

e c - k )  =  £ ( k )  . (3-70)

T h e re fo re ,  th e  summation in  Eq. (3-67) v a n ish e s  i d e n t i c a l l y .  T h u s , from 

Eq. (3->+9),

| <  =  Z . (3-71)

Combining E qs. (3 - 2 2 ) ,  ( 3 - 2 3 ) ,  (3 -6 8 ) ,  and ( 3 - 7 l ) ,  and d e f in in g  g ( k , z )  as

= / * /  B i i J i i )  = 2 _ 'e a , _ z«, , (3.72)

th e  c o n d u c t iv i ty  becomes

Ck = f t  7  f -  [  9 ~  f r f - f i ] 1.  ( 3 - 7 3 )
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^2O r, fo llo w in g  V elick y , we have th e  a l t e r n a t e  form

x n/ 2"- ir’a; iz-'Vit) § ( S - € c * > )  y

where i s  th e  volume p e r  atom and A and A  a re  d e f in e d  from th e  s e l f ­

energ y  21 >

A t 7) 2 ft I {yitcO , (3“75)

and

A i * p  =  I %  2 i * j i i o ) \ m (3_76)

We have now s e t  down th e  e x p re s s io n s  fo r  th e  model H am ilton ian  

c o n d u c t iv i ty  and d e n s ity  o f  s t a t e s .  In  th e  n e x t s e c t io n ,  we s h a l l  d is ­

cuss th e  phonon system  and th e  phonon a v e ra g in g  p ro c e s s  in  th e  s e l f ­

en ergy  e q u a tio n , Eq. (3 -6 * 0 .

2. E lec tro n -P h o n o n  I n te r a c t i o n  and  D i s t r i b u t io n  F u n c tio n  f o r  Q .n

In  th e  harm onic a p p ro x im a tio n , th e  a tom ic  m otion  o f  th e  a l lo y  

in  a  g iv e n  c o n f ig u ra tio n  can be d e s c r ib e d  by th e  H am ilton ian

H p h  =  X  t  ( O j  (  y 2  +  b f  b J )  ,  ( 3 - 7 7 )
' S= I

where b+ and b a re  th e  c r e a t io n  and d e s t r u c t io n  o p e ra to r s  f o r  a phonons s

in  s t a t e s ,  w ith  frequency  COg . However, in  a  c o n c e n tra te d  a l l o y ,  th e  

phonon quantum number s can  no lo n g e r  be  i d e n t i f i e d  w ith  th e  c r y s ta l  

momentum. The e lec tro n -p h o n o n  i n t e r a c t i o n ,  w hich does n o t co nserve
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c r y s t a l  momentum, i s  r e p re s e n te d  in  o u r model (Eq. (3 -5 5 ))  by th e  l o c a l  

H am ilton ian

| - |g .p  =  0 = I .  (3-78)

We make th e  s ta n d a rd ,  e x c e l le n t  ap p rox im ation

0 . = +  t \ » >  h i ]  (3-79)

where ^ s (n)  i s  th e  p r o b a b i l i t y  am p litu d e  f o r  an e le c t r o n  a t  th e  n ' t h  

s i t e  to  abso rb  a  phonon w ith  quantum number s .  N o tice  t h a t  

b s , and 0 ^  a re  c o n f ig u r a t io n  d ep en d en t. N o tice  a ls o  t h a t  s in c e  0 ^  i s  

an o p e ra to r ,  th e  s e l f - c o n s i s t e n t  e q u a tio n , Eq. (3-61+), i s a phonon op­

e r a to r  e q u a tio n . However, we can red u ce  i t  to  a s c a la r  form , a s  fo l lo w s .  

The phonon av e ra g e  o f  any fu n c tio n  f (  0  ) o f  th e  o p e ra to r

9  i sn

<  h e - ’>f  =  T r fh  [  f a  / + £ ) . ) ]  ,  (3 -8 ° )

where

p  _  e ~ ^ rifl~

T r t e ' ^ f ]  '  < 3 ' 8 1 >

and th e  t r a c e  i s  o v e r  a l l  s t a t e s  o f  th e  l a t t i c e  m otion . The av erag e

<  f  < ®n> >f can a l s o  be w r i t t e n  i n  term s o f  th e  p r o b a b i l i t y  d i s t r i b u ­

t i o n  Pn ( rj ) as

^  = J  f ( r j )  P n ( p  d*[  j  (3 -8 2 )
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w here P ( ^ ) i s  d e f in e d  in  te rm s o f  i t s  c h a r a c t e r i s t i c  f u n c t io n  f t  L( X ) ,

P - ‘ V = 2 ( > 8 3 )-«C

w hich i n  tu r n  i s  d e f in e d  as

= T>[/>P, ei;<0“J. <>»>

E x p l i c i t l y ,  th e  c h a r a c t e r i s t i c  fu n c tio n  i s  ^

< p „ f ^ )  =  T p fc|  T r f k [ e - /3^ i ^ t ^ t b ; b 1, j  J

=  T r r k [ ( j z ) n j  +  & » * ) ]
(3-85)

=  T r pJ, ( f n ^ ) r y  

=  T r [ T r rkf s e ‘* * ’ ‘"'J = TT
In  th e  above e x p re s s io n , we have d e f in e d

o  _  ~/3 £ C !% + bj  h ( '/* + ^  3
As E  ^  /  Z -  £  ,

'  n . < = »  y
(3-86)

and

VV£C*11 =  Ys£w) 1)5 +  / / t n ;  t t  ,  (3- 87)

and have u sed  th e  com m utation r e l a t i o n

[  ^  <» j J  = o  ,  J 4 * \ (3- 88)
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( s ) AN ote (p  ^ ( f t )  i s  th e  c h a r a c t e r i s t i c  fu n c t io n  o f  "Ws ( n ) ,  which i s

e s s e n t i a l l y  th e  d isp la cem e n t o f  a  o n e -d im e n s io n a l quantum o s c i l l a t o r ,

6kso t h a t  we can use th e  s ta n d a rd  r e s u l t

f l i t ) *  e  2 " ’ <3-8̂
where

< * ?  =  i i s  ( in ) I* C & tL  I 2  ^ s K  (3-90)

Thus, i n  view  o f  Eqs. ( 3 - 8 0 ) ,  (3 -89 )  and ( 3 - 9 0 ) ,  hecomes

f n ( X )  =  e " * " 1' *  , i 3 ' 91)

where

,1s7
o u  =  Z s  =  T s \ i s ( » A 2 c o t t i  i  p t  <*>*). (3-92)

I ( s )N ote t h a t  i s  p r o p o r t io n a l  to  th e  D ehye-W aller f a c to r  tim es  th e

sq u are  o f  th e  e le c tro n -p h o n o n  c o u p lin g  c o n s ta n t . S ince  th e  c h a r a c te r ­

i s t i c  fu n c tio n  f r  i s  a  G a u ss ia n , i t s  F o u r ie r  tra n s fo rm , th e  d i s t r i ­

b u tio n  fu n c t io n ,  i s  a G au ssian  to o .  Thus th e  d i s t r i b u t i o n  fu n c tio n  i s

n* I ~ - V Z/ 2eL*' (3-93)
p - , i , =  m z €  ■

A pply ing  Eqs. (3-82) and (3-93) to  th e  s e l f - c o n s i s t e n t  e q u a tio n , Eq. (3-6U), 

we have a  s c a la r  i n t e g r a l  e q u a t io n  f o r  £  ,

f  dr, < e"’,Vz‘<" (—— 7 —) > = 0.  ^
J  1 <1 2 T T o i n  \  I F  ’ C
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L e t us d e f in e  a  l o c a l  d i s t r i b u t i o n  P ^ ( ) ,  w hich i s  th e  average  

o f  Pn ( ) o v e r a l l  c o n f ig u ra t io n s  w ith  an A atom a t  th e  n ' t h  s i t e ,  and 

d e f in e  P ^ ( ) s i m i l a r l y .  Then Eq. (3-9*0 becomes more e x p l i c i t ,

J> [ * R  ‘V ( >  * 'i ft** ( 1  m (3-95)

The e q u a tio n  f o r  £  th u s  depends on th e  p u re  c r y s t a l  d e n s i ty  o f  s t a t e s  

and th e  d i s t r i b u t i o n  f u n c t io n .  In  th e  n ex t s e c t io n  we s h a l l  f u r th e r  

s im p lify  th e  m odel in  o rd e r  t o  g e t a  q u a l i t a t i v e  id e a  o f  th e  te m p e ra ­

tu r e  dependence o f  d e n s i ty  o f  s t a t e s  and th e  c o n d u c t iv i ty .

3. Model D e n s ity  o f  S t a t e s ,  V e lo c i ty  D isp e rs io n  and L oca l D i s t r ib u t io n  

F u n c t io n s .

L e t us f i r s t  rev ie w  th e  p ro ced u re  f o r  c a l c u la t in g  th e  s e l f ­

energy  £  , th e  d e n s i ty  o f  s t a t e s  X  , and th e  c o n d u c t iv i ty  ON. , and th e n  

d e s c r ib e  some m odel fu n c t io n s  t h a t  we have a c tu a l ly  u sed  in  o u r com puta­

t i o n s  .

To c a l c u l a t e  th e  s e l f - e n e rg y  £  » we need to

( i )  o b ta in  Fq ( z ) from  th e  d is p e r s io n  r e l a t i o n  ( k ) ,  u s in g  Eq. (3-58),  

o r  from th e  p u re  c r y s t a l  d e n s i ty  o f  s t a t e s  yV ^(E), u s in g  Eq. (3-60);

( i i )  E xp ress F a s  a  fu n c t io n  o f  JT by Eq . (3-65);

( i i i )  S p e c ify  th e  e le c tro n -p h o n o n  p a ram e te r  (n ) j th e n  g e f o(. froms n

Eq. (3 -9 2 ) . P erfo rm  th e  c o n f ig u ra t io n  average  on P^( ^  ) t o  g e t  E ^ ( ) 

and PB( Yj ).

( i v )  Solve th e  i n t e g r a l  e q u a t io n ,  Eq. (3-95) f o r  2. . Once th e  s e l f ­

energy  i s  o b ta in e d ,  we compute th e  d e n s i ty  o f  s t a t e s  yV^E) from  Eq. (3-66)
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To compute th e  c o n d u c t iv i ty ,  we assume a cu b ic  l a t t i c e ,  so t h a t  

th e  av erag ed  c o n d u c t iv ity  i s  i s o t r o p i c ,

o ! 1'5 =  ,  ( 3 " 9 6 )

w h ere , a cco rd in g  to  Eq. (3 -7 * 0 ,

j . L i  ir'ch Sa-echlj % •
I f  ve  d e f in e  th e  v e lo c i ty  d is p e r s io n  i fce )  Ky

V'ce) h  Vc*) Sc6~e(t)) /x>C£) (3 -98)

th e n

(3 -99 )

S in c e  we a re  in v e s t ig a t in g  th e  g e n e ra l  t r e n d s ,  i t  i s  n e i th e r  co n v en ien t

n o r p r o f i t a b l e  to  s t a r t  our c a l c u la t io n  from  a  d e t a i l e d  £ ( k )  and

“i f  s (n ) .  In s te a d  we s h a l l  u se  s im p le  m odel form s f o r  , V~( € )  ,

and lo c a l  d i s t r i b u t io n s  P and P as fo llo w s .
A B

For p u re  c r y s t a l  d e n s i ty  o f  s t a t e s ,  we have ad o p ted  th e  Hubbard 

e l l i p s e  m odel,

(3-1 0 0)
A ( £ )  “

Q J f£l > 1 ;

w here th e  energy u n i t  i s  a  h a lf -b a n d w id th . T h is  model i s  e s s e n t i a l l y  

an ap p ro x im atio n  to  a  sim p le  cu b ic  t i g h t - b in d i n g  s band d e n s i ty  o f
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s t a t e s . I t  a ls o  behaves l i k e  a  f r e e  e l e c t r o n  d e n s ity  o f  s t a t e s  around

th e  bottom  o f  th e  band . T his i s  a  model t h a t  has been u sed  e x te n s iv e ly
3

m  c a lc u la t io n s  o f  e l e c t r o n i c  p r o p e r t i e s  m  a l lo y s .

C orrespond ing  to  Eq. (3 -1 0 0 ) ,  we have

Fa Cl  1 =  2 2  -  2  v/e -  I J i - t -  | J

so th a t

(3- 101)

p Ci ' i  =  po C-2 - £ )  — \Z (z -s ’> - 1 J ( l - s . ) * !  . ( 3 - 1 0 2 )

The s im p le s t  form  f o r  th e  lo c a l  d i s t r i b u t i o n  fu n c tio n s  P. and P .̂ can be
A B

o b ta in e d  by assum ing t h a t  th e  e le c tro n -p h o n o n  in t e r a c t io n  i s  in d e p en d en t 

o f  c o n f ig u r a t io n s ,

B .  ( ? '  - ? b <v  =  . ( 3- 103 )
v/ 2 ~ n  oC

In s te a d ,  and i n t u i t i v e l y  more a t t r a c t i v e ,  we ta k e

PA) 6 ( - p  = - p — 1  g - ’l /U A .e  O . io k )
^  2 1 T oLA j& ;

w hich c o u ld , f o r  exam ple, be o b ta in e d  by ta k in g  a ty p ic a l  te rm  in  th e

c o n f ig u ra t io n  av e rag e  le a d in g  to  P and P . The in p u t p a ra m e te rs  oC .
A  B A

and oi a re  l i n e a r  in  te m p e ra tu re  a t  h ig h  te m p e ra tu re s . (se e  Eq. (3 -9 2 ))  
B

The spectrum  £ " ( k ) ,  and th e r e f o r e  7T (E ) , canno t be  u n iq u e ly  

d e r iv e d  from ^ t y ^ ( E ) .  F o llow ing  V e lic k y ^ , we chose th e  form

IT C€r) = C I -  e 2 ) (3-105)

which co rre sp o n d s  w e ll w ith  our model y ty^(E) ,  and w ith  th e  s im p le  band
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s t r u c t u r e  we j u s t  m en tio n ed . Here i s  th e  maximum v e l o c i t y  in  th em

band . Combining E q s . (3 -9 9 ) ,  (3-100) and (3 -1 0 5 ) , we o b ta in

(X  r= 3 1 -1  ( —  l C  ) ( d v  ( - i i ' j  f  f a  ~ ~  ^  ) / l  A  C ^ ---------  (3 -106 )
T T ^ c  3TT J  d l  I ,  L C f - S - A l i ) ) *  +  A * C p ] Zm

F or l a t e r  co n v en ien ce , l e t  us d e f in e  a fu n c tio n  <?£( ^  ) by

c £ i p  = J  d x  ( i - 1 2)  [ - — -— ( 3- 107 )

o r ,  a f t e r  i n t e g r a t i o n  (s e e  Appendix B ),

(3 -108 )2 c p  = M>(V- [ , 4 -L Z 2 L  ]
' / C A ( p  L ~n sY(V J •

F or a  m e ta l  a l l o y ,  ( ~ ^ j )  a sh a rP1y peaked fu n c t io n  o f  ^  a t  y = ^ . , a n d  

we can th e n  e x p re ss  i n  th e  u su a l ap p ro x im atio n ,

(3 -109)

S in ce  a  smooth fu n c tio n  o f  7J ex cep t a t  th e  s in g u la r

p o in ts  o f  th e  d e n s i ty  o f  s t a t e s ,  te rm s in v o lv in g  c C c f y )  and  h ig h e r  

d e r iv a t iv e s  a re  sm a ll com pared to  ct te f )  and may be n e g le c te d .  T hus, i f  

£  p i s  n o t to o  c lo s e  t o  a  band edge, o r  o th e r  s i n g u l a r i t y ,  i t  i s  

s u f f i c i e n t  to  keep o n ly  th e  f i r s t  term  in  th e  ex p an sio n  o f  Eq. (3 -1 0 9 ) , 

so  th e  c o n d u c t iv i ty  becomes

v \ __ ’7r8 f , , 6 t
a  "  7 T  - a :  I  1 +  ~ k ^ t j  ( 3 - 1 1 0 >
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The te m p e ra tu re  dependence o f  th e  d e n s i ty  o f  s t a t e s  and th e  

c o n d u c t iv i ty  can now he in v e s t ig a t e d .  The d e t a i l s  and r e s u l t s  o f  num eri­

c a l  c a l c u la t io n  w i l l  he p re s e n te d  in  th e  n e x t s e c t io n .  However, a  q u ic k e r 

u n d e rs ta n d in g  o f  some f e a tu r e s  o f  t h i s  th e o ry  can  he o b ta in e d  hy in ­

v e s t i g a t i n g  th e  weak s c a t t e r i n g  l i m i t .  T h is  t o p i c  i s  t r e a t e d  in  

A ppendix C.

1+. C a lc u la t io n a l  P ro c e d u re s .

L e t us rev iew  th e  in p u t  p a ram ete rs  n eeded  f o r  th e  com pu ta tion .

For a  b in a ry  a l lo y  A B a t  f i n i t e  te m p era tu re  T , x and y a re  th e  con-x y

c e n t r a t i o n s  o f  A and B atom s, £  and £  a r e  th e  s t r e n g th s  o f  s t a t i c
A ]3

random p o te n t i a l s  around A and B atoms r e s p e c t iv e l y ,  an d , o^. andA B

a re  th e  e le c tro n -p h o n o n  in t e r a c t io n  p a ram e te rs  w hich a re  l i n e a r  in  tem pera­

tu r e  a t  h ig h  te m p e ra tu re s .  In d e e d , &  and cL can he th o u g h t o f  as
A B

th e  mean sq u a re  o f  th e  th e rm a l f lu c tu a t io n  in  t h e  atom ic p o te n t i a l  

s t r e n g th s  £  ̂  and r e s p e c t iv e ly .  I t  i s  c o n v e n ie n t to  d e f in e  th e

o r ig in  o f  energy  and a s c a t t e r i n g  s tr e n g th  $  hy

r  is
(3-111)

£  0 = “ *2 $  •

Here a l l  th e  e n e rg ie s  a r e  in  u n i t s  o f  th e  h a l f -b a n d w id th .

To so lv e  fo r  £  from th e  i n t e g r a l  e q u a t io n ,E q . (3 -9 5 ) ,  i t  i s

co n v e n ie n t to  ex p ress  i t  in  a  d i f f e r e n t  form  w hich  i s  u s e f u l  fo r  

i t e r a t i o n ,

^  =  ^  8 . - Z )  F ^  (3-112)
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w hich can he s im p l i f ie d  f u r t h e r ,  to

J  =  i  -  ±  F -  ' /  Z — — 7 7 -  „  ,  ■ > > • (3- 113>

In  d e r iv in g  Eq. (3 -1 1 3 ) ,  we have u sed  Eq. (3 -1 0 2 ) , which can be r e w r i t t e n

as

£  =  2  i  . (3 -1 1 U )

The i t e r a t i o n  p ro c e d u re  i s  as  f o l lo w s .  S t a r t  w ith  some a p p ro p r ia te  F , 

compute £  from Eq. ( 3 -1 1 3 ) ,  w hich p ro v id e s  a  new F from Eq. (3 -1 0 2 ) , 

and so on.

The convergence o f  £  depends on a  good c h o ice  fo r  th e  i n i t i a l  

F . N o tice  t h a t  F i s  th e  s i t e  d ia g o n a l m a tr ix  e lem ent o f  a  t r a n s l a t i o n a l l y  

in v a r ia n t  G reen’ s f u n c t io n .  In  i t e r a t i n g ,  good convergence te n d s  to  

depend on s t a r t i n g  o u t c lo s e  to  th e  f i n a l  answ er. S in ce  th e  phonons 

u s u a l ly  have a  sm a ll e f f e c t  com pared w ith  th e  a l lo y in g ,  th e  b e s t  i n i t i a l

t r i a l  va lu e  to  u se  f o r  F i s  g e n e r a l ly  th e  s t a t i c  a l lo y  F ^ .  The speed

o f  convergence a ls o  depends on th e  en e rg y . T here i s  alw ays b e t t e r  con­

v e rg en ce  a t  th e  band c e n te r  th a n  a t  th e  band ed g es . So, in  th e  a c tu a l  

com pu ta tion , we so lv e  f o r  th e  s t a t i c  a l lo y  F ^ ^  ( to  be d is c u s s e d  s h o r t l y ) ,  

th e n  we s t a r t  i t e r a t i n g  a t  an en erg y  c o rre sp o n d in g  to  th e  peak o f  th e  

s t a t i c  d e n s ity  o f  s t a t e s ,  i t e r a t i n g  Eq. (3 -113 ) t o  g e t th e  te m p e ra tu re  

dependent s e l f - e n e rg y  £  a t  t h a t  e n e rg y . Then we u se  t h i s  £  , o r th e

co rresp o n d in g  F as th e  i n i t i a l  v a lu e  f o r  a n e ig h b o rin g  en e rg y , and con­

t in u e  t h i s  p ro ced u re  t o  th e  t a i l s  o f  th e  b an d . In  th e  case  o f  s p l i t  

b an d s , we c a r ry  o u t t h e  p ro c e d u re  f o r  each subband s e p a r a te ly .  The s e l f ­

energy  and th e  c o rre sp o n d in g  F ^ ^  o f  th e  s t a t i c  a l lo y  have been
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d is c u s se d  in  d e t a i l  in  Ref .  3 . Here we o n ly  quo te th e  r e s u l t s  o f  Re f .  3 

whenever th e y  a re  needed  f o r  o u r co m p u ta tio n . I t  i s  co n v en ien t to  so lv e  

fo r  F ^ ,  w hich s a t i s f i e s  a  cu b ic  e q u a t io n ,

-fa F(#’3- ( $ * - ■ > ]  F0”- ( a + e  ) =  o  J (3 -1 1 5 )

where fi i s  th e  av e ra g e d  energy  31 When Eq. (3 -115) i s  so lv e d

fo r  a  r e a l  en erg y  z = E in  th e  h an d , th e r e  a re  th r e e  r o o t s .  We o n ly

choose t h e  c o r r e c t  r o o t  c o rre sp o n d in g  to  E = E + i o ,  i . e . ,  th e  im ag in a ry

p a r t  o f  F ^ ^  m ust he n e g a t iv e  i n  o rd e r  to  g ive  a p o s i t iv e  d e n s i ty  o f

s ta t e s  (s e e  Eq. (3 -6 6 ) .

In  th e  p ro c e s s  o f  i t e r a t i o n  in  Eq. (3 -1 1 3 ), we alw ays e n c o u n te r

th e  fo llo w in g  a v e ra g e :

I

X e ~ , % *  t  2  J
j i t  /H S *  c t -  eA-rj .^f}' i/zn^e ( a ~ fs -7 '* F ; '

=  *  +  ±  1
J f n  1 *  -  £a - JZiAi - 5 F  i -  £ ,  - n Z a i - j F J

In  o th e r  w o rd s , we have to  c a r ry  o u t th e  i n t e g r a l

2

(3-116)

where

2 * ' 0  (3 -1 1 8 )

S in ce , f o r  a r e a l  en erg y  z = E in  th e  hand , F w i l l  have a  n e g a t iv e  im a- 

in a ry  p a r t ,  we have

(3-119)
> 6 > 0
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E xcept f o r  a c o n s ta n t ,  th e  i n t e g r a l  in  Eq.. (3 -117)»  i s  a  complex e r r o r  

f u n c t io n .  A d is c u s s io n  o f  t h i s  fu n c tio n  and th e  t a b u la te d  v a lu e s  f o r  

c e r t a i n  ra n g e s  o f  th e  argum ent a re  g iv en  in  Ref .  66 . In  th e  a c tu a l

fo llo w s  im m ed ia te ly , y ie ld in g  in  i t s  tu r n  th e  d e n s i ty  o f  s t a t e s  from 

Eq. (3 -6 6 ) .  I t  i s  th e n  easy  to  o b ta in  th e  c o n d u c t iv i ty  a s  a  fu n c tio n  o f 

th e  Ferm i en e rg y , s in c e  we have ex p re ssed  th e  c o n d u c t iv i ty  in  term s o f  

th e  d e n s i ty  o f  s t a t e s  and s e l f - e n e rg y .  (se e  Eq. (3 -1 1 0 ) ) .  But i f  we 

want th e  c o n d u c t iv i ty  as  a  fu n c tio n  o f  te m p e ra tu re ,  we have to  c a lc u la te  

th e  Ferm i l e v e l  a t  each  te m p e ra tu re . This can be done by  so lv in g  fo r

w here c i s  th e  av erag e  number o f  e le c tro n s  p e r  a l lo y  atom and i s  g iv en  by

H ere C. and CL a re  numbers o f  e le c t ro n s  p e r  atom f o r  p u re  A and B 
A  j5 "

c r y s t a l s .

5 . R e s u l t s  o f  th e  N um erical C a lc u la t io n s  and D isc u s s io n

B ecause we do n o t have a d e f in i t e  a l lo y  in  m ind , a l l  th e  param ­

e t e r s  a r e  f r e e  to  v a ry  fo r  d i f f e r e n t  a l lo y s .  We s h a l l  o n ly  p ic k  some

c a l c u l a t i o n ,  we u sed  th e  s e r i e s  expansion  f o r  — 2 - ?  and

I 9m £  A>81 -  I' ^  ,w h ile  o u ts id e  t h i s  range  we u sed  th e  t e n  p o in t  G aussian
8o

H erm ite  q u a d ra tu re  fo rm u la . The convergence f o r  m ost c a se s  i s  v ery  

f a s t .

Once th e  s e l f - e n e r g i e s  in s id e  th e  bands a re  o b ta in e d ,  F

€ f  in

(3-1 2 0)

c = x c A + ]  CQ (3 -121)
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r e p r e s e n ta t iv e  v a lu e s  f o r  each  p a ra m e te r  f o r  n u m e rica l i l l u s t r a t i o n s .  

However, an u n d e rs ta n d in g  o f  s a l i e n t  f e a tu r e s  o f  th e s e  exam ples shou ld  

g iv e  some in s ig h t  in to  th e  n a tu re  o f  th e  m odel.

In  F ig . I l l ( a )  t o  I I l ( c ) ,  th e  s e l f - e n e rg y  i s  p l o t t e d  as a 

f u n c t io n  o f  en erg y . Each f ig u r e  r e p r e s e n ts  an a l lo y  w ith  a  d e f in i t e  

c o n c e n tra t io n  x and s c a t t e r in g  s t r e n g th  £  h u t a t  two d i f f e r e n t  tem pera­

t u r e s .  The s o l id  l i n e  r e p r e s e n ts  th e  s t a t i c  a l lo y  w h ile  th e  dashed l i n e  

s ta n d s  f o r  th e  a l lo y  a t  T ^ 0 . F ig . I l l ( a )  r e p r e s e n ts  an a l lo y  in  th e  

v i r t u a l  c r y s t a l  l i m i t ,  in  w hich x = 0 .1 ,  §  = 0.5* We s h a l l  r e f e r  to  a

s i t u a t i o n  as hav ing  " v i r t u a l  c r y s t a l "  c h a r a c te r  when S  i s  sm a ll ,  and £  

r e l a t i v e l y  s low ly  v a ry in g , (so  t h a t  p e r tu r b a t io n  th e o ry  i s  r e a s o n a b le ) .

The s c a t t e r in g  n a tu re  o f  th e  s t a t i c  a l lo y  i s  c h a r a c te r iz e d  by th e  a  hump 

o f  A  a t  th e  to p  o f  th e  band . When th e rm a l d is o r d e r  i s  in t ro d u c e d , A 

in c re a s e s  i n  th e  whole range  o f  en ergy  in s id e  th e  b and . But th e  in c re a s e  

o f  A  in  th e  low er energy  p a r t  o f  th e  band i s  g r e a t e r  th a n  t h a t  ardund th e  

hump o f  th e  s t a t i c  A  . The r e a l  p a r t  o f  th e  s e l f - e n e rg y  A , o f  th e  

s t a t i c  a l lo y  i s  a lm ost a  c o n s ta n t  in  th e  lo w er p a r t  o f  th e  b an d , b u t has 

i n t e r e s t i n g  s t r u c tu r e  i n  th e  " im p u rity "  p a r t  o f  th e  b an d . The th e rm al 

d is o r d e r  a f f e c t s  th e  " h o s t"  p a r t  and " im p u rity "  p a r t  e q u a l ly ,  so th a t  

we have a s h i f t  o f  th e  spectrum  from  th e  c e n te r  o f  each  component bands 

to  b o th  w ings. T h is i s  r e f l e c t e d  in  th e  change o f  ^  . As we go from 

th e  low er energy  re g io n  up to  h ig h e r  e n e rg y , we have a  n e g a tiv e  change in  

, th e n  a  p o s i t i v e  change , th e n  th e  change in  A te n d s  to  become 

n e g a t iv e  when we e n te r  th e  im p u r ity  p a r t ,  and f i n a l l y  p o s i t i v e  a t  th e  

v e ry  to p  o f  th e  band. In  F ig . I l l ( b ) ,  w here x = 0 . 5 ,  £  = 0 .8 , th e  a l lo y
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F ig u re  I I I .  The r e a l  p a r t  (A) and th e  a b s o lu te  v a lu e  o f th e  im ag in ary  

p a r t  (A) o f  th e  s e l f - e n e rg y  f o r  th e  s t a t i c  a l lo y  ( s o l id  l i n e )  

and th e  a l lo y  a t  a  f i n i t e  te m p e ra tu re  (dashed  l i n e )  c h a r a c te r ­

iz e d  by aL = = oL = 0 .0 1 5 . The th r e e  f ig u re s  a re
A  -D

fo r  th r e e  a l lo y s  w ith  (a )  X = 0 .1 ,  5  = 0 . 5 ;  (b) X  = 0 . 5 ,

$  = 0 . 8 ;  and ( c)  X  = 0 .1 ,  § =  1 . 0 .
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i s  c o n c e n tr a te d ,  and th e  s c a t t e r i n g  s t r e n g th  i s  m o d e ra te ly  "big. The 

s t a t i c  a l lo y  A  has a  v e ry  sh a rp  peak  a t  th e  c e n te r  o f  th e  hand w here th e  

im p u rity  s c a t t e r i n g  i s  m ost e f f e c t i v e .  The th e rm al d is o r d e r  ca u se s  a 

p o s i t iv e  change in  b o th  w ings o f  th e  hand and a  n e g a tiv e  change a t  th e  

c e n te r .  The d e c re a s e  in  A  happens a t  th e  e n e rg ie s  c o rre sp o n d in g  to  th e

s tro n g e s t  damping in  th e  s t a t i c  a l lo y .  As w i l l  he c l e a r  from o u r l a t e r

d is c u s s io n  o f  £  , t h i s  im p lie s  t h a t  th e  h ig h ly  s c a t t e r e d  e le c t r o n s  in  

th e  warm a l lo y  a t  th e s e  e n e rg ie s  a r e  in  more n e a r ly  B lo c h - l ik e  w ave- 

fu n c t io n s . The change in  y\ has  th e  same g e n e ra l c h a r a c te r  a s  in  th e  

f i r s t  c a s e  d is c u s s e d ,  and h e re  a g a in  i t  shows th e  tend en cy  to w ard s a 

sp read in g  o f  th e  sp ec tru m . In  F ig . I I l ( c ) ,  x = 0 .1 ,  $  = 1 - 0 ,  th e  s t a t i c

a l lo y  hand  i s  s p l i t .  The s t a t i c  a l lo y  i s  c h a ra c te r iz e d  hy a v i r t u a l  

c r y s ta l  A in  t h e  h o s t  suhhand , and a  v e ry  h ig h  A in  th e  im p u r ity  su b -  

hand s t r o n g ly  p eaked  n e a r  th e  hand gap . As exp ec ted  from  p re v io u s  two 

c a se s , th e  th e rm a l d is o r d e r  in c re a s e s  A  in  th e  v i r t u a l  c r y s t a l  r e g io n ,  

h u t d e c re a se s  A  a t  e n e rg ie s  o f  v e ry  h ig h  damping. S in ce  th e  s t a t i c  hand 

i s  a lre a d y  s p l i t ,  th e  s h i f t  o f  th e  energy  spectrum  f o r  each  suhhand 

causes a  s t r e t c h in g  o f  th e  band .

The d e n s i ty  o f  s t a t e s  as a  fu n c tio n  o f  te m p e ra tu re  f o r  th e  a l lo y s

o f  F ig . I l l  a r e  shown in  F ig .  IV . S e v e ra l v a lu e s  o f  th e  te m p e ra tu re

p a ram e te r a r e  r e p re s e n te d  in  each  p l o t .  There i s  no v i s i b l e  s t r u c t u r e  

in  th e  d e n s i ty  o f  s t a t e s  in  F ig .  I V ( a ) ,  and in c re a s in g  th e  te m p e ra tu re  

on ly  s t r e t c h e s  th e  band and sm ears i t s  edges. F ig . IV(h) shows t h a t  th e  

d ip  in  th e  s t a t i c  d e n s i ty  o f  s t a t e s  in  g ra d u a l ly  f i l l e d  and d is a p p e a r s .

The same lo n g  hand  t a i l s  ap p e a r f o r  b ig  v a lu e s  o f  e (  . In  F ig .  I V ( c ) ,
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F ig u re  IV. D e n s ity  o f  s t a t e s  >Y(E ) a t  f i v e  te m p e ra tu re s  c h a r a c te r iz e d  

by oL = 0 . 0 ,  0 .0075,  0 .0 1 5 ,  0 .05  and 0 . 1 ,  and a t. “  c ^ B= . 

The th r e e  f ig u r e s  a re  f o r  t h r e e  a l lo y s  w ith  (a ) X = 0 . 1 ,

s =  0 . 5 ;  (b)  X  = 0 . 5 , S= 0-8  and (c )  X = 0 .1 , § =  1 . 0 .
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we s t a r t  w i th  a  s p l i t  s t a t i c  a l l o y  band. But t h e  band gap i s  v e ry  s m a l l ,  

so t h e  th e rm a l  f l u c t u a t i o n  i n  th e  energy can e a s i l y  c l o s e  t h e  band g ap ,  

and f i l l  i t  up co m p le te ly  f o r  b ig  c/L v a lu e s .  The e le c t ro n -p h o n o n  i n t e r ­

a c t i o n ,  o f  c o u r s e ,  can cause  d i f f e r e n t  f l u c t u a t i o n s  i n  t h e  s c a t t e r i n g

s t r e n g t h s  f o r  A atoms and B atom s, so t h a t  oL ^ F i g .  V shows th eA B

p l o t s  c o r re sp o n d in g  to  th o s e  i n  IV(b) and I l l ( b ) .  The o n ly  d i f f e r e n c e  i s

t h a t  c^ .  i s  s e t  t o  be f o u r  t im es  as  b ig  as  i . e .  o lJ  c* = kA B A B

and C^b = • The e f f e c t  on th e  s e l f - e n e rg y  i s  a  b ig g e r  change in  b o th

A  and in  t h e  upper p a r t  o f  th e  band, w ith  £  i n  th e  lo w er  p a r t  b e in g  

alm ost l i k e  t h a t  i n  F ig .  I l l ( b ) .  S im i la r ly ,  th e  d e n s i t y  o f  s t a t e s  i s  no 

lo n g e r  sym m etr ic ,  t h e  u p p e r  energy  p a r t  be ing  s t r e t c h e d  more th a n  th e  

low er ene rgy  p a r t .

These r e s u l t s  can be b e t t e r  v i s u a l i z e d  th ro u g h  t h e  s tu d y  o f  

component d e n s i t i e s  o f  s t a t e s .  The s e l f - c o n s i s t e n t  e q u a t io n ,  Eq. (3 -1 1 3 ) ,  

f o r  £  can  be r e w r i t t e n  as  a  s im p le r  ex p ress io n  f o r  F by u s in g  th e  e q u a l i t y  

i n  Eq. (3 -11*0 ,

F = « , . , »i (3-1 2 2)

= / ^7  PA ‘V  + j ^ P s ‘V  " t - l - y i r  .
The q u a n t i t i e s

Fa . 0 ( 7 , * ) =  ----------------- !-------------  (3-123)

have a  s p e c i a l  m eaning. p ^ r p ^ )  means th e  d ia g o n a l  m a t r ix  elem ent o f  a 

r e s t r i c t e d - a v e r a g e d  G re e n 's  f u n c t io n  a t  th e  s i t e  z e ro .  The r e s t r i c t i o n  

i s  t h a t  an  A atom i s  d e f i n i t e l y  a t  s i t e  zero w ith  a  "phonon l e v e l  s h i f t  y  .
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F ig u re  V. (a )  The s e l f - e n e rg y  f o r  t h e  a l l o y  w i th  X  = 0 .5 ,  8 = 0*8

and o t = 1+ pi = if oL a t  two te m p e ra tu re s  c h a r a c t e r i z e d  
A B

by oi. = 0 .0  ( s o l i d  l i n e )  and oL = 0 .015  (dashed  l i n e ) .  (b) The 

d e n s i t y  o f  s t a t e s  f o r  t h e  same a l l o y  a t  f o u r  te m p e ra tu re s  

c h a r a c t e r i z e d  by o( = 0 . 0 ,  0 .0 0 7 5 ,  0 .015 and 0 .05 .
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In  t h e  CPn*language, t h i s  c o rre sp o n d s  t o  a  one atom c l u s t e r ,  i . e .

CP*(A, ^  ) .  We a r e  s im ply  u s in g  t h e  G reen 's  f u n c t io n  o f  a  c r y s t a l  

c h a r a c t e r i z e d  by t h e  l e v e l  + y|  a t  s i t e  z e ro ,  and by

o th e r  s i t e s ,  i . e .

F a ( T i l l  = < o  I [  i  - Ho - I - 0*>> ?A+rl<°D + ( l o > *  <o ) l  l°>

F f 2  5 I (3-124)

| - C £ a 4 1 J - 2 ) F  - f  - S A - r j - Z

I

- Z -  £ a  -  7 - i F  •

I f  we t a k e  th e  im ag in a ry  p a r t  o f  b o th  s id e s  o f  Eq. ( 3 - 1 2 4 ) , and r e l a t e  

ImF t o  th e  d e n s i t y  o f  s t a t e s  M (E) th ro u g h  Eq. ( 3 - 6 6 ) ,  we have

M i l )  = j  ̂ 7 f * ? A ir\)  ^A(Ve) + % P&lV (3-125)

where . V te) a re  " l o c a l  d e n s i t y  o f  s t a t e s "  and a r e  d e f in e d  by

^A, »  < V B) 5  ~ 4 f  ^  Fa.b ( J .
(3-126)

Or, a f t e r  i n t e g r a t i o n ,  Eq. (3 -125)  may be r e w r i t t e n ,  in  te rm s  o f  what 

w i l l  be c a l l e d  "component d e n s i t i e s  o f  s t a t e s " ,  as

X i b ) _  x X A c o  +  y X t i E - ' * . (3- 12T)

Thus, t h e  t o t a l  d e n s i t y  o f  s t a t e s  i s  t h e  sum o f  t h e  component d e n s i t i e s  

o f  s t a t e s  y V ^ ( E )  and y V ^ (E )  w eigh ted  by t h e i r  c o n c e n t r a t i o n s . The com­

ponent d e n s i t y  o f  s t a t e s  X .  ̂ (E )  a t  f i n i t e  te m p e ra tu re  d i f f e r s  from th e
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co rre sp o n d in g  s t a t i c  component d e n s i t y  o f  s t a t e S y A \ ^ ^ ^ ( E )  by a  smearing

due t o  th e rm a l  f l u c t u a t i o n s .  The s y s te m a t ic  changing  o f  K -n(E) as  a
A ,i 3

f u n c t io n  o f  th e  te m p e ra tu re  p a ram e te r  o< i s  shown in  F ig .  VI.

Note t h a t  i n  one s p e c i a l  c a s e ,  t h e  a lg e b r a  o f  ou r  model f o rc e s

a  v e ry  s im ple  k in d  o f  b e h a v io r .  In  a 50-50 a l l o y ,  w i th  oC . = o i  t A
A  n

sh o u ld  be an t isy m m e tr ic  and A  symmetric i n  E. At t h e  c e n t e r  o f  th e

band (E = 0 ) ,  X  and ^  w i l l  always go o p p o s i t e l y  w i th  a  change o f  tem­

p e r a t u r e  , X  in c r e a s in g  when A  d e c r e a s e s ,  and v i c e - v e r s a .  This  can be

seen  from th e  r e l a t i o n  between X  and J -

X <.e ) =  ^  f fE>, —  ,  ( 3- 128)

w hich i s  a com bination  o f  E q s . ( 3 - 6 0 ) ,  (3 -65 )  and (3 -6 6 ) .

Turn ing  t o  th e  c o n d u c t iv i t y ,  once th e  d e n s i t y  o f  s t a t e s  and 

th e  im ag inary  p a r t  o f  th e  s e l f - e n e r g y  a r e  known, th e  c o n d u c t iv i t y  a s  a 

f u n c t i o n  o f  t h e  Fermi l e v e l  i s  e a s i l y  o b ta in e d  from Eq. (3 -1 1 0 ) .  F ig s .  

V I l ( a ) - ( c )  a re  th e  co rrespond ing  c o n d u c t iv i t y  f o r  a l l o y s  w i th  t h e  same 

p a ra m e te rs  as  shown in  F ig s .  I V ( a ) - ( c ) ,  w h i le  F ig .  V l l ( d )  i s  t h e  one 

c o r re sp o n d in g  to  F ig .  V (b).  In  t h e  v i r t u a l  c r y s t a l  ( i . e .  F ig s .  V I I (a )  and 

I V ( a ) ) ,  t h e  change in  d e n s i ty  o f  s t a t e s  f o r  sm all  oL i s  n o t  v i s i b l e ,  bu t 

th e  change in  th e  c o n d u c t iv i ty  i s  v ery  b i g .  Thus, i n  t h i s  case  th e  e l e c t r o n -  

phonon i n t e r a c t i o n  i s  th e  dominant mechanism f o r  th e  r e s i s t i v i t y  a t  h igh  

t e m p e r a tu r e s .  On t h e  o th e r  hand, i n  t h e  a l l o y  w i th  a  h ig h  " im p u r i ty  

r e s i s t i v i t y " ,  (F ig .  IV(b) and V l l ( b ) ) ,  t h e  r e l a t i v e  change i n  t h e  con­

d u c t i v i t y  i s  no t v e ry  l a r g e .  In  th e  s p l i t  band l i m i t ,  when th e  Fermi 

l e v e l  i s  a t  t h e  band edge o r  in  t h e  band g a p ,  t h e  d e g e n e ra te  Fermi
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F igu re  V I . Component d e n s i t i e s  o f  s t a t e s , ( s o l id  l i n e )  and
A  13

(dashed  l i n e ) ,  a s  d e f in e d  in  Eqs. (3-125) and (3 -127) a t  

s e v e r a l  te m p e ra tu re s  c h a r a c t e r i z e d  hy d i f f e r e n t  cX v a l u e s . The 

fo u r  f i g u r e s  a re  f o r  a l l o y s  w ith  (a )  X = 0 .1 ,  % = 0 .5 ,

d A = o lB = OL ; (b ) X = 0 .5 ,  S= 0 .8 ,  oiA = o*B = oi. ; 

(c)  X = 0 .1 ,  S =  1 . 0 ,  d  = Ot = c* and (d) X  = 0 .5 ,
A  13

8 = 0 .8  h u t  .
A  13
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F ig u re  V II .  E l e c t r i c a l  c o n d u c t iv i t y  CV. c a l c u l a t e d  from Eq. (3-110) as 

a  fu n c t io n  o f  th e  Fermi en e rg y  a t  d i f f e r e n t  e(. v a lu e s .  The

fo u r  f ig u r e s a r e  a l lo y s w i th

(a) TC = 0 .1 , S = 0 .5 , °*A = * B

(1) X = 0 .5 , %= 0 ,8 , °^A = ° S

(c) X = 0 .1 , S = 1 . 0 , <*A =
Ot-

B

(d) X =  0 .5 , ii o C
O

°*A = h oL
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s t a t i s t i c s  l e a d s  t o  th e  zero  c o n d u c t iv i t y  t h a t  may be o b se rv ed  in  th e

s t a t i c  a l l o y  c u rv e .  When th e rm a l  d i s o r d e r  i s  i n t r o d u c e d ,  th e  band gaps

a r e  f i l l e d  so t h a t  th e  c o n d u c t iv i t y  becomes n o n -z e ro .  However, we cannot

r e l y  on CPA to  d e s c r ib e  t h e  " im p u r i ty  band" c o n d u c t iv i t y ,  s in c e  th e  c l u s t e r

81e f f e c t  i s  v e ry  im p o rtan t  in  t h i s  c a s e .

In  p r a c t i c e ,  th e  c o n d u c t iv i ty  o f  an  a l l o y  i s  i n v e s t i g a t e d  as 

a  f u n c t i o n  o f  te m p era tu re  by f i x i n g  t h e  ave rage  number o f  e l e c t r o n s  p e r  

atom, C (see  Eq. (3 -1 2 0 ) ) ,  i n s t e a d  o f  f i x i n g  t h e  Fermi l e v e l .  A lthough 

i t  i s  d i f f i c u l t  to  e x p e r im e n ta l ly  a d j u s t  C, i t  i s  co n v en ien t  and i n s t r u c ­

t i v e  t o  p l o t  t h e  c o n d u c t iv i ty  as a  f u n c t io n  o f  C. I n  F ig .  V I I I  we s tudy  

t h i s  k in d  o f  p l o t  f o r  th e  case  x = 0 . 5 ,  <5 = 0 .8 .  The s o l i d  l i n e  r e p r e ­

s e n t s  t h e  s t a t i c  a l l o y ,  th e  o th e r  two dashed  l i n e s  a r e  t h e  a l l o y  w ith  

oi = 0.0075 and 0 .0 1 5 ,  r e s p e c t i v e l y .  I t  i s  i n t e r e s t i n g  t o  see  t h a t  th e  

c o n d u c t iv i t y  can e i t h e r  in c r e a s e  o r  d e c re a se  w i th  te m p e ra tu re  depending 

on t h e  number o f  e l e c t r o n s  p e r  atom f o r  t h e  a l l o y .  I n  o th e r  w ords, th e  

t e m p e ra tu re  c o e f f i c i e n t s  o f  c o n d u c t iv i ty  a re  v e ry  s e n s i t i v e  to  th e  lo c a ­

t i o n  o f  t h e  Fermi l e v e l .  For th e  same band s t r u c t u r e ,  t h e  t h r e e  d i f ­

f e r e n t  l o c a t i o n s  o f  Fermi en e rg y ,  a s  shown by t h e  a r ro w s ,  g iv e  t h r e e
dP

q u a l i t a t i v e l y  d i f f e r e n t  r e s u l t s  i n  -*r" : At A i t  i s  p o s i t i v e ;  a t  B,

z e ro ;  a t  C, n e g a t iv e .  The c o r re sp o n d in g  r e s i s t i v i t y  vs te m p e ra tu re  

cu rv es  f o r  th e s e  t h r e e  cases  a re  shown i n  F ig .  IX. F i n a l l y ,  l e t  us i n ­

v e s t i g a t e  t h e  i n f lu e n c e  o f  d i f f e r e n t  Ct A and o i  on th e  te m p e ra tu re
A

v a r i a t i o n  o f  th e  c o n d u c t iv i ty .  The in p u t  p a ra m e te rs  f o r  F ig .  X d i f f e r  

from th o s e  o f  F ig .  V I I I ,  o n ly  i n  t h a t ,  i n  F ig .  X, i s  f o u r  t im es  as

b ig  as  ot- ^  ( in  b o th  f i g u r e s ,  oi ^  = cL ) .  The c o n d u c t iv i t y  i s  no lo n g e r  

sym m etr ica l  w i th  r e s p e c t  t o  t h e  c e n t e r ,  t h e  e l e c t r o n  c o n d u c t iv i t y  b e ing  

b ig g e r  t h a n  t h e  h o le  c o n d u c t iv i ty  a t  f i n i t e  t e m p e r a tu r e s .
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F ig u re  V I I I .  E l e c t r i c a l  c o n d u c t iv i t y  as  a  f u n c t io n  o f  th e  numbers o f

e l e c t r o n s  p e r  atom p e r  s p in  f o r  th e  a l l o y  w ith  X  = 0 . 5 ,

S = 0 . 8 ,  ol = = oL . The t h r e e  cu rves  r e p r e s e n t  t h eA J3

s t a t i c  a l l o y  ( s o l i d )  and th e  a l l o y  w i th  oL = 0.0075  (dashed

l i n e  a)  and oi. = 0 .015  (dashed  l i n e  b ) .  Arrows i n d i c a t e  t h r e e

d i f f e r e n t  te m p e ra tu r e  c o e f f i c i e n t s  o f  e l e c t r i c a l  r e s i s t i v i t y .  
AP

At A, — i s  p o s i t i v e ;  a t  B, z e r o ;  a t  C, n e g a t iv e .
d T
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F ig u re  IX. The e l e c t r i c a l  r e s i s t i v i t y  a s  a f u n c t io n  o f  te m p e ra tu re  c o r ­

re sp o n d in g  to  th e  t h r e e  c a s e s  i n d i c a t e d  by t h e  arrows in  F ig .  

V I I I .  Here o i s  f o r  case  A, X f o r  ca se  B, and + f o r  case  C.
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F ig u re  X. C o n d u c t iv i ty  as a fu n c t io n  o f  e l e c t r o n s  p e r  atom p e r  s p in

f o r  t h e  a l l o y  w ith  *  = 0 .5 ,  $  = 0 .8  and e£ = U o i = oi .
A  i3

The t h r e e  l i n e s  a re  f o r  t h r e e  te m p e ra tu r e s  c h a r a c t e r i z e d  by 

oi = 0 .0  ( s o l i d  l i n e ) ,  oI  = 0.0075 (d a sh e d  l i n e  a) and oi = 0.015 

(dashed  l i n e  b ) .
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E. I m p l ic a t io n s  o f  t h e  Model C a lc u la t io n .

We have p r e s e n te d  t h e  main f e a t u r e s  o f  t h e  model c a l c u l a t i o n .  

The most obv ious  c o n c lu s io n  t h a t  may he drawn from o u r  d a t a  can he p u t  

i n  t h i s  way: The th e rm a l  d i s o r d e r  b roadens  and smears t h e  e l e c t r o n i c

d e n s i t y  o f  s t a t e s  i n  t h e  a l l o y .  I t  r a i s e s  th e  e l e c t r i c a l  r e s i s t i v i t y  in  

t h e  v i r t u a l  c r y s t a l  l i m i t ,  h u t ,  in  a s t r o n g  s c a t t e r i n g  a l l o y ,  p roduces  

an  i n c r e a s e  o r  d e c re a se  i n  c o n d u c t iv i ty  depending on t h e  l o c a t i o n  o f  th e  

Fermi en e rg y .  We can say m ore, o u t l i n e d  as f o l lo w s .  S in c e  we have 

t r e a t e d  t h e  d e n s i t y  o f  s t a t e s  and c o n d u c t iv i ty  a d e q u a te ly  i n  a  model 

which has many o f  th e  c h a r a c t e r i s t i c s  o f  an a l l o y ,  we s h o u ld  lo o k  f o r  

any p h y s i c a l  id e a s  t h a t  m ight he su g g es ted  hy ou r  e x p e r ie n c e  w i th  t h e  

m odel. Along th e s e  l i n e s ,  we w i l l  f i r s t  ask  what h e lp  p e r t u r b a t i o n  

th e o r y  can g iv e  u s .  Then, we compare th e  e lem en ta ry  e x p r e s s io n  f o r  

c o n d u c t iv i t y  w i th  th e  CPA fo rm u la ,  b o th  g e n e r a l ly  and in  a  l i m i t i n g  

c a s e .  In  t h e  p r o c e s s ,  we d i s c o v e r  a  need t o  re-exam ine  t h e  meaning o f  

t h e  s e l f - e n e r g y .  F i n a l l y ,  t h e  c o m p lic a t io n s  in h e re n t  i n  r e a l  t r a n s i ­

t i o n  m e ta l  a l l o y s  a r e  c o n s id e re d .

In  a  c o n c e n t r a te d ,  s t r o n g  s c a t t e r i n g  a l l o y ,  t h e  e l e c t r o n -  

phonon i n t e r a c t i o n  i s  sm all  compared t o  th e  " im p u r i ty "  s c a t t e r i n g ,  h u t  

i t  i s  t h e  e s s e n t i a l  mechanism govern ing  t h e  te m p e ra tu re  dependence.

( i n  our case  i t  i s  t h e  o n ly  m echanism .) I t  i s  b e l i e v e d  t h a t  t h e  lo w es t  

o r d e r  c o n t r i b u t i o n  o f  t h e  e le c tro n -p h o n o n  i n t e r a c t i o n  t o  th e  r e s i s t i v i t y ,  

c a l c u l a t e d  hy t h e  u s u a l  p e r t u r b a t i o n  th e o ry ,  shou ld  g iv e  th e  c o r r e c t  

answ er.  In  our ca se  t h i s  t e c h n iq u e  i s  p r o h ib i t e d  by o u r  p o o r  knowledge 

o f  t h e  n a tu r e  o f  th e  s t a t i c  a l l o y .  For exam ple, l e t  us  expand t h e  G re e n 's  

f u n c t i o n  G (Eq. (3 -1 8 ) )  i n  te rm s  o f  t h e  s t a t i c  a l l o y  G re e n 's  f u n c t i o n  Gg
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Q  =  G s  “*■ 0  G j  ■ + G s 0  G s 0  & s  +

where Gg i s  d e f in e d  as (see  Eq. (3 -5 2 ))

I

(3-129)

1  -  Ho - D

When we ave rage  on "both s id e s  on Eq. ( 3 -1 2 9 ) ,  we g e t

&  G  G s \  +  ( G s  (  Q  G s  B ) f ,  •+---•

(3-130)

(3-131)

To use  p e r t u r b a t i o n  th e o ry  b ased  on th e  s t a t i c  a l l o y ,  we need  t o  know 

th e  t h r e e  G re e n 's  f u n c t io n  average  9>p 6 s \  v e ry  w e l l ,  which i s

an u n so lv e d  problem  t o  d a te .  T h e re fo re ,  we u se  t h e  a l t e r n a t e  method o f  

t h e  s e l f - c o n s i s t e n t  CPA e q u a t io n s .

The Kubo Greenwood Formula f o r  e l e c t r i c a l  c o n d u c t i v i t y  in  CPA 

and our model has been reduced  to  a  v e ry  s im p le  and e x p l i c i t  e x p re s s io n ,

o ,  =  z l  ^  ( i +  ) ( 3- 132 )
^  12  J \ c A  * •

w hich i s  o n ly  a  fu n c t io n  o f  t h e  d e n s i t y  o f  s t a t e s  and th e  a b s o lu te  

v a lu e  o f  t h e  im ag inary  p a r t  o f  t h e  s e l f - e n e r g y  &  a t  t h e  Fermi energy  

The form o f  Eq. (3-132) makes f o r  easy  com parison  w ith  t h e  e lem en tary  

fo rm u la  f o r  r e s i s t i v i t y , * ^

P  =  -----—-----  ------ !----- ----- !■—  (3-133)
I  m f > t  ;

where D( €  „ )  i s  t h e  d e n s i ty  o f  s t a t e s  p e r  u n i t  volume a t  th e  Fermi energy 
r

( in c lu d in g  b o th  s p i n s ) ,  "j* i s  t h e  c o l l i s i o n  t i m e ,  and V p ,, th e  v e l o c i t y  

o f  t h e  e l e c t r o n  a t  We can i d e n t i f y
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> (3-13U)

and fo r c e

v )  T = 7  V~ -j t  ( i + -î -) ,
*  2  A  TTW' (3-135)

=  v U > ^ - 0 + ^ ) .

t
In  Eq. (3-135) we have d e f in e d  a  IT6^0 r e l a t e d  to  i n  th e  same way

as V CB) t o  X P£€) i n  Eq. (3 -1 0 5 ) .

We c o u ld  d e f in e  a  c o l l i s i o n  tim e  “T" e i t h e r  hy o r‘ J 2 A  2 &  i r j f
2

and l e t  th e  rem a in ing  f a c t o r  d e f in e  't/p . But t h i s  i s  o n ly  m ean ing fu l 

i f  we u n d e rs ta n d  t h e  p h y s i c a l  meaning o f  A  (6f) s o r  "the whole s e l f ­

energy  £, .

The "basic d e f i n i t i o n  o f  th e  s e l f - e n e r g y  i s  Eq. ( 3 - 2 8 ) ,  i . e .

« G w » =   r--- *—  (3-136)s  a -  h .  -  i
We g e t  a b e t t e r  f e e l i n g  f o r  £  i f  we t h i n k  o f  ^ G ( z ) j ^  as  a p r o p a g a to r ,  

and use  th e  r e l a t i o n  be tw een  t h e  ensem ble-averaged  tim e e v o lu t io n  o p e ra ­

t o r  «  U ( t ) »  and « ' G ( z ) »  ,

/ _ t
d i e .  « & ( * > '} >  (3-137)

The c lockw ise  c o n to u r  i n c lu d e s  t h e  r e a l  a x i s  and su rrounds  th e  low er 

h a l f  z p la n e .  C onsider  how an e i g e n s t a t e  o f  Hq , say  a  "mock Bloch s t a t e "  

Jft> i n  our c a s e ,  e v o lv e s .  S ince  £  i s  d ia g o n a l  i n  / £ > ,  t h e  p r o b a b i l i t y  

am p litude  f o r  f in d i n g  a  s t a t e  s u rv iv in g  a f t e r  a  t im e  t  i s
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a t  n >  =  i «  U ( f » i  * >  =

2TTL J2 i t i  J  2

r j  d l  e Li i  ^ ( k > i >  .
2TU

O r, a f t e r  i n t e g r a t i o n ,

- -c'2,c*)tn) = e  j

(3-138)

(3-139)

where z ^ (k )  i s  t h e  p o le  o f  g ( k , z )  i n s i d e  t h e  c o n to u r .  Thus, th e  r e a l  

p a r t  o f  z^ i s  t h e  s h i f t e d  spectrum  c o r re sp o n d in g  to  £  (1c), and th e

im ag ina ry  p a r t  o f  z^ measures t h e  ensemble av e ra g ed  decay o f  th e  "Bloch" 

s t a t e s  | k >  . The decay tim e o f  th e  | k ^  s t a t e  i s

nrt  = —-—— (3-1U0)

But t h e  l o c a t i o n  o f  th e  p o le  a t  z^ and th e  s e l f - e n e r g y  £  ( z^)  a re  c lo s e ly  

r e l a t e d  by

1 L Z , c V  =  G e t )  +  f U Z C i ' t t )  J ( 3- 1U1 )

and

ty/m i x l k )  =  . ( 3- 1 U2 )

T h e re fo re ,  t h e  s e l f - e n e r g y  a t  t h e  p o le s  o f  g ( k , z )  has a  v e ry  sim ple 

p h y s i c a l  meaning: th e  r e a l  p a r t  o f  £  i s  t h e  s h i f t  o f  th e  energy  l e v e l

G  (k) i n  t h e  a l l o y ,  t h e  im ag inary  p a r t  i s  t h e  u n c e r t a i n t y  o f  t h i s  energy 

l e v e l  i n  t h e  ensem ble.
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However, t h e  s e l f - e n e r g i e s  i n  t h e  formulae f o r  t h e  d e n s i t y  o f  

s t a t e s  and c o n d u c t i v i t y  (see  Eqs. ( 3 - 2 0 ) ,  (3 -2 2 ) ,  (3 -23)  and (3-2U) )  a r e  

a t  th e  e n e rg ie s  z = E +_ iO . These a re  no t n e c e s s a r i l y  th e  p o le s  o f  

g ( k , z ) .  Thus, we have a  p h y s i c a l  i n t e r p r e t a t i o n  f o r  £ ( z ^ ) ,  h u t  what 

we need i s  th e  m e an in g  o f  £  (E +_ i O) .

Suppose we c o n s t r u c t  s t a t e s  w ith  a sharp  en e rg y  E i n  a

p a r t i c u l a r  a l l o y  and phonon c o n f i g u r a t i o n ,  and t h i s  s t a t e  h a s  t h e  e x p re s s io n

(3-1U3)

Then th e  average  energy-momentum d e n s i t y  o f  s t a t e s ,  i . e .  t h e  s p e c t r a l  

fu n c t io n ,  i s

I S ( e - t > » =  rjf f £ _ , {3~lkk)

as i s  w e ll  known from e le m e n ta ry  G re e n 's  fu n c t io n  th e o r y .  I n  o u r  c a s e ,  

th e  s e l f - e n e rg y  i s  in d e p e n d e n t  o f  k ,  so we have

Thus, i f  we ta k e  Eq. (3 -1 ^5 )  as  g iv in g  us t h e  s p e c t r a l  d e n s i t y  o f  a  

t y p i c a l  exac t ene rgy  s t a t e  o f  t h e  a l l o y ,  th e n  A  (E) g iv e s  us a  s p e c t r a l  

w id th  in  te rm s o f  t h e  p u re  p e r f e c t  c r y s t a l  spectrum £  ( k ) .  In  o t h e r  

words, th e  a l l o y  en e rg y  s t a t e  i s  composed o f  "Bloch" s t a t e s  r a n g in g  o ver  

k ,  w ith  a sp re a d  A ( E ) ,  i n  f i ( k ) ,  so t h a t  th e  l i f e t i m e  o f  co h eren ce  

o f  th e  a l lo y  w a v e fu n c t io n ,  when i t  i s  i n  a  pure  p e r f e c t  c r y s t a l ,  i s
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T c  =  ---------    (3 -1 U 6 )
2 A i E )  .

Thus, o u r  c o n d u c t iv i ty  fo rm u la  does n o t  m a n i f e s t l y  c o n ta in  th e  u s u a l  

c o l l i s i o n  t im e  o f  a Bloch s t a t e .  However, i n  th e  v i r t u a l  c r y s t a l  l i m i t  

t h e r e  i s  no t much d i f f e r e n c e  between th e s e  two r e l a x a t i o n  t im es .  The 

CPA r e s u l t  f o r  th e  s e l f - e n e r g y  in  t h i s  l i m i t  i s  ( s e e  Appendix C)

1C*) -  € +<*JS2+ *-iA + ^ 8) Fc (*-£). <3-l*>7)

In  o rd e r  to  f i n d  th e  p o le  o f  g ( k , z ) ,  we need  z^ -  £  = £ ( k ) ,  so t h a t  

Eq. (3 -1^7 )  becomes

-  e t h  a  e  - K i y  f 0 ( & i t j + t ' o i ; ( 3- 11*8 )

where we have s e t  6  (k) t o  6 ( k )  + iO in  o r d e r  t o  have a  n eg a t iv e  

im ag ina ry  p a r t  f o r  z . Using Eq. ( 3 -1 ^ 0 ) ,  we have

( x y $  X +  $  N o C e c i )  )  . ( 3 - 1 ^ 9 )

On th e  o th e r  hand , i f  we f i n d  th e  s e l f - e n e r g y  a t  g  + € ( k )  iO,  we have

I < € + < = U ) ± t ' o )  ~ e  + C T C $ $ 1 +  (3 -150)

so t h a t

A c e  +  € ( % > )  -  c x y S u+ ' X . d A + y * B (3 -151)
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The c o l l i s i o n  r a t e  co rresp o n d in g  t o  t h e  coherence  t im e  *7^ i s

 !------------  =  ----------- —-------------=  x  ( x y s \ + f a e ) X t , ( & &  (3- 152)
'rc(£ + eiti) «  *

which i s  i d e n t i c a l  w i th  ' / r *  in  Eq. (3 -1^9)*  In  t h i s  c a s e ,  Eq. (3-135)

t a k e s  on a  more f a m i l i a r  form. When we drop te rm s  o f  h ig h e r  o rd e r  th an

These r e s u l t s ,  Eqs. ( 3 - 1 5 2 ) - ( 3 -1 5 * 0 9 may he o b ta in e d  a lso  from 

p e r t u r b a t i o n  th e o r y .  However, when p e r t u r b a t i o n  th e o ry  i s  no t v a l i d ,  th e  

c o n t r i b u t i n g  f a c t o r s  to  th e  e lem en ta ry  c o n d u c t iv i t y  fo rm u la ,  as  w e ll  as t h e  

fo rm ula  i t s e l f ,  t e n d  to  lo s e  t h e i r  s im p le  m ean ings .  I f ,  f o r  example, we 

i d e n t i f y  t h e  ' ' f '  o f  t h e  sim ple fo rm ula  w i th  o u r  5 t h e n  th e  c o r r e s ­

ponding Fermi v e l o c i t y  i fp  I s a f u n c t io n  o f  t h e  coherence  tim e and den­

s i t y  o f  s t a t e s ,  as w e l l  a s  th e  pu re  c r y s t a l  band s t r u c t u r e .

I t  i s  i n t e r e s t i n g  t o  app ly  t h e  CPA r e s u l t  f o r  th e  c o n d u c t iv i ty  

to  a  system  composed o f  f r e e  e l e c t r o n s  and random ly d i s t r i b u t e d  s trong  

s c a t t e r i n g ,  s h o r t - r a n g e d  i s o t r o p i c  p o t e n t i a l s .  S in ce  t h e  p o t e n t i a l  i s

£ and oi. , we can a s s ig n  a  c o l l i s i o n  tim e

2 A ( € F)

r •fc €f = e r t )  + €
(3- 153)

and th e  Fermi v e l o c i t y

(3-15*0
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s h o r t - r a n g e d  and i s o t r o p i c ,  t h e  v e r t e x  c o r r e c t io n  can be  n e g l e c te d .  

R ep lac ing  B loch  waves by p la n e  waves i n  Eq. (3 -7 ^ )  5 a l i t t l e  a lg e b r a  

s u f f i c e s  t o  r e d e r i v e  th e  e le m e n ta ry  form ula (see  Appendix D)

a. = £  vf! v f r , <3-155)

where D̂ , = 2 T* i s ‘t*16 coherence t im e ,  t i / z A  , and  th e  Fermi
I  F

v e l o c i t y  i s  r e l a t e d  t o  t h e  f i n a l  d e n s i ty  o f  s t a t e s  as  t h e  f r e e
£

e l e c t r o n  v e l o c i t y  V e i s  r e l a t e d  t o  th e  f r e e  e l e c t r o n  d e n s i t y  o f  s t a t e s .  

That i s ,  i f

V . \ t )  = = A X 'c & to ,  (3- 156>
2  »»

th e n

Up =  A M  . (3 -157)

The fo rm u la e ,  E q s . (3-155) and (3-157) p ro v id e  u s e f u l  in f o r m a t io n  r e l a t i n g  

th e  d e n s i t y  o f  s t a t e s  and th e  c o n d u c t iv i ty .  Once t h e  r e l a x a t i o n  tim e  i s  

p ro p e r ly  c a l c u l a t e d ,  a measurement o f  t h e  c o n d u c t iv i t y  w i l l  g iv e  th e  den­

s i t y  o f  s t a t e s  and v i c e - v e r s a .

A word i s  i n  o r d e r  h e re  on th e  d i f f i c u l t i e s  and c o m p lic a t io n s  

t h a t  s t i l l  s e p a r a t e  a c a l c u l a t i o n  l i k e  th e  p r e s e n t  one from a  r e a l i s t i c  

t r e a tm e n t  o f  t h e  t r a n s i t i o n  m e ta l  a l l o y s .  In  th e  f i r s t  p l a c e ,  t h e s e

69m e ta ls  have a  c o m p lica ted  band s t r u c t u r e .  At l e a s t  s i x  bands a re  i n -

70v o lv e d ,  i n s t e a d  o f  o n e ,  none o f  t h e  bands hav ing  a t r u e  t i g h t - b i n d i n g

c h a r a c t e r ,  and most o f  t h e  bands ( th e  d-bands) b e in g  e x t re m e ly  s e n s i t i v e

71to  sm all  changes  i n  t h e  p o t e n t i a l ,  o r  c r y s t a l  s t r u c t u r e .  This  s e n s i ­

t i v i t y  im p l ie s  t h a t  t h e  s e l f - c o n s i s t e n t  f i e l d  (SCF) p o t e n t i a l  may be
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h a rd  to  t a k e  i n t o  a c c o u n t ,  t h e  p o t e n t i a l  a t  one atom ic c e l l  b e in g  depen­

den t on th e  c o n f ig u r a t io n  i n  i t s  ne ighbo rhood , t h e  e l e c t r o n i c  s t r u c t u r e  

dependent on th e  p o t e n t i a l ,  t h e  e l e c t r o n i c  d e n s i t y  on e l e c t r o n i c  s t r u c ­

t u r e ,  t h e  p o t e n t i a l  on th e  e l e c t r o n i c  d e n s i t y ,  and so on , i n  a  v ic io u s  

c i r c l e .  The change i n  band s t r u c t u r e  w i th  te m p e ra tu re ,  due t o  expansion  

and o th e r  e f f e c t s ,  may be d i f f i c u l t  and im p o r ta n t .  In  a d d i t i o n ,  no t a l l

c o n f ig u r a t io n s  a r e  e q u a l ly  l i k e l y ,  b u t  r a t h e r  t h e r e  i s  some c o r r e l a t i o n a l

79c l u s t e r i n g  o f  a tom s, a t  b e s t ,  and d e f e c t s  could  be im p o rtan t  i n  t r a n ­

s i t i o n  a l l o y s  made w i th  a minimum o f  c o r r e l a t i o n a l  c l u s t e r i n g .  Then,

72one may be ex tre m e ly  n e a r  a  s i g n i f i c a n t  band -ed g e ,  as in  c o n s ta n ta n ,  

and g e n e r a l ly  t r a n s i t i o n  m e ta l  c o n d u c t io n  bands a r e  ju n g le s  o f  s in g u ­

l a r i t i e s .  Under such c o n d i t i o n s ,  c l u s t e r  e f f e c t s  a re  very  im p o r tan t  and 

CPA in a d e q u a te ,  as  we have m en tioned  e a r l i e r .  The e le c t ro n -p h o n o n  i n t e r ­

a c t i o n ,  a l s o ,  i s  n o n - t r i v i a l  i n  t h e  t r a n s i t i o n  m e ta l s ,  and a l l  t h e  more

so in  t h e  a l l o y s .  Even t h e  phonon spectrum  i t s e l f  changes s i g n i f i c a n t l y  

73w ith  a l l o y in g .  One o f  t h e  most s e r io u s  p rob lem s, a long  w i th  th e  band 

s t r u c t u r e  co m p lic a t io n s  m en tioned  above, i s  t h a t  a l l  o f  t h e  t r a n s i t i o n  

m e ta ls  te n d  t o  have v a r io u s  m agne tic  p r o p e r t i e s .  There a r e  g i a n t

7U 79p o l a r i z a t i o n  c louds  i n  a t  l e a s t  some c a r e f u l l y  made Cu-TJi a l l o y s ,  ’

75and a K ondo-like  r e s i s t i v i ty - m in im u m  ty p e  e f f e c t  i s  p ro b a b ly  ex trem ely  

im p o r ta n t ,  and shou ld  be e x p lo re d  i n  a  s e m i-e m p ir ic a l  way s e p a r a t e l y  

from a l l  th e  o th e r  in v lu e n c e  t h a t  we have m en tioned . One e lem ent o f  

s i m p l i c i t y  i n  th e  problem  i s  t h a t  in  ETi-Cu a l l o y s ,  th e  " s - e l e c t r o n s "  

a p p a r e n t ly  c a r r y  most o f  t h e  c u r r e n t .  This  i d e a ,  which has been  p r e s e n t  

in  t h e  l i t e r a t u r e  f o r  many y e a r s  on t h e  b a s i s  o f  a  vague h y p o th e t i c a l
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p i c t u r e  o f  th e  t r a n s i t i o n - m e t a l  band s t r u c t u r e ,  t u r n s  out t o  be

a c c u ra te * ^  f o r  Cu-Ni (bu t  p ro b a b ly  n o t  i n  some o th e r  t r a n s i t i o n  a l l o y s ) ,

as  a  r e s u l t  o f  an in v o lv ed  n u m erica l  b a la n c e  among s e v e r a l  com peting

e f f e c t s .  A h o p e fu l  s ig n  i s  t h a t  some t h e o r e t i c a l  r e s u l t s  based  on f a i r l y

77r e a l i s t i c  a tom ic p o t e n t i a l s  sh o u ld  be a v a i l a b l e  i n  t h e  n ea r  f u t u r e .  We 

have a lo n g  way t o  go, b u t  some o f  th e  b a s i c  q u e s t io n s  a re  now w i th i n  

r e a c h .



Appendix A

The D e r iv a t io n  o f  E qua tions  i n  C hap ter  Two

1 . S n in  Eg. (2-U l)

P u t t i n g  § f ( k )  from Eq. (2 -38)  i n t o  Eq. (2 -^ 0 )  and u s in g  the  

d e l t a  f u n c t io n  app rox im ation  f o r  (Eq.  ( 2 - 2 8 ) ) ,  we f i r s t  in t e g r a te
3

th e  r a d i a l  and th e  az im u th a l  p a r t  o f  d k and g e t

I -  C O J T  +  C f A  C o o  &  ;
8 n = - |  j j

. A a
0  i s  t h e  a n g le  between ^ and , and D i s  t h e  d e n s i t y  o f  s t a t e s  per  

volume. I t  i s  u n d e rs to o d  t h a t  , y\ , and D a r e  e v a lu a te d  on th e  Fermi 

s u r f a c e .  We a l s o  have made th e  fo l lo w in g  ap p ro x im a tio n

i  % A
f ~  s S f  [ d ‘t  — 1 

j  i - t  w r + i  f  -A J i - <  f - A  •

I f  we d e f in e  t h e  i n t e g r a l

/ i
j v  !-------------  =  — ! _  /  I  \ - i < » r * U A  '

_  I i p

th e n

f  ^ 7  — ' f  A ^ .— “  -  2 - n - c w r j  i ,J _ 1 I - t  t o r+  i i A 1!

(A-2)

(A-3)

(A-U)

111*
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and §  from Eq. (A -l)  becomes

o  o  f r s ?  4 . i h \  H . I S f ) - s 2 l ! 5 j t 2 - o - ‘« T ^ J -
J n  =  -  £  j  t  l £ f  + ( | J  ( d  P J £ % A  J

To so lv e  f o r  from Eq. (A -5),  f i r s t  we w r i t e

$ n ( 2 - I , ) = - D  [ l i f t  (4f l T ? ' ^
¥

or

i w f  2' L)(, 1 .L  z:-vl£A%fUD?^(i)-C$K-lnx}
z - c i - £ * > r > x .  F * U  r  >

th en  group t h e  §  n te rm s  on th e  l e f t

S n f  i +  — 2 ~ 1 ' ( j - ) * J  =  £ * ,  - P S f f  i
l  2 - c i - c * r r ) l ,  % J t  i  ^  '

The second te rm  i n  th e  b r a c k e ts  can be e x p re ssed  as

2 - 1  • _  i C c o T
—  I  ■ +  ~

%  -  ( i - t ' w t J  1 1 1 - c w T -  —
■1/

By th e  d e f i n i t i o n  o f  1^ ,  we can i d e n t i f y  th e  second te rm  in  (A-9 

th e  I  ( r )  d e f in e d  i n  Eq. (2~h2) . So f i n a l l y  Eq. (A-8) becomes

—  / ■ _ 7r> V  /
$  n  r  ~  P  "%] ~^ ^ 4" )

I -4 C I -f I  J ( | j z

(A-5)

(A-6)

(A-T)

(A-8)

(a-9 )

t o  be

(A-10)
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2. i n  Eg. (2-1+7)

From Eqs. (2—i+3) and (2-1+6), we can i d e n t i f y

S D ^  =  e S<f) +  S £ *  . (A-ii)
But 5  ^  i s  r e l a t e d  to  ^  n by Eq. (2-1+5). P u t t in g  £  n from Eq. (A-10) 

i n t o  Eq. (A - l l ) ,w e  g e t

h U i  ~ r  *• i + l  <+ i ‘T > j n f  * i j +ifc*
* <A- i 2 i

I + C  1 +  J  * •

2But #  = 1 1 ^ 6 0 ,  so t h a t  ve f i n d

c r . £ > ’f ^  ̂  7 T I  ¥ )  ^
i  i +  [ i  + n r ) ]  ( | j 2 +  *

_  -  S g ? (  h -  i r r j j  -  s ? F +  s f r  -  * - g f f i  *  * 5  <

I +  [  | -+ I ( T J  J f i j 2

[ - s- g  •+ Sfr f | ) a J (

(A-13)
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3 . S T  i n  Eqs. (2-71) and (2 - 72)

4  ^  /t A
Since we have s p e c i f i e d  T ~ i  and (X -  X , i t  i s  easy t o  show

t h a t  t h e  d i l a t a t i o n  o f  t h e  l a t t i c e  i s  z e r o , s o  S  n^ = 0. Then th e

P o i s s o n 's  eq u a t io n  im p l ie s

$ £ i  =  - C  * 0 1 . $ r \  (A-lU)
t

A d i r e c t  i n t e g r a t i o n  o f  Eq. (2-Uo) u s in g  $  f ( k )  d e f in e d  in  Eq. (2 -69 ) 

g iv e s

2 *  =  1  S - n i '  + i  D e A  5 -  [  (A. 15)
2 J. L <^/\ 1

But ^  E i s  d i r e c t l y  p r o p o r t i o n a l  t o  $ n  as seen  i n  Eq. (A-li+). A z

s o l u t i o n  o f  Eq. (A-15) g iv e s

%r\  =  O (A-1 6 )

w hich im p lie s  S Ez = 0 from E q . (A -lU ) , so = 0, from Eq. (2 -6 5 ) .

/
 ^  ^
ev^. S  f ( k ) d  k.  But becau se  o f  

symmetry, t h e  only n o n v an ish in g  te rm  in  t h e  i n t e g r a l  i s  from th e  e l e c t r i c

f i e l d  te rm  in  $  f ( k ) .  T h is  g iv e s  a  f u n c t io n  o f  r  t im es £  E , which i s
y

p r o p o r t i o n a l  to  ( § j ' e )y (see  Eq. ( 2 - 6 6 ) ) .  Thus ( e )y al so h as 'the

s o l u t i o n  ( S ,i ) = 0 .e y

To o b ta in  ( §  J e )x » we f i-r s t  u se  t h e  r e s u l t  o f  Eq. (A - l6 ) ,

i . e .  £  n = 0,  th e n  use a  method s i m i l a r  t o  t h a t  f o r  th e  §  n s o l u t i o n
2

in  Eq. (A -l)  to  i n t e g r a t e  th e  r a d i a l  and a z im u th a l  p a r t  o f  d k t o  g e t
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_   f ) y | /   ^ ± r " g.
■̂ /f Ctfc?£

-  (  e $ E A  -f m i f  § U ) J *1(1*00) J
_ i w « Y-< \

-  D e v .. ? *  (  e $ E A  + ' m \ r $ u )
4 - J

w here I q i s  t h e  i n t e g r a l  d e f in e d  in  Eq. ( 2 - 7 3 ) .  S u b s t i t u t i n g  Eq. (

f o r  £> E (h e re  £  Ex = £  E ) ,  Eq. (A-17) y i e l d s

w hich  may be r e a r r a n g e d  i n  t h e  form

Grouping th e  te rm s  o f  ( S j e )x t o g e t h e r ,  we o b ta in

I +  C L —---------) /  —CZ L - s .  ) z
0  6 Tr J 0 ' 4i teA '  *■ ws )

A g ain ,  u s in g  o f  = h 7T e^D and r  — £  = —— , we may r e w r i t e  (A-20) 
T D A F j

(Sje)x = 'Wo « f  ,4‘3 ̂  ^  _̂__
1 + i *  ( $ ) * ( ■ % ) ( ■ % ? t - f a )  - j r

(A-17)

2-6 6)

(A-18)

(A-19)

(A-20)

(A-21)
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The E v a lu a t io n  o f

£ l v i  =  [  J f  — A  l ' l }  f -  ~ s  2 }  —  (B- 1)
7  I  [ < v - d - s ) z f  ’

The q u a n t i t y  < £ c1)  i s  d e f in e d  in  Eq. (3-107) as:

iZ ( r p  ( I  - S  2 ) 3/z

ij-A-s y 2 + J
where /\ , 3X6 d e f in e d  as  t h e  r e a l  and im ag inary  p a r t s  o f  t h e  s e l f

energy

2  / \  ( Tj) L A(*j) (B -2 )

I t  i s  conven ien t to  d e f in e  an a u x i l i a r y  complex fu n c t io n

% 1 * '  =  L  i }  “ 7 ^ 1 ----------

=  f  i -  a U  /  *  ' 1 ~ T—  ’ +  / d j  a - t s )  ( i - z * / *

Then in  te rm s o f  may be r e w r i t t e n  as

(B-3)

& LV  =  (ir ^  ^  < ! < - " )

~  "  24 5 f 74‘ ° ' £ ) )  + 2 9 "  5  < 7 n o -£ ) ]

Using Eqs. (3—60) and ( 3 -1 0 0 ) ,  Eq. (B-3) may be r e w r i t t e n  as

(B-U)

119
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j> d )  = j  C I- l 2) J  <*S + ? J L

=  tr  F  2  + n - i 2)
2  L J • (B-5)

T here  i s  no c o n t r i b u t i o n  t o  from t h e  ~P^  te rm  in  £  , s in c e

~ ' £ % ( - rl+io-Z)  +  C j^ ( t j fC o - l )  =  O • I f  we d e f in e  s t i 1 1  ano th e r

f u n c t i o n ,

7TAT

and th e  d e r i v a t i v e  i s :

^ ( i )  =  ( I -  2 r z )  F *  J  i -  r \ - k C o - Z  > (B- 6 )

t h e n ,  from Eq. ( 3 - 6 5 ) ,  t ^ ( z )  can a l s o  be  e x p re s s e d  a s :

Cl )  =  C I -  ) Fc>1+ioJ' (B~7)

Then in  te rm s  o f  ^ ( z ) ,  £ l p  becomes

= 4  f  ' i  + | i  . (b-8)

Next e v a lu a te  Im \ j / ( z ) ,

-  -  T ry/- [ l7j- / \ )2-  a 2J (--FrAf)- 2A(*f-A)  ( & F )

-  - T T X f  I -  A z +  2 £ -  q - A ) & f ]  J

(B -9 )
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Using Eq. (B-6) and Eq. ( 3 -1 0 1 ) ,  we can w r i t e

£ & ’ =  i f  2 J - 2 / i T T 7 ; J

-  2 - 3 2 ( 2 i - 2  )  (B-11 )

=  2  -  3  2  F *  > =  2  -  3  z  f  f  77 / 0 ;  ,

and th e  r e a l  p a r t  o f  Eq. ( B - l l )  i s

= 2-3(&iUbF) +3(V»i)l%F)

-  2 - 3 < 7 - / O f c F  + 3 & C - n X )

[ g r - g t j - w - * * '  J .
__ t t Y

(B-12)

S u b s t i t u t i n g  Eqs. (B -9 ) ,  (B-10) and (B-12) i n t o  (B—8) y i e ld s  th e  e q u a t io n

= T  a  [ 1 +  - ^ ' 2 A L ‘ r A > ' & ( r A > & F l  ( B - 1 3 )

Then Eq. (3-11*0 can be u se d  t o  connec t £  and F:

o r ,  t a k in g  th e  im ag in a ry  p a r t  o f  b o th  s id e s  o f  Eq. (B-1*0 ,
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A - - nyf r -7-T2 - x)
I FI  4  • (B-15 )

However, we know t h a t

IFI1 = + irW2. (B-l6>
S o lv in g  Eqs. (B-15) and (B -l6 )  f o r  ReF,

( g . F ) 1 - . .  ,  '  ^  - t c W \  ( B - 1 7 )

+  4

The r e a l  p a r t  o f  (B-li+) y i e ld s

(B-18)

.2S u b s t i t u t i n g  from Eq. (B -l8 )  and (ReF) from (B-17) i n t o  Eq. (B -1 3 ) :

and c o l l e c t i n g  te rm s ,  y i e l d s

.3
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V i r t u a l  C r y s ta l  L im it

In  th e  n o t a t i o n  o f  Sec. D-h o f  Chap. 3 ,  th e  s c a t t e r i n g  s t r e n g t h  

i s  d e f in e d  by In  t h e  weak s c a t t e r i n g  l i m i t  s « i
and and &'■ 4 4  1 , and a  p e r t u r b a t i o n  expansion  in  powers o f  t h e s e

param ete rs  i s  u s e f u l .  The CPA s e l f - e n e r g y  £  can be e x p re s sed  as

x  =  « £ »  +  & . »  +  5*) F  T k » ,  (c.p)

where T k i s  t h e  s i t e  d ia g o n a l  m a t r ix  e lem ent o f  T^ (see  Eq. ( 3 - 6 ^ ) ,  i . e . ,

[  K  —
— C £k 4- 6 2 ) F (c-2 )

= £* + Q n - z  -f ( Z * - t d n - Z >  F <T£-+<9k-£) + * - ■ •
/ £)

L et us e v a lu a te  t h e  f i r s t  t h r e e  £  , d e f in e d  as £  c o r r e c t  to  powers

t+Jl C to f  2> and ^5 , i n  CPA. The f i r s t  t h r e e  moments o f  + ^  a r e :

« € h + 0 n »  =  t a - ? )  S/ Z S ' S

« ££w-+ 6>«^>> =  -Ip +  ■+ ^  (c -3 )

«  C £ » + 6 ~ j »  =  l * - W  ¥  +  J J L ^  .

The f i r s t  t h r e e  s e l f - e n e r g i e s  a r e :

123



12k

*r(0)1 = 0 ,

1  =  c< +  « ( € * + e * r » F  -  «  c £ » + & » » y z ,”F

— G  + ( ^  ■+ $  o^e )  F  — £  f

-* G  +  ( x / S  + (c-U)( 9In  Eq. ( C—U),  F must be c o r r e c t  t o  o rd e r  o f  $  and . The d e n s i t y

o f  s t a t e s  p e r  atom {~E) i s  th e n  approxim ated  by

X C  E ) ~ - ^ ^ f ( £  +1 0 ) -  ^ j r  Fo c ti:Co-Z(Et<:oi)
(C-5)

-  9 - ^ F C E - e - t C o )  — X 0 c E - e y ,

w hich i s  j u s t  th e  " r i g i d  band model" r e s u l t .  To t h e  lo w es t  o r d e r ,  

a c c o rd in g  t o  Eq. ( 3 -1 1 0 ) ,  th e  c o n d u c t iv i ty  i s

^  _  v b  g ‘ *  ^ ) ( .  < j £ . !c f c .g ) )  (c -6 )
J 2 -H -c  A  C C F) '  i

and t h e  r e s i s t i v i t y  i s

P  _  j ±  j  -O -c  j i  A  c e r ) \
I tt*V e»* v j  I\ X . 3cer-e'> >

~  i l  I ■rL‘ ) (* /£ '+ * < * * +  H <*a)
_  i t  '  e 1 1  V j  > A ' S c t f - S  )

(C-T)
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Eq. (C-7) e x h i b i t s  M a t t h ie s s e n 's  r u l e ,  

w i th

/ ’x =

and

I 2 A c 'X y $z
(C-9)

i r e 2 1  T f J  X

P  __ I 2  -P-c X ^ A  + $ <Xg (c -10)

tt  e *  £  v j  s Y 0 2c e f - e l  *

82The " im p u r i ty "  c o n t r i b u t io n .  th e n  obeys t h e  Eordheim r u l e  ,because  

f j  °C X f S 2 • The " e le c tro n -p h o n o n "  c o n t r i b u t i o n  t o  r e s i s t i v i t y ,  , 

has a  s lo p e  as a fu n c t io n  o f  T which l i e s  betw een th o s e  o f  th e  p u re  c r y s t a l s ,



Appendix D

The CPA D e n s i ty  o f  S t a t e s  and C o n d u c t iv i ty

in  Terms o f  th e  S e lf -E n e rg y  i n  th e  F ree  E le c t r o n  Model

In  t h e  f r e e  e l e c t r o n  m odel, t h e  u n p e r tu rb e d  d e n s i ty  o f  s t a t e s  

p e r  atom, ( E) ,  i s  s im ply

The CPA d e n s i t y  o f  s t a t e s  p e r  atom, y \ { ( E ) , i n  te rm s o f  th e  s e l f  energy

Z  i s

W f £ ) =  ^ 2 ?  ------- _ __ __ __ __ __ _
^  [ £ - A u i - e a > j 2 + A U £ 1  ( D . 2 )

=  [d s  r-  X c e 1  AlE^
^  J [  E - A C  E ) - €  J2 +  A 1*

where JT (E +_ iO) = / \  (E) + i  A  (E) as u s u a l .  Using Eq. ( D - l ) ,  we can

r e w r i t e  ^ ^ ’(E) as

M L e  ) = A Y (£) (D_3)
- r r  * ;

where ^ ( E )  i s  t h e  i n t e g r a l  

. 00
/ e  <5^6

[ £ ‘ A ( £ ) - £ ]  2 -t- A \ e )  .
(D-1+)
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T his  i n t e g r a l  i s  e a s i l y  c a r r i e d  out u s in g  a con tour  s k e tc h e d  i n  P ig .  Xl ( a ) ,  

L e t  us d e f in e  £  -  £ - / ( £ )  , f>=: f J T # and q _ j l _  ( see F ig -

X l ( h ) ).  Then in  te rm s o f  r e s i d u e s ,

Y( £)  =  iri [ Ru(/l + i&) +

A

Thus

-  T l - f  + J J iz L ± L _ L ]
— *■ 2  t' A < A  j

= JL P* r e *'** ̂
3A / 1 2 , ' 4  +  - 2 t ' i  J

= ^ ? h2 cvo(i) =  ZJtL + ty) f>*

=  -  •  < D - 5 >

Ĵ[( E - AlE) )z ̂ A2 ]'/‘ + £ - yt (E)
The CPA c o n d u c t iv i t y ,  , a cc o rd in g  to  Eq. ( 3 - 9 7 ) ,  i s

- r r J X c J  dyj J  L [ v  -  ;  -  Af>/ j ]z +  A * c p  J

(D-6)

L * j - S - A ( p ] z +  a  cy)

i l l i v ' c t i S l S - e c t , ) .  ( D ' 7 )

S in ce  th e  v e l o c i t y  d i s p e r s io n  V(k) i s  simply

* _  V * *  2 & t )  _  2  / a
(D-8)
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t h e  c o n d u c t iv i ty  i s

o .  =  -2 e k ( - £ - ) [ f j s  _ j S O v _ J _ A t y -----------

^  3 J  7 “ i  j  [ < ’i - A ( p - i ? + A i ( V r

Using Eq.. (D -l)  f o r  y V ^ C J)  >

o < -  ± £ *
I T  ~TL

-  * £ L  ( * * £ * > )  i t t v  ,
~TT ~CL c 2

where

I , C $ ]  = J  4 £

e *A
[ ( G f - A i f y - e } *  +  A 2 C€p)]z

Using th e  same con tour  a s  in  F ig .  X l ( a ) ,  and th e  n o t a t i o n  o f  Eq. (D 

we can w r i t e

I 2 =  TTt [  Rjoa C f l + c A )  +  f a o ( f l - c A ) ]

But now th e  r e s id u e s  a r e  o f  t h e  doub le  p o l e s ,  and

ftW/3 + ca) = L - L A i i A t -  J d A i.^
• ( 2 c A ) 2 CZ c A ) s

(D-9)

(D-10)

( D - l l )

' - 5 ) ,

(D-12) 

(D-13)

S im i l a r l y ,  fo r  Res f f l - c  A) , so t h a t
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I, * " i [

=  r i i  i 2 ' ^ 6/ j + - J J - C  p *  z ^ i m

=  g t  />  V < ~  %  +  S .  f h  I  3 % )

S ince

^ 1  =  J i t ' -  t y o  >

and

O d p O / z  )  =  C o o d  c-tfO ^  -  a ^ Q / U ^  8/^

=  - ^ t  -  ~p J  j-i t- /L) )

th e  i n t e g r a l ,  I  , becomes

I ^ =  % z f k ( M >  + l ! k [ f i J i : t r + f i >  - A j - k t f - A J  

=  J±‘f-A> +  ^  /« J±ir+A>.

Thus

zel r 7 A
A + i f £ £  1

(D-lU)

(D-15)

(d - i 6 )
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Using th e  r e s u l t  o f  Eqs. (D-*0 and (D-5)» we can see t h a t  ~  A J ) 

Then ^  becomes

1  -f= = = F )

3 « c c h ] X C € ^ - b > ^ -
~  111 r fc i l y y  A £ * , .

(D-17)

I f  we d e f in e  a Fermi v e l o c i t y  which has  t h e  same r e l a t i o n  t o  th e  

d e n s i ty  o f  s t a t e s  J \ ( ( £ p )  as  cha t o f  '\f0 t o  ,/Yd (E) in  Eq. (D -8 ),  i . e .

V H > (D- i s )

th e n  we a r r i v e  a t  th e  e le m e n ta ry  form ula

* = % L c & M ' * > ve%= f < V f r  , (D-19)
where D i s  d e f in e d  in  Eq. (3-13*0 and i s  —^ —■

F
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F ig u r e  X l ( a ) .  The c o n to u r  f o r  t h e  i n t e g r a t i o n s  in  Eq. (D-U) and ( D - l l ) .

( b ) .  The r e l a t i o n s  among A  f i  , A  , E, /[  and Q as  used  

i n  Eqs. (D-5) and (D -12).
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F igu re  XI (b )
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