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ABSTRACT

Although general relativity and the standard model have proved incredibly
consistent at all currently accessible energy scales, they are not expected to
accurately describe nature at all scales; we know there is new physics to be
discovered at higher energy scales (shorter distances). The nonrenormalizability of
gravity prohibits a predictive quantum field theory description, unless the infinite
parameter space needed to absorb divergences can be constrained. An
asymptotically safe theory is one in which all of the couplings in the theory run to
either zero or a nonzero ultraviolet fixed point. Requiring that a coupling reach an
ultraviolet fixed point constrains it to live on an ultraviolet critical surface that is
of smaller dimension than the original parameter space. We study a theory with
gauged baryon number, and require that it is asymptotically safe by introducing
gravitational corrections above the Planck scale. This constrains the parameter
space of the theory, giving a relationship between the baryon number gauge
coupling and a coupling that gives the kinetic mixing between baryon number and
hypercharge, effectively removing a free parameter.

We then introduce a TeV-scale, fermionic dark matter candidate into the theory,
with the baryon number gauge boson acting as a portal between the visible and
dark sectors. The dark matter relic density for our candidate is determined and
compared to direct detection bounds. We then examine the problem of the
enormous fine-tuning required to keep the Higgs boson mass light despite
contributions from large quadratic divergences, called the hierarchy problem.
Higher derivative theories are one class of theories that offer a solution to this
problem. Infinite-derivative nonlocal theories and finite-derivative Lee-Wick
theories each have strengths in this regard, but they also each have weaknesses (for
instance, Lee-Wick particles cancel quadratic divergences, but we would have
ideally expected to detect them by now at current collider sensitivities).
Asymptotically nonlocal theories interpolate between the two and behave
differently from either, although they appear nonlocal in the low-energy limit. In
asymptotic nonlocality, an emergent nonlocal scale arises that regulates quadratic
divergences and that is hierarchically smaller than the mass of the lightest new
particle, suggesting a solution to the hierarchy problem. We examine the
center-of-mass energy dependence of the cross section in an asymptotically
nonlocal theory and demonstrate that the behavior is different from either a
nonlocal or Lee-Wick theory. We then derive the Feynman rules in an
asymptotically nonlocal extension of QCD, which are needed for the study of
strong interaction processes at hadron colliders. We examine the basic process of
dijet production from two-into-two parton scattering, calculating the relevant
parton-level cross sections. An experimental bound on the nonlocal scale is
determined by comparing the predicted dijet invariant mass spectrum in our
model with data from the Large Hadron Collider.
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Chapter 1

Introduction

The energy scales relevant in particle physics span an incredibly wide range. From atoms to

black holes, from the hot, dense early universe to today and well into the future, we expect a

fundamental theory of physics to explain it all. It takes the highest of energies to study the

things that happen at the smallest distances. The Planck scale, MP l ⌘

q
~c
G

⇠ 1019 GeV1,

is the scale at which gravitational interactions between particles become strong, and general

relativity and the standard model no longer hold. A theory of quantum gravity is required

to describe interactions above that scale. We can also think of this scale in terms of length,

lP l ⇠ 10�35 m. Gravitational interactions have only been measured down to ⇠ 50 µm [1],

many orders of magnitude larger than the Planck length, while the standard model has

been probed to ⇠ (10 TeV)�1
⇠ 10�20 m [2].

Studying smaller and smaller distance scales has historically led to great discoveries

and a better understanding of the relationships between fields and interactions. Before the

quark model was proposed in the mid-1960s independently by Gell-Mann and Zweig [3,4],

mesons and baryons were thought to be elementary particles. The eightfold way was the

main organizing theory of the time, grouping mesons and baryons into separate multiplets.

Each hadron was categorized by charge and strangeness, with charges Q = �1, 0,+1 and
1In this dissertation we use the convention ~ = c = 1, so that mass and energy have the same units. As

a consequence, the Planck mass, MPl =
q

~c
G , is equivalent to the Planck energy, EPl = MPl c

2. We use
energy and mass interchangeably throughout the remainder of this dissertation.
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strangeness numbers S = 0, 1, 2 for the baryon octet and S = �1, 0,+1 for the meson

octet (For a more thorough discussion of the eightfold way see Ref. [3]). There were still

questions, for instance why the observed ranges of strangeness varied between baryons and

mesons. Looking down to smaller distances led to the solution. The quark model defined

the simplest baryons as bound states of three quarks, and mesons as bound states of a

quark and an antiquark. The electric charges of hadrons were a sum of the charges of

the constituent quarks and the strangeness of hadrons was determined by the number of

strange quarks they contained. Of course, we now know the picture was incomplete: only

the up, down, and strange quarks were theorized, which are the only quarks appearing

in the hadrons summarized in the eightfold way. There are many more hadrons that the

eightfold way did not predict, but that can be understood with the inclusion of additional

flavors of quarks.

Beginning around the same time, as physicists pondered even higher energy scales,

the success of QED led to searches for additional gauge field theories. There was also

interest in unification of theories, especially after the successful unification of electricity

and magnetism. The understanding of weak interactions at the time was characterized

by the Fermi Model, which was not a gauge theory and did not include a mediator for

the interaction [5]. A number of parallels were found between the electromagnetic and

weak interactions, leading to the question of whether the two theories could be combined

in a gauge theory. A theory was proposed, SU(2)L ⇥ U(1) in which there were four force

carriers, one massless (the photon) and the other three massive (W±, Z) [6]. The large

masses required of the force carriers of the weak interaction were unexplained; mediators

in gauge theories were expected to be massless like the photon, and no mechanism was yet

known that could give them mass. This problem would not be solved until the application

of the Higgs mechanism in 1967 [7, 8] led to a complete gauge theory description of the

weak force and unification of the electromagnetic and weak interactions at the electroweak

scale, MEW ⇠ 246 GeV.

The discoveries mentioned above, along with many others, have led to the standard
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model, an SU(2)⇥U(1) gauge theory which has survived all experimental tests within

available sensitivities. It does not, however, describe the fundamental parameters of the

theory, prompting the exploration of even smaller distance scales, referred to as the ultra-

violet (UV) henceforth.

1.1 Challenges of UV physics

Similar to the desire in the mid-20th century to unite the electromagnetic and weak in-

teractions, we now question whether there is an opportunity for a more comprehensive

unification. It seems only natural to probe the physics of smaller scales, searching for

further unification, this time of all the fundamental forces. Grand unified theories (GUTs)

specifically look at unification of the electroweak and strong interactions. Examining the

renormalization group flow (discussed in Sec. 1.2.1) of the U(1), SU(2), and SU(3) gauge

couplings, one finds that the three interactions nearly meet at around ⇠ 1014 GeV [9].

This seems to suggest that some form of new physics could make the interactions meet

at that energy scale, thus the scale is referred to as MGUT
2. One of the popular theories

that leads to grand unification (at MGUT ⇠ 1016 TeV) is the minimal supersymmetric

standard model (MSSM), though the theory contains additional particles that have not

been found (see Ref. [10–12] for an overview and additional references on GUTs including

MSSM). Searches continue with many ideas looking to unite the standard model interac-

tions with the discovery of new physics at smaller distance scales, yet so far there has been

no conclusive evidence that grand unification will occur. Beyond MGUT, an even more

intriguing prospect than GUTs exists: a complete theory that describes all forces includ-

ing gravity. As discussed above, the standard model is only consistent up to the Planck

scale, the scale at which gravitational interactions become strong. A Theory of Everything

(TOE) should describe all interactions, with general relativity and the standard model

functioning as the low-energy effective field theory.
2The renormalization group equations, discussed later on, tell us about the energy dependence of the

couplings in a theory. This allows us to investigate processes at high energy scales, such as MGUT.
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The standard model has been highly effective at describing particle physics at experi-

mental energies, as high as those probed at the LHC, but even so some things are missing.

We know that dark matter makes up about 85% of the matter in the universe [13], and

yet the standard model offers us no clues as to what dark matter actually is. Additionally,

we know that there is vastly more matter than antimatter in the universe. The standard

model has allowances for differences in the amount of matter and antimatter (such as CP

violation in weak interactions), but not nearly enough to explain the observed matter-

antimatter asymmetry. Neutrino oscillations are another area where the standard model

falls short, it has no prediction that neutrinos will oscillate between flavors, and yet ex-

periments have shown they do [10]. More generally, the existence of three generations of

fermions and the hierarchy of their masses is unexplained. The heaviest of the fermions is

the top quark, whose mass is ⇠ 105 times larger than the mass of the electron, the lightest

fermion. Each generation becomes increasingly heavier, yet there is no explanation for

this to be so. These gaps in our understanding motivate exploration of higher energies

and shorter lengths, looking for new discoveries that lead us to a simpler description of

elementary particles and their interactions.

1.1.1 The difficulty of quantizing gravity

A quantum theory of gravity has long been a goal of physics. As discussed above, it is

clear that there exists a scale (the Planck scale) above which the current theories of gravity

and standard model physics must break down. At that scale, a theory that describes the

interactions of particles must account for strong gravitational effects. Much consideration

in the literature has gone into theories that attempt to predict physics at the Planck

scale. Some of the more popular options are string theory, loop quantum gravity, and

quantum field theories of gravity. Of the first two theories, string theory is a candidate for

a TOE [14], while loop quantum gravity is consistent with but does not explain the origin

of ordinary matter [15]. Loop quantum gravity begins with a geometrical construction

and posits a discrete structure of spacetime at the Planck scale, cutting off the possibility
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of any physics below the Planck length. String theory requires both supersymmetry and

extra dimensions to provide a quantum theory of gravity, and is not inconsistent with the

particle physics of the standard model. The major drawback of string theory is that, while

it is able to fit well with experimental observations in many areas, it lacks predictivity due

to the large number of string vacuum states, of order 10500. In this dissertation, we are

interested in gravity as a quantum field theory.

One of the primary issues in developing a quantum field theory of gravity is that gravity

is inherently nonrenormalizable. Following the many discussions on renormalizability of

gravity (See [16–19]), the superficial degree of divergence, D, of a Feynman diagram in

general relativity is D = 2 + 2L, where L is the number of loops in the diagram. Since

the superficial degree of divergence increases with the number of loops, every amplitude

is divergent. This means that an infinite number of counterterms are required to absorb

divergences. A theory with an infinite number of counterterms is not predictive, since an

infinite number of constraints determined by experiments are needed to make predictions

in the theory. However, we will see later there is a framework in which physical observables

may be predicted by a finite dimensional subspace of the parameter space of the theory.

1.1.2 Naturalness and the hierarchy problem

Naturalness in physical theories refers to the stability of a theory in regard to small, O(1)

changes in its parameters. If a prediction in the theory requires extreme fine-tuning, for

example to cancel large divergences due to loop contributions, the theory will not be stable,

and therefore not natural.

The cosmological constant problem is an extreme example of a naturalness problem.

The cosmological constant in general relativity is the simplest explanation for dark energy,

which comprises ⇠ 72% of the universe [13]. The observed cosmological constant can be

written as ⇤eff = ⇤0 +  ⇢vac, where ⇤0 is the bare value of the cosmological constant,

 = M
�2
P l

, and ⇢vac is the vacuum energy density of the universe. Cosmological constraints

place an upper bound, ⇤eff < 10�56 cm�2, corresponding to an upper bound on the vacuum
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energy density of ⇢obs.
vac < 10�9 erg/cm3 [20]. Predictions of the vacuum energy density from

QFT yield ⇢QFT
vac ⇠ 1035�10114 erg/cm3, depending heavily on the cut-off scale above which

one expects new physics to emerge [20]. Any value of the vacuum energy density in this

range constitutes a considerable amount of fine-tuning in ⇤0 to cancel its contribution.

The cancellation would have to be nearly exact in order to get the observed cosmological

constant.

The smallness of the cosmological constant is not the only naturalness problem in

the standard model. An additional naturalness problem comes from measurements of the

electric dipole moment of the neutron. Experimental bounds place a constraint on the

value of the vacuum angle, ✓  10�9 [21]. The smallness of this bound is referred to as the

strong CP problem. A different type of naturalness problem is given by the small masses of

the electron and light quarks in the standard model. With MEW ⇠ 246 GeV the heaviest of

the fermions, the top quark, with mt ⇠ 173 GeV fits reasonably with expectations. When

we get down to the up quark mass mu ⇠ 2 MeV and the electron mass me ⇠ 0.5 MeV,

we find these lightest fermions are ⇠ 10�5 times lighter than symmetry breaking at the

electroweak scale would suggest. The fermion masses do not require fine tuning, yet the

fact that they do not all have masses ⇠ MEW is not explained.

The above examples demonstrate the large range of unnaturalness in theories. For

the purpose of this dissertation, our interest lies in one particular naturalness problem:

the gauge hierarchy problem, or just the hierarchy problem. This problem has received

a considerable amount of attention in the literature, as will be discussed throughout this

section. The hierarchy problem deals with corrections to the mass of the Higgs field. It

stems from the fact that the scale of electroweak symmetry breaking, MEW ⇠ 102 GeV,

is 17 orders of magnitude below the Planck scale, MP l ⇠ 1019 GeV. The physical mass of

the Higgs that has been determined experimentally, mH,phys ⇡ 125 GeV [10], is related to

the bare mass by

m
2
H,phys = m

2
H,0 +O

✓
⇤2

16⇡2

◆
, (1.1)
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where mH,0 is the bare mass and the second term represents the 1-loop corrections to the

Higgs self-energy, with ⇤ an ultraviolet cut-off. As shown in Fig. 1.1, the leading part

of each of the self-energy contributions is proportional to the square of the cut-off scale,

⇤, making the corrections quadratically divergent. Our cut-off scale is the highest energy

scale where the theoretical description is valid, and in this case we would expect the theory

should be applicable all the way up to the Planck scale, ⇤ ⇠ 1019 GeV. With the cut-off

scale so high, the bare mass would have to be exactly m
2
H,0 = �1036 GeV2 + (125 GeV)2.

The bare mass must be this value exactly, to the 32nd decimal place, in order to cancel the

contribution from the loop corrections and give the correct physical mass; this implies an

awful lot of fine-tuning and doesn’t seem very natural at all.

H

H

H

=
1

16⇡2
�


⇤2

�m
2
H
ln

✓
⇤2

m
2
H

◆�

H

t

t

H
= �

3

8⇡2
�
2
t


⇤2

� 3m2
t
ln

✓
⇤2

m
2
t

◆�

Figure 1.1: Diagrams contributing to the Higgs self energy (Adapted from [5] and [22]). The cou-
plings � and �t denote self-couplings to the Higgs and the coupling to the top quark, respectively,
and mH and mt are the masses of the Higgs and the top quark.

With all of this, one may question whether the hierarchy problem is actually a problem

at all. Even though it seems unnatural for the fine-tuning necessary to cancel quadratic

divergences to occur, it is not at all impossible. A common school of thought is to dismiss

the issue as just a feature of our universe. This reasoning relates to the anthropic principle,

the idea that, in simple terms, we can only ask the question because all the conditions of

the universe are exactly right to produce intelligent life forms. This reasoning seems

poorly motivated since under such a principle one could question the value of seeking

any information about the universe at all. Such a concept seems to go against the very

purpose of science. Although fine-tuning may in fact be the way the universe really works,
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we currently have no way of knowing. In the absence of any concrete answers, the logical

track is to keep looking for one. In its essence, the hierarchy problem is not so much

a problem that demands solving, but a puzzle that invites further thought and inspires

investigation. We know the standard model is not complete, so a puzzle seems like a great

place to focus investigations of new physics.

A considerable amount of work has been devoted over the years to proposing solutions

to the hierarchy problem. We outline a few of the common ideas here for context, although

only one of these ideas (higher derivative theories) is important to this dissertation. For

the other areas, the reader will be referred to more complete discussions in the literature.

One of the most popular proposals to solve the hierarchy problem has been supersym-

metry. In supersymmetry, each particle in the standard model has a superpartner with the

same color and charge but opposite spin statistics. Bosons have fermionic superpartners

and fermions have bosonic superpartners. Note that in Fig. 1.1 the contributions from

diagrams involving bosons are positive, while the contributions from diagrams involving

fermions are negative. In the standard model, there are unequal numbers of bosons and

fermions so their contributions to the Higgs mass do not cancel; in supersymmetry, there

are by definition partners to cancel the quadratic contributions from every standard model

particle. Still, while we wouldn’t have the quadratic contributions shown in Fig. 1.1, we

would still have the logarithmic contributions. To keep the logarithmic terms from becom-

ing too large to supply a convincing solution to the hierarchy problem, the masses of the

superpartners can’t be much larger than the electroweak scale. The lack of evidence of

any such particles in experimental searches constitutes a problem for minimal models of

supersymmetry. For a more detailed examination of supersymmetry, see Refs. [10, 23,24].

Another common idea is Little Higgs in which the Higgs takes the form of a pseudo

Nambu-Goldstone boson produced by the breaking of a global symmetry [22, 25]. This

theory includes new particles at the ⇠ TeV scale that have loop contributions which can-

cel quadratic divergences from loops of standard model particles [26]. In this way, they

share similarities with supersymmetry and Lee-Wick theories, which will be discussed in

8



Sec. 1.2.2.

Extra dimensions have also been considered as a solution to the hierarchy problem.

In this theory, below the size of the extra dimensions, gravitational effects are altered by

their presence. Since the gravitational constant is different in extra dimensions, this serves

to effectively lower the Planck scale to the TeV-scale, resolving the hierarchy problem.

This solution is unique in that it suggests new physics that lowers the scale at which

general relativity ceases to describe gravitational interactions. Instead of breaking down

at MP l ⇠ 1019 GeV, our current understanding of the theory of gravity could start to break

down at much lower scales, perhaps even just beyond our current experimental sensitivities.

Higher derivative theories constitute another potential solution to the hierarchy prob-

lem, and they will be discussed in detail below in Sec. 1.2.2.

1.2 Meeting the challenges of the UV

In this section we introduce ideas that can provide solutions to the nonpredictivity of

a quantum field theory of gravity and the fine-tuning required to cancel quadratic di-

vergences to the Higgs mass. These ideas are the major concepts that motivate the

beyond-the-standard-model physics that will be discussed throughout the remainder of

this dissertation.

1.2.1 Asymptotic safety

Asymptotic safety was first proposed in 1979 by Steven Weinberg as a way to define a

quantum field theory of gravity that is predictive despite being nonrenormalizable [19], an

important tool in trying to unite gravity with quantum field theory. Theories of asymp-

totically safe gravity provide a road toward describing gravity as a quantum field theory

without the requirement of altering field theory or the standard model. In his seminal

paper on the topic, Weinberg proposes a generalized notion of renormalizability in which

degrees of freedom are given by the dimensionality of the UV critical surface (discussed

9



later in the section), thus making the theory finite and predictive if the surface is finite [19]

(See also related work in Refs. [61,62]). As we will see in Chapters 2 and 3 of this disserta-

tion, asymptotic safety is not only a useful constraint in searching for a theory of quantum

gravity, it is also a great tool for constraining the parameter space of extensions of the

standard model. This section will introduce the concept of asymptotic safety, a constraint

on the UV behavior of a theory which affects low energy observables. We will first develop

a foundation from which to understand asymptotically safe theories.

When we consider the asymptotic behavior of a theory, we are considering the flow

of the theory’s couplings, as determined by the renormalization group equations (RGEs).

The RGEs tell us how a coupling constant g varies as a function of the energy scale µ,

@g

@lnµ
= �(g) , (1.2)

where the right-hand-side is a function of the couplings called the � function. Derivation

of � functions can be automated using computational software such as PyR@TE 3 [27].

For example, the one loop � functions of the standard model gauge couplings are given by

�(g1) =
1

16⇡2
41

10
g
3
1

�(g2) = �
1

16⇡2
19

6
g
3
2 (1.3)

�(g3) = �
1

16⇡2
7 g33 .

RGEs are very useful in that they provide a means of looking at interactions at vastly

different energy scales. By specifying an experimentally determined value of a coupling

constant as an initial condition, we can look at the value of the coupling at any other

energy scale, assuming the absence of new physics. Without further modification, these

equations only reliably hold up to the Planck scale, where gravitational corrections become

important.

In an asymptotically free theory, the RGEs can be used to show that all of the couplings
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run to zero as the energy scale increases; coupling strengths weaken at smaller and smaller

distance scales, until they eventually vanish. This effect is decidedly different from stan-

dard QED, where forces grow stronger at short distant scales and weaken with increasing

separation. A notable example of an asymptotically free theory is QCD, as was discovered

in 1973 by David Gross and Frank Wilzcek [28], and concurrently by David Politzer [29].

The discovery was a big surprise, as it was contrary to the overarching expectations of the

time [30]; many physicists did not believe it possible to construct an asymptotically free

theory.

A considerable benefit of asymptotic freedom is the avoidance of Landau poles, where

the coupling blows up to infinity. At no energy scale do the couplings become divergent,

and so an asymptotically free theory is well behaved, even at the smallest of distance scales.

Any coupling that does not blow up to a Landau pole or run to zero must run to a

nontrivial UV fixed point. In an asymptotically safe theory, at least one coupling runs to a

non-zero fixed value called an interacting UV fixed point, while the rest are asymptotically

free. The important feature is that there are no Landau poles, making theories consistent

up to arbitrarily high energies. Asymptotic safety is defined by the condition,

�(gi?) = 0 , (1.4)

where gi? is the value of a coupling gi at a UV fixed point as µ ! 1. The UV critical

surface is made up of all of the low-energy coupling values that lead to the fixed point.

The requirement that a theory be asymptotically safe can constrain the parameter space

of the theory, since it is a nontrivial requirement to hit a desired UV fixed point. Living

on the UV critical surface limits the number of free parameters in the theory, making

even a nonrenormalizable theory predictive. For a review of asymptotic safety and a

comprehensive list of references see, for example, Ref. [63].

If gravity is required to be asymptotically safe, then the other couplings in the theory

must be either asymptotically free or safe as well, so that the entire theory will be valid up to
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arbitrarily high energies. The standard model contains a Landau pole in the running of the

U(1) hypercharge gauge coupling, but the standard model and standard model extensions

can be made asymptotically safe by requiring that gravitational effects be modeled in

the RGEs above the Planck scale [31–35]. Although there is no way to know the exact

form trans-Planckian gravitational corrections may take, non-perturbative studies suggest

a simple form that has appeared in the literarure, ✓(µ � MP l) fg gi, where the Heaviside

theta function turns the corrections on at the Planck scale and fg is taken to be greater

than zero [36–38]. In the � functions for the standard model gauge couplings given in

Eq. (1.3), the gravitational corrections are modeled as

�(g1) =
1

16⇡2
41

10
g
3
1 � ✓(µ�MP l) fg g1

�(g2) = �
1

16⇡2
19

6
g
3
2 � ✓(µ�MP l) fg g2 (1.5)

�(g3) = �
1

16⇡2
7 g33 � ✓(µ�MP l) fg g3 .

The correction fg is identical for all of the gauge couplings. Other couplings, such as the

Yukawa couplings, have corrections of a similar form; in the Yukawa sector the correction

term has fg replaced by fy. In Chapters 2 and 3, we use gravitational corrections of

this form to find UV fixed points that constrain the parameter space of two interesting

extensions to the standard model.

1.2.2 Higher-derivative theories

The higher-derivative theories of interest to us are defined by the inclusion of an opera-

tor F (2) in the quadratc terms, where 2 ⌘ @µ@
µ is the usual d’Alembertian operator.

Whether the function F (2) takes a simple form such as 22 or is described by a tran-

scendental function such as e
2 determines the type of higher-derivative theory. In these

theories, propagators grow more slowly as a function of Euclidean momentum, leading to

quadratic divergences being regulated, a useful feature for the hierarchy problem, as will

be discussed in this subsection. We introduce two types of higher-derivative theories, Lee-
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Wick (LW) theories, in which F (2) takes a simple finite polynomial form, and nonlocal

theories, in which F (2) takes the form of an entire transcendental function. We then

discuss some of the characteristics of higher derivative theories.

LW theories are finite derivative, often containing as little as one Lagrangian term

with higher order derivatives. They can also be built from polynomials in 2, for example

F (2) = (2+m
2
1)(2+m

2
2). In this section we will focus on the simplest form, F (2) = 22,

as the discussion is much simpler, but the basic properties hold for more complex theories.

In the late 1960s, Lee and Wick were looking for a way to deal with the divergent

ultraviolet behavior of QED. They looked to an existing regularization scheme, Pauli-

Villars regularization. In this scheme, a term depending on a large energy scale is added

to the photon propagator,

DF (p) =
i

p2 + i✏
�

i

p2 � ⇤2 + i✏
(1.6)

where ⇤ is a cut-off scale [39, 40]. Sufficiently below ⇤, physics remains unchanged, yet

near the scale of the cut-off and above, the new term becomes important. With the new

term, a loop diagram that would otherwise be quadratic will now be regulated by ⇤,

giving a solution proportional to ln(⇤2
/m

2) where m is the mass of the electron. After the

logarithmic divergence is cancelled by a counterterm, ⇤ can be taken to infinity and the

usual photon propagator is recovered. Lee and Wick took the cut-off scale to instead be the

mass of a heavy photon, M , with a propagator pole that has wrong-sign residue [41, 42].

They argued that the wrong-sign propagator does not present a problem for the theory

because the heavy photon is not stable and will decay into ordinary particles. In other

words, the heavy LW photon does not appear in asymptotic scattering states.

Grinstein, O’Connell, and Wise (GOW) expanded on this work in 2007 to the full

standard model by noting that the LW poles can be produced by the addition of higher

derivative terms in the standard model Lagrangian [43]. GOW also argue that the LW

extension to the standard model provides a solution to the hierarchy problem, as will be
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discussed below.

In the simplest example of a higher derivative theory, a 22 term is added to the La-

grangian of a real scalar field,

LLW = �
1

2
�̂2�̂�

1

2M2
�̂22

�̂�
1

2
m

2
�
�̂
2 + Lint . (1.7)

We can easily identify a propagator of the form in Eq. (1.6) by following the approach of

GOW in Ref. [43]. An auxiliary field, �̃ is introduced,

L = �
1

2
�̂2�̂�

1

2
m

2
�
�̂
2
� �̃2�̂+

1

2
M

2
�̃
2
, (1.8)

where we omit the interaction term because it does not affect our current analysis. By

defining � = �̂+ �̃, the kinetic terms can be decoupled,

L = �
1

2
�2�+

1

2
�̃2�̃�

1

2
m

2
�
(�� �̃)2 +

1

2
M

2
�̃
2
, (1.9)

where � can now be interpreted as an ordinary scalar, and �̃ a LW field. The mass mixing

in the third term between � and �̃ can be dealt with by performing a rotation with a

matrix of the form,

R =

✓
cosh ✓ sinh ✓
sinh ✓ cosh ✓

◆
(1.10)

with the angle ✓ defined by

tanh 2✓ =
�2m2

�

M2 � 2m2
�

. (1.11)

This gives us the unmixed Lagrangian,

L = �
1

2
�
02�0 +

1

2
�̃
02�̃0 �

1

2
m

0 2
�
�
0 2 +

1

2
M

0 2
�̃
0 2

, (1.12)

where the primes denote the fields and mass eigenvalues after diagonalization. We then
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easily find the propagators of the ordinary and LW fields,

DF (p) =
i

p2 �m
0 2
�
+ i✏

D̃F (p) =
�i

p2 �M 0 2 + i✏
, (1.13)

noting the LW propagator has the wrong sign compared to the propagator of an ordinary

field, and the propagators match the form of Eq. (1.6) for m
0
�
= 0 and M

0 = ⇤.

Other recent work examining LW theories has included alternative formulations of

LW theories such as a minimal LW standard model [44] and a higher-order LW standard

model [45]. Results from the LW standard model and these other interpretations can be

generalized to larger numbers of derivatives. This prospect will be explored further in

Chapters 4 and 5.

Similar to the effects of supersymmetry discussed in Sec. 1.1.2, LW theories cancel

quadratic divergences through the existence of partners for every SM particle, though this

is the only similarity between the two. In the LW case, each particle has a partner with

wrong-sign propagator, leading to cancellations of the quadratic corrections in Fig. 1.1. The

remaining contributions are dominated by a term (in the notation above with the primes

removed) M
2 ln(⇤2

/M
2). The addition of LW partners for every SM particle creates a

new set of particles that can be searched for experimentally. The absence of any discovery

of such particles in experiments to date threatens the viability of the LW idea. With the

dependence on M
2 ln(⇤2

/M
2), if the mass of the LW particle becomes too high, problems

with hierarchy are reintroduced. In general, any solution to the hierarchy problem requires

new physics to be not much heavier than the TeV scale. This applies to Lee-Wick particles

as well [46]. Current experiment probes the TeV scale for both supersymmetric theories

and the theories with additional heavy particles. See, for example, Refs. [10, 49,50].

Unitarity of the S-matrix is an important issue in the study of higher derivative theories.

A unitary theory is one in which all of the probabilities of possible scattering in the theory

sum to one. A non-unitary theory is therefore inconsistent because it is non-predictive and

scattering in the theory cannot be well described.
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The basic condition of unitarity of the S-matrix is given by S
†
S = 1. We define

S = 1 + iT so that the T -matrix gives the interaction part of the S-matrix,

�i(T � T
†) = T

†
T . (1.14)

This condition becomes the optical theorem,

Im M(k1, k2 ! k1, k2) =
X

f

Z
d⇧f M

⇤(k1, k2 ! f)M(k1, k2 ! f) (1.15)

where f runs over all possible final states.

The unitarity of LW theories has been addressed extensively in the literature. When

Lee and Wick first proposed their theory in 1968, they provided a prescription for altering

the path of contour integration to contain the LW poles, so that contours have the same

relative orientation to poles as they would in the Feynman prescription [41]. In 1969,

Cutkosky, Landshoff, Olive, and Polkinghorne developed a set of rules for dealing with LW

poles [51], which have since been referred to as the CLOP prescription. This prescription

provides a method for dealing with the situation where contours are pinched by poles in

the LW prescription. The CLOP prescription introduces fictitious mass shifts to the pole

positions, ensuring that the poles will not pinch for any momentum. Those shifts are taken

to zero at the end of a loop calculation. GOW revisited the CLOP prescription in [52],

clarifying several points and using an auxiliary field approach that simplifies calculation.

Recent work by [53] has suggested an alternative to the CLOP prescription, noting that it

does not work for all possible formulations of LW theories (See also [54,55]).

In LW theories, as you add additional terms that are higher orders in derivatives, you

add more poles to the theory, corresponding to more LW particles. In a nonlocal theory,

the series of higher derivative terms never terminates. Nonlocal theories contain infinite

derivative quadratic terms that involve an entire transcendental function of the derivative

operator 2. A key feature of nonlocal theories that we consider in this dissertation is
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that they are ghost-free, meaning that they do not introduce new propagator poles. This

means that the only parameter introduced by nonlocality is the nonlocal scale, ⇤nl, as will

be discussed throughout this section.

Pais and Uhlenbeck presented an idea for a nonlocal field theory in 1950 [56]. With

the discovery of a series of divergent theories describing particle physics (including QED),

there was particular interest in theories that could lead to mitigation of divergences. They

considered a nonlocal operator in the form of an exponential, F (2) = e
f(2), for example,

Lnl = �
1

2
�2F (2)� , (1.16)

where in this case � is taken to be massless.

Here we consider an example of the same form with f(2) = 2/⇤2
nl in a theory with

massive scalar �,

L = �
1

2
� (2+m

2
�
) e2/⇤2

nl �+ Lint , (1.17)

where Lint is the interaction Lagrangian, m� is the mass of the scalar field �, and ⇤nl is

the scale of nonlocality. Taking F (2) to be this form leads to a decreasing exponential

in the numerator of a propagator in the theory once it has been Wick rotated, which is a

desirable feature for convergence.

A common application of nonlocality is in quantum gravity, where the exponential

operator prevents singularities at the origin of spherically symmetric solutions like the

Schwarzschild metric. Since the exponential never vanishes completely, its inverse does

not contain any poles. This allows for singularity free gravity without adding any ghosts.

(For a more complete discussion see Refs. [17, 57,58] and additional references therein.)

Quadratic divergences are regulated in nonlocal field theories by the dampening expo-

nential in the propagator. The propagator in the nonlocal theory discussed above is given

by,

DF (p) =
ie

p
2
/⇤2

nl

p2 �m2 + i✏
. (1.18)
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Since the propagator falls off more quickly with Euclidean momentum after Wick rotation,

i.e. e
p
2
/⇤2

nl = e
�p

2
E/⇤2

nl , the loop amplitudes in the Higgs self-energy will fall off more

quickly with momentum, eliminating the quadratic divergences. Similarly for other forms

of nonlocal field theories, as long as the form of the function F (2) causes the propagator to

fall off more quickly, the same effect will be reproduced and the hierarchy problem will be

resolved. The exponential in Eq. (1.18) regulates loops at the scale ⇤nl which suggests that

effects of nonlocality should be detectable around the TeV-scale. A bound on the nonlocal

scale based on collider phenomenology will be discussed in Chapter 5 of this dissertation.

Nonlocal theories have been shown to have problems with unitarity when they are

formulated in Minkowski space. The historical solution has been to define the theory in

Euclidean signature, in which case unitarity can be recovered. The external momenta

in scattering amplitudes can be analytically continued to Minkowski space at the end of

a calculation. Attempts to show unitarity when the theory is defined in the Minkowski

signature lead to problems, originating from the fact that the exponential does not vanish

for all directions in the complex p
0 plane as |p

0
| ! 1 [59, 60]. The imaginary part of

the amplitude on the left-hand-side of Eq. (1.15) receives an additional contribution as a

result, leading to disagreement with the right-hand-side. The optical theorem is therefore

not satisfied.

In Chapters 4 and 5 we will discuss asymptotically nonlocal theories, a class of higher

derivative theories that interpolates between infinite derivative nonlocal theories and finite

derivative LW theories. These theories consist of a series of quadratic terms of finite order

in the number of derivatives, yet they approach nonlocal theories as a limit. As in the

case of LW and nonlocal theories, they can provide a solution to the hierarchy problem.

We will expand on the topic later in the dissertation, but for now we will mention that

asymptotically nonlocal theories create a new set of particles, much like LW theories;

however in asymptotically nonlocal theories, these can be decoupled while leaving a much

lighter, emergent regulator scale that avoids the hierarchy problem. Nonlocal theories

avoid the problem of new particles altogether, but they have problems with unitarity,
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whereas the unitarity of asymptotically nonlocal theories can be addressed through the

same approach used for LW theories.

1.3 Summary

For the rest of this dissertation, we explore modifications to the high energy behavior

of theories, motivated by the solutions to problems of quantum gravity and the hierar-

chy problem discussed in this introduction. In Chapters 2 and 3 we use the paradigm of

asymptotic safety, with gravitational corrections above the Planck scale inspired by quan-

tum gravity, to constrain model parameters. Chapter 2 examines a theory with gauged

baryon number and shows how asymptotic safety restricts the kinetic mixing parameter in

the theory. In Chapter 3, we build on the results of Chapter 2, adding to the earlier model

a TeV-scale fermionic dark matter candidate, with the baryon number gauge boson acting

as a portal between the visible and dark sectors. Chapters 4 and 5 explore asymptotic non-

locality, a class of higher derivative theories that is finite in derivatives, yet approaches an

infinite derivative nonlocal theory as a limit. These theories possess an emergent nonlocal

scale that regulates quadratic divergences, potentially providing a solution to the hierarchy

problem. In Chapter 4, we examine the center-of-mass energy dependence of scattering

cross sections in asymptotically nonlocal theories. We show the behavior of cross sections

reflects the emergent nonlocality at the scale where divergences are regulated, with the

growth in cross sections truncated once the LW resonances are reached. In Chapter 5, we

derive the Feynman rules for an asymptotically nonlocal generalization of QCD needed

for investigations of strong interaction processes at hadron colliders. We then determine a

bound on the nonlocal scale using data from the Large Hadron Collider (LHC). We offer

concluding remarks in Chapter 6.

19



Chapter 2

Asymptotic safety and gauged

baryon number1

In this chapter we consider a model with gauged baryon number that may be rendered

asymptotically safe when gravitational effects above the Planck scale are taken into ac-

count. We study the ultraviolet fixed points in this theory and determine the restrictions

on the parameter space of the model at the TeV scale following from the requirement that

the asymptotic fixed points are reached. Assuming that the new gauge symmetry is broken

at the TeV scale, we comment on the phenomenological implications of these restrictions.

2.1 Introduction

Extensions of the standard model typically involve a set of new couplings that are only

partially constrained by low-energy experimental observables. A well-motivated restriction

on the ultraviolet (UV) limit of such a theory is useful when it can remove some of this

arbitrariness, leading to a more predictive low-energy theory. In this chapter, we consider

a Z
0 model whose phenomenology is affected in a meaningful way by the requirement that

the theory remain asymptotically safe when extrapolated to infinitely high energy scales.
1Work previously published in J. Boos, C. D. Carone, N. L. Donald and M. R. Musser, “Asymptotic

safety and gauged baryon number," Phys. Rev. D 106, no. 3, 035015 (2022).
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We determine the UV restrictions on the model’s parameter space at the TeV scale and

comment briefly on the phenomenological consequences.

Just as asymptotic safety can reduce the otherwise infinite parameter space of a non-

renormalizable theory, it can reduce the finite-dimensional parameter space of a renor-

malizable one. This fact has been used to constrain standard model extensions in several

examples discussed in the recent literature [36–38, 64–68], focusing on issues including

dark matter [36, 37], the current discrepancy between the standard model prediction and

the measured value of the muon anomalous magnetic moment [37, 64], various aspects of

neutrino and Higgs sector physics [65–67], flavor physics [69] and collider phenomenol-

ogy [38, 68]. The present work considers another application, adding to this body of

literature. The possibility that baryon number could be gauged has been discussed ex-

tensively in the past [70–77], both as a possible way of assuring proton stability and for

its interesting TeV-scale phenomenology; the latter motivation is relevant for the present

work. The phenomenology of the new U(1) gauge boson is largely determined by the gauge

coupling gB, the gauge boson mass mB, and a parameter ✏ (defined later) that specifies

the kinetic mixing between the U(1)B and hypercharge gauge groups. Notably, the U(1)B

gauge boson would be entirely leptophobic if not for the kinetic mixing. Hence, decay

channels that may be easier to discern in light of large QCD backgrounds (i.e., decays to

charged dileptons rather than dijets) are entirely controlled by the undetermined kinetic

mixing parameter. The same parameter also controls mixing of the U(1)B and electroweak

gauge bosons that is crucial in determining the constraints from precise electroweak mea-

surements at the Z-boson scale. One way of fixing the kinetic mixing parameter, discussed

in Ref. [71], is to require that it vanishes at some scale by embedding the two Abelian gauge

group factors into a non-Abelian one. Here we explore a more economical alternative—and

one motivated by the eventual inclusion of gravity—that asymptotic safety allows us to

predict the kinetic mixing in terms of other model parameters based on the requirement

that appropriate fixed points are reached in the UV. This reduces the space of possibilities

for the properties of the Z
0 boson, and provides a guide for discerning the model at collider
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experiments.2

This chapter is organized as follows. In Sec. 3.2 we define the model. In Sec. 3.3, we

study the UV behavior of the theory, identifying a number of scenarios where the model can

be extrapolated to infinite energy with some couplings reaching nontrivial fixed points, and

where vacuum stability is maintained. We determine what these UV boundary conditions

imply about the allowed parameter values at the TeV scale. In Sec. 3.4, we comment

on the phenomenological implications of these results, presenting one example in which

the branching fraction of the Z
0 boson into standard model particles is predicted. We

summarize our conclusions in Sec. 4.5. Appendix A contains the complete list of one-loop

renormalization group �-functions used in our analysis.

2.2 Model

We consider an extension of the standard model in which baryon number, U(1)B, is gauged.

We normalize that gauge coupling so that that baryon number charge is +1 for a proton or

neutron; the baryon number is 0 for any standard model lepton. A right-handed neutrino

is included so that Dirac neutrino masses are possible. We do not address the problem

of the flavor structure of the standard model, nor the smallness of neutrino masses, but

remain content with the fact that the allowed couplings of the model are sufficient to

accommodate all observed fermion masses and mixing angles. The charges for the particle

content described thus far are shown in Table 2.1.

Additional fermions must be added to assure the cancellation of gauge and gravitational

anomalies. We assume three generations of Dirac fermions  `,  e and  ⌫ that are vector-

like under the standard model gauge group, with quantum numbers identical to those of

the lepton fields `L, eR and ⌫R, respectively; the new fields are chiral under U(1)B. We
2We note that Ref. [38] also considers asymptotic safety in a leptophobic model, but one in which only

third-generation quarks are charged under a new U(1). This implies a different fixed point structure than
the one predicted by the model proposed here. More significantly, the model in Ref. [38] has a serious
problem: the stated charge assignments for the fermions that are vector-like under the standard model
gauge group forbid the only possible Yukawa couplings that could generate their masses. This leads to
massless, electrically charged fermions, ruling out the model.
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SU(3)C SU(2)W U(1)Y U(1)B
qL 3 2 1/6 1/3
uR 3 1 2/3 1/3
dR 3 1 �1/3 1/3
`L 1 2 �1/2 0
eR 1 1 �1 0
⌫R 1 1 0 0

Table 2.1: Charge assignments for a single generation of standard model fields, including a right-
handed neutrino.

temporarily denote the U(1)B charges of  `

L,R
,  e

L,R
and  

⌫

L,R
as xL,R, yL,R, and zL,R,

respectively. For simplicity, we seek the cancellation of anomalies within each generation

separately. The anomaly cancellation constraints are then summarized as follows:

• U(1)B SU(3)2: This anomaly is proportional to 2· 13�
1
3�

1
3 = 0, and vanishes without

help from the vector-like sector.

• U(1)B SU(2)2: This anomaly is proportional to 3 · 1
3 + xL � xR, which implies

xL � xR = �1 . (2.1)

• U(1)B U(1)2
Y

: This anomaly is proportional to �
1
2 +

1
2(xL � xR) + (yL � yR). With

the constraint of Eq. (2.1), this implies

yL � yR = +1 (2.2)

SU(3)C SU(2)W U(1)Y U(1)B
 
`

L
1 2 �1/2 xL = 0

 
`

R
1 2 �1/2 xR = 1

 
e

L
1 1 �1 yL = 1

 
e

R
1 1 �1 yR = 0

 
⌫

L
1 1 0 zL = 1

 
⌫

R
1 1 0 zR = 0

Table 2.2: Charge assignments for the vector-like fields, for a single generation. The last column
shows the anomaly-free solution discussed in the text.
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• U(1)2
B

U(1)Y : The standard model particles do not contribute to this anomaly, but

the new particles do, so that

�(x2L � x
2
R)� (y2L � y

2
R) = 0 . (2.3)

• U(1)3
B

: Again, there is no contribution in total from the standard model particles,

but the new particles contribute:

2 (x3L � x
3
R) + (y3L � y

3
R) + (z3L � z

3
R) = 0 . (2.4)

• gg U(1)Y : Here, g refers to a graviton. The hypercharge gravitational anomaly

cancels in the standard model, and this is not affected by the new particles which

are vector-like in their standard model charges.

• gg U(1)B: In this case, the anomaly is proportional to 2 (xL � xR) + (yL � yR) +

(zL � zR). With the constraints of Eqs. (2.1) and (2.2), this implies

zL � zR = +1 . (2.5)

All the constraints are satisfied with the choice xR = yL = zL = +1 and xL = yR = zR = 0,

as indicated in Table 2.2.

We assume that the U(1)B symmetry is spontaneously broken by a complex scalar field

� which has baryon number +1 and is a singlet under the standard model gauge group.

The charge assignment of � is fixed by the requirement that it allows Yukawa couplings

which generate masses for the  fields when � develops a vacuum expectation value (vev).

One finds that the desired Yukawa couplings are given by

Ly =  
`

L
y1  

`

R �
⇤ +  

e

L
y2  

e

R �+  
⌫

L
y3  

⌫

R �+ H.c. , (2.6)
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where the yi are three-by-three matrices.3 Since there are pairs of fields that have identical

quantum numbers, namely ( `

L
, `L), ( e

R
, eR) and ( ⌫

R
, ⌫R), we may choose a field basis in

which there are no Yukawa couplings involving � that mix a heavy and light field, such as

`L 
`

R
�
⇤. However, heavy-light couplings are possible involving the standard model Higgs

field H:

L =  
`

L
H 1eR + `LH 2  

e

R + `L
eH 3 

⌫

R + H.c. , (2.7)

where the i are also three-by-three matrices. This set of Yukawa couplings serves a useful

purpose phenomenologically, as it assures that the heavy fields can decay to light fields,

thereby avoiding unwanted stable charged particles. (For the stringent bounds on heavy,

stable charged particles, see Other Particle Searches in Ref. [78]).

It is worth noting that the spontaneous breaking of baryon number through the �

vev does not lead to any problems with proton decay. The Lagrangian has an anomalous

global U(1) baryon number symmetry acting exclusively on the quark fields q, u and d,

even in the presence of a � vev. This implies that any gauge-invariant, dimension-six

operator that contributes to proton decay, and violates this global symmetry, cannot be

generated at any order in perturbation theory, where it might only be suppressed by a mass

scales appearing in the Lagrangian. On the other hand, Planck-suppressed dimension-six

operators, if present, would be sufficiently suppressed as the lower bound on the scale of

dimension-six operators from proton decay is typically O(1016) GeV [78]. Interestingly,

there is some evidence that asymptotically safe gravity may preserve global symmetries, in

which case even these operators would not arise [79]; for additional discussion, see Ref. [37].

The rest of the theory consists of the scalar sector

V (�, H) = �m
2
HH

†
H +

�

2
(H†

H)2 �m
2
�
�
⇤
�+

��

2
(�⇤�)2 + �m�

⇤
�H

†
H , (2.8)

which involves the new couplings �m and ��, and the gauge kinetic mixing between U(1)B
3For simplicity, we omit possible Majorana masses for ⌫R and  ⌫

R.
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and hypercharge

L � �
1

4
B

µ⌫
Bµ⌫ �

1

4
F

µ⌫

Y
F

Y

µ⌫ +
✏

2
B

µ⌫
F

Y

µ⌫ , (2.9)

which involves the kinetic mixing parameter ✏. Thus, in addition to the parameters of

the standard model, the theory we have just defined has one new gauge coupling gB, a

gauge-kinetic mixing parameter ✏, two new Higgs sector couplings �� and �m, and the new

Yukawa couplings in Eqs. (2.6) and (2.7). If one temporarily rescales the gauge fields so

that the gauge couplings appear in the kinetic terms, Eq. (3.2) takes the form

L = �
1

4
(G�2)ABF

A

µ⌫F
B µ⌫

, (2.10)

where the indices run over the two-dimensional space of Abelian gauge fields. In studying

the renormalization group equations (RGEs) for models of this type, it is conventional [27]

to redefine the gauge field basis so that the matrix G has the upper-triangular form

G =

0

BB@

gY
✏

p
1� ✏2

gY

0
1

p
1� ✏2

gB0

1

CCA ⌘

✓
gY g̃

0 gB

◆
. (2.11)

Here gB0 is the baryon number gauge coupling in the original basis. The RGEs are then

conveniently expressed in terms of g̃, gY and gB. In the basis where the kinetic terms are

canonical in form, the covariant derivative on a generic field � may be expressed as

Dµ� = [@µ � i gBBµQB � i (gY A
Y

µ + g̃ Bµ)QY ]� , (2.12)

where QB and QY are the baryon number and hypercharges of �, respectively. This is

a convenient form for studying some of the phenomenological consequences of the RGE

output.

Finally, following the conventional approach [36–38,65–68], we adopt a simplified flavor

structure of the theory for use in our numerical RGE analysis: we ignore standard model

lepton Yukawa couplings and assume that the matrices yi and i, i = 1 . . . 3, are each
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proportional to the identity matrix; in other words, these couplings will be taken to repre-

sent six parameters rather than six arbitrary matrices. These assumptions are consistent

with the renormalization group running of the couplings for the following reason: In the

absence of standard model lepton Yukawa couplings, the Lagrangian has a U(3)`⇥U(3)e

chiral symmetry. Writing the charge assignments via the representation pair (r`, re), this

symmetry can be extended to the heavy leptons,

eR ⇠  
`

L ⇠  
`

R ⇠ (1,3)

`L ⇠  
e

L ⇠  
e

R ⇠  
⌫

L ⇠  
⌫

R ⇠ (3,1) , (2.13)

provided that the yi and i are proportional to three-by-three identity matrices. This global

symmetry is not broken by any perturbative interaction, allowing us to conclude that the

simple flavor structure ansatz we have assumed will not be altered by RGE running.

2.3 Fixed point analysis

With the model now fully developed, let us consider the structure of its renormalization

group flow in detail. In particular, we will search for fixed points at one loop in perturbation

theory, with gravitational effects parametrized, and consider in which parts of parameter

space this model exhibits asymptotic safety. We extract the �-functions using PyR@TE

3 [27]; see also appendix A.

2.3.1 Generalities

Let us briefly recall some terminology. Consider some couplings gi with their associated

�-function denoted as �i. To study the behavior of the RG flow around a fixed point gi?,

consider the expansion

�i = Mi
j
�j + Pi

jk
�j �k +O

�
�
3
�
, (2.14)
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where �j ⌘ gj � gj? and we defined the coefficients

Mi
j
⌘
@�i

@gj

����
?

, Pi
jk

⌘
1

2

@
2
�i

@gj@gk

����
?

. (2.15)

The matrix M i
j has eigenvectors vjk, where k labels the vectors such that M i

j
vj

k = #kvi
k

(no summation over k). At linear order in �i, Eq. (2.14) is solved by

gi(µ) = gi? +
X

k

ckvi
k

⇣
µ

⇤

⌘
#k

, (2.16)

where ⇤ is an arbitrary reference energy scale defining the origin of “renormalization time”

t = ln(µ/⇤). The ck are subject to the constraint gi(µ ! 1) = gi?, which requires that

ck ⌘ 0 for all k with #k � 0. The eigendirections vik in coupling space are classified accord-

ing to the sign of their respective eigenvalues: #k < 0 (“relevant”), #k = 0 (“marginal”), and

#k > 0 (“irrelevant”). Consequently, the UV critical surface is spanned by all the relevant

eigendirections, as well as any marginal ones that lead to flow towards the fixed point.

The latter behavior in the case of marginal directions, however, cannot be established by

considering only the linear terms in Eq. (2.14), but requires study of the �-functions at

higher order.

It is generally assumed that the influence of gravity can be safely neglected when

considering particle physics well below the Planck scale. However, since the renormalization

group flow extends to infinite energies in the scenarios of interest to us, gravitational

corrections to the �-functions at and above the Planck scale need to be taken into account.

(For a different approach towards realizing asymptotic safety see, for example, Ref. [80].)

The precise form of these corrections depends on the exact matter content and gravitational

theory under consideration, and they have been computed in several scenarios in the so-

called Einstein–Hilbert truncation [31]; see also Refs. [32–35]. In a generic but simplified

picture adopted in phenomenological literature [36–38], the gravitational corrections to the
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�-functions are modeled by (MPl = 1.2⇥ 1016 TeV)

�(gi) =
1

(4⇡)2
�
(1)(gi)� ✓ (µ�MPl) fg gi , (2.17)

�(yi) =
1

(4⇡)2
�
(1)(yi)� ✓ (µ�MPl) fy yi , (2.18)

�(�i) =
1

(4⇡)2
�
(1)(�i)� ✓ (µ�MPl) f� �i , (2.19)

where ✓ denotes the Heaviside step function. Here, for compactness, gi, yi and �i represent

the sets of couplings {g1, g2, g3, gB, g̃}, {yt, yb, y1, y2, y3,1,2,3} and {�,��,�m}, respec-

tively. Note that the universal coupling of gravity to matter implies that these corrections

fg, fy, and f� are universal in the gauge, Yukawa, and quartic sectors of the model, respec-

tively.4 The form of the gravitational correction in Eq. (2.17) for the gauge couplings was

shown first in Ref. [82] where it was found that fg is renormalization scheme dependent

and either positive or zero; the assumption that fg > 0 that we adopt here is standard in

the phenomenological literature, and corresponds to schemes that break certain classical

gauge-gravity symmetries that would otherwise lead to a vanishing result [82]. For other

discussion of fg see Refs. [32–35]. On the other hand, the signs and magnitudes of the

Yukawa and quartic gravitational corrections are typically less constrained. In what fol-

lows, we shall treat the triplet (fg, fy, f�) as an input parameter to our model, and explore

the fixed point structure for a given triplet.
4Perhaps a more transparent way to understand the universality of the gravity correction term in the

gauge coupling sector, when kinetic mixing is present, is to write the renormalization group equation in
terms of the coupling matrix G2

AB , defined in Eq. (2.10). Working in this basis, G2
AB encodes all the

dependence on the gauge couplings in any diagrammatic calculation. A universal gravitational correction
term would be introduced through a term proportional to this coupling matrix,

dG2
AB

dt
=

1
2

1
16⇡2

h
G2

AC�
(1)
CDG2

DB + (A $ B)
i
� 2G2

AB fg ,

where the form of the non-gravitational part of the RGE can be found in Eq. (5.1) of Ref. [81]. This
reduces to Eq. (2.17) when expressed in terms of the component couplings, and yields the desired form for
the gravitational corrections in the case where kinetic mixing is vanishing.
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2.3.2 Fixed points and critical surfaces

It is instructive to first consider the U(1)B⇥U(1)Y sector of our theory, including the kinetic

mixing. Henceforth, we use the SU(5) normalization of hypercharge, g1 ⌘
p
5/3 gY ; then

the gravity-corrected �-functions are given by

�
(1)(g1) = +

77

10
g
3
1 � ✓(µ�MPl) f̂g g1 , (2.20)

�
(1)(gB) = +11g3B +

77

6
gB g̃

2
�

16

3
g
2
B g̃ � ✓(µ�MPl) gB f̂g , (2.21)

�
(1)(g̃) = �

16

5
g
2
1gB �

16

3
gB g̃

2 +
77

5
g
2
1 g̃ + 11g2B g̃ +

77

6
g̃
3
� ✓(µ�MPl) g̃ f̂g , (2.22)

where we use the notation f̂A ⌘ (4⇡)2 fA with A = g, y,�.

For energy scales µ < MPl, Eq. (2.20) follows the usual logarithmic running

↵1(µ)
�1 = ↵1(µ0)

�1
�

1

2⇡

77

10
ln

✓
µ

µ0

◆
, ↵1(µ) ⌘

g
2
1(µ)

4⇡
, (2.23)

or equivalently,

g1(µ) =
g1(µ0)r

1� 77
10

2 g21(µ0)
(4⇡)2 ln

⇣
µ

µ0

⌘ , (2.24)

and, if not for the gravity correction f̂g taking over at µ > MPl, the hypercharge gauge

coupling would hit a Landau pole eventually. Note that the g1 fixed point structure is

independent of the couplings gB and g̃ at one loop. In the trans-Planckian regime, the

fixed point criterion for g1 reads as follows:

✓
77

10
g
2
1? � f̂g

◆
g1? = 0 . (2.25)

This equation has a trivial solution, corresponding to a Gaussian fixed point, as well as a

nontrivial solution, corresponding to an interacting fixed point. It is clear that these are

the only two fixed point scenarios: if f̂g is too small, then the cubic term in �
(1)(g1) will
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dominate and drive g1 to infinite values. If f̂g is at a critical value f̂
crit
g , however, g1 will

attain a fixed point exactly at the Planck scale. And if f̂g is larger than this critical value,

the linear term in �(1)(g1) dominates and drives the coupling to zero at infinite energies:

f̂g < f̂
crit
g no g1 fixed point ,

f̂g = f̂
crit
g interacting g1 fixed point ,

f̂g > f̂
crit
g Gaussian g1 fixed point .

(2.26)

In what follows, we shall discuss the two fixed-point scenarios in more detail. We present

numerical values to five significant figures since in some instances this is relevant for hitting

unstable fixed point values when running up from the TeV scale. It is interesting to note

that there is evidence that fixed points in the gauge sector do not destroy a nontrivial

fixed point for the gravitational coupling [83], which makes the phenomenological approach

described here sensible when considered in a broader context. For a review of the effects

of matter couplings on asymptotic safety in the gravity sector, see Ref. [16].

2.3.2.1 Gaussian g1 fixed point

The Gaussian fixed point, g1? = 0, is attainable if the gravity correction dominates at the

Planck scale, amounting to the condition

f̂g > f̂
crit
g ⌘

77

10
g
2
1(MPl) =

g
2
1(µ0)

10
77 �

2 g21(µ0)
(4⇡)2 ln

⇣
MPl
µ0

⌘ ⇡ 7.9610 , (2.27)

where the numerical value follows from ↵
�1(µ0) = 57.527 at µ0 = 1 TeV [68]. Assum-

ing that the above bound is satisfied, the gravity correction will then drive g1 to zero
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asymptotically such that g1? = 0. Then, Eqs. (2.21) and (2.22) take the form

�
(1)(gB)

���
g1?=0

= gB E(gB, g̃, f̂g) , (2.28)

�
(1)(g̃)

���
g1?=0

= g̃ E(gB, g̃, f̂g) , (2.29)

E(gB, g̃, f̂g) =
77

6
g̃
2 + 11 g2B �

16

3
gB g̃ � f̂g . (2.30)

The fixed points are given by the Gaussian fixed point (gB?, g̃?) = (0, 0), as well as an

ellipse E(gB?, g̃?, f̂g) = 0. This ellipse is rotated by an angle ✓ in gB g̃-plane,

tan ✓ =
32

11 +
p
1145

, ✓ ⇡ 36� . (2.31)

The new gauge coupling gB and the mixing g̃ are bounded by

gB 2


0,

q
231f̂g
2413

�
, g̃ 2


�

q
6f̂g
77 ,

q
198f̂g
2413

�
. (2.32)

Note that g̃ can be negative, given its relation to the Lagrangian parameter ✏ in Eq. (2.11).

It is obvious from these expressions that in the limiting case of f̂g ! 0, that is, for

vanishing gravity corrections, the ellipse shrinks to zero size and only the Gaussian fixed

point survives. In other words, this non-trivial structure is generated by the gravitational

corrections.

In order to understand the behavior in the gB g̃-sector better, consider a graphical

visualization of the two �-functions in Fig. 2.1. As it turns out, the ellipse corresponds to

an unstable collection of fixed points, also referred to as “UV repulsive” in the asymptotic

safety terminology, where all values inside the ellipse flow towards the Gaussian fixed point

(gB?, g̃?) = (0, 0). All values outside the ellipse flow to infinite values. In other words, the

ellipse corresponds to a projection of the UV critical surface into the subspace g1 = 0.

This implies that the values of gB and g̃ are not independent if they are required to reach

nontrivial fixed point values in the UV.
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Given the UV critical surface, it is now pertinent to determine what range of coupling

values at µ0 = 1TeV flow to those fixed points, where we have selected a value for µ0 that

is representative of high-energy collider physics experiments. Since the UV ellipse of fixed

points is unstable, it must be hit exactly when running up from lower energies, leading to

greater predictivity than one would obtain in the case of fixed points that are attractive.

There arises a technical complication: Since the Gaussian g1 fixed point is an asymptotic

one, attained at infinite energy, it is not possible to fully model this numerically. In order

to keep the treatment tractable, we define a large energy scale

ln

✓
µmax

MPl

◆
= 100 , (2.33)

or equivalently, tmax = ln(µmax/µ0) ⇡ 137. The scale µmax is approximately 43 orders

of magnitude higher than the Planck energy, high enough so that g1(µmax) ⌧ 1 when

f̂g > f̂
crit
g . The choice fg = 0.1, for example, gives g1(µmax) ⇡ 6.5 ⇥ 10�5. A linearized

analysis of the RG flow near the g1 fixed point suggests that we may assume that the

values of gB and g̃ at the same scale are given approximately by their fixed point values

on the ellipse E(gB?, g̃?, f̂g) = 0, completing our set of boundary conditions at the high

energy scale µmax. This provides us with a method of mapping the UV critical surface

to a corresponding surface renormalized at µ0 = 1TeV. Once this surface is obtained, we

may verify by running up from µ0, to scales even higher than µmax, that the couplings

approach the desired fixed point, providing a numerical sanity check of our computations.

In Fig. 2.2, we show (i) the exact UV critical surface, (ii) the resulting values at the Planck

scale, and, finally, (iii) the resulting values at µ0 = 1TeV.

We conclude that asymptotically safe solutions with a Gaussian g1 fixed point and

nontrivial fixed points in the gB g̃-plane lead to a correlation between the parameters gB

and g̃ at low energy scales.
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2.3.2.2 Interacting g1 fixed point

The remaining g1 fixed point is non-trivial. In our one-loop approximation, the value g1?

obtained at infinite energy is also the value at the Planck scale, since the g1 �-function

vanishes for µ � MPl due to the choice of fg,

g1? = g1(MPl) =

r
10

77
f̂g . (2.34)

Since the value of g1 at the Planck scale is fixed by the experimental value at µ0, f̂g is

then determined

f̂g =
77

10
g
2
1? =

77

10
g
2
Planck ⌘ f̂

crit
g ⇡ 7.9610 . (2.35)

This corresponds to fg ⇡ 0.05, consistent in magnitude with typical estimates of fg ap-

pearing in the literature [36]. Inserting this critical value f̂
crit
g , one finds the two UV fixed

points

(gB, g̃) = (0, 0) , (gB, g̃) =

 r
231f̂crit

g

2413 ,

r
768f̂crit

g

185801

!
. (2.36)

We again plot the �-functions in the gB g̃-sector, albeit now for finite g1?, in Fig. 2.1. In

this case, we see that the non-trivial gB g̃ fixed point is connected to the Gaussian fixed

point by a line. All values that fall onto this critical line (aside from the unstable fixed

point at the right end) flow towards that Gaussian fixed point, whereas all values outside

this interval are driven to infinite values. It is interesting to observe that the range of gB

coincides with the predicted range in the Gaussian g1 fixed point scenario, whereas the

maximum value of g̃ is much smaller. Similar to the previous case, the line represents the

projection of the UV critical surface into the subspace g1 = g1? and again implies that the

values of gB and g̃ are not independent.

Since the fixed point values of the couplings in Eqs. (2.34)-(2.36) are reached at µ =
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MPl, it is straightforward to flow these back to our reference scale of µ0 = 1TeV; see

Fig. 2.2 for the fixed point coupling values renormalized at µ = 1, MPl and 1TeV. Again,

we find a correlation between the parameters gB and g̃ at low energy scales.

    

Figure 2.1: UV critical surfaces in the gB g̃-plane. The interiors of the ellipse and the line are
driven to Gaussian fixed points (gB , g̃) = (0, 0), whereas the ellipse’s boundary and the line’s right
endpoint are non-trivial fixed points. Couplings outside the ellipse and outside the line interval
are driven to infinite values.

2.3.3 Running couplings and stability of the Higgs sector

As is well known, the Higgs vacuum of the standard model is metastable. The model

under consideration here has extended Higgs, gauge and fermion sectors, which affect the

stability analysis and alter this conclusion. The Higgs potential in our model is given by

Eq. (2.8), repeated here for convenience,

V = �m
2
HH

†
H +

�

2
(H†

H)2 �m
2
�
�
⇤
�+

��

2
(�⇤�)2 + �m�

⇤
�H

†
H , (2.37)
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Figure 2.2: Left: UV critical surfaces (dashed line) mapped back to µ = MPl (dotted line) and to
µ0 = 1TeV (solid line). The Gaussian g1 fixed point is described by the ellipses and the interacting
g1 fixed point by the line. The requirement that either the boundary of the ellipse or the line is
reached leads to a unique relation between gB and g̃, thereby reducing the degrees of freedom in
parameter space of the model. Right: Infrared values in detail.

where �m couples the two scalars H and �, and leads to mass mixing after these fields

develop vevs. In unitary gauge,

H =
1
p
2

✓
0

v + h

◆
, � =

v� + '
p
2

, (2.38)

where we have denoted the vevs v and v�. Substituting into Eq. (2.37), one finds the

following mass-squared matrix:

M
2 =

✓
� v

2
�mv v�

�mv v� ��v
2
�

◆
. (2.39)

The two eigenvalues are

m
2
± =

1

2

h
� v

2 + ��v
2
�
±

q
�2v4 + �

2
�
v
4
�
� 2 v2v2

�
(��� � 2�2m)

i
. (2.40)
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As can be seen from the square root, if s ⌘ ��� � �
2
m < 0 the eigenvalue m

2
� will become

negative, indicating that we are no longer at a local minimum. This can also be verified

via the determinant of the mass-squared matrix,

detM2
⌘ m

2
+m

2
� = v

2
v
2
�
(��� � �

2
m) ⌘ v

2
v
2
�
s . (2.41)

Therefore, we require that s > 0 henceforth. This condition is also sufficient to guarantee

stability of the potential at large field amplitudes, since Eq. (2.37) can be written as

V = �m
2
HH

†
H �m

2
�
�
⇤
�+

�

2


H

†
H +

�m

�
�
⇤
�

�2
+

s

2�
[�⇤�]2 . (2.42)

The last two terms are positive definite when

s > 0 and � > 0 . (2.43)

These inequalities reduce to �� > 0 and � > 0 in the case where �m = 0, the expected

constraints on the quartic terms in two decoupled scalar sectors; for a similar analysis,

see Ref. [84]. In studying the RG evolution of the model, we may now track the sign of

s and � to confirm that stability of the scalar potential is maintained. We will see in our

subsequent examples that this is the case, and is also consistent with the existence of fixed

points in the (�,��,�m) parameter space that we will explicitly identify.

In the numerical examples that we present in the next two subsections, we adopt the

following measured values of the standard model couplings, renormalized at µ0 = 1 TeV,

also used by Hiller et al. [68]:

g1(µ0) = 0.46738, g2(µ0) = 0.63829, g3(µ0) = 1.05737,

yt(µ0) = 0.85322, yb(µ0) = 0.01388 . (2.44)

We take the scale of U(1)B breaking to be v� = 10 TeV, and require that the lightest scalar
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mass eigenstate correspond to the Higgs boson, with mh = 125 GeV. To limit the scope of

our following considerations somewhat, we choose

��(µ0) = 0.2, �m(µ0) = �0.004 . (2.45)

We note that the small negative value of �m(µ0) seemed to lead more readily to solutions

with the desired vacuum stability. With the Higgs doublet vev set at v = 246 GeV, the

requirement that we obtain the correct Higgs boson mass then fixes �(µ0) = 0.25828. The

heavier scalar mass eigenstate will then have a mass of 4.472 TeV, heavy enough to not be

of immediate phenomenological concern.5 Finally we set the Yukawa couplings

i(µ0) = yi(µ0) = 0.1 , i = 1 . . . 3, (2.46)

and the gravitational correction parameters

f� = fy = 0.1 . (2.47)

The value of the gravitational parameter fg depends on whether we study the Gaussian

g1 fixed point (fg > f
crit
g ), or the interacting one (fg = f

crit
g ). The values of the remaining

couplings and fg in these two cases are summarized in Table 2.3. Note that the values of

f� and fy in Eq. (2.47), as well as the value of fg assumed in the case of the Gaussian g1

fixed point, are roughly comparable in magnitude to that of fg in the interacting g1 fixed

point scenario where the gravitational parameter is determined by the measured value of

g1 at low energies.
5For example, given these choices, the mixing angle that diagonalizes Eq. (2.39) is O(10�4), compared

to the experimental bound from Higgs signal strength measurements that is O(10�1) [69].
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case gB g̃ mB fg

g1? = 0: 0.3 0.14988 3TeV 0.1 (> f
crit
g )

g1? 6= 0: 0.40128 0.08338 4.01 TeV 0.05041 (= f
crit
g )

Table 2.3: Remaining model parameters and Z
0 masses for the two scenarios described in the

text, renormalized at the reference scale µ0 = 1TeV. The specific values of gB and g̃ in these two
examples were selected since they run to fixed point values gB? and g̃? that are both nonvanishing.
The value of fg in the g1? 6= 0 case is set by the requirement that the low-energy value of the
hypercharge gauge coupling is reproduced.

2.3.3.1 Gaussian g1 fixed point

In this example, we take fg = 0.1 > f
crit
g so that we attain a Gaussian fixed point in g1,

and choose gB(µ0) = 0.3 and g̃(µ0) = 0.14988, which assures that these couplings flow to

a point on the UV ellipse of fixed points discussed earlier and displayed in Fig. 2.2. We

plot the RG flow in the upper two panels of Fig. 2.3. The Higgs sector remains stable

throughout, and by making use of the 1-loop �-functions we find the following fixed points

for the quartic couplings:

�? = 0.065871 , ��? = 0.014456 , �m? = 0.030760 . (2.48)

These values satisfy the stability conditions Eq. (2.43), and we have confirmed that they

are approached in the numerical results presented in Fig. 2.3.

2.3.3.2 Interacting g1 fixed point

Let us now consider fg = f
crit
g such that we obtain an interacting g1 fixed point, g1? =

g1(MPl) = 1.0168. We further take gB(µ0) = 0.40128 and g̃(µ0) = 0.08338 (the right

endpoint of the solid, TeV line in the second panel of Fig. 2.2) to generate a non-zero fixed

point for gB and g̃ as well.

We plot the corresponding RG flow in the lower two panels of Fig. 2.3. The Higgs
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Figure 2.3: Renormalization group flow of the Abelian gauge couplings and the quartic couplings.
Top: Gaussian g1 fixed point, bottom: interacting g1 fixed point. In the right plots, the shaded
areas highlight the value of

p
s ⌘

p
��� � �2

m
, where s, � and �� remain positive throughout the

entire energy range considered here. The quartic couplings attain their numerically expected fixed
point values within our numerical resolution, strongly suggesting stability of the Higgs sector up to
arbitrarily high energies. The small deviations of the couplings away from their fixed point values
visible at the right sides of the plots is an artifact caused by the finite resolution of our numerical
approximation and the fact that the fixed points are unstable. By increasing the resolution of the
initial conditions at 1 TeV, these deviations can be pushed out to arbitrarily high energies. At
infinite initial resolution, the couplings would hit their fixed point values exactly.

sector again remains stable, and we extract the following fixed points:

�? = 0.018256 , ��? = 0.32076 , �m? = 0.0037738 . (2.49)

These again are consistent with our stability criteria and agree with our numerical RG

flow. In Fig. 2.4, we show the running of couplings in the present scenario compared to

that of the standard model, up to the Planck scale. The curve for the quartic coupling in

the standard model was computed at two loops and assumes the value of �SM extracted

from the one-loop effective potential, �SM(µ0) = 0.19234 [68]; this allows easy comparison
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with what is typically displayed in the literature. The dashed line shows what we would

find for the coupling � in our model if we were to assume a boundary value identical to

that of the standard model curve and also work at two loops. This illustrates that our

model’s ability to avoid the metastability of the standard model is a consequence of the

new contributions to the �-functions rather than a different boundary condition at the TeV

scale caused by the nonvanishing portal coupling �m. Analogous plots can be generated

for the g1? = 0 scenario, but they are qualitatively indistinguishable from those shown in

Fig. 2.4, and are not displayed.

    

Figure 2.4: Comparison to the standard model. See the text for discussion.

Finally, we note that solutions like those presented in this section can be obtained for

other values of the parameters in Eqs. (2.46) and (2.47). This is illustrated in Fig. 2.5,

where we allow these parameters to vary and determine whether viable solutions are ob-

tained. The solid circles represent solutions where all couplings reach perturbative ultra-

violet fixed points and our conditions for vacuum stability are satisfied. Due to the large

number of model parameters, there are many possible two-dimensional plots of this type

that one could construct; however, Fig. 2.5 is sufficient to demonstrate that Eqs. (2.46)

and (2.47) do not represent special choices.
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Figure 2.5: The effects of varying input parameter values. The first row corresponds to the
Gaussian g1 fixed point, while the second corresponds to the interacting one. The solid circles
indicate viable solutions with perturbative fixed points that satisfy Eq. (2.43) everywhere, while
the crosses represent excluded points. The open circles indicate models with vacuum metastability.
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2.4 Branching fractions

While it is not the purpose of the present work to engage in an exhaustive phenomenological

study of this model (studies of gauged baryon number in a more general context exist in

the literature [70–72,85]), we would like to illustrate in this section how the UV restrictions

placed on the parameter space at the TeV scale can lead to meaningful predictions of the Z 0

boson properties. To do so, we focus on the case of the interacting g1 fixed point, discussion

in Secs 2.3.2.2 and 2.3.3.2. In the previous section, we found that the ultraviolet critical

surface corresponded to a line segment in the gB g̃-plane which, when run down to the TeV

scale, is given by

g̃ =
16

77
gB for 0  gB . 0.4013 . (2.50)

Let us consider the implications of this result for branching fractions of the Z
0 boson. For

a Z
0 in the multi-TeV mass range, it is a reasonable approximation to neglect the masses

of all the standard model particles (we comment on the effect of including them later). In

this case, the partial decay widths take relatively simple form. For decays to fermions with

Nc colors one has

�(ff̄) =
Nc

48⇡

�
C

2
V + C

2
A

�
mBg

2
B , (2.51)

where the CV and CA can be derived from the form of the covariant derivative, Eq. (3.3),

and we use Eq. (2.50) to eliminate any dependence on g̃. Numerically, we find that |CV |

is given by 0.8008, 0.6398, 0.2414, and 0.0805 for the up-type quarks, down-type quarks,

charged leptons, and neutrinos, respectively; the |CA| are each 0.0805. This is sufficient to

determine the partial width to dijets (including all quarks except the top), and to charged

dileptons. We also take into account that there are decays to W
+
W

�: this is easiest to

compute in the original basis where the coupling ✏ is present in the gauge boson kinetic

terms and is treated here as a perturbative interaction. In this case, at lowest order in ✏,

we find (with help from Feyn Calc [86])

�(W+
W

�) =
↵ cos ✓2w✏

2

12
mB

y
4

(1� y2)2

r
1�

1

x2

✓
4x4 + 16x2 �

3

x2
� 17

◆
, (2.52)
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where x = mB
2mW

, y = mZ/mB and ✓w is the weak mixing angle. Using mW = mZ cos ✓w

and assuming mB � mZ , one may show that this result approaches

�(W+
W

�) ⇡
4

29645⇡
mBg

2
B , (2.53)

provided the kinetic mixing is small. The consequence of Eq. (2.50) is that Eqs. (2.51)

and (2.53) are proportional to mBg
2
B

, which implies that the Z
0 branching fractions are

approximately fixed provided that the Z 0 boson is sufficiently heavy and that we live within

the range 0  gB . 0.4013. We find that

BF(Z 0
! jets) = 77.8%

BF(Z 0
! tt) = 19.8%

BF(Z 0
! `

+
`
�) = 2.0%

BF(Z 0
! W

+
W

�) = 0.1%

(2.54)

with the remainder going to invisible decays (i.e., neutrinos). For example, mB = 3 TeV

and gB = 0.3 is a choice that satisfies our assumptions and is consistent with current

experimental bounds. For this point in model parameter space, we have checked that the

effect of including final state particle masses, including that of the top quark, affects the

branching fractions shown above only at the next decimal place. LHC searches for new

resonances decaying to dijets allow the Z
0 of the present model for mB = 3 TeV and

gB = 0.3 (see Fig. 3 in Ref. [85], where the value of the coupling to quarks would be 0.6

in their conventions, well within their allowed region.). Moreover, Eq. (2.50) implies the

value g̃ = 0.0623, corresponding to the kinetic mixing parameter ✏ = 0.1321, consistent

with the kinetic mixing bounds in Ref. [87] for a 3 TeV Z
0. One might expect the model to

provide similar predictivity for heavier Z 0 bosons which will be less constrained by current

experimental bounds.
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2.5 Conclusions

We have considered a model with gauged baryon number that is asymptotically safe due to

gravitational corrections introduced above the Planck scale. Three generations of vector-

like fermions, which are chiral under the baryon gauge symmetry, cancel the gauge and

gravitational anomalies in the theory. The baryon number gauge symmetry is sponta-

neously broken after a new complex scalar field obtains a non-zero vacuum expectation

value. By requiring that the couplings flow to asymptotic fixed points, we restrict the pa-

rameter space of the model, in some cases relating the kinetic mixing to the baryon gauge

coupling. This allows us to predict measurable quantities, such as branching fractions, of

the Z
0 boson at future collider experiments.

The ultraviolet behavior of the model depends on the size of the gravitational correc-

tions. For sufficiently large gravitational correction terms in the RGEs, there exists either

a Gaussian fixed point or an interacting fixed point for the GUT-normalized hypercharge

coupling, g1. For each of these cases, we examined the parameter space of the baryon

gauge coupling and the kinetic mixing, (gB, g̃), to find the subspace that flows to ultravi-

olet fixed points, thereby defining the UV critical surface. In the Gaussian case, there is a

stable trivial fixed point for (gB?, g̃?) = (0, 0) and an unstable ellipse of fixed points whose

size is determined by the magnitude of the gravitational correction terms in the RGEs. In

the interacting case, one finds a trivial fixed point as well as an unstable non-trivial fixed

point. Any value on the line connecting these fixed points flows to the trivial fixed point.

Any values off of this line or outside of the ellipse flow to infinite values and correspond to

unphysical theories.

In the Higgs sector of our model, we stated the conditions on the quartic couplings for

vacuum stability and confirmed that they are satisfied under the RG flow. After fixing

values for the couplings at the TeV scale and running them up to fixed points, we included

gravitational effects on the trans-Planckian RG flow. Within our stated approximations, we

obtained numerical evidence suggesting that the Higgs sector retains its vacuum stability
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to arbitrarily high energies, with all of its couplings approaching nontrivial fixed points.

We briefly examine the phenomenology of the model by determining the restrictions

on the parameter space at the TeV scale imposed by asymptotic safety. Considering the

case where the g1 fixed point is nonzero, we were able to predict values for the branching

fractions of the Z 0 boson into jets, tt̄, charged dileptons, and W
+
W

�, from the relationship

between the kinetic mixing and baryon gauge coupling. To good approximation, the partial

decay widths are proportional to mBg
2
B

, when mB � mZ , which implies that the branching

fractions are all fixed if the Z
0 boson is sufficiently massive.

In future work, we look forward to exploring other aspects of the phenomenology of

this asymptotically safe gauged baryon number model, including how the heavy vector-like

leptons affect the muon g � 2 and how a viable dark matter candidate may be included.
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Chapter 3

Asymptotically safe dark matter

with gauged baryon number1

In this chapter we consider the inclusion of TeV-scale, fermionic dark matter in an asymp-

totically safe model of gauged baryon number of Chapter 2. The new gauge boson serves as

a portal between the dark and the visible sectors. The range of the baryon number gauge

coupling and the kinetic mixing between baryon number and hypercharge are constrained

by the requirement that nontrivial ultraviolet fixed points are reached. We show that this

asymptotically safe dark matter model can achieve the correct dark matter relic density

while remaining consistent with direct detection bounds.

3.1 Introduction

Asymptotic safety has been used as a principle to restrict the parameter space of a number

of beyond-the-standard-model scenarios [36–38, 64–69, 88–96], including models of dark

matter [36,37,89], of new contributions to the muon anomalous magnetic moment [37,64],

of modified Higgs, neutrino [65,66,90] and gauge sectors [38,67], of B-meson anomalies [69,

91, 92] and of new TeV-scale physics with collider physics implications [68, 93]. In this
1Work previously published in J. Boos, C. D. Carone, N. L. Donald and M. R. Musser, “Asymptotically

safe dark matter with gauged baryon number," Phys. Rev. D 107, no. 3, 035018 (2023).
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chapter, we follow up on the model of asymptotically safe gauged baryon number proposed

in Chapter 2 (Ref. [88]). There is an extensive literature on the possibility of gauged

baryon number; for discussion of the motivations and phenomenology, see, for example,

Refs. [70–76]. The most important parameters for determining the properties of the new

U(1) gauge boson are the gauge coupling gB, the gauge boson mass mB, and a coupling g̃

that determines the kinetic mixing between hypercharge and the U(1)B gauge group. In

the absence of this mixing, the tree-level couplings of the new gauge boson to standard

model matter fields are entirely leptophobic; the degree to which the model deviates from

leptophobia is determined by the kinetic mixing parameter, making its value of critical

importance in determining the phenomenology of the model. One of the benefits of an

asymptotically safe version of the gauged baryon number scenario is that the kinetic mixing

is fixed in terms of gB at the TeV scale due to the constraints on the couplings in the deep

UV. This leads to greater predictivity. Reference [88] mapped out the ultraviolet fixed

points in a simple model of gauged baryon number and discussed the phenomenological

consequences, assuming that the scale of new physics (including new fermions to cancel

anomalies) was around 1 TeV.

The model of Ref. [88] did not include a dark matter candidate, an omission that we will

remedy here. In addition to the TeV-scale particle content included to cancel anomalies,

we add a fermion, �, that is vector-like under U(1)B and carries no other gauge quantum

numbers:

�L ⇠ �R ⇠ (1, 1, 0, 1/6) . (3.1)

Here, the first two numbers shown are the dimensionalities of the SU(3)C and SU(2)W

representations, while the last two are the U(1)1 and U(1)B charges. We work with the

grand unified theory (GUT) normalization of hypercharge, i.e., gY =
p
3/5 g1 where gY

is the hypercharge coupling of the standard model; gB is normalized so that the baryon

number of a nucleon is +1. The baryon number charge assignment in Eq. (3.1) renders

the � field stable, as we explain in the next section, and allows the U(1)B gauge field to
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serve as a portal between the dark and the visible sectors. Other work on such “baryonic”

dark matter candidates appears in Refs. [74–76]. Aside from differences in the particle

content and charge assignments that we assume, our approach differs in that we work in

the framework of asymptotic safety where both the allowed range of gB and the value

of the kinetic mixing parameter g̃ are constrained by the ultraviolet boundary conditions

on the theory. With g̃ predicted in terms of gB, we include leptonic channels in the

new gauge boson decay width and the dark matter annihilation cross section, without

introducing dependence on an additional free parameter. In addition, our calculation of

the relic density incorporates a relativistic treatment of the thermally averaged dark matter

annihilation cross section times relative velocity, which is expected to be more accurate for

the near-resonant annihilation [97] that we encounter in the present study.

The purpose of the present work is to establish three important conceptual results that

may motivate more detailed phenomenological studies in future work, namely: (1) that

our model provides a natural symmetry mechanism for establishing dark matter stability,

(2) that the introduction of dark matter does not qualitatively alter the asymptotic fixed

point structure found in our earlier model of gauged baryon number, and (3) that viable

dark matter solutions exist for a number of qualitatively different fixed point scenarios.

Discussion of these points is organized as follows. In Sec. 3.2 we consider the choice in

Eq. (3.1), how dark matter stability is assured, and how the fixed-point structure of the

model of Ref. [88] is affected by the additional particle content. In Sec. 3.3, we study the

dark matter relic density, and in Sec. 3.4 we consider the direct detection bounds for points

in model parameter space where the correct relic density is obtained. We summarize our

conclusions in Sec. 4.5.

3.2 Gauged baryon number model

The model of Ref. [88] includes the U(1)B gauge boson Bµ, a scalar field � with baryon

number +1, and a number of new fermions that are introduced to cancel gauge and grav-
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itational anomalies. The new gauge boson and fermions become massive when � acquires

a vacuum expectation value (vev); we assume their mass spectrum lies at or above 1 TeV.

The charge assignments of the fields can be found in Ref. [88]; what is important here is

that the magnitudes of the baryon number charges |QB| are either 0, 1/3 or 1. Under a

U(1)B phase rotation exp(iQB ↵), all of these fields are left invariant in the case where

↵ = 6⇡. On the other hand, the field � in Eq. (3.1) changes sign under that action of the

same group element. This establishes that there is a Z2 symmetry which is a subgroup

of U(1)B and that remains unbroken after spontaneous symmetry breaking. Since the �

field is the only field that is odd under this symmetry, its stability is guaranteed, making

it a potential dark matter candidate. The fact that the stabilizing symmetry is a subgroup

of a gauge symmetry renders it safe from violation by any possible quantum gravitational

effects.

The hypercharge and U(1)B gauge fields can mix through their kinetic terms,

L � �
1

4
F

µ⌫

Y
F

Y

µ⌫ �
1

4
B

µ⌫
Bµ⌫ +

✏

2
B

µ⌫
F

Y

µ⌫ . (3.2)

We follow a standard approach of working in a basis where the kinetic terms are diagonal

and canonically normalized, but where the gauge-covariant derivative for a generic field  

takes the form [36,38,88]

Dµ = [@µ � i gBBµQB � i (g1A
Y

µ + g̃ Bµ)Q1] . (3.3)

Here, QB and Q1 =
p

3/5QY denote the baryon number and hypercharges of  , respec-

tively, and g̃ = ✏ g1/
p
1� ✏2.
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The one-loop � functions for g1, gB and g̃ (computed using PyR@TE 3 [27]) are

�
(1)(g1) =

77

10
g
3
1 � f̂gg1 ✓(µ�MPl) ,

�
(1)(gB) =

298

27
g
3
B �

16

3
g
2
B g̃ +

77

6
gB g̃

2
� f̂ggB ✓(µ�MPl) ,

�
(1)(g̃) =

77

6
g̃
3
�

16

3
g̃
2
gB +

298

27
g̃g

2
B +

77

5
g̃g

2
1 �

16

5
g
2
1gB � f̂g g̃ ✓(µ�MPl) .

(3.4)

We use the notation �(g) = �
(1)(g)/(4⇡)2 and f̂g ⌘ (4⇡)2fg, for convenience. The in-

clusion of gravitational correction terms to the gauge coupling � functions, with a universal

parameter f̂g, is motivated by functional renormalization group (RG) calculations [36–38].

(For an alternative approach towards realizing asymptotic safety, see Ref. [80,98–100]; for

work that casts doubt on this approach, see Ref. [101].) The general one-loop gravitational

contributions to the gauge � functions were first computed in Ref. [82] and found to be

independent of gauge coupling, but renormalization scheme dependent, with fg � 0. We

make an assumption that is standard in the phenomenological literature that fg > 0, which

is obtained in schemes that break specific gauge-gravity symmetries, defined by Eq. (26) in

Ref. [82]. Since the RG running of g1 decouples from that of gB and g̃, we will distinguish

between two different fixed point scenarios, corresponding to the solution of

✓
77

10
g
2
1? � f̂g

◆
g1? = 0 . (3.5)

A non-trivial, interacting fixed point is obtained provided that f̂g has a critical value

f̂
crit
g = 77

10 g
2
1?; in this case, g1 remains constant and nonvanishing above the Planck scale,

with f̂
crit
g ⇡ 7.9610 to match the experimental value of g1 at the electroweak scale [88]. For

f̂g larger than the critical value, the gravitational term drives g1 to a trivial, Gaussian fixed

point. In either case, the requirement that g1 reaches a fixed point constrains the evolution

of the remaining couplings gB and g̃. Their flow as one evolves to higher renormalization

scales is shown graphically in Fig. 3.1.

When g1 flows to its Gaussian fixed point, the locus of fixed points in the gB g̃-plane is
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Figure 3.1: Visualization of the RG flow in the gB g̃-plane. The inside of the ellipse and the
interior of the line segment are driven to the Gaussian fixed point (gB , g̃) = (0, 0); the ellipse’s
boundary and the line’s right endpoint are non-trivial fixed points. In the conventions adopted
here, the arrows on the flow lines point towards the UV.

constrained to the ellipse E(gB?, g̃?, f̂g) = 0, where

E(gB, g̃, f̂g) =
77

6
g̃
2 +

298

27
g
2
B �

16

3
gB g̃ � f̂g . (3.6)

Points inside this ellipse flow toward (gB?, g̃?) = (0, 0), while points outside flow to infinite

radius. Loosely speaking, the gravitational correction factor fg sets the size of this ellipse.

On the other hand, when g1 flows to its interacting fixed point, there are two gB g̃ fixed

points connected by a line segment in the gB g̃-plane,

g̃ =
16

77
gB . (3.7)

The end point (gB?, g̃?) = (0.87145, 0.18108) is an unstable fixed point, while points on

the interior of the line segment flow to a trivial fixed point at (gB?, g̃?) = (0, 0). While

the largest fixed point coupling values shown in Fig. 3.1 are of order unity, the relevant

expansion parameter is ↵i/(4⇡) ⌘ g
2
i
/(16⇡2), where gi represents either gB or g̃. Hence,

we expect the higher-loop contributions to the � functions to be small compared to the

one-loop results included here.
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The inclusion of the dark matter particle � changes the � functions from those given in

Ref. [88]. However, the numerical effects are small and the pattern of fixed points and flow

lines remains qualitatively unchanged. Given the multitude of choices for ultraviolet fixed

points, we will limit our consideration to what are plausibly three representative cases:

(ia) Interacting g1 fixed point: One end of the line segment shown in Fig. 3.1 is an unstable

fixed point with (g1?, gB?, g̃?) = (1.0168, 0.87145, 0.18108) and f̂
crit
g ⇡ 7.9610. The re-

quirement of reaching an unstable fixed point leads to the greatest predictivity in the

low-energy theory. At 1 TeV, the couplings are (g1, gB, g̃) = (0.46738, 0.40049, 0.083219).

Note that g̃ = 16/77 gB is preserved by the RG flow.

(ib) Interacting g1 fixed point: Choosing a point on the interior of the line segment

with g̃ = 16/77 gB at 1 TeV and f̂
crit
g ⇡ 7.9610 again yields an interacting fixed

point for g1, but gB and g̃ now flow to Gaussian fixed points. For this example, we

take gB = 0.2, i.e., (g1, gB, g̃) = (0.46738, 0.20000, 0.041558) at 1 TeV; this flows to

(g1?, gB?, g̃?) = (1.0168, 0, 0).

(ii) Gaussian g1 fixed point: We choose fg = 0.1, below the critical value, so that g1

flows to a Gaussian fixed point. Choosing a point on the ellipse provides nontrivial

fixed points for gB and g̃. For easy comparison to case (ib), we choose a solution

for which gB = 0.2 at 1 TeV: we assume (g1?, gB?, g̃?) = (0, 0.209651, 1.13654) which

leads to the 1 TeV values (g1, gB, g̃) = (0.46738, 0.20000, 0.15067).

In each of these cases, at least one coupling flows to a non-trivial fixed point, corresponding

to an asymptotically safe scenario. It is worth stressing that fg is treated as a phenomeno-

logical parameter, which allows us to reproduce the desired value of g1 at the electroweak

scale in cases (ia) and (ib), and to freely choose a representative value of fg in case (ii).

In this sense, we follow a bottom-up approach, like that of Ref. [37]. Alternatively, in

specific quantum gravitational scenarios and specific truncations, one may relate fg to the

gravitational constant and the cosmological constant (for discussion, see Ref. [36]); while
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motivated by functional renormalization group studies, the effective phenomenological ap-

proach remains somewhat agnostic to the details of the gravitational physics.

In what follows, we will evaluate the constraints on the model parameter space from

the dark matter relic density and direct detection bounds.

3.3 Relic density

To good approximation, the dark matter � remains in thermal equilibrium as long as the

annihilation rate to standard model particles exceeds the expansion rate of the universe.

Dark matter annihilation to standard model fermions via exchange of the U(1)B gauge

boson provides the dominant contribution to the annihilation cross section. We will see

later that the kinetic mixing produces roughly a 15% correction to the annihilation cross

section, by allowing dark matter annihilation to dileptons. The nonvanishing kinetic mixing

also allows gauge-gauge and gauge-Higgs final states, but we find that they contribute less

than ⇠ 0.3% to the total annihilation cross section. Effects due to mixing in the �-Higgs

sector, which were studied in Ref. [88], are much smaller, at least for parameter choices

where asymptotic safety has been demonstrated in the model. In particular, the mixing

angle between the � and Higgs boson was found in Ref. [88] to be O(10�4), so that

annihilation to �-Higgs and Higgs-Higgs final states are negligible compared to the leading

contributions.

Given our assumption that the new fermions in the model have TeV-scale masses, we

neglect the mass of standard model fermions, aside from that of the top quark. The cross

section for annihilation into a standard model fermion f is given by

�
�
��̄! ff̄

�
=

Nc g
4
B

1728⇡

1

s

s
s� 4m2

f

s� 4m2
�

�
s+ 2m2

�

�
"
C

2
V
(s+ 2m2

f
) + C

2
A
(s� 4m2

f
)

(s�m
2
B
)2 + �2m2

B

#
. (3.8)

Here, Nc is the number of colors, mf , m�, and mB are the masses of the standard model

fermion, the dark matter particle, and the U(1)B gauge boson, respectively, and � is the
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gauge boson decay width. The partial decay width to an ff final state is given by

��
�
B ! ff̄
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=

Nc g
2
B
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1�

4m2
f

m
2
B
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. (3.9)

The coefficients CV and CA are vector and axial-vector couplings in units of gB. One finds

numerically that |CV | is given by 0.8008, 0.6398, 0.2414, and 0.0805 for up-type quarks,

down-type quarks, charged leptons, and neutrinos, respectively, whereas the |CA| are all

0.0805.

Dark matter falls out of thermal equilibrium at the freeze-out temperature Tf , which

we determine by the condition

�

H(Tf )
⌘

n
EQ
� h�vi

H(Tf )
⇡ 1. (3.10)

Here, nEQ
� is the equilibrium number density and H(T ) = 1.66

p
g⇤ T

2
/MPl is the Hubble

parameter for a radiation dominated universe written in terms of the number of relativistic

degrees of freedom, g⇤, and the Planck mass MPl = 1.22 ⇥ 1019 GeV. For a radiation

dominated universe, it is appropriate to assume the non-relativistic equilibrium number

density

n
EQ
� = 2

✓
m�T

2⇡

◆3/2

e
�m�/T . (3.11)

A relativistic treatment of the thermally averaged annihilation cross section times relative

velocity is given by [97]

h�vi =
1

8m4
�TK

2
2

�
m�

T

�
Z 1

4m2
�

ds�tot ⇥ (s� 4m2
�)
p
sK1

✓p
s

T

◆
, (3.12)

where the Ki are modified Bessel functions of order i. For the sufficiently large freeze-out

temperatures considered in this analysis, the ratio of the equilibrium number density to
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the entropy density at freeze-out, Yf , is given by

Yf = 0.145
g

g⇤
x
3/2
f

e
�xf , (3.13)

where xf ⌘ m�/Tf and g = 4 is the number of internal degrees of freedom of the dark

matter particles plus antiparticles. This ratio at freeze-out can then be propagated to the

ratio Y0 at the present temperature of the universe,

1

Y0
=

1

Yf
+

r
⇡

45
MPlm�

Z
x0

xf

dx
p
g⇤
x2

h�vi

2
, (3.14)

where the factor of 1/2 takes into account that annihilation only occurs between a dark

matter particle and its antiparticle, while the Yi in this expression include both [97].

The dark matter relic density is then given by

⌦Dh
2
⇡

2.8⇥ 108

GeV
Y0m� . (3.15)

We now compute the relic density in each of the previously described cases (ia), (ib), and

(ii). This analysis relies on numerical integration which can be performed to high accuracy.

Since the couplings are fixed by the asymptotic safety criterion, the only free parameters

entering this analysis are the dark matter mass m� as well as the U(1)B gauge boson mass

mB. The latter is assumed to be in the TeV-range, comparable to the masses of the other

heavy fermions; see Ref. [88] for details.

To analyze how the choice of these mass parameters affects the predicted relic density,

we scan over the gauge boson mass mB and determine the relic density as a function

of m�; Fig. 3.2 shows results for three choices of mB. A resonance effect is apparent

when mB ⇡ 2m�. At this resonance, the total cross section assumes a maximum value

related to the gauge boson decay width, resulting in a minimum relic density. The value of

the minimum relic density increases as the mass of the the U(1)B gauge boson increases,

because the gauge boson width scales with mB. The observed dark matter relic density
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Figure 3.2: Relic density curves for several choices of mB . The horizontal band represents the
observed value ⌦Dh

2 = 0.1193± 0.0009 [102].

is [102]

⌦Dh
2 = 0.1193± 0.0009 . (3.16)

In Fig. 3.2 we superpose this band; for a given mB, there are two disconnected mass ranges

for m� in which a relic density consistent with observation is obtained. The allowed ranges

of m� can be extracted as a function of mB for each asymptotically safe scenario defined

in Sec. 3.2; these will be used in the study of the dark matter-nucleon elastic scattering

cross section in the next section.

3.4 Direct detection

For each point in model parameter space that leads to the correct relic density, we must

check that the experimental bounds from the direct detection of dark matter-nucleon elastic

scattering are satisfied. We consider only the most stringent bounds that follow from

the spin-independent scattering cross section. For TeV-scale dark matter, the momentum

transfer in the relevant t-channel Feynman diagrams can be neglected, q2 ⇡ 0. The effective

dimension-six operators, which are suppressed by 1/m2
B

, have vector-vector, vector-axial
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vector, and axial vector-axial vector parts. Only the vector-vector part, i.e. the �̄�µ�q̄�µq

operator, contributes to the spin-independent cross section [103–105]. Nucleon matrix

elements of a quark vector current have form factors that simply count the number of

quarks, so there is no hadronic uncertainty in going from quark to nucleon matrix elements.

For example, elastic scattering off a nucleon N = p or n in our model is given by

�N =
g
4
B

36⇡

µ
2
�N

m
4
B

 
1 +

r
3

5
cN

g̃

gB

!2

, (3.17)

where cN = 1/4 or 3/4 for a neutron or proton, respectively, and µ�N = m�mN/(m�+mN )

is the dark matter-nucleon reduced mass. To compare to experimental bounds, we take into

account that the dark matter scatters coherently off of the entire nucleus so we must sum

over protons and neutrons in the amplitude. To obtain an effective dark matter-nucleon

cross section we then divide the cross section by the square of the atomic mass number.

For a Xenon target, with atomic number 54 and atomic mass 131.293, we find

�SI =
g
4
B

36⇡

µ
2
�N

m
4
B

✓
1 + 0.35

g̃

gB

◆2

, (3.18)

where numerically we use an average mass for the nucleon, mN ⇡ 939 MeV. We note that

in the limit g̃ = 0, our result agrees with the cross section given in Ref. [74]; for sample

points (ia) and (ib), g̃ = 16
77gB and the kinetic mixing term represents a 15% correction.

In Fig. 3.3, for each of the asymptotically safe scenarios defined in Sec. 3.2, we display

�SI for parameter choices corresponding to relic densities within two standard deviations

of the central value as per Eq. (3.16). We compare to the bounds from the PandaX–

II experiment [106], which uses a Xenon detector and constrains TeV-scale dark matter

masses. All three scenarios considered here are allowed by current experimental bounds

for dark matter masses m� & 1.5 TeV.

Finally, we note that the DARWIN experiment [107] may probe the mass range shown

in Fig. 3.3. For example, for a dark matter mass of 1 TeV, the projected cross section reach
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Figure 3.3: Spin-independent dark matter-nucleon elastic scattering cross sections �SI, for pa-
rameter choices (m�,mB) that yield the correct dark matter relic density.

of DARWIN, assuming 200 ton-years of exposure, is ⇠ 2 ⇥ 10�48 cm2 [107], compared to

the current Xenon1T bound of ⇠ 9⇥ 10�46 cm2 [108]. However, we know of no published

projections of DARWIN’s sensitivity to dark matter in the 1 to 5 TeV mass range considered

here. The model might also be probed at the LHC though a variety of final states with

observable particles and large missing transverse momentum, or through indirect studies

of the contribution of dark matter annihilation to the hadronic component of the cosmic

ray spectrum, but establishing specific bounds would require separate dedicated analyses.

3.5 Conclusions

In this chapter, we have modified the gauged baryon number model proposed in Chapter 2

to include a TeV-scale, fermionic dark matter candidate. The stability of the dark matter

is guaranteed by a discrete subgroup of the additional gauge symmetry, and the new gauge

boson serves as the portal between the dark and visible sectors. The new ingredient in

our study is the assumption of asymptotic safety, which reduces the space of free model

parameters due to the constraint that (at least some) couplings reach nontrivial ultraviolet

fixed points. The effect of this organizing principle is that the range of the baryon number

gauge coupling at the TeV scale is constrained, and the kinetic mixing parameter at the
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same scale becomes a function of the baryon number gauge coupling. This fixes the degree

of gauge boson leptophobia once the gauge coupling of the theory is specified. Taking into

account these constraints, and including the leptonic dark matter annihilation channels

that are induced by the kinetic mixing, the correct dark matter relic density can be obtained

in a number of asymptotically safe scenarios with different patterns of ultraviolet fixed

points. For these solutions, the predicted dark matter-nucleon elastic scattering cross

section is consistent with the bounds from the PandaX–II experiment [106] which probes

the dark matter masses above 1 TeV. Measurements of new gauge boson properties at

colliders and of the dark matter-nucleon elastic scattering cross section at direct-detection

experiments may someday provide nontrivial tests of the relationships between couplings

expected in this and other asymptotically safe gauge extensions of the standard model.
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Chapter 4

Note on scattering in asymptotically

nonlocal theories1

It is possible to formulate theories with many Lee-Wick particles such that a limit exists

where the low-energy theory approaches the form of a ghost-free nonlocal theory. Such

asymptotically nonlocal quantum field theories have a derived regulator scale that is hier-

archically smaller than the lightest Lee-Wick resonance; this has been studied previously

in the case of asymptotically nonlocal scalar theories, Abelian and non-Abelian gauge the-

ories, and linearized gravity. In this chapter we consider the dependence on center-of-mass

energy of scattering cross sections in these theories. While Lee-Wick resonances can be

decoupled from the low-energy theory, scattering amplitudes nonetheless reflect the emer-

gent nonlocality at the scale where the quadratic divergences are regulated. This implies

observable consequences in theories designed to address the hierarchy problem, even when

the Lee-Wick resonances are not directly accessible.
1Work previously published in C. D. Carone and M. R. Musser, “Note on scattering in asymptotically

nonlocal theories," Phys. Rev. D 108, no. 9, 095015 (2023).
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4.1 Introduction

As discussed in Chapter 4, it is possible to formulate a class of theories that interpolates

between Lee-Wick theories and ghost-free nonlocal theories: these are the asymptotically

nonlocal theories described in Refs. [113–116]. An asymptotically nonlocal theory is one

of a sequence of finite-derivative theories that approaches a ghost-free nonlocal theory as

a limit point. We review the construction of asymptotically nonlocal theories in Sec. 4.2.

In an ordinary Lee-Wick theory, the scale at which quadratic divergences are cancelled is

set by the mass of the lightest Lee-Wick resonance. For example, if one were to decouple

the Lee-Wick partners in the Lee-Wick Standard Model, fine-tuning in the Higgs boson

squared mass would be reintroduced. In asymptotically nonlocal theories, the Lee-Wick

partners may be heavy, while the light scalar mass is regulated by an emergent nonlocal

scale Mnl, that is hierarchically smaller than the lightest Lee-Wick resonance mass, m1,

M
2
nl ⇠ O

✓
m

2
1

N

◆
. (4.1)

Here, N is the number of propagator poles in a given theory, which provides a source

of parametric suppression [113–116]. Note that approaches to achieving a parametric

suppression of the regulator scale have appeared in other contexts in the literature [117,

118].

Asymptotically nonlocal theories have been explored previously in scalar theories [113],

Abelian [114] and non-Abelian gauge theories [115], and in linearized gravity [116]. These

papers discussed the higher-derivative and auxiliary field formulation of these theories

(that is, equivalent theories in which higher-derivative terms are eliminated in favor of ad-

ditional fields). These papers also demonstrated the emergence of the nonlocal regulator

scale in a variety of loop amplitudes, and in resolving gravitational singularities. However,

what was not considered was the implications for scattering cross sections. For example,

if asymptotically nonlocal theories interpolate between Lee-Wick and ghost-free nonlocal
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theories, how is this transition reflected in the dependence of scattering cross sections on

center-of-mass energy? If propagators fall off exponentially with Euclidean momentum in

asymptotically nonlocal theories, does one expect scattering amplitudes to grow without

bound above the emergent nonlocal scale, given that the momentum transfers are not Eu-

clidean? (We will see later that the answer is no.) In general, one expects that the physics

associated with the emergent nonlocal regulator scale should also be apparent in scattering

amplitudes as the Lee-Wick resonances are decoupled. We explore this expectation in the

present note by considering the momentum-dependence of an s-channel scattering cross

section in an asymptotically nonlocal toy model that captures the qualitative features one

expects to find in more realistic theories. This fills a gap in the discussion that appeared

in the previous literature [113–116].

This chapter is organized as follows. In Sec. 4.2, we review the construction of asymp-

totically nonlocal theories, including our assumptions about how the limiting nonlocal

theory is reached. We define the model that we study later and discuss the form of the

self-energy corrections to the propagator in the higher-derivative formulation of the theory.

Loop corrections encode the resonance widths, which truncate the growth in the scattering

amplitudes that is associated with the emergent nonlocality. In Sec. 4.3, we show in a sim-

ple example that the same results are obtained whether one works in the higher-derivative

or (with more effort) in the auxiliary-field formulation of the theory. In Sec. 4.4, we de-

scribe how we implement mass and wave function renormalization in the higher-derivative

theory and we present numerical results for the momentum dependence of the amplitudes

that are of interest to us. In Sec. 4.5, we summarize our conclusions.
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4.2 Framework and a toy model

Our framework can be illustrated in a theory of a real scalar field �: We seek a sequence

of theories that approaches the nonlocal form

L1 = �
1

2
� (2+m

2
�
) e`

22
�� V (�) (4.2)

as a limit point. The exponential of the box operator shown in Eq. (4.2) is familiar from

the literature on ghost-free nonlocal theories [17,57,109–112], and regulates loop integrals

at the scale 1/`. A theory that approaches Eq. (4.2) when N ! 1 is given by

L = �
1

2
� (2+m

2
�
)

✓
1 +

`
22

N � 1

◆N�1

�� V (�) , (4.3)

However, the propagator in this theory contains an (N � 1)th order pole, which has no im-

mediate particle interpretation. We can remedy this by taking the `j to be nondegenerate,

LN = �
1

2
� (2+m

2
�
)

2

4
N�1Y

j=1

 
1 +

`
2
j
2

N � 1

!3

5�� V (�) , (4.4)

which approaches the same limiting theory, Eq. (4.2), provided that `j approach a common

value ` as N becomes large. For finite N , the propagator is given by

DF (p
2) =

i

p2 �m
2
�

N�1Y

j=1

 
1�

`
2
j
p
2

N � 1

!�1

. (4.5)

This has N first-order poles; the massive states associated with the higher-derivative

quadratic terms have masses m
2
j
⌘ (N � 1)/`2

j
. The results of Refs. [113–116] were not

sensitive to how the N ! 1, `j ! ` limit was reached. A convenient parameterization

was given by

m
2
j =

N

`2

1

1� j

2NP

, for j = 1 . . . N � 1 , (4.6)
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for P > 1. Away from the limit point, the propagator in Eq. (5.4) can be decomposed using

partial fractions as a sum over simple poles with residues of alternating signs (a familiar

outcome in higher-derivative theories [56]). These correspond to an alternating tower of

ordinary particles and ghosts. We refer the reader to Ref. [113] for the construction of an

auxiliary field formulation that holds for arbitrary N . We will discuss an auxiliary field

formulation that is useful in the case where N = 2 in Sec. 4.3.

Writing the tree-level propagator in terms of the resonance masses mj , one has

DF (p
2) =

i

(p2 �m
2
�
)
Q

N�1
j=1 (1� p2/m2

j
)
, (4.7)

The product in the denominator approaches a growing exponential for Euclidean momen-

tum, which accounts for the better convergence properties of loop amplitudes discussed in

Refs. [113–116]. To study the consequences of this form in scattering, we couple the � field

to complex scalar fields �a, for a = 1, 2:

Ltoy = L
(2)
N

� �
a⇤ (2+m

2
�)�

a
� g ��

a⇤
�
a
. (4.8)

Here the summation on a is implied, and L
(2)
N

represents the quadratic terms

L
(2)
N

= �
1

2
� (2+m

2
�
)

2

4
N�1Y

j=1

 
1 +

`
2
j
2

N � 1

!3

5� . (4.9)

Motivated by simplicity, we have assumed that the ��a⇤
�
a coupling is the only scalar

interaction term, and we consider the s-channel scattering process �1�1 ! �2�2 in the

center-of-mass frame. We focus on s-channel processes as they are often associated with

large momentum transfers in realistic theories at colliders, and they provide a relatively

direct way to study the energy-dependence implied by the distinctive form of the propaga-

tors found in asymptotically nonlocal theories. We expect that the example we study will

provide a qualitative understanding of s-channel processes in these theories, independent
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Figure 4.1: Full � propagator

of the precise choice of fields appearing on the external lines or the spin of the exchanged

particle. The study of a completely general scalar potential may be interesting but goes

beyond the scope of the present work. The product in the denominator of Eq. (5.6) ap-

proaches an exponential that rapidly decreases as a function of the squared center-of-mass

energy s, above the emergent nonlocal scale Mnl ⌘ 1/`. What prevents arbitrary growth of

the propagator is the widths of the resonances (just as it would be had we chosen, for ex-

ample, s = m
2
�
). To capture that physics, we define the one-particle irreducible self-energy

function �iM
2(p2) and compute the full propagator shown in Fig. 4.1. The diagrammatic

resumation gives

D
full
F =

i

(p2 �m
2
�
)
Q

N�1
j=1 (1� p2/m2

j
)�M2(p2)

, (4.10)

which reduces to the familiar expression [39] when N = 1, where the product is replaced by

the identity. We will see in Sec. 4.4 that the imaginary part of M2(p2) limits the maximum

value of the scattering amplitude.

4.3 Equivalent approaches

Before considering the implications of the momentum dependence of Eq. (4.10), we briefly

digress to consider the general form of this expression. In an auxiliary field formulation of

the higher-derivative theory, the higher-derivative terms are eliminated in favor of addi-

tional fields (each corresponding to a propagator pole). In that theory, there are a number

of possible one-particle irreducible self energy diagrams, depending on the choice of exter-

nal lines. Here we look at the scattering process �1�1 ! �2�2 in the auxiliary theory in the

simplest case of N = 2 and show how the loop corrections conspire to exactly reproduce the
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corrected form of the higher-derivative propagator in Eq. (4.10). We expect this to hold for

arbitrary N on general grounds; however, this example illustrates how computations that

are easy in the higher-derivative form of the theory can become prohibitively complicated

in its auxiliary form. Hence, in Sec. 4.4, we return to working with the higher-derivative

theory.

In the case where N = 2, the Lagrangian is given by

L = �
1

2
�̂ (2+m

2
�
)(1 + `

22) �̂+ Lint , (4.11)

where the Lee-Wick partner to the particle with mass m� has mass M ⌘ 1/`, and Lint

contains the coupling to the � fields. We assume M > m�. We place a hat on the field

that appears in the higher-derivative form of the theory for later notational convenience.

An equivalent theory can be identified using an auxiliary field e�:

L = �
1

2

 
1 +

m
2
�

M2

!
�̂2 �̂� e�2 �̂+

1

2
M

2e�2 � 1

2
m

2
�
�̂
2 + Lint . (4.12)

The e� is non-dynamical and can be eliminated from the generating functional for the

theory by performing the corresponding Gaussian functional integral. Operationally, the

resulting Lagrangian is what one obtains from Eq. (4.12) by replacing e� using its equation

of motion,

e� =
1

M2
2�̂ . (4.13)

With this substitution, one recovers Eq. (4.11). It is convenient to rescale �̂ = ⇠
�1
�̂1 and

e� = ⇠e�1, with

⇠ ⌘

 
1 +

m
2
�

M2

!1/2

, (4.14)

so that

L = �
1

2
�̂12 �̂1 � e�12 �̂1 +

1

2
M

2
⇠
2e�21 �

1

2
⇠
�2

m
2
�
�̂
2
1 + Lint . (4.15)
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Shifting �̂1 = �1 �
e�1 leads to the following form:

L = �
1

2
�T2K��

1

2
�T

M�+ Lint (4.16)

where

� ⌘

✓
�1
e�1

◆
, K =

✓
1 0
0 �1

◆
and M = ⇠

�2
m

2
�

 
1 �1
�1 1� ⇠

4M2

m
2
�

!
. (4.17)

The kinetic matrix K has the form one expects in a Lee-Wick theory, with one field having

a canonically normalized, but wrong-sign kinetic term. The mass squared matrix M is

off-diagonal. A transformation of the form � = R�0 with

R =

✓
cosh ✓ sinh ✓
sinh ✓ cosh ✓

◆
(4.18)

will leave K unchanged but can be used to diagonalize M. We find that this is the case

for

✓ =
1

2
ln

 
M

2
�m

2
�

M2 +m
2
�

!
, (4.19)

which leads to the simple form

R =
1q

M4 �m
4
�

✓
M

2
�m

2
�

�m
2
�

M
2

◆
. (4.20)

. In terms of the mass eigenstate fields �0, the Lagrangian becomes

L = �
1

2
�T

0 (2K0 +M0)�0 + Lint , (4.21)

where

�0 ⌘

✓
�0
e�0

◆
, K0 =

✓
1 0
0 �1

◆
and M0 =

✓
m

2
�

0
0 �M

2

◆
. (4.22)
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This result reproduces the same propagator poles expected in the higher-derivative theory,

Eq. (4.11).

The field redefinitions that led to Eq. (4.22) allow us to rewrite �̂ in terms of the mass

eigenstate fields

�̂ =
Mq

M2 �m
2
�

[�0 � e�0] . (4.23)

The interaction assumed in our toy model, shown in Eq. (4.8), then becomes

Lint = �g
Mq

M2 �m
2
�

v
T

0 �0 �
⇤
� , (4.24)

where we define v
T

0 ⌘ (1,�1). In the �0 field basis, the self-energy function can be written

as a two-by-two matrix, �iM
2(p2)↵� , where the indices represent either �0 or e�0. The full

matrix propagator takes the form

D
full
F (p2) = i

⇥
p
2
K0 �M0 �M

2(p2)
⇤�1

. (4.25)

However, the self-energy matrix in Eq. (4.25) can be expressed in terms of the self-energy

function that appears in the higher-derivative theory:

M
2(p2)↵� = [v0v

T

0 ]↵�
M

2

M2 �m
2
�

M̂
2(p2) . (4.26)

One can understand Eq. (4.26) as follows: the one-�-loop amplitude following from Eq. (4.24)

is the same as in the higher-derivative theory, up to the prefactors appearing in Eq. (4.26).

Higher-loop contributions may involve additional internal � loops, as well as �0 and e�0

internal lines, where the latter will always appear together and re-sum to give the higher-

derivative propagator for �̂. Hence, the function M̂
2(p2) is diagrammatically the same

as the one appearing in the higher-derivative theory. Using the vertex in Eq. (4.24) the
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Feynman amplitude for the s-channel process �1�1 ! �2�2 is given by

iA(�1�1 ! �2�2) =
�i g

2
M

2

M2 �m
2
�

v
T

0

"
p
2
K0 �M0 � [v0v

T

0 ]
M

2

M2 �m
2
�

M̂
2(p2)

#�1

v0 . (4.27)

With the matrix structure of Eq. (4.27) completely specified, one may evaluate the inverse

and simplify. One finds

iA(�1�1 ! �2�2) = �g
2 i

(p2 �m
2
�
)(1� p2/M2)� M̂2(p2)

, (4.28)

which precisely reproduces the form expected in the higher-derivative formulation, follow-

ing from Eq. (4.10), when N = 2. For larger N , it is clearly preferable to work directly

with the higher-derivative form of the loop-corrected propagator, avoiding the field redef-

initions and other avoidable algebra that was illustrated by this example. We use the

higher-derivative approach in the section that follows.

4.4 Energy dependence of amplitudes

To evaluate a scattering amplitude that contains the full propagator in Eq. (4.10), we

must adopt an explicit form for the self-energy function M
2(p2). In the theory presented

in Eq. (4.8), one finds at one-loop using dimensional regularization2 that

M
2(p2) = �

n�g
2

16⇡2

Z 1

0
dx


2

✏
� � + ln4⇡ � ln

�

µ2

�

= �
n�g

2

16⇡2

2

4
Z 1

0
dx


2

✏
� � + ln4⇡ � ln

|�|

µ2

�
+ i⇡

s

1�
4m2

�

p2
⇥(p2 � 4m2

�)

3

5 ,

(4.29)

where n� = 2 is the number of � fields, � ⌘ m
2
� � x(1 � x) p2 and ⇥ is the Heaviside

step function. For p
2
> 4m2

�, the self-energy has an imaginary part, which approaches

a constant value when p
2
� m

2
�. The logarithmic divergence in Eq. (4.29) is absent in

2Alternatively, one could use a cut off regulator with the on-shell renormalization scheme discussed
later, with no effect on the results.

70



physical quantities after mass and wave function renormalization.3 Since the quadratic

Figure 4.2: One-loop diagram corresponding to the � self-energy with counterterms proportional
to ak p

2k.

operator in our theory takes the form of a polynomial in 2, as can be seen in Eq. (5.3),

we can define our renormalized theory as

LN = �
1

2
� (2+m

2
�
)

2

4
N�1Y

j=1

 
1 +

2

m
2
j

!
�

NX

k=0

�k 2
k

3

5�� V (�) , (4.30)

where m� and the N � 1 masses mj are physical masses and the �k correspond to coun-

terterms that will be determined by renormalization conditions. It follows from Eq. (4.30)

that the renormalized propagator is

D
full
F =

i

(p2 �m
2
�
)
Q

N�1
j=1 (1� p2/m2

j
)�M2

r (p
2)

, (4.31)

where

M
2
r (p

2) = M
2(p2)�

NX

k=0

ak p
2k

, (4.32)

with ak ⌘ ��k(�1)k. The coefficients ak need to be fixed by N + 1 renormalization

conditions. Taking into account that Lee-Wick particles are unstable, we require that the

location of the propagator poles on the real axis correspond to the physical masses mj ,

giving us N conditions

ReM2
r (m

2
j ) = 0 , j = 0 . . . N � 1, (4.33)

3One could alternatively consider the possibility that the �-sector is asymptotically nonlocal, which
would lead to a much more cumbersome, but finite, one-loop self-energy function. Such a complication is
unnecessary for the present study.
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where m0 ⌘ m�. Fixing the wave function renormalization of the � field in the higher-

derivative theory gives us the remaining condition. As � is only relevant for internal lines

in the diagrams of interest to us, there are no problems introduced by leaving the wave

function renormalization at any pole non-canonical, as no compensating factors need to be

introduced in the scattering amplitudes of interest. Hence, we make a convenient choice

for the remaining condition

ReM2
r (0) = 0 . (4.34)

Note that this is equivalent to identifying g as the physical coupling defined at the reference

point p
2 = 0. Eq. (4.34) determines the coefficient a0 which absorbs the divergent part of

Eq. (4.29):

a0 = �
n�g

2

16⇡2

"
2

✏
� � + ln4⇡ � ln

m
2
�

µ2

#
. (4.35)

With this choice, the remaining conditions, Eq. (4.33), may be written

ReM2
r (m

2
j ) =

n�g
2

16⇡2

Z 1

0
dx ln

 
|m

2
� � x(1� x)m2

j
|

m2
�

!
�

NX

k=1

ak m
2k
j = 0 , (4.36)

for j = 0 . . . N � 1. These N equations allow one to solve for the remaining coeffi-

cients and therefore the full loop-corrected propagator. Defining ReM2
r (m

2
j
) = M̃

2(m2
j
)�

P
N

k=1 ak m
2k
j

= 0, we may write Eq. (4.36) in matrix form

0

BBB@

M̃
2(m2

0)
M̃

2(m2
1)

...
M̃

2(m2
N�1)

1

CCCA
=

0

BB@

m
2
0 m

4
0 . . . m

2N
0

m
2
1 m

4
1 . . . m

2N
1

...
m

2
N�1 m

4
N�1 . . . m

2N
N�1

1

CCA

0

BB@

a1
a2
...
aN

1

CCA , (4.37)

or more compactly, M̃i = mij aj . Hence, the desired coefficients may be computed numer-

ically by evaluating

ak = [m�1]kj M̃j . (4.38)

Note that the ak for k = 1 . . . N are independent of 1/✏ and represent finite radiative

corrections that vanish when g ! 0.
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Figure 4.3: Dependence of the scattering cross section for �1�1 ! �2�2 with the squared center
of mass energy s, normalized to the cross section at s0 = M

2
nl for the values of N and P shown. In

units where Mnl = 1, this example corresponds to the choices g = 1, m� = 0.01 and m� = m�/4.

As discussed earlier, we focus on the s-channel scattering process �1�1 ! �2�2. The

choice of different � fields in the initial and final state eliminates t- and u-channel diagrams,

which do not affect our qualitative conclusions but would complicate the discussion. We

plot the s-dependence of the scattering amplitudes for both P = 1 and P = 1.5, where

P is the parameter appearing in Eq. (5.5). Note that for P > 1, Eq. (5.5) implies that

all the mj approach a common value as N ! 1. This is not the case for P = 1 when j

is of order N . However, it was found in Ref. [113] that even in this case loop amplitudes

approach the asymptotically nonlocal form, with Euclidean loop momenta exponentially

suppressed above an emergent nonlocal scale. Hence, we present this case here as well.

Results for the scattering cross section, for a number of choices for N (the total number

of poles), and for P = 1 and P = 1.5 are shown in Fig. 4.3. The cross section results are

normalized to their values when
p
s is set equal to the nonlocal scale, i.e., s = M

2
nl. We see

that the results for P = 1 and P = 1.5 are qualitatively similar. The cross section plots

have a region in s immediately above the nonlocal scale where the cross section grows,

with the growth gradually approaching the exponential form expected in the nonlocal

limiting theory as N becomes large. The cross section levels off in the resonance region

above the mass of the first Lee-Wick particle, with hints of resonants peaks visible at the

smaller values of N and P , due to the smaller overlap between adjacent resonances. We
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do not expect the product in Eq. (4.31) to approximate an exponential as the resonance

region is approached for two reasons: (1) mathematically, the product deviates from its

exponential limiting form as s increases at finite N , and (2) this rapidly decreasing term is

eventually surpassed by the contribution from the self-energy term as s increases. Above

the resonance region, the result falls off as the square of the highest power of momentum

in the polynomial that appears in the propagator denominator. Our numerical results in

Fig. 4.3 are consistent with these expectations. We also note that the normalization factor

�(s0) asymptotes to a constant as N becomes large, so the results shown do not hide any

uncontrolled growth or suppression.4

Previous work on asymptotic nonlocality focused on loop amplitudes where momentum

is Euclidean after Wick rotation. At higher-loop order, the full propagator may appear

within other loops, which motivates us to check the behavior of Eq. (4.31) for Euclidean

momentum. In Fig. 4.4, we plot the magnitude of the propagator for Euclidean values

of the s-channel momentum (normalized to the same quantity evaluated at s = �M
2
nl),

as a point of comparison. We see that the results monotonically decrease with increasing

|s| and approach the exponential form of the limiting theory with increasing N . This is

qualitatively consistent with the behavior encountered in the study of loop amplitudes in

Refs. [113–115].

Finally, it is interesting to note that in the cross section examples we present in Fig. 4.3,

the range in
p
s that we consider is relatively small, a factor of at most ⇠ 4.5 between

the smallest and largest values. Yet within this range, one can see an energy dependence

for the scattering cross section that differs from what one might expect to find in either

a simple Lee-Wick theory or a ghost-free nonlocal theory. This may make these class of

theories phenomenologically distinguishable from the other two in realistic theories, at least

in the case where it is possible experimentally to probe the relevant range of center-of-mass

energies.
4For example, in units where Mnl = 1 and s0 = M2

nl, we find numerically that �(s0) = a0 + b0/N +
c0/N

2 + O(1/N3), with a0 = 17.187, b0 = 7.826 and c0 = 5.526, in the case where P = 1, assuming the
other parameter choices given in the caption of Fig. 4.3.
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Figure 4.4: Dependence of the magnitude of the full propagator, at one loop, for Euclidean s,
normalized to the same quantity evaluated at sE = �M

2
nl for the values of N and P shown. In

units where Mnl = 1, this example corresponds to the choices g = 1, m� = 0.01 and m� = m�/4.

4.5 Conclusions

Asymptotically nonlocal theories are a sequence of Lee-Wick theories that approach a

ghost-free nonlocal theory in their low-energy limit [113–116]. The nonlocal modification

of the quadratic terms that is obtained in the limiting theory suggests that a derived

nonlocal regulator scale will emerge in theories with a finite number of Lee-Wick particles,

as the appropriate limit is approached. This regulator scale is hierarchically smaller than

the mass of the lightest Lee-Wick resonance, and its emergence has been explored in past

work on scalar field theories [113], gauge theories [114,115] and in linearized gravity [116].

The regulator appears because the nonlocal form factor in the limiting theory provides

a suppression factor for Euclidean momentum, and hence a faster fall-off in the Wick-

rotated propagators that appear in loop diagrams. For simple scattering processes, where

momentum transfers are not Euclidean, one may worry that the effect of the form factor is

to cause all scattering amplitudes to diverge. This is not the case, for the same reason that

propagators are not infinite when the center-of-mass energy sits exactly at a resonance

value: the growth is limited by the resonance width. In the present case, we take the

resonance widths into account by including the self-energy in the propagator, working in

the higher-derivative form of the theory for arbitrary N . We showed in the simple case
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where N = 2 that the same results are obtained whether one formulates the problem in

the higher-derivative or Lee-Wick forms of the theory, where the latter exchanges higher-

derivative terms for additional fields; however, the higher-derivative form is easier to work

with as the number of propagator poles N becomes large.

With the self-energy included in the propagator in an s-channel scattering process

in a simple toy model, we identified mass and wave function renormalization conditions

and explored how the propagator behaves as moved towards the asymptotically nonlocal

limit; we considered the case where the squared momentum transfer s flowing through the

propagator is positive (relevant for scattering) or negative (relevant for loop amplitudes

due to Wick rotation). For s > 0 we found that cross sections will grow above the nonlocal

scale, will plateau in the region of Lee-Wick resonances, and then fall off at s larger than

the heaviest resonance. The region of growth gradually approaches an exponential form as

N increases and the maximum is determined by the imaginary part of the self-energy in the

higher-derivative theory. On the other hand, for s < 0, one finds monotonic suppression as

|s| becomes large, with the magnitude of the propagator approaching a dying exponential

in the same way.5 This is consistent with the behavior that leads to an emergent regulator

scale in loop amplitudes discussed in our earlier work [113–116].

The growth of cross sections with center-of-mass energy followed by a broad resonant

plateau and then subsequent fall off is neither the qualitative behavior of a simple Lee-

Wick theory nor a ghost-free nonlocal theory; this is not surprising since the model we

study interpolates between the two. Qualitatively, the first signs of growth in the cross

section due to emergent nonlocality might not look very different at a collider experiment

(assuming a realistic theory) from what one might expect from the tail of a heavy resonance

whose mass is just outside an experiment’s kinematic reach. Since such heavy resonances

are not observed, the bounds on the emergent nonlocality scale are likely in the multi-TeV

range. An exact bound would require a dedicated collider analysis in a realistic theory,
5In fact, one can show that the deviation of the finite-N result from the exponential limiting form is

what one would expect for an exponential that is approximated by a product, as in Eq. (5.3).
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which may be of interest for future work.
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Chapter 5

Dijet spectrum in nonlocal and

asymptotically nonlocal theories1

Asymptotically nonlocal field theories approximate ghost-free nonlocal theories at low en-

ergies, yet are theories of finite order in the number of derivatives. These theories have

an emergent nonlocal scale that regulates loop diagrams and can provide a solution to the

hierarchy problem. Asymptotic nonlocality has been studied previously in scalar theories,

Abelian and non-Abelian gauge theories with complex scalars, and linearized gravity. In

this chapter we extend that work by considering an asymptotically nonlocal generalization

of QCD, which can be used for realistic phenomenological investigations. In particular, we

derive Feynman rules relevant for the study of the production of dijets at hadron colliders

and compute the parton-level cross sections at leading order. We use these to determine

a bound on the scale of new physics from Large Hadron Collider data, both for a typical

choice of model parameters, and in the nonlocal limit.
1Work submitted to Physical Review D, currently available as M. R. Anderson and C. D. Carone, “Dijet

spectrum in nonlocal and asymptotically nonlocal theories," (2024), arXiv:2406.12073 [hep-ph].
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5.1 Introduction and Framework

As discussed in Chapter 1, the Lee-Wick Standard Model (LWSM), like the minimal super-

symmetric extension of the Standard Model, predicts heavy particles that have not been

observed. While new particle masses can always be pushed just above current experimen-

tal bounds, doing so gradually reintroduces the unwanted fine-tuning needed to keep the

Higgs boson mass close to the weak scale. While the precise amount of fine-tuning that

is tolerable may be debated, the reintroduction of fine tuning motivates consideration of

higher-derivative theories that do not predict unobserved heavy particles at the TeV scale.

Nonlocal theories present such a possibility (see, for example, Refs. [17, 57, 109, 111,

119–121]). In these theories, the mass and kinetic terms in the Lagrangian are typically

modified by a nonlocal form factor, an infinite-derivative operator that is an entire function

of 2/⇤2
nl, where 2 ⌘ @µ@

µ and ⇤nl is the nonlocal scale. Such a choice modifies the

ultraviolet behavior of propagators without introducing additional poles. The simplest

constructions have employed the exponential of the 2 operator, as in this generalization

of the theory of a real scalar field:

L1 = �
1

2
� (2+m

2
�
) e`

22
�� V (�) . (5.1)

Here ` ⌘ 1/⇤nl. The � propagator involves a factor of e
`
2
p
2 which becomes e

�`
2
p
2
E in

loop amplitudes after Wick rotation, where pE is the Euclidean momentum. This leads to

improved convergence, with ⇤nl serving as a regulator scale.

Asymptotically nonlocal theories represent another possibility, one that interpolates

between Lee-Wick theories and ghost-free nonlocal theories [113–116,122]. These theories

allow the decoupling of the Lee-Wick particles without reintroducing the fine-tuning prob-

lem due to the emergence of a derived regulator scale (i.e., one that does not appear as a

fundamental parameter in the Lagrangian) that is hierarchically smaller than the lightest

Lee-Wick resonance mass. Asymptotically nonlocal theories have been explored in the
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recent literature in the context of scalar theories [113], Abelian gauge theories [114], non-

Abelian gauge theories [115] and linearized gravity [116]. To review the basic construction,

we note that Eq. (5.1) is recovered from

L = �
1

2
� (2+m

2
�
)

✓
1 +

`
22

N � 1

◆N�1

�� V (�) , (5.2)

in the limit that N is taken to infinity. At finite N , this theory is not quite what we want,

since the � propagator has an (N � 1)th order pole, which does not have a simple particle

interpretation. However, we can obtain the same limiting form by working instead with

LN = �
1

2
� (2+m

2
�
)

2

4
N�1Y

j=1

 
1 +

`
2
j
2

N � 1

!3

5�� V (�) , (5.3)

where the `j are nondegenerate but approach a common value, `, as N becomes large. In

this case, the propagator is given by

DF (p
2) =

i

p2 �m
2
�

N�1Y

j=1

 
1�

`
2
j
p
2

N � 1

!�1

, (5.4)

which has N first-order poles, representing a spectrum of particles with masses m� and

mj ⌘
p
N � 1/`j , for j = 1 . . . N � 1. In the past literature [113–116, 122], a convenient

parameterization was chosen for how the mj are decoupled as N becomes large, while the

regulator scale ` is held fixed, namely

m
2
j =

N

`2

1

1� j

2NP

, j = 1 . . . N � 1 , P > 1 . (5.5)

The results discussed in Refs. [113–116, 122] did not depend strongly on how the nonlo-

cal limiting theory was approached. For any finite N , the propagator, Eq. (5.4), may be

expressed via a partial fraction decomposition as a sum over simple poles with residues

of alternating signs (a behavior that is expected in higher-derivative theories [56]). The

poles with wrong-sign residues are Lee-Wick particles. Lee-Wick theories involving higher-
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derivative terms that are of higher-order than those found in the LWSM have been consid-

ered before [45], including the identification of equivalent auxiliary field formulations (that

is, with Lagrangians expressed in terms of additional fields but without higher-derivative

terms). Auxiliary field formulations were also considered in the context of asymptotically

nonlocal theories in Refs. [113–116,122]; here, we work exclusively in the higher-derivative

formulation of these theories.

The propagator in Eq. (5.4) can be expressed in terms of the masses mj ,

DF (p
2) =

i

(p2 �m
2
�
)
Q

N�1
j=1 (1� p2/m2

j
)
. (5.6)

For Euclidean momentum, the product in the denominator of Eq. (5.6) approaches a

growing exponential in the large N limit of Eq. (5.5). This regulates loop diagrams at

the scale ⇤nl, where ⇤2
nl is roughly a factor of N smaller than the square of the lightest

Lee-Wick resonance mass m
2
1.

Asymptotically nonlocal theories represent a class of higher-derivative theories that

are different from the simplest Lee-Wick theories and ghost-free nonlocal theories, which

makes study of their properties and phenomenology well motivated. These theories may

provide a different approach to considering unitarity in nonlocal theories [59,60,123–125],

namely by applying approaches that are known to work in Lee-Wick theories of finite

order [41,51,53,54] and then taking the limit as N becomes large. Of greater relevance to

the present work is that asymptotically nonlocal theories can be considered the ultraviolet

completions of theories that appear nonlocal at low energies. Tree-level scattering processes

at the Large Hadron Collider (LHC) exist in Minkowski space, where the exponential factor

in Eq. (5.1) may produce unbounded growth in cross sections with center-of-mass energy.

In asymptotically nonlocal theories, however, such growth is truncated due to the change

in the theory at the scale of the first Lee-Wick resonance, m1 [122]. In other words, if one

were to integrate out all the heavy particles in an effective field theory approach, then the

effective theory below the cutoff m1 would look (approximately) like a ghost-free nonlocal
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theory; the asymptotically nonlocal theory provides an ultraviolet completion.

From a phenomenological perspective, it is natural to seek a bound on the nonlocal scale

⇤nl [126]. While asymptotically nonlocal theories delay the appearance of new particles, the

momentum dependence of scattering amplitudes is nonetheless affected by the same physics

that accounts for the regulation of loop diagrams which, based on naturalness arguments,

one would expect to be associated with the TeV scale. Since the LHC is currently the

highest-energy collider available to probe new physics, it is natural to investigate how

the relevant physics might be probed there, in one of the most common processes: the

production of dijets. Hence, we will focus on computing the parton-level cross sections in

an asymptotically nonlocal generalization of QCD that determine the proton-proton cross

section for dijet production, in particular, the differential cross section with respect to the

dijet invariant mass. The dijet invariant mass spectrum has been used in other contexts

to bound new physics, for example, to determine a lower bound on the mass of colorons in

Ref. [127]. The Feynman rules for asymptotically nonlocal QCD have not appeared in the

literature (only scalar QCD was considered in Ref. [115]), so we first determine the rules

relevant to two-into-two scattering in the next section. We then give our expressions for

the parton-level cross sections �̂, which are significantly more complicated than what one

obtains in QCD, and explain how gauge-fixing and the identification of asymptotic states

works in our higher-derivative construction. The expressions for the various �̂ also have

not appeared before in the literature and can be incorporated in detailed collider physics

studies. While an exhaustive collider physics study is not the focus of the present work, we

nevertheless use our theoretical results and data from the LHC to obtain a bound on the

nonlocal scale from the dijet invariant mass spectrum. In the final section, we summarize

our conclusions.
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5.2 Asymptotically nonlocal QCD

An asymptotically nonlocal SU(N) gauge theory with complex scalar matter was presented

in Ref. [115], where loop corrections to the scalar two-point function were studied given

their relevance to the hierarchy problem. Here we are interested in a realistic SU(3) gauge

theory with spin-1/2 fermions, namely QCD with color-triplet quarks, for phenomenolog-

ical applications. Following the notation of Ref. [115], we define a covariant box operator

2 ⌘ DµD
µ, with SU(3) covariant derivative Dµ = @µ � i g T

a
A

a
µ and

f(2) ⌘
N�1Y

j=1

�
1 + a

2
j2
�
, (5.7)

where we define a
2
j
⌘ `

2
j
/(N � 1). Eq. (5.7) is a gauge-covariant version of the higher-

derivative product that appears in Eq. (5.3). We then define the asymptotically nonlocal

extension of QCD by inserting f(2) in the kinetic and mass terms, in analogy to Eq. (5.3),

L = �
1

2
Tr Fµ⌫f(2)F

µ⌫ +
1

2
q{(i /D �mq), f(2)}q + Lg.f. , (5.8)

where Lg.f. represents gauge-fixing terms. Here, F
µ⌫

⌘ F
µ⌫a

T
a, and the flavor indices

on the quark field have been suppressed. The braces in the first term represent an anti-

commutator, defined by {X,Y } ⌘ X Y +Y X, which is included to preserve the hermiticity

of the Lagrangian. In the local limit, f(2) ! 1, one obtains the usual QCD Lagrangian.

We assume a familiar form for the gauge-fixing term,

Lg.f. = �
1

2⇠
(@µAa

µ)
2
. (5.9)

A nonlocal modification to the gauge-fixing term is unnecessary, as nothing physical de-

pends on this choice; the form in Eq. (5.9) is convenient for implementing the usual Fadeev-

Popov gauge fixing ansatz.
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5.2.1 Feynman rules

The quark and gluon propagators follow from the purely quadratic terms in Eqs. (5.8)

and (5.9). For the quark fields we find

D(p) =
i (/p+mq)

(p2 �m2
q)f(�p2)

, (5.10)

while for the gluons

D
ab

µ⌫(p) = �
i

p2f(�p2)


⌘µ⌫ �

pµp⌫

p2

�
1� ⇠f(�p

2)
��
�
ab

, (5.11)

where a and b are color indices. In the calculations that we present in Sec. 5.2.2, we

will work in the nonlocal equivalent of Landau gauge, where ⇠ = 0, as this simplifies

intermediate algebraic steps. We note that the factor of f(�p
2) in the denominator of

Eq. (5.11) becomes a growing exponential as a function of Euclidean momentum in the

nonlocal limit, which accounts for the elimination of quadratic divergences in the theory

of complex scalars discussed in Ref. [115].

To evaluate the two-into-two scattering processes of interest to us, we need the inter-

action vertices involving at least one gluon and no more than 4 lines of any type. It is

straightforward, though somewhat tedious, to extract the interactions involving a speci-

fied number of gluon fields from the Lagrangian that involves the product of an arbitrary

number of covariant box operators defined in Eq. (5.7). For vertices involving a quark line,

one can have either one or two gluon lines. We find the Feynman rules

p1

p2

q

µ, a = i g T
a
V

µ

1g(p1, p2) , (5.12)
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where

V
µ

1g(p1, p2) ⌘
1

2

⇥
f1(p

2
1) + f1(p

2
2)
⇤
�
µ
� (p1 � p2)

µ

✓
/p1

� /p2

2
�mq

◆
f2(p

2
1, p

2
2) , (5.13)

and

p1

q1

p2
q2

µ, a ⌫, b

= �i g
2
T
a
T
b
V

µ⌫

2g (p1, p2, q1, q2) + [{q1, µ, a} $ {q2, ⌫, b}] , (5.14)

where

V
µ⌫

2g (p1, p2, q1, q2) ⌘ ⌘
µ⌫

✓
/p1

� /p2

2
�mq

◆
f2(p

2
2, p

2
1) + (q1 + 2 p2)

µ(q2 + 2 p1)
⌫

⇥

✓
/p1

� /p2

2
�mq

◆
f3(p

2
2, (q2 + p1)

2
, p

2
1) +

1

2
�
µ(q2 + 2 p1)

⌫
f2((q2 + p1)

2
, p

2
1)

�
1

2
(q1 + 2 p2)

µ
�
⌫
f2(p

2
2, (q2 + p1)

2) . (5.15)

The three- and four-gluon self-interactions are the same as those found in Ref. [115].

We provide these Feynman rules here for completeness:

p1

p2
p3

µ, a

⌫, b

⇢, c
= �g f

abc
V

µ⌫⇢

3g (p1, p2, p3) + all permutations, (5.16)

where

V
µ⌫⇢

3g (p1, p2, p3) ⌘ ⌘
µ⇢
p
⌫

1f1(p
2
1) +

1

2
(p1 � p3)

⌫(p1 · p3 ⌘
µ⇢

� p
⇢

1p
µ

3 ) f2(p
2
1, p

2
3) . (5.17)
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Here “all permutations" refers to the 3! ways we may permute the elements of the set

{(p1, µ, a), (p2, ⌫, b), (p3, ⇢, c)}, which label the lines of the vertex. Finally,

p1

p3

p2 p4

µ, a

⇢, c

⌫, b

�, d

= �ig
2
f
abe

f
cde

V
µ⌫⇢�

4g (p1, p2, p3, p4) + all permutations, (5.18)

where

V
µ⌫⇢�

4g (p1, p2, p3, p4) =
1

4
⌘
µ⇢
⌘
⌫�
f1
�
(p3 + p4)

2
�

� ⌘
⌫�
p
µ

4 (p3 + 2 p4)
⇢
f2
�
(p1 + p2)

2
, p

2
4

�

�
1

2
⌘
⌫⇢(p1 · p4 ⌘

µ�
� p

�

1p
µ

4 ) f2(p
2
1, p

2
4) �

1

2
(2 p1 + p2)

⌫(p3 + 2 p4)
⇢

⇥(p1 · p4 ⌘
µ�

� p
�

1p
µ

4 ) f3
�
p
2
1, (p1 + p2)

2
, p

2
4

�
. (5.19)

In these Feynman rules, we define the functions f1, f2 and f3 as follows:

f1(p
2) ⌘

N�1Y

j=1

(1� a
2
jp

2) , (5.20)

f2(p
2
1, p

2
2) ⌘

N�1X

k=1

a
2
k

2

4
k�1Y

j=1

(1� a
2
jp

2
1)

3

5

2

4
N�1Y

j=k+1

(1� a
2
jp

2
2)

3

5 , (5.21)

f3(p
2
1, p

2
2, p

2
3) ⌘

N�1X

n=1

N�1X

k=n+1

a
2
na

2
k

2

4
n�1Y

j=1

(1� a
2
jp

2
1)

3

5

2

4
k�1Y

j=n+1

(1� a
2
jp

2
2)

3

5

2

4
N�1Y

j=k+1

(1� a
2
jp

2
3)

3

5 .

(5.22)

As one might surmise, the functions f2 and f3 arise by extracting the one- and two-gluon

parts of the product in Eq. (5.7), respectively. As noted in Ref. [115], these functions

are totally symmetric under interchange of their arguments and approach the following
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exponential forms in the large N limit:

lim
N!1

f1(p
2) = e

�`
2
p
2
, (5.23)

lim
N!1

f2(p
2
1, p

2
2) =

e
�`

2
p
2
1 � e

�`
2
p
2
2

p
2
2 � p

2
1

, (5.24)

lim
N!1

f3(p
2
1, p

2
2, p

2
3) =

e
�`

2
p
2
1

(p22 � p
2
1)(p

2
3 � p

2
1)

+
e
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In the limit that ⇤nl ! 1, the ak ! 0, so that f1(p2) ! 1, f2(p21, p
2
2) ! 0 and

f3(p21, p
2
2, p

2
3) ! 0, independent of the arguments of these functions and the value of N .

One thereby recovers the QCD Lagrangian in this limit.

5.2.2 Two-into-two parton-level cross sections

Following the notation of Ref. [128], the cross-section for a two-jet final state can be

expressed as

d�

dy1dy2dp?
=

2⇡

s
p?
X

ij

h
f
(a)
i

(xa, Q
2)f (b)

j
(xb, Q

2) �̂ij(ŝ, t̂, û)

+f
(a)
j

(xa, Q
2)f (b)

i
(xb, Q

2) �̂ij(ŝ, û, t̂)
i
/(1 + �ij) , (5.26)

where y1 and y2 are the jet rapidities, p? is the jet transverse momentum, the fi are parton

distribution functions, and s, t, and u are the Mandelstam variables with a hat indicating

those of the parton-level process. We comment further on the kinematical variables that

are relevant to our later analysis and on the arguments of the parton distribution functions

in Sec. 5.3. Here, we simply note that Eq. (5.26) defines the parton-level cross sections

�̂ij , which have been known for some time in QCD but are modified in the asymptotically

nonlocal theories we consider here. In this section and in an Appendix, we summarize the

results we obtain for the �̂, which were computed using the Feynman rules of Sec. 5.2.1

via the FeynCalc package [86] in Mathematica.
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Before proceeding to these results, we make a few technical comments. First, we

note that a field in the higher-derivative theory is associated with a number of distinct

particle states, while we are interested in diagrams where the external lines correspond

to the lightest of these states. As described in Refs [113–116, 122], a higher-derivative

field can be decomposed into a sum of quantum fields in an auxiliary field description

where each exclusively creates or annihilates one type of particle. The coefficient of the

component field that annihilates or creates the lightest state is determined by the wave

function renormalization factor that one finds at the corresponding pole in the higher-

derivative theory. For massless partons, the form of our Lagrangian assures that this factor

is unity [since f(0) = f1(0) = 1], so that the field in the higher-derivative theory creates

or annihilates the lightest particle component without any numerical correction factor

compared to a canonically normalized quantum field in a theory that has conventional mass

and kinetic terms. Secondly, we mentioned earlier that we work in the higher-derivative

generalization of Landau gauge, which implies that we must include ghosts if we sum over

all possible polarization states of the external gluon lines. Alternately, we may omit the

ghosts if we also omit the unphysical polarization states that the ghosts would cancel in

the polarization sums. This can be accomplished using standard techniques involving an

auxiliary vector (see, for example, Sec. 3 of Ref. [129]). This is the approach we follow and

we have verified as a consistency check that our cross sections correctly reproduce all the

expected QCD results in the limit that the scale of new physics is taken to be infinitely

large.

For the case of quark-antiquark annihilation through s-channel gluon exchange, the

cross section is given by

�̂qiqi!qjqj
=

4↵2
s

9 ŝ

t̂
2 + û

2

ŝ2f1(ŝ)2
, i 6= j, (5.27)

where i and j are quark flavor indices. Here, and henceforth, we assume all partons are

massless, and the final state jets include five light flavors, with the top quark excluded.
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For t-channel scattering of different flavors of quark or antiquark, the cross section is

�̂qiqj!qiqj =
4↵2

s

9 ŝ

ŝ
2 + û

2

t̂2f1(t̂)2
, i 6= j. (5.28)

For the special case of quark-antiquark scattering into quark-antiquark of the same flavor,

there are both s- and t-channel contributions

�̂qiqi!qiqi
=

4↵2
s

9 ŝ

✓
t̂
2 + û

2

ŝ2f1(ŝ)2
+

ŝ
2 + û

2

t̂2f1(t̂)2
�

2û2

3ŝt̂f1(ŝ)f1(t̂)

◆
, (5.29)

and for the similar case of quark-quark scattering of a single flavor, there are t- and u-

channel diagrams, leading to

�̂qiqi!qiqi =
4↵2

s

9 ŝ

✓
ŝ
2 + û

2

t̂2f1(t̂)2
+

ŝ
2 + t̂

2

û2f1(û)2
�

2ŝ2

3t̂ûf1(t̂)f1(û)

◆
. (5.30)

While the modified form of the �̂ for processes exclusively involving quarks and/or

antiquarks might be easy to intuit, those involving gluon external lines are much more

complicated due to the modification of the Feynman rules in Eqs. (5.16)-(5.19). The cross

section for a quark-antiquark pair scattering into two gluons may be expressed in the form

�̂qq!gg =
↵
2
s

9 ŝ

4X

i,j,k=0

f2(0, 0)
i
f2(t̂, 0)

j
f2(û, 0)

k
Fijk(ŝ, t̂, û) , (5.31)

where the coefficients Fijk(ŝ, t̂, û) are given in Appendix B.1. The function f2 vanishes in

the ⇤nl ! 1 limit, which implies that the QCD result lives entirely in the F000 part of

Eq. (5.31) in the same limit. The parton-level cross sections �̂gg!qq and �̂qg!qg can be ob-

tained from Eq. (5.31) by means of crossing symmetry. This involves specific interchanges

of Mandelstam variables, as well as adjustments in overall signs and spin/color factors, as

discussed in standard textbooks [39]. We find

�̂gg!qq =
9

64
�̂qq!gg(t̂ $ û) . (5.32)
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and

�̂qg!qg = �̂qg!qg = �
3

8
�̂qq!gg(ŝ $ t̂) , (5.33)

Finally, the cross section for gluon-gluon scattering to two gluons may be written in

the form

�̂gg!gg =
↵
2
s

ŝ

4X

i,j,k,`,m=0

f2(0, 0)
i
f2(t̂, 0)

j
f2(û, 0)

k
f3(0, t̂, 0)

`
f3(0, û, 0)

m
Fijk`m(ŝ, t̂, û) ,

(5.34)

where the coefficients Fijk`m(ŝ, t̂, û) are provided in Appendix B.2. Again, the QCD limit

lives entirely in the term involving F00000(ŝ, t̂, û).2

5.3 A bound from the dijet invariant mass spectrum

With the parton-level cross sections �̂ defined in the previous section, we may compute

the cross section for p p ! jet jet with the goal of determining a bound on the nonlocal

scale ⇤nl using LHC data. We focus on the dijet invariant mass spectrum which is related

to the �̂ via

d�

dM
=
⇡M

2 s

Z
Y

�Y

dy1

Z
ymax

ymin

dy2 sech2
y⇤
X

ij

h
f
(a)
i

(xa, Q
2)f (b)

j
(xb, Q

2) �̂ij(ŝ, t̂, û)

+f
(a)
j

(xa, Q
2)f (b)

i
(xb, Q

2) �̂ij(ŝ, û, t̂)
i
/(1 + �ij) . (5.35)

Here M is the dijet invariant mass, the yi are the jet rapidities in the proton-proton

center of mass frame, with the boost-invariant quantity y⇤ ⌘ (y1 � y2)/2. Since we treat

the partons as massless, there is no distinction between rapidty and pseudorapidity, so

we use these terms interchangeably. The parton distribution function for the i
th parton

within hadron a, f
(a)
i

(xa, Q2), is a function of the parton momentum fraction xa and

the renormalization scale Q. The Mandelstam variables ŝ, t̂ and û, and the momentum
2A Mathematica file with all the �̂ used in our analysis is available upon request.
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fractions xa and xb, are related to M and the integration variables by

ŝ = M
2
, (5.36)

t̂ = �
1

2
M

2 (1� tanh y⇤) , (5.37)

û = �
1

2
M

2 (1 + tanh y⇤) , (5.38)

xa =
M
p
s
e
yboost , (5.39)

xb =
M
p
s
e
�yboost , (5.40)

where yboost ⌘ (y1+y2)/2 and
p
s is the proton-proton center-of-mass energy. The proton-

proton cross section in Eq. (5.35) assumes a cut Y > 0 is placed on the jet rapidity, such

that |yi| < Y ; this leads to the integration region shown with

ymin = max (�Y, ln ⌧ � y1) , (5.41)

ymax = max (Y,� ln ⌧ � y1) , (5.42)

where ⌧ = M
2
/s. Eqs. (5.41) and (5.42) follow from the allowed range of the momenta

fractions xa and xb which must fall between 0 and 1. Note that Eqs. (5.35)-(5.42) are well

established and can be found in the literature on hadron collider physics, for example, in

Ref. [128].

We wish to compare the predictions of our scenario with data on the dijet invariant mass

spectrum from the LHC. The dijet spectrum has been considered in searches for new, heavy

resonances (see, for example, Refs [2,47,48]) providing us with experimental results that we

can utilize to determine a bound in the present scenario. For definiteness, we use the results

from the CMS experiment that are displayed in Fig. 5 of Ref. [47]. To match this data,

we assume a rapidity cut of Y = 2.5; Ref. [47] places an additional cut on the difference

between the pseudorapidities, translating to |y1� y2| < 1.1, which we impose by including

an appropriate Heaviside theta-function in the integrand of Eq. (5.35) that vanishes when
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Figure 5.1: Ratio of the predicted dijet invariant mass spectrum to the Standard Model expec-
tation, for N = 30, P = 1.1 and ⇤nl = 3.8, 4.2 and 4.6 TeV. The open circles represent LHC data
from Ref. [47], normalized by their prediction for the QCD background.

this constraint is not satisfied. To compare to this data set, we set the proton-proton center

of mass energy
p
s = 13 TeV, and evaluate the dijet spectrum over the range 1.5 TeV

M  8.5 TeV, with the renormalization scale Q set equal to the dijet invariant mass M.

Eq. (5.35) is evaluated numerically on Mathematica using the ManeParse package [130]

which provides convenient access to parton distribution functions (pdfs) [131]. We used

the nCTEQ15 pdfs for free protons in this computation. We normalize our theoretical

prediction for a given nonlocal scale ⇤nl to the result that is obtained when the nonlocal

scale is taken to infinity, i.e., setting f1 = 1 and f2 = f3 = 0, which gives the leading order

QCD prediction. We compare this to the same ratio of data to QCD prediction given in

Ref. [47]. The data and the prediction for the QCD backround are both shown in Fig. 5

of Ref. [47] and we take the ratio of those values for the points shown in Fig. 5.1 and 5.2.

As an example of typical results, we show in Fig. 5.1 the case where there are N = 30

poles, with P = 1.1 in the parameterization given by Eq. (5.5), for ⇤nl = 3.8, 4.2 and

4.6 TeV. The theoretical predictions shown in the figures are computed at leading order,

as no computation of next-to-leading-order (NLO) effects exists for the nonlocal theory.
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We assume these effects are captured by 20% theoretical errors independent from point-

to-point, which are comparable in size to NLO effects that have been studied in QCD

(see, for example, Ref. [132]). To determine a bound, we compute a �2 that captures the

agreement between the theoretical prediction and the data points, with total error for each

data point in the �2 function determined by adding the experimental and the assumed

theoretical errors in quadrature. We find for the case shown in Fig. 5.1 that

⇤30
nl > 4.2 TeV (95% C.L.), (5.43)

where the superscript on ⇤nl denotes the number of poles N . Note that our bound is

consistent with the discrepancy between the predicted and experimental results in the 3 - 7

TeV region when one takes into account our assumed theoretical uncertainties. We do not

find that the bound differs appreciably as we vary N , since this parameter does not have to

be very large before f1, f2 and f3 approach their N ! 1 limiting forms. We can compute

the results in the nonlocal limit using those limiting forms, given in Eq. (5.23), which lead

to Fig. 5.2. In this case, the same procedure for determining a bound on the nonlocal scale

gives

⇤1
nl > 4.7 TeV (95% C.L.). (5.44)

As a consistency check, we computed the same bound using the CTEQ 6.1 pdfs and found a

qualitatively similar result, ⇤1
nl > 4.9 TeV (95% C.L.). We note that the choices of ⇤nl for

the curves displayed in Figs. 5.1 and 5.2 were selected to be near the bounds in Eqs. (5.43)

and (5.44), respectively. We also note that the bound does not change dramatically when

one increases N = 30 to N = 1. Hence, we do not plot the dependence of the bound on

N explicitly.

We view the results of this section at finite N as illustrative and similar in spirit to

the analysis of the bounds on coloron models presented in Ref. [127]. Our results assume

a particular parameterization of resonance masses, namely Eq. (5.5), but the value of

the theoretical results presented in our earlier sections is that they can be applied to any
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Figure 5.2: Ratio of the predicted dijet invariant mass spectrum to the Standard Model expec-
tation, for the nonlocal limit N ! 1, for ⇤nl = 4.2, 4.6 and 5.0 TeV. The open circles represent
LHC data from Ref. [47].

desried parameterization leading to different forms for the functions f1, f2 and f3; all should

approach the same N ! 1 limit. These general results can also be used in more detailed

collider physics investigations, including realistic modeling of jets (for example, jet cone

algorithms), detector acceptances and efficiencies, and studies of jet angular distributions.

Those topics go beyond the scope of the present work, and may be better motivated after

a calculation of NLO effects in the nonlocal theory are at hand.

5.4 Conclusions

In this chapter, we have built upon earlier work on asymptotically nonlocal field theories.

These theories appear nonlocal at low energies but have sensible ultraviolet completions in

terms of Lee-Wick theories that are finite order in derivatives. We focused on the strongly

interacting sector [115], whose modification affects the physics of jets at the highest energy

hadron colliders; our goal was to obtain preliminary bounds on the scale of new physics,

⇤nl, and provide the necessary tools for future collider analyses. We began by determining
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the relevant Feynman rules for an asymptotically nonlocal SU(3) theory of fermions, since

the past literature only considered a theory with complex scalar matter [115]. While the

gluon self-interactions and the procedure for gauge-fixing to obtain the gluon propagator

are the same as those given in Ref. [115], the one- and two-gluon vertices involving fermions

were not previously available in the literature. With the complete set of Feynman rules

in hand, we considered the most basic jet process, dijet production from two-into-two

parton scattering. We found that the relevant parton-level cross sections are in some cases

considerably more complicated than those in ordinary QCD (See, for example, Appendix

B). Nevertheless, we checked that in the limit ⇤nl ! 1, we precisely recover the QCD

results we expect in the absence of new physics. We then computed the dijet invariant

mass spectrum in proton-proton collisions at
p
s = 13 TeV, to compare the deviation from

the QCD expectation at high dijet invariant mass with experimental data from the LHC.

We found that in the exactly nonlocal limit (where the number of resonances N in the

asymptotically nonlocal theory is taken to infinity), the scale of new physics was bounded

by ⇤nl > 4.7 TeV at the 95% confidence level. For finite N , we obtain bounds that are

similar in magnitude, but that depend in detail on the parameterization of the Lee-Wick

mass spectrum. We presented one example with N = 30 where we found ⇤nl > 4.2 TeV

(95% C.L.). These bounds are similar in magnitude to other collider bounds on nonlocal

theories that have been discussed in the literature [126].

Our approach to obtaining a bound at leading order on the scale of new physics from

the dijet invariant mass spectrum is similar in spirit to the bound on the coloron mass in

Ref. [127]. More detailed leading-order studies might include modeling of jet hadroniza-

tion, detector acceptances and efficiencies, and the effect of new physics on the angular

dependence of jet cross sections. The theoretical results presented here make such studies

feasible, but they go beyond the scope of the present work. A more accurate assessment of

the bounds on the nonlocal scale would require the computation of next-to-leading-order

(NLO) effects that are not known in the asymptotically nonlocal or nonlocal theories; these

have been taken into account in our assumed theoretical error bars. A full NLO calcula-
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tion in the present framework would no doubt be complicated, both diagramatically and

algebraically; it may be sensible to defer such a task until some indication of a deviation

from the QCD expectations is observed at high dijet invariant masses.
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Chapter 6

Conclusions

In this dissertation, we have examined how the requirement that we have specific UV

behavior can impact physics at collider energies (i.e. the TeV scale). In the case of asymp-

totic safety, requiring couplings to run to a UV fixed point constrains the parameter space

at collider energies to live on the UV critical surface. In Chapter 2, we demonstrated the

value of this constraint in a theory with gauged baryon number by including gravitational

corrections above the Planck scale and finding when the UV fixed points of the theory are

reached. By doing so, we were able to determine a relationship between the baryon number

gauge coupling and a coupling related to the kinetic mixing between baryon number and

hypercharge, which effectively removed one of the degrees of freedom. In Chapter 3, we

considered an extension of the model in Chapter 2 with the baryon number gauge boson

acting as a portal between dark and visible sectors. The dark sector includes a TeV-scale,

fermionic dark matter candidate, and we used the constraints imposed on the gauge cou-

plings by asymptotic safety to determine the dark matter relic density for various fixed

point scenarios. We found our predictions for the relic density produced reproduced ex-

perimental observation for a range of dark matter masses (within 1�5 TeV) in each of the

fixed point scenarios.

In the case of asymptotic nonlocality, the desire to avoid large radiative corrections to

the Higgs mass leads to a theory that regulates divergences at an emergent nonlocal scale.
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The requirement that the nonlocal scale not be so large that it reintroduces fine-tuning

tells us that observable effects are likely not far out of the reach of TeV-scale colliders.

In Chapter 4, we studied the center-of-mass energy dependence of the propagator for

Minkowski-space momentum, corresponding to scattering, and Euclidean momentum, cor-

responding to loops. In the case of the loops, we found the propagator fell off, approaching

a decreasing exponential as the magnitude of the Euclidean momentum increased. This

behavior is as expected if the theory is to offer a solution to the hierarchy problem. In the

case of scattering, the cross section approached a growing exponential as the center-of-mass

energy increased at low energies, but the growth was truncated once the LW resonances

were reached and the cross section eventually fell off. In Chapter 5, we provided the tools

necessary for a study of the collider phenomenology of an asymptotically nonlocal gen-

eralization of QCD. We determined the Feynman rules relevant for dijet production and

calculated the parton-level cross sections for two-into-two scattering of quarks and gluons.

We then determined an upper bound on the nonlocal scale from LHC data. We found that

the nonlocal scale should be larger than ⇠ 5 TeV, comparable to existing bounds on new

particles decaying to dijets [47].
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Appendix A

Renormalization group equations at

one loop

This appendix gives the one-loop � functions for the gauged baryon number model defined

in Chapter 2.

Definition:

�(c) =
1X

`=1

1

(4⇡)2`
�
(`)(c) (A.1)

Gauge couplings:

�
(1)(g1) = +

77

10
g
3
1 , (A.2)

�
(1)(gB) = +11g3B +
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gB g̃
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16

3
g
2
B g̃ , (A.3)
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7

6
g
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2 , (A.5)

�
(1)(g3) = �7g33 . (A.6)
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Appendix B

Cross section coefficient expressions

This appendix gives the two-into-two parton-level cross sections for scattering involving

gluons on external lines in the model presented in Chapter 5.

B.1 qq ! gg scattering amplitude

The parton-level cross section �̂qq!gg was written in Sec. 5.2.2 in the form

�̂qq!gg =
↵
2
s

9 ŝ

4X

i,j,k=0

f2(0, 0)
i
f2(t̂, 0)

j
f2(û, 0)

k
Fijk(ŝ, t̂, û) . (B.1)

The cross section �̂gg!qq and �̂qg!qg = �̂q̄g!q̄g were then related to this result by crossing

symmetry, in Eqs. (5.32) and (5.33), respectively. In this appendix, we present the func-

tions Fijk(ŝ, t̂, û). For each Fijk that we display, there is another non-vanishing one, Fikj ,

found by swapping the t̂ and û variables:

Fikj(ŝ, t̂, û) = Fijk(ŝ, û, t̂) . (B.2)

Any coefficients not listed below, or obtained from those shown by Eq. (B.2), are zero. We

find:
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F200(ŝ, t̂, û) =
12t̂û

f1(ŝ)2
, (B.3)

F022(ŝ, t̂, û) =
2t̂3û3

3ŝ2f1(t̂)f1(û)
, (B.4)

F040(ŝ, t̂, û) =
8t̂3û3

3ŝ2f1(t̂)2
, (B.5)

F030(ŝ, t̂, û) = �
16t̂2û2(f1(t̂)� 1)(t̂� û)

3ŝ2f1(t̂)2
, (B.6)

F120(ŝ, t̂, û) =
6t̂2û2

ŝf1(ŝ)f1(t̂)
, (B.7)

F021(ŝ, t̂, û) =
2t̂2û2(f1(û)� 1)(t̂� û)

3ŝ2f1(t̂)f1(û)
, (B.8)

F110(ŝ, t̂, û) = �
6t̂û(f1(t̂)� 1)(t̂� û)

ŝf1(ŝ)f1(t̂)
, (B.9)
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F011(ŝ, t̂, û) = �
t̂û(f1(t̂)� 1)(f1(û)� 1)(3t̂2 � 2t̂û+ 3û2)

3ŝ2f1(t̂)f1(û)
, (B.10)

F100(ŝ, t̂, û) = �
6t̂û

ŝf1(ŝ)


f1(t̂) + f1(û) +

1

f1(t̂)
+

1

f1(û)
�

8

f1(ŝ)
+ 4

�
, (B.11)

F010(ŝ, t̂, û) =
1

3ŝ2


8û(2t̂2 � t̂û+ û

2)

✓
f1(t̂)�

1

f1(t̂)2

◆
+

✓
1

f1(t̂)
� 1

◆

⇥


t̂(t̂2 � t̂û+ 2û2)

✓
1

f1(û)
+ f1(û)

◆
+ 2(t̂3 � 9t̂2û+ 6t̂û2 � 4û3) (B.12)

+
36t̂û(t̂� û)

f1(ŝ)

��
,

F020(ŝ, t̂, û) =
t̂û

6ŝ2


8
�
3t̂2 � 5t̂û+ 4û2

�✓
1 +

1

f1(t̂)2

◆
+

1

f1(t̂)
(B.13)

⇥


t̂f1(û)(t̂� 3û)

✓
1 +

1

f1(û)2

◆
� 2(23t̂2 + 11t̂û+ 16û2) +

72t̂û

f1(ŝ)

��
,
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F000(ŝ, t̂, û) =
1

6ŝ2

2

4
288t̂û

⇣
1

f1(ŝ)
� 1
⌘

f1(ŝ)
�

72t̂û
⇣
f1(t̂) +

1
f1(t̂)

+ f1(û) +
1

f1(û)

⌘

f1(ŝ)

+
4û
⇣
f1(t̂)2 +

1
f1(t̂)2

⌘ �
3t̂2 + û

2
�

t̂
+

4t̂
⇣
f1(û)2 +

1
f1(û)2

⌘ �
t̂
2 + 3û2

�

û

�

2
⇣
f1(t̂) +

1
f1(t̂)

⌘ �
t̂
3
� 26t̂2û+ t̂û

2
� 8û3

�

t̂
+

2
⇣
f1(û) +

1
f1(û)

⌘ �
8t̂3 � t̂

2
û+ 26t̂û2 � û

3
�

û

�(t̂� û)2
✓
f1(t̂)f1(û) +

f1(t̂)

f1(û)
+

1

f1(t̂)f1(û)
+

f1(û)

f1(t̂)

◆

+
4
�
6t̂4 � t̂

3
û+ 38t̂2û2 � t̂û

3 + 6û4
�

t̂û

#
.

(B.14)

B.2 gg ! gg scattering cross section

The scattering cross section �gg!gg is complicated, but can be summarized via the following

decomposition:

�̂gg!gg =
↵
2
s

ŝ

4X

i,j,k,`,m=0

f2(0, 0)
i
f2(t̂, 0)

j
f2(û, 0)

k
f3(0, t̂, 0)

`
f3(0, û, 0)

m
Fijk`m(ŝ, t̂, û) .

(B.15)

We find that

Fikjm`(ŝ, t̂, û) = Fijk`m(ŝ, û, t̂) , (B.16)

that is, there are non-vanishing functions F in addition to those shown below that are

obtained by swapping both j and k and ` and m, and whose value is obtained from the

result shown by swapping t̂ $ û. All other other Fijk`m(ŝ, t̂, û) are zero. We find:
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F00020(ŝ, t̂, û) =
9t̂2û2(3t̂2 + 10t̂û+ 10û2)

4ŝ2
, (B.17)

F40000(ŝ, t̂, û) =
9

256


2ŝ2

f1(ŝ)2
(t̂� û)2 +

2t̂2

f1(t̂)2
(t̂+ 2û)2 +

2û2

f1(û)2
(2t̂+ û)2

�
ŝt̂

f1(ŝ)f1(t̂)
(t̂� û)(t̂+ 2û) +

ŝû

f1(ŝ)f1(û)
(t̂� û)(2t̂+ û) (B.18)

+
t̂û

f1(t̂)f1(û)
(2t̂+ û)(t̂+ 2û)

�
,

F04000(ŝ, t̂, û) =
9t̂2û2(5t̂2 + 16t̂û+ 16û2)

8ŝ2f1(t̂)2
, (B.19)

F13000(ŝ, t̂, û) = �
9t̂2û2(t̂+ 2û)

ŝf1(t̂)2
, (B.20)

F03000(ŝ, t̂, û) = �
9t̂û2(t̂2 + 4t̂û+ 8û2)

2ŝ2f1(t̂)2
, (B.21)

F11010(ŝ, t̂, û) =
9t̂2û2(t̂+ 2û)

ŝf1(t̂)
, (B.22)

F10110(ŝ, t̂, û) =
9t̂2û2(2t̂+ 5û)

4ŝf1(û)
, (B.23)

105



F10010(ŝ, t̂, û) = �
9t̂û

8ŝ2


�2ŝ

f1(t̂)
(t̂� 2û)(t̂+ 2û) +

ŝ

f1(û)
(2t̂2 + 3t̂û� 3û2) (B.24)

+
ŝ

f1(ŝ)
(t̂� û)(2t̂+ 3û) + 2(3t̂3 + 6t̂2û+ 4t̂û2 + 9û3)

�
,

F01010(ŝ, t̂, û) = �
9t̂û2

�
t̂f1(t̂)(t̂+ 2û)� t̂

2
� 4t̂û� 8û2

�

2ŝ2f1(t̂)
, (B.25)

F01001(ŝ, t̂, û) =
9t̂û2

�
ŝt̂f1(t̂)� t̂

2 + 7t̂û+ 4û2
�

4ŝ2f1(t̂)
, (B.26)

F20010(ŝ, t̂, û) =
9t̂û

32

✓
2t̂(t̂+ 2û)2

ŝf1(t̂)
+

û(2t̂+ û)(t̂+ 3û)

ŝf1(û)
�

(t̂� û)(2t̂+ 3û)

f1(ŝ)

◆
, (B.27)

F02010(ŝ, t̂, û) = �
9t̂2û2

�
5t̂2 + 16t̂û+ 16û2

�

4ŝ2f1(t̂)
, (B.28)

F02001(ŝ, t̂, û) = �
9t̂2û2

�
9t̂2 + 21t̂û+ 8û2

�

8ŝ2f1(t̂)
, (B.29)

F00011(ŝ, t̂, û) =
9t̂2û2

�
5t̂2 + 12t̂û+ 5û2

�

4ŝ2
, (B.30)
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F31000(ŝ, t̂, û) =
9t̂û

32f1(t̂)


�

ŝ

f1(ŝ)
(t̂� û) +

4t̂

f1(t̂)
(t̂+ 2û) +

û

f1(û)
(2t̂+ û)

�
, (B.31)

F30000(ŝ, t̂, û) = �
9

64


1

ŝ

✓
t̂

f1(t̂)
(t̂+ 2û)(3t̂2 + t̂û+ 6û2)

+
û

f1(û)
(2t̂+ û)(6t̂2 + t̂û+ 3û2)

◆
+

(t̂� û)

f1(ŝ)

✓
t̂

f1(t̂)
(t̂+ 2û) (B.32)

�
û

f1(û)
(2t̂+ û)

◆
+

3ŝt̂û

f1(t̂)f1(û)
�

4t̂2

f1(t̂)2
(t̂+ 2û)�

4û2

f1(û)2
(2t̂+ û)

�
ŝ(t̂� û)

f1(ŝ)

✓
(t̂� û)

✓
3 +

4

f1(ŝ)

◆
�

t̂

f1(t̂)
+

û

f1(û)

◆�
,

F22000(ŝ, t̂, û) =
9t̂û

64f1(t̂)


1

f1(ŝ)
(t̂� û)(3t̂+ 4û)�

4t̂

ŝf1(t̂)
(t̂2 + 16t̂û+ 16û2) (B.33)

�
û

ŝf1(û)
(2t̂+ û)(t̂+ 4û)

�
,

F02200(ŝ, t̂, û) =
9t̂2û2(16t̂2 + 41t̂û+ 16û2)

16ŝ2f1(t̂)f1(û)
, (B.34)

F00010(ŝ, t̂, û) = �
9

8ŝ2


t̂û

f1(ŝ)
(t̂� û)(2t̂+ 3û) +

2û

f1(t̂)
(t̂3 + 2t̂2û+ 4û3)

+
t̂

f1(û)
(2t̂3 + 2t̂2û� t̂û

2 + 3û3)� t̂û
2(t̂� û)f1(ŝ)� 2t̂2û(t̂+ 2û)f1(t̂) (B.35)

+ŝt̂û
2
f1(û) + 2t̂û(t̂+ 2û)(3t̂+ 4û)

⇤
,
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F21100(ŝ, t̂, û) =
9t̂2û2

2f1(t̂)f1(û)
, (B.36)

F21000(ŝ, t̂, û) =
9û

32


8t̂3 + 2t̂2û� t̂û

2 + 2û3

ŝf1(t̂)f1(û)
�

(t̂� û)(5t̂+ 2û)

f1(ŝ)f1(t̂)
+

t̂(t̂� û)

f1(ŝ)
(B.37)

�
4t̂(3t̂2 � 5t̂û+ 6û2)

ŝf1(t̂)
�

4t̂(5t̂2 + 2t̂û� 4û2)

ŝf1(t̂)2
�

t̂û(2t̂+ û)

ŝf1(û)

�
,

F11200(ŝ, t̂, û) = �
9t̂2û2(8t̂+ 3û)

8ŝf1(t̂)f1(û)
, (B.38)

F20000(ŝ, t̂, û) =
9

64


t̂û

ŝ

✓
(t̂+ 2û)

f1(û)

f1(t̂)
+ (2t̂+ û)

f1(t̂)

f1(û)

◆
+

4(t̂� û)2

f1(ŝ)

✓
3

f1(ŝ)
+ 2

◆

+
t̂� û

f1(ŝ)

✓
ûf1(û)� t̂f1(t̂) +

2t̂3 � t̂
2
û� 4t̂û2 � 2û3

ŝt̂f1(t̂)
+

2t̂3 + 4t̂2û+ t̂û
2
� 2û3

ŝûf1(û)

◆

+
(t̂� û)f1(ŝ)

ŝ

✓
t̂(t̂+ 2û)

f1(t̂)
�

û(2t̂+ û)

f1(û)

◆
+

2t̂4 + 2t̂3û+ 21t̂2û2 + 2t̂û3 + 2û4

t̂ûf1(t̂)f1(û)

�
4

ŝ

✓
3t̂3 + 4t̂2û+ 4t̂û2 + 4û3

f1(t̂)2
+

4t̂3 + 4t̂2û+ 4t̂û2 + 3û3

f1(û)2
+

t̂(3t̂2 + t̂û+ 18û2)

f1(t̂)

+
û(18t̂2 + t̂û+ 3û2)

f1(û)

◆
+

4

ŝ2

�
15t̂4 + 21t̂3û+ 44t̂2û2 + 21t̂û3 + 15û4

��
,

(B.39)

F12000(ŝ, t̂, û) =
9t̂û

16ŝ2f1(t̂)


ŝ

f1(ŝ)
(t̂� û)(3t̂+ 4û)�

4ŝ

f1(t̂)
(t̂2 + 4t̂û� 8û2) (B.40)

+
s

f1(û)
(4t̂2 + 7t̂û� 4û2) + 9t̂3 + 13t̂2û+ 24û3

�
,
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F11100(ŝ, t̂, û) =
9t̂û

4ŝ


2

f1(t̂)f1(û)
(2t̂2 � t̂û+ 2û2)� t̂û

✓
1

f1(t̂)
+

1

f1(û)

◆�
, (B.41)

F02100(ŝ, t̂, û) =
9t̂3û(ûf1(û)� 10t̂� 19û)

8ŝ2f1(t̂)f1(û)
, (B.42)

F11000(ŝ, t̂, û) =
9

8ŝ2


2ŝ2û(t̂� û)

f1(ŝ)f1(t̂)
�

2ŝ(t̂3 � t̂
2
û+ 3t̂û2 � û

3)

f1(t̂)f1(û)
+

ŝt̂û(t̂� û)

f1(ŝ)

�
4ŝû(2t̂2 � t̂û+ 2û2)

f1(t̂)2
�

û(t̂3 + 11t̂2û� 6t̂û2 + 12û3)

f1(t̂)
�

ŝt̂û
2

f1(û)
(B.43)

+
ŝt̂û

f1(t̂)

�
(t̂� û)f1(ŝ) + ûf1(û)

�
+ t̂û(3t̂2 + 5t̂û+ 6û2)

�
,

F01100(ŝ, t̂, û) =
9t̂û

4ŝ2


1

f1(t̂)f1(û)
(2t̂2 + 13t̂û+ 2û2) +

t̂

f1(û)
(2t̂+ û) (B.44)

+
û

f1(t̂)
(t̂+ 2û) + t̂û

�
,

F02000(ŝ, t̂, û) =
9

16ŝ2


t̂û(t̂� û)(3t̂+ 4û)

f1(ŝ)f1(t̂)
+

t̂(6t̂3 + 8t̂2û� 3t̂û2 + 4û3)

f1(t̂)f1(û)

�
t̂
2
û
2
f1(û)

f1(t̂)
+

4û(t̂3 + 8t̂2û+ 8t̂û2 + 16û3)

f1(t̂)2
+

t̂
2
û(t̂� û)f1(ŝ)

f1(t̂)
(B.45)

+
4t̂û(t̂+ 2û)(3t̂+ 4û)

f1(t̂)
+ 8t̂2û2

�
,
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F10000(ŝ, t̂, û) = �
9

16ŝ2


ŝ(t̂� û)2

✓
3f1(ŝ) +

1

f1(ŝ)

◆
+ t̂f1(t̂)(3t̂

2 + 5t̂û+ 6û2)

+ûf1(û)(6t̂
2 + 5t̂û+ 3û2) + 12ŝ(t̂2 + t̂û+ û

2) +
2ŝ2(t̂� û)

f1(ŝ)

✓
û

t̂f1(t̂)
�

t̂

ûf1(û)

◆

�4ŝ

✓
(t̂� û)2

f1(ŝ)2
�

t̂
2 + 2û2

f1(t̂)2
�

2t̂2 + û
2

f1(û)2

◆
� ŝ(t̂� û)

✓
t̂f1(ŝ)

f1(t̂)
�

t̂f1(t̂)

f1(ŝ)
�

ûf1(ŝ)

f1(û)
(B.46)

+
ûf1(û)

f1(ŝ)

◆
� ŝt̂û

✓
f1(t̂)

f1(û)
+

f1(û)

f1(t̂)

◆
+

2ŝ(t̂4 + 5t̂2û2 + û
4)

t̂ûf1(t̂)f1(û)
�

1

t̂f1(t̂)
(3t̂4 + 3t̂3û

+24t̂2û2 + 8t̂û3 + 12û4)�
1

ûf1(û)
(12t̂4 + 8t̂3û+ 24t̂2û2 + 3t̂û3 + 3û4)

�
,

F01000(ŝ, t̂, û) = �
9

8ŝ2


t̂û(t̂� û)

✓
f1(ŝ)�

1

f1(ŝ)

◆
+ t̂û

2

✓
f1(û)�

1

f1(û)

◆

+4t̂2ûf1(t̂) +
2t̂3

f1(û)
+

û

f1(ŝ)f1(t̂)
(t̂� û)(t̂+ 2û) (B.47)

+
1

f1(t̂)f1(û)
(2t̂3 + 8t̂2û� t̂û

2 + 2û3)�
4û

t̂f1(t̂)2
(t̂3 � 2t̂2û� 2t̂û2 � 4û3)

+
û

f1(t̂)

�
f1(ŝ)(t̂� û)(3t̂+ 2û) + ûf1(û)(t̂+ 2û) + 4(t̂+ 2û)(2t̂+ 3û)

��
,
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F00000(ŝ, t̂, û) = �
9

16ŝ2


(t̂� û)

f1(ŝ)

✓
t̂f1(t̂)� ûf1(û) + 4(t̂� û)�

2(t̂� û)

f1(ŝ)

�
t̂
2 + 2t̂û+ û

2

t̂f1(t̂)
+

2t̂2 + 2t̂û+ û
2

ûf1(û)

◆
� 20

�
t̂
2 + t̂û+ û

2
�

+
1

t̂f1(t̂)

⇥
(t̂� û)(t̂2 � 2t̂û� 2û2)f1(ŝ) + û(t̂2 � 2û2)f1(û)� 4û(t̂+ 2û)2

⇤

+
1

ûf1(û)

⇥
(t̂� û)(2t̂2 + 2t̂û� û

2)f1(ŝ)� t̂(2t̂2 � û
2)f1(t̂)� 4t̂(2t̂+ û)2

⇤
(B.48)

�
2

t̂2f1(t̂)2
�
t̂
4 + 4t̂2û2 + 4t̂û3 + 4û4

�
�

2

û2f1(û)2
�
4t̂4 + 4t̂3û+ 4t̂2û2 + û

4
�

�(t̂� û)f1(ŝ)
�
(t̂� û)(2f1(ŝ)� 4) + t̂f1(t̂)� ûf1(û)

�
� t̂ûf1(t̂)f1(û)

�2
�
t̂
2
f1(t̂)

2 + û
2
f1(û)

2
�
�

1

t̂ûf1(t̂)f1(û)

�
2t̂4 + 4t̂3û+ 13t̂2û2 + 4t̂û3 + 2û4

��
.

...
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