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ABSTRACT

The developm ent o f  a n is o tro p y  in  an  i n i t i a l l y  i s o t r o p i c  sp e c ­
tru m  i s  s tu d ie d  n u m e r ic a l ly  f o r  tw o -d im e n sio n a l m agnetohydrodynam ic 
(MHD) tu rb u le n c e .  The a n is o tro p y  dev e lo p s due to  t h e  com bined e f f e c t s  o f  
an e x te r n a l l y  im posed dc m agnetic  f i e l d  and  v isc o u s  and r e s i s t i v e  d i s s ip a ­
t i o n  a t  h ig h  wave num bers. The e f f e c t  i s  m ost p ronounced  a t  h ig h  mech­
a n ic a l  and  m agnetic  R eynolds num bers. The a n is o t ro p y  i s  g r e a t e r  a t  th e  
h ig h e r  wave num bers.

The s t a t i s t i c a l  s t r u c tu r e  o f  tw o -d im e n sio n a l MHD tu rb u le n c e  i s  
a ls o  c o n s id e re d . I t  i s  shown t h a t  th e  t h r e e  known rugged  in v a r i a n t s  o f  
th e  i s o t r o p i c  c a se  red u c e  to  two f o r  th e  a n is o t r o p ic  c a s e . Randomness 
and  e r g o d ic i t y  a r e  a ls o  b r i e f l y  d is c u s s e d .
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ANISOTROPY IN MHD TURBULENCE 

DUE TO A MEAN MAGNETIC FIELD



I . INTRODUCTION

In  th e  l a s t  few decades a  s y s te m a tic  th e o ry  o f  m agnetohydro- 

dynamic (MHD) tu rb u le n c e  h as  em erged. T h is  th e o ry  h as  a d d re s s e d  i t s e l f  

t o  u n d e rs ta n d in g  th e  in c o h e r e n t ,  n o n - l i n e a r ,  random f lu c t u a t io n s  o f  th e  

v e lo c i ty  and m agnetic  f i e l d s  ( i . e . ,  MHD tu rb u le n c e )  a s s o c ia te d  w ith  a  

h ig h ly  a g i t a t e d  m a g n e to flu id  ( a  m a g n e to f lu id  b e in g  a  f l u i d  w ith  a  r e l a ­

t i v e l y  la r g e  e l e c t r i c a l  c o n d u c t iv i ty ,  w hich a llo w s  f o r  t h e  e x is te n c e  o f  

e l e c t r i c  c u r r e n ts  and t h e i r  c o rre sp o n d in g  m agnetic  f i e l d s ) .  T h is  th e o ry  

has  becom e, i n  view  o f  th e  random n a tu re  o f  MHD tu r b u le n c e ,  l a r g e ly  a  

s t a t i s t i c a l  o n e .

The s t a t i s t i c a l  th e o ry  o f  MHD tu rb u le n c e  h as  p r im a r i ly  been  

deve lo p ed  u t i l i z i n g  c e r t a i n  symm etry assu m p tio n s a b o u t t h e  s t a t i s t i c s  o f  

th e  f l u c t u a t in g  v e c to r  f i e l d s ,  such  as  i s o t r o p y ,  hom ogeneity  and s t a t i o n -  

a r i t y .  A lthough  th e s e  a ssu m p tio n s have p roven  v e ry  u s e fu l  and  l e a d  t o  a  

m uch-reduced  m ath e m a tic a l d e s c r i p t i o n ,  we n o te  t h a t  i n  many p h y s ic a l  

system s MHD tu rb u le n c e  ta k e s  p la c e  in  th e  p re se n c e  o f  an e x t e r n a l l y  im­

p o sed  mean m ag n e tic  f i e l d .  S in ce  t h i s  mean m agnetic  f i e l d  can n o t be  r e ­

moved by  a  c o o rd in a te  t r a n s fo r m a t io n  (a s  can  a  mean v e lo c i ty  f i e l d )  i t  i s  

c l e a r  t h a t  a  mean m agnetic  f i e l d  in tr o d u c e s  an a n is o t r o p y ,  o r  p r e f e r r e d  

d i r e c t i o n ,  i n t o  t h e  d e s c r ip t io n  o f  th e  p h y s ic a l  sy stem .

In  th e  p r e s e n t  w ork , th e  s t r u c tu r e  o f  MHD tu rb u le n c e  i n  th e  

p re s e n c e  o f  t h e  a n is o tro p y  in d u ce d  by  a  mean dc m agnetic  f i e l d  i s  i n v e s t i ­

g a te d .  S p e c i f i c a l l y ,  th e  tim e  e v o lu t io n  o f  th e  tu r b u le n t  m agnetic  and
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v e lo c i ty  f i e l d s  o f  a  tw o -d im e n sio n a l m a g n e to -f lu id  i s  d e te rm in ed  num eri­

c a l l y ,  u s in g  an in c o m p re s s ib le ,  s p e c t r a l  m ethod MHD code . T h is  p ro ce d u re  

y i e l d s  a  re c o rd e d  tim e  h i s t o r y  o f  th e  e v o lv in g  m ag n e tic  and v e lo c i ty  

f i e l d s ,  a llo w in g  d ia g n o s t ic  a n a ly s e s  to  b e  p e rfo rm ed  w hich i l lu m in a te  th e  

n a tu r e  o f  a n is o t r o p ic  MHD tu rb u le n c e .  The d e t a i l s  and r e s u l t s  o f  t h i s  

a n a ly s i s  w i l l  be  d is c u s s e d  i n  t h e  fo llo w in g  c h a p te r s .

I t  w ould have b een  p r e f e r a b le  to  have s tu d ie d  a n is o t r o p ic  MHD 

tu rb u le n c e  w ith  a  th r e e  d im e n s io n a l code r a t h e r  th a n  a  two d im e n s io n a l o n e . 

H ow ever, th e  amount o f  com puting  power n e c e s s a ry  f o r  such  an endeavo r i s  

g e n e r a l ly  n o t a v a i l a b le  (b ec a u se  o f  re s o u rc e  s c a r c i t y  and  ex p e n se , and 

c u r r e n t  te c h n o lo g ic a l  l i m i t a t i o n s ) .  I t  w i l l  be s e e n , n e v e r th e l e s s ,  i n  

com parison  w ith  p e r t i n e n t  e x p e r im e n ta l  r e s u l t s ,  t h a t  a  tw o -d im e n sio n a l 

m odel o f  a n is o t r o p ic  MHD tu rb u le n c e  c o n ta in s  many o f  t h e  f e a tu r e s  w hich 

a p p e a r  to  be c e n t r a l  to  t h e  t h r e e  d im e n s io n a l c a s e .

The tw o -d im e n sio n a l n u m e ric a l s im u la t io n s  w ere perfo rm ed  on a  

D i g i t a l  Equipment C o rp o ra tio n  VAX 1 1 /7 8 0 , tim e  on w hich was g e n e ro u s ly  

p ro v id e d  by th e  O ceanic D iv is io n ,  W estinghouse  E l e c t r i c  C o rp o ra tio n  ( a t  

A n n a p o lis , M ary lan d ). The VAX i s  a  v irtu a l-m e m o ry  m achine v e ry  s im i la r  

t o  th e  IBM 370 /158 ; benchm ark t e s t s  have  shown t h a t  t h e  tw o -d im en sio n a l 

code u se d  h e re  ru n s  o n ly  9% s lo w e r  on t h e  VAX th a n  on t h e  IBM 370. For 

th e  p u rp o se s  o f  t h e  r e s e a rc h  r e l a t e d  t o  t h i s  d i s s e r t a t i o n ,  a  t o t a l  o f  

ab o u t 600 VAX cpu h o u rs  w ere u t i l i z e d .

The o u t l i n e  o f  t h i s  w ork i s  a s  fo llo w s . In  t h e  second  c h a p te r  

a  b r i e f  h i s t o r i c a l  sk e tc h  w i l l  b e  g iv e n , i n  o r d e r  to  p ro v id e  t h e  c o n te x t



k

i n  w hich t h i s  work i s  im bedded. I n  th e  t h i r d  c h a p te r ,  t h e  p e r t i n e n t  

e x p e rim e n ta l p a p e rs  w i l l  b e  d i s c u s s e d ,  w h ile  in  th e  f o u r th  c h a p te r ,  

im p o r ta n t p r e l im in a r y  t h e o r e t i c a l  and n u m e ric a l p a p e rs  w i l l  be d is c u s s e d . 

The n e x t h a l f  dozen c h a p te rs  w i l l  a d d re s s  t h e  c u r r e n t  n u m e ric a l r e s u l t s  

and  w i l l  b e  fo llo w e d  by  a  c o n c lu d in g  c h a p te r .  F i n a l l y ,  th e r e  w i l l  be  

two ap p en d ices  on th e  s t a t i s t i c a l  th e o r y  a s s o c ia te d  w ith  tw o -d im en sio n a l 

a n is o t r o p ic  MHD tu rb u le n c e .



I I .  HISTORICAL SKETCH

Magnetohyd.rodynam ics and  p lasm a p h y s ic s ,  though  l e s s  th a n  a  

c e n tu ry  o l d ,  have h ad  an i n t e r e s t i n g  h i s t o r y ,  w hich h as  been  r e c o rd e d , 

to  v a r io u s  e x te n t s ,  by numerous a u th o r s .  Two so u rc e s  o f  p a r t i c u l a r  n o te  

a re  to  be  found i n  t h e  book o f  F e r ra ro  and Plum pton (1 9 6 6 ) , M agneto- 

F lu id  M echan ics, and  in  t h e  a r t i c l e  by  C. J .  H. W atson (1 9 7 2 ) , " In tro d u c ­

t i o n  t o  P lasm a P h y s ic s ,"  w hich a p p e a rs  in  P lasm a P h y s ic s , a  c o l l e c t i o n  

o f  a r t i c l e s  d e r iv e d  from  th e  Culham Summer S chool l e c t u r e s .  A no ther t e x t  

w hich i s  a ls o  u s e f u l  i s  An I n tr o d u c t io n  to  P lasm a P h y s ic s , by  W. B. 

Thompson ( 1962 ) .  I t  i s  p r im a r i ly  from  th e s e  so u rc e s  t h a t  t h e  fo llo w in g  

h i s t o r i c a l  s k e tc h  h as  been  drawn.

A lthough  th e  b a s ic  p h y s ic a l  p r in c i p le s  (an d  t h e i r  m a th e m a tic a l 

e x p re s s io n s )  h ad  e x is t e d  b e fo r e  J .  C. M axwell fo rm u la te d  h i s  e q u a tio n s  

o f  e le c tro d y n a m ic s , t h e  im petu s  w hich gave r i s e  t o  MHD seems t o  have 

o c cu red  around  t h e  b e g in n in g  o f  th e  2 0 th  c e n tu r y .  In  1899 B igelow  saw in  

th e  sh ap es  o f  c o ro n a l plum es a  s i m i l a r i t y  t o  th e  s t r u c tu r e  o f  t h e  l i n e s  

o f  fo rc e  a round  a  u n ifo rm ly  m ag n e tized  s p h e re . T h is l e d  him  to  con­

j e c t u r e  t h a t  th e  sun was a  g ia n t  m agnet; S c h u s te r  th e n  expanded upon t h i s  

id e a  t o  su g g e s t t h a t  e v e ry  la r g e  c e l e s t i a l  body was a  g r e a t  m agnet. I t  

a p p e a rs  t h a t  th e s e  s p e c u la t io n s  may have l e d  th e  as tro n o m er H ale  to  

lo o k  f o r  s o l a r  m agnetic  f i e l d s ;  in d e e d , in  1908 , H ale d is c o v e re d , th ro u g h  

th e  Zeeman e f f e c t ,  t h a t  m agnetic  f i e l d s  o f  s e v e r a l  th o u sa n d  g auss w ere 

a s s o c ia te d  w ith  sun  s p o ts .  F o r th e  f i r s t  tim e  a  c e l e s t i a l  body o th e r

5



6

th a n  t h e  e a r th  (a n d  a  gaseous one a t  t h a t )  had  been  found  to  p o s s e s s  a 

m agnetic  f i e l d .

T h is  d is c o v e ry  l e d  Larm or, in  t h e  n e x t  few y e a r s ,  t o  p u t f o r th  

a  th e o ry  w hich e x p la in e d  th e  e x is te n c e  and s t a b i l i t y  o f  sun s p o t m agnetic  

f i e l d s  in  te rm s o f  a  h ig h ly  c o n d u c tin g  f l u i d  ( th e  s o l a r  gas) moving 

a c ro s s  an i n i t i a l l y  weak m agnetic  f i e l d  and  d y n a m ic a lly  c r e a t in g  a l o c a l ,  

in te n s e  and lo n g  l i v e d  m agnetic  f i e l d .  A lthough  th e  d e t a i l s  o f  L a rm o r 's  

th e o r y  w ere shown by  Cow ling in  193^ t o  be  somewhat e r ro n e o u s , th e  id e a  

o f  a  s e l f - s u s t a i n i n g  "dynamo" p roved  v e ry  u s e f u l .  P a r t i c u l a r l y  im p o r ta n t 

was t h e  co m b in a tio n  o f  f l u i d  m echan ics and e le c tro d y n a m ic s  t o  a tte m p t to  

e x p la in  a  n o v e l p h y s ic a l  phenomena; t h e  f i e l d  o f  m agnetohydrodynam ics 

was b e g in n in g  t o  ta k e  form  and  g a in  s u b s ta n c e .

C o n cu rren t w i th  t h e s e  t h e o r i e s  c o n c e rn in g  a s t r o p h y s ic a l  

phenom ena, l a b o r a to r y  e x p e rim e n ts  w ith  h ig h ly  c o n d u c tin g  f l u i d s  w ere 

b e in g  c o n d u c ted . ' In  1 9 2 8 , I r v in g  Langm uir was w ork ing  w ith  a rc  d isc h a rg e  

t u b e s ,  and in v e n te d  th e  te rm  "p lasm a" t o  d e s c r ib e  th e  io n iz e d  gas he ob­

s e rv e d  in  t h e  d is c h a rg e  tu b e .  A lthough W atson (1972) s t a t e s ,  "[L angm uir] 

c a l l e d  i t  a  'p la s m a ' b e c au se  o f  a  f a n c ie d  resem b lan ce  betw een  im p u r ity  

io n s  i n  a  p lasm a an d  w h ite  c o rp u s c le s  i n  a  b lo o d  p la sm a , an an a lo g y  w hich 

seems r a t h e r  f a r - f e t c h e d  to d a y ,"  Tonks and Langm uir (1929) g iv e  a  

d i f f e r e n t  o r ig i n .

In  e x p e rim e n tin g  w ith  a  low  p r e s s u r e  m ercury  a rc  d is c h a r g e ,  

Tonks and Langm uir (1929) o b se rv e d  w hat th e y  c a l l e d  "P la s m a -e le c tro n  

o s c i l l a t i o n s . When t h e  e le c t r o n s  o s c i l l a t e ,  t h e  p o s i t i v e  io n s  behave 

l i k e  a  r i g i d  j e l l y  w ith  u n ifo rm  d e n s i ty  o f  p o s i t i v e  ch arg e  n e . Imbedded 

in  t h i s  j e l l y  and f r e e  t o  move th e r e  i s  an i n i t i a l l y  u n ifo rm  e le c t r o n
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d i s t r i b u t i o n . . .  The word 'p la s m a ' w i l l  be  used  to  d e s ig n a te  t h a t  p o r t io n  

o f  an a r c - ty p e  d isc h a rg e  i n  w hich th e  d e n s i t i e s  o f  io n s  and e le c t r o n s  a re  

h ig h  b u t  s u b s t a n t i a l l y  e q u a l ."  (The Greek work p lasm a means "som eth ing  

m olded o r  fo rm ed ,"  a c c o rd in g  t o  th e  s ta n d a r d  d ic t io n a r y  d e f i n i t i o n . )

In  t h i s  tim e  p e r io d ,  and i n  t h e  fo llo w in g  d e c a d e s , th e r e  was 

much t h e o r e t i c a l  and e x p e r im e n ta l  work begun i n  p lasm a p h y s ic s  and MHD.

In  a s t r o p h y s ic s ,  c o n t r ib u t io n s  w ere made by  i n t e r n a t i o n a l  r e s e a r c h e r s  

such  as  A lfv e n , L u n d q u is t, C h an d rasek h ar, Cowling and o t h e r s .  Among th o s e  

who perfo rm ed  l a b o r a to r y  e x p e rim e n ts  w ere Hartmann and L e h n e r t ,  w h ile  th e  

p lasm a p in ch  e f f e c t  was f i r s t  a n a ly z e d  by  B ennet (193*0 and Tonks (1 9 3 9 ).

The f i r s t  s u b s t a n t i a l  t e c h n o lo g ic a l  a p p l i c a t io n s  o f  t h e s e  new d i s c i p l i n e s  

w ere i n  io n o s p h e r ic  r a d io  wave p ro p o g a tio n  and in  t h e  d e s ig n  o f  f lo u r e s c e n t  

l i g h t s  and m ercury  a rc  r e c t i f i e r s .

A lthough  t h e  p lasm a p in c h  e f f e c t  was seen  i n  th e  1 9 3 0 's ,  an d , 

even e a r l i e r  in  1928 , A tk in so n  and  H auterm ans had  s u g g e s te d  th e rm o n u c le a r  

r e a c t io n s  i n  hydrogen a t  h ig h  te m p e ra tu re s  a s  a  so u rc e  o f  t h e  s u n 's  e n e rg y , 

no one ap p e a rs  t o  have c o n s id e re d  com bining th e s e  two id e a s .  I t  was n o t 

u n t i l  W orld War I I  began  and  l a r g e  groups o f  s c i e n t i s t s  came to g e th e r  to  

work f o r  m i l i t a r y  p u rp o s e s , t h a t  th e s e  id e a s  c o a le s c e d . Then, d u r in g  

th e  w ar and  a f te r w a r d s ,  t h e r e  was much c l a s s i f i e d  f u s io n  r e s e a r c h .

In  t h e  1 9 5 0 's ,  a s  t h i s  fu s io n  r e s e a rc h  expanded , t h e r e  w ere a  

g row ing  number o f  e x p e r im e n ta l  o b s e rv a t io n s  o f  l a b o r a to r y  p la sm a s . These 

p lasm as w ere n o t w e ll-b e h a v e d ; in  f a c t ,  th e y  w ere seen  t o  d eve lop  p in c h e s ,  

d e ta c h e d  p in c h e s  and many o th e r  form s o f  i n s t a b i l i t y . These i n s t a b i l i t i e s  

d id  (an d  s t i l l  do) p la g u e  f u s io n  r e s e a rc h  work th ro u g h o u t t h e  w o rld .
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In  th e  1 9 5 0 's ,  t h e  E n g lis h  jo in e d  a  grow ing (and  s t i l l  c l a s s i ­

f ie d )  i n t e r n a t i o n a l  p lasm a f u s io n  r e s e a rc h  community by  p e rfo rm in g  r e ­

s e a rc h  on t h e  ZETA d e v ic e  a t  t h e  Culham la b o r a to r y  a t  H a rw e ll. In  th e  

l a t e  1 9 5 0 's  th e r e  was some i n i t i a l  op tim ism  c o n c e rn in g  "cheap  energy"  

when th e  ZETA d e v ic e  began  p ro d u c in g  r e l a t i v e l y  la r g e  n e u tro n  f lu x e s .

I t  tu rn e d  o u t t h a t  t h e s e  n e u tr o n s ,  w hich  w ere m is tak e n  f o r  th o s e  p ro d u ced  

by a  th e rm o n u c le a r  d eu te riu m  r e a c t i o n ,  w ere a c tu a l l y  p ro d u ced  "anom alously"  

by a  few d e u te ro n s  a c c e le r a te d  by  p lasm a i n s t a b i l i t i e s .

These p lasm a i n s t a b i l i t i e s  gave n o t o n ly  t h e  E n g l is h ,  b u t  a l s o  

th e  r e s t  o f  th e  i n t e r n a t i o n a l  f u s io n  r e s e a rc h  community a  seem in g ly  

im p e n e tra b le  b a r r i e r  w hich  th e y  t r i e d  f o r  many y e a rs  to  su rm oun t. The 

p r in c i p a l  c o u n tr ie s  in v o lv e d  i n  ( c l a s s i f i e d )  fu s io n  r e s e a rc h  a t  t h i s  

tim e  -  The USA, UK, and USSR -  e v e n tu a l ly  r e c o g n iz e d  th e  m agnitude o f  

th e  t a s k  and  d e c l a s s i f i e d  t h e i r  fu s io n  r e s e a rc h  e f f o r t s .  "One conse­

quence o f  t h i s  d e c is io n  was th e  r i c h  h a r v e s t  o f  p a p e rs  a t  t h e  2nd 

I n t e r n a t i o n a l  C onference  on th e  P e a c e fu l  Use o f  Atomic E nergy a t  Geneva 

in  1958 , w hich p e rh a p s  m arks t h e  b e g in n in g  o f  modern f u s io n  p lasm a p h y s ic s "  

(W atson (1 9 6 2 )) .

These i n s t a b i l i t i e s  a r e  s t i l l  a  fo rm id a b le  p rob lem  f o r  th e  

developm ent o f  p r a c t i c a l  fu s io n  r e a c t o r s .  R e se a rc h e rs  a r e  s t i l l  o p t im is t i c  

(b e c a u se  o f  th e  enormous b e n e f i t s  a  w ork ing  fu s io n  r e a c to r  w ould p ro v id e  

f o r  m ankind) b u t t h e r e  i s  a  g e n e ra l  r e c o g n i t io n  t h a t  new s u r p r i s e s  and 

prob lem s may l i e  w a i t in g  i n  th e  f u tu r e .

In  a d d i t io n  t o  t o r o i d a l  p lasm a r e s e a rc h  d e v ic e s  such  a s  ZETA 

and t h e  M acro to r Tokamak a t  UCLA (b o th  o f  w hich w i l l  be  d is c u s s e d  in  more
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d e t a i l  p r e s e n t ly )  and many o th e r  t o r o i d a l  m achines th ro u g h o u t th e  w o rld , 

t h e r e  a r e  o th e r  d e v ic e s  f o r  w hich an  u n d e rs ta n d in g  o f  p lasm a dynamics and 

i n s t a b i l i t i e s  a r e  c r i t i c a l .  These d e v ic e s ,  whose com plete  d e s c r ip t io n  i s  

beyond t h e  scope o f  th e  p r e s e n t  w ork , in c lu d e  p lasm a fo cu s  d e v ic e s ,  l a s e r  

f u s io n  m ach in es , h ig h  sp e ed  e l e c t r i c  s w i tc h e s ,  MHD g e n e ra to r  and p ro p u l­

s io n  sy s te m s , and  ( c u r r e n t ly  c l a s s i f i e d )  c h a rg ed  p a r t i c l e  beam weapons 

and s o - c a l l e d  r a i l  g uns.

In  t h e  two and a  h a l f  d ecades  s in c e  p lasm a f u s io n  r e s e a rc h  was 

d e c l a s s i f i e d  t h e r e  h a s  b een  an enormous amount o f  r e s e a rc h  e f f o r t ,  b o th  

t h e o r e t i c a l  and  e x p e r im e n ta l .  In  t h e  p re v io u s  p a ra g ra p h , many e x p e r i ­

m en ta l a r e a s  w ere  m en tio n ed ; t h e o r e t i c a l l y ,  t h e r e  has been  much work in  

s o - c a l l e d  l i n e a r  th e o r y ,  p a r t i c u l a r l y  in  r e l a t i o n  t o  m a g n e to flu id  s t a b i l i t y .  

T here  h a s  a ls o  b een  a  grow ing e f f o r t  t o  u n d e rs ta n d  th e  n o n - l in e a r  dynamics 

o f  m a g n e to flu id s  ( e . g . ,  MHD tu r b u le n c e ) .  I t  i s  a lo n g  t h i s  b ran c h  o f  

c u r r e n t  p lasm a th e o r y  t h a t  we e x te n d  o u r  r e s e a rc h  e f f o r t s .



I l l . EXPERIMENTAL RESULTS

There seem t o  b e  v e ry  few p u b lis h e d  r e s u l t s  c o n c e rn in g  labora^- 

to r y  m easurem ents o f  MHD tu rb u le n c e .  The r e a s o n , o f  c o u rs e ,  i s  t h a t  one 

must ta k e  l o c a l  m easurem ents o f  a  p lasm a in  o rd e r  t o  d e te rm in e  tu r b u le n t  

e f f e c t s ; th e  i n s e r t i o n  o f  m a te r ia l  p ro b es  i n to  a  h o t p lasm a u s u a l ly  r e ­

s u l t s  i n  t h e i r  d e s t r u c t i o n ,  how ever. (The lo n g e v i ty  o f  a  m a te r i a l  p robe  

depends n o t o n ly  on th e  te m p e ra tu re  o f  th e  p lasm a , b u t  a ls o  on i t s  den­

s i t y  and  le n g th  o f  tim e  th e  h ig h  te m p e ra tu re  i s  m a in ta in e d . A " h o t"  

p lasm a c o u ld  be d e f in e d  a s  one w here th e  n u m e ric a l v a lu e  H = ( e l e c t r o n  

d e n s i ty  x  e le c t r o n  te m p e ra tu re  + io n  d e n s i ty  x io n  te m p e ra tu re )  x  (mean 

l e n g th  o f  tim e  a t  h ig h  te m p e ra tu re )  i s  above t h a t  f o r  w h ich , s a y ,  a  

q u a r tz  p ro b e  i s  d e s tro y e d . The te m p e ra tu re  and  d e n s i ty  v a lu e s  o f  v a r io u s  

p lasm as a re  shown i n  F ig u re  1 ,  w hich comes from  Thompson (1962 ) . )

There a re  a l t e r n a t i v e s  t o  th e  i n s e r t i o n  o f  p ro b es  i n to  a  p lasm a: 

m easure l o c a l  p r o p e r t ie s  re m o te ly  by  th e  u se  o f  l a s e r  d o p p le r  v e lo c im e te r s , 

p e rh a p s ;  t h i s  c o n c e p t, u n f o r tu n a te ly ,  i s  n o t  an advanced  enough s t a t e  o f  

developm ent. A no ther a l t e r n a t i v e  i s  to  p la c e  th e  p ro b es  o u ts id e  th e  

p lasm a; t h i s  p ro c e d u re , how ever, y i e ld s  o n ly  la r g e  s c a le  s t r u c tu r e s  

(w hich may b e  u s e f u l  f o r  g ro ss  i n s t a b i l i t y  s tu d ie s )  w h ile  o b s c u r in g  th e  

sm a ll s c a l e ,  tu r b u le n t  s t r u c tu r e s  o f  i n t e r e s t  h e r e .  A n o th e r, and c u r­

r e n t l y  more v ia b le  a l t e r n a t i v e  i s  t o  work w ith  a  " c o o l"  p la sm a , so  t h a t  

v a r io u s  p ro b es  may b e  i n s e r t e d  w ith o u t d e s t r u c t io n .

10
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T his  l a s t  p ro c e d u re  has p ro v ed  a  f r u i t f u l  one f o r  two groups 

o f  r e s e a r c h e r s  upon whose p u b lis h e d  works we can draw f o r  p e r t i n e n t  ex­

p e r im e n ta l  r e s u l t s .  The f i r s t  group i s  from  th e  Culham L a b o ra to ry  o f  th e  

U n ited  Kingdom Atomic E nergy A u th o r ity  (UKAEA). T h is  g roup h as  r e p o r te d  

on MHD tu rb u le n c e  m easurem ents on th e  ZETA T o ro id a l  Z -p in ch  m achine in  

t h r e e  p r in c i p a l  p a p e rs :  R ob inson , R usbridge  and S aunders (1968 ) ,

R usb rid g e  ( 1969 ) and R obinson and R usb ridge  (1 9 7 1 ). The second  group 

h a s  perfo rm ed  e x p e rim e n ts  on th e  M acro to r Tokomak a t  UCLA; t h e i r  r e s u l t s  

have been  p re s e n te d  i n  two p u b lis h e d  a r t i c l e s :  Zweben, Menyuk and T ay lo r

(1979) and Zweben and T a y lo r  (1 9 8 1 ).

In  o rd e r  t o  g e t  a  b e t t e r  p i c t u r e  as  t o  th e  n a tu r e  o f  th e s e  two 

m ach in es , F ig u re  2 i s  a  re p ro d u c tio n  o f  a  f ig u r e  from  an a r t i c l e  by 

B r ic k e r to n  and  Keen (1 9 7 2 ). In  t h i s  f i g u r e ,  th e  e s s e n t i a l  d i f f e r e n c e  b e ­

tw een t h e  Z e ta  mode and  Tokomak mode o f  a  t o r o i d a l  p in c h  sy stem  i s  i l l u s ­

t r a t e d .

ZETA E x p e rim en ta l R e s u lts

In  th e  e x p e rim e n ta l m easurem ents on th e  ZETA d e v ic e  e l e c t r i c  

and  m agnetic  p ro b es  w ere i n s e r t e d  i n to  a  c o o l p lasm a (h e re  we w i l l  o n ly  

be  co n cern ed  w ith  t h e  m ag n e tic  p ro b es  and t h e i r  c o rre sp o n d in g  m easu rem en ts). 

P e r t i n e n t  in fo rm a tio n  r e l a t e d  t o  th e  ex p e rim e n ts  p e rfo rm ed  on ZETA have 

been  drawn d i r e c t l y  from  th e  a fo re m e n tio n e d  p a p e rs  r e l a t e d  t o  ZETA, and 

a r e  rep ro d u c e d  i n  F ig u re s  3 th ro u g h  6 . T h is  in fo rm a tio n  w i l l  be  drawn on 

a s  n e c e s s a ry  i n  th e  fo llo w in g  d i s c u s s io n .

The m agnetic  f i e l d  c o n f ig u r a t io n  and t o t a l  c u r r e n t  d e n s i ty  e x i s t i n g  

i n  ZETA d u r in g  e x p e r im e n ta l  m easurem ents i s  shown in  F ig u re  3 . A f te r  an
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Figure 3.- Magnetic field configuration and current distribution for the ZETA 
discharge; from Rusbridge (1969).



Summary of experimental parameters.

Initial pressure 0 .5  mTorr 5 mTorr
Density 5X101* cm- * 4X10“  cm"3
Electron temperature 15 eV 6 eV
Mean magnetic field (a t the 1500 G 1500 G

center of the discharge)
rms turbulent velocity 10* cm/sec . 1.5 X105 cm/sec

fluctuations
rms magnetic field 10 G 4 G

fluctuations
Kinetic energy of velocity 42 ergs/cm3 7.5 eigs/cm3

fluctuations
Ratio of energy in velocity 10 1.5

fluctuations to magnetic 
field fluctuations

In p u t energy from capacitor •^ l.S X lO 3 ~ 1 .5 X 1 0 5
bank, 125 K J ' ergs/cm3 ergs/cm3

08

0'6

04

0-2

08

06

04

0-2

(a)  (b)

Correlation function of magnetic-field iluctuations 
(M A ; (a) filling pressure 5-mTorr D2; (b) filling pressure 
1-mTorr D2: O direct measurement, -j- derived from structure 
function measurement. Solid curves represent Eq. (1) with 
parameters given in Table II. Gas current 150 kA, 0=  1.7.

Figure 4.- Experimental parameters and radial correlation function for the ZETA 
discharge; from Robinson and Rusbridge (1971).
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Figure 6.- Radial magnetic field correlations for the ZETA discharge; from Robinson, 
Rusbridge, and Saunders (1*768).
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i n i t i a l  c o n c e n t ra t io n  o f  p lasm a was c r e a te d  in  ZETA i t  was l o s t  t o  th e  

to ru s  w a l ls  in  a b o u t 0 .1  m il l i s e c o n d ,  w h ile  th e  c u r r e n t  p u ls e  l a s t e d  f o r  

1 -3  m i l l i s e c ;  t h i s  c u r r e n t  p u ls e  was s u s ta in e d  by  r e i n j e c t i n g  c o ld  

n e u t r a l  g a s . The m easurem ents w ere th u s  n o t  ta k e n  on a  s in g le  lo n g -  

l iv e d  c o n c e n t r a t io n  o f  p lasm a b u t  i n s t e a d  on a  sequence  ( ~  20) o f  s h o r t  

l i v e d  p lasm a c o n f ig u r a t io n s .  The re c o rd e d  m easurem ents came from  th e  

c e n t r a l  p a r t  o f  th e s e  s h o r t  l i f e t i m e s ,  d u r in g  w hich  th e  p lasm a was in  a  

" q u a s i s ta t io n a r y  s t a t e " .  These m easurem ents w ere th e n  combined and 

averag ed  t o  p ro d u c e , f o r  exam ple, m easu res o f  c o r r e l a t i o n  le n g th  o f  th e  

r a d i a l  p a r t  o f  t h e  m agnetic  f i e l d ,  a s  a r e  shown i n  F ig u re  k .  I n  F ig u re  k 

t h e  c r i t i c a l  p a ra m e te rs  o f  th e  ZETA m achine a re  a ls o  t a b u la te d .

The m easurem ents o f  m ag n e tic  f i e l d s  w ere made by p ro b es  i n ­

s e r t e d  i n to  t h e  p la sm a , a t  v a r io u s  d i s t a n c e s .  S in c e  th e  p re s e n c e  o f  

th e s e  p ro b es  c o u ld  p o s s ib ly  a f f e c t  th e  m easu rem en ts, i t  was n e c e s s a ry  

to  check t h e  r e s u l t s  w ith  o th e r  inodes o f  m easurem ent t o  d e te rm in e  i f  any 

e r r o r  was in d e e d  in tro d u c e d . T h is  was done by com parison  w ith  s p e c t r o ­

sc o p ic  and m icrowave m easu rem en ts, w ith  th e  c o n c lu s io n  t h a t  p robe  p e r ­

t u r b a t io n  was n o t a  s e r io u s  p rob lem  f o r  ZETA.

The m agnetic  p ro b es  th em se lv e s  c o n s i s t e d  o f  sm a ll p ick u p  c o i l s  

o f  500 tu r n s  and 0 .5  cm in  d ia m e te r . G ra d ie n t m easurem ents w ere made 

w ith  two c o a x ia l  c o i l s  s e p a r a te d  0 .3  t o  15 cm a p a r t .  The c o i l s  w ere 

m ounted i n  a  q u a r tz  env e lo p e  2 m e te rs  lo n g ,  2 .5  cm in  d ia m e te r ,  w hich 

narrow ed  t o  a  1 cm d ia m e te r  t i p .  The u p p e r l i m i t  on f re q u e n c y  re sp o n se  

was 1 MHz and th e  s p a t i a l  r e s o lu t io n  o f  m easured  f lu c tu a t io n s  was 1 cm.
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The m agnetic  f i e l d  m easurem ents on ZETA, as  shown in  F ig u re s  

3 th ro u g h  6 , y i e l d  t h e  fo llo w in g  o b s e rv a t io n s :

1) A f lu c t u a t in g  s ig n a l  on a  r e p ro d u c ib le  background  (b ack ­

ground i s  t h a t  p a r t  o f  s ig n a l  below  7-10  kH z).

2) Dominant m agnetic  f i e l d  f l u c tu a t io n s  a t  1 -3  kHz c o rre sp o n d  

t o  h e l i c a l  d i s t o r t i o n s  o f  w hole c u r r e n t  c h a n n e l and were c o r r e la t e d  o v e r 

th e  w hole d is c h a rg e .

3) F lu c tu a t io n s  above 7 kHz w ere c o r r e la t e d  o n ly  o v e r

5-10 cm.

U) N e c essa ry  s ig n a l  a v e ra g in g  tim e  was 5 m i l l i s e c  ( f o r  a  5% 

e r r o r ) ;  needed  t o  a v e rag e  o v e r  many d is c h a rg e s  ( ''■ '2 0 ) .

5) The h ig h  p a ss  f i l t e r e d  f lu c t u a t io n  ( Gauss) w ere con­

s t a n t  in  m agnitude  o v e r  th e  c e n t r a l  r e g io n  o f  th e  d isc h a rg e  ( r a d iu s  o f

20 cm ).

6) A x ia l c o r r e l a t i o n  le n g th s  f o r  th e  tu r b u le n t  f i e l d  w ere

^  60 cm.

M acro tor

The M acro to r d e v ic e  i s  a ls o  a  t o r o i d a l  m achine b u t  i t  i s  a  

tokam ak, a s  opposed  t o  ZETA, w hich i s  a  Z -p in ch  ( s e e  F ig . 2 ) .  (The d i f ­

fe re n c e  in  th e s e  t o r o i d a l  p in c h  sy stem s i s  i l l u s t r a t e d  in  F ig u re  2 ;  th e  

e s s e n t i a l  d i f f e r e n c e  i s  t h a t  t h e  t o r o i d a l  m ag n e tic  f i e l d  in  th e  Z e ta  mode 

i s  peaked  a t  t h e  c e n te r  o f  t h e  t o r o i d a l  c r o s s - s e c t io n  and r e v e r s e s  s ig n  

n e a r  th e  w a l l s ,  w h ile  in  t h e  tokam ak mode, th e  t o r o i d a l  f i e l d  m a in ta in s  

th e  same d i r e c t i o n  th ro u g h o u t th e  c r o s s - s e c t io n  and i s  ro u g h ly  c o n s ta n t .
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The p o lo id a l  f i e l d s  in  b o th  modes have  th e  same q u a l i t a t i v e  sh a p e , a l ­

though  th e  r a t i o  o f  a v e rag e  t o r o i d a l  f i e l d  m agnitude to  a v e ra g e  p o lo id a l  

f i e l d  m agnitude i s  g r e a t e r  f o r  th e  tokam ak th a n  th e  Z e ta  m ode.) P e r t in e n t  

t a b u l a r  and  g r a p h ic a l  in fo rm a tio n  r e l a t e d  to  m agnetic  m easurem ents in  

M acro to r a re  ta k e n  from  th e  a fo re m e n tio n e d  p a p e rs  o f  Zweben and c o l la b o ra ­

t o r s  and  p re s e n te d  in  F ig u re s  ^ and 8.

O ther th a n  b e in g  ru n  in  a  tokam ak mode, M acro to r i s  p h y s ic a l ly

v e ry  s im i l a r  to  ZETA. The p lasm a c h a r a c t e r i s t i c s  w ere s l i g h t l y  d i f f e r e n t ,

how ever. Z e ta  h a d  a  lo w er e le c t r o n  te m p e ra tu re  ( / ^ 1 0  eV) th a n  M acro to r

12 —3( 100 eV) w h ile  M acro to r h ad  a  lo w e r  e le c t r o n  d e n s i ty  ( ^  1( x  10 cm )

11 l k  —lth a n  ZETA (5 x 10 to  k x 10 cm ) .  The mean a x i a l  f i e l d  in  M acro to r

( ^  2 kG) a ls o  was h ig h e r  th a n  t h a t  i n  ZETA ( ~  1 kG ).

In  M a cro to r, g l a s s ,  r a t h e r  th a n  q u a r tz  t u b e s ,  w ere i n s e r t e d  

up t o  15 cm i n to  th e  p lasm a w ith o u t damaging th e  tu b e s  o r  p e r tu r b in g  th e  

p lasm a to o  much. These g la s s  tu b e s  c o n ta in e d  m agnetic  p ick u p  c o i l s ,  whose 

c o n s t r u c t io n  i s  shown i n  F ig u re  7 ; checks w ere a ls o  ru n  on th e s e  p ro b es  

t o  a s c e r t a i n  t h a t  th e  e x p e r im e n ta l  m easurem ents w ere n o t undu ly  a f f e c te d .  

The i n s e r t i o n  o f  th e  p ro b es  d id  n o t a f f e c t  th e  p lasm a c u r r e n t ,  v o l ta g e ,  

d e n s i ty  o r  u l t r a v i o l e t  l i g h t  e m iss io n  i n  t h e i r  v i c i n i t y .  The m agnetic  

sp ec tru m  and c o r r e l a t i o n  l e n g th  was t h e  same when o b se rv e d  w ith  c o i l s  

in s id e  b o th  2 cm and 0 .5  cm d ia m e te r  tu b e s .  The p re se n c e  o f  a  second  

p ro b e  a s  c lo s e  a s  1 cm away from  t h e  f i r s t  d id  n o t a f f e c t  s ig n a l s  from  

t h a t  p ro b e . F i n a l l y ,  a  p a i r  o f  c o i l s  in s id e  a  s in g le  tu b e  gave th e  same 

m ag n e tic  s t r u c t u r e  as d id  two c o i l s ,  each  i n  a  s e p a r a te  tu b e .  (These 

checks w ere done f o r  f r e q u e n c ie s  l e s s  th a n  100 kH z.)



MACROTOR PARAMETERS

R =  90 cm

a =  45 cm (chamber)

1 =  60 kA

p u l*  length > 5 0  ms

3 T =  2 - 3  kG

q(«) =  3 - 4

Vloop =  1 -2

Zeff a  1

T.o 3 1 0 0  eV

r i0 — 50 eV

ne s  1012—1013 cm"3

r F. ss 0 .5—5 ms (accords with na2 empirical scaling)

& peak =  0 .1 -1 %

Pi =  0.3 cm

=  3 X 10‘ 3 cm

=  c/ojp =  0.3 cm

CAPACITIVE PROBE

E LECTRO STA TIC SH IELO  O F Q COIL

CA PACITIV E PROBE

B PRO BE

ELECTROSTATIC SHIELO

COAX

1 m m  X 3 mm 
TUNGSTEN TIP

CERAMIC INSULATION

0 .3  cm ST A IN L E S S TUBE

£ro b e  construction: The £  coil is 1 cm X U S  cm and 
2 0  turns, surrounded by a  th in  alutnimum -foil electrostatic 
shield which itse lf Is  nearly covered b y  a  thin copper (broken) 
ring electrode o f  the  capacitive probe. The £  signal Js differentially  
am plified  X 100, and thecapacitive  probe signal is  monitored  
with 1 MSI to  ground by  a  voltage follow er.

F ig u re  7 . -  M acro tor p a ra m e te rs  and m agnetic  probe c h a r a c t e r i s t i c s ;  from Zweben and 
T a y lo r (1 9 8 1 ).
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(a)

V

1 . T y p ica l p la sm a  c u r r e n t ,  d e n s i ty ,  and B r en­
v e lo p e  a r e  show n vs t im e  <Ja  50 kA , n e « 2 x l 0 12 c m "3 
a t  30  m s e c ) .  T he f i r s t  e x p an s io n  o f  Sr is  lo w -p a s s  fil­
t e r e d  to  show  c le a r ly  th e  M lrn o v  o s c i lla tio n s  a t /<=• 7 
kH z . T he lo w e r ex p an s io n  show s th e  h ig h -fre q u e n c y  
s t r u c tu r e  w ithout f i l te r in g .

(0) B

■■rrr

<i)8?
Noise level ^------

1 1 “TT

( b )

25 50
Frequency kHz

75 100kHz tOOKhz

Won
Ocm

lOOKhz

.4  msec iOOKhz

2 .  (a) S p e c tru m  o f  B r t a k e n  a t  10 c m  in to  th e  
p la s m a  d u rin g  th e  s te ad y  s ta te  o f  a ty p i c a l  d i s c h a r g e . .
(b) T h e  v a r ia tio n  o f |B r | v s  c o il  p o s itio n  fo r  /  =  25 kH z. 
The s p e c tru m  sh ap e  r e m a in s  f a i r ly  c o n s ta n t o v e r  th is  
ra n g e  o f  co il p o s itio n s . A lso  in  (b) i s  | n | rms/n  p ro f ile  
a s  m e a s u re d  in  th e  ion s a tu ra t io n  c u r r e n t  o f a  L an g m u ir 
p ro b e . T he io n - s a tu r a t io n - c u r r e n t  p ro f ile  i t s e l f  looks 
s im i la r  to  th e  p ro f ile  o f |f i r | .

0 50 •IOOKhz

3 . (a ) , (b) S p e c tra  o f  wSr f o r  two c o i l s  ra d ia lly  
s e p a ra te d  by 4 c m , (c) c r o s s - c o r r e l a t i o n  fu n c tio n , and 
(d) c o r re la t io n  sp e c tru m  f o r  th is  c a s e ,  (e) A v eraged  
ra d ia l  c o r re la t io n  leng th  v s  f req u e n c y .

Figure 8.- Typical plasma characteristics and radial magnetic field structure for 
the Macrotor Tokamak; from Zweben, Menyuk, and Taylor (1979).
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In  M a cro to r, t h e  tim e-d ep en d en ce  o f  th e  r a d i a l  component o f  th e  

m agnetic  f i e l d  ( i . e . ,  B^) was m easured  by  a  c o i l  lo c a te d  10 cm in s id e  th e  

l i m i t i n g  a p e r tu r e  o f  th e  to r u s  n e a r  th e  e q u i t o r i a l  p la n e .  The s ig n a l  

( s i m i l a r  to  t h a t  se en  i n  ZETA) was seen  t o  c o n s i s t  o f  two p a r t s :  1) low

fre q u e n c y  ( ^ 7  kHz) c o h e re n t o s c i l l a t i o n s  ( te rm e d  "MLrnov o s c i l l a t i o n s " ) ,  

and 2) h ig h  f re q u e n c y , b ro ad b a n d , in c o h e re n t  s t r u c t u r e .  T h is s ig n a l  

s t r u c tu r e  was seen  i n  a l l  M acro tor o b s e rv a t io n s .

The sp ec tru m  shown i n  F ig u re  8 was d e r iv e d  from  d a ta  ta k e n  

o v e r  15 -20  m i l l i s e c  and  s l id e -a v e ra g e d  o v e r  3 kHz. As seen  in  F ig u re  8 , 

th e  sp ec tru m  s lo p e s  down r e l a t i v e l y  sm ooth ly  from  th e  c o h e re n t ,  e n e rg e t ic  

low fre q u e n c y  p a r t  t o  th e  h ig h  f re q u e n c y  r e g io n ,  w hich  i s  b roadband  w ith  

no e x c e s s iv e  p e a k s . (T h is  sp ec tru m  was " d e r iv e d "  b e cau se  what th e  p ro b es  

a c tu a l l y  m easured  was B ^, w hich h as  a  spectrum  d i f f e r i n g  i n  m agnitude from  

t h a t  o f  B^ by  a  f a c t o r  o f  Cu> ; th e  |B r | sp ec tru m  i s  th u s  d e r iv e d  by 

d iv id in g  th e  J B Ĵ s p e c t r a  by CO .)

In  t h e  M acro to r a r t i c l e s ,  Zweben, e t  a l . , d e f in e  th e  c ro s s  

c o r r e l a t i o n  betw een  two tim e  s ig n a l s  S ^ ( t )  and S g t t )  to  be

C  M  5  T - '  j  5 ,  (+) S i C t - s r )  M  t
'O

They a ls o  d e f in e  th e  c o r r e l a t i o n  sp ec tru m  to  be

[ < F .

where

^  y  : av e rag e  o v e r  A W < w 3  kHz

F ^ , a r e  F o u r ie r  t ra n s fo rm s  o f

V i
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They th e n  d e f in e  th e  c o r r e l a t i o n  le n g th  as

L : 2 x c o i l  s e p a r a t io n  f o r  ^  ( 6 0 )  =  10%.

U sing th e s e  d e f i n i t i o n s ,  Zweben, e t  a l . ,  d e te rm in e  th e  fo llo w in g  

r e s u l t s  f o r  c o r r e la t io n  le n g th s  o f  th e  r a d i a l  p a r t  o f  th e  m agnetic  f i e l d :  

R a d ia l C o r r e la t io n :

L^( 60 ) £  10 cm f o r  60 > 25 kHz 

P o lo id a l  C o r r e la t io n :

L ( 60 ) L ( 60 ) p  r

T o ro id a l  C o r r e la t io n :

l t ( m  ) »  Lr ( £*> ) .

These r e s u l t s  a r e ,  though  ta k e n  from  a  d e v ic e  o p e ra t in g  u n d er 

a  d i f f e r e n t  t o r o i d a l  mode, c o n s i s t e n t  w ith  th o s e  o f  th e  ZETA g roup .

E x p e rim en ta l R e su lt  Summary

The b a s ic  r e s u l t  o f  th e s e  two s e t s  o f  e x p e rim en ts  i s  t h a t  th e  

t u r b u le n t  (h ig h  fre q u en cy ) p a r t  o f  th e  m agnetic  f i e l d  a s s o c ia te d  w ith  a  

t o r o i d a l l y  c o n fin e d  p lasm a h a s  a  c o r r e l a t i o n  le n g th  o f  ^  5 cm p e rp e n d i­

c u la r  to  th e  mean a x ia l  f i e l d  and a  lo n g e r  c o r r e l a t i o n  le n g th  o f  /'-'60 cm 

p a r a l l e l  to  th e  a x i a l  f i e l d .  In  a d d i t io n ,  th e  tu r b u le n t  s p e c t r a  were 

b ro a d  band w ith  a  n o ta b le  ab sen ce  o f  e x c e s s iv e  s p ik e s  o r  p e a k s , ( i n  f a c t ,  

th e  ZETA group d e s c r ib e d  th e  o b se rv e d  p lasm a tu rb u le n c e  as  o c c u r in g  in  

lo n g  c o n v e c tiv e  r o l l s .)
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These r e s u l t s  a r e  p e r t i n e n t  t o  t h e  t h e o r e t i c a l  and n u m erica l 

in v e s t ig a t io n  t o  be d e s c r ib e d  in  th e  rem a in in g  p o r t io n  o f  t h i s  d i s s e r t a ­

t i o n  in  th e  fo llo w in g  r e g a r d s .  The o b se rv e d  MHD tu rb u le n c e  ( th e  h ig h  

f re q u e n c y  p a r t  o f  t h e  e x p e rim e n ta l m easurem ents) i s  hom ogeneous, a s  e v i ­

denced  by th e  f l a t n e s s  o f  th e  rms tu r b u le n t  f lu c tu a t io n s  in  th e  c e n t r a l  

p a r t  o f  th e  d is c h a r g e ;  i t  i s  ( q u a s i - )  s t a t i o n a r y ,  s in c e  th e  r e s u l t s  a re  

d e r iv e d  from  m easurem ents ta k e n  d u r in g  r e l a t i v e l y  s t a t io n a r y  tim e  se g ­

m en ts ; and a n i s o t r o p i c ,  s in c e  th e  tu rb u le n c e  i s  o c c u r in g  in  th e  p re se n c e  

o f  a  l a r g e  mean m agnetic  f i e l d .  These th r e e  a ssu m p tio n s  -  hom ogeneity , 

s t a t i o n a r i t y  and a n is o tro p y  -  a r e  c e n t r a l  t o  t h e  a n a ly s i s  t h a t  fo llo w s .

T h is  a n a ly s i s  i s  p r e d ic a te d  on th e  a ssu m p tio n  t h a t  th e  p lasm a 

d is c h a rg e s  o f  Z e ta  and  M acrotor can  b e  m o d elled  i n  te rm s o f  m agnetohydro- 

dynam ics. T h is  a ssu m p tio n  i s  v a l i d  i f  th e  p ro c e s s e s  u n d er o b s e rv a t io n  

o c c u r  p r im a r i ly  a t  f re q u e n c ie s  c o n s id e ra b ly  low er th a n  th e  p lasm a f r e ­

quency 60 , a t  l e n g th  s c a le s  c o n s id e ra b ly  lo n g e r  th a n  th e  Debye le n g th  
P

X D and  a t  v e l o c i t i e s  such  t h a t  ( v / c ) ‘ 1 . H e re , 6 0  «  10 -  100 GHz,

X p  3 m icrons and th e  rms tu r b u le n t  v e lo c i ty  f lu c t u a t io n s  a re  ** lO^cm/ 

s e c ;  s in c e  th e  o b se rv e d  f re q u e n c ie s  a r e  l e s s  th a n  1 MHz and th e  s p a t i a l  

r e s o l u t i o n  i s  no s m a l le r  th a n  1 cm and ( v /c ) ^  10' "9 «  1 , th e  a p p l i ­

c a b i l i t y  o f  MHD i s  s t r o n g ly  in d ic a te d .



IV . PRELIMINARY THEORETICAL AND NUMERICAL RESULTS

The s u b je c t  o f  MHD tu r b u le n c e ,  though  n o t a s  i n te n s e ly  i n v e s t i ­

g a te d  a s  t h e  l i n e a r  th e o r y  a s s o c ia te d  w ith  r e s e a rc h  i n to  th e  n a tu r e  and 

c o n t r o l  o f  p lasm a i n s t a b i l i t i e s ,  h as  s t i l l  h a d  a  lo n g  and i n t e r e s t i n g  de­

ve lopm en t. A long w ith  th e  g e n e ra l  upsu rge  o f  p lasm a r e s e a rc h  t h a t  began  

d u r in g  and  a f t e r  WWII, came e f f o r t s  to  u n d e rs ta n d  MHD tu rb u le n c e .  These 

e f f o r t s  w ere d i r e c te d  by  some, such  as  C handrasekhar (1 9 5 1 a ) , Cowling 

(1957)> K ovasznay ( i 9 6 0 ) and Tatsum i ( i 960 ) ,  t o  u n d e rs ta n d in g  th e  tu rb u ­

l e n t  p lasm as w hich o c c u r  i n  th e  a s t r o - a n d  g e o p h y s ic a l  rea lm . O th ers  

c o n c e n t ra te d  on MHD tu rb u le n c e  a s  i t  a p p e a rs  i n  p lasm a fu s io n  m ach ines; 

many o f  th e  r e s u l t s  c o n n e c te d  w ith  th e s e  e f f o r t s  a re  c o n ta in e d  i n  th e  

t e x t  by  Kadom tsev ( 1965 ) .

The re a s o n  f o r  t h i s  i n t e r e s t  w as , o f  c o u r s e ,  th e  f a c t  t h a t  

tu rb u le n c e  i s  th e  means by  w hich  en erg y  i s  t r a n s f e r r e d  from  l a r g e  le n g th  

s c a le s  t o  s m a l le r  and s m a l le r  ones in  a  p lasm a o r  MHD sy s te m , f i n a l l y  to  

w ind  up a s  h e a t .  T h is  tu r b u le n t  d ecay , w ith  i t s  m yriad  o f  l a r g e  and sm a ll 

" e d d ie s " ,  a l l  i n t e r a c t i n g  w ith  one a n o th e r ,  n a t u r a l l y  i n s p i r e d  r e s e a rc h e r s  

t o  se ek  a  s t a t i s t i c a l  d e s c r ip t i o n .  A ttem p ts  t o  u n d e rs ta n d  t h e  s t a t i s t i c s  

o f  MHD tu rb u le n c e  was begun by  many p e o p le :  B a tc h e lo r  (1 9 5 0 ) , C handrasekhar 

(1951 a ,b )  and  K ra ich n an  (1 9 5 8 ) , among o t h e r s .  These in d iv id u a l s  so u g h t 

t o  u n d e rs ta n d  th e  n a tu r e  o f  hom ogeneous, i s o t r o p i c  (a n d  s t a t io n a r y )  t u r ­

b u le n c e . B u i ld in g  on th e s e  b e g in n in g s ,  s t a t i s t i c a l  t h e o r i e s  c o n c e rn in g

26
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tu rb u le n c e  w ere fo rm u la te d  by Edwards ( 196U, 1965 ) ,  H e rr in g  ( 1965 ) and 

e s p e c i a l l y  K ra ichnan  (1 9 5 7 , 1958 , 1961m, 196Ub, 1961k:, 1965 , 1966 , 1971a, 

1971b, 1 9 7 2 ).

C o n cu rren t w ith  th e  developm ent o f  i s o t r o p ic  s t a t i s t i c a l  t h e o r i e s  

o f  tu rb u le n c e  was t h e  in v e s t ig a t io n  o f  c e r t a i n  a s p e c ts  o f  MHD tu rb u le n c e  

in  th e  p re s e n c e  o f  a  mean f i e l d .  The s tu d ie s  o f  L e h n e rt (1 9 5 5 ), M o ffa tt  

(1961) and  N ihou l ( 1963 , 1965) s u g g e s te d  t h a t  t u r b u le n t  m otion  a lo n g  th e  

mean f i e l d  d i r e c t i o n  w ould b e  damped and te n d  tow ard  a  l i m i t  o f  tw o- 

d im e n s io n a l tu rb u le n c e .  These s u g g e s t io n s  a r e ,  o f  c o u rs e ,  c o m p a tib le  

w ith  th e  e x p e rim e n ta l o b s e rv a t io n s  on ZETA and M a cro to r, a s  d is c u s s e d  in  

th e  p re v io u s  c h a p te r .

Toward th e  end o f  th e  1 9 6 0 's  th e  developm ent o f  com puters was 

r e a c h in g  a  p o in t  a t  w hich th e y  w ould be  s u f f i c i e n t l y  p o w e rfu l t o  a llo w  

n u m e ric a l s tu d ie s  o f  MHD tu rb u le n c e  t o  be  done. I n  c o n ju n c t io n  w ith  h a rd ­

w are developm ent came s o f tw a re  deve lopm en t, i . e . ,  n u m e ric a l t e c h n iq u e s ,  

th ro u g h  w hich th e  s y s te m a tic  s tu d y  o f  s im u la te d  MHD tu rb u le n c e  was f i n a l l y  

w i th in  g ra s p . Thus th e  p io n e e r in g  work o f  O rszag  (1971) and P a t te r s o n  and 

O rszag  (1971) and  o t h e r s ,  r e s u l t e d  i n  t h e  c r e a t io n  o f  h ig h ly  a c c u ra te  and 

r a p id  d e - a l i a s e d ,  f a s t - F o u r i e r  t ra n s fo rm  b a se d  " s p e c t r a l "  m ethod te c h ­

n iq u e s  .

The code u t i l i z e d  in  th e  n u m e ric a l s tu d ie s  i n  th e  p r e s e n t  work i s  

a  d i r e c t . d e scen d an t o f  a  code in s p i r e d  by th e  work o f  O rszag . T h is  

e a r l i e r  code ( i . e . ,  v a r io u s  v e r s io n s  o f  i t )  was u se d  by  F y fe , Joyce  and 

Montgomery (1977 a ,b )  and M atthaeus and  Montgomery (1980 , 1981) t o  s tu d y  

fo rc e d  d i s s i p a t i v e  tu r b u le n c e ,  s e l e c t i v e  decay  p r o c e s s e s ,  and th e  e v o lu t io n
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o f  th e  s h e e t  p in ch  ( a l l  i n  th e  p re se n c e  o f  p e r io d ic  boundary  c o n d i t io n s ) .

A s im i la r  code was u sed  by O rszag  and Tang (1979) t o  s tu d y  sm a ll s c a le  

e f f e c t s  in  two d im ensions an d P o u q u e t (1978) h as  p u b l is h e d  c lo s u re  c a lc u la ­

t i o n s  f o r  t h e  same geom etry . A g e n e ra l  rev iew  o f  tw o -d im e n sio n a l ( i s o ­

t r o p i c )  tu rb u le n c e  h a s  been  g iv en  by K ra ichnan  and Montgomery (1 9 8 0 ), w h ile  

d e t a i l s  o f  t h e  n u m e ric a l p ro c e d u re  can  be found in  th e  c i t e d  works o f  

O rszag  as w e l l  a s  i n  t h e  Ph.D . d i s s e r t a t i o n  o f  M atthaeus (1979)•

In  s p i t e  o f  th e  l a r g e  amount o f  work in  MHD tu r b u le n c e ,  v e ry  

l i t t l e  has been  done s y s te m a t ic a l ly  t o  s tu d y  su ch  tu rb u le n c e  in  th e  

p re se n c e  o f  a  mean m agnetic  f i e l d .  Such an a n is o t r o p ic  s i t u a t i o n  i s  

assum ed to  b e  p r e s e n t ,  i n  one form  o r  a n o th e r ,  to  d e r iv e  th e  s o - c a l le d  

S t r a u s s  e q u a tio n s  (S tr a u s s  (1 9 7 6 ), Montgomery (1 9 8 2 )) .  These e q u a tio n s  

a r e  a  red u ced  s e t  o f  MHD e q u a tio n s  (weak dependence in  th e  d i r e c t i o n  

a lo n g  th e  mean f i e l d )  in te r m e d ia te  in  d im ension  betw een two and t h r e e .  

A lthough  th e y  have found w ide a p p l i c a b i l i t y  t o  th e  dynamics o f  t o r o i d a l  

f u s io n  m ach in es , p a r t i c u l a r l y  tokam aks, i t  i s  n o t  c l e a r  how t o  p ro ce e d  in  

t h e i r  d e r iv a t io n  i f  a  s t ro n g  a n is o tro p y  i s  n o t i n i t i a l l y  p r e s e n t .

T h is  i s  one o f  th e  q u e s tio n s  t h a t  t h i s  work w i l l  a tte m p t to  

an sw er: does an i n i t i a l l y  i s o t r o p i c  spectrum  ev o lv e  i n to  an a n is o t r o p ic

one i n  th e  p re s e n c e  o f  a  mean f i e l d ?  I t  w i l l  b e  shown t h a t  f o r  a  tw o- 

d im e n s io n a l m a g n e to flu id  i n  th e  p re se n c e  o f  a  mean f i e l d  and d i s s i p a t i o n ,  

t h i s  does in d e e d  o c c u r . I t  w ould have  been  p r e f e r a b le  to  have

shown t h i s  f o r  a  f u l l y  th r e e  d im e n s io n a l m a g n e to f lu id ;  t h i s ,  how ever, was 

( f a r )  beyond o u r  c o m p u ta tio n a l r e s o u r c e s ,  so  t h a t  th e  o n ly  r e a l  a l t e r n a ­

t i v e  was t o  c o n s id e r  th e  (n o n -re d u ce d ) dynamics o f  a  tw o -d im e n sio n a l 

m a g n e to f lu id .
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In  th e  fo llo w in g  c h a p te rs  th e  r e s u l t s  o f  th e  p r e s e n t  work w i l l  

he  d e t a i l e d .  The dynam ical e q u a tio n s  w i l l  be  d e s c r ib e d  and th e  computa­

t i o n a l  te c h n iq u e  d is c u s s e d  b r i e f l y .  C om putationa l r e s u l t s  w i l l  th e n  be 

p re s e n te d  and th e s e  w i l l  show th e  developm ent o f  th e  s t r o n g  a n is o tro p y  

from  i n i t i a l l y  i s o t r o p i c  c o n d i t io n s .  These w i l l  be  seen  to  c o r r e l a t e  

w e l l  w ith  t h e  ZETA and M acro to r o b s e rv a t io n s .

The dependence o f  a n is o t r o p ic  developm ent on mean f i e l d  s t r e n g th  

and R eynolds number w i l l  th e n  be  d is c u s s e d  in  th e  c o n c lu d in g  c h a p te r ,

where a  summary o f  r e s u l t s  w i l l  be  p r e s e n te d . In  a d d i t io n ,  th e r e  a re  two 

a p p e n d ic e s ;  in  th e  f i r s t ,  t h e  a b s o lu te  e q u il ib r iu m  ensem ble th e o ry  o f  an 

a n i s o t r o p i c ,  hom ogeneous, s t a t i o n a r y  ( n o n - d is s ip a t iv e )  m a g n e to flu id  i s  

g iv e n . In  t h e  se co n d , th e  e r g o d ic i t y  and  random ness o f  th e  MHD model 

sy stem  dynamics a r e  b r i e f l y  commented on .



V. DYNAMICAL EQUATIONS

The in c o m p re s s ib le , d i s s i p a t i v e  MHD e q u a tio n s  i n  two d im ensions 

a r e  u sed . The m agnetic  f i e l d  c o n s is t s  o f  a  c o n s ta n t  mean f i e l d  p a r t
■a) mA

Bq = B0e x , p lu s  a  tim e-d e p e n d en t zero-m ean tu r b u le n t  B = (B^jBy.,0) =

V  x (£  , a ) . The m agnetic  v e c to r  p o t e n t i a l  i s  e a ( x , y , t )  so  t h a t  th e  Cou- z z

lomb gauge i s  em ployed. For a l l  v a r i a b l e s ,  3 / J z 5  0 . The v e lo c i ty  f i e l d  

v  = (v x ,vy ,0 )  = V  x ( t z Y )  i s  e x p re s s e d  i n  term s o f  a  s tre a m  fu n c t io n

( x , y , t )  and h a s  z e ro  mean. I n  w hat h as  become a  s ta n d a rd  s e t  

o f  d im e n s io n le ss  v a r i a b l e s ,  t h e  v o r t i c i t y  c*> = so t h a t

2  i —* 2CO = S im i la r ly ,  t h e  e l e c t r i c  c u r r e n t  j  = , w i th  ^7 a  = - j .z

M agnetic f i e l d s  a r e  m easured i n  term s o f  th e  i n i t i a l  r o o t  mean 

s q u a re  tu r b u le n t  f i e l d  s t r e n g th  B. V e lo c i t ie s  a re  m easured  i n  u n i t s  o f  

t h e  A lfven  speed  c o rre sp o n d in g  t o  B. The d im e n s io n le ss  v i s c o s i t y  and 

r e s i s t i v i t y  l )  and a r e  t h e  r e c ip r o c a ls  o f  m echan ica l and  m agnetic  

R eynolds num bers, r e s p e c t iv e ly .  The s im p le s t  form  o f  t h e  dynam ical equa­

t i o n s  i s ,  i n  th e  tw o -d im e n sio n a l geom etry ,

+  V - V c o  =  + v V 'c * >  *  6 e | £  ( i )

and

^  +  V .  V f t  =  7 l V 2 Q. +  (2 )

A b r i e f  d ig re s s io n  on t h e  o r ig i n  o f  ( l )  and (2 ) i s  in  o rd e r  

h e r e .  F o r a  f u l l ,  t h r e e  d im e n s io n a l t r e a tm e n t ,  f o u r  s e t s  o f  e q u a tio n s  a re
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r e q u i r e d :  l )  M axw ell's  e q u a t io n s ;  2) th e  e q u a tio n  o f  m a g n e to flu id  m otion

(e x te n d e d  N a v ie r-S to k e s  e q u a t io n ) ;  3) t h e  e q u a tio n  o f  c o n t in u i ty ;  U) th e  

a p p ro p r ia te  therm odynam ic e q u a tio n s .  L e t us c o n s id e r  each  o f  th e s e  in  

t u r n  and  se e  how th e y  red u ce  f o r  th e  c a se  o f  two d im e n s io n a l, in c o m p re s s ib le ,  

d i s s i p a t i v e  flow . (A com ple te  d is c u s s io n  o f  th e s e  e q u a tio n s  may be  found 

i n  F e r ra ro  and  Plum pton (1966 ) . )

M axw ell's  e q u a tio n s  a re

( i )  V  • O = f e  ( i i )  V * 6  = O

-  (3)
( i i i )  V x  H = 3 + ( i v )  V x  £. =  -

w here D i s  t h e  e l e c t r i c  d isp la c e m e n t, H th e  m agnetic  f i e l d ,  E th e  e l e c t r i c  

f i e l d  and  B th e  m agnetic  in d u c t io n ;  a l s o ,  : ch a rg e  d e n s i ty  and ,] : 

c u r r e n t .  The c l a s s i c a l  MHD a p p ro x im atio n  i s  to  n e g le c t  th e  d isp la c em e n t 

c u r r e n t  in  ( i i )  i . e . ,  assum e ^ D/ ^  t  ^  0 ;  t h i s  i s  e q u iv a le n t  to  ig n o r in g  

term s o f  o r d e r  ( v / c )  o r  h ig h e r .  Then, u s in g  ( i i ) ,  ( i i i )  ( n e g le c t in g  th e  

d isp la c e m e n t c u r r e n t)  and  ( i v )  a lo n g  w ith  Ohm's Law, 3  = (S (E + V x B) 

p ro d u ces

ft =  +  'Jl V 1  S  ( M

w e r e  'h =  C / U d ) ~ '  i  <=* ; c o ^ i u c t i V i t y  | ,
^ f U  : m a g n e . t i c  p d r m e a b ' l ' T'|

^  ^
S in ce  V*B = 0 im p lie s  B = V  x A, t h i s  e q u a tio n  can b e  "u n c u r le d "  t o  g iv e
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I f  we assume B*e = 0 ( i . e .  t h a t  B i s  tw o -d im e n sio n a l)  and  t h a t  B has a  z

c o n s ta n t  e x te r n a l  p a r t  i n  th e  x d i r e c t i o n ,  B = B„£ + ^ 7 x (a £  ) th e nO x  v  z

A = (yBg + a ) e z> P la c in g  t h i s  i n  e q u a tio n  (5 ) y i e ld s  (2 ) (h e re  V = 0 ) .  

S in c e  a  = a ( x , y ) ,  th e  Coulomb gauge c o n d it io n  V -A = 0 i s  a u to m a tic a l ly  

s a t i s f i e d .

The e x te n d e d  N a v ie r-S to k e s  e q u a tio n  (N a v ie r-S to k e s  + e le c tro m ag ­

n e t i c  and g r a v i t a t i o n a l  body f o rc e s )  i s ,  f o r  c o n s ta n t  d e n s i ty  (incom pres­

s i b i l i t y )  ,

/ > ( ^  +  v ^ i ' )  =  -  t f ( p  +  p  $ )  +  / , v V a v

P  : d e n s i ty

p : p r e s s u r e  ( 6 )

$  : g r a v i t a t i o n a l  p o t e n t i a l  

V : v i s c o s i ty

H e lm h o lz 's  theo rem  t e l l s  us t h a t  i f  we know th e  c u r l  and  d iv e rg e n c e  o f  a  

r e a s o n a b ly  w e l l  behaved  v e c to r  f i e l d ,  we can  d e te rm in e  th e  v e c to r  f i e l d  

u n iq u e ly  ( se e  A rfk e n , 1 9 7 2 ). Thus we can s tu d y  th e  e x te n d e d  N a v ie r-S to k e s  

e q u a tio n  by t a k in g  i t s  c u r l  and d iv e rg e n c e . Taking th e  c u r l ,  and assum ing 

v  = 7 x (  Y ( x , y ) e z ) ( i . e . ,  v  i s  tw o -d im e n sio n a l and s o le n o id a l)  y ie ld s  

e q u a tio n  ( l ) .  T ak ing  th e  d iv e rg e n c e  e l im in a te s  th e  tim e  d e r iv a t iv e  term  

and  y i e l d s  a  P o i s s o n 's  e q u a tio n  f o r  t h e  p r e s s u r e  f i e l d .  The e q u a tio n s  ( l )  

and (2 ) a r e  now s e l f  c o n ta in e d  and s e l f  c o n s i s t e n t  and we do n o t  have to  

e x p l i c i t l y  c o n s id e r  t h e  therm odynam ic e q u a tio n  ( th e  h e a t  e q u a tio n  and 

e q u a tio n  o f  s t a t e ) .  The e q u a tio n  o f  c o n t i n u i t y ,  b e c au se  v  i s  s o le n o id a d , 

re d u c e s  t o  d p  / d t = 0 ,  i . e .  i s  c o n s ta n t .
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W ithou t th e  Bg te rm s , e q s .  ( l )  and (2 ) become th o s e  c o n s id e re d  

p r e v io u s ly .  In  a  r e c e n t  d e r iv a t io n  (M ontgom ery, 1982 ) ,  th e  S t ra u s s  (1976) 

e q u a tio n s  were r e - d e r iv e d  u s in g  a  p e r tu r b a t io n  ex p an sio n  o f  t h e  f u l l  s e t  

o f  in c o m p re s s ib le  MHD e q u a tio n s  i n  t h r e e  d im e n s io n s , in  powers o f  B/Bq.

I t  was n e c e s s a ry  to  assume i n  t h e  d e r iv a t io n  t h a t  th e  tim e  d e r iv a t iv e s  

d /  ^  t  rem ain ed  o f  0 ( 1 ) ,  o r  t h a t  no z e ro th -o r d e r  p o p u la t io n  o f  A lfven  

waves was p r e s e n t .  (The l i n e a r i z e d  s o lu t io n s  f o r  th e  th re e -d im e n s io n a l  

c a s e ,  as f o r  e q s .  ( l )  and ( 2 ) ,  i s  j u s t  a  s u p e rp o s i t io n  o f  A lfven  waves 

w ith  a n g u la r  f re q u e n c ie s  CO (k ) = +_k • Bq , w here k  i s  t h e  w avenum ber.) An 

o b je c t iv e  o f  t h e  p r e s e n t  co m p u ta tio n  i s  t o  se e  how a  spectrum  e v o lv e s  

w hich does c o n ta in  an i n i t i a l l y  i s o t r o p i c  sp ec tru m  o f  A lfven  w aves. I t  

w i l l  b e  shown t h a t  t h e  s p a t i a l  dependence o f  such  a  sp ec tru m  on th e  p a r a l ­

l e l  s p a t i a l  c o o rd in a te  x  becomes p r o g r e s s iv e ly  r e l a t i v e l y  w eaker w ith  t im e .



VI. COMPUTATIONAL TECHNIQUE

The e sse n c e  o f  th e  c o m p u ta tio n a l m ethod i s  t h a t  a l l  p h y s ic a l  

f i e l d s  a r e  expanded in  t r u n c a te d  F o u r ie r  s e r i e s .  The F o u r ie r  c o e f f i ­

c i e n t s  a r e  s te p p e d  fo rw ard  i n  tim e  and a r e  sav ed  a t  p re d e te rm in e d  tim e  

s te p s  t o  p ro v id e  a  h i s t o r y  o f  th e  dynam ical e v o lu t io n  o f  th e  f i e l d  v a r i ­

a b le s .  To be e x p l i c i t ,  F o u r ie r  r e p r e s e n ta t io n s  o f  LO and a  ( f o r  exam ple) 

a r e  ( s e e ,  e . g . ,  p y fe  e t  a l ,  1977a , b ) :

OO (iCjt)  =  ^  c o  C k  , 1~ )  e x » ° ( x £ * x )  (7)

cx  ( £  t )  -  %  a ( . K , r )  e j c p t x k - x }  (8)
'  k

w here k = (k  ,k  ) and k and k a re  i n t e g e r s .  Thus th e  d im ension  o f  th e  x y  x  y
s q u a re  box i s  chosen  f o r  conven ience  to  be  2 IT . The F o u r ie r  c o e f f i c i e n t s

r e t a in e d  l i e  in  t h e  ran g e  k .  = 1 £  | k  I ^  k  , w here k i s  e s s e n -nun max’ max

t i a l l y  l im i t e d  by  a v a i l a b le  com puter t im e . L im i ta t io n s  on th e  R eynolds

num bers a r e  p ro v id e d  by  th e  re q u ire m e n ts  t h a t '  *V and  ^  b e  l a r g e  enough

so t h a t  t h e  F o u r ie r  c o e f f i c i e n t s  f o r  I k l f c  k  a re  su p p re s se d .max

The n u m e ric a l code i s  a  f u l l y  d e - a l i a s e d ,  i s o t r o p i c a l l y  t r u n ­

c a te d  (G a le rk in )  s p e c t r a l  m ethod; p le a s e  see  O rszag  (1971) and P a t te r s o n  

and  O rszag  (1971) f o r  s p e c i f i c  d e t a i l .  The e q u a tio n s  which th e  code 

s o lv e s  a re  o b ta in e d  i f  ( 7 ) and  ( 8 ) a re  p la c e d  i n  ( l )  and ( 2 ) ;  th e  r e s u l t  

i s  s im i la r  t o  t h a t  o f  K ra ich n an  and Montgomery (1 9 8 0 ):

3^



3^a

( I t  + i ; k 4) c o t k )  =  ( 9 )
I® ^

+  a. 8 * k x ^  ( k )

= ^ . g (10)

+  h . B 0 kA 6o<:k)

where

M i  « $ , ? ) =

M i ( ^ , j S ) =  p ' H ' 1

The e sse n c e  o f  t h e  code i s  t o  so lv e  th e  n o n l in e a r  te rm s hy t ra n s fo r m a t io n

t o  x s p a c e , e v a lu a t io n  o f  s im p le  p ro d u c ts  and t r a n s fo r m a t io n  h ack  t o  k

s p a c e , r a t h e r  th a n  d i r e c t  e v a lu a t io n  o f  th e  k sp ace  c o n v o lu tio n  sums. The

t im e - s te p p in g  i s  done hy  a  s e c o n d -o rd e r  p r e d i c to r - c o r r e c t o r  m ethod.

The f i r s t  t e s t  o f  th e  code was t o  ru n  i t  w ith  t h e  d i s s i p a t i v e

te rm s rem oved. C o n se rv a tio n  law s can th e n  be t e s t e d  and com parisons can

he made betw een t h e  com puted b e h a v io r  o f  th e  F o u r ie r  c o e f f i c i e n t s  and th e

p r e d ic t io n s  o f  t h e  (u n p h y s ic a l)  a b s o lu te  e q u il ib r iu m  ensem ble th e o ry  ( s e e ,

e . g . ,  K raichnan  and M ontgomery, 1 9 8 0 ).

The seco n d  s te p  was t o  compare d i s s i p a t i v e  r e s u l t s  from  two r u n s ,

one h a v in g  tw ic e  th e  o t h e r 's  v a lu e  o f  k  , and  th u s  h a v in g  tw ic e  th emax

s p a t i a l  r e s o l u t i o n .  The t h i r d  s te p  was t o  run  s e v e r a l  c a se s  w ith  v a ry in g  

v a lu e s  f o r  V  and  **1 a t  a  p a r t i c u l a r  v a lu e  o f  B^, to  d e te rm in e  th e  

in f lu e n c e  o f  th e  R eynolds num bers. F i n a l l y ,  th e  l a s t  s te p  was to  ru n  a 

number o f  c a se s  w hich d i f f e r e d  o n ly  in  t h e  v a lu e  o f  BQ, th e re b y  i n v e s t i ­

g a t in g  th e  e f f e c t  t h a t  v a ry in g  mean m agnetic  f i e l d  s t r e n g th  h as  on th e  

dynam ics.
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I n i t i a l  F o u r ie r  c o e f f i c i e n t s  w ere chosen  so t h a t  th e y  w ould he 

n o n -z e ro  o n ly  w i th in  a  g iv en  an n u lu s  in  k - s p a c e .  The CO ( k , t )  were 

i n i t i a l l y  n o n -z e ro  o n ly  f o r  — k — k g , and th e  a ( k , t )  w ere n o n -z e ro  o n ly  

f o r  k^ ^  k  i s  k ^ . W ith in  t h e i r  r e s p e c t iv e  a n n u l i ,  t h e  v a lu e s  o f  th e  £O(k,0)  

w ere chosen so  t h a t  a l l  | v ( k , 0 ) |  = |c*>(k,0 )J /k  w ere e q u a l ,  and th e

a ( k , 0 )  w ere chosen  so t h a t  a l l  j B ( k , 0 ) |  = k | a ( k , 0 ) |  w ere e q u a l.

The p h ases  o f  t h e  a ( k , 0 )  and *O( k , 0 )  w ere a s s ig n e d  random ly . The s p e c i ­

f i c a t i o n  o f  t h e  i n i t i a l  F o u r ie r  c o e f f i c i e n t s  was com p le ted  hy g iv in g  v a lu e s  

f o r  th e  m agnetic  energy  Eg = \ B ( k , t ) |  2 / 2  and th e  k i n e t i c  energy

EV S  | v ( k , t ) |  2 /2  a t  t  = 0 .

The t o t a l  en e rg y  i s  E S  Eg + E ^, th e  " c ro s s  h e l i c i t y "  i s  

P s f - > v ( k , t )  * S * ( k , t ) / 2 .  The mean sq u a re  v e c to r  p o t e n t i a l  i s  As 2L-» |a ( k , t  ) | 2 / 2 .K K

E , P , and  A a re  s i g n i f i c a n t  q u a n t i t i e s  in  th e  th e o r y  o f  two d im en sio n a l 

MHD tu rb u le n c e  i n  th e  ab sen ce  o f  a  mean f i e l d :  th e y  a r e  th e  o n ly  known

n o n - d is s ip a t iv e  i n v a r i a n t s  w hich rem ain  in v a r i a n t  u n d er t r u n c a t io n  o f  th e  

F o u rie r-e x p a n d e d  ( "V = 0 ) v e r s io n  o f  e q s . ( l )  and (2 ) w ith  Bq = 0 .

I f  Bq ^ 0 ,  E and P s t i l l  have t h i s  s t a t u s ,  h u t  A does n o t .  We may d e f in e

R s  a s  ra/<:;*-0 e n e r g ie s .

About a  dozen d i f f e r e n t  s e t s  o f  i n i t i a l  F o u r ie r  c o e f f i c i e n t s  have 

b een  u sed  f o r  v a r io u s  ru n s .  Many o f  th e  s e t s  e x h ib i te d  s im i la r  b e h a v io r .

The number o f  d i f f e r e n t  s e t s  o f  i n i t i a l  c o n d it io n s  p r e s e n te d  i n  t h i s  p a p e r  

h a s  b een  k e p t to  a  minimum, b u t  f o r  t h e  ru n s  d i s c u s s e d ,  th e r e  a re  o th e r s  

u n re p o r te d  f o r  w hich t h e  b e h a v io r  was s im i la r .  D e ta i l s  o f  th e  ru n s  ex­

p l i c i t l y  d is c u s s e d  h e re  a re  c o l l e c t e d  i n  T ab les  1 and 2 .



V II . NON-DISSIPATIVE TESTS

To t e s t  t h e  s p e c t r a l  code , s e v e r a l  c a se s  w ere ru n  w ith  V  = = 0 ,

and  th e  r e s u l t s  com pared w ith  a b s o lu te  e q u il ib r iu m  ensem ble th e o r y .  Such 

r e s u l t s  a r e ,  o f  c o u r s e ,  u n p h y s ic a l ,  and sh o u ld  b e  r e g a rd e d  as p r e l im in a ry  

t o  th e  d i s s i p a t i v e  r e s u l t s  p r e s e n te d  in  C hap ter 8 .

E q u ilib r iu m  ensem ble th e o ry  f o r  th e  Bq = 0 c a se  was g iv en  by 

F y fe  and Montgomery (1 9 7 6 );  th e  c a se  Bq 4 0 i s  re c o v e re d  by  s im p ly  de­

l e t i n g  th e  t h i r d  " ru g g ed "  c o n s ta n t  o f  t h e  m otion  A. The p r e d ic t io n  i s  a  

s im p le  e q u i p a r t i t i o n , <|vtS)l 2> = <1 B ( k ) |  ^  = c o n s t . ,  in d e p e n d e n tly  

o f  k . T h is  i s  t r u e  f o r  a l l  r e a l i z a b l e  v a lu e s  o f  <E^ and . The r a t i o  

< R > =  < E g > / <  E }  = 1 ,  i n  sh a rp  c o n t r a s t  t o  th e  Bq = 0 c a s e .  T here i s  

no crow ding t o  t h e  lo n g  w a v e len g th s  a s  k. —»<*3 , a s  t h e r e  i s  when Bq = 0 .

N o n -d is s ip a t iv e  co m p u ta tio n s  w ere c a r r i e d  o u t w ith  Bq = 0 and  

Bq = 1 f o r  d i f f e r e n t  s e t s  o f  i n i i t a l  c o e f f i c i e n t s .  Time a v e ra g e s  w ere 

made o f  p hase  fu n c t io n s  o f  t h e  F o u r ie r  c o e f f i c i e n t s  and th e s e  w ere compared 

w ith  ensem ble a v e ra g e s . The two sh o u ld  be  e q u a l t o  t h e  e x te n t  t h a t  th e  

sy stem  i s  e rg o d ic .

The r e s u l t s  o f  a  s in g le  s e t  o f  F o u r ie r  c o e f f i c i e n t s  w i l l  b e  p r e ­

s e n te d  h e r e ,  c a l l  i t  s e t  A. F or run  A l, Bq = 0 , and  f o r  run  A2, Bq = 1 .

F o r b o th  r u n s ,  k  = l 6 , E = 1 . 0 ,  th e  tim e  s te p  was (2 5 6 )- 1 . The t o t a l
QI81X

number o f  tim e  s te p s  was 1 2 ,8 0 0 . For th e s e  c o n d i t io n s ,  k^ = k^  -  3 and 

kg = k^ = 5 . Time a v e ra g e s  w ere perfo rm ed  o v e r  t h e  l a s t  11 ,520  tim e  s t e p s .

36
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T able  l a .  N o n -d is s ip a t iv e  ru n s  ( V  = 0 = ) f o r  com parison  w ith  a b s o lu te

e q u il ib r iu m  ensem ble th e o ry  [Time s te p :  ( 2 5 6 ) - \  T o ta l  no . o f  tim e  s t e p s :

1 2 ,8 0 0 . A verages ta k e n  o v e r  l a s t  11 ,520  tim e  s t e p s . ]

Time
A verage

% Change 
( I n i t i a l - F i n a l )

0 .9782

0 .2227

0.03288

2 .9

7 .9  

0 .0 6

1 .0062

0 .2313

O.OIU89

1 .5  

3 .3  

5*+. 5

Time
A verage

1 .0 6 0 8

l.oooi*

T h e o r e t ic a l

1.01*8**

1.0000

I n i t i a l F in a l

E

P

A

1 .0 0 0

0.235*+

0.03288

A1(Bq = 0) 

0.971*+ 

0 .2167  

0.03286

E 1 .0000

P 0.235*+

A 0 .03288

T ab le  l b .

A1

A2

I n i t i a l

1 .0000

1 .0000

A2(Bq = 1) 

1 .0150  

0 .2277  

0.011*97

r = y E „

F in a l

1.0058

0.9825
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The com parison  betw een  th e  n u m e ric a l r e s u l t s  and  th e  ensem ble 

p r e d ic t io n s  i s  g iv en  in  T ab le  1 and  in  F ig u re s  9 th ro u g h  12 . In  T ab le  1 , 

th e  b e h a v io r  o f  E , P , A, and  t h e  e v o lv in g  r a t i o  2  Eg/Ey  i s  shown as a  

fu n c t io n  o f  t im e . The i n v a r i a n t s  E , P , and A f o r  B^ = 0 and E and P f o r  

Bq = 1 a r e  c o n se rv ed  t o  a  few p e rc e n t  i n  a l l  c a s e s .  N o n -d is s ip a t iv e  ru n s

f o r  i n i t i a l  c o n d it io n s  "B '^Eg = E^ = = 5 , k ,,2 = 8 , k^2 = 1 0 ,
2

k^ = 1 3 )  w i l l  n o t  be  r e p o r te d  i n  d e t a i l .

In  f ig u r e s  9 th ro u g h  1 2 , th e  d i r e c t i o n a l l y  av e ra g e d  m agnetic  and

k i n e t i c  modal e n e rg ie s  a r e  p r e s e n te d  f o r  tim e  a v e ra g e d  d a ta .  ( D i r e c t io n a l

a v e ra g in g  means a v e ra g in g  o v e r  a l l  v a lu e s  o f  k c o rre sp o n d in g  t o  a  p a r t i -  

2c u la r  k . )  At t h e  lo w er v a lu e s  o f  k ,  w here th e  number o f  d e g e n e ra te  k ' s  

i s  s p a r s e ,  o c c a s io n a l ly  l a r g e  a n is o t r o p ie s  n e c e s s a r i l y  a p p e a r , b u t  no 

s y s te m a t ic  d i r e c t i o n a l i t y  was o b se rv e d . An e x p l i c i t  com parison  o f  th e s e  

runs w ith  c o rre sp o n d in g  d i s s i p a t i v e  ru n s  w i l l  be  p r e s e n te d  i n  th e  n e x t 

s e c t i o n ,  a f t e r  s u i t a b l e  m easu res  o f  a n is o tro p y  a r e  d e f in e d . I t  w i l l  be  

seen  t h a t  th e  n o n - d is s ip a t iv e  r u n s ,  in  c o n t r a s t  t o  t h e  d i s s i p a t i v e  o n e s , 

show no a n is o t ro p y  when a v e ra g e d  o v e r  lo n g  t im e s .

In  F ig u re s  9 th ro u g h  1 2 , th e  s p e c t r a l  p r e d ic t io n s  o f  th e  a b s o lu te  

e q u il ib r iu m  ensem ble th e o ry  a r e  shown as  s o l i d  l i n e s  and th e  p l o t t e d  p o in ts  

a re  th e  tim e -a v e ra g e d  r e s u l t s  o f  t h e  c o m p u ta tio n s . No s i g n i f i c a n t  de­

p a r tu r e s  from  th e  p r e d ic t io n s  o f  t h e  a b s o lu te  e q u il ib r iu m  ensem ble th e o ry  

have been  o b se rv e d  in  th e s e  r u n s ,  and  i n  o th e r s  n o t  r e p o r te d  h e re  ( e x c e p t ,  

p e rh a p s , f o r  t h e  p re se n c e  o f  c e r t a i n  s p ik e s ,  w hich  w i l l  b e  b r i e f l y  com­

m ented on i n  A ppendix B ). T y p ic a l b e h a v io r  f o r  a lm o st a l l  t h e  i n d iv id u a l  

F o u r ie r  modes ( th o s e  w ith  k x /  0) i s  t h a t  o f  th e  A lfv en  wave o f  a n g u la r
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Figure 11. Directionally averaged kinetic energy spectra tor fUO A2: 

·B = 1, V c n = 0, k = 16. Solid line is theoretical prediction. o max 
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fre q u e n c y  to (k )  = +k*Bg. T h is i s  th e  p r in c i p a l  q u a l i t a t i v e  d i f f e r e n c e  

i n  t h e  tim e  b e h a v io r  o b se rv e d  betw een  th e  Bg = 0 and Bg ^  0 c a s e s .  

S uperposed  on t h e  A lfven-w ave o s c i l l a t i o n s  i s  a  s lo w e r t r a n s f e r  o f  ex­

c i t a t i o n  betw een  th e  F o u r ie r  m odes.

In  th e  n e x t few s e c t i o n s ,  we p a s s  to  a  c o n s id e r a t io n  o f  t h e  d i s ­

s i p a t i v e  c a s e s .  In  o r d e r  to  m a in ta in  a  common th r e a d  th ro u g h o u t th e  

d i s c u s s io n ,  we w i l l  p r im a r i ly  u se  s e t  A as  t h e  i n i t i a l  c o n d it io n s  f o r  

th e  d i s s i p a t i v e  ru n s  to  be  p re s e n te d .  The p r in c i p a l  q u a n t i t i e s  to  be 

v a r i e d  a r e  th e  s p a t i a l  r e s o l u t i o n  , th e  v a lu e s  o f  t h e  d i s s i p a t i o n  

c o e f f i c i e n t s  V  and  H , and  t h e  e x te r n a l  f i e l d  s t r e n g th  Bg.



V I I I .  APPEARANCE OF ANISOTROPY: EFFECTS OF VISCOSITY,

r e s is t iv it y ;  and spa t ia l  resolution

In  t h i s  s e c t i o n ,  we d e s c r ib e  d i s s i p a t i v e  r u n s .  The p re s e n c e  o f  

d i s s ip a t io n  i s  alw ays c e n t r a l  in  th e  e v o lu t io n  o f  any r e a l  tu r b u le n t  f i e l d .

We u se  p r im a r i ly  th e  same i n i t i a l  F o u r ie r  c o e f f i c i e n t s  a s  th o s e  

in  C h ap te r 7- The m ost s t r i k i n g  e f f e c t  we have o b se rv e d  i s  t h a t  when b o th  

d i s s i p a t i o n  an d  a  mean a r e  p r e s e n t ,  a n is o tro p y  a p p e a r s .  The k  s p e c -  

tru m  e v o lv es  i n t o  one peaked  p e rp e n d ic u la r ly  t o  th e  mean f i e l d  B^. We 

d e s c r ib e  th e  dependence o f  t h i s  a n is o tro p y  on th e  d i s s i p a t i o n  c o e f f i c i e n t s  

and th e  mean Bq , a f t e r  f i r s t  rem ark in g  upon some c o n s id e r a t io n s  o f  n ec ­

e s s a r y  s p a t i a l  r e s o l u t i o n .

For an  a c c u r a te  s o lu t io n  to  e q s . ( l )  and ( 2 ) ,  we m ust r e s o lv e  

th e  s m a l le s t  d y n a m ic a lly  s i g n i f i c a n t  s p a t i a l  s c a le s  t h a t  “V and p e rm it .  

An e s t im a te  f o r  th e s e  i s  p ro v id e d  by th e  K olm ogoroff " d i s s ip a t io n  wave 

num ber", c o n s tr u c te d  by  d im e n s io n a l a n a ly s i s  b a se d  on th e  r a t e  o f  d i s s i ­

p a t io n  o f  e n e rg y . F o r MHD i n  two d im e n s io n s , i t  i s

k* ® C y 5 I +  v *3 l ^ Ev / o t t )  ]  ,H  (11)

w here Jd E g /d tl and )dEv / d t j  a r e  t h e  ohmic and v isc o u s  en e rg y  d i s ­

s ip a t io n  r a t e s ,  r e s p e c t iv e ly .  I d e a l l y ,  k ^  sh o u ld  b e  l e s s  th a n  k ^  f o r  

a c c u ra te  s o lu t io n  o f  e q s . ( l )  and (2 ) and t h i s  p ro v id e s  a t  p r e s e n t  th e  

m ost s e v e re  l i m i t a t i o n  on tu rb u le n c e  c o m p u ta tio n s , b o th  N a v ie r-S to k e s  and 

MHD. For some p u rp o s e s , i t  may be t h a t  when th e  s m a l le s t  s c a le s  a re

kk
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d y n am ica lly  i n s i g n i f i c a n t ,  k  somewhat l a r g e r  th a n  k may be t o l e r a t e d ,& mdx

but k »  k must always s ig n a l u se le ssn ess  in  a turbulence computation. cl max

O th er m easures o f  mean l e n g th  s c a le s  f o r  th e  tu r b u le n t  f i e l d ,  such  as  

th o s e  o f  Pao and  T ay lo r ( s e e ,  e . g . ,  L e s l ie  1973) may be  u se d  to  c h a ra c ­

t e r i z e  tu r b u le n t  a c t i v i t y ,  b u t  th e  K olm ogoroff s c a le  i s  th e  one m ost 

w id e ly  a c c e p te d  and  we s h a l l  u se  i t  h e r e a f t e r .

The d i s s i p a t i o n  wave number may be  a d ju s te d  e m p i r ic a l ly ,  f o r  a  

g iv en  s e t  o f  i n i t i a l  F o u r ie r  c o e f f i c i e n t s ,  by r a i s i n g  and u n t i l  

th e  computed k^  rem ains no g r e a t e r  th a n  kmaY. We c o n s id e r  h e re  o n ly  th e  

c a se  V  = “>1 ( u n i t  m agnetic  P r a n d t l  num ber).

In  t h e  i n i t i a l  s e t  o f  d i s s i p a t i v e  c a s e s ,  th e r e  a re  s ix  runs 

(A3 th ro u g h  A8, se e  T ab le  2 ) ,  h a v in g  Bq = 0 and  Bq = 1 f o r  "V = ^  = 0 .0 0 5 , 

0 .0 1  and  0 . 02 .  The fo llo w in g  c h a r a c t e r i s t i c s  w ere common t o  th e s e  s i x  ru n s :

k = 3 2 ,  tim e  s te p  = (2 5 6 )- \  t o t a l  number o f  tim e  s te p s  = 1280 , i n i -  max

t i a l  F o u r ie r  c o e f f i c i e n t s :  s e t  A. The te m p o ra l e v o lu t io n  o f  th e  v a r i a b le s  

E , P , A, and  R^ f o r  th e  ru n s  w ith  V  = = 0 .0 1  a r e  shown i n  F ig u re s  13

and 1 ^ . ( Q u a l i t a t iv e l y  s im i l a r  b e h a v io r  was o b se rv e d  f o r  ~0 = = 0 .005

and 0 . 0 2 ,  th e  decay tim e s  s im p ly  in c r e a s e d  and d e c re a s e d , r e s p e c t i v e ly . )

When Bq = 0 , ro u g h ly  tw ic e  as  much m ag n e tic  a s  k i n e t i c  energy  

d e v e lo p s ; when Bq = 1 ,  th e  r a t i o  rem ains a p p ro x im a te ly  u n i ty .  E , P , A 

a l l  m o n o to n ic a lly  decay f o r  Bq = 0 ,  b u t  when Bq = 1 ,  A a c tu a l l y  in c r e a s e s  

a t  t im e s ,  b u t  o v e r a l l  d ecay s .

To m easure a n is o t ro p y  i n  th e  k sp e c tru m , a  s e t  o f  a n g le s  w ere 

d e f in e d  f o r  each  F o u rie r-d e c o m p o sa b le  f i e l d .

©„= W £ [ f  kJlQCk.t)!1/ !  da)



1*6

T a b le  2 . Run P a ra m e te rs

T o ta l  § o f
Run kmax L Time S te p  S iz e Time Ste

A1 16 0 0 1 /256 12800
A2 16 0 1 1 /2 5 6 12800
A3 32 .005 0 1 /2 5 6 1280
AU 32 .005 1 1 /2 5 6 1280
A5 32 .0 1 0 1 /256 1280
A6 32 .01 1 1 /256 1280
A7 32 .0 2 0 1 /2 5 6 1280
A8 32 .0 2 1 1 /2 5 6 1280
A9 16 .0 1 0 1 /1 2 8 6U0
A10 16 .0 1 1 1 /1 2 8 6U0
A l l 16 .0 1 l / l 6 1 /1 2 8 61*0
A12 16 .01 1 /8 1 /1 2 8 6 U0
A13 16 .0 1 1 / 1+ 1 /1 2 8 61*0
All* l 6 .0 1 1 /2 1 /1 2 8 61*0
A15 16 .0 1 2 1 /256 1280
A l6 16 .0 1 1* 1 /5 1 2 2560
A17 16 .0 1 8 1 / 102H 5120
A l8 16 .01 16 1 / 20U8 1021*0
B1 l 6 0 1 1 /1 2 8 3200
B2 16 .0025 l 1 /1 2 8 3200

S e t  A: i n i t i a l  e q u i p a r t i t i o n  o f  e n e rg y  i n  F o u r ie r  modes such  t h a t
9 ^  k 2 2 5 ; F o u r ie r  modes o u t s id e  th e  a n n u lu s  i n i t i a l l y  s e t
t o  z e ro .

S e t  B: i n i t i a l  e q u i p a r t i t i o n  o f  k i n e t i c  en e rg y  i n  F o u r ie r  modes su ch
t h a t  5 — k2 — 8 , and  m ag n e tic  su ch  t h a t  10 k 2 1 3 ;  F o u r ie r  
modes o u t s id e  t h e s e  a n n u l i  i n i t i a l l y  s e t  t o  z e ro .

2 2I n i t i a l  rms v a lu e s  o f  B and  v  v e re  b o th  e q u a l t o  one f o r  S e ts  A 
and  B.
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w here Q i s  any one o f  th e  f i e l d s  T  ,  v ,  CO , a ,  B , o r  j .  For a  k sp e c -

tru m  p u re ly  norm al t o  B ^, i s  90° ,  and  f o r  an i s o t r o p i c  sp e c tru m , 1*5°-

Tem poral e v o lu t io n  o f  th e  a n g le s  f o r  Bq = 0 and  Bq = 1 i s  i l l u s ­

t r a t e d ,  f o r  ru n s  A5 and  A6 , i n  F ig u re s  15 and 1 6 , w hich b o th  r e f e r  t o  

V  = ^  = 0 .0 1 . F o r Bq = 0 , th e  a n g le s  roam u n s y s te m a t ic a l ly  abou t 1*5°, 

i n d i c a t i n g  i s o t r o p i c  developm en t. The a n is o tro p y  in  F ig u re  16 , f o r  

Bq = 1 ,  i s  t y p i c a l .  N o tice  t h a t  th e  a n g le s  te n d  t o  in c r e a s e  i n  th e  f o l ­

lo w in g  o r d e r :  , and  ® a ^  ^ B  ^  : t h e  a n is o tro p y  i s  most

pronounced  a t  th e  s h o r t e r  w a v e le n g th s . A lso , when we c o n s id e r  V  = = 0 .005

and 0 .0 2  a s  w e l l ,  we see  t h a t  th e  d e g re e  o f  a n is o tro p y  te n d s  t o  d e c re a se  

w ith  in c r e a s in g  "p and  ^  . The r e s u l t s  a re  sum m arized in  T ab le  3 , which

d is p la y s  a v e ra g e s  o f  t h e  & _ f o r  1) = /*t = 0 . 005 , 0 . 0 1 , and 0 .0 2  b e -

tw een  tim e s  1 .5  and  5 -0 .

A lso  c a lc u la t e d  w ere th e  d i s s i p a t i o n  wave number (e q . ( l l ) ) ,
A . 2

mean sq u a re  v o r t i c i t y  |<0 ( k , t ) |  , and mean sq u a re  c u r r e n t

J  = 2 " £  | j ( k , t ) |  £ th e  l a t t e r  two q u a n t i t i e s  a r e  r e q u i r e d  to . e v a lu a te  

e q . ( l l ) .  The te m p o ra l e v o lu t io n  o f  and J  f o r  ru n s  A5 and A6 

( ~V = 0^ = 0 .0 1 )  i s  shown i n  F ig u re  17 . T ab le  U d is p la y s  th e  maximum 

v a lu e s  o f  k ^ , S i  , and  J  f o r  t h e  s i x  ru n s  A3 th ro u g h  A8 . I n  T ab le  4 ,  i t  

i s  a p p a re n t t h a t  t h e  maximum d i s s i p a t i o n  wave number d e c re a s e s  w ith  i n ­

c r e a s in g  V  and , a s  do th e  maxima o f  J  and S 2. • The p re se n c e  o f  a 

f i n i t e  Bq a ls o  a p p a re n t ly  e n fo rc e s  a  more n e a r ly  e q u a l p a r t i t i o n  o f  d i s ­

s ip a t io n  betw een  and J .

From th e  fo re g o in g  r e s u l t s ,  i t  i s  c l e a r  t h a t  th e  maximum k ^  

w hich  w i l l  f i t  i n s id e  th e  r e s o l u t i o n  k = 3 2  o c c u rs  f o r  ru n s  A5, A6 ,■ m o v  '  7 ’
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T able  3 . A verage A ngles betw een  t  = 1 .5  and 5 .0

V,n 9, 0 0 0T3* 1 y  a  v  B co j

.005 53.1+ 5 0 .6  5 8 .2  5 9 .3  6U.0  6 7 .5

.01  5 1 .6  U8 .5  5U.8  55 .0  6 0 .5  61+.0

.02  1+8.7 1*6.5 5 0 .8  5 0 .2  53 .6  5 6 .6



53

CD <5>

Csl

£  g
C3 o   ---
©  U

CO
o j

© o

o ©  .2
to 10

IA

o j

« l
£

CD CD

CD
O J

f i

O J

£

c d
ro © CD CD

I

a
o

0  u
1 (0

so
B

tr \<

§u
u
<2

i?o•H
-Pu0 >
<0u
1
w

QJs
*x

o

VO<
5

<8

<u
s

a
(0

aaJ
<u
0

V4
r  A

VO
<
I

>>
• p
•H
a
•H
4->u
?
a;

&
&
cn

ci
cd
a>
S

i r \
C

§u
u
a

ts
<uVh

VO
<

£

Id
<u
In

9o



5*+

■ T able  1*. Maxim .ai V alues o f  k ^ ,  and J  f o r  ru n s  A3 th ro u g h  A8

Max Max Max
Run v ,n  Bq k ^  J

A3 .005 0 1*9.6 2 5 .0  51 .8

Al* .005 1 1+8.3 3 0 .6  38 .0

A5 .01  0 3 2 .2  1 7 .0  39*0

A6 .01  1 31.1+ 21.U 2 7 .8

A7 .02  0 2 1 .0  17 -0  2 6 .8

A8 .02  1 2 0 .8  1 7 .0  2 0 .3
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where "V = \  = 0 . 0 1 . To t e s t  th e  e f f e c t  o f  lo w e rin g  th e  r e s o lu t io n

below  k  on th e  r e s u l t s  o f  ru n s  A5 and  A6 , ru n s  A9 and  A10 w ere mademax

w ith  i d e n t i c a l  p a ra m e te rs  t o  A5 and A6 , b u t  w ith  k = 1 6 . (We a ls oIQSrX

showed t h a t  h a lv in g  k a llo w e d  d o u b lin g  th e  tim e  s t e p . ) In  ru n s  A9 andmax

A10, th e  tim e  h i s t o r i e s  o f  th e  a n g le s  0  Q and  th e  q u a n t i t i e s  k ^ , ^  ,

and J  w ere e s s e n t i a l l y  t h e  same a s  th o s e  f o r  A5 and  A6 . T h is  i n s e n s i t i v i t y

t o  h a lv in g  t h e  s p a t i a l  r e s o l u t i o n ,  so  t h a t  k  f a l l s  w e l l  in s id e  k , ,max ci

g iv e s  us some c o n fid e n ce  i n  t h e  v a l i d i t y  o f  t h e  r e s u l t s  o f  such  ru n s  a t

th e  h ig h e r  R eynolds num bers, su ch  a s  ru n s  A3 and  A k , where k  l i e s  o u t -max
s id e  k , .  d

We w hould rem ark  a t  t h i s  p o in t  on th e  q u e s tio n  o f  th e  a n is o tro p y  

o f  th e  n o n - d is s ip a t iv e  r u n s .  I n  F ig u re  1 8 , we d i s p la y  th e  e v o lu t io n  o f  

th e  a n g le s  & and & g f o r  a  n o n - d is s ip a t iv e  ru n  B1 and a  d i s s i p a t i v e  

ru n  B2 ( "V = ^  = 0 .0 0 2 5 ) . B oth  ru n s  have th e  same i n i t i a l  F o u r ie r  c o e f ­

f i c i e n t s  w ith  k ^  = 5 , kg^ = 9 . = 1 0 , k ^  = 1 3 ; Eg = Ev  f o r  b o th  r u n s ,

and  th e  n o n -v a n is h in g  F o u r ie r  c o e f f i c i e n t s  have e q u a l a m p litu d e s  w ith in  

t h e i r  r e s p e c t iv e  a n n u l i ,  and random p h a s e s . (See T ab le  2 . )

R e fe r r in g  t o  F ig u re  1 8 , we can  se e  t h a t  f o r  B l ,  a lth o u g h  & 

and  © B i n i t i a l l y  r i s e  t o  a b o u t 51° and  55° r e s p e c t i v e ly ,  th e y  su b se ­

q u e n tly  f a l l  and  o s c i l l a t e  a b o u t U5°. Run B 2, how ever, shows and

©  „  r i s i n g  t o  maxima o f  a p p ro x im a te ly  66° and  68° ,  r e s p e c t i v e ly ,  and 

th e n  o s c i l l a t i n g  n e a r  th o s e  v a lu e s .  At th e  b e g in n in g  o f  th e  d i s s i p a t i o n -  

l e s s  r u n ,  t h e r e  a p p a re n tly  i s  a  te n d e n c y  to w a rd  a n is o tro p y  w hich 

can n o t m a in ta in  i t s e l f ;  t h e  I f  = \  = 0 .0025  run  rem ains  s t r o n g ly
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a n i s o t r o p ic ,  how ever. T h is b e h a v io r ,  in v o lv in g  th e  n e c e s s i ty  o f  sm a ll 

b u t  f i n i t e  d i s s i p a t i o n  in  th e  m ain tenance  o f  a n is o t ro p y ,  c o rre s p o n d s , to  

a  s im p le  p h y s ic a l  e f f e c t  w hich i s  d is c u s s e d  in  C hap ter 10. I t  i s  o u r  

b e l i e f  t h a t  no lo n g - t im e  a n is o tro p y  i s  t o  be e x p e c te d  w ith o u t th e  p re se n c e  

o f  d i s s i p a t i o n ,  and  ( f o r  re a so n s  g iv en  i n  C h ap te r 10) t h a t  th e  s m a lle r  

t h e  d i s s i p a t i o n  c o e f f i c i e n t s ,  th e  g r e a t e r  th e  d eg ree  o f  a n is o tro p y  i s  

l i k e l y  t o  b e . A co m p u ta tio n  w hich c o u ld  a f f o r d  th e  s p a t i a l  r e s o lu t io n  to  

r e s o lv e  s i g n i f i c a n t l y  h ig h e r  v a lu e s  o f  k ^  th a n  we can  r e s o lv e  w ould see  

p r o p o r t io n a te ly  h ig h e r  d e g re e s  o f  a n is o t ro p y .



IX . EFFECTS OF VARIABLE MEAN FIELD STRENGTH

H aving d is c u s s e d  th e  e f f e c t s  o f  th e  s p a t i a l  r e s o lu t io n  k andmax

th e  d i s s i p a t i o n  c o e f f i c i e n t s  "V and on th e  r e s u l t s ,  we p a ss  to  a

c o n s id e r a t io n  o f  th e  e f f e c t s  o f  v a ry in g  th e  mean f i e l d  Bq . S e t  A i s

chosen  f o r  t h e  i n i t i a l  F o u r ie r  c o e f f i c i e n t s ,  and k = 1 6 . Thus th e  runsmax

i n  t h i s  s e c t io n  a r e  i n i t i a l l y  s im i la r  t o  A9 and A1 0 , e x c e p t t h a t  Bq ta k e s

on th e  v a lu e s  l / l 6 , 1 / 8 , l A ,  1 / 2 , 2 , U, 8 , and  1 6 . These v a lu e s  c o r r e s ­

pond to  ru n s  A ll  th ro u g h  A l8 , r e s p e c t iv e ly .  (P a ra m e te rs  f o r  a l l  ru n s  

c o n s id e re d  a p p e a r  i n  T ab le  2 . )

R a th e r  th a n  d is p la y  a  m u lt i tu d e  o f  g raphs s im i la r  to  th o s e  p r e ­

s e n te d  f o r  ru n s  A9 and  A10, we d is p la y  m ain ly  g raphs o f  tim e  av e ra g e d  

a n g le s  $  n . In  F ig u re  1 9 , we show Q n , av e ra g e d  o v e r  t im e s  1 .5  to  5 .0 ,loj

a s  fu n c t io n s  o f  B q .  I n  F ig u re  2 0 , we show, a s  fu n c t io n s  o f  B q ,  t h e  maximum

v a lu e  o f  k ^ ,  th e  tim e  when t h i s  maximum o c c u rs ,  th e  maximum e n s tro p h y

and  th e  maximum mean sq u a re  c u r r e n t  J .

F ig u re  19 and  20 i l l u s t r a t e  a  number o f  i n t e r e s t i n g  e f f e c t s .

F i r s t ,  t h e r e  i s  a n is o tro p y  w hich d ev e lo p s  as  Bq in c r e a s e s  from  z e ro .

S econd , t h e  e f f e c t  s a t u r a t e s :  beyond a  v a lu e  o f  Bq o f  ab o u t 2 ,  f u r t h e r

in c r e a s e  i n  Bq r e s u l t s  i n  no f u r t h e r  in c r e a s e  in  a n is o t r o p y ,  f o r  th e s e

v a lu e s  o f  k  , , and  . T h ird ,  t h e  v a lu e s  o f  S i. and J  approachmax

each  o th e r  as Bq i n c r e a s e s ,  r e f l e c t i n g  a  p r o g r e s s iv e ly  more A lfven-w ave- 

l i k e  b e h a v io r  a t  t h e  d i s s i p a t i o n  s c a l e s .  The a n is o tro p y  c o n tin u e d  t o  be

58
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6 l

m ost p ronounced  a t  t h e  h ig h e s t  wave num bers: Bu> and & . w ere l a r g e r
J

th a n  th e  o th e r  a n g le s .

A p h y s ic a l  f e e l in g  f o r  th e  c o n f ig u r a t io n - s p a c e  m a n if e s ta t io n s  

o f  th e  a n is o tro p y  may b e  o b ta in e d  from  F ig u re  21. T h e re , c o n to u r  p l o t s  

a re  g iv en  f o r  t h e  v o r t i c i t y  t o ( x , t )  and c u r r e n t  j ( x , t )  a t  v a r io u s  t im e s  

w ith  a  z e ro  and a  n o n -ze ro  v a lu e  o f  Bq. F o r th e  p l o t  in  w hich Bq = 2 

i t  i s  c l e a r  t h a t ,  a t  t im e  t  = 2 . 0 , t h e  v o r t i c i t y  and c u r r e n t  c o n to u rs  

have e lo n g a te d  i n  t h e  d i r e c t i o n  o f  th e  mean f i e l d ,  re m in is c e n t  o f  th e  

e lo n g a t io n s ,  t h a t  w ere r e p o r te d  in  th e  ZETA and M acro to r d e v ic e s .  In  

a d d i t io n ,  F ig u re  22 shows th e  d i f f e r e n c e  in  s p e c t r a l  developm ent f o r  d i s ­

s ip a t iv e  ru n s  w ith  and  w ith o u t a  mean f i e l d ,  ( i n  t h i s  f ig u r e  i t  m ust be 

k e p t in  m ind t h a t  t h e  s p e c t r a  a re  s l i g h t l y  e lo n g a te d  v e r t i c a l l y ,  due to  

p r i n t e r  c h a r a c t e r i s t i c s ;  sm a ll t i c  m arks s ig n i f y  1*5° ,  - ^ 5 ° 9 135° and 

- 1 3 5 ° .)
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F o u r ie r  c o e f f i c i e n t  m ag n itu d e s : ( a )  f o r  runs A9 and A15 i n i t i a l l y ;
(b )  fo r  run  A9 a t  T = 2; (c )  fo r  run  A15 a t  T = 2 . (P le a s e  n o te  s l i g h t  
v e r t i c a l  e lo n g a t io n .)



X. DISCUSSION

The l i n e a r i z e d  MHD e q u a tio n s  i n  two and th r e e  d im ensions r e s u l t  

from  d is c a r d in g  th e  r i g h t  hand  s id e s  o f

I V  _  g*o  .  y  g  -  t ,  v  s  (3 * 7 6  -  V - 7 V  -  V p  (1 3 )

and

^ 6 -  go * V V -  ^  V2 6  '  B - V v  -  V - V  6
d t  (lU )

s u b je c t  t o  V  *v = 0 = V * B .  T em p o ra rily  ig n o r in g  th e  d i s s i p a t i o n  and 

p r e s s u r e  g r a d i e n t ,  ( 7 ) and ( 8 ) can a l t e r n a t e l y  be added and s u b t r a c te d  to  

y i e l d

kH
£  t

w here R = B -  v  and L = B + v . I f  \B q | i s  assum ed l a r g e  w ith  r e s p e c t  to  

I I )  and  ) r ) ,  th e n  th e  n o n l in e a r  te rm s on th e  r i g h t  hand  s id e s  in  ( 9 ) can 

be  ig n o re d  in  a  z e ro th  o r d e r  a p p ro x im a tio n ; th e n  R i s  s im p ly  a  su p e r­

p o s i t i o n  o f  r i g h t - t r a v e l l i n g  (A lfv en ) waves and  L i s  a  s u p e r p o s i t io n  o f  

l e f t - t r a v e l l i n g  w aves:

R =  § $ < : £ )  e x p U k - ( x - & > + ) ]
k  ( 16)

L  = ^  jC ( k ' l  E^. v< * ( X +  B o t ) ]
k

6U

_ B0 > V L  =  L  - V  R
(15)
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w here B(k)  = f t # ( - k ) ,  L(k)  = £ * ( - k ) .  H e re , th e  freq u en cy  o f  t h e  waves i s  

» ( k )  = k-BQ.

Assuming t h a t  e q s . ( l 6 ) a re  a  s a t i s f a c t o r y  z e ro th  o rd e r  s o lu ­

t i o n  t o  e q s . (13 ) and ( 1*0 , we may i n q u i r e ,  w i th in  a  p e r tu r b a t io n -  

t h e o r e t i c  fram ew ork, ab o u t t h e  e f f e c t s  o f  d i r e c t i o n a l i t y  on t h e  modal 

t r a n s f e r .  We may s u b s t i t u t e  th e  l i n e a r  s o lu t io n s  ( l 6 ) i n to  th e  r i g h t  

hand  s id e s  o f  e q s . ( 1 5 ) and p ro ce e d  i t e r a t i v e l y  to  c a lc u la t e  th e  f i r s t  

n o n l in e a r  c o r r e c t io n  t o  t h e  l i n e a r  f i e l d s .  I n s p e c t io n  o f  (15 ) im m ed ia te ly  

shows t h a t  th e r e  i s  no n e t  c o u p lin g  betw een  t h e  r i g h t - t r a v e l l i n g  waves 

w ith  each  o th e r  o r  th e  l e f t  t r a v e l l i n g  waves w ith  each  o th e r .  The o n ly  

n o n -z e ro  c o u p lin g s  a re  be tw een  r i g h t  and  l e f t  t r a v e l l i n g  w aves.

To r e s o n a te  e f f e c t i v e l y  w ith  a  t h i r d ,  i n i t i a l l y - u n e x c i t e d  

F o u r ie r  mode, t h e r e  a r e  m atch in g  c o n d it io n s  on b o th  fre q u e n c y  and  wave- 

number w hich m ust b e  m et. T hese a re  v e ry  r e s t r i c t i v e  when i t  i s  ta k e n  

i n to  c o n s id e r a t io n  t h a t  one i n t e r a c t i n g  wave m ust be  r i g h t  t r a v e l l i n g  

and th e  o th e r  l e f t  t r a v e l l i n g .  I f  th e  two waves have wavenumbers k ^ , 

k g , th e  c o n d it io n s  t h a t  th e y  be  a b le  to  e x c i t e  a  t h i r d  wave r e s o n a n t ly  

w ith  wavenumber k^ a r e  t h a t  ( x ^ ^ t )  = k^*( x+B ^t) + k g * ( x - B ^ t ) ,  o r

k ,  =  K,  +  k t
— (1 7 )

t  t O C k 3 > =  t o  ( k , )  -  (  k a )

S in c e  c o ( k )  = k ' B g ,  e q s . (17 ) have a  s o lu t io n  o n ly  i f  e i t h e r  w ( k ^ )  = 0 

o r  «o ( kg)  = 0 , so  t h a t  e i t h e r  k^ o r  kg h a s  z e ro  component a lo n g  B^.

Thus, a  th re e -w a v e  re s o n a n t  i n t e r a c t i o n  can  r e s u l t  i n  th e  e x c i t a t i o n  o f  

a  wave w ith  a  l a r g e r  v a lu e  o f  I k  | th a n  t h a t  o f  e i t h e r  o f  th e  o th e r
y

tw o , b u t  n e v e r  w ith  a  l a r g e r  v a lu e  o f  |k  | . I t  i s  c l e a r  t h a t  e x c i t a t i o n s
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may r e a d i ly  t r a n s f e r  en e rg y  by  t h i s  p ro c e s s  in  t h e  p e rp e n d ic u la r  d i r e c -  

t i o n  in  k sp a ce  b u t  n o t i n  th e  p a r a l l e l  o n e .

An i n i t i a l l y  i s o t r o p i c  d i s t r i b u t i o n  in  k  space  e lo n g a te s  i n  th e

p e r p e n d ic u la r  d i r e c t i o n  u n t i l  som eth ing  s to p s  t h e  m ig ra tio n  t o  l a r g e r

Jk  I . In  th e  p r e s e n t  c o m p u ta tio n , t h a t  i s  e i t h e r  k  o r ,  f o r  th e  t r u n -  y  d

c a te d  n o n - d is s ip a t iv e  m odel, k  . I n  th e  l a t t e r  c a s e ,  e v e n tu a l  i s o t r o -max

p iz a t io n  o c c u rs  a s  a  consequence  o f  h ig h e r  o rd e r  p r o c e s s e s .  I n  th e  

p re se n c e  o f  f i n i t e  d i s s i p a t i v e  d ecay , th e  a n is o tro p y  p e r s i s t s ,  as  in  

F ig u re  18.

The a b o v e -d e s c r ib e d  m echanism  seems t o  be  r e s p o n s ib le  f o r  th e  

o b se rv e d  a n is o t ro p y  o f  m ag n e tic  f lu c t u a t io n s  in  t o r o i d a l  d e v ic e s .  F o r a  : 

g iv en  l e v e l  o f  e x c i t a t i o n s ,  k ^  in c r e a s e s  a s  ~\J and  d e c re a s e ,  so th e  

e f f e c t  sh o u ld  be m ost p ronounced  a t  h ig h  R eynolds num bers. The in d ep en ­

dence o f  f u r t h e r  in c r e a s e s  i n  Bq, beyond a  c e r t a i n  m odest l e v e l ,  m ust 

s im p ly  mean t h a t  t r a n s f e r  in  t h e  p a r a l l e l  k - s p a c e  d i r e c t i o n  h as  been 

e f f e c t i v e l y  f ro z e n  r e l a t i v e  t o  t h e  t r a n s f e r  p e rp e n d ic u la r  to  B beyond a  

v a lu e  o f  Bq j u s t  a  few tim e s  th e  mean f l u c t u a t in g  f i e l d  s t r e n g th .

The n a tu r a l  d i r e c t i o n s  i n to  w hich th e s e  in v e s t ig a t io n s  can b e  

ta k e n  a r e  t o  some d eg ree  o b v io u s . F i r s t ,  c o n s id e ra b ly  h ig h e r  R eynolds 

num bers, w ith  t h e i r  n e c e s s a r i ly  h ig h e r  s p a t i a l  r e s o l u t i o n ,  c o u ld  be i n ­

v e s t i g a te d .  S econd, s p a t i a l l y  inhomogeneous vacuum f i e l d s  c o u ld  be added 

t o  a s c e r t a i n  th e  e f f e c t s  o f  mean f i e l d  c u rv a tu re  on th e  a n is o tro p y . 

F i n a l l y ,  t h e  e f f e c t s  o f  th e  mean f i e l d s  on th e  sm a ll  s c a le s  need  to  b e  

a s c e r ta in e d :  how does Bq a f f e c t  c u r r e n t  f i l a m e n ta t io n ,  x -p o in t  b e h a v io r ,

and m agnetic  r e -c o n n e c t io n ?



APPENDIX A 

ABSOLUTE EQUILIBRIUM ENSEMBLE THEORY

The e q u a tio n s  o f  tw o -d im e n sio n a l MHD flow  i n  th e  p re s e n c e  o f  a  

mean m agnetic  f i e l d  in  th e  x d i r e c t i o n  a r e ,  a g a in ,

—~  =  V '* '  x VtO + -vv 'Z  t  B0 $ K f  +  ( a 1 j

s  + 6 e ^ T  (A2 )
V T

H e re , a l l  d ependen t v a r i a b le s  a r e  fu n c t io n s  o f  x and y ,  and th e  v e c to r  

e u a n t i t i e s  in  A1 and  A2 a re  i n  th e  z d i r e c t i o n ,  e . g . ,  a  = a!z". V  and 

^  a r e  th e  in v e r s e s  o f  th e  f l u i d  and m agnetic  R eynolds num bers, r e s ­

p e c t iv e ly .  A ls o , V  = ( £ / ^  x , ^  / £  y ) = ( 9x,  3y) h e re .
2

In  th e  system  w here th e  v o r t i c i t y  CO (= -  V  and v e c to r
2

p o t e n t i a l  a  (w here th e  c u r r e n t  j  = -  V  a ) a r e  p e r io d ic  in  a  tw o- 

d im e n s io n a l box o f  s id e  le n g th  2 TT , t h e r e  e x i s t  c e r t a i n  q u a n t i t i e s  w hich 

rem ain  c o n s ta n t  d u r in g  th e  t im e  e v o lu t io n  o f  th e  f i e l d s  cO and a  (a c ­

c o rd in g  t o  A1 and  A2) .  To d e te rm in e  th e s e  c o n s ta n ts  o f  m otion  we d e f in e  

th e  s p a t i a l  a v e ra g e  o f  a  q u a n t i ty  q t o  be [q] where

U ]  = (A3)

S in c e  th e  f i e l d s  uy and a ,  a s  w e ll  a s  and  j  and th e  v e lo c i ty
_w ^
v  = - z  x  y  /4'“ and  m agnetic  f i e l d s  B = -"z x  ^  a  a re  p e r io d ic  o v e r  th e  

box  o f  s id e  l e n g th  2 IT  , th e n  th e  s p a t i a l  a v e ra g e  s a t i s f i e s  th e  fo llo w in g

67
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1 % 1  =  +  v «  +  v - ? ] CAU)

w here R and S a r e  sums and p ro d u c ts  o f  th e  p e r io d ic  f i e l d s  and t h e i r  

d e r i v a t i v e s .  The [ 7 R ]  and [ V * S ]  te rm s r e p r e s e n t  d i f f e r e n c e s  on 

p a r a l l e l  b o u n d a rie s  and a r e  z e ro  f o r  p e r io d ic  boundary  c o n d i t io n s .  They 

a r i s e ,  f o r  exam ple, in  i n t e g r a t i o n  by  p a r t s .

U sing th e  r e l a t i o n s  A1 th ro u g h  Ah i t  can  be shown ( a f t e r  much 

m ath e m a tic a l m a n ip u la tio n )  t h a t  th e  fo llo w in g  e q u a tio n s  h o ld .

p o t e n t i a l .  (T hese  a re  th e  " rugged" in v a r i a n t s  o f  2-D MHD flo w ; f o r  f u r ­

t h e r  d i s c u s s io n ,  p le a s e  se e  K ra ich n an  and M ontgomery, 1980. For a  d i s ­

c u s s io n  o f  3-D ru g g ed  i n v a r i a n t s ,  s e e  M atthaeus and G o ld s te in ,  1 982 .)

i s  i n v i s c id  ( i . e . ,  I f  =*>1 = 0) th e n  E and P a re  c o n s ta n ts  o f  th e  m o tion . 

F u r th e rm o re , i f  t h e r e  i s  a ls o  no mean m agnetic  f i e l d  (B^ = 0 ) ,  th e n  A 

i s  a ls o  a  c o n s ta n t  o f  th e  motion.- When th e  p e r io d ic  f i e l d s  a r e  r e p r e ­

s e n te d  by  t r u n c a te d  F o u r ie r  e x p a n s io n s , an i n t e r e s t i n g  s t a t i s t i c a l  system

(A5)

(A6 )

(a t )

1 »*2 **2 3.The q u a n t i ty  [g- (v  + B ) ]  = E , i s  t h e  t o t a l  e n e rg y , — [a*£*»] = P , i s

1 2t h e  " c r o s s - h e l i c i t y "  and a  ] = A i s  one h a l f  th e  mean sq u a re  v e c to r

I t  i s  a p p a re n t from  A5, A6 , and AT t h a t  i f  o u r  p e r io d ic  system
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r e s u l t s .  U sing th e  ex p an sio n s

c o c x j t )  =  co c k j i - l  e * / 0  ( a. £ ’ x )  ( a 8 )
k

a  ( x , + )  = ?  a  ( k,+) (A9)
k

The e q u a tio n s  o f  m otion  A1 and A2 can be tra n s fo rm e d  t o  k -sp a c e  fo rm s, 

( s i m i l a r  to  th o s e  o f  K ra ichnan  and Montgomery ( 1980 ) ) :

—  ' V k ^ c o C i )  +  ^  k x 6 .  J t i O  *A1°*

(A ll)
-  ^  j  ( k )  +  ^  k x g 0 t o  C k J

where

/V\, <£ ,£)  =  i  2  * C % K p )  ( io-a - $ ' 2 )

/ V \ !  ( $ j p )  =  i :  P ' a $ “ *

and t  k ) ~  I*1  CL CLt)

I t  i s  obv ious from  A10 and A ll  t h a t  ^  C O (k ) /3 tO  (k ) = 0 and 

^  a ( k ) /  ^  a ( k )  = 0.  The sy stem  th u s  s a t i s f i e s  a  " d e t a i l e d  L io u v i l le  

Theorem" when v  = n  = 0 . A lso , F y fe  and Montgomery (1976a) have shown 

t h a t  th e  v a r io u s  i n v i s c id  c o n s ta n ts  o f  th e  m otion E , P , and A ( i f  = 0) 

a r e  s t i l l  co n se rv ed  f o r  a  t r u n c a te d  sy stem  i f  th e  sy stem  e q u a tio n s  and
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e x p a n sio n s  a r e  p ro p e r ly  d e - a l i a s e d ,  i . e . ,  i f  o n ly  k such  t h a t  th e  con­

d i t i o n  k . £  I k | k  i s  c o n s ta n t ly  a d h e red  t o .nun — * max

T his system  can be  c o n s id e re d  a  q u a s i- c lo s e d  s t a t i s t i c a l  s y s ­

tem  ( p a r t i c u l a r l y  t h e  n u m erica l m o d e llin g  o f  such a  sy s te m , s in c e  th e  

m odel sy stem  i s  i n t e r a c t i n g  w eakly  w ith  th e  " o u ts id e "  th ro u g h  ro u n d -o f f  

e r r o r ,  n u m e ric a l ap p ro x im atio n  e r r o r ,  e t c . ) .  As d is c u s s e d  by  K ra ichnan  

(1 9 7 5 ) , J ty fe , e t  a l .  , (1976 a  & b ) and K raichnan  and  Montgomery (1 9 8 0 ) , 

th e  s t a t i s t i c a l  p r o p e r t ie s  o f  t h e  model sy stem  can  be  d e s c r ib e d  by a  

c a n o n ic a l  d i s t r i b u t i o n  f u n c t io n ,  D,

0 =  C  (A12)

w here C i s  a  n o rm a liz in g  c o n s ta n t  and U. , £  and Y a re  " in v e r s e  tem ­

p e r a tu r e s " .  For t h e  c a se  ^ 0 , th e  te rm  YA does n o t a p p e a r  in  t h e

exponen t o f  A12.

In  th e  t r u n c a te d  r e p r e s e n ta t i o n ,  th e  c o n s ta n ts  o f  th e  m otion

a p p e a r  as

c  =  JL ■+
x  P  k 1

f  =  i  %■ (M 3 )^  k

A  = i - ^ iK

Thus th e  c a n o n ic a l  d i s t r i b u t i o n  D in  (A12) i s  a  d i s t r i b u t i o n  i n  a p h a se  

sp a ce  whose d im ensions c o rre sp o n d  to  th e  in d ep e n d e n t r e a l  and im ag in ary  

p a r t s  o f  t h e  F o u r ie r  c o e f f i c i e n t s  t o ( k )  and j ( k ) .  The n o rm a liz in g  c o e f ­

f i c i e n t  C i n  (A12) i s  d e te rm in ed  by r e q u i r in g

j 0  =  I (AlH)
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where dV i s  th e  hypervolum e

d \ /  -  ~Q" u>v.(u ') cL tOA- ( U )  oL (  k )  cL j x ( k )

where th e  p r o d u c t ,  a g a in ,  i s  o v e r th e  in d ep e n d e n t c o e f f i c i e n t s  ( i . e . ,  i f  

k  i s  in c lu d e d , -k  i s  n o t ,  s in c e  c o ( k )  = 6* >*( - k ) ,  e t c . ) ;  a l s o ,

* > ( k )  + i C O ^ k ) .

R a th e r  th a n  e x p l i c i t l y  p e rfo rm in g  th e  i n t e g r a t i o n  (AlU) h e re  

( i t  i s  e s s e n t i a l l y  th e  i n t e g r a t i o n  o f  a  g a u s s ia n  d i s t r i b u t i o n )  we m ere ly  

rep ro d u ce  th e  r e s u l t  o f  p y fe ,  e t  a l .  (1976a ) :

C  =  TJ* Cj* (A15)

where

C -  =  (■ « '' ~  (A15a)
k  tr  k**

As F y fe , e t  a l  (1976a) show, t h i s  form  o f  Cg a llo w s  f o r  th e  c a lc u la t io n

o f  e x p e c ta t io n  v a lu e s  o f  such  q u a n t i t i e s  a s  B2 (k ) = | b ( k ) |  2 = k2a2 (k)  =

2 2j  ( k ) / k  i n  t h e  fo llo w in g  m anner:

-  f  f  c ’g (A16)
ka

=  ( *  +  y/K 1 -  P ^ ) ” 1

S im i la r ly ,  th e  e x p e c ta t io n  v a lu e s  o f  th e  o th e r  in d iv id u a l  m odal c o n tr ib u ­

t i o n s  t o  E , P , and A ( a s  g iv en  i n  A13) can  b e  d e te rm in e d :
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<  S ( K i * v c - i ) >  =  - £ ( - C a  +  % - f » v ^ ) - 1  (A1T)

U sing  A13, A l6 and A17 y i e ld s  t h e  fo llo w in g  e x p re s s io n s  w hich r e l a t e  th e

e x p e c ta t io n  v a lu e s  o f  E , P , and A to  t h e  in v e r s e  te m p e ra tu re s  OC , {£

and V :

/  c'y — -i. *s* 3' ^
1  C  -P V v )

< P >  = T  ?  C*x + « * * /* * - e * A )  (A l8 )

/ a \  -  -  -  H ' ' * * _____________

(sum o v e r  a l l  a v a i l a b l e  m odes.) The e x p e c ta t io n  v a lu e s  f o r  th e  k i n e t i c  

and m agnetic  e n e rg ie s  can a ls o  b e  g iv en :

/  P \  — ~  2 : *  ^ A 1

(A19)

^  2  ^  («(*■ + ecy/ * 1 - p W )

Many i n t e r e s t i n g  r e l a t i o n s h ip s  can be  d e r iv e d  from  A l8 and A19. 

F or exam ple, c o n s id e r  th e  fo llo w in g :

< * < £ >  +  @ < P >  +  * < A >

_  _L 2 :  -f o p t /* 2- -? V z  +
■ " 2 .  k  (  <**• +  el

(A20)

=  f i  = v
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where N i s  th e  t o t a l  number o f  modes (b o th  dependen t and in d ep e n d e n t)  in

th e  range  k . ^  l k \  ^  k  . T hus, th e  d i s t r i b u t i o n  fu n c t io n  D, as  min max ’

g iv en  i n  A12, when e v a lu a te d  a t  th e  e x p e c ta t io n  v a lu e s  o f  E , P , and A can 

be  w r i t t e n :

0  -  C  c x p ( - A / )

= e x p [ f  /w(o<2 +<**y**-p4/v) - ^ ^ ( T 7 V 0 - ' V ]  (A21)

In  A21 th e  sums a re  o v e r  o n ly  t h e  in d ep e n d e n t m odes, i . e . ,  o n ly  o v e r  h a l f  

th e  t o t a l  number o f  k ' s .  The in v e r s e  te m p e ra tu re s  oC , @ and )f a p p e a r in g  

in  (A 2l) a r e  r e l a t e d  t o  th e  e x p e c ta t io n  v a lu e s  o f  E , P , and A th ro u g h  A l8 .

Suppose now t h a t  we w ro te  th e  d i s t r i b u t i o n  A12 w ith  th e  v a lu e s  

o f  E , P , and  A w hich we know t o  b e  c o n s ta n t  ( i . e . ,  c o n s ta n ts  o f  th e  

m otion) f o r  o u r  model sy s tem . C a ll  th e s e  c o n s ta n t  v a lu e s  o f  E , P , and A 

E, P , and A, r e s p e c t iv e ly .  Then th e  d i s t r i b u t i o n  A12 can be w r i t t e n

o '  =  C *6 - < 3 P - y# 1

-  ~ ~ P P  (A22)

S in ce  t h i s  i s  th e  v a lu e  o f  th e  d i s t r i b u t i o n  fu n c t io n  o f  a  system  i n  e q u i­

l ib r iu m  we e x p e c t th e  sy stem  t o  b e  in  a  s t a t e  o f  maximum p r o b a b i l i t y .

Thus, we r e q u i r e  D1 i n  A22 t o  b e  a t  a  maximum v a lu e  f o r  a  g iv en  s e t  o f  

c o n s ta n ts  o f  t h e  m otion  E , P , and A. S in ce  th e  f r e e  p a ra m e te rs  i n  A22 

a re  al , (S and V > we r e q u i r e  t h a t  th e y  b e  chosen  so t h a t  D* i s  a  

maximum. T h is  i s  t h e  same a s  r e q u i r in g  t h a t  th e  argum ent o f  th e  exponen­

t i a l  i n  A22  b e  a  minimum w ith  r e s p e c t  to  el , p  9 and V  ; t h a t  i s ,  th e



p a r t i a l  d e r iv a t iv e s  (w ith  r e s p e c t  t o  o t , {3 , ) o f  th e  argum ent o f  th e

e x p o n e n tia l  must he  z e ro ;  w hich le a d s  t o  th e  fo llo w in g  r e l a t i o n s :

H ere th e  sums a re  a g a in  o v e r  a l l  a llo w a b le  m odes. Comparing A23 w ith  A l8 ,

th e  e x p e c ta t io n  v a lu e s  o f  E , P , and A a re  j u s t  th o s e  v a lu e s  o f  oi , (3  ,  

and ^  c o rre sp o n d in g  to  t h e  m ost p ro b a b le  e q u il ib r iu m  s t a t e  ( o r  s t a t e s ) ,  

a  r e s u l t  w hich i s  c o n s i s t e n t  w ith  c a n o n ic a l  d i s t r i b u t i o n  th e o r y .

A u s e f u l  q u a n t i ty  i n  th e  a b s o lu te  e q u il ib r iu m  ensem ble th e o ry  

o f  two d im e n s io n a l MHD system s i s  R , th e  r a t i o  betw een  th e  m agnetic  and 

k i n e t i c  e n e rg ie s :  R = < eb> / <  E ^  . S in c e  th e  t o t a l  en e rg y  i s

These r e l a t i o n s  can  b e  u se d  w ith  A l8 and  A19 t o  p roduce  th e  fo llo w in g

K - <*W)

±  2 .  - C / a . __________
1  k  1®Vv) (A23)

2 -

we se e  t h a t  th e  in v e r s e  te m p e ra tu re s  o<. , A  , and ^  d e te rm in ed  from

th ro u g h  R a s

f o l lo w s :

(A2k)

r e l a t i o n s  among < E >  , , and y  ( f o r  some

economy o f  n o ta t io n  E , P , and A w i l l  be  u t i l i z e d  in  p la c e  o f  < E >  , < P >
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(A26)

o(
/ + . ^ V -  w . - w  „  (A27)

h e re  N i s ,  a g a in ,  t h e  t o t a l  number o f  k 's  i n  t h e  ran g e  k . is \k  \ is kmin max

The s e t  o f  e q u a tio n s  A25, A26 and A27 can  be  so lv e d  f o r  th e  i n ­

v e rs e  te m p e ra tu re s  , £  , and  Y i n  te rm s o f  t h e  c o n s ta n ts  E, P , A

and N, and th e  p a ra m e te r  R. The r e s u l t  i s

o( =  A / 0  + l O  ( 3 - E  i ) " '

£  =• — a /  p  c  1 f t  ^  C ^ 2  R  ^  ^

V =  A / O - t f )  ( Z 4  Z -T *
where Z, th e  common f a c t o r  in  t h e  d enom ina to rs  o f  A28, i s

2 > tU - ^ T

(A28)

(A29)

The e x p re s s io n s  in  A28 can  a ls o  b e  in v e r t e d  to  g iv e  E , P , and A in  te rm s 

o f  , Q, , V  , N, R. These e x p re s s io n s  a r e ,  f o r  c o m p le te n e ss ,

where

§  r  Al C l+ft  )  (  2  ot £  V

,  v - l  (A30)p  = -  /V (3 (* / o( £ ) 

4  =  # 0 - * )  ( i *  S ) " 1 

r -  j -  J i

The r e s u l t s  up t o  t h i s  p o in t  have p r im a r i ly  fo cu se d  on th e  ca se  

when Bq = 0 . When Bq ^ 0 ,  A i s  no lo n g e r  a  c o n s ta n t  o f  th e  m o tio n , so
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t h a t  th e  te rm  y A no lo n g e r  a p p ears  in  th e  argum ent o f  th e  d i s t r i b u t i o n  

f u n c t io n .  T hus, a l l  t h e  fo rm u las  d e r iv e d  so  f a r  red u c e  to  th o s e  f o r  

Bq f  0 , i . e . ,  two c o n s ta n ts  o f  th e  m otion  by  s e t t i n g  Y A  = 0 w herever 

i t  a p p e a rs . Doing t h i s  in  A28 y ie ld s  th e  e q u il ib r iu m  in v e r s e  te m p e ra tu re s  

oi and when Bq ^ 0 , as  w e l l  as a  re q u ire m e n t on th e  r a t i o  R:

R =  I

(A 3i)

p  =  -  v  n  ?  f i 1 -  *# p ’ 7 ' 1

A lso , when BQ ^ 0 , i t  i s  c l e a r  from  Al6 and A17 t h a t  when te rm s con­

t a i n i n g  V a re  rem oved from  th e  in d iv id u a l  modal e x p e c ta t io n  v a lu e s ,  

th e s e  v a lu e s  a r e  a l l  e q u a l.  Thus, th e  e x p e c te d  en e rg y  and c r o s s - h e l i c i t y  

s p e c t r a  a re  e q u i - p a r t i t i o n e d  f o r  Bq 4 0 .

Now t o  c a lc u la t e  t h e  e q u il ib r iu m  e n tro p y . U sing t h e  c l a s s i c a l  

d e f i n i t i o n ,  we have

5  =  -  /  o  j u  o  d t v

=  * £  + (A32)

w here A12, All* and A15 have b een  u t i l i z e d ,  and  th e  m u l t ip l i c a t iv e  Boltzm ann 

c o n s ta n t  h a s  been  o m it te d . I f  we r e q u i r e  th e  e q u il ib r iu m  e n tro p y  t o  be 

an extremum w ith  r e s p e c t  t o  et , jS , and Y  we g e t  t h e  r e l a t i o n s  A23.

(The extremum i s ,  i n  f a c t ,  a  minimum; K h in c h in , 19^*9, d is c u s s e s  t h i s  

p ro c e d u re  f o r  t h e  c a se  when o n ly  E = c o n s t . )

These e q u a t io n s ,  how ever, w ere seen  to  r e s u l t  from  r e q u i r in g  

th e  v a lu e  o f  th e  d i s t r i b u t i o n  fu n c t io n  to  b e  a  maximum when th e  sy stem
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was in  an e q u il ib r iu m  s t a t e .  In d e e d , L i o u v i l l e 's  Theorem t e l l s  us t h a t  

a s  th e  system  p o in t  moves ab o u t in  phase  s p a c e ,  t h i s  v a lu e  w i l l  rem ain  

c o n s ta n t .  T hus, t h e  system  s ta y s  in  th o s e  a r e a s  o f  i t s  p h ase  space  w here 

th e  d e n s i ty  o f  s t a t e s ,  a n d , h e n c e , th e  e n tro p y  i s  g r e a t e s t .

An i n t e r e s t i n g  fo rm al p a ra m e te r iz a t io n  o f  t h e  e n tro p y  in  te rm s 

o f  th e  r a t i o  betw een th e  m ag n e tic  and k i n e t i c  e n e rg ie s  o f  t h e  system  can  

b e  e f f e c te d  th ro u g h  th e  u se  o f  t(. (R ) , ^  ( r )  and >^(R ). I t  m ust be

s t r e s s e d ,  how ever, t h a t  t h i s  p a ra m e te r iz a t io n  h as  no in h e r e n t  p h y s ic a l  

m eaning b ecau se  th e  e n tro p y  i s  a  tim e  a v e ra g e d  q u a n t i ty  w h ile  th e  r a t i o  R 

i s  a  te m p o ra l ly  e v o lv in g  q u a n t i ty  w hich f l u c t u a t e s  abou t some av erag e  

v a lu e .

When th e  e x p re s s io n s  f o r  th e  in v e r s e  te m p e ra tu re s  U , £  , 

and as  g iv en  i n  (A28) a r e  p la c e d  in  t h e  e x p re s s io n  f o r  t h e  e n tro p y  

(A32) th ro u g h  th e  u s e  o f  (A15) and  (A20) th e y  y i e l d  an e x p re s s io n  f o r  th e  

e x p e c te d  e q u il ib r iu m  v a lu e  o f  th e  e n tro p y  in  te rm s  o f  R:'

5  ( f t )  =  N  — C
(A33)

-  A/  -  2 ^

where

„  _ + + CsCl-Kl )K* -  Cz o  +
T r *  k**

and
At Jo * ^f j  p 1 £

C l  *  ’ C x  =  I p  ’ > =  4  k ’

and th e  sum i s  o v e r  th e  in d ep e n d e n t k  modes o n ly .

The in v e r s e  te m p e ra tu re s  cL , (i , and  V can  now be  found by 

m in im iz in g  S (R ), i . e . ,  by  f in d in g  th e  r e a l  v a lu e  o f  R so t h a t
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A .  ( s c e - i )  =  0  (A3l,)

T h is  i s ,  o f  c o u rse  e q u iv a le n t  t o  s o lv in g  th e  e q u a tio n s  (A23) (w hich do 

n o t c o n ta in  R e x p l i c i t l y ) .  The ad v an tag e  o f  u s in g  (A33) i s  t h a t  i t  i s  

a  fu n c t io n  o f  a  s in g l e  v a r i a b le  R. T h is  a llo w s  S(R) t o  b e  q u ic k ly  

p l o t t e d  by a  com puter g ra p h ic s  r o u t i n e ,  r e v e a l in g  th e  ap p ro x im ate  lo c a ­

t i o n  o f  th e  v a lu e  o f  R w hich m in im izes  th e  e q u i l ib r iu m  e n tro p y . I f  t h i s  

v a lu e  i s  n o t s u f f i c i e n t l y  a c c u r a te ,  i t  can be u se d  as  a  v e ry  a c c u r a te  

i n i t i a l  v a lu e  f o r  u s e  in  an a lg o r i th m  w hich n u m e r ic a l ly  s o lv e s  f o r  a  

more a c c u r a te  v a lu e .  Once a  s u i t a b ly  a c c u r a te  v a lu e  o f  R such  t h a t  (A3b) 

i s  s o lv e d  s u f f i c i e n t l y  w e l l ,  ® ((R ), Q (R) and y ( R )  can be  d e te rm in e d . 

Then, by  u t i l i z i n g  (A l6 ) and (A 17), t h e o r e t i c a l  v a lu e s  o f  th e  modal expec­

t a t i o n  va lues- o f  th e  k i n e t i c  and  m agnetic  e n e rg ie s  can be  c a lc u la t e d  and 

com pared w ith  th e  n u m e r ic a l ly  d e te rm in e d  v a lu e s  (a s  i s  done in  s e v e r a l  

o f  th e  d i r e c t i o n a l l y  av e rag ed  modal s p e c t r a  g rap h s  p r e s e n te d  i n  t h i s  

p a p e r ) .

The e x p re s s io n  f o r  th e  e n tro p y  g iv en  by  (A33) i s  a  r a t h e r  com­

p l i c a t e d  fu n c t io n  o f  R. I t  w ould be n ic e  t o  f u l l y  a n a ly z e  th e  a lg e b r a ic  

s t r u c t u r e  o f  t h e  v a r io u s  p a r t s  o f  (A33) in  o rd e r  to  f u l l y  c h a r a c te r iz e  

t h e  s o lu t io n s  t o  (A 3^). To do t h i s  c o m p le te ly  i s  beyond th e  scope o f  th e  

p r e s e n t  w ork. A s im p le r  c a se  o f  t h e  g e n e ra l  e x p re s s io n  (A33) can  b e  con­

s id e r e d  h e r e ,  and  t h i s  sh o u ld  h o p e fu l ly  i l lu m in a te  g e n e ra l  a s p e c ts  o f  

t h e  com plete  s o lu t io n .

C o n sid e r th e n  th e  c a se  w here th e  c r o s s - h e l i c i t y  P = 0 ,  i . e . ,

= 0 . The e n tro p y  in  t h i s  c a se  i s
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5  < * > =  N -  f  o-*5] (*35)

S in c e  th e  v a lu e s  o f  R a re  alw ays n o n -n e g a t iv e ,  th e  f i r s t  two te rm s  in  

(A35) alw ays rem ain  r e a l .  The t h i r d  te rm , how ever, becomes im ag in a ry  

w henever R i s  such t h a t

i +  rt +  (  i -  «  i  ^  O

w hich le a d s  to  th e  c o n d it io n s  f o r  S(R) t o  be r e a l :

C >  0  (A36)

^  ^  ~  7 “ 7 ^  C ^ 3 < J )  (A37)I -

S in c e  R >  0 ,  (A37) i s  a lw ays s a t i s f i e d  and we need  n o t co n cern  o u rs e lv e s

2 Ew ith  c a s e s  when ^  1 . F o r c a se s  w here >  1 ,  i . e . ,  f o r  k  ^  we

-  ~  2se e  t h a t  = E /A ,(k  = 1)^ p u ts  a  l i m i t  on th e  maximum v a lu e  R can be 

b e fo re  th e  e n tro p y  g a in s  an im ag in a ry  p a r t .  T hus, f o r  th e  c a se  P = 0 , 

we m ust have

T h is  l i m i t s  us to  o n ly  a  bounded ran g e  o f  R t o  s e a rc h  th ro u g h  g r a p h ic a l ly  

f o r  th e  minimum o f  SCR) (when P = 0 ) .  S in c e  E A in  most o f  th e  c a se s

s tu d ie d  h e r e in  ( as d e te rm in e d  by th e  i n i t i a l  c o n d i t io n s ) ,  th e  ran g e  o f  R

t o  b e  c o n s id e re d  i s  n o t v e ry  g r e a t .

F o r th e  c a se  P = 0 ,  th e  c o n d it io n  (A3*0 ta k e s  th e  form  

(C3 = E/Ak2 )
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- I

(A39)

(sum o v e r  a l l  k m odes.)

F or th e  g e n e ra l  c a se  when P f  0 ,  i t  i s  e x p e c te d  th e  q u a l i t a t i v e  

f e a tu r e s  d is c u s s e d  in  th e  P = 0 c a se  rem a in . T here  sh o u ld  he  a  minimum 

v a lu e  o f  R above w hich th e  e q u il ib r iu m  v a lu e  o f  R w i l l  n o t l i e .  I t  i s  

a l s o  e x p e c te d  t h a t  t h e r e  w i l l  b e  o n ly  one r e a l  minimum in  t h e  a llo w ed  

ran g e  o f  R. T h is  h as  p ro v ed  t r u e  f o r  g r a p h ic a l  a n a ly s i s  o f  a l l  t h e  

ru n s  s p e c i f i c a l l y  c o n s id e re d  h e r e in .



APPENDIX B

RANDOMNESS AND ERGODICITY IN MHD MODEL SYSTEMS

In  t h i s  a p p e n d ix , some i n t e r e s t i n g  t o p i c s ,  whose s y s te m a tic  

in v e s t i g a t io n  i s  beyond th e  scope  o f  th e  p r e s e n t  w ork , w i l l  be  to u ch ed  

upon b r i e f l y .  S p e c i f i c a l l y ,  th e s e  to p ic s  a r e  t h e  e x te n t  t o  w hich random­

n e s s  and e r g o d ic i t y  a re  t o  b e  found in  tw o -d im e n sio n a l m odels o f  MHD 

f lo w s .

K e l ls  and  O rszag  (1978) have  in v e s t ig a t e d  random ness i n  two 

d im e n s io n a l m odels o f  i n v i s c i d  N a v ie r-S to k e s  tu rb u le n c e  and found t h a t  th e  

b e h a v io r  o f  m odel sy stem s was random as  lo n g  as th e  number o f  F o u r ie r  

modes was l a r g e  enough ( 2 0 ) t o  in s u r e  t h a t  e v e ry  mode was in v o lv e d  in  

n o n - t r i v i a l  n o n - l in e a r  i n t e r a c t i o n s .  H e re , t h e  number o f  modes (716) i s  

s u f f i c i e n t l y  h ig h ,  so t h a t  t h e  p rob lem  o f  to o  low  an o r d e r  i s  a v o id e d .

In  a d d i t i o n ,  th e  a b s o lu te  e q u i l ib r iu m  (c a n o n ic a l)  ensem ble fo rm u la t io n  

p re su p p o se s  t h e  m odal a m p litu d e s  t o  be  random v a r i a b l e s ,  w ith  a  p a r t i c u ­

l a r  d i s t r i b u t i o n  f u n c t io n .  The f a c t  t h a t  th e  n u m e ric a l r e s u l t s  m atch  so 

w e l l  w i th  th e  c a n o n ic a l  ensem ble p r e d ic t io n s  i s  a g a in  a  s t r o n g  in d ic a t io n  

t h a t  th e  a ssu m p tio n  o f  random ness i s  a  good o n e .

A q u a l i t a t i v e  a p p r e c ia t io n  o f  t h e  random ness p r e s e n t  in  th e  

m odel sy s tem  u se d  i n  t h i s  work can  be  seen  i n  F ig u re s  23 and  2k.  In  

th e s e  f ig u r e s  th e  r e a l  p a r t  o f  a  com plex mode i s  p l o t t e d  v e rs u s  i t s  

im a g in a ry  p a r t ,  a s  a  fu n c t io n  o f  t im e ;  i . e . ,  p o in ts  c o rre sp o n d in g  t o  0 . 5  

u n i t s  o f  t im e  have been  c o n n e c te d  by  s t r a i g h t  l i n e  segm ents t o  show th e

81
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tim e  b e h a v io r  o f  th e  mode k  = ( 0 ,1 ) .  T hus, th e  t r a j e c t o r i e s  o f  b o th

^ ( k j O )  and  A(k) f o r  k  = (0 ,1 )  a r e  shown f o r  50 u n i t s  o f  t im e . The

s t a r t i n g  p o in ts  (when d i s t in g u is h a b le )  have been  d e n o ted  by  an " x " . These

modes a r e  p a r t  o f  an i n v i s c id  ru n  w hich had E = 1 .0 1 6 3 , P = .OOklkk,

A = .01376 and a l l  t h e  k i n e t i c  and  m agnetic  modes i n i t i a l l y  e q u i p a r t i -

t io n e d  w ith  random p h a s e s ;  tim e  s te p  s i z e  = 1/ 256  t o t a l  number o f  tim e

s te p s  = 12800 , and k  = 1 6 . F o r F ig u re  2 3 , Bn = 0 ; f o r  F ig u re  2 k ,max u

Bq = 1 .0 .  The p hase  p o in t  a p p e a rs  t o  be  t a k in g  a  random w alk  th ro u g h  

p h ase  s p a c e .

We may a ls o  in q u i r e  a s  t o  th e  amount o r  random ness d u r in g  th e  

e v o lu t io n  o f  a  d i s s i p a t i v e  c a s e .  A g a in , a  q u a l i t a t i v e  f e e l  can  be  

a c h ie v e d  by  c o n s id e r in g  F ig u re s  25 th ro u g h  3 2 , w hich c o rre sp o n d  t o  ru n s  

A9 (Bq = 0) and  A15 (Bq = 2 .0 ;  s e e  T ab le  2 f o r  more d e t a i l s ) .  A lthough  

th e s e  t r a j e c t o r i e s  a r e  p l o t t e d  f o r  o n ly  5 t im e  u n i t s ,  t h e  random ness i s  

a g a in  a p p a re n t .

The e r g o d ic i t y  o f  th e  two d im e n s io n a l sy s te m , i . e . ,  t h e  e q u iv a ­

le n c e  o f  tim e  and  ensem ble a v e ra g e s ,  a g a in  seems t o  be  a  good a ssu m p tio n . 

T h is  i s  c l e a r  from  F ig u re s  9 th ro u g h  1 2 , w here a  com parison  betw een  tim e  

and  ensem ble a v e ra g e s  i s  made. T here  i s  one p o in t  h e re  t h a t  n eeds f u r t h e r  

comment, how ever.

T h is  p o in t  i s  t h a t  th e  tim e  a v e ra g e s , a lth o u g h  c lo s e  t o  th e  

ensem ble a v e ra g e s ,  d i f f e r  s l i g h t l y  from  them , in  t h a t  th e  tim e  a v e ra g e s  

a p p e a r  t o  c o n ta in  " s p ik e s " .  These s p ik e s  may a r i s e  b e c au se  n o t enough 

tim e  h a s  been  a llo w e d  f o r  th e  tim e  a v e ra g in g  ( th e  a v e ra g e s  w ere ta k e n
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o v e r th e  l a s t  11520 t im e  s t e p s ,  i . e . ,  th e  l a s t  90% o f  th e  c o rre sp o n d in g  

i n v i s c i d  r u n s ) .  The s p ik e s  may a ls o  have a n o th e r  o r i g i n ,  w hich we w i l l  

now comment on.

In  a d d i t io n  t o  r e c o rd in g  th e  tim e  a v e ra g e s  o f  th e  d i r e c t i o n a l l y  

a v e ra g e d  m agnetic  and k i n e t i c  e n e rg y  s p e c t r a  (F ig u re s  9 th ro u g h  1 2 ) ,  th e  

means and s ta n d a rd  d e v ia t io n s  o f  a l l  t h e  in d iv id u a l  com plex modes 

j ( k )  = k^ a (k )  and do (k ) = k ^ ^ h ( k )  w ere a ls o  d e te rm in e d  o v e r  th e  same 

tim e  ( th e  l a s t  11520 tim e  s t e p s ) .  I n  F ig u re s  33 and 3 ^ } th e  r e l a t i v e  mag­

n i tu d e s  o f - th e  means and s ta n d a rd  d e v ia t io n s  o f  th e  modes a s s o c ia te d  w ith  

ru n  A1 a re  p r e s e n te d  i n  te rm s o f  e r s a t z  th re e -d im e n s io n a l  p l o t s .  In  

F ig u re  33 th e  a v e ra g e s  o f  *>(k) and j ( k )  a re  r e p r e s e n te d  by  th e  m agn itudes 

|v ( k )  | ^ = \ w ( k ) |^ / k ^  a n d | B ( k ) l ^  = } j ( k ) ) / k ^ ,  r e s p e c t i v e ly .  The

s ta n d a r d  d e v ia t io n s  f o r  run  A1 a re  s im i la r l y  r e p r e s e n te d  in  F ig u re  3^ .

The means and s ta n d a r d  d e v ia t io n s  o f  ru n  A2 (Bq = 1) a re  s im il a r l y  shown 

i n  F ig u re s  35 and 36. ( In  th e s e  f i g u r e s ,  th e  empty mode ( 0 , 0 )  a p p e a rs  i n  

th e  c e n te r  o f  th e  p l o t ,  and th e  o th e r  modes can be  found  by  c o u n tin g  

th e  c h a r a c te r s  from  t h i s  l o c a t io n :  p o s i t i v e  t o  th e  r i g h t  and u p , nega­

t i v e  t o  t h e  l e f t  and  down. The c h a r a c te r s  a r e  sym m etric upon r e f l e c t i o n  

th ro u g h  ( 0 , 0 ) s in c e  I j ( k ) |  = | j ( - k ) |  , e t c . )

S e v e ra l  o b s e rv a t io n s  can  be  drawn from  th e s e  f i g u r e s .  F i r s t ,  

t h e r e  i s  a  s t r o n g  c o r r e l a t i o n  betw een  th e  s p ik e s  i n  F ig u re s  9 th ro u g h  12 

and  th e  l a r g e s t  r e l a t i v e  means i n  F ig u re s  33 and  35. (The c o rre sp o n d en ce  

i s :  F ig u re  9 t o  F ig u re  33a , F ig u re  10 t o  F ig u re  33b , F ig u re  11 to

F ig u re  35a and  F ig u re  12 to  3 5 b .)  The s p e c i f i c  v a lu e s  o f  some o f  th e s e  

means and s ta n d a rd  d e v ia t io n s  a r e  g iv en  i n  T ab le  5•
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fouri coefficient magnitudes
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F igure 3 3 .-  R e la tiv e  magnitude o f mean v a lu e s  o f modal c o e f f i c i e n t s  for  run
A1 (Bq = 0 , v -  v = 0 ) .
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Figure 3 5 .-  R e la tiv e  magnitude o f mean v a lu es  o f modal c o e f f ic i e n t s  for  run
A2 (B -  1 , y = v = 0 ) .
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F igure 3 6 .-  R e la t iv e  magnitude o f standard d e v ia tio n s  o f modal c o e f f i c i e n t s  for
run A2 (Bq = 1 ,  y = v = 0 ) .
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T ab le  5* Com parison o f  means and  s ta n d a r d  d e v ia t io n s  f o r  some modes o f  

ru n s  A1 and  A2, com puted f o r  l a s t  11520 tim e  s t e p s .  [Form at: (mean 

s t d .  dev . o f  r e a l  p a r t ,  mean ^  s t d .  dev . o f  im a g in a ry  p a r t ) ]

A1 (BQ=0) A2 (Bq=1)

0) 0 ,1) (O.Ollc + .030 , 0.005 + .028) (0.032 + .OOU, -.OOic + .013)
0) 0 ,2) (0.006 + .OlcO, 0.015 + .0lc7) ( - .0 3 3 + .0lc2, - .0 0 3 + .033)
CO 0,3) (0 .123 + . 060, - .1 1 5 Hr .107) (0.13lc + .102, -.25ic + .070)
co 0,1c) (-.15lc + .113 , 0.173 + .102) ( - .2 5 8 + .052, 0.125 + .072)
CO 0,5) (-.2lc8 + .120 , - .2 6 8 + •  139) (-.U27 + .110 , -.3lcic + .076)

CO 1,0) ( - .0 2 1 + .021 , - .0 3 2 .015) ( - .0 0 1 + .023 , - .0 0 3 + .03lc)
00 2 ,0 ) (0 .013 + .0lc8, - .0 0 8 + .052) ( - .0 0 1 + .065, - .0 0 2 + .0lc8)
co 3,0) ( - .0 2 9 + .076 , 0.032 + .070) (0.000 + .119 , 0.002 + .108)
CO M ) ( - .0 2 8 + .119, 0.002 + .093) (0 .003 + .103, - .0 0 3 + .098)
CO 5,0) (- .0 0 6 + .125 , -.05lc + .130) (0.009 + .130, 0.000 + .127)

j 0,1) ( - .0 2 2 + .027 , 0.032 + .008) (0 .000 + .001, 0.001 + .002)
j 0,2) ( - .0 0 9 + . 061, 0.003 + • 09lc) ( - .0 1 3 + .008, - .0 1 0 + . 006)
j 0,3) ( - .0 0 9 + .085, 0.027 + .105) (-.llcO + .025, - .3 2 1 + .021)
j 0 , 1 c ) ( - .0 0 5 + . 106, 0.000 + .103) (- .2 6 6 + .0lc2, - .3 7 5 + .051)
j 0,5) (0.019 + .133 , O.OOlc + .139) ( - .2 3 9 + .077, -.Hc5 + . 060)

j 1,0) (-.061c + .03lc, - .0 6 5 + .039) ( - .0 0 1 + .033, - .0 0 1 + .022)
j 2 ,0 ) ( - .0 1 1 + • 05lc, - .0 0 2 + .088) (0 .001 +_ .0lc8, - .0 0 1 + .065)
j 3,0) ( - .0 3 3 + . 060, 0.055 + .102) ( - .0 0 1 + .107, - .0 0 3 + .117)
j M ) ( - .0 3 0 + .131, -.ooic + . 090 ) (O.OOlc + .097, -.ooic + .105)
j 5,0) ( - .0 1 5 + .131 , - .0 2 9 + .108) (0.005 + .127, 0.001 + .13lc)
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Second , i f  we lo o k  a t  F ig u re s  3^ and 36 , w hich r e p r e s e n t  th e  

s ta n d a rd  d e v ia t io n s ,  o r  f lu c tu a t io n s  o f  th e  k i n e t i c  and m agnetic  m odes, 

we se e  no a p p a re n t a n is o tro p y  f o r  th e s e  i n v i s c id  ru n s .  T h is  i s  t r u e  f o r  

th e  ru n  A1 (B^ = 0) a s  w e ll  a s  A2 (Bq = 1 ) ;  t h i s  l a c k  o f  a n is o tro p y  was 

a ls o  seen  in  F ig u re  1 8 , f o r  th e  i n v i s c id  ru n s  B1 and B2.

These s p ik e s  and a s s o c ia te d  r e l a t i v e l y  l a r g e  and s t a b l e  mean 

v a lu e s  w ere a ls o  seen  i n  numerous o th e r  i n v i s c id  ru n s  (so  t h a t  A1 and A2 

may be  ta k e n  a s  r e p r e s e n ta t i v e  o f  a  g e n e ra l  ty p e  o f  phenom enon). The 

q u e s tio n  i s ,  w here do th e y  come from? One answ er i s  t h a t ,  p e rh a p s  th e  

a v e ra g in g  t im e s  have n o t been  lo n g  enough. A no ther i s  t h a t  th e  sy stem  o f  

i n v i s c id  MHD modal e q u a tio n s  p o s s e s s e s  a  f ix e d  p o i n t ,  o r  a t t r a c t o r ,  abou t 

w hich th e  system  p o in t  i s  o r b i t i n g  i n  p h ase  s p a c e . A t h i r d  answ er ( p e r ­

hap s r e l a t e d  to  t h e  second) i s  co n n e c te d  t o  th e  f a c t  t h a t  th e r e  a r e  s e v e r a l  

c o n s ta n ts  o f  th e  m o tio n .

In  c l a s s i c a l  s t a t i s t i c a l  m echanics t h e r e  i s  o n ly  one c o n s ta n t  

o f  th e  m o tio n , th e  e n e rg y , w hich  canno t be  t ra n s fo rm e d  away. The system  

i s  r e s ig n e d ,  e f f e c t i v e l y ,  t o  move abou t on a  s in g le  c lo s e d  s u r f a c e ,  a  

h y p e rs p h e re , in  th e  phase  sp a c e . H e re , we have one o r  two a d d i t io n a l  

c o n s ta n ts  o f  t h e  m o tio n ; each  o f  th e s e  p r e s c r ib e s  a n o th e r  s u r f a c e  i n  phase  

sp a ce  upon w hich t h e  system  p o in t  m ust move. The re g io n s  o f  phase  space  

upon w hich  th e  sy stem  p o in t  can  move a r e  d e te rm in e d  by  th e  i n t e r s e c t i o n  

o f  th e  s u r f a c e s  a s s o c ia te d  w ith  each  c o n s ta n t  o f  th e  m o tio n . I t  may 

w e l l  t u r n  o u t t h a t  t h i s  i n t e r s e c t i o n  i s  composed o f  a  u n ion  o f  d i s j o i n t  

s e t s ;  such  a  u n io n  i s  c a l l e d  "decom posable" by A rno ld  and Avez ( 1968 ) 

and th e  sy stem  i s  d e f in e d  a s  n o n -e rg o d ic .
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The r e s o lu t io n  o f  th e s e  q u e s tio n s  i s  v e ry  p e r t i n e n t  t c  a  f u l l  u n d e rs ta n d in g  

o f  n o n - d is s ip a t iv e  MHD tu r b u le n t  system s ( a s  w e ll  a s  d i s s i p a t i v e  s y s te m s) . 

T h is  r e s o lu t io n  i s  beyond th e  scope o f  th e  p r e s e n t  w ork , w here we m ust b e  

c o n te n t w i th  m ere ly  c a l l i n g  a t t e n t i o n  to  th e  phenomena w hich g iv e  r i s e  t o  

th e s e  q u e s t io n s .  I n  t h e  f u t u r e ,  h o p e f u l ly ,  t h e  o p p o r tu n i ty  w i l l  a r i s e  to  

i n v e s t i g a t e  th e s e  p rob lem s i n  a  more s y s te m a tic  and com ple te  m anner.
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