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ABSTRACT

Computer calculations of the bremsstrahlung intensity,differential
in photon energy and angle, resulting from electrons of initial energy
‘from .5 to 3.0 MeV being stoppedvin thick targets of several atomic
numbers have been made. In.this calculation the Bethe-Heitler formula
corrected for atomic screening and the Sauter-Fano high-frequency
1Timit formula were used to predict the bremsstrahlung cross secéions
for the electrons as they are brought to rest in the target. The
electron distribution in the thick target was determined through the
use of a Monte Carlo type calculation which utilized ;he multiple~
scattering theory of Goudsmit and Saunderson. The effect of the
fluctuation in %% on the electron distribution was aléo included. The
calculated intensities compared favorably with experimental data for

electron-bremsstrahlung produced in thick aluminum, iron, and gold

targets.
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A CALCULATION OF ELECTRON-BREMSSTRAHLUNG

PRODUCED THICK TARGETS



INTRODUCTION

High energy electrons in passing through matter lose a portion of
their kinetic energy in radiative interactions with the atomic nuclei
and atomic electrons. In these radiative interactions, the kinetic
energy lost by the electrons is in the form of photon emission known
as bremsstrahlung. The intensity of the bremsstrahlung radiation
produced per incident electron depends primarily on the atomic number
of the target material and the electron energy. Bremsstrahlung can
constitute S significant soufce of secondary radiation and the
calculation of its intensity is often required in conjunction with
background determinations and shielding studies,

Calculations of bremsstrahlung production for thin targets,

e.g. a target whose thickness is such that electrons traversing it

lose no appreciable energy by ionization, suffer no significant elastic
deflections and have only one radiative collision, may be made from
crogss section formulas derived by Sommerfeld (ref. 1) for nonrelativ-
istic electron energies and by Bethe and Hielter (ref. 2) and others
(see ref. 3) for relativisfic electron energies. Analytic formulas

do not exist for the intermediate electron energy range where the Born
approximation is not expected to be valid; however,'humerical calcula-
tions, although very tediéus,'can be made to obtain the cross section
values (ref. 4),

For the important practical case of a thick target where the
electron's energy and direction is significantly affected and multiple

radiative collisions may occur, analytic or empirical formulas are very



scarce as well as highly approximate in nature. The derivation of
analytic thick target bremsstrahlung formulas have not been possible
because of the complex mathematical form of both the thin target

cross section formulas and the electron energy and angular distribution
functions in a thick target. The only general approach available for
calculating thick»target bremsstrahlung intensities with reasonably
reliable results is a numerical calculation based on the elementary
processes occurring during the progress of an electron through the
thick target. Because of the complexity of a numerical calculation of
this type and the scarcity of experimental data with which to compare
the results, only a few such calculations were made before 1962 (ref.
5 and 6).

With the discovery of the earth's trapped radiation field where
intense regions of high energy electrons exist and with the advent of
manned space flight into these regions, a new emphasis has been placed
on the thick target bremsstrahlung problem. The dose from bremsstrah-
lung radiation must be accurately known to assess its potential
biological hazard to man. The necessity to determine these doses has
prompted the_National/Aeronautics and Space Administration to sponsor
seyeral experimental and theoretical studies of the thick target
bremsstrahlung problem.

Under these NASA sponsored studies, theoretical calculations and
experimental meaaurements of the angular distribution, spectral
distribution, and total intensity of bremsstrahlung produced from

electrons passing through thick targets have been made. The



theoretical calculations are based on various_approximations and
idealizations of the elementary processes involved in thick target
brémsstrahlung production and have been made by both numerical inte-
gratibn»and Monte Carlo techniqueé. The resﬁlta of both calculational
techniques have been in fair quantitgve agreement with the experimental
results for the electron energies and target materials with which

they have been compared. The region of poorest agréement has been the
lower and upper extremes of the photon energy spectrum. The reason
for poor agreement of theory and experiment for this region can in
part be traced back to the approximations used in describing the
elementary processes.

It is the purpose of this study to make numerical calculations of
thick target bremsstrahlung produced by eleétrons of 0.5 MeV, 1.00 MeV,
2.00 MeV, 2.8 MeV, and 3.0 MeV which take in account more accurately
the elementary processes involved and to compare the results of these
calculations to the experimental values recently measured by

W. E. Dance and co-workers at the LTV stearch Center, Dallas, Texas.



CHAPTER I
REVIEW OF PREVIOUS WORK

General analytic expressions for thick target bremsstrahlung
intensities have not been derived owing principally to the inability to
represent thin target bremsstrahlung formulas in simple analytical
terms and to the complex distribution of electrons in both energy and
angle in a thick target. The only analytic expression derived from
theoretical considerations for thick target bremsstrahlung is the
formula due to Krammer (ref. 7), and this formula predicts only the
bremsstrahlung spectral distribution. Also, since the formula is based
on nonrelativistic theory, its application is severely limited. For
electrons whose kinetic energies are on the order of and greater than
the electron rest mass energy, numerical calculations are the only
recourse presently available, aside from empirical formulas, for calcu-
lating the angular distribution, spectral distribution, and total
intensity of thick target bremsstrahlung production.

Several numerical calculations have been made during the last
decade. In each of these calculations, various simplifications and
approximations have been made in order to carry out a numerical
evaluation of thick target bremsstrahlung intensities. It is
attempted below to 1ist the method and approximations made by each
investigator in his calculation. The review, however, will be limited
to electron energies‘representative of those in ;he earth's trapped

radiation field and, therefore, not cover calculations for extremely

\



relativistic electron energies.

The first calculations of the spectral distributions at discrete
angles of thick target bremsstrahlung for moderately relativistic
electron energies were made by Miller, Motz, and Cialella (ref. 5).
These calculations were made for 1.4 MeV electrons striking a thick
tungsten target. The bremsstrahlung spectral intensities were calcu-
lated for photon energies from .4 to 1.4 MeV at angles of 0° and 90°
with respect to the incident electron beam. The intensity of the
photons per unit energy interval at energy k per steradian at angle

¢ per incident electromn, I(k, ¢), was estimated from the integral

To 27 77
I(k,¢)=f II NA{I-B(E)} N;(E,e,W)Ur(E,k,e)sinededv%%dE (1,01)
kt| © © ' ’

where To is the total energy of thg incident electron, N, the number
of target atoms per .cubic centimeter, B(E) corresponds to the
fractional number of electrons of energy E which have been back-
scattered out of the target, Ne(E, €, ¥) represents the angular distri-
bution of electron velocities as a function of electron energy,

cr(E, k, 8) the differential bremsstrahlung cross section, dE/ds the
stopping power, and the angles ¢L A, Yy, and € are defined in figure 1.
The derivation of the integral is quite straight forward. The
expression { 1- B(EB) } Ne(B,e,¥) sine de dy

gives the probability that an electron whose energy has been reduced
from its incident value T, to E in passing through the target is
traveling in the direction defined by angles € and , and the
differential cross section "r(E’ k, A) give the probability per tar-

‘get atom that an electron of energy E will emit a photon of energy k

6



in the direction defined by §, The number of target atoms encountered
by‘the electron in the energy interval between E and E + dE is given
by N, %% dE . The integrand of equation (1.01) therefore gives
the probability that a photon of energy k will be emitted in the
direction ¢ as a function of the electron's energy and direction. By
integrating over the energy and angles of the electron as it is brought
to rest in the target, the total probability for emission of a photon of
energy k in the direction ¢ per incident electron per steridian or the
intensity I(k, ¢) is obtained.

By expanding.the angular distributions of electrons and the

bremsstrahlung cross sections in terms of Legéendre polynomials as

1 .
N, (E,¢) = 2= Z £, (E)E, (cose) (1.02)
.- E,!
e (E,k,0) = S:é.ff). Zgn(.‘;‘,k)?m(cosefs (1.03)
m

Equation (1.01) may be integrated over its angular variables and yields

T
No 'O G EKNR 2 d
I(k,¢)=—f {I-B(E)} L= f(E) g (E,k)P(cos¢) —=dE (1.04)

In evaluating equation (1.04), the Bethe-Heitler bremsstrahlung
cross section formula was approximated by o.(E, k) = 11.5 [1-k/(E-1)],
which the authors estimate to be good to about 5% from .4 to 1.4 MeV,
the multiple scattering theory of Goudsmit and Saunderson was used to
‘evaluate multiple scattering effects, the energy straggling was neg-
lected, the stopping power was estimated from the Bloch formula and
assumgd constant from .4 to 1.4 MeV, and the fractional number of back-

scattered electrons was taken from experimental data. With these

7



approximations, equation (1.04) was evaluated for photon energies from
.4 to 1.4 MeV at 0° to 90°.

A comparison of the results predicated by equation (1.04) and the
measured bremsstrahlung. intemsities at 0° and 90° is shown in figure 2.
The theoretical values in this figure have been corrected for photon
attenuation in the tungsten target and surrounding medium. The measured
and theoretical curves show that the energy distribution and the rela-
tive intensities of the radiation at these angles are in qualitative
agreement., However, the absolute-intensities indicated by the measured
curves are about a factor of two greater than the theoretically pre-
dicted values. The authors believe the discrepancy‘arises primarily
because the Bethe-Heitler bremsstrahlung formula underestimates the
bremsstrahlung cross section for electrons in this energy range.

A recent calculation has been made by Scott (ref. 8) of the
angular distribution of bremsstrahlung for electrons of about the same
energy as that of Miller et al for thick aluminum and iron targets.
Scott's formulation of the problem is analogous with that of Miller
et al with exception that the photon attenuation and build-up in the
target, and a correction for electron-electron bremsstrahlung is
included. 1In this calculation the photon intensity I(k, ¢) was com-

puted by numerical evaluating on a high-speed electronic computer the

triple integral

To2mm
e d ~Wmt,/cos i
T(k,$)=(1+2)(I- Hen ¢ g
(k )=(1+ )1 Rl!ﬂ[ £ NpBe Pm xS ON(E I Op(E kDIsine de dvqRdE | o

where k,‘ €, Y, N,, E, N.(E, ¢, y), E, m.(E, k, ) and dE/ds have the

same meaning as defined earlier and (1-+%) is the electron-electron

8



bremsstrahlung correction factor, B and u, the build-up and attenuation
coefficients respectivity for photons of energy k, t, the perpendicular
target thickness that an electron of energy E has to penetrate to leave
the target, and R the fraction of backscatter electrons, Since the
factor (1-R) is not included under the integral signs, backscattering
is taken into account only in a very approximate manner in this formu-
lation.
In evaluating this integral, the exact form of the unscreened
Bethe~Heitler cross section formula (equation 2BN, ref. 3) was used;
the Goudsmit-Saunderson multiple scattering theory was evaluated for
a screened, Rutherford‘scattering cross section, neglecting energy
straggling and radiative collisions; the stopping power was estimated
from the Bethe formula; and electron backscattering values, the photon
attenuation and build-up coefficients were taken from experimental data.
The calculated values obtained from equation (1,05) are compared
to the experimentally measured bremsstrahlung intensities of Dance,
et al (ref. 9) for aluminum and iron at 0° and 30° for 1.0 MeV electrons
in figures 3a and 3b. A better comparison Bétween the theoretical and
measured intensities is obtained for these targets and electron energy
than those obtained by Miller _5‘_1 for tungsten. The closer agree-
ment of theoretical and experimental intensities arise not from the
inclusion of eiectron-elect;on bfemsstrahlung, phbton attenuation and
photon build-up or from the use of the exact form of Bethe-Heitler cross
section and Bethe stopping power formula,'but most likely from a better

estimate of the bremsstrahlung cross section by the Bethe-Heitler



formula for the lower atomic numbers,
Scott has also made a calculation of the photon spectrum integrated
over all photon angles (ref. 10). The photon intensity, I(k), was

obtained from the integral

1w =

-y, (k)t, ds .
w1 Nor(Ek)e = (€ 3 9E (1.06)

where T _, E, k, ds/dE, um(k), and t. have their previously defined
meaning and nr(E, k) is the unscreened Bethe-Heitler formula integrated
over all photon directions. A comparison of results predicted by
equation (1.06) and experimental results of Dance et al for 1 MeV
‘electron incident on a thick aluminum target is shown in figure 4. The
calculated and experimental results compare quite favorably with only
small deviations at high and low photon energies.

A different approach to the problem of calculating thick target
bremsstrahlung intensities has been taken by Berger and Seltzer
(ref. 11). 1Instead of an integral formulation, a Monte Carlo technique
has been used to calculate the angular and spectral distributions of
the bremsstrahlung intensities from thick targets. A combination of
electron and photon Monte Carlo programs were used in order to take
into account correctly the motion of the electron prior to producing
bremsstrahlung, and'scattering and absorption of the bremsstrahlung
photons before emerging from a target in the shape of a slab formed by
two infinite planes. The incident electron direction was taken to be

perpendicular to the slab.

10



The electron part of the calculation was done by a reduced random
walk Monte Carlo model based on the Goudsmit~Saunderson multiple
scattering thgory and the continuoqs-slowing-down approximation. The
photon part involves a random sampling with the use of the method of
expected values and the unscreened Betﬁe-ueicler bremsstrahlung cross
section formula empirically corrected. The calculation ignores electron
energy straggling, Compton electrons and pair electrons, and brems-
strahlung in turn produced by these?particlea.*

Comparisons of the theoretical intensities obtained from the Monte
Carlo calculation and experimentally measured intensities at 15° are
shown in figures 5a and 5b for .5 and 2.0 MgV electrons respectively
incident on chick aluminum targets. The comparisons are,in general, quite
good except for the low photon energy extreme.

In summary, the4calcu1apions of Miller et al are in qualitative
agreement with the experimental results they obtained for 1.4 MeV
electrons striking a thick tungsten target. However, the measured
intensity was a factor of two greater than the calculated theoretical
value. The discrepancy is explained on the basis that the Bethe-
Heitler formula underestimates the thin target bremsstrahlung cross
section for electrons in this energy range. Scott's calculations are in
better quantitative agreement than those of Miller et al for 1 MeV

electrons striking thick aluminum and iron targets. The ggreement is

*More recent calculations by Berger do include these effects;
however, they do not substantially improve the agreement of the cal-
culated and measured bremsstrahlung intensity at the extreme ends of
the photon energy spectrum.

11



is best for the intermediate photon energies and discrepancies are
noted at both the lower and higher photon energy extremes. Both Miller
et al and Scott 1ntegtated over all electron angles and energy to obtain
the bremsstrahlung intensities. Berger's Monte Carlo results are in
quite good agreement with experimental values except at the lower

photon energy extreme,

12



CHAPTER I1

COMBINATION INTEGRATION -~ MONTE CARLO APPROACH TO

THICK TARGET BREMSSTRAHLUNG PROBLEM

The calculations reviewed in the last chapter indicate that both
the integration and Monte Carlo approaches to the thick target:brems-
strahlung problem give reasonable good results over a considerable
part of the spectrum. The primary differences betweéh the two calcu-
lations are as follows: (1) the Monte Carlovqalcuiation incorporates
electron backscattering from the target in the electron transport
theory, while in the integration calculation backscattering must be
allowed for by a separate experimentally determined multiplicative
factor to correct the multiple scatter;hg theory; (2) The perpendi-
cular distance the electron has penetrated into the target,‘which is
necessary to know to properly take in account photon attenuation, may
be computed in the Monte Carlo calculation, while the path length
which is not necessarily the perpendicular distance of penetration
must be used in the integral calculation. If the backscattering data
was accurate, the path length equal to the perpendicular electron
penetration distance, results obtained from the integral formulation
woﬁld be identical to those of the Monte Carlo treatment for an infi-
nite number of electrons striking the target. The primary disadvan-
tage of the Monte Carlo calculation is the amount of computer time
necessary for calculating a spectrum with reasonable statistical

accuracy. A single spectrum (containing 19 points from 0° to 180°
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in steps of 10°) calculated by the Monte Carlo technique takes about
30 minutes while an integration calculatioh takes only about 15 seconds
on an IBM 7094 computer.

The largest single source of error in the calculations discussed
probably arises from the use of the unscreened Bethe-ﬂeitier cross
section formula. Experimental results for thim targets indicate that
the unscreened Bethe-Heitler formula overestimates the cross section
for low photon energies and underestimates the cross section for high
photon energies. The inaccuracies are due to screening effects and
failure of the Born approximation at the lowrand high photon energies,
respectively. Other errors are 1ntroduced.b§ neglecting the effect of
radiative collisions on the stopping power and electron distribution,
and the secondary effects of bremsstrahlung from Compton and pair
electrons.

Theoretically, it would be possible to take in account all of the
processes involved in thick target brensstrahlung”production, but to do
so exactly would present a calculational problem of such magnitude that
it would be unsolvable because of the practical comnsiderations of com-

puter speed and storage. It is possible, however, to 1nc1ude some of

the processes that were ignored in the calculations that have been dis-

cussed and still solve for the thick target bremsstrahlung intensities
in a reasonable length of time. The Monte Carlo type calculation would

be ideally suited for including the above mentioned processes if it were
not for its already long computing time. To circumvent this problem, a
hybrid calculationcan be made by including the electron transport part
of the Monte Carlo calculation in an integration scheme to caléulate

the bremsstrahlung intensity.

14



In this scheme, the thick target photon intensity I (k, ¢) 1is

given by
To 2
- 'Um‘tx/c p . ..d...§
I(k’¢)_NA J:l{ J;e os ¢ Ne(E,G,‘P)O}(E,k.O)SInG de dy dEdE (2.01)

where Ny, To, k, u,, t,, o,(E,k,0), %%3 $ ¢, ¥, and @
have their previously defined meaning and Ne(E,é,qb is the electron
distribution function with backscattering included. In evaluating
equation (2.01), a Monte Carlo calculation would be used to determine
Ne(E,e,yo and \tx . The effects of radiative collisions on the
stopping power and the effects of energy straggling on N.(E,e,y) and
ty can easily be included in the Monte Carlo calculation., The elec-
tron transport Monte Carlo calculation takes about five minutes on
the IBM 7094 computer to run for 2000 electrons incident on the target.
The integral given by equation (2,01), excluding the time taken to
evaluate Ne(E,e,qb, may be evaluated for nineteen photon angles in
10° steps from 0° to 180° and for twenty equally spaced photon energies
in about five minutes of 7094 running time when the Bethe-Heitler for-
mula is used to calculate 0 (E, k, 8). These point; are spaced close
enough to allow for the calculation of the photon spectrum integrated
over all photon angles, Tﬂe total time of evaluating equation (2.01)
for this number of points is then about ten minutes.

In the following chapters, the form ghe thin target bremsstrahlung
formulas, the electron stqpping power formula, the electron distribu-
tion function, and the photon attenuation coefficients to be used in

equation (2.01) to take in account the elementary processes more accu-

rately will be discussed.
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CHAPTER II1I
THIN TARGET BREMSSTRAHLUNG CROSS SECTION FORMULAS

The quantum mechanical treatment of radiative interactions by
Bethe and Heitler form a basis from which the spectral distribution,
spatial distribution, and efficiency of the production of X-rays may be
calculated for thin targets. A summary of the bremsstrahlung formulas
obtained by Bethe and Heitler are presented in a review article by
Koch and Motz (ref. 3), and the derivation of the cross section formula
and formalism used by these authors will be adopted rather than that of
reference 2, The following discussion is taken from reference 3.

The bremsstrahlung cross section dg for the emission of a single
photon from a cubic with sides L is given by the transition probability

per atom per electron divided by the incoming electron velocity. This

cross section can be expressed in dimensions of cn?  as
P 3
2L ) 2
49 " AR T/Ey) (moc) & IHis] (3.01)
where
_ thzLﬁdkdndep
B (2mBm,c2 (3.02)

and E,Eo and P,Po are the initial and final energy and momentum
respectively of the electron, k is the photon energy, dOp and dQ,
elements of solid angle in the direction of electron and photon
respectively,

The term pg 1s the density of final states and Hy¢ is the matrix
element for the transition of the system from an initial state 1

before the emission of the photon to a final state f after the
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emission. |H, .| may be written as

IH’fl=(2k:‘g )(moc ) Ifq’ (’I -o‘t)e-'k°r VIdtI L_9 (3v03)

-

where ) is the unit polarization vector of the photon, ¥ is the
Dirac matrix and i); ~nd ¢f are the initial and final Dirac wave

functions. The cross-section can be written as

|37QF pEo lkr

2
C2ma YidT| kdkda,dap (3.04)

| [ % She

In order to evaluate the bremsstrahlung cross section formula
(3.04) exactly, the matrix element of exact wave functions which des-
cribe an electron in a screened nuclear Coulomb field must be used.
Unfortunately, it is not possible to solve the Dirac wave equation in
closed form because the electron wave function in a coulbmbkfield must
be represented as an infinite series (ref, 12). A numerical calculation
is possible using exact wave functions, but because of the tediousness
of the calculation only a few such calculations have been made to date
(ref. 4). Therefore, to evaluate (3.04) it is necessary to use an
approximate wéve function and, preferably, one that will yield analyti-
cal cross section formulas. Since we are in general interested in
electrons energies in the relativistic and the near relativistic range,
only the Born approximation technique will be discussed. In the Born
approximation, the electron is represented by a free particle wave
function. Perturbation theory is used to solve the Dirac equation,

The cross section formulas obtained by using the Born approximation

technique with free particle wave functions, yield relatively simple,
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but lengthy, analytical formulas for relativistic energies with or with-
out screening. The Born approximation fechnique of solving the Bethe-

Heitler equationS‘is good provided that

22z
1378, << 1 (3.05)

and

222
1378

where 5;, B represent the electron velocity divided by the speed of

<< 1 (3.06)

light before and after the radiative collision and Z, z the charge of
target atom and electron respectively. Equations (3.05) and (3.06)

are always satisfied for electrons of relativistic velocities and light
elements except when energy of the emitted photon is nearly equal to
the electron energy, the so called high-frequency limit. Even when
equations (3.05) and (3.06) are not strictly satisfied, the Born
approximation formulas have yielded surprisingly good results.

When equation (3,.,04) is evaluated for wave functions obtained by
the use the Born approximation procedure applied to the Dirac equation,
the bremsstrahlung cross section forﬁula, for an unscreened, infinitely
heavy nucleus, that is differential with respect to the photon energy
k, the photon angle 90, and the electrons angles 8 and¢ (see fig. 6)

is obtained and is given as

2% 12 dk n*dg, p> sing
(o, (k,0,4,8,0) Jys= 137 4 k ﬁ; {(E-pcose)a(ago'q )

+ pgsinaenb(azg_qa) _ 2pp,8inBsinb,cosp(4EE,-q°)
(Eq-pcos6y)® (¥ -pcosB) (E,-p,cos8,)

_ 2k%(p®sin® gsina90-2pp°sinesin9°cos¢0 }

(E-cos6) (E,~pycosf,) (3.07)

18



where Z = atomic number of target material,
2 2 -13

r =e |/ (mbc ) = 2,82 x 10 cm (classical electron
radius).

EO,E = initial and final total energy of the electron in mbc?
units,

PO,P = initial and final total momentum of the electron in moc2
units.

k = energy of the emitted photon.

A ,8 = angles of P, and p with respect to k.

¢ = angle between the planes (P, k) and (p, k).

dk = element of solid angle, sin AdA_dp in the direction of k.

dp = element of solid angle, sin aded«p , in the direction of p.

2

q = momentum transferred to the nucleus in m c units.

The subscript us denotes the unscreened cross séction. The quantities
E,, E, P,, P, and q may be calculated from the relationships
Eo=TT,+1 E= T+1

Po= [To(To+2)] 3 p=[T(T+2) ]

where T,, T - initial and final energy of the electron in a collision

2

in m_¢© units,

(o]

Equation (3.07) may be corrected for the effects of atomic and

2

nuclear screening by introducing the multiplicative factor [Fn - Fol
where Fn and Fe are the nuclear and atomic form factor respectively.

The nuclear form factor is roughly equal to one and the atomic form
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factor is given by the expression (ref. 13)
- sin(qr 2 .
¥, (q,2) gf [ p(r)(—és.lD r2dr (3.08)

where n(r) is the electron charge distribution, r the radial distance
from the center of the atom, and q the momentum transfer to the
nucleus. Equation (3.08) has been evaluated by Nelms and Oppenheim
(ref. 14) for various elements using the Hartree self-consistent field
method and the results are shown in figure 7.

The contribution of the bremsstrahlung resulting from the atomic
electrons can also be incorporated into equation (3.07) by a multi-
plicative factor (ref. 15). If it is assumed that each atomic electron
behaves like a simple charged nucleus in the radiation process, equa-
tion (3.07) may be made to include the effects of the atomic electrons
by multiplying it by (1 +-%?.

The screened differential cross section corrected for the effects

of electron-electron bremsstrahlung will then be given as

[g(k,8,,0,8) ] = [141/2](1-F(,2) 1 [0, (k,0,0, Jus (3.09)

To obtain the total cross section for the emission of a photon
whose energy is between k and k + dk and the emission angle is bet-
ween 90 and 90 + deo, equation (3.09) must be integrated over all

electron angles:

217 1
oy (k,8) I = 2n f f [1+1/2](1-E, (3,2) ] 5106, [0, (k,0,0,4) J,sdodp (3+10)
(-]
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If screening is neglected, i.e. Fe equal to zero, équation (3.10)
may be integrated to give the well-known Beth-Heitler formula for the
unscreened cross section differential with respect to photon energy

and angle:

2 3 -2
(0, (ks 80) Jys = ~eiToP s1n9°{881“ 0 (25 +1) 2(SELHIEEGHS) 2(p2-k?)

137(4)kp, S Py A° Q® A3

+ 4E s L L [ae sin 9&(3k-p§E) f._z_g(zama) 2-2(7E3-3EE,+E?)
Pod.’ PPo P2 A pe At Po 45

WG] e L Sy[4 &m0 )

(3.11)

where
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A comparison of the unscreened and the acteeﬁed bremsstrahlung
cross sections, is made in figures 8a, Bb, and 8¢ for a number
of photon energies and angles. In these figures, the ratio of the
unscreened cross section to the screéned.cross section is shown at
various photon energies for aluminum, iron, and gold at electron

energies of .5, 1.0, and 2.0 MeV. The screened cross sections <;::9.3
were computed by numérically integrating equation (3.10), and the form
factor values were determined from the cdrves shown in figure 7 (ref.
14). The comparison show, as is to be expected, that the screened

cross sections differ signific;ntly from the unscreened cross sections
only for small photon emission angles and low photon energies_and that
the difference increases with increasing atomic number.

At the high frequency limit, i.e. ;hat point where the photon
energy is equal to the electron energy, the Born apbtoximation is
grossly violated, and the Bethe-Heitler formula predicts a zero cross
section. This shortcoming of the Bethe-Heitler formula has been
emphasized by various experimental studies (ref. 16 and 17) which indi-
cate that the cross section has a finite value at the high frequency
limit.

A Sauter approximation method has been used by Fano (ref. 18) to
evaluate the bremsstrahlung cross section at the high frequency limit.
In this calculation, which applies to an outgoing electron with velocity
near zero, the bremsstrahlung cross section is related to the photo-

electric cross section by detail-balance arguments and involves expan-

sions in power of 2Z/1378, and 2/137 instead of 2Z/1378 as used in
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the Born approximation (8, and R are, respectively, the incoming and
outgoing electron velocities divided by the speed of light). The cross
section formula differential in photon energy and angle for the high-

frequency limit as obtained by Fano is given as

32

Z rodk in ©d6e - - 3.12
[o,(k.O.)Jk,.‘ 57k -F“,—‘m——kz (1-B, <086 (1+.5E(E;1) (E52) (1-Bcos) ] (3.12)

This formula when integrated over A gives

2°r, dk EgBy (4  Eo(Eo- )[ 1 (1-»30
- b—2 — J970 1- 1 3.13
Lor (10 Jeoy, 137 k (E,- 1)3[ E,-1 28E2  \1-8, (3.13)

A comparison is shown of the cross section values predicted by
equation (3.12) and the experimentally measured values for aluminum
for electron energies of .05, .5, and 1.0 MeV (ref. 18) in figure 9.
The comparison shows that the théoretical cross sections are within
experimental limits of the measured Qalues for aluminum at these
energies, |

In figures 10a and 10b, the screened and unscreened cross sections
as predicted by equations (3.09) and (3.10) as well as the cross sec-
tion at the high frequency limit is compared with the experimental
data_(ref. 19) for aluminum at photon emission angles of 15° and 30°
and electron energies of .5 and 1.0 MeV. The screened cross sections
were computed by numerically évaluaﬁing the integral given by
equation (3.09) and making use of the form factor values given in
figure 7. From these figures, it is seen that the screened cross
section is lower than the unscreened cross section at low photon ener-

gies and more closely approximates the measured values. At the
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intermediate photon energies, the screened and unscreened cross
sections are equal and at the high energy photén region both cross
sections underestimate the measured cers section values. The
theoretical cross section at the high frequency limit is above the
Bethe-Heitler cross section and is very near the measured values.

At these electron energies and photon angles for aluminum, it appears
that the experimentally measured value can be approximated quite well
by using the screened cross section formula (equation 3.09) for low
energy photon, the unscreened cross section formula for intermediate
photon energies (equation 3.11), and the formula due to Fano

equation (3.12) for the cross section at the high frequency limit.
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CHAPTER IV
STOPPING OF ELECTRONS BY MATTER

Energy is lost by electrons as they pass through matter primafily
by inelastic collisions with the atomic electrons and radiative inter-
actions with the atomic nuclei. The importance of each of these pro-
cesses is dependent on the energy of the electron and the atomic num-
ber of the stopping material. The point at which the mean value of the
ionization and radiative loss are equal is called the critical energy.
A graph of the critical energy as a function of the atomic number as
calculated from the empirical expression given by Berger (ref. 19) as

800 Mev (4.01)

erit” 70,2
is shown in figure 11. The circles on the graph are values calculated

by Berger from theoretical considerations. The critical energy varies
from 403 MeV for the hydrogen molecule to 8.36 MeV for uranium, and
gives a convenient dividing point for determining when which of the
energy loss mechanism is the most important.

A very detailed calculation of the energy loss and range of elec-
trons in matter which considers both ionization and radiative losses
has recently been made by Berger and Seltzer tref. 19) and the follow-
ing discussion borrows liberally from this work.

The total stopping power for electrons is given as the sum of the
mean ionization and radiative energy losses per unit path length in

gn/cm2 as

(%) ioﬁ B -;1; (%)rad (4.02)
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where p 18 the density of the stopping media.
The mean ionization loss may be calculated from the Bethe stop-
ping power theory, and using the formulation of Rohrlich and Carlson

(ref. 20) is given by

1 (dE o 2N, romoc Z T(1+2) ) q
B ; (?l-s:) 1on { [ 2(1/m, ca)z:l +F(T) (4.03)

where m°c2 is the electron rest mass energy, T 1is the electron
kinetic energy in mocz units, B8 = tT/T + 2]% / (r+ 1), Z and A the
atomic number and weight respe¢tively of the stopping medium, I the
mean ionization energy, N Avogadro's number, /7, the classical radius

of the electron, and § the dehsity effect correction. The mean
ionization energy I can, in principal, be calculated theoretically;
however, because of a scarcity of detailed datavnecessary for the cal-
culation, I is usually determined empirically through analysis of

data from stopping power experiments. Experimental data for protons

or other heavy charéed particles are usually used, rather than electron
dgta, because the energy loss straggling and multiple scattering cor-
rections are easier to make. Mean ionization energies obtained in this
manner, are subject to considerable uncertainties; however, since 1
enters eqﬁation (4.03) logarithmically, the error it introduces in

the stopping power is considerably less than the error in itself,
Various empirical formulas have been proposed to relate I and the
atomic number, and we will adopt the one used in reference 11 for

z 213

1.19

I =2 (9.76 + 58.8/2 ) eV (4.04)
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The reduction of the ionizgtion léss due to polarization of the medium
is taken in account by the denéity effect correction, & . Berger,
et al, have calculated the percent reducéion in the ionization energy
loss due to the density effect for several materials for electron
energies from .1 to 1000 Mev using the empirical formulas of Sterm-
heimer (ref. 21) and a list of the values they obtained are shosm in
Table I. Since the density effect corrections are not too large for
relatively low electron energies, an interpolation between values
given in Table I may be used to make this correction to the ionization
losses rather than the empirical formulas of Stermheimer.

The Bethe-Heitler theory may be used to calculate mean radiative

energy loss. The energy loss per gm/cm2 is given as

—% (%)rad = -%J:oﬁilurz:["'(k’e“)]’ 48, dkdk (4.09)
where NA is Avogodro number, A the atomic number of the target matter,
k the photon energy, and [or(k,eo)]s the screened thin target cross
section given by equation (3.10). The mean radiative energy loss pre-
dicted by this formula will be somewhat lower than the value calcu-
lated by Berger, et al, for electron energies below 15 MeV since_he
did not include screening in this energy range.

The mean ionization loss, the mean radiative loss, and the total
stopping power for aluminum, iron, and gold for electrons in the
energy range between,0l MeV and 1000 MeV are shown in figures 12a,

12b, and 12c¢ (the values above 15 MeV are taken from ref., 19). The

mean radiative loss is seen to be relatively unimportant for aluminum
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and iron for electron energies below about 10 MeV. For gold, however,
the mean radiative and ionization loss become equal at about 8 MeV,
The mean range of the electron is determined by integrating

equation (4.02):

1/dE :
) I 09

The range of electrons in aluminum, iron, and gold obtained from
equation (4.06) for electrons energies from .0l MeV to 1000 MeV is
shown in figure 13. The mean electron range increases fairly linearly
with energy initially and then flattens out at the higher electron
energy because the radiative energy loss becomes large.

The discussion thus far has dealt with only mean energy loss.
However, since electrons are very light, a considerable fluctuation
in the energy loss by the electron in passing through even a very thin
target occurs. The problem of energy fluctuation has been treated
theoretically by Landau (ref. 22) for ionization losses for the case
when the energy lost by the electron in passing through the target
is small compared to the energy of the particle. The distribution
function Wy that describes the fluctuation in energy loss AE obtained

by Landau may be expressed as

W, (AE)d(AE) = W _(}) dr (4.07)

where A = QE- AE (4.08)
NAZCG
- 2met

c .- (4.09)
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and where AE is the average energy loss, s the distance traversed
by the electron in losing AE, NA the number of atoms/cm3 and Z, m,
and v have their usual meaning.. WL (1)) is a universal function that
has been tabulated by Bﬁtsch-supan (ref. 23) and a graph of which is
shoun in figure 14,

The energy loss distribution is asymmetric and is characterized
by broa& peaking about tﬂe most probably energy loss (which is
significantly less than the mean energy loss) and a high energy loss
tail. This curve may be used to determine the fluctuation in energy

lost by an electron in traversing a distance s,
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CHAPTER V

ANGULAR AND ENERGY DISTRIBUTION OF

ELECTRONS IN A THICK TARGET

The penetration of electrons through matter is characterized by
multiple scattering in the coulomb field of the atoms of the stopping
medium and statistical fluctuation in the rate of energy loss. For
thin targets, the scattering and energy straggling have been treated
analytically with results that agree satisfactorily with experiment,
For targets whose thickness is such that the electron mean scattering
angle is comparable to a radian, analytical expressions for the elec-
tron angular distribution in terms of the electron penetration are
non-existant except for the most idealized case (ref. 24). The thick
target case is amenable to a Monte Carlo calculation and such calcu-
lations have been made by Berger and a number of investigators
(ref. 25, 26, and 27). A detailed outline of the Monte Carlo method
as applied to electron penetration has been given by Berger, (ref. 27)
and much of the following discussion is derived from his article.

Because the number of collisions undergone by a fast electron in
slowing down is so large, i; is not feasible to simulate individual
collisions, For example, Berger (ref. 27) calculated that 105 elastic
collisions occur during the stopping of a .5 MeV electron in aluminum,
To circumvent this problem, the path of the electron is subdivided into
a relatively small number of short segments in which the mean scatter-

ing angle is relatively small so that the analytical trestment gives a
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satisfactory approximation to the probability distribution of the net
angular deflection. The problem.hay then be treated as if the elec-
tron suffered a single elastic collision at the end of each segment.
To determine analytically the electron angular distribution at
the end of each segment, the multiple scattéring theory of Goudsmit
and Saunderson may be utilized (:ef. 28). From ghis theory, the
angular distribution of initially monodirectional and monoenergetic
electrons whose iinetic energy has been reduced from To to E in a

continuous manner may be calculated from the expression

N(E,e) = Z(Q+ g)e:q:»[-lJz G (E* )]P (cose) dE' (5.01)
Gf(z') = 2N, (E' )f" o(E',0)[1 - P!(cose)]sine de (5.02)

where N(E, ¢) is the probability that an electron of energy E will be
traveling at an angle of ¢ with respect to its initial direction,
ge (cos ¢ ) and Ezv(cos A) are Legendre polynomials, NA(E') is the
number of térget atoms in the energy interval between E” and E’+ dE,
and o (0, E') the electron single scattering cross section. The
quantity N,(E') can be calculated from the stopping power formula
equation (4.03) and the screened relativistic single-scattering cross

section may be obtained from the following expression:

o(E, 6) w u(E,0) [or (E,8) Is
R(Ebe)
where &ﬁ&(E, 9)]s is the screened Rutherford cross section at polar
angle @ for an atom of atomic number Z, and Ty (Es 8) / ox(E, 8)

is the ratio of the unmscreened Mott cross section to the unscreened
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Rutherford cross section. The values of the somewhat awkward to cal-
culate ratios of Mott to Rutherford cross section have been tabulated
in some detail by Doggett and Spencer (ref. 29).

The screened Rutherford cross section values may be calculated

from the formula (ref. 27)
Ze* .
p2v? (l-cos® + 27)° (5.04)

[ol (E’e) ]S =

where Z, e, p, and v have their usual meaning and T , the Moliere

screenihg parameter (ref. 27), is given for electrons by the

expression
= 1.7X 105 2z3/3 [1.13 + 3.76 —2— 5.05
1 L 1375 ( )

A phenomenological description of the manner in which the Monte
Carlo method was applied to determine the ;lectron distribution
N(E, €, ) in a thick target for use in equation (2.01) is as follows,
The direction of the electron incident oﬁ the target was taken to be

1 into the target. At

the distance s> the direction of the electron is allowed to change

by permitting the polar angle, A, to change anywhere from 0° to 180°

normal and allowed to penetrate a distance s

with a probability consistent with the distribution function given by
equation (5.01) and permitting the azimuthal angle, ¢, to also change
anywhere from 0° to 180°, but with an equal probability since the

medium is considered to be isotropic and polarization is disregarded.
The energy lost by the electron in the distance s1 is also a variable,

the value being determined from the Landau distribution function given

by equation (4.07). At this point, the energy and direction of the

32



electron is recorded as well as its perpendicular distance of penetra-
tion as calculated from the equation
X, = 8, (cosf, cosB, + sinb, sin6, cos¢) + 8, (5.06)

This procedure is now repeated;<oniy the elegtron's energy and direc-
tion is different, and this propédure is continued until the electron
has lost all of its energy or is backscattered out of the target.
The complete procedure of keeping track of the electromn's energy,
direction, and position in the target is repeated for n electrons.
The angular distribqtion of electrons in the target as a function of
the electron’'s energy is determined by adding up the number of elec-
trons whose energy is between E and E + A E that are traveling in
the direction between A and A + A A, The average distance of penetra-
tion X (E) is determined from the formula

;(E)=[§x‘_(z)]/[zini(5)] (5.07)
where xi(E) the distance traveled by the ith electron when its energy
has been reduced from To to E and ni(E) is the number of electrons
in the target of energy E.

The accuracy of the results calculated using this method can not
be determined directly since it is not possible to measure the angular
and energy distribution of electrons inside the target. However, it
is possible to use the Monte Carlo method as outlined to calculate
the angular and energy distribution of electrons transmitted through
foils of various thickness, and these results may be compared with
experimental results to gauge the accuracy of the Monte Carlo

technique empliyed. Also, backscattering of electrons from a target
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may be used as a check on the accuracy of the technique.

In figure 15a, 15b, and 15¢, a comparison of the results obtained
by use of the method described above and experimental data (ref. 30)
for the transmission of 1 MeV electrons through foils .11, .22, and
.33 grams/cm2 thick. These thicknesses represent 26%, 40%, and 607
of the mean range of a 1 MeV electron in aluminum. In the calculation
the target was divided into 40 segments, each corresponding to a loss
of 25 KeV and a total of 10,000 particles were traced., The curvés
indicate that reasonably correct results can be expected from this
method of calculation, especially for the case when the electron’s
energy has not been reduced by a substantial amount., ' After the
electrons have traveled a perpendicular distance equal to about 60%
of their range, deviation from the theoretical values asre observed.

A comparison with transmission data for gold (not shown) indicate
the same general trend as that for aluminum.

A comparison of the fractional number of backscattered electrons
calculated from the Monte Carlo program and experimental data (ref,
31) is made in figure 16. The comparisons indicate good agreement
between theory and experiment for the fractional number of back-
scattered electrons for all Z numbers.,

From the comparisons made, it is expected that the Monte Carlo
method employed will predict reasonably accurate results for the
angular and energy distribution and perpendicular distance of penetra-
tion for electrons-with the same order of'energy as those compared

for all Z number. materials. The accuracy‘will be best when the
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electron's energy is not too severely degraded. At low electron
energies, deviations are expected. The inaccuracy at the lower
electrons energies, however, will not have a large effect on the
calculation of the thick target bremsstrahlung spectra since most of

the bremsstrahlung is produced at the higher electron energies.
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CHAPTER VI
PHOTON ATTENUATION IN A TARGET

High-energy photons passing through matter are attenuated
primarily by three distinct elementary processes. These processes are
the photoelectric effect, Com&ton scattering, and pair production.

In the photoelectric effect, the photon disappears and its energy
is transferred to an atomic electron, usually one from the inner shell,
This effect predominates for low energy photons. The photoelectric
cross section decreases rapidly with increasing gamma energy and
increases with the atomic number of the target material.

A pho;on is scattered inelastically in Compton scattering with
part of its energy transferred to an atomic electron. The direction
of the photon is also changed. This effect predominates over a
large energy range in low Z materials and from about 1-5 MeV in
high Z materials.

The photon energy must be greater than 2 mocz (where moc2 is
the rest mass energy of the electron and is equal to .511 MeV) for
pair production to cccur. In this process, the photon disappears
and its energy is transferred to an electron-positron pair. This
effect predominates for high-energy photons, especially in materials
with high Z numbers.

The probability P(Z,ﬁ) that a photon of energy E will traverse

a target of atomic number 2Z and thickness t without its energy or
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direction changed is given by the exponential formula
P(z,t) =exp( -u(Z,E)t ) (6.01)

where « (Z,E) is the mass attenuation coefficient, The mass attenua-
tion coefficient is the sum of the attenuation coefficients for the
three processes discussed above and is a function of the photon energy
and 7 number of the target material.

The mass attenuation coefficients are obtained experimentally
and have been tabulated for a wide range of materials and photon
energies by Davisson (ref. 32). The mass attenuation coefficients
used in evaluating equation (2.01) were obtained by a linear inter-
polition between the values given in Table II that is taken from
reference 32,

The secondary radiation produced by the photon interaction in the
target‘material can be significant for very thick targets and must be
taken Into account by the so called buildup factors (ref. 33). How-
ever, for target thicknesses that are to be considered in this thesis,

the secondary radiation is of little consequence,
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CHAPTER VII

EVALUATION OF THE THICK TARGET BREMSSTRAHLUNG INTEGRAL

Now that the functional form of the thin target bremsstrahlung
cross section formulas, the electron distribution function, the stop-
ping power formula, and the attenuation formula has been discussed,
the problem of calculating the thick target bremsstrahlung intensity,
I(k, @), has been reduced to the problem of evaluating the integral

given by equation (2.01), which is repeated below for reference:

. To 2 m
I(k,¢)=NAI ff e ¥mTx/COSy (E,€,¥)0,(E,k,0)sine dedeSS dE  (2.01)
k+f © 0 dE

To obtain values for I(k, ¢) the above integral was numerically
evaluated since an exact integration to obtain an analytic formula for
I(k, ¢) is not possible. In the numerical evaluation of the integral,
a Simbson rule integration was made, and the various forms of the
functions discussed in Chapters 3 through 6 were used to calculate the
integrand. An IBM 7094 computer was used to make the numerical
integration.

The form of the thin target bremsstrahlung formula used dependéd
on the energy of the electron and the emitted photon as well as the
photon emission angle. At»photoh energ1es and angles where screening
was important, a numerical integration of equation (3.09) was made to

determine the cross section values. When the photon's energy and
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angles were such that the value of the screened and unscreened cross
section were equal to within 1%, equation (3.10) was used from this
point until the photon energy was equal to 90% of its maximum value.
The bremsstrahlung cross section for photons whose energy laid bet-
ween 90% of its maximum value and its maximum value was calculated
by interpolating between the cross section value given by equation
(3.10) and the cross section predicted by the high frequency limit
formula given by equation (3.12).

Numerical values for the.electron distribution, Ne(E, € ¥),
as a function of the electronAenergy aﬂd'direction were obtained from
a Monte Carlo type calculation described in Chapter V. In this
calculation the Goudsmit-Saunderson multiple scattering theory was
evaluated for a screened, relativistic, single-scattering cross section
section: the stopping power computed from equation (4.02); and the
Landau distribution'functiéh‘was used to include the fluctuation in
energy loss. The average distance of perpé#dicular penetration
xi(E) as a fuhcﬁion ?f energy was also obtained from the Monte Carlo
calculation.

The photon attenuation coefficients were taken from experimental
data, the values of which are given in Table II (ref. 32).

The interval of integration used for the angle variables ¢ and
¥ was 10°, and the interval for the energy variable E depended on
the photon energy. An energy interval, AE, equal to To/20 was used for

k >% to, and for k <% to, E =Tg5/40. The accuracy of the integration
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for these intervals was checked by cutting the intervals in half.

In all cases checked, the values obtained from the use of the full

and one half increments in evaluating equation (2.01) agreed within 2%.
The values for the photon intensity, I(k), were obtained by

integrating I(k, ¢) over the angle variable. The interval of inte-

gration used for ¢ was 10°. A check on the accuracy of this

integration was also made by cutting the interval in half.
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CHAPTER . VIII
COMPARISON OF THEORETICAL PHOTON INTENSITY

WITH EXPERIMENTAL DATA

Recently a fairly substantial amount of-experimental thick target
bremsstrahlung data for a wide range of electron energies and target
materials has become available. Experimental data for the photon
intensity differential in photon energy and angle and photon intensity
differential in energy, for .5 to 3.0 MeV electrons 1§cident on thick
aluminum and iron targets and for 1.0 and 2.8 MeV electrons incident
on thick gold targets have been measured by Dance, et al (ref. 9).
This data will be used for comparison of the theoretically calculated
photon intensities.

The theoretical photon intensities, differential in photon energy
and angle, resulting from electrons of energy .5, 1.0, 2.0 and
3.0 MeV striking thick aluminum targets are compared with the
experimental data in figures 17, 18, 19, and 20. The theoretical
photon spectrum was calculated by numerically evaluating equation (2.01),
and the values that are plotted are k times I(k, ¢), in units of
MeV/MeV-sr-electron. Similar comparisons are made for thick iron and
gold targets in figures 21, 22, 23, 24, and 25. The experimental data
is estimated by Dance, et al to be»accurate to *+ 207 in absolute value,

The theoretical intensities for bremsstrahlung produced in thick
aluminum targets by .5 and 1.0 MeV electrons (figures 17 and 18)
agree with experimentally measured intensities within the experimental

error (+ 207%) except at the very high photon energies. At these
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photon energies, the theoretical intensity underestimates the measured
intensity in some cases by 50%. The theoretical intensities for
bremsstrahlung produced in thick iron targets by .5 and 1.0 MeV
electrons (figures 21 and 22) agree with the measured value within
-experimental error for the low photon energies and angles, however,
the theoretical intensities underestimate the measured values at the
high photon energies. The theoretical eiectron—bremsstrahlung
intensities for 2.0 and 3.0 MeV electrons incident on aluminum and
iron targets (figures 19, 20, 23, and 24) agree within experimental
error with the measured values at all photon energies and angles
except at 0°. At this angle the theoretical value overestimates the
measured value by roughly a factor of two. The calculated intensity
for 1.0 MeV electrons incident on a thick gold target (figure 25)
underestimates the measured intensity at photon energies greater
than 300 keV.

In figures 26 and 27, comparisons are made of the theoretical
and experimental photon intensities integrated over all photon angles
for electron-bremsstrahlung produced by .5, 1.0, 2.0, and 3.0 MeV
electrons in thick aluminum and irom targets. Excellent agreement is
found for all electron ene}gieq and photon energies for these targets.
The agreement between the calculated and measured values for the
photon intensity, differential in photon energy, produced by 2.8 MeV
electrons stopped in gold (figure 28) is not as good as that obtained
for the aluminhm and iron targets. The calculated intensity under-
estimatgs the measured intensity at the high photon energies by a

factor of about two.
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Comparisons of the theoretical photon intensity calculated from
equation (2.01) and that calculated by Scott (ref. 8) with experimental
data are made in figures 29 and 30. As can be seen from these
figures, the comparison indicates that better agreement with experiment

is to be had by using equation (2.01) rather than equation (1.05)

that is due to Scott.
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CHAPTER IX

CONCLUDING REMARKS

The theoretical values predicted by the computational mo:lel
adopted in this thesis are in reésonably good agreement with experi-
mentally measured values for bremsstrahlung produced by electrons with
energies from .5 to 3.0 MeV that are stopped in aluminum and iron
and for 1.0 and 2.8 MeV electrons stopped in gold. The extent of the
agreement of the calculated and measured thick target bremsstrahlung
intensities obtained is better than obtained in early work (ref. &
and 6) especially at the low and high photon energies. The closer
agreement results primarily from using a combination of thin target
bremsstrahlung formulas; namely, the screened Bethe-Heitler formula
for low photon energies, the unscreened Bethe-Heitler formula for
intermediate photon energies, and the Sauter-Fano formula at the high-
frequency limit, instead of just the unscreened Bethe-Heitler formula
for all photon energies as was done in earlier work. More exacting
calculations of the electron distribution in the target and the
attenuation of the photons by the target also contribute to the
closer agreement obtained. |

At this point the question must be asked, "Why is good agreement
obtained between Fhe calculated and measured values for thick target
bremsstrahlung when the approximation (%orn approximation) used in
deriving the thin target bremsstrahlung formula is grossly violated
for the low electron energies?'" The answer to this question lies in

the following facts: (1) the Bethe-Heitler formula, even when the
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Born approximation is violated, seems to predict thin target cross
sections that agree faifly closely with the measured values (see

ref. 3, p. 922); (2) the majority of the bremsstrahlung is produced
at the front of the target when the electron's energy is still fairly
high, and therefore the inaccuracies of the Bethe-Heitler formula
when the electron's energy has been degraded to a low value are not
strongly reflected by the thick target results.

The fact that most of the Sremsatrahlung is produced in the front
of the target also helps to obscure the inaccuracies of the electron
multiply scattering theory that occur after the electron energy has
been degraded to a fraction of its initial value.

It is expected that the computational model adopted here can be
used to calculate thick target bremsstrahlung intensities for higher
electron energies than 3 MeV for low 2Z number material. The energy
region of applicability of the calculated model is limited by the
multiple scattering formula because it is based only on coulomb
scattering and does not take in account scattering of the electron
due to radiative collisions. The upper limit on the electron energy
should be no greater than one-half of the critical energy (see
figure 11) in order that scattering due to radiative collisions can
be neglected. This condition imposes an upper limit of ~~ 25 MeV and
r 4.5 MeV for aluminum and gold respectively.' The lower limit for the
elgctron energy is governed primarily by the accuracy of the bremsstrah-
lung cross section formulas. Since it is not known at what energy
the croas'séction formulas give unreliable results, it is difficult to
give an absolute value for this energy.
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TABLE 1%

Percent reduction of collision energy loss
due to density effect

T N
(MeV) H2 C Al Cu Ag Au
0.1 0.0 0.0 0.0 0.0 0.0 0.0
0.2 0.0 0.4 0.0 0.0 0.0 0.0
0.5 0.0 1.2 0.5 0.5 0.1 0.0
1.0 0.0 2.7 1.5 1.5 0.7 0.7
2.0 0.0 4.8 3.4 3.4 2.2 2.0
5.0 0.0 8.5 6.8 6.8 5.3 4.9

10 0.0 11.8 9.8 9.9 8.2 7.6
20 0.0 15.2 13.1 13.3 11.3 10.7
50 0.7 19.5 17.3 17.6 15.7 14.9
100 3.3 22.5 20.3 20.7 18.8 18.1
200 6.6 25.1 23.1 | 23.6 21.8 21.1
500 10.6 28.1 26.4 27.0 25.4 24.8
1000 13.4 30.1 28.6 29.2 27.8 27.3

*
Normal pressure,

t From reference 19.

49




TABLE 2

Mass Absorption Coefficients (cmzlsm)*

MATERIALS
Photon Energy
(MeV) Aluminum Iron Lead
.01 25.8 179. 137.
.02 3.22 25.0 90.
.03 1.03 7.91 30.6
.04 492 3.46 14.3
.05 319 1.80 7.96
.06 . 246 1.11 4.72
.08 .185 .550 2.12
.1 .160 .342 5.56
.2 .120 .139 .937
.3 .103 .106 .370
4 0922 .0921 .219
.6 .0778 .0763 .118
.8 .0684 .0665 .0851
1.0 .0614 .0596 .0684
2.0 .0432 .0425 L0451
3.0 .0353 .0361 .0417
4.0 .0310 .0331 .0415
5.0 .0283 .0314 .0423
6.0 .0265 .0305 .0433
8.0 .0242 .0297 .0458
10.0 .0230 .0296 .0487

*From reference (32).
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Figure 2, - Comparison of theoretical and experimentally determined
relative spectral intensities obtained by Miller et al (ref. 8) at
photon angles of 0° and 90° for 1.4 MeV electrons incident on a thick
tungsten target. To obtain absolute spectral intensities, in MeV per
steradian per MeV_per incident electron, the ordinate should be
multiplied by 10”3 for the computed curves, and by 2.1 x 103 for the
experimental points.
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Figure 3a. - Comparison of theoretical thick target bremsstrahlung
obtained by Scott (ref. 8) with experimental intensities measured
by Baggerly et al (ref. 9) for aluminum at photon angles of 0° and
30° and an electron energy equal to 1 MeV,
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Figure 3b. - Comparison of theoretical thick target bremsstrahlung
obtained by Scott (ref. 8) with experimental intensities measured
by Baggerly et al (ref. 9) for iron at photon angles at 0° and 30°
and an electron energy equal to 1 MeV. '
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~— Theory (Scott - ref. 10)
© Experimental (LTV - ref. 9)

Intensity, | (k), MeV-cmz/MeV
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Figure 4, - Comparison of theoretical (ref. 10) and experimental

photon intensities integrated over all photon angles for 1.0
MeV electrons incident on a thick aluminum target.
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ATOMIC FORM FACTOR, F(a.2)

00 ] | |
o 10 20 30 40

137q/2/3

Figure 7. ~- Evaluati.on of the atomic form factor, F(q,Z) for the
Hartree self-consistent field model as a function of the nuclear
momentum transfer, q (from ref. 14).
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Figure 8a. - The ratio of the unscreened (Equation 3.09) and the
screened (Equation 3,11) thin target bremsstrahlung cross sectioms
for aluminum at electron energies of 0.5, 1.0, and 2.0 MeV.
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Figure 8b. - The ratio of the unscreened (Equation 3.09) and the
screened (Equation 3.11) thin target bremsstrahlung cross sections
for iron at electron energies of 0,5, 1.0, and 2.0 MeV.
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Figure 8c. - The ratio of the unscreened (Equation 3.09) and the
screened (Equation 3.11) thin target bremsstrahlung cross sections
for gold at electron energies of 0.5, 1.0, and 2.0 MeV.
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Figure 9. - Comparison of theoretical and experimental thin target
bremsstrahlung cross sections at the high-frequency limit for

aluminum.
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Figure 10a. - Comparison of screened and unscreened Beth-Heitler
theoretical cross sections and the high frequency limit (EFL) cross
sections with experimental thin target cross sections for aluminum

at photon angles of 15° and 30° and on electron energy equal to .5 MeV.
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Figure 10b. - Comparison of the screened and unscreened Beth-Heitler
theoretical cross sections and the high frequency limit HFL cross
section with experimental thin target cross section at photon angles
of 15° and 30° and an electron energy equal to 1.0 MeV.
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Figure 11, - Critical energy for electrons al as a function of atomic
number (from ref. 19).
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\Figure 12a. - The mean ionization loss, the mean radiative loss, and
the total stopping power for aluminum for electrons in the energy
range from .01 MeV to 1000 MeV.
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Figuré 12b. - The mean ionization loss, the mean radiative loss, and
the total stopping power for iron for electrons in the energy range
from .01 MeV to 1000 MeV.
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Figure 13. - The mean range of electrons in the energy range from
.01 MeV to 1000 MeV in aluminum, iron, and gold.
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Figure 14. - Graph of Landau function Wy, (A) (from ref. 23).

70



o Experimental values (ref 30)
Histogram - Monte Carlo

T =1.0 MeV
Z =13

Electrons 7 steradian - incident electron

-3 | I BN S A | | ) I |

O 10 20 30 40 50 60 70 80 90
Angle (degree)

Figure 15a.- Comparison of theoretical and experimental distribution
of 1.0 MeV electrons transmitted through an aluminum target of °
thickness equal to .11 gm/cmz.
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Figure 15b. - Comparison of theoretical and experimental distribution
of 1.0 MeV electrons transmitted through an aluminum target of
thickness equal to .22 gm/cm2,
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Figure 15c, - Comparison of theoretical and experimental distribution
of 1.0 MeV electrons transmitted through an aluminum target of
thickness equal to .22 gm/cm2,
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Figure 16, - Comparison of fractional number of backscattered electrons
calculated from Monte Carlo program and experimental data for 1 MeV
electron.
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Figure 17, - Comparison of theoretical and experimental bremsstrahlung
spectral intensities at photon angles of 0°, 30°, 60°, and 150° for .5
MeV electrons incident on a thick aluminum target.
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Figure 18. - Comparison of theoretical and experimental bremsstrahlung
spectral intensities at photon angles of 0°, 30°, 60°, and 150° for
1.0 MeV electrons incident on a thick aluminum target.
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Figure 19. - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,

60°, and 150° for 2.0 MeV electrons incident on a thick aluminum
target.
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Figure 20. - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,
60°, and 150° for 3.0 MeV electrons incident on a thick aluminum
target.
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Figure 21. - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,
60°, and 150° for .5 MeV electrons incident on a thick irom
. target,
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Figure 22, - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,

60°, and 150° for 1.0 MeV electrons incident on a thick iron
target.
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Figure 23, - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,

60°, and 150° for 2. MeV electrons incident on a thick iron
target.
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Figure 24. - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,
60°, and 150° for 3. MeV electrons incident on a thick iron

target.
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Figure 25. - Comparison of the theoretical and experimental
bremsstrahlung spectral intensities at photon angles of 0°, 30°,
60°, and 150° for 1. MeV electrons incident on a thick gold
target.
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Figure 26. - Comparison of theoretical and experimental photon inten
intensities integrated over all photon angles for electron-
bremsstrahlung produced by .5, 1.0, 2.0, and 3.0 MeV electrons in
thick aluminum targets.
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Figure 27. - Comparison of theoretical and experimental photon
intensities integrated over all photon  angles for electron-
bremsstrahlung produced by .5, 1.0, 2.0, and 3.0 Mev electrons
in thick iron targets.
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~Figure 28, - Comparison of theoretical and experimental photon

intensity integrated over all photon angles for electron-

bremsstrahlung produced by 2.8 MeV electrons in a thick gold
target.
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Figure 29, -~ Comparison of bremsstrahlung spectral intensities
calculated from equation (1.05) and equation (2.01) for photon
angles of 0° and 30° for 1. MeV electrons incident on a thick
aluminum target.
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Figure 30, - Comparison of the bremsstrahlung spectral intensities
calculated from equation (1.05) and equation (2.01) for photon
angles of 0° and 30° for 1. MeV electrons incident on a thick iren
target.
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