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ABSTRACT

A simple one-dimensional theory is prescunted vhich demonstrates
the possibility of measuring the electrical conductivity of a moving
conductor by measuring the decay time of the transient part of the
eddy current induced vhen the conductor moves into a steady megnetic
field. In the limit of large magnetic Reynolds mumbers the conduce
tivity depends only on the velocity of the sample and not on the
gecmetry. Ixperiments sre described which are in good agreement with
theoxry up to magnetic Reynolds numbers of about seven. For higher
magnetic Reynolds mmubers the cneedimensionel theory bresks dowm;
however, the consistency of the data is such thet a calibration
may be made.
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A TECIDTIQUE FOR MPADURIIG THE ZIOXCTRICAL

CONDUCTIVITY OF MOVIG COUDUCTORS



INTRODUCTION

Measurements of the electrical conductivity of moving con-
ductors heve been performed by several workers in the past few
years, notably on steady plasma flows and on the ionized boundary
layer encountered by reemtering space vehicdles.

In 1960 a method was suggested by Gourdine for, neacuring simle
teneously the local electricel conductivity and velocity in s
steady plasma flow.l The techniqgue utilizes an exciter coll placed
equidistant from two sensor coils. When s conductor flows through
the three coils and the exciter coil is energized from an a=¢
source, & difference in amplitude and a phase shift may be measured
betveen the outputs from the two sensors. The messurement of 's;hese
two guantitices ellows the calculation of the velocity and conduce
tivity of the flow.

Another device hes been developed by Fuhe and others at Space
Technology Ieboretories which is capable of measuring the integral
gver cpece of cuB.2 Phyeically this device consistc of a Ueghaped
magnet which has its poles flush with the skin of the reentry vehicle

vhose boundery layer ic to be analyzed. The magnet is ene}?:gized by

lgourdine, Merodith C., A Technique for Making Local Measurements
of the Conductivity and Velocity of a Plesmaject, Plesmadyne Corp.,
Report ?}0! PIB‘?lt Jum 28, 19600

Qﬁ‘uhs, Allen E., Development of & Device for Meacuring Electrical
Conductivity of Ionized Air During Reentry, Space Technology Leborae
tories TR-60-0000-09256. ASTIA AD 252-220. Sept. 20, 1960.



e coil powered from an s~c source snd there is a sensor coil located
between the msgnet poles adjacent to the missile skin. The emf
induced in this coil is used to compute Ug';uzad«r. The assumption
is mede in the theory that the induced megnetic field 1s mich smaller
than the applied one. This is shown to be the equivelent to the
requirement that magnetic Reynold's mmber, ou,ul, vhere I is a
characteristic length, be mach smaller than unity.

fhe only attempt (insofar as the suthor has been able to find)
to deal with the conductivity of a transient flow such as occurs
in shock tubes or plesma guns wes made by Lin, Resler, and
Kentrowitz.® They were interested in measuring the electrical cone
ductivity of ‘the plasma produced behind a shock wave in a cyline
dxical shock tube. To do this, & d-c coil wes placed over the tube
with 2 sensor coll a fev centimeters upstream from it. Ac the aslug
of conductive nmaterial passed into the field induced currents caused
a change of Tlux in the semsor coil. ;

The theory of this device utilizes the cylindrical symmetry 'to
write integral equations describing the voltage V and the integrel
of the voltege ¢ as a function of the axisl position of the front
of the slug and the axiesl distribution of conductivity. The impulse

function

rR
g(x) =] F (x,r) B, (x,r) ar
G

31.1:1, 8. C., Resler, E. L., and Kantrowits, Arthur, Zlectrical
Conductivity of Highly Ionized Argon Produced by Shock Waves,
J. APP10 mys., vol. 26, No. l’ Jan. 1955.
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where F (x,r) is the flux through the sensor coil due to s unit
current ring of radius r and distance from the sensor, x, is
eveluated by calibrating the device with a moving metallic rod or
slug. The dependence of the voltage pulse shape on the axial verise
tion of conductivity is also calibrated.

The precent investigation also involves en analysis of the
transient part of the induced field as does the Lin, Resler, and
Kantrowitz technigue. Unlike any of the investipgations cited sbowve,
the model usced shows no strong dependence on geometrys OSince the
model ic easlly solved using separation of variebles, differential
cquation technigues scom more appropriate than the integrel equation
spproach of Iin, Resler, snd Kenmtrowibz.

¥hen a moving conductor penetrstes a magnetic fleld eddy currents
are induced vhich, by Lenz's lav, tend to exclude the ficld from the
Zonductor. The ficld is distorted, begins to diffuse into the
conductor, and finally spproachecs & steady state. The time reguired
for thiec equilibrium ctate to be attained may be expected to depend
on the conductivity of the material into vhich the field is diffusing.
In the present experiments relaxation time is recorded by means of a
nrobe coil placed in the magnetic field to monitor the local rate of
change of the magnetic flux density. The decey time of the probe
signsl as displayed on an oscilloscope can then be used to measure
the eclectrical conductivity of the sample. Rote, however, that the
length, 1, of the sample must be such that the transit time (1/v) is
large compeared tco the 8ecay time to be messured; that 1s, the sample

must eppesr to bc semi-infinite.
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CHAPTER I
THOORY OF THE CONDUCTIVITY PROBE

The governing equations for the problem three of Maxwell's

equations
-
- - a}g
\?';<B=su0.]’+60m0$€ (1)
- 3B
V 2ZE B & o 2
5 (2)
7.-8B=0 (3)
and Ohm's law for noving medla
T=0(E+V D) ()

1]

Combining equetions (1) snd (4) one obtaine for the msgnetic induce

tion in & moving conductor

- - "
7 5B = oug (§+vx§)+e0uo§‘- ()

Taking the curl of this.equation and employing the vector identifiesl’-
ViV iBav (v B «RE
'
VA(vAB) =T(@ - D+ B VNV-B(W-DN-(F-7)3
one obtains from equations (2) end (3), sssuming J constant
o>

@ﬁawo{gi*(;'v)ﬁ}*‘wo%} (6)

1‘G. E. Hay, Vector and Tensor Analysis, Dovor Publications, Inc.,



Since the sepsration constants which eppear in the solutlion of
the differential equation lead to exponentially decaying terms for
the time~dependence, one predicts that, after a long emough time,
only the lowest mode in the Fourier series will be of importance.
The "decay constant” or 1fe-folding time of this tomm is easily
obteined, and involves ji,, 0, Ly, end v. It thus provides the
desired relation between ¢ and a measurable quantity, the decay
constant.

Bquetion (7) becoames in onedimension

BW..ydB+2 P8 ()
ot . oug Ox°

The variable may be scparsted in equation (9) by the usual substitue

tion
B {x,t) = T(t) X(x)
which glves
T, X,
T X ous X

where o 1is the separation constant. Looking first at the equation

for the timeedependent part

'i=cm'->'l‘==ea't

Solutions which grow exponentially with time camnnot be sllowed since
e stationary solution is anticipated ag +t —»w. Thus, a = 0 or =3,
vhere f 1is a positive resl quantity. The solutions with a = Q

lead to the steady-state golution which is not of interest here.



Hote, however, that the ratio of the displacement currenmt term to the
ternm in the bracket is sdw/a, vhere ® is the reciprocal of the
characteristic pulse width. Thus for typicell metallic conductivities
(o ~ 10 mho/m) the displacement current term is negligible for

all @ hbelow the soft xe-ray rogion, that is, for 1/w > 10=17 geconds.

-

41

G NEe A RS ()

vhich has the fom of e dlffusion equation.

A twoe or three=dimensional treatment of this problem is complie
cated by the fact that there is no such thing es a magnetic field with
sherply defined boundaeries; in fact, a field with only one nonzero
component would be uniform over all space, and the moving conductor
would never “enter" the field.

Instead of & realistic multidimensional model, it is proposed
to solve the following one«dimensional ldealization. Before the
conductor enters, essume s magnetic field in theq: zedirection which
is zero except for a region of width L, in the x«lirection. 1In
this region, the field hes constant megnitude By before the entry
of the conductor. The differentisl equation in one dimension is
solved for the megnetic field in this finite rerion of length I
under the assumption that the solution at t = 0 ylelds the magnetic
field which was present before the entry of the conductor. This
somevhat artificial assumption is cguivelent to ignoring the transit
of the leading edge of the conductor through the ficld, but sllows

one to expand the induced field in a Fourlier series.



With o = «§

T4 P =0T = e Pt

X" - Gy VX' + OugB X = 0
The solution of latter equation can be written in the fom

X = e%'x/?{ﬁ,e& + Aae"a>

vhere

2
oL
o[22 - ot

In order that a nonzero solution exist only over a finite region
of space (0 < X < Iy), a8 required by the one=dimensional model, X
muet be mressibie as a Fourier series, that is, & must be image

inary. This glves

2
OB > (E;'?Y')

Thus B is glven by




and B = 1/r, the 1fe folding time for the amplitude of B and

anfor is .
koo Lop©

BE + (2wm)2

T =

(10)

vhere Ra is the magnetic Reynolds number, R, = o, v xb.ﬁ
For the cape vhere Ry << 2mn, v 1s dependent on the charace
teristic fleld dimension, Ip, but independent of the velocity
o R

o i
gy’ w

This smme result has been reached by Goldetein in commection with
the problem of penetration of magnetic fields into incompressible
1asmas. 6
For the opposite extreme, R, >> 2mn, I, drops out and T goes
Like 1/v2

T e {(12)

In relating the theory to the cxperiments only the first term

of the FPourler series will be teken (n = 1). This approximation

is suggested by the fact that n is contalned in [ quedratically,
end hence the higher modes damp out much more repidly than the first.
This decision is further supported by the fact that the oscilloscope
traces are found experimentally to heve an exponentiasl decayi the sum
of exponentials of different argument and amplitude would not be
Sxponential.

500\!3.11:3, 2. G., Magnetohydrodynamica, Interscience Publishers,
Bew 'ﬁ)rk, 1%7’ P 6.

66&186?;&13, Melvin, The Penetration of Magnetic Flelds in
Incompreseible Plasmes - Part I, PIEMRI-O19-01 ASTIA AD No. 29Lhgh,
Folytechnic Institute of Brooklyn Microweve Research Institute,
Brocklyn, New Yorik.




CHAPTER IX
EXPERIMERTAL APPARATUS

The first magnetic probes werc made by placing a 110 turn
coll of bl AWG copper magnet wirc directly in front of a cylindrical
Alnico magnet of 25 mm length and 4.5 mm dlsmeter. A second coil,
identical to the first, but wound in the opposite sense, was cone
pnected in séries and located 7.0 cm from the first coil. This
coll was intended to cancel induced effects due to possible external
flelds. The sssembly of magnet and colls were cast in epoxy resin,
and the resulting cylinder received & 3 X 10*2 mm coating of chemie
cally deposited copper electricelly connected to the braided sheaths
of the two Microdot output cebles. This was finally encased in an
8 ma pyrex tudbe with a flat end window in front of the probe coil.
It was anticipated that thies probe would be used to measure plasma
conductivities in a coaxlal plesma gun hence the electrostatic and
induction shielding was deemed necessary.

8ince the sample conductor must have the configurstion of s
plane gheet for comparison with the theory, it wes reasoned that
the coaxial plasma gun, at least in 1ts present configuration, would
not provide s suitable apparatus to test the technique.

Hence, a broad blasded propeller of 122 cm diemeter with inser-

table tips, 20 o by 5 cm, was used. A 200 hp varisble frequency

10
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motor wes used to drive the propeller, The tips, which pessed close
to the prodbe and served as test samples, were of type 347 sta&inless
steel and alumimns alloy 202473, respectively. The electricsl cone
ductivity as obbained from manufacturer's data of 347 stainless
ptoal 18 1.25 x lQé mbofm; for aluminum, 2.27 < 107 mho/m. The motor
coi2ld be regulsted smc thet the velocity of the tips past the probe
could be varied from k7 mfsec to 300 m/sec. The speed of the motor
wae measured with an sircraft-type tachometer vhich was calibrated
sgainet & Jemeral Bsdio Strobotac.

The prodbe ¢oll was comnected to a type L presmplifier in one
channel of e Tektronix model 555 dusl besm oscilloscope. The output
sigoal of gthe plus gate of this chennel was then used to trigger a
Ruthexrford time~delasy pulse generstor, model A2, vhich triggered the
horizontal syeep of the second chamnel of the oscilloscope.

The resson for this arrangement wes that the signals caused by
the action of the tips pessing the probe varied in axplitude due
to the difference in the tip conductivities., The first chanmel of
the oscillosoope could be triggered by the lerger of the two pulses
(corresponding to the transit of the elumimm tip), end the trigger
signal from the Rutherford time-delay pulsc genmerstor could be
delayed by & time corresponding to a halferotetion of the propeller
to delay the pulse corresponding to the stainless steel tip or by a
time equivalent to a whole rotation to resd data for the sluminum,

1k
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CHAPTER III
EXPERIMENTAL RESULTS ARD DISCUSSION

Pypical signal trzces are shown in figure 5. In the oscile
logrem at the top of the pege the lower trace corresponds to the
stainless steel sample entering the flield. The time scale for this
trece is 50 microseconds per large division. The top trace shows
the pulses received in slightly more than a 180° rotation time for
the propeller. The large pulse of the aluminum (wvhich triggers the
upper channel and the time delay pulse generetor) is on the left
end the pulse of the stainless steel is seen about two thirds way
across the cscillogrem. The time soale is two milliseconds per large
division. The velocity of the stainless steel sample at the time
that this oscillogram was taken was 133.5 meters per second. “’A
similar oscillogram showing an aluminum pulse on the lower trace is
seen at the bottom of figure 5. The dip of the trace below the zero
line in each case is due to the fact that the sample traverses s
weak field vhose direction is opposite to that of the maln field
Just before the main field is penetrated.

The decay time, 7, hes been determined from these oscillograms
by taking e point to the right of the pesk vwhich 1s on the expo-
nentially deceying slope and measuring the horizontal distance which
corresponds to the l/e emplitude decmay. The fact that the decay is

purely exponential wes checked by making semilog plots for a

16



2 ms/div
9 v/div

IQps/div
0.9v/div

Velocity = 13*5 m/sec

nBHM

2 ms/ cxiv
5 v/div

Aluminum

Velocity = 109 m/sec

Figure 5.- Typical signal oscillograms.
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representative sapling of the oscillograms; a typical example 1is
shown in figure 6.

In figures 7 end 8 the decsy time, T, from equation (10) has
been plotted as a function of velocity, v, and magnetic Reynolds
mmber, R,, using the velues of conductivity quoted above and
L, = .5 mw, the dismeter of the magnet pole face. On figures T
and 8, respectively, one notes that the dats are in considersble
dissgreegent with the theoretical curves. This may be explained
by the divergent nsture of the magnetic field eminating from the
prode magnet. The dimension, L., which hes been taken to be 4.5 mm,
the magnet diasmeter, eshould ectually represent an average dimension
of the Bb field in the conductor under investigation. In the
case of & bar magnet, the pole<face diameter is obviously a poor
awxfmmtion. Boting that the data on figure 7 ere in the velocity
independent region it seems reasomsble that the value of Iy se=
lected was too samll and & lerger value would result in good agreee

ment, Consequently, equation (10) is solved for I, to give
y

ln"zt2

L, = (13)

| o, (4 = ou vr)

and the point « = 3.4 10'5,. v = 10° is inserted to give a cor-
rected value for I, of 1.57 em. The corrected value of Iy may
be interpreted as the effective dimension of the fleld at a distance
of 1.2 cm from the end of the megnet at vhich distence the moving
condustor passed. Theoretical curves using the corrected value of

L, are compared with the data on figures 9 and 10. Roté that this
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Figure 6.- Semilog plot of the decay of the two typical
traces shown in figure 5.
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gorrection hes put the experimental date for stainless steel into
good egreement with theory. The progressive deviation of the values
for alumirmm from the theoretical curve will be discussed in the
next chapter.

The lengths of the error bars were dictsted by two consider-
ations. In the case of the steinless steel dsta the emplitudes of
the treces from v = 47 meters per second up to & velocity of
approximetely 100 meters per second were comparsble with the noise
level (~ 150 microvolts). "The height of the error bare for these
cases were determined by use of the formmla

vmiaa

~ 100 = percent error

vm@lihade
It wes assumed that & reading error of 5 percent was reasonable for
the reat of the points.

Seversl different probe geometries, distances of seperation
from the magnet to the sample, and angle between ; and the long
axis of the probe were tried. The results were gquantitatively the
same. More or less correction was mede to L, depending on how
well the configurstion approximeted the oneedimensionel model on
vhich the theory was based. In figures 11 and 12 data are presented
which vas taken with a probe constructed using a 0.5 weber/mz
magnetron megnet with a pole face~diameter of 3> cm and a gap of
2.5 om. A 100«turn coil wes fastened onto one face with epoxy

t
cement and the blades were allowed to pass between the poles.

ok
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In figwres 11 and 12 the theoretical curves use I, = 3 om,
the poleeface diameter. From the fit obtained one may conclude
thet this configuretion needs no correction for fringing. This
is certainly a better spproximetion to the one~dimensionsal model.
This probe wvas alsc capable of producing higher magnetic Reynolds
mmbers. The constency of the sample velocity under the large
izpulee forees associsted with this probe 1s demonstrated by the
fact that the deta seam to be compatsble with that obtained from
the smaller probes.



CHBAPTER IV
COMPARISON OF THEORY ARD EXPERIMENT

The reason for plotting the data as & function of magnetic
Beynolds number is that R, 1s e measure of the interaction of
the field vith the moving conductor. It is reasonable to expect
that for lsrge magnetic Reynolds mumbers a marked deviation from
one dimensiomality will occur and the one«dimensional theory will
break down.

looking at figures 10 and 12, one notes that a straight line
drawn through the data on these figures will be tangent to the
knee of the curve, By * 2¢. For Ry < 8rx rether good egreement
between theory and experiment is ocbtained.

In oxder to determine vhether the devietion of theory from
experiment followed & consistant pattern for s8ll of the date taken,
the function

wvas computed and is shown plotted in figure 13 as e function of
magnetic Reyooldes number. Note that all the points appear to fall
on & common curve with very little scatter. Insofar as its use as
a mespuring device 1s concerned, the probe may thus be calibrated
for the region R, > 2« wvhere the theoretical model breeks down.
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Figure 13.- Deviation function, 7, versus magnetic Reynold's number to
serve as a calibration for high magnetic Reynold's fumbers.



CHAPTER V
CONCLUSIORS

The validity of the theory hes been established up to the
point vhere the incressing dynamic interaction of the field with
the conductor causes the one«dimensional model to cease to apply.
It was felt to be cutside of the scope of the present work to
try to formnlate s multidimensional theory since such a problem
would no longer have stationary boundaries and would be quite
difficult to solve. The emphesis has rather been to investigete
whether the deviation of the one«dimensional theory from the
experimental date 1s of a systematic nature with respect to the
strength of the field«conductor intersction. Thet this is true
has been establiched.

The ¢uestion of epplicability of this probe must be answered
in connection with a perticular experiment. The use of this probe
for detormining the conductivity of plasmoids in flight is open
to question because of the inherent nonuniformity of the plasma
boundaries and because plesmoids alwsys have z "frozen-in" magnetic
field. It is felt, however, thet the present approach to thie
tecknique reveals more in the way of information needed to assess
its applicebility to specific cases than would an integrel equation
approach to the multidimensional problem.
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