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An analyticnl investigetion of the loads and responses of a
simplificd elastic rocket vehicle flying & vertical trajectory hes
been comducted. The external forces sssumed acting on the rocket
were produced by a series of wind shear reversals and seversl measured
wind profiles. The system was deseribed by three rigid-body modes
and three elastic modes, and was stablilized by a simplified control
function. The differential equstions had ti%m«»éﬁmnﬁen% cmfmmeats
apd were salve& on an analog eomutar.

Tine~dependent coefficients of the differentigl @guatmm were
found to be mecessary to predict loads when the wave. length of the
wind sbear veverssl became sufficiently long. Brrors which would
result from using time«fixed coefficlents were shown to depend on,
asmong other factors, the ratio of bending frequency to contrel fre-
quency,; the %;hmstwwuweight ratio, am& the conirol system of the .
rocket.

Detailed wmd profiles measured by a smoke~trail technique
were generally found to produce larger loads on the rocket than wind
profiles measured by balloon«sounding techniques. These differences
were as large as 15 to 20 percent, depending on the parameters of the
. system, It was noted that the character of the bending-moment
recponse to these profiles, whether primarily inértial or aerodynsmic,
and the magnitude of bending mode exeitation, depended on the type of
control system as well as the rocket's thrust-to-weight ratio and
bending~mode frequency to control frequency ratioc.
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LIST OF SYMBOLS

8451 = 1,2,3 chargeteristic values of a uniform besm with free-free
‘ boundary conditions

B.M. bending monent, £i-1b

813 generalized serodynamic coefficients appearing in
equation (6a) v

Dy Dy g constents sppearing in bending-momernt equation

B stiffness constant of a uniform bean, m‘*ﬁg

mic force in body axes, ib

?xk*?w components of aerod
FymsFyp compenents of engine force in body axes, 1b

g gravitational constent, ft/sec?

h altitude, £t

Be inmi:ai altitude, £t

Isyp specific impulese of rocket, sec

Ky Kp, K gain constants of the eontrol function, equation {2)
L length of the wocket, £%

e distance from c.g: %0 aft end of vehicle, £

M mass of the rocket at any imstant, lb-sec2/ft
11£4~08f wass of the rockety Ib-sec?/ft

aerodynanic pitching moment, lb+ft

=

M, pitching moment due to engine, 1b-£t

§gsi = 2,2,3 generalized coordivate of ith mode, divided by I,
nondimensionsl,
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generalized serodynamic force, 1b
generalized engine force, 1b

base area of the vehicle, £

tine, sec

tmt, 1b

el@;ﬁtm deflection at aft end of vehicle, Pt
velocity of the rocket, £t/sec’

velocity of rocket relative to air, fﬁ/ﬁﬁ@
horizontal veloeity of wind, £3/sec
1ift-off weight of M@kﬁéf% 1p

center-of-gravity veloeity of rocket in body axes,
divided by L, per sec

distance plong rocket elastic axis,; measwred from aft
end, divided by L, nondimensional

distance from aft end to nth station, divided by L,
nondimensional

angle of sttack, radians
total angle of atiack relative %o the air stream; radians
angle @f attack due to wind, radians

sngle between vertical reference snd inertisl veloeity
vector, radiens

angle of deflection of tiamst yector fwm rocket center
line, radians

angle between vertical reference and axis, radimns
wave length of ipput wind, £t

damping ratioc of rigid-body pitch mode, dimensionless
density of atmosphere, lbesec2/pth

density of stmosphere at sea level, lbegec?/fth



®j,1 = 1,2,3 naturel frequency of ith mode, radisns/sec
wp natural frequency of pitch mode, radians/sec
A dot indicates & differentimtion with respect to time.

A prime indicates a differentiation with respect to x
{unless specifically noted otherwise).



ANALYSIS OF A VERTICALLY RISING VEHICLE



The analysis and design of space vehicles is & subject which
occupies @'Wim:;ﬁ position in physics end eﬁg’inéezmg,g m '
stability of such vehicles and the loads which they experience }gx;e__
& prime consideration in their design.
| A generel mlysiﬂ of any specific ;akxfsﬁ;m}-. systen &mluéés;
‘direct exge%@mntgﬁm, m@yeﬂmn@atgén with seale models, experis
mentation with analog models, and seversl mathénstical techniques’.
This paper ie comcerned with the application of the last two methods
of enalysis, experimentation with analog models end mathemstical
techniques, as applied %0 the s‘mﬂ;}r of loads on & space vehicle.

An m@ analytical model of a space vehicle would ragnzré. 8
set of ;mai&m{a? mm@mm' eguations to describe both the ragié
l‘am elastic degreee of freedom. Since the wass of the vehicle eha%’eﬁ
as fuel is consumed, these eguations wamla 'nec#s-mmy hwm varying
eeéfﬁeients. A desciﬁ.y%efm of the externnl forces, such as the
motion of the atmosphere, would be necessary &s forcing ’m*amns
for the differentiasl equations.

However, the availability of certain types of atmospheric date,
aud the desire to simplify the asnalytical and computational ;;ram&@@s,
have resulted in aygpmimatmm to the exact analytical model. An
essential feature of most of these approximete anslytical approaches
is the use of & constant-coefficient snalysis vhen considering the
space vehicle as an elastic body.
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This investigation will attempt to determine what, if any,
significent ‘aiffemmea may be introduced by using the c:csmtant»
coefficient analysis as opposed G the more realistic variable«
coefficient awm«h. ﬁ‘he msxitmm ‘@f. %-he v&rmblewwefﬂeiém, |
elastic model %a aavem& ewmanm wind pmf’iiea is also invess
ﬁmteé* %e emaat of some of tha mnm in@wm% maic&l mmmrs
" is s@uﬁie%. Br1e£ mention is mﬁ@ az’ wme other ammiem tzeelmztg&aa
wnieh nay ’be appl‘sieﬁ to the :keaés mlyaia of syace whmiess. h
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physical aystem requires g compledte deseription

The analysis of &
of the physical system, the derivation of a set of differential
equations to represent the system and a method for obtalning the

solution of these equations.

Physicel System
For this study the space vebicle is considered to be restricted
to motion in a plane. The vehicle is sssumed to be flying vertieally
ough horizontal winds and angular deviations from the vertical

£light path are assumed small. The mass of the vehicle is uniformly
distributed and the chemga in mase is assumed to ocecur in & uniform
manner over the leangth of the vehicle, similar to the situstion to
be expeate& on a solid propelled single-stage vehicle. Both the rate
of change of mass and the specific impulse of the rocket sre assumed
constant, and therefore, the motor produces constent thrust.

The vehicle is an unfipned parabolic body of revolution, resulting
in an serodynamically unstable configurstion. The aerodynsmic
coefficients are determined by m&mﬁm or "slender-body” theory
{eppendix 4).

The vehicle is stebilized by rotating a gimballed engine and thus
deflecting the thrust vector. The engine is assumed to respond
instantanecusly to the control system command. Ae a matter of interest,
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since previcus studies have shown significant differences in respopse
vhen using attitude or angle-of«sttack control, parallel studies
using both systems were made. However, no effort is made to optimize
either control system and therefore, no comparison of ish,éir- relative
merits is justified.

The response of the vehicle will be examined by consideration of
the bending moment. This varisble is chosen because it gives sn
excellent indication of the over-all response and because of its physical
impw&ame as 8 measure of the loads acting on the vehicle. The responses
will be ealculated for an sltitude range from 20,000 £t to k0,000 £t.

The responses and loads for an actusl space vehicle would eaz*tamm
be influenced by the factors which are neglected in arriving st this
model of the system. However, the model retains the essentisl Peatures
reguired to study the y&rtwulw effects considered. It is beilmveé;
that the simplifications may sctuslly serve to clarify some aspects
of the 1@&&@ provlem.

BEquations of Motion
The eguations of motion are written in & right-handed body axis
coordinate system illustrated in figure 1. The equations of motion
in moving coordipates for a flexible missile can be written using
modified lagrange's equations.
Assuming that the elastic deflection can be represented by &
summetion of normsl modes

u(x,t) = Z Pulx)ay(e)



the kinetic and potentisl energiles can be written

Kinetic emergy = 3 E&%‘? + 567 + 3 3 162 . ‘ﬁ" y Myds®
o

rmwenxza& energy “*;-Ei *ﬁgﬁaﬁm

S G
e, o] o

oy = frequency of the ith normal mode
The lagranglen, L, ie then givea by

R AT Lt DI DI
i i

Substituting this expression in Lagrange's equations for moving coordinates

& Bz*'
&ﬁ 3%, z: Fx

4 3 3 é& Ej
P,
ﬁ"& aﬁfa ’ g ¥

d?&' ’%h'%m
&%*%%‘%% Z%

P aﬁa %y L 7

and performing the indicated operations yields



Mio + Mko ~ MOy, = S‘?x
Lensd

Somit

Wo + o + Mbo = ) By

Mydy + Mady + MgeyZqy “ Z Q3

The forces and momeunts which are considered as acting on the body

are those 'gwdmae;& by the engine (referred to as Jet forces and mats);

aerodynamic forces and moments, and gravity.

Zﬁ’xﬁﬁ_’ﬁ%g%&*ﬁggigg
Z Fy = Fyp + Fyp = Ug cos @

Y My = g o gy

Z Qg = Qip + Qg

Substituting the expressions for the jet forces and moments cbtained

in eppendix B, in equations (1) ylelds



i o= 2 - g o120 + P

1o + Hbio = x[zaé + Z @a(@)@a(*ﬁﬂ +7T ]% + }: @3'&3@;@J
L3

- Mg @M' 8 4 ?m

»ii

16 + 18 = m%ﬁa “ 1o Z @J{e}%(t} » ‘r[ze %+ S‘ P35 wmm )
3 L\ )

* 7 @é(ﬁiaéitgl M,
El

Myay + Mgy = ﬁ‘*’iﬁ@}[ﬁ - 10+
3

%(o)é,;(t}} + ?‘M@?[ﬁ + Z ‘?3?(@)’%34‘33}

+ Qua - MyoyPay (2)

Letting

% = ®y ¥ ¢ .
;{ﬂi,%ﬁﬁﬁ, y@ﬂ‘f??; g‘i % IhK‘@ﬁ; m%%%} and

M; = ML j‘j 9-%2 Eﬁéﬂaéﬁ = MA;

ond assuming- k and Af %o be constant in time, we obtain
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- 0y = % %% ~Esino %‘%

(3)

Since for s uniform mass distribution the frequency, @2, cen be written’

1 Bl M, M |
wiaﬂ%wﬁ 2.

and ve have & linear wase veriastion and & constent specific impulse
from the engine so that
¥ s Mo+ Mt

oo mgiapﬁ



then

ETE

Substituting the oer: dynam
sppendik i’ig mﬁ the ::mamts for a mmm bea.m ab‘ﬁmnaﬁ in ap s
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-
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3} ]
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g
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where it ,?;a%. assuned that the vehicle is fiying verticslly and experiences
only smn angular &esﬂsmztma from the vertical path, and we define

§m3~i%

B8O

cos @ = sin 8 =

Some additional equations sre necessary to completely describe
the system. Pirst, so expression for the control system and engine
Since we have assumed that the

response to controlesystem command
L deflcetion m&e

engine responds instantaneously the engine gimbe
can be set equal to the desired control commsnd. For this study &
am}.ﬁmé‘s'ﬂmﬁmx system is considered. The thrust vector is deflected
through an engle defined by the relation

8= K18 + Kob + Ks(o + o)

_ Kis Kp, and K3 are gain constants which are selected to give a
greswi;baﬁ vélue '@f frequency and demping in the rigid body :aiteh mode
ot mastimun dyncmic pressure. The value of riﬁiﬁ*w uneoupled pitch
node fmguemy and dsmping chosen vere %2 = 10{zad./sec)® and

Eyp = 2 sec.

| Two control systems are investigated. When Ky = 0, the vehicle
is essentially aﬁméymm A
When Kz = O, the vehicle will be referred to as &*mgmful&aé*

, stable end will be referred o as Mgamlmﬁ,
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The serodynamic forces vhich act on the vehicle are functions of
the angle of atteck, that is, the angle between the velocity vector of
the vehicle and the b@ﬁ:r axis, This ie in still air. ﬁ@éievey; if the
ﬁizs 15 moving relative to fixed space, then the air's motion produces
an additional angle of gtiack, which we will denote by g Assume
that both the still-air angle of sttack, «, &nd the windsinduced
and way be added to &g%emm the

engle of attack, oy, are smal.
vehicle's total angle of &*&m@k, a'.
Note that in the coordinate system
used, & positive angle of abtack

produces a negative .’3._5.;%?15‘ foree. horizontal axis
T et Vm & 5;62 ™ graa & a;i;séxiz}e- veloeity in i&aﬂm& space
¥y = horizZontal wind velocity
V. = velocity of moving air 'mmm to missile
The still-air angle of &%ack is
o .
Ge0-7 =ttt 8 o gand O
% %
In mﬂvias &3,2‘; ﬁm azsa&e @f | attack iﬁ | found in the following manner

V2 = v.2 + v, - 20V, cos(x » 7)

= W2+ v - vV, 7 for ¥ =y = ‘% and 7

Vo V..
sin oy sin{x - 7)
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sina = %35 sin{se - y) = %ﬁ sin y

o Yy REM .
Gy & sin~d %3- gin 7y = s@f&&ﬁ cos {l

Again, assuming small angles

g

B

7
Bl

“

O ¥

It is aleo necessary to determime the slititude in order to compute

the serodynamic forces. This is Obtained from the expression

'”‘t’
k= hg + j Yy @7
4 0O

Fioelly, an expression for the bending moment is necessery. This
expression is derived in appendix D and is presented there.

Solution of Bquations
The solutions of linesr differentisl equations with constant
coefficients are relatively casy to obtain by known enalytical m&h&&a&"ﬁ »
Linear differential equations with coefficients which are functions of
the independent varisble are ususlly treated as a semée class, and

.éﬁsem are as difficult %o solve as nonlineai ﬂiﬁf‘ere@m; éau&‘bi}aas«,



=

- However, the prineciple of superposition does ﬁmﬂy to varisble-
coefficient linear differential equations. In the case of systems
which cannot be represented by linear differentisl equations, direct
th%ﬁal anzlysis is most often impossible. It 1s aainetimea
possible to make certain assumptions to limearize these equations,
to obtain valid, if restricted, results. In addition, mumerical
-computetional methods may be employed to srrive ab the resulte.

| Féw all classes of r}mﬁ‘exemiaieqmwm » however, when the
f@rcing functions for the equations are &rbitr&rjy, and when &
gremmamr solutions sre necessgry, the work can be so %m consuming
snd laborous that a complete investigation is prohibitive.

The equations of concern in this si;uﬂ;;y’. were seen to be nonlinear
varisble-coefficient Qiffervential equations (although it is the author's
opinion that the nonlinearity is negligible. (See chapter III.)}) For
some of the investigations, the equations become lincar constants
coefficient equations by counsidering the vehicle at a discrete point
in its trajectory. 'Ij’he_ scope of the investigation made it imperative
to use some »emr means than direct mathematical enalysis to obtein
the desired solutions. Therefore, the results were cbtained by
employing & geansral purpose anslog computer.

The general purpose analog computer is a device which obtalns
solutions by establishing a msthematical model of the system being cone
- gidered. Components which are capable of performimg integration,
summation, multiplication by a constent, multiplication a;ﬁ two variasbles
-azlz;@ 8 variety of other msthematical operations, asre interconnected in

6 particular mamner s0 as t0 arrive at the gppropriste methematical v . .
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model., The computer represents the physical varisbles of the problem
by electrical voltages which cbey m‘la*&iomm;as similar to those obeyed
by the varisbles themselves. The solution of nonlinesr &Wemm&ai
equations or varisble-coefficient differentisl equations are not
apprecisbly more difficult to obitain on an snalog computer than are

r constant-coefficient differentinl equations.

the solutions to line
The process of treaslating the origiosl eystem eguations into

& computer configuretion which gives accurate results is called
"programing”. Progreming techuiques as well as computer operation
are discussed in detail in man:v‘ vooks®s 7.

The verification of emnm#mmi% is, of course, & necessity.
The computer operator mast make many checks to make certain ﬁheﬂ: a1l
computer components are opersting correctly end that they are inters
connected s0 as to obey the appropriate mathematical relationships.
A bigh degree of confidence »ﬁ.a attained when the computer results can
be checked against an independent solution of the problem. This
independent solution may be obtained by mathematicsl methods, if
possible, or on snother computer. For this study amn independent
solution for a particular cese was obtained on & high-speed dfgitel
computer. Some typicel results for both the snalog and digitel
solutions are shown in figure 12. Excellent asgreement of the two

sclutions is apparent.
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RESULTS ASD DISCUSSIONT

Response to Wind &hea.r Reversals

The first objective to this paper wse to attempt to determine
significent effects resulting from using variable @eﬁfﬁeﬁeaﬂz
differential equations in a wind :L@aéﬂ analysis of an elastic rocket.
i‘h.is was done, first, with the mﬁ@m coefficient equations using &
wind input which wee & function of altitude, and second, using fixed
" 7 coefficients with the wind input 85 a fumction of time. The input
wvinds, parameter ravges covered, and pertinent results are &iamﬁse&
in the following sections.
tion of wind shear

Descrip  reversals.~ The wind shear reversels

which produce the loeds the rocket are triangular waves, illustrated
by this sketch:

~ X

&i‘&iw@e

Wind veloeity
The wave is symmetrie, peaking at 35,000 feet altitude nesr the point
of maximum dynamic grémm in each trajectory. The wave lengthy, A,
is the total vertical distance over which the wind velocity persists.

18



Por the varisble coefficient ceses, the wave is symmetric about
35,000 feet altitude. When constant coefficient cases are examined,.
the coefficients of the differential equations sre fixed at their
values at 35,000 feet, vwhile this wind becomes a fumction of time
rether then altitude. The time required to pass through the shear
reversal; or the @ermé, is now determined i}_y dividing the wave Jength
by the fixed velocity of the rocket. %amxm wind wlmsgty ocours
at cne-half the period. |

g-moment Gistribution.~ A benéing*mmnt éistriwmm

aleng the ‘aaé;y of the vehicle is shown 5:; ﬁgxzm 2 for the wo ‘taa.sw
types of control. The loads in this case rﬁw&t&ﬁ from & wind shear
@wrsa& of 10,000«foob wave" length. In other wxﬁa; the wind

feet sltitude to

veloeity imereased linearly from zero at 50,00C
100 f£t/sec at 35,000 feet, and then decressed linearly to zero at

40,000 feet. The waximim bendiung moments were determined for each

%ypa of control as the rocket sscended through this wind profile. @he
a~control, i@, the control system which seeks zero angle of attack,

is seen to produce lsrger loadings then the G-control which maintains

a constant attitude angle. The large loads when the vehicle is

opersted in the a~control mode result directly from large inertia

loads infuced by the motor. The system hes no lag in the motor aqmtﬁmg
permitting the thrust vector 1o follow the wind inputs, with their

discontinuities, exmctly as commonded by the control function. This
produces large angular accelerations a5 well as significant &x@iﬁamm
of the @:hstie modes. Op the other hand, operation in the @-control
mode produces }zwg:tigib&a inertia loads, since the thrust is vectored

Just enough to cancel the destabilizing serodynanic moment, and does



not excite the elastic modes to any great extent. This will be

illustrated later in the paper. Also, vﬁhevmeatum theory acrody
predict very low normal forces snd pitching moments on a body of
revolution, such that the bending moments remain low @espite the lerge
axxg:lw of yaﬁtﬁé&,@m&twﬁ by the 8~control system.

The maximum bending moments for mge msﬁés oceur at the 0.5
and 0.5 b@ﬁy sﬁaﬁai@m‘ | Fer the remainder of 'eha paper; tha mamg
moment ot one ef ‘Biaetge: two stations ‘is arbitrarily chosen i‘w .

examisation.

illustrates a case where the usé of varieble coefficients can couse

& difference in predicted loads on the rocket. The meximm bending
mnt at ataﬁm % = 0.5 is shown as & function of the ratio of
first bending fwguemy to rigid-body pitch freguency. Note ‘that the
frequency ratio, @/fe,, is & measure of the stiffness of the strue-
ture since @y, the rﬁgm«beay pitech frequency, has been k@pﬁ constant

throughout the study. The imput is & 10,000-foot wave-length shear
reversal with a maximum veloeity of 80 f£t/sec. With O-control, the
bending moments calculated using fixed coefficients are about 20 mrw
cent higher than those calenlated with varieble coefficients. Nelther
shows spprecisble variation with freguency retio, indicating small
response in the elastic modes. However, the a~control behaves guite
&ii’feraaw The elastic modes are now contributing g large percentage
of the total bending moment, causing s variation with stiffness.

There is also an eﬁew from using the variable weﬁf@emms,. émging



from & reduction in predicted load at low stiffness levels to an
incmam: st higher stiffnesses. The magnitude of the predicted
Jogds differs by over 30 percent in some vanges.

Consideration of the effects illustrated in this figure will
show that they arise from ‘@h&ﬁ;&‘foﬁre of the input wind. a’aﬂx %shé; |
éaezﬁazeam of the equations ‘@f‘m*ﬁigﬁy the wind becones & mnfzman
of time rather than sltitude, vhile the rocket files through ém'a,
vind at constant velocity. In ‘&he varisble cﬁéﬁiﬁieﬁt case, %hem
rocket is traveling slower at lower altitudes, and thus takes a
longer time to reach the point of maximum wind. 8o, the transients
associated with the reversal of the wind shear will oceur with
different phasings with respect to the previously induced motions
of the vehicle. Then, depending on this pbasing, which in turn will
depend on the speed with vhich the rocket is traveling, %ﬁ wave
length of the sheer reversel, and the frequencies of the elastic
modes, the loads predicted using fixed or varisble coefficlents can
certainly differ.

Bending-moment varistion with veve lepgth. The differences
illustrated were those due to frequency changes of the bending modes.
It is anticipated that. @:iffe:ran_eas wonld also occur due to chapging
the wave length of the input. These are illustrated in figure &,
vhere bending moment is plotted sgainet wave length of the shear
reversal for two fregquency ratics using sngle-of«attack control. The
‘use of fixed coefficients predicted larger loads than cbtained using
variable coefficients at the longer wave lengths, for the frequency

ratios illustrated. However, at wave lengths below about 6,000 feet,
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‘again no difference was detectable. This is certainly in asgreement
with expectations for such a system - at short wave lengths, the
maximm responses aam within a very short time span such that
changes within the system (varisble coefficients) do not have & -
chance. to alter responses. ~Similer results were obtained with the
at%i%ﬁﬁwm;%é}_.- systen. o I
‘ ’ ust-tosvelght reti.~ The

differences in predicted bending womente; with and without variable
coefficients, which may be anticipeted at different thrust-to-weight
ratios are illustrated in figure 5. Bending moments at tvo freguency
ratios ere shown for the vehicle flying through a shear roversal of
10,000-foot wave length. The deviation in bending moment 1s largest
at low T/, reaching almost 20 percent, but becomes insignificant ab
the'.m,gh values, A% the m@;a tﬁm&%ﬁmwigm ratios, the rocket
passes through. the shear reverssl too rapidly for the change in system
paremeters to effect response. The deviation in predicted bending

for both .

noment appears to be ghout the same percent of the total

frequency ratios at thrust-to-weight ratic 1.5.
' Response to Measured Wind Profiles

The response of the elastic time varying medel o measured
. ALl of the wind profile

stmospheric ﬁﬁiﬁf& aate will now be examin
data vhich have veen availsble to designers until recently vere obtained
by tracking aMw ballwus Buch data are recognized to omit the
&mll*mle ﬂﬁétmtim, i.ev, gusts or turbulence, from the picture
they present of atmospheric motion. Recently, & technique has been



developed at langley Research Center which permits these smsll
perturbations of the wind to be measured along with the wind's

gross motion. This portion of the psper will present loeds for the
rocket flying through one of these detailed profiles and compare them
with losds produced by flying through profiles measured by conventional

ensured wind profile: The wind profiles are taken from
reference 9 and are presented in figure 6. The detailed profile,
1dentificd as the rocket smoke trail, was determined 8t 100-foot alti-
‘tude increments by photographic trismgulation methods utilizing the

exhsust trail of the rocket. Tvwo bel
pumber 1 being from a balloon relessed 3 hours before the rocket
was launched, while pumber 2 came from a balloon reléased three-

quarters of an hour after rocket launch, The bal
000 feet apart, con-
trasted to the 100-foot imcrements in the smoke«trail data. These

on data arve seen

to define the wind velocity with points gbout 2,

profiles actually extend from nepr sea level to over 40,000 feot
altitude, but, due to limitetions in the computer program, the cases
reported herein cover the 20,000-to 40,000-foot altitude range.

Such mild winds would not be suitable for design purposes, but
will serve for the comparisons vhich it is desired to mske. To make
the loads from the balloon data more severe, a third balloon profile;
number %, was artificially created from profile number 2 by extending
gne point, at 52,500 feet, until the wind velocity matched the maximum
wind velocity on the smoke-trail profile. This effectively sdds &
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wind shesr reversal, with 8 wave length of about 4,500 feet and
maximm veloeity of 40 ft/sec %o the existing bslloon profile.

comparing the responses due to the various input winds, it is con~
venient to examine the differences in these responses from the two
types of control. FPigure 7 illustrates these diffevences. The input
wind is the balloon profile mumber 3 which was just described.  The
time history of engine giumbal engle is shown for the a-control case,
along with the bending-moment response at station 0.3. The other
response trace illustrated is the bending moment at station @»&% for
8-control. With a-control, the bending moment follows the engine
sngle very closely. me predominant characteristics of this load ave

the zarga transient pesks, corresponding to pesks in engine angle,

5 in the wind input., The

vhich ocour im the regions of rapid change
main component of the load wonld ‘wéza to be imertisl; resulting from
the angular eccelerations of the vehicle as it follows the motor. The
losds with €-control do not exhibit this type behavior, but follow the
input wind directly. With this type control, rocket attitude is being
contrelled which prevents large angular accelerations from occurring "
and large and sudden englpe deflections are not reguired. The angle

of attack follows the wind profile so that the bending moment is prie
muy‘aﬁe to aerodynanic loads, Also, since the a~control results

in large, rapid engine motions,; the elastic modes are regponding with
greater magnitude than with S-control.



trail wind profile are i1llustrated in figure B. In tigure 8(a),

thé bending moment st missile station 0.3 is shown for the two types
of coutrol being considered - o~control and O-control. The rocket
parsmeters are wjfep = 7 end T/, = 5. The wind profile, shown st
the top as a function of time, begine at 20,000 feet altitude and ends
at sbout 41,000 feet. Maximum Synamic pressure for this Weﬁmxy :
‘occurs at 35,000 feet, near the peak wind velocity. However, this is
not necessarily the p@iﬁt of maximum losd, as the responses show..
With a~control, équal loads are profuced &t sbout 25,000 feet alti~
tude, corresponding to the first pesk on the wind profile. With
8«control the maximum bending moment does occur near the maximum wind
véimity; ‘Again, notice the &i@i"emﬂm in the form of the response of
the two types of control. The a~control seeks to reduce angle of

attack to zero, snd, in following the wind, produces large rigid-body

inertia loads as well as considerable excitation of the £irst apd
second elastic modes. On the other hand, the G-control maintains con-
stant atiitude so that rigid-body inertis losds remsin low bubt aero-
dynamic loads, due to the angle of attack induced by the wind, now
become large. (Dynamic pressure for the empe illustrated is approxi~
mately 5,000 1b per sq fi, so loads become large despite the small
angles involved.} ¥he net resul$ is to produce spproximately equal
maximum moments at this station for both types of control. “



Figure 8(b) ﬁh@»}at the bending-moment response to m smoke«trail
wind profile for three rockets of different m:stwwweigm ratios.
In esch case, a~control was used slong with & very lov stiffosss »

& firet mode frequency only thres times the rigid-body pitch frequency.
Changing the thrust-to-weight retio of the rocket changes the speed
with which i% traverses the wind profile and slters the dynamic
presgure which the vebicle sees. It ic notable, then, that the meximum
loade sre not too different. This comes sbout because; for the low
thrust-to-welght ratio cases, the control system is able to Keep the
net engle of atiack nesr zers, but induces large elastic responses in
the ﬁmmém For the THi, = 5 case, the control system is not able
to reduce the net angle of attack to zero, but the elastic response is
#mch yveduced. The elastic yesponse is the most noticesble difference
between the variocus cases. This is to be expected since the effective
frequency content of the wind changes, due to different rocket speeds,
.vhile the freguency spectrum of the structure has been held constant.

The differences in loade experienced by the rocket with c~control when
flying through different wind profiles are illustrated in figure 9.
The bending-moment response of & rocket with thrust«to-weight ratio 3
and freguency ratio 7 is shown at station 0.3 for two winde. The
bending-moment time history at the top of the figure is due to the
smeke~trall profile, while the bending moment shown in the bottom
portion is due to the balloon profile which has been called number 3.
This 1s the balloon-measured wind which has been adjusied by adding a
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shear reversel mear 35,000 feet to bring the peak velocity up to that
‘messured by the smokewtrail techanigue., Again, note the ﬁiﬁfﬁmmeﬂ in
ﬁhe‘ bending-moment response. Responce to the smoke-trail profile is
characterized by large firste-mode contributions, while the response to
the balloon profile shows lavger inertia loads with greatly veduced

maacioun bending moments resulting from the verious wind profiles are
shown in figure 10 for the rocket with thrust-to-weight ratio 5. 'The
bending woment at station 0.5 is plotted as a function of frequency
rabtio for @«control in figure 10(a), and for a-control in figure 10{b).
With attitude control, the loads exhibit little variation vwith fre-
gquency ratio, due to slight excitation of the elsmstic modes. Slightly
larger loads do ocour at lover stiffness, as would be expeeted. The
magnitude of the loads from the various profiles seems to correlste

with the maximim wind velocities of that ;awft;%:}.e. For exemple,

palloon profile number 2 has the lowest loads snd aleo had the Jovest
wind velocities. The largest wind -valﬁéimes from the balloon-. |
‘mensured winds were on profile mumber 3, seem to produce the largest
loads of the three balloon profiles. However, the smoke-trail pro-
duced loads exceed those prodweed by bvalloon pumber 3 by 8 to 12 per-
cent, although their maximum velocities were the same. Flying through

the wind from the smoke-trall measurement profuces the largest loads
éi;e' 10 greater excitetion of the eslastic modes.
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The picture is slightly different with aecontrol, figure 10(b).
Now, sinee angle of aismezkiﬂ being amﬁi@m@ inertia loads predominate.
The balloon profile producing the largest loads is number 1, rather
than number 3, due to the large transient inertia loads induced by it.
In fact, the smoke-trail wind produces larger losds only at very low
stiffnesses where large vesponses of the bending modes oeccur. In
general, for this simple system, it would seem that ben&iﬁgg moments

are more sensitive to frequency ratic when u-control is used.

The results just examined spplied to & rocket with 1ift-off thruat-
to-veight ratieo 5.0. The loads are also influenced by this parameter,
‘B shown in figure 11, vhere the maximum bending moment iz plotted
against thrust-to-welght ratio for two freguency ratios, ®jfwp = 3 and T,
and two inputs » the suoke-trail wind profile ami balloon profile
number 3. The bending moment at station 0.5, with O-control, is
presented in figure 1il(a), and with aecontrol, in figure m(b},

With attitude control, the loade inmcrease almost linesrly with thruet-
to~veight ratio for both frequency ratios. Again, this is because the
load is slwost entirely aerodynamic resulting from the angle of attack
built up by the wind. The bending moments due to the smoke~trail wind
are greater than those due to flying the balloonsmeasured profile in
every case, ranging up to almost 15 pereent at the higher thrust«tos
weight ratios. And egain, it should be noted that the lower stiffness
produced higher loads, for both inputs, over the entire range of thrust
weight ratios iavestigated.



The observations that lower stiffnesses and the smoke-trail foput
produce higher bending moments carry over to the a-control case,
figure 11{b). But nov the trend with thrust«to-weight ratio is reversed.
Where, with O-control, losds increased with this ratio, they decrease
when using a~control.. This ifs_-@xp&aﬁn@& by recalling thg% with
amcontrod, loads ave primarily inertial, produced by engine deflections
as the rocket tries to keep sngle of abtack zero. Aﬁ high thrust-tos
weight vatios, rocket velocity is higher so that effective angle of
attack due to the wind is reduced. Thus, less control is required to
keep the net angle of attsck zero and loads go down. Also, with this
type control, where bending response produces a larger portion of the

load, the differences between the loads produced by the two wind pro-
files are seen to vary much more with frequency ratio. The low stiff-
ness, wfl/% = 5, shows & very large increase 1n load, while the

frequency ratio T case shows only moderate incresses.
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Emme mrttm' imesﬁimm@a wmh %:hia simylhe m@el eaem to 'be
&n&icataéiﬁ Hmrever, it i¢ the e.u%hw‘e ;t%l:&ag tm:& ‘tme msmi;
syatem can be sﬂ.mpﬁiiﬁe& sst:ﬁ.l further so as to easa the anawgm.

m mast impartam aimplifimti@n wum be t@ xmaarﬁ.ae ishe ssys%m.
First we note that fm nost e@ﬁaié&mﬁms we way set V= x@. mg,
if we consider the é-ﬂiaa%imss we seé ﬁmﬁ tthe* emy mlia@&r im'mm
the aen@rifugal mme term eppearing in the %o equation, for if
) mm term were mglem;i, tmn :z;o wmam be aimply & function ﬁf m

g&v&n by

The equations would then be linesr 41£¢

varying cvefficients. Examining this term and noting that ] is &
controlled guantity and for the winds that arve being considersd %
134 tend to be small, it seems likely that the product would indeed

be small compared to the component of force produced by the thrust.
Instead of jJust omitting this term from the equation; it was.
decided, instead, to examine the complete set of equations to see if
superposition holds. If it does then the system may be considered linear.
Seversl such 1&&3&?&% checks were made and s typical one is shown in

figure 13.
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A further simplification which might be made in this cese is to
 consider only the first elastic mode, neglecting all others. This
simplification was indicated on the besis of the rune mede in this

study. It was observed that the second mode contribution to the bending-
moment response was extremely small and the third mode undetectable,

This can be explained in terms of the wide separation of natural
fmgﬂeacies of the normal modes for a upiform beam. A similar
sssumption for a reslistlc vehicle would be much less in order.

With these simplifications the system reduces to three degrees of
freedom, two rigid body modes end one elastic mode. The equations are
linear time-verying differentisl equatioms.

One of the chief advantages in having & linear system is that the
response to random disturbances is more essily studied. If the inpul to
& linear system is & normslly distributed random process them the response
is normally distributed. Thus it is only necessary to compute the
average the covariance in order to define the probability distribution
of the mswmem. An examination of the wind dsta available indicates
*‘&hé% the atmosphere is a nonstationary random process. A study of the
bending-moment response for a vigid vehicle to nomstationary random
inpute using a high-speed digital computer is deseribed in reference 10.
The suthor feels that the application of the analog computer to the
same problem, with the inclusion of elastic effects, is an ares for
further investigation.

Further, the spplication of specific analog computation techniques
may prove fruitful. One such technique is the “Adjoint Mathaa"up a8
method which reduces the labor involved in -\a‘&a@a{iﬁg the response of
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linear time-verying systems. The adjoint method yieixis in & 's'sgﬁzaglef
conputer yun a weighting function, which by @W&nﬁi@mx@tﬁ@ﬂs
‘requires a large, if not infinite, mumber of runsl® . fThe response to
a large variety of inputs; including arbitrary inputs can be determined

in one computer run. Particularly, the mean square response to white
Gausslan noise is readily sttainsble. The possible extension of this
téchnique to nonstationsry random process is an arés for fubure study.
The present study :t-,nalui&eﬁ; the va:iatiax& of bending-moment response
with thrusi-to-welght mﬁi@ and frequency ratio. Several other
parameters :Lnfméneg the response,; €.g., ‘iet;?gtk of vehicle, specific
iwmpulse. The e-ﬁ:’e@f&s of the&e other parameters on the bending-moment
response should be determined. In connection with the study of the
effects of varicus parameters the possible use of "parameter imﬁeme

coefPicients” 13 will be considered.
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The aerodynamic forces scting on the missile will be computed
using slender body theory as described in reference 1%. Following
the reference, the lift distribution slong the axis of the body is

given by
il %, asx&uaém‘“
1E,b) ﬁ(}; = M)s(x;)ﬂxgﬁ}

vhere 8(X) is the cross-sectional ares distribution along the center
line of the missile and W{XK,t) is the downwash veloeity of the fluid.
As suggested by the reference, and for simplicity, the contributions
of the elsstic motions to the downwash will be neglected, and the

wash will be given by
WEt) = Va! - U - Fe.g.)b
Thus, the 1ift distribution becomes
Uk, 6) = -pV $%{ﬁ}[§ a! = (% - sie,,g,)é] + a(:‘&)[»éj} + as(i%{) V&

where, for simplicity, it ie assumed o' = &. Aerodynsmic forces and
moments acting on the missile are found by integrating this lift

distribution as follows:
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Performing the indilcated operations, we get for these forces and moments

?yﬁ_ = pSe




Nondimensionalizing these eguations, we get for the aerodynamic

forces

m éé’-%hﬁ MQ{(L)“’ * "’”E‘mg&* (f

Sa

b %%Lﬁ;if’{ @ U o (5) &

# %[ | (:?é - ﬁﬁiﬁ;&)t@i(;) %)

Or, for the a.emﬂymmws in the ele.zatim m&i@a&

m = Q;iﬁn %‘ 2 {( ) Cyya’ + (c:ma * ei;.;,a)

where

ity 3» - =] -- -
Gi1 = ‘:/ P1(X) m—“;x; ax
Jo

S0
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The method of reference 15 will be used to determine the forces
and moments acting on the missile due to the rocket exhsust. From
reference 15, the force acting on the missile at the face of the

rocket exhaust due to ountflowing gas is

where the integrations are to be performed over the gres A of the
mﬁ:& exhaust. In these equations; p is the density of the exhaust
gas, v is the vector veloeity ﬁf\@hﬁ exiting fiuid; %71 1s the
velocity of the exiting fluid relative to the e.g., ¥, 1s the velocity
of the exiting fluid relstive to the exbsusting surface, A is a
differential area vector .m fhe direction of £luid outflow, end 7 4s
sust relative to the ﬁwg.@

the vector locating the ex
To compute the Jot forces for the present system, the vector

guantities can be written as
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6 = -ah|cos(ug’ + 8) I + otalue’ + 8) a:]

Ve lky = ve cos(ug’ + 8)| 1 # [ o « 168 = vo stnlug' + 8) + 8| J
Ue ° ¢ <] e

——

Vp = | wve conslug® + ﬁai + Ev& sinfug' + !‘a):] 3

Uy = | ev, cos{ug' + %)] ias [wjz@% « vo sin{ug’ + B) + u&] 3
8 |

Peeleitue

where 1, J, K are unlt vectors along the body axes at t&w Coe
Performing the indicated operstions, we can find the jet forees as follows:

Ve ¢ QA = vedh

Row; sssuming the outflow of gas is uniformly distributed over the
exhausting surﬂéee of &he- réﬁ&e‘&;

= “P¥olt E‘% « ve cos(ue’ + %}] i+ E{f@ - led « Ve sin{ue' + 8) « u{] 3

33 ”.“*@V@-ﬁ X %;
= wpveA { voug cos(u,’ ¥ 8) ¢ vol, sin (u' + ) + 3,20 - leﬁe} k

‘A pressure force, due to the back pressure op the nozzle, face,
also acts on the missile. This force is normally combined with the
Jet force to give the thrust. If the back pressure is given by Pes

then the vector components of the force due to it are



presgsure force = p.A feasﬁ%* +8) 1+ sim{tze’ + ﬁ) 3}

pnd the moment produced sbout the c.g. is

pressure moment = «pA (1, sinfu.’ + 8) + U, cos{u,' + 5;} k-

Now, combining the jet and bac
force and moment acting on the vehicle become

Fy, = Pvh % - ve coslug' + ﬁ{] + Peh cos(ug’ + B)
% - «,w@\ '.irﬁ - z"éé “ Vg a-m({-ﬁé‘ 4+ 8) + ﬁ,;] * DA ﬁiﬁ(%* % B)

My, = “PVEA|Veug co8(ng' + 8) # Velg sinlug' +8) + 2578 - 1&“@]

-~ Peh|le :si’i‘z(%"‘ * &} L™ méﬁ%* 4+ %;i]

Define the thrust as
T = PAVS 4 PA
amﬁ matmg '#M-ﬁ %hg'méa flow rate is ,givmi by
5& % =pAVE
ve get for these forces and _mma
Pxe = Mxg + T cos{ue' + 8)
Fy = ﬁ[&a - 140 + é@] + T sin(u,' + 8)

5&% = &Eeaé - 'leégw ?E»_a. sinfug’ + 8) + ug cos(u,' + a{]

‘W@s@t&m» tem, the components of
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If the angles & and ue' are assumed mm such that
cos{ug' + 8) = 1 and sin{ug' + 8) = ue' + 8, these equations are

By = Mko + T
Fye = ﬁE}o - e + u% + '?{ué*# &)
Mz = ﬁ[}aﬂé - zaua] - ?Ee(ue* + 8) -I-%ie:]
or, w?zea the elastic deformation is assumed to be made up of a

sunmation of normal modes

u(x,t) = Z pi{x)qs{t)

Fxe = Mxp + T

—

Fy_ =Hlyo ~ leb + }: pi{o)as{t)| « 7|5 + Z @3'(e)asi(t)
i i -

« T 'Ze(& + Z @i;féa'}qiﬁﬂ%))

—
e

Mz = M| 1% - 1e }; 91(0)as(t)

_
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UNIFORM BEAM CONSTANTS

The equations of motion can be simplified by assuming the missile
under consideration behsves like a uniform beam. Thus, the mode shapes
are koown and can be teken from auy convenient reference’®,

With the mode .sm;ma mrsrms,,zeﬁ to give unit deflection at the
trailing edge of the missile (X = ), the constants in the eguations
of motion can be listed as i‘aizws

93{0) = 1.0, 1= 1,23

9y'{0) = »&6#7
95(0) = -7.859
@3”(@3 s «11.,0
Ay = j: @igﬁ}]?ﬁ = i-, 1= 1,2,3

In addition, the following geomelric constants cap also be listed.
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The bending woment acting et any station slong the missile will
be found by the modal acceleration method. That is, the loads along
the missile will be Found, and then the moment due to these loads
computed. Loads which will be considered ave serodynsmic and inertial.

The loads at any station are
Aerodynamic:

+ ps(X) {?ﬁ;ﬁ*}

Inertisl:

o

Pylmt) = Ll (G, ¢ By - E0) o (%« 5 008

Then the moment at a station X 18 given by

IS S .
BM.(x) = 12 f& (F = )palist) « pylEst)]at

Substituting for pe(%,t) snd py(%,t) and noting that
i E} = M, we may express the bending moment as
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The integrals necessary for the inertial contributions to the
bending monment are

Jo (- Rt =

Bveluating these integrals yields
Ds = iﬁ (2 + 21 - %)
Duy = *ﬂm@j( £)

Algebraic manipulation then leads to the following expression for
the nondimensional bending moment

| %?‘ ) P gfx, {(L)B*‘M *,3-@%@*%3)

. The constants appearing in the egustion were evaluated for the
stations of interest and are listed in Table I.



ﬂeiher, R. E. ig : ; ATt A ‘ NOB s
jethods. chrmz ef’ aem@’,mw ﬂmmeﬁa.f
@E‘il 963., P 2&&”29 8

Bisplinghoff, Reymond L., Ashley, Holt, Halfman, Robert L. Aercel
mrmaa, Mass.: Addisien-Wesley Publishing Co., Inc., ,1955. ’

Random Vibration. Technology Press of the
i Technology .

Crandall, Stephen H. Rand
E&am&useﬁta 15&3]1 A -tea

pmputation. Vol. IV, McGrav-H1l1 Book Co., Inc.,

F ifar » ﬁtmey 3
igé1.

Geissler, Brnst D. Prob! . in de §: tion of large
Guided Missiles. Mrwmcza Engimarmg, ‘Vel« 19, Ho. IC
G’@m@r‘ ?; PP+ 2&"‘29; 6&“72&

Hausner, George W., and Hudson, Donald E. Applied Mechsuic
Van Nostrand Company; Inc., Prianceton, N. Jw; l%'ﬁ; '

Hanry, B@‘bert. ﬁaa 2 Sranﬁm; %ame Wey 'Iﬂalafmm, ﬂamlﬁ a. 3 mﬁ

Johason; Clarence L. HMeGraw-H111 Book Cos,

Inc.; lgﬁﬁa B

Earplus, Walter J., and Boroks, Welter W.
Book Co., Inc., 1959

MeGraw-Hill




o WMW @“. STructursl Dynanics of
loe Angeles; Callf., April 1 %lw

Bew York:



clyn, No Yo May 13, 1934, CGraduated ;ﬁ’m Boys
High School in that city, Jenaery 19515 B.S.; Brooklyn College, 1953.
Bntered on active duty with USAF ac Second Lt. August 1955.

Completed active duty, August 1957. Assigned to NACA for that period.

Employed by the NASA £rou February 1958 to present time.

Experience totals in excess of five years, in the field of pz*%;xmmg

and operating analog computer and system analysis.

21



52

VIV TVOTEINON -*1T JIEVL

0 .0 0 0 0 0 . 0 0| 00°T
92¢00° - 69¢00° ¢2H00" - ¢200° = Goo* - ¢Co00° ~. | £0000* 2100* 06°
64900°* = | 6L600° gQeTo" - Lgoo" - 020° - TSL00° - €000°* T1600° 09°*
Lo®oo" - zero® - GH20° - 0gTO" - Gho* - 26L00° - 2200° Hgec0° oL*
#TTO0" - TTT10" 0620° - Ggeo” - T90° - 610TO" - 0H00°* 2¢HO° Go°
06T00" - H7B00* Gego" - ¢620° - 080° - 0geTo° - 9900°* g190° 09°
HTHOO" - 66+00° gheo" - 7GC0" - TOT® - OHHTO® - ¢oTO" 2hgo* GG*
06100° - 0 GGeo* - |. LTHO' - et - 0T4TO" - TSTO® oTT® 0g*
H#THOO"* = 65100° - gheo” - 6L70° - 6T - HEHTO" - 120" oft’ aHe
06T00° #1800° = Gee0” - oHGo" - 0gT" - 1QTT0° - 2620° #LT* ot*
#TTOO' - -| TITO'- .{ ©0620°- 86G0° - T2 - QTLo0" - elel o) |k G
Loxoo* - 2eT10" - G230* - ¢g90" - Gte* - LT000° - ¢0G0": e’ 0’

- 6%900° - 6.600° - - g¢TOo" - Lylo* - 0e¢” - €gTeo’ L6L0* 6¢¢” oz*
92£00° - 69200° - ¢2H00* - | 0Tgo"- cot* - g26so*" QTT” Heh® otT*

0 0 0 €¢g0°0- 004°0- 00T° 0 L9910 ¢¢s o 0

mﬁﬂ NGQ , .._nﬂmH DQ . : .:D“‘ mh_” ND”. HQ Ux
¢g600° 9 T00° Q10" - ¢ C200° = B
6¢L0° - Gro - | o 2 - 19g%
69100~ g0TO" 0~ ¢zg o~ T 0o 2 o
¢ - T > T /8
_ , o008 0¢z = 951
1,




- /—VE'RTICAL REFERENCE

ELASTIC AXIS

~ELASTIC DEFLECTION
X

THRUST VECTOR

3

Figure 1l.- Coordinate system for ascending rocket.
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iFigure 12.- Comparison of analog and digital time histories of engine
deflection and first-mode defléction for step wind,
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(a) Bending-moment time history due to flying through wind shear reversal.
x = 0.3, A = 10,000 ft, (Vy) = 4o rt/sec, a-control.
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(b)’Bending~moment time hiétory due to flying through wind shear reversal.
x = 0.3, A =10,000 ft, (Vy)p,, = 80 ft/sec, a-control.
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Figure 13.- Demonstration of system linearity.
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