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ABSTRACT

The rich spectrum of hadrons reflects the complexity of interactions between the quarks
and gluons confined within them. Most of these hadrons are extremely short-lived and
are called resonances. Experimentally, they are observed indirectly through their effects
on the energy distribution in scattering experiments. Additionally, the non-perturbative
nature of Quantum Chromodynamics (QCD), which governs the dynamics of quarks
and gluons, prevents the implementation of known analytical techniques for calculating
transition and interaction rates between hadrons. Lattice QCD (LQCD), a numerical
implementation of QCD, provides a non-perturbative approach to studying the
spectrum, as long as we understand how to account for finite-volume and
imaginary-time effects in our calculations. In this dissertation, we present two main
results. First, the formalism for extracting the elastic form factors of resonances from
LQCD, which is necessary to understand their internal structure. Second, we perform
the first numerical calculation of a coupled-channel transition, the timelike form factor
of the pion, extending into the inelastic region above the kaon-antikaon threshold, as
well as its connection to the spacelike region. These developments open the door for
future calculations that explore the non-trivial internal structure of QCD resonances.
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Chapter 1

Introduction

1.1 Hadrons, amplitudes, and resonances

The strong nuclear interactions at low energies gives rise to a rich spectrum of parti-

cles called hadrons. The large amount of hadrons discovered in the past century quickly

overwhelmed physicists, with one physics Nobel Laureate in the 1950’s commenting that

“. . . such a discovery now ought to be punished by a $10,000 fine.” [1]. The recent ac-

cess to colliders with higher luminosity, i.e. producing more events, for example at the

Large Hadron Collider (LHC), has lead us to a similar experimental situation: in the past

decade, 72 new hadrons have been discovered at the LHC [2], with more being added every

year. An important difference from the time when fining experimentalists was suggested,

is that now we possess a well-established theory that describes the underlying interactions

responsible for the formation of hadrons: the theory of Quantum Chromodynamics (QCD).

QCD economically describes the strong nuclear interaction in terms of a few fundamen-

tal particles called quarks and gluons. One of the prominent characteristics of the theory

is that while at high energies it is asymptotically free, at low energies it becomes non-

perturbative, and quarks and gluons appear to be confined within hadrons. The residual

interactions among the quarks and gluons confined in different hadrons is what gives rise

to the nuclear force. It is generally agreed that the different possible arrangements of these
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particles is what gives rise to the plethora of hadrons. However, the non-perturbative na-

ture of QCD at hadronic scales renders most of the known analytic techniques of Quantum

Field Theory (QFT) inapplicable, or to have uncontrolled systematic effects. This means

that although we have good reasons to believe that QCD describes hadrons, there is not

yet an analytic proof of how confinement arises in QCD, and how the hadron spectrum is

dynamically related to its fundamental building blocks. Maybe now it would be reasonable

to say that the theoretical physicists working on QCD are the ones that ought to be fined.

The phenomenological understanding of hadrons as bound states of quarks began with

a classification based on their minimal quark content, calling mesons the boson states

(with integer spin), while the fermionic states (with half-integer spin) are called baryons.

Although this provides only a simplistic picture of the internal structure of a hadron, it has

become a useful tool to categorize the spectrum. Hadrons that can be accommodated by

this framework are called conventional states, while those defying it are known as exotics.

Hadrons with certain combinations of quantum numbers, e.g. spin, intrinsic parity, charge

parity, etc., are unequivocally exotic, and finding a hadron with those characteristics pro-

vides an instance of a system where either gluons, additional quark-anitquark pairs, or

both, must contribute significantly to the structure of the hadron. For other combinations

of quantum numbers both conventional and exotic states can exist, for instance the quan-

tum numbers of the vacuum are consistent with a state composed only by gluons, called

glueballs, but also with quark-antiquark states, and the states in the physical spectrum

are expected to be mixtures of these constructions. Once we obtain precise quantitative

descriptions of the internal properties of both conventional and exotic states, we could

form a better picture of the dynamics happening inside of hadrons, and the mechanisms

that lead to the spectrum of QCD. This research direction would also help to discrimi-

nate which hadrons are exotic whenever the quantum numbers alone cannot provide that

information.

A helpful technique to probe into the internal degrees of freedom of hadrons is to study

hadronic transitions mediated by external currents. For instance, the elastic scattering
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of electrons off a proton at Stanford in the 1950’s provided experimental evidence for the

substructure of the hydrogen nucleus when deviations from the theoretical value for a

point particle were observed [3]. This interpretation of the result is possible thanks to the

perturbative nature of the electromagnetic interaction, where the first order contribution is

proportional to the elastic transition of a proton mediated by an electromagnetic current.

Research into the substructure of the proton has progressed significantly since then, leading

to a greater understanding of the structure of the lightest baryon, e.g. with the recent

apparent resolution of the proton radius puzzle [4], see also Ref. [5] for further discussion

about the proton radius puzzle.

Other experimental setups have been devised to study the rest of the hadron spec-

trum, like electron-positron colliders that create hadrons from an intermediate electro-

magnetic current exciting the QCD vacuum. Similarly, elastic scattering of electrons off

other hadrons has been performed to access their structure, for example of the pion, the

lightest hadron in QCD.

However, the study of hadrons beyond the ground states of QCD is challenging because

of the short-lived nature of hadronic excitations, which have lifetimes of the order of 10−22

s. Most hadrons are not observed directly experimentally since they decay before they can

reach the detector, but instead they are observed as resonances in the energy distributions

of the final states into which they decay. A prototypical example of a resonant state is

the ρ-meson that decays most of the time into a pair of pions, meaning that the scattering

cross-section of pions is enhanced for energies around the mass of the ρ. Other times their

effect is obscured by interference with other resonances or with kinematic effects like the

opening of thresholds. Therefore, for a rigorous study of resonances we need to disentangle

dynamic and kinematic effects, and it is essential to have a quantitative description of

cross-sections and transition rates that accommodates all of these effects.

As mentioned before, QCD at low energies is not amenable to analytic calculations

where corrections are known to be suppressed by some perturbative hierarchy. Alterna-

tively, Wilson proposed in the 1970’s to numerically approximate the path integral of QCD
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[6]. In this first-principles approach the degrees of freedom of the theory are placed in a

four-dimensional mesh, which is why it is most commonly known as Lattice QCD (LQCD).

The ultraviolet divergences typical of quantum field theories are tamed by the finite lattice

spacing a, while a continuum limit can be recovered by extrapolating results in the limit

a→ 0.

In this thesis we will describe techniques pertinent for the study of transition amplitudes

within energy regimes where at most two stable hadrons can be produced. This includes

transitions with two hadrons in the initial state, the final state, or both. We label these

transitions n J−→ m, with n/m the number of initial/final hadrons, and J the current

mediating the transition. In particular, if a resonance decays into a two-hadron state

within the studied energy region, we will show how its properties can be extracted from

the mathematical description of the transition.

The rest of this chapter will describe the basic concepts associated with the dynamics

of QCD and hadron spectroscopy. Chapter 2 will describe the state of the art utilized in

numerical calculations of Lattice QCD related to the study of the hadron spectrum. In

Chapter 3 we present a description of the analytic decomposition of 2
J−→ 2 transitions,

needed to obtain a rigorous parameterization of the amplitude, and perform a well-defined

extraction of hadron resonances properties. Then, in Chapter 4, we will describe the for-

mulation of a prescription to extract 2
J−→ 2 transitions from LQCD, and a toy example

demonstrating the importance of a new geometric function appearing in this formalism.

Finally, in Chapters 5, 6, 7, and 8, we will describe a LQCD calculation of the production

amplitude 0
J−→ 2 from an electromagnetic current. In particular we calculated the pro-

duction of a pair of the lightest hadrons, the pions, as well as production in the energy

region where not only pions can be produced, but also the lightest strange hadrons, the

kaons. From this calculation the decay constant of the ρ-meson can be extracted, provid-

ing a proof of principle of the technique required to extract properties of other hadronic

resonances which decay to multiple two-hadron channels. We present a summary of our

results in Chapter 9, as well as an outlook for the future and the expected impact on the
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field of the research efforts presented in this work.

1.2 The Standard Model and QCD

Currently, our best description of the fundamental building blocks of nature is given by the

Standard Model (SM) of particle physics. This model relies on the theory of special rela-

tivity and the framework of quantum mechanics, which are combined together into QFT.

In QFT all matter and interactions are embedded into particle fields, whose properties

are restricted by the symmetries of a four-dimensional universe which is invariant under

rotations, translations, and relativistic boosts. The matter in the standard model con-

sists of spin-half fields with quanta known as fermions, and the interactions among them

are dictated by force-carrying spin-one vector gauge bosons. Additionally, the Standard

Model has a spin-zero scalar field, known as the Higgs, that gives mass to most of the SM

particles. The SM describes three different interactions, i.e. three different types of spin-1

boson, each characterized by an internal symmetry group, also called the gauge group.

One of them is the well-known quantum theory of light and matter interactions: quantum

electrodynamics (QED). The second, known as the weak interaction, is responsible for

radioactive beta decays among other phenomena. In this thesis we focus on the third of

them: QCD, the so-called strong interactions, for which the symmetry group is SU(3).

The previously mentioned gluon corresponds to the QCD gauge-boson, while the quarks

are the matter fields participating in QCD.

The connotation as the “strong” interaction is related to the fact that its coupling

constant is significantly larger than that of the other forces in the SM, which in turn gives

rise to its non-perturbative features. The SU(3) symmetry is called color symmetry in

analogy between its fundamental representation, which forms a 3 dimensional space, and

the space of the basic colors {red, blue, green}. The Lagrangian of QCD can be stated in
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the compact form

L(x) = −1

4
Gaµν(x)Gaµν(x) +

∑

f

ψ̄(f)(x)
(
i /D(x)−mf

)
ψ(f)(x) , (1.1)

where we will describe each of its terms next. The first term stands for the term describing

the dynamics of the gluon gauge boson Aaµ with,

Gaµν(x) = ∂µA
a
ν(x)− ∂νAaµ(x) + g fabcAbµ(x)Acν(x) , (1.2)

and the index a runs from 1 to 8, due to the fact that the gluons are embedded in the eight-

dimensional adjoint representation of SU(3). This part of the Lagrangian is also known as

the Yang-Mills term, and as written, it is valid for an arbitrary SU(N) gauge group. The

coefficients fabc are the structure constants of the Lie Algebra of the group, they ensure

that the theory is renormalizable [7]. This ensures that any observable calculated from

QCD only relies on fixing a finite number of inputs, the coupling g and the fermion masses

{mf}. Finally, different from QED where fabc = 0, the coupling constant g shows up in

here, allowing the gauge bosons to self-interact, making a pure Yang-Mills theory highly

non-trivial.

The second term in the Lagrangian corresponds to the dynamics of the quarks, these

are embedded in the fundamental representation of SU(3). This term is a sum over the

different “flavors” f of quarks. So far we have omitted both the Dirac and the color indices,

these are of course summed over to have a scalar term in the Lagragian, which overall

transforms trivially under the gauge group, but for clarity let us write them explicitly at

least once for one of the flavors

ψ̄(f)
(
i /D −mf

)
ψ(f) = ψ̄(f)r

α

(
i /D −mf

)rg
αβ
ψ

(f)g
β (1.3)

where we have left implicit the spacetime dependence of the fields, D is a gauge covariant

derivative and, as mentioned before, mf stands for the bare mass of the quark field. The
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latin indices run from 1 to 3, representing a component in color space, and the greek ones

from 1 to 4, in Dirac space. In order to make this term a Lorentz scalar, gamma matrices

γµ acting in the Dirac space are needed, these satisfy the Clifford algebra {γµ, γν} = 2ηµν ,

where ηµν is the metric of flat Minkowski space. The term contracting the barred and the

unbarred fermion is known as the Dirac operator

(
i /D −mf

)rg
αβ

= iγµαβ
(
δrg∂µ − igAaµ[T a]rg

)
−mf δ

rgδαβ , (1.4)

where we again omit the spacetime dependence of this term, implicit in the case of the

partial derivative. The quantities [T a]rg are the matrix elements of the generators of the

Lie Group in the fundamental representation, because this is the representation where the

quarks are embedded, these are the Gell-Mann matrices.

All the particles of the SM that do not participate in QCD have been observed ex-

perimentally, i.e. the leptons, the electroweak bosons, and most recently the Higgs boson

observed in the LHC in 2012 [8, 9]. However, no free quarks, gluons, or any composite

particle with color charge, has ever been observed experimentally. Instead, only colorless

hadrons have been observed, which are expected to be bound states of quarks and gluons

belonging to color singlet combinations. One could ask how QCD, describing quarks and

gluons carrying color, has become the accepted theory describing colorless hadrons. Part

of the evidence supporting the existence of quarks came from the symmetries observed in

the spectrum of hadrons, which could be understood precisely if they were bound states of

quarks respecting these symmetries. As a bottom-up approach we will introduce first the

relevant symmetries of the Lagrangian, and then elaborate on their consequences for the

spectrum.

1.2.1 Symmetries of the QCD Lagrangian

The Lagrangian of QCD contains six different flavors of quarks. The mass difference

between the two lightest, the up and down quarks, is small compared to hadronic scales,

7



which means that there is an approximate extra symmetry in the Lagrangian. To see this

let us write the Dirac Lagrangian of these two quarks with the approximately equal light

mass ml

L(l)
D = ū(i /D −ml)u+ d̄(i /D −ml)d = q̄(i /D −ml)q , (1.5)

where q is a spinor in Dirac space, a vector in the fundamental color space and a two dimen-

sional vector in isospin space, i.e. q = (u, d)T . Now this term is not only a Lorentz scalar,

and trivial under a color transformation, but it also admits an SU(2) flavor transformation,

which is called the isospin transformation, without changing the Lagrangian,

q → Uq = q′ , U = ei θ n̂·
~I ∈ SU(2) , L(l)

D → L
(l)′
D = L(l)

D , (1.6)

with ~I the generators of the isospin symmetry in the fundamental representation, i.e.

proportional to the three Pauli matrices, θ an arbitrary real number modulo 2π, and n̂ an

arbitrary unit three-dimensional real vector.

An implication of this symmetry is that the hadron spectrum can be classified according

to an isospin quantum number, I, into multiplets, with small mass differences among

members of the same multiplet 1. The pions for example belong to the I = 1 representation

of isospin, where the charged pions π± have a mass≈140 MeV, while the neutral component

of the triplet, the π0, has a mass ≈135 MeV, as reported by the PDG [10].

Another application of isospin is to decompose an operator, which could represent an

external probe, into components in different representations of isospin, each of which will

approximately act independently on hadrons. For example, the electromagnetic current

constructed with quark fields, J µ =
∑

f Qf ψ̄
(f)γµψ(f), where Qf corresponds to the

1On top of the corrections arising from the up and down mass difference, the electromagnetic interaction
also breaks isospin symmetry, providing further splitting.
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electromagnetic charge of the quarks, can be decomposed into its isospin components as

J µ =
2

3
ūγµu− 1

3
d̄γµd+

∑

h

Qhψ̄
(h)γµψ(h) , (1.7)

=
1

2
(ūγµu− d̄γµd) +

1

6
(ūγµu+ d̄γµd) +

∑

h

Qhψ̄
(h)γµψ(h) , (1.8)

= J µI=1 +
1

3
J µI=0 + J µh , (1.9)

where the first term corresponds to an isovector current with Iz = 0, while the second

term, and the contribution of the heavier {h} quarks, belong to the isoscalar current, i.e.

the singlet representation of isospin.

Lorentz invariance of the Lagrangian also implies a discrete symmetry of the action,

i.e. the simultaneous action of time inversion, spatial parity, and charge conjugation, i.e.

CPT -symmetry. In general, a Lorentz-invariant theory is not necessarily symmetric under

the individual action of each of the CPT discrete transformations. However, current ex-

perimental evidence points to QCD being invariant under these individual transformations,

which is reflected in the formulation of the Lagrangian of Eq. (1.1).

In the light sector of QCD we can combine C and a fixed isospin rotation to define

a transformation which leaves the theory invariant. Charge conjugation exchanges the

charged pions π±, but leaves the neutral pion π0 unchanged, with eigenvalue +1 of the

charge conjugation operator. In order to make the whole isotriplet an eigenstate of a

transformation we combine C with an isospin rotation of 180◦ around the I2 axis. Let us

call this combination G-parity, mathematically defined as

G ≡ CeiπI2 , (1.10)

for which the isovector of pions will be an eigenstate with eigenvalue equal to −1. Indeed,

it is observed experimentally, that states of even and odd number of pions have small

mixing. Multi-hadron states formed only by light quarks l, or with net zero heavy flavor
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h, i.e. with h̄h flavor components, can be decomposed into states of definite G.

A further extension of the isospin symmetry is to assume that the three lightest quarks

are degenerate, the up, down, and strange quarks. This is called SU(3)f flavor symmetry.

Because the mass difference between the strange and the light quarks is greater than

the mass difference between the two light quarks, SU(3)f has larger corrections than the

isospin symmetry. For example, the pions, the charged and neutral kaons (K±, K0, K0),

and the η-meson, belong to an octet representation, with masses approximately equal to

140 MeV, 495 MeV, and 550 MeV. Nonetheless, it still proves useful to classify the hadron

spectrum, although the mass difference within different members of the same multiplet can

be significant.

Additionally to the mass difference, the absolute value of the masses of these three

quarks is small when compared with the typical scales of QCD: we might expect hadron

dynamics to be described by a Lagrangian with these three quark masses set to zero with

small corrections from the non-zero masses. This zero mass approximation is called the

chiral limit. In the chiral limit, axial symmetries are introduced to the Lagrangian, with

associated axial transformations, and the corresponding conserved currents transform un-

der Lorentz symmetry as axial vectors. The isospin symmetry, or SU(3)f , have conserved

currents transforming as Lorentz vectors. This means that the two linear combinations of

axial and vector symmetries involve only the right-hand or the left-hand components of

the quark fermions, from which the chiral denomination arises. Naively this implies a near

degeneracy between partners of opposite parity in the hadron spectrum, but this is not

supported by the observed spectrum.

An explanation for this mismatch is that the QCD vacuum experiences a spontaneous

chiral symmetry breaking, such that the vector transformations remain a symmetry of the

QCD vacuum, but not the axial ones. This mechanism implies, by Goldstone’s theorem, the

existence of a multiplet of massless bosons in the spectrum. Experimentally, the lightest

pseudoscalar multiplet, that of the pion, the kaon and the η, although it is massive, is

identified as the pseudo-Goldstone bosons of the axial symmetry of QCD, with a mass
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arising from the explicit symmetry breaking due to the non-zero quark masses. This

explains why this multiplet is significantly lighter than the rest of the hadron spectrum,

since in the chiral limit it becomes massless, while the rest of hadrons would still have

masses on the order of the hadronic scale.

Unlike the spontaneous symmetry breaking of the electroweak sector of the SM, ex-

plained by the Higgs potential, the dynamical origin of the spontaneous chiral symmetry

breaking of the QCD vacuum is not completely understood. In addition to this, the non-

zero quark masses represent a small contribution to the total mass of hadrons, indicating

a dynamical mass generation of QCD. Furthermore, it is expected that the Yang-Mills

Lagrangian has a mass gap even though all states are composed of massless gluons [11].

Chiral symmetry breaking, dynamical mass generation, and confinement remain elusive

dynamical aspects of QCD. From the study of the hadronic spectrum, e.g. confirming or

explaining the experimental evidence for the plethora of hadronic state candidates, we ex-

pect to gain further understanding of the dynamics of QCD. In particular, first-principles

descriptions of the composition of each of the states, e.g. the structure of each hadron

in terms of quarks and gluons, can guide the development of better descriptions of QCD

dynamics.

1.3 The low-lying hadron spectrum

As described in the previous section, the symmetries of the QCD Lagrangian provide some

expectations about the allowed hadronic states of the theory. First, we will describe some

basic nomenclature, some of which we have already been using in the previous section.

The hadrons with integer spin are known as mesons, while those with half-integer spin

are baryons. The phenomenological restriction of confinement means that the simplest

bound states are those comprising a quark-antiquark pair forming a meson, or three quarks

forming a baryon. The work presented in this thesis is focused on meson systems with

light and strange quarks, and as such here we only describe the phenomenology of light
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and strange mesons.

As mentioned before, isospin and SU(3)f , being approximate symmetries of the QCD

Lagrangian, can be used to organize the spectrum. In particular, because the isospin

breaking corrections are small, the Particle Data Group (PDG) has opted to adopt a

naming convention in part based on isospin symmetry, and hence G-parity [10]. This

naming convention is listed in Table 1.1, from which we can observe, for instance, that by

isospin symmetry a ρ-meson can only decay into an even number of pions (π), but cannot

decay into any number of η mesons.

A quark-antiquark system can be described by its total quark-antiquark spin S ∈ {0, 1},

and orbital angular momentum L, with overall angular momentum of J . This system is a

spatial parity eigenstate, with parity quantum number P equal to (−1)L+1. If the quark

and antiquark are the same flavor, the charge conjugation of this system yields a factor

C equal to (−1)L+S . There are certain JPC combinations that are not allowed by this

simplistic quark model. For those cases, gluons and extra quark-antiquark pairs would

have to manifest non-trivial configurations inside the meson to reach the desired quantum

numbers. We list these cases in the last column of Table 1.1.

Table 1.1: Naming scheme introduced by the PDG for light mesons, and exotic combinations
of quantum numbers. The G parity is constrained to G = C(−1)I , so that the empty cells
are inconsistent combinations of quantum numbers. Note that only the neutral member of the
isotriplets are eigenstates of C. Two names are available for isoscalars because they can be formed
as combinations of two linearly independent states of SU(3)f , one from the octet and one from
the singlet.

JPC IG = 0+ IG = 0− IG = 1+ IG = 1− exotic
J−− ωJ/φJ ρJ J = 0
J−+ ηJ/η

′
J πJ odd J

J+− hJ/h
′
J bJ even J

J++ fJ/f
′
J aJ

The states with zero orbital angular momentum have JPC quantum numbers equal to

0−(+) and 1−(−), for S = 0 and S = 1 respectively. From SU(3)f symmetry we expect

an octet and a singlet appearing in the spectrum of quark-antiquark mesons. We list

the properties of the lightest particles with these quantum numbers grouped by isospin
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multiplets in Table 1.2. As mentioned before, for the pseudoscalars (0−(+)), the octet

consists of the isotriplet pions, two isodoublets of kaons (K), and an isoscalar η meson,

while there is an η′ singlet. We illustrate the flavor content of each of these mesons in

Fig. 1.1. The vectors (1−(−)) consist of the ρ taking the role of the pion, the K? instead of

K, and the ω/φ instead of the η/η′. However, we can notice that the mass pattern in the

pseudoscalars differs significantly from that of the vectors. This is explained qualitatively

by the chiral symmetry breaking of the QCD Lagrangian.

K�(su) K
0
(sd)

⇡+(ud)

K+(us)K0(ds)

⇡�(du)
⇡0

⌘

⌘0

Figure 1.1: Pseudoscalar nonet, octet plus singlet, with the valence quark content of each meson.
The mesons in the center have a zero third component of isospin. The corresponding quark content
are π0 = uu − dd, η = uu + dd − 2ss, and η′ = uu + dd + ss, where the last two being isoscalars
can in principle mix for a broken SU(3)f .

As already mentioned, chiral symmetry breaking in the chiral limit requires the presence

of a multiplet of massless states. This is realized experimentally in a set of massive pseudo-

Goldstone bosons, pseudo because of the explicit symmetry breaking arising from the quark

masses. In the case of the chiral limit of the light quarks, this multiplet consists of isovector

states, identified with the pions, explaining their low mass. TheK-mesons and the η-meson

are also interpreted as pseudo-Goldstone because the strange quark is also close to the chiral

limit relative to the scale of QCD. The SU(3)f singlet state η′ is much more massive than

its octet partners. This is explained by the singlet axial symmetry being anomalous in

QFT, and no spontaneous symmetry breaking mechanism with an associated Goldstone

boson can be used to describe this state.
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The nature of the vector mesons is not associated with the chiral symmetry breaking

mechanism, and instead the dynamical mass generation mechanism is responsible for their

mass. This also implies that the isoscalar member of the octet, and the SU(3)f singlet, can

mix following the dynamics of the broken SU(3)f , with no axial anomaly preventing it.

From their preferred decay channel, ω → πππ and φ→ KK, it is inferred that their flavor

wavefunction is an ideal mixing, with φ being mostly an s̄s state, while ω has mostly a

light composition. This has been translated to the phenomenological OZI rule, indicating

that decays mediated through only gluons are heavily suppressed, like that of a pure ss̄

meson to πππ, even if the phase space to that decay channel is larger than the one of KK.

This flavor content is further supported by the near degeneracy of the ρ and ω mesons.

Table 1.2: Particle properties of the lowest lying pseudoscalar and vector mesons, masses corre-
spond to the approximate value of the corresponding isomultiplet.

π η/η′b K ρ ω/φb K?

JPC 0−(+) 0−+ 0−
a

1−(−) 1−− 1−

IG 1− 0+ 1
2
a 1+ 0− 1

2
a

M [MeV] 140 550/958 495 770 782/1020 892

a The kaons, because of their strange flavor content, are not eigenstates
of charge conjugation or G-parity. Kaon-antikaon systems, KK, can
be constructed to have definite isospin, and positive or negative G-
parity.

b The η/η′ and ω/φ mesons differ by their strange flavor content.
While η′ resembles the singlet of SU(3)f , ω and φ are found to be
an ideal mixing of the SU(3)f singlet and octet, where φ is mostly
ss̄.

We could try to keep applying this classification to radial or orbital excitations, and

although it works well in several cases, in others it fails to give an adequate qualitative

picture of the spectrum. A prominent example of this is in the scalar 0+(+) sector, which

can mix with “glueballs”, bound states of gluons, and where states have also been proposed

to contain tetraquark components, or two-meson molecules [12]. A rigorous understanding

of these states, especially states with suspected exotic components, can be extracted from

first-principle calculations. We will expand more on this idea in Chapters 3 and 4, and

show the result of a LQCD calculation rigorously determining the decay constant of the
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ρ-vector meson, to be described in Chapter 8. Future calculation of other structural

properties of resonances, like the Q2 dependence of their elastic form factors, can help us

pinpoint their nature. For instance, comparison with more familiar mesons, like the π and

K pseudoscalars, can serve as a model-independent description of their internal properties.

Before we describe Lattice QCD, and how we can extract hadronic information from

numerical calculations, we will first review the experimental status of the observables for

which we present numerical results. Similarly a brief review of S-matrix theory is given to

describe how resonant states are described mathematically in QFT.

1.4 The pseudoscalar form factor

1.4.1 Pair-production of hadrons

Electron-positron colliders provide a powerful laboratory for the study of hadrons, free

from hadronic effects in the initial state. For a recent review of the current experimental

efforts and their impact on hadron spectroscopy see Ref. [13]. In the study of multi-hadron

interactions, these experiments have the advantage of little model dependence in describing

the production of hadrons, as opposed to experiments that employ hadronic production

processes.

There are two main experimental techniques that electron-positron colliders utilize

to explore the hadron spectrum. The first one consists of varying the beam energy of

the leptons so that detectors can directly perform an energy sweep to study the energy

dependence of multi-hadron production cross-sections. The CMD and SND detectors have

used this experimental approach to measure the e+e− → π+π− cross-section [14, 15, 16,

17, 18, 19].

The second option is employed in colliders that mostly operate at a fixed beam energy.

In that case the process of initial state radiation (ISR) e+e− → e+e−γ → hadrons + γ,
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also called radiative return to low energies, is exploited to study the energy dependence

of e+e− to hadrons production. The ISR photon, γ, takes away some of the beam energy,

allowing a measurement of hadronic production at energies all the way down to the ππ

threshold. The interference from final state radiation, in this case considered a background,

can be controlled by applying appropriate cuts to the data, e.g. angular separation between

the tagged photon and the hadrons. A description of this procedure and an estimation

of the systematic effect in the case of the DAΦNE collider appears in Ref. [20]. The

detectors KLOE-2, BaBar and BESIII have used this experimental approach to measure

e+e− → π+π−(γ) [21, 22, 23, 24, 25, 26, 27].
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Figure 1.2: Diagrams representing of the (a) spacelike and (b) timelike pion form factor, as well
as the (c) timelike kaon form factor. The spacelike and timelike form factors of the pion are aspects
of a single function of the photon virtuality, P 2.

In an electron-positron annihilation, to leading order in the electromagnetic interaction,

the mechanism to produce hadrons is through a single intermediate virtual photon, like

in the Figs. 1.2b and 1.2c. This process combines the perturbative properties of QED,

that allows us to approximate it by a single photon intermediate state, with the final state

interactions of the hadrons, which are governed by non-perturbative QCD dynamics. The

allowed hadronic states produced in this manner have the quantum numbers of the photon,

JPC = 1−−, with contributions of both I = 0 and I = 1(Iz = 0), making these experiments

specially suitable for the study of neutral vector states.

From higher order electromagnetic processes, suppressed by further factors of αEM ≈

1/137, other values of JPC are accessible. For example, from the two-photon process of
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the form e+e− → e+e− + 2γ → e+e− + X, hadronic final states with quantum numbers

0±+ and 2±+ can be also accessed. Furthermore, studies from weak or radiative decays of

heavy vector mesons, also provide access to multihadron amplitudes. Finally, the decay

of τ leptons, which can be produced via e+e− → τ+τ−, gives experimental access to the

isovector Iz = ±1 components of multi-hadron production amplitudes, e.g. the process

τ− → π−π0ντ [28].

The production of pairs of pseudoscalars ππ and KK is governed by the electromag-

netic form factors fπ(P 2) and fK(P 2), respectively, where P 2 = s, indicates the center-

of-momentum energy squared of the system. We will use the symbols P 2 and s inter-

changeably. The form factor describes the non-perturbative rescattering that the pair of

pseudoscalars undergoes once it is produced. These form factors are related to the crossed

version of the amplitude, see Fig. 1.2a, which will be discussed in a subsequent section.

The main idea here is that a single function describes the form factor for a photon with

timelike virtuality s > (2mπ)2 which is able to produce a pair of pions, as well as the

photon with spacelike virtuality s < 0, mediating the elastic interaction of a single pion

with a virtual photon. That this is the case is illustrated by the fit retrieved from Ref. [29]

and shown in Fig. 1.3, together with a compilation of experimental data.

In Figure 1.3 the effect of the ρ-meson is evidenced by the enhancement of the data

near the virtuality of 0.6 GeV2. This bump also presents a shoulder on the right hand side,

which can be explained from an isospin violating contribution from the decay of an ω-

meson to two pions. This feature disappears in the case of the form factor being measured

from the τ decay, as no Iz = 0 states can contribute, with no ω interference, this is can be

observed in the experimental data of Fig. 1.4. In order to perform a rigorous description of

the properties of the ρ that can be extracted from the form factors we will briefly describe

how these resonant states are described mathematically in QFT in the next section. We

will finalize this section by commenting on previous LQCD calculations of the pion form

factor fπ(P 2) in the timelike region.
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Figure 1: Fit result for the pion VFF |FV
⇡ (s)|2 including (barely visible) uncertainties, together with all the

data sets used in the fit. For the e+e� experiments, the experimental values of the form factor are obtained
from the published cross section according to Sect. ??.

1

Figure 1.3: Experimental data for the form factor of the pion across the timelike and spacelike
region compiled by Ref. [29]. In that reference the form factor dependence on the photon virtuality
is fitted with a parameterization describing a ρ-meson resonance, as well as interference from
the isospin violating contributions of the ω-meson as observed by the shoulder of the peak near
s = 0.6 GeV2.

1.4.1.1 Previous lattice calculations of the timelike form factor

There has been general interest in studying the ρ vector-isovector resonance on the lattice

for several reasons. The first being that experimentally it appears to decay strongly almost

exclusively into two pions, and that the two-pion system scatters elastically to a good

approximation up to ∼1 GeV. Measurement of the production cross-section of the four

pion system in e+e− colliders shows no significant interactions for energies below ∼ 1 GeV

[30], and similarly for the ππη channel [31].

The second reason is that the energy dependence of ππ scattering has the simplest be-

havior expected from a nearby resonance, it manifests with a characteristic ‘bump’ peaking

around the resonance mass. This can be contrasted with the behavior of the lightest reso-

nance, the scalar f0(500) also known as the σ, which has a large width impacting a broad

energy region of isoscalar ππ scattering. This requires the implementation of dispersive

methods to describe the energy dependence and extraction of the resonance parameters
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Figure 1.4: Experimental data of the form factor of the pion extracted from τ decays from
Ref. [28]. In this case the final two-pion state is charged, preventing the interference with isospin
breaking terms such that no ω shoulder is observed.

[32], otherwise large systematic errors can be introduced. The case of the ρ is quite differ-

ent, with little systematic introduced by less sophisticated methods to describe the energy

dependence produced by the resonance, e.g. using a Breit-Wigner parameterization [33].

A review describing the progress in the extraction of ρ-meson properties can be found

in Ref. [34]. There are previous calculations of the decay constant of the ρ in Refs. [35, 36],

which neglect the finite volume corrections described in Chapter 2. Three previous works

have employed LQCD to calculate the timelike form factor of the pion restricted to the

elastic scattering region [37, 38, 39]. In the lattice calculation of this work we aim to extend

this calculation beyond the elastic timelike region, into the coupled channel region, as well

as to describe jointly both the timelike and the spacelike region.
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1.4.2 Elastic lepton-meson scattering

The elastic scattering of electrons and pions, eπ → eπ, can be measured experimentally

with a pion beam incident on a hydrogen target. As before we can describe this process

at leading order in the electromagnetic interaction as the exchange of a virtual photon,

with the photon-pion vertex shown in Fig. 1.2a. That this vertex is described by the same

form factor fπ(s) introduced earlier, albeit in a different kinematic region, is expected from

general properties of QFT, which we will describe in the next section.

This process gives access to fπ(s) in the spacelike region of photon virtuality, i.e.

s < 0. For spacelike virtualities it is also common to utilize the variable Q2 = −s. The

most precise data was measured with a π− beam with a momentum of 300 GeV [40], and

is shown in the negative region of s in Fig. 1.3.

A second experimental setup is through pion electroproduction from a hydrogen target.

The extraction of the pion form factor is model dependent in this case, as the data needs

to be extrapolated to an unphysical kinematic region. This approach has been used by the

Fπ collaboration at JLab to explore the high Q2 behavior of the form factor [41, 42, 43, 44].

In the forward limit, Q2 = 0, the form factor is constrained to be equal to the hadron

charge, and deviation from unity for Q2 > 0 indicates the existence of a non-trivial internal

structure of the pion, different from the point-like behavior of the SM leptons. In particular,

the non-zero slope at s = 0 is used to define the ‘charge radius’
〈
r2
π

〉1/2, where2

〈
r2
π

〉
≡ 6

d

ds
fπ(s)

∣∣∣∣
s=0

, (1.11)

with the current experimental value of
〈
r2
π

〉1/2
= 0.659(4) fm as reported by the Particle

Data Group (PDG) [10]. For comparison, the experimental value of the charge radius

of the kaon reported by the PDG is
〈
r2
K

〉1/2
= 0.560(31) fm, while for the proton is

〈
r2
p

〉1/2
= 0.8409(4) fm [10].

2See Ref. [45], and references therein, for a discussion about the proper interpretation of this quantity
when it is comparable to the Compton wavelength of the system.
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1.4.3 The Kaon timelike form factor

The isovector component of the electromagnetic kaon timelike form factor can also be

measured from τ decays [46]. This measurement has been described by a data driven pre-

diction, using as input the experimental pion form factor and the ππ → KK cross-section,

see Ref. [47]. Finally, continuum methods employing the Schwinger-Dyson equations have

also been used to calculate the kaon form factor [48]. The Schwinger-Dyson equations

results could in principle be compared to the lattice calculation presented in Chapter 8 of

this work by tuning the input parameters to reproduce the masses of the pseudoscalars on

this lattice.

1.5 Amplitudes and resonances

Particle states in a QFT manifest mathematically as poles of momentum-space correlation

functions of the theory. The pole of a given particle is located at its physical mass, and

pole residues can be related to matrix elements involving the state. For example, in the

Lehmann-Symanzik-Zimmermann (LSZ) reduction formula, the S-matrix describing par-

ticle scattering is extracted from the residue of appropriately chosen correlation functions.

For stable hadrons these poles are located along the real energy axis, but resonant states

have their poles moved into the complex energy plane. We will be after the location of

these poles, and their residues, in order to extract properties of the resonant members of

the hadron spectrum.

1.5.1 The S-matrix and the scattering amplitude

Similar to how stable particles appear as poles in correlation functions, resonant states

are also associated with poles appearing, for example, in the S-matrix. Before defining

this matrix let us introduce a few kinematic variables related to the scattering of a two-

meson system without spin, shown in the diagram of Fig. 1.5. We use Pµ ≡ (E,P) to

represent the initial and final state 4-momenta, while the individual momenta of each of
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P = (E,P)

Figure 1.5: Diagram depicting the scattering of two hadrons labeling the four-momentum flow
of each particle, and the total four-momentum of the system.

the incoming(outgoing) particles is equal to p(′)
1 and p(′)

2 . We will describe a system with

several channels, where the two mesons in each channel are degenerate with mass ma,

we label each channel with latin index a, b, . . .. For channel a the magnitude of relative

momentum between mesons in the center-of-momentum (CM) frame is equal to

k?a(s) =

√
s

4
−m2

a , (1.12)

where s = P 2 = (p1 + p2)2 = (p′1 + p′2)2, we will use the ? symbol throughout this work

to indicate the value of quantities in the CM frame. The relative momentum enters the

definition of the phase space factor ρa

ρa(s) =
1

16π

(
2k?a(s)√

s

)
. (1.13)

It is convenient to also define the following Lorentz invariants, which together with variable

s are known as the Mandelstam variables,

t = (p1 − p′1)2 , (1.14)

u = (p1 − p′2)2 , (1.15)
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and satisfy the relation s + t + u = 4m2
a in the case of elastic scattering of channel a.

Scattering of two-meson systems can be described as a function of s and t, where t can be

related to the angle θ? between incoming and outgoing states in the CM frame. Angular

momentum conservation allows us to decompose any function of t into its different partial-

wave ` components,

f(t) =
∞∑

`=0

(2`+ 1) f` P`(cos θ?) , (1.16)

where P`(z) is the `-th Legendre polynomial. For the following discussion we will treat

the S-matrix, and the rest of the amplitudes defining scattering, as being partial-wave

projected, but we will not explicitly show the ` index to avoid clutter, unless it is needed

to avoid confusion.

The S-matrix is defined to be the overlap between asymptotic states in the infinite

past and the infinite future, more commonly labeled in and out states, Sab = 〈a, out|b, in〉.

In order to describe scattering we are interested only in the component where particles

interact, and not only fly past each other, for that we introduce the scattering amplitude

M,

S = I + i
√

2ρM
√

2ρ , (1.17)

where the identity takes into account the non-interacting piece, and here ρ represents a

diagonal matrix with components equal to ρa(s) and zero below threshold, acting as a

conventional normalization. In this case the scattering amplitude will be a function of s.

That the resonance poles are in the complex energy plane is a consequence of a few

general properties that we expect this matrix to satisfy based on physical arguments. We

will focus on the three properties of unitarity, analyticity, and crossing symmetry. These

three mathematical properties are consequences of demanding the S-matrix to conserve

probabilities, respect causality, and be able to describe the reaction A + B → X + Y , as

well as A+ Y → X +B, where Z corresponds to the anti-particle of particle Z.

The unitarity requirement simply imposes SS† = 1. This equation together with

Eq. (1.17), relates the imaginary part of the inverse of M to the negative of the phase
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space,

Im(M−1) = −ρ , (1.18)

we will use this property to formulate parameterizations of the scattering amplitude ex-

tracted from LQCD. The phase space matrix features branch points in the complex s plane

at the threshold sa,thr = (2ma)
2, and a Riemann sheet structure of 2Na sheets, where Na

is the number of two-meson channels. This analytic structure in s is inherited by theM

amplitude. The branch cut associated with each branch point is, by convention, directed

towards positive s, which defines a physical sheet where Im(k?a(s)) ≥ 0, with physical scat-

tering occurring just above the cut at s + iε. These analytic properties of the amplitude

are named right-hand cuts.

The analyticity requirement states that no pole singularities can be present above the

lowest threshold on the real s axis, or anywhere in the upper half-plane of the physical

Riemann sheet. It does not prevent poles appearing below threshold on the real s axis,

which would be associated with a bound state of the system. However, any pole from

a resonance coupling to a two-particle system is moved away from the physical Riemann

sheet. We illustrate this behavior with Fig. 1.6 in the case of a single channel, with a

nearby resonance pole in the unphysical sheet (II). The shoulder of the pole in the real s

axis, where physical scattering takes place, is observed as an enhancement ofM close to

the mass of the resonance.

The scattering amplitude must be a real function over the real s axis below threshold

according to Eq. (1.18). According to the Schwarz reflection principle, the value of the

scattering above the real s axis is related to its complex conjugate below the real s axis,

M(s)∗ =M(s∗) . (1.19)

We can analytically continue this property to apply all over the physical Riemann sheet,
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Figure 1.6: Upper and lower half complex s plane for the physical (I) and unphysical (II) sheets
of an scattering amplitude featuring a nearby resonance. The red line follows the value of |M| on
the real s axis where physical scattering occurs.

and recast the unitarity requirement in the form

M(s+ iε)−M(s− iε) = 2iM(s+ iε) ρ(s+ iε)M(s+ iε)† , (1.20)

with physical scattering happening for the limit of ε→ 0 from above. The left hand side of

this equation represents a discontinuity of the scattering amplitude above threshold, along

the real s axis

DiscM = 2iM(s) ρM(s)† . (1.21)

which is realized in the presence of the branch cut that opens at threshold.

Analyticity of the scattering M(s, t) is also expected in the t complex plane close to

each threshold sa,thr
3. In particular, the partial-wave expansion of Eq. (1.16) introduces

a spurious singularity from the Legendre polynomials, which behave like

P`(cos θ?(s ∼ sa,thr, t)) ∼
(

t

2k?2a (s)

)`
. (1.22)

In order for M(s, t) to remain analytic in t close to threshold, each of the partial waves
3Singularities in t manifest as left-hand cuts in the partial-wave amplitudes, and although interesting

on their own right, we will not be discussing them here.
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must behave like

M`,ab(s) ∼ (k?a(s)k
?
b (s))

` , (1.23)

this property has an intuitive explanation acting as a centrifugal barrier, i.e. partial-waves

with large values of angular momentum will be suppressed close to threshold. For the

production amplitudes 0
J−→ 2, which we label H, the partial-wave projection is only

applied to the final state, leading to the condition

H`,a(s) ∼ (k?a(s))
` . (1.24)

Finally, crossing symmetry states that a single amplitude describes processes where

particles are exchanged from the initial and final states, and vice-versa. Of particular

interest for us is the pair production amplitude of Fig. 1.2b, which by crossing symmetry

is related to the spacelike form factor of Fig.1.2a. Crossing symmetry states that both

processes are described by a single amplitude. Also by imposing analyticity and crossing

symmetry, we can conclude thatM cannot feature pole singularities in the first Riemann

sheet except on the real s axis between the right hand and the left hand cuts.

The poles in an unphysical sheet and near the physical scattering region of the partial-

wave projectedM(s) are associated with the resonances of the theory. Each resonance will

couple to all channels with the same quantum numbers, and the strength of this coupling

can be quantitatively described by the residues ca at the pole,

MII
ab(s ∼ sR) ∼ −16π

ca cb
s− sR

, (1.25)

where the index II indicates that it is evaluated on Sheet II. In general, resonances can

appear in any of the 2Na sheets, except sheet I. The location of the pole itself, sR, is

associated with the mass mR and width ΓR of the resonance,

√
sR = mR − i

ΓR
2
. (1.26)
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This pole will appear in every channel at this location in the complex energy plane, unless

ca = 0, reflecting that the resonance parameters are not channel dependent, and describe

the properties of a state of the theory.

1.5.1.1 Scattering amplitude in the elastic region

In the case of elastic scattering in a single channel, where the squared CM energy s satisfies

sa,thr < s < sb,thr < sc,thr . . . , Eq. (1.18) provides a constraint for the complex quantity

Maa. We can apply this constraint to describe the energy dependence of scattering in

terms of a real function δ(s), known as the phase-shift,

Maa(s) =
1

ρa(s)
sin δ(s) eiδ(s) . (1.27)

From Eq. (1.23), we can derive the behavior of the phase-shift close to threshold to be

equal to

δ(s) ∼ (k?a(s))
2`+1 . (1.28)

1.5.1.2 Scattering amplitude for multiple two-meson channels

For values of energy above the first inelastic threshold, the scattering amplitude of channel

a can no longer be described in terms of a single real function. Instead it is conventional

to use two real functions,

Maa(s) =
ηa(s)e

i2δa(s) − 1

2iρa(s)
, (1.29)

where η(s) is known as the inelasticity. In the case where η(s) = 1 we recover Eq. (1.27)

describing elastic scattering. This same description can be used for every diagonal element

of the two-meson scattering amplitudeMab.

In the case of a two-channel system, based on the restriction of Eqs. (1.18), the in-

elasticities of both channels are equal, η = ηa = ηb, and the off-diagonal element of the
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scattering amplitude is

Ma6=b(s) =

√
1− η(s)2 ei(δa(s)+δb(s))

2
√
ρa(s)ρb(s)

. (1.30)

Alternatively, we can employ the restrictions of Eqs. (1.18) and (1.23) to parameterize

the scattering amplitude in terms of a real-valued K matrix,

M−1
`,ab =

1

(2k?a)
`

K−1
`,ab

16π

1

(2k?b )
`
− iδab ρa . (1.31)

For energies in the physical region, over the real s axis above threshold, this parameter-

ization can be described in terms of Eqs.(1.29) and (1.30). The advantage of describing

the scattering in this form is that we can analytically continue it into the complex s plane

to search for nearby resonances. The parameterization of Eq. (1.31) is also valid for the

elastic case.

An undesired property of Eq. (1.31), is that the phase space ρ has unphysical singu-

larities in the first Riemann sheet appearing below threshold. This singularity spoils the

analyticity properties ofM—for degenerate masses there is a branch point singularity at

s = 0. To fix this, we can exchange the phase space ρ with a dispersive integral, known as

the Chew-Mandelstam factor,

Ia,CM(s) =
s

π

∫ ∞

sa,thr

ds′
√

1− sa,thr/s′

s′(s′ − s+ iε)
, (1.32)

which by construction satisfies Im(Ia,CM) = 16πρa, and it only contains a square root

singularity at threshold in the first Riemann sheet. The integral Ia,CM(s) has a subtraction

at s = 0, which imposes Re Ia,CM(0) = 0, but different subtraction points can be employed,

e.g. at the pole mass of the associated K-matrix. This dispersive integral can be calculated

analytically, and in the case of degenerate masses it is equal to

Ia,CM(s) = i

√
1− sa,thr

s
+

2

π

(
1 +

√
1− sa,thr

s
log

(√
s−√s− sa,thr√

sa,thr

))
. (1.33)
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The scattering amplitude in terms of the Chew-Mandelstam phase space is equal to

M−1
`,ab =

1

16π

[
1

(2k?a)
`
K−1
`,ab

1

(2k?b )
`
− δab Ia,CM

]
. (1.34)

1.5.2 Pair production amplitude

We have already introduced the amplitude describing the pair production of pseudoscalars

from an electromagnetic current. This amplitude is given by the overlap of the electro-

magnetic current J µ and a two-meson state

Hµa(p1, p2) ≡ 〈p1p2, a|J µ(x = 0)|0〉 . (1.35)

The electromagnetic current is conserved, and the production amplitude must reflect

this by satisfying the equation PµHµ = 0. This also implies that Hµ behaves as a vector

under Lorentz transformations. This allows us to perform a Lorentz decomposition of the

amplitude,

Hµa = (p1 − p2)µfa(P
2) , (1.36)

where the orthogonal combination p1+p2 is forbidden by current conservation. The Lorentz

scalar fa(s) corresponds to the electromagnetic form factor of the meson in channel a, which

in the case of ππ production we identify with the form factor fπ described in Sec. 1.4.

We need to partial-wave project the production amplitude into the P -wave to match

the quantum numbers JPC = 1−− associated with the current,

Hµa,m`(P ) =

∫
dΩ?

k√
4π
Y ∗1m`(Ω

?
k)Hµa(p1, p2) , (1.37)

=
2 k?a(s)√

3
εµ∗(P,m`)fa(P

2) . (1.38)

where εµ(P,m`) is the polarization vector of a state with momentum P and spin-projection

into the z-axis equal to m`. From this projection we learn that the requirement of H` ∼

(k?)` is explicitly satisfied by the Lorentz decomposition, and that fa does not need to

29



vanish as some power of k? at threshold, although it will still feature a branch point

singularity at threshold.

We can impose unitarity on fa by calculating its discontinuity, and by extension its

imaginary part. In the case of production amplitudes this is associated with final state

rescattering, rather than conservation of probability, although these two concepts are equiv-

alent,

k?a(s) Imfa(s) =
∑

b
k?b (s) fb(s)ρb(s)M∗ba(s) , (1.39)

where we explicitly show the channel indices, and the relative momentum factors are the

result of the centrifugal barrier behavior. It is not difficult to find a solution of Eq. (1.39),

for example

fa =
∑

b

1

k?a
Mab

1

k?b
Fb , (1.40)

where Fb is the component of a vector in channel space of real functions with no right-hand

discontinuities. In the case of elastic scattering, the solution simplifies to

fπ =
Mππ,ππ

k?2ππ
F , (1.41)

where we drop the channel index in F only when describing exclusively ππ elastic scat-

tering. Equation (1.41) enforces, at least in the elastic region, that the form factor has

the same phase as that of the scattering amplitude. This matching of phases is known as

Watson’s theorem [49]. Other solutions exists, for example constructed from the Omnès

function [50], which we will describe in the next section.

Finally, if a resonance appears near the physical region, a coupling between the reso-

nance and the photon, fR, can be extracted from the relation

f II
a (s ∼ sR) ∼ − ca fR

s− sR
. (1.42)

Again the location of the pole in the production amplitude is expected to coincide with

the pole in the scattering amplitude. Resonances should appear not only in scattering, but
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in transitions involving the final state into which they can decay.

1.5.2.1 Omnès function

In addition to Eq. (1.40), we can find another parameterization of the form factor by

employing a dispersion relation to solve Eq. (1.39). In the case of the elastic scattering

the solution is known as the Omnès function [50]. In this energy region, where only the

two-pion channel is above threshold, Eq. (1.39) simplifies to

Imfπ(s) = fπ(s) sin δππ1 e−iδ
ππ
1 , (1.43)

where we used Eq. (1.27) to express the scattering amplitude in terms of the pion P -wave

phase-shift, δππ1 . We can then use the Schwarz reflection principle to identify f∗π(s+ iε) =

fπ(s− iε) and find that the form factor differs across the right hand cut by a phase,

fπ(s+ iε) = e2iδππ1 fπ(s− iε) . (1.44)

To solve this equation we use the ansatz

fπ(s) = Ω(s)FΩ(s) , (1.45)

where the function FΩ is real and free of singularities, i.e. it satisfies ImFΩ = 0 over

the energy region of interest. The function Ω(s), known as the Omnès function, has a

discontinuity of the form

Disc log (Ω(s)) = 2i δππ1 (s) . (1.46)

We can express the value of Ω(s) at any complex value of s with Cauchy’s integral formula,

and we can push the integration contour to lie around the discontinuity,

log Ω(s) =
s

π

∫ ∞

sthr

ds′
δππ1 (s′)

s′(s′ − (s+ iε))
. (1.47)
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where we also imposed Ω(0) = 1 by applying a subtraction to this dispersive integral. The

integral can be split into its real and imaginary parts, where the imaginary part can be

easily calculated, while the real part corresponds to the principal value prescription (P.V.)

Ω(s) = eiδ
ππ
1 (s) × exp

(
s

π
P.V.

∫ ∞

sthr

ds′
δππ1 (s′)
s′(s′ − s)

)
, (1.48)

and we observe that the phase of fπ = ΩFΩ is equal to the scattering phase-shift, satisfying

Watson’s theorem.

Equation (1.45), with Ω(s) given by Eq. (1.47), is a dispersive representation of the

form factor, which satisfies more general analytic properties than the representation of

Eq. (1.40). For instance, it does not have any singularity over the complex s plane other

than the right-hand cut associated with Eq. (1.43). However, this Omnès function does

not take into account the contribution of inelastic channels, which could be parameterized

by the function FΩ by implementing non-analytic behavior at the inelastic threshold.

In principle, to compute the function Eq. (1.47) we need a description of the phase-shift

for all values of energy above threshold, although, in practice, we only have knowledge of

its behavior over a limited energy range. For that we can either compute the integral

with a cut-off, or propose a functional form for the high energy behavior. Either option

only introduces variations on the smooth part of Ω over the elastic region, which can be

compensated by the function FΩ, so that both options reproduce the same physical values

for fπ over the elastic energy region.

Finally, because of its improved analytic properties, the Omnès parameterization of

Eq. (1.45) can satisfy crossing symmetry, meaning that it can be used to rigorously describe

timelike and spacelike data simultaneously. We turn now to the description of the spacelike

form factor of the pion.
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1.5.3 Spacelike form factor

For completeness we also provide the Lorentz decomposition of the process shown in

Fig. 1.2a, where the photon virtuality is spacelike,

〈
π+(p1)

∣∣J µ(~q)
∣∣π+(p2)

〉
= (p1 + p2)µfπ(−Q2) , (1.49)

where Q2 = −(p1−p2)2, and where we have imposed current conservation by dropping the

contribution of a term proportional to (p1 − p2)µ. In the spacelike region, the argument

of fπ(s = −Q2) is restricted to negative values. A consequence of current conservation is

that the spacelike form factor at zero virtuality is equal to the charge of the particle in

elementary charge units, i.e. fπ(0) = 1. This property will be exploited to renormalize the

current operator in the lattice.

In this chapter we have commented on some of the goals and challenges of hadron

spectroscopy, and described the general mathematical principles describing the scattering

amplitudeM, the form factors fa(s), and resonant states. In Chapter 3 we will continue

to study analytic properties of amplitudes, in the case of the two-to-two transition. Before

that, in the next chapter we will describe howM and fa(s) can be extracted from a LQCD

calculation.
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Chapter 2

Two-hadron amplitudes in a finite

volume

In this chapter we review the state-of-the-art technology used to extract two-meson ampli-

tudes from Lattice QCD. We begin by introducing the formulation of QCD on the lattice,

and reviewing the key concepts going into a LQCD calculation. Access to the ampli-

tudes of interest relies upon extraction of finite-volume spectra and matrix elements. We

describe the connection between finite and infinite volume quantities, as well as the tech-

nology required to get the finite volume quantities. We close this chapter by describing

the parameters of the lattice used for the calculation presented later in this work.

2.1 Non-perturbative finite-volume QCD

Lattice QCD is based on the Euclidean path integral formulation of QCD. The QCD path

integral involves an infinite amount of integration variables, which distinguishes it from

quantum mechanics. To obtain physical results from QFT it is necessary to tame the

infinities, such as through the perturbative renormalization procedure in QED. Wilson

proposed regularizing the path integral by placing the theory in a 4-dimensional Euclidean

lattice, with inter-site spacing a, and a finite 4-dimensional volume [6]. Typically, to study

34



zero-temperature QCD, the lattice is defined with a larger Euclidean time size T than

spatial size L, resulting in a total size of L3 × T .1

A discretization of the Lagrangian of QCD must be formulated such that, in the limit

as a→ 0, the continuum Lagrangian of Eq. (1.1) is recovered. Numerous discretization op-

tions have been studied in the literature, each with different discretization errors. However,

they all share the common feature that quark fields are placed at the lattice sites, while

gluon fields are represented by “gauge links”, denoted as U . These gauge links correspond

to group elements of SU(3) color associated with each link of the lattice. Their purpose

is to parallel transport quarks between sites, allowing for the formation of gauge-invariant

terms involving quarks at different sites. This is essential, for instance, when writing a

discretized derivative that under gauge transformations transforms covariantly.

Discretization errors can be mitigated by adding irrelevant operators to the Lagrangian

that effectively cancel out the leading effects due to the lattice spacing a, and vanish in the

continuum limit. This procedure is known as the Symanzik improvement program [51].

Another technique that reduces discretization effects is the smearing of the fields. The

idea is that more smooth, or smeared, fields will depend less on ultraviolet modes, which

are the most sensitive to the discretization. Of course smearing procedures cannot be too

aggressive, otherwise they could significantly modify the long-distance properties of the

theory.

The lattice formulation replaces the calculation of Feynman diagrams of perturbative

QFT, for the calculation of Euclidean n-point correlation functions from the QCD path

integral,

〈O1(x1) . . . On(xn)〉 =
1

Z

∫
DψDψ̄DU O1(x1) . . . On(xn) e−SE [ψ,ψ̄,U ] , (2.1)

where the operators Oi(xi) are defined in terms of quark and gluon fields, while SE is a dis-
1The Euclidean time direction T can be associated with the inverse temperature at which the correlation

functions of the theory are extracted. To obtain vacuum expectation values we need correlation functions
at zero-temperature.
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cretized version of the Euclidean QCD action, and the normalization Z =
∫
DψDψ̄DU e−SE .

The Euclidean action SE is related to the action associated with the Lagrangian (1.1)

through a Wick rotation.

Somewhat surprisingly, the fermionic part of the path integral can be carried out an-

alytically, thanks to the properties of the Grassman numbers used to represent fermions.

Under this operation the Dirac Lagrangian in the Euclidean action becomes the determi-

nant of the Dirac operator. If any of the operators Oi in Eq. (2.1) involves fermion fields,

they are replaced by the fermion propagator according to the appropriate Wick contrac-

tions. The propagator is equal to the inverse of the Dirac operator, which is a matrix in

color, Dirac, and coordinate space that only depends on the gluon fields.

The gluonic path integral is estimated with Monte Carlo importance sampling. The

Boltzmann factor, e−SE/Z, assigns weights to field configurations based on the significance

of their contribution to the path integral. In the context where the fermion variables have

already been integrated, e−SE should be interpreted as also including the appropriate

factors of the Dirac operator determinant. To estimate the path integral, an ensemble of

N configurations is generated according to the probability distribution e−SE/Z, and the

integral’s value is obtained from the average value of the operators O1(x1) . . . On(xn) across

the ensemble. The error associated with this stochastic process, i.e. the statistical error,

decreases as the number of configurations increases at a 1/
√
N rate. For a more extensive

description of the lattice formulation of QCD, alternative discretizations of the action, and

more details about the implementation of LQCD, the reader is referred to Ref. [52].

The advantage of this formulation of QCD lies in its independence from a perturbative

expansion in powers of the coupling g, i.e., correlation functions incorporate the non-

perturbative dynamics of the theory. For instance, the spectrum of the LQCD Hamiltonian

consists of bound color singlet states, as expected from the phenomenological observation

of confinement. The energy of these states and their matrix elements with the operators

Oi, determine the value of the correlation function of Eq. (2.1). We will write this relation

explicitly in Sec. 2.2.2. In practice, the spectrum and finite-volume matrix elements are
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extracted by modeling the time dependence of the correlation functions estimated from a

configuration ensemble.

The results obtained from LQCD are systematically improvable because the errors

associated with each of the approximations can be made arbitrarily small, albeit at the

cost of increased computational resources. Calculations can be performed at decreasingly

small values of a and increasingly large values of L, allowing for extrapolation to the infinite

volume continuum. For example, in the single particle sector of the theory, increasing the

spatial size L helps remove finite-volume effects on energies and matrix elements. These

effects are expected to behave like e−mπL, where mπ is the mass of the lightest hadron

in the spectrum, i.e. the pion. As we will describe below, the finite-volume effects in the

multi-particle sector have a more intricate behavior.

The mass of the quarks in the theory serves as an input, allowing us to study the

quark mass dependence of observables. These parameters can also be tuned to reduce the

amount of open channels into which a resonance can decay, simplifying the extraction of

poles. Calculations are labeled by the number of flavors, Nf , of dynamic quarks used, and

are typically performed in the isospin limit where the up and down quarks are degenerate.

On the topic of masses, let us comment on the scale setting procedure of LQCD. After

the lattice has been used to regularize the theory, we need to renormalize the theory by

imposing renormalization conditions. This allows us to determine the physical value of the

lattice spacing a. In the case of pure Yang-Mills theory, the value of a will depend on the

only free parameter in the Lagrangian: the coupling g. A common procedure to determine

a is to calculate the static color potential between color sources, and demand that the force

between between them takes its phenomenological value when the distance is equal to the

Sommer scale r0 ≈ 0.5 fm [53]. By finding what the Sommer scale is in lattice units, we

can reverse this relation to find the value of a in physical units. The process of determining

the potential involves the calculation of Wilson loops, a gauge invariant product of gauge

links along a loop in the lattice. The static potential between quarks is extracted from

the temporal size dependence of the loop, following the procedure that we will describe in
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Sec. 2.2.2. Naturally, the spatial dependence of the potential is extracted from the spatial

size of the loop.

In the case of full QCD, the quark mass parameters also affect the scale setting accord-

ing to the renormalization group equations. The scale is no longer a function of only g but

also of the quark masses, nonetheless the scale setting can still be performed by finding the

Sommer scale. In the case of two different quark masses, like in a Nf = 2 + 1 calculation,

two more conditions are needed to tune the bare parameters of the Lagrangian. For exam-

ple, we could tune the quark masses so that the mass of the nucleon, composed of mostly

light quarks, and the mass of the Ω baryon, composed mostly by strange quarks, reproduce

their physical values, while the Sommer scale is used to determine a. Alternatively, the

scale can be set using only hadron masses and their ratios by identifying them to their

physical value.

As mentioned before, calculations can be performed away from the physical value of the

quark masses. This provides a computational laboratory to study, for example, the chiral

evolution of observables. The triumph of QCD, and the rest of the SM, stems from the

fact that once we have chosen a handful of observables to tune the bare parameters such

that the theory is set at the “physical point”, all the other observables can be predicted

with no further experimental input. The particular importance of LQCD is that it allows

us to make predictions in the non-perturbative regime of QCD.

2.1.1 Scattering in a box

Despite the ability of the lattice to handle non-perturbative dynamics, it has some lim-

itations. In particular, if we are interested in scattering processes that involve real-time

evolution, the Euclidean time of the lattice prevents us from performing a direct calcu-

lation. Direct calculations are mostly restricted to the spectrum of the theory in a finite

volume, and local matrix elements, e.g. the spacelike form factor of hadrons.

According to the Maiani-Testa no-go theorem [54], the lack of real-time evolution pre-

vents the direct extraction of amplitudes involving two or more hadrons, except at the en-
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ergy of the lowest multi-particle threshold. However, the seminal work by Lüscher [55, 56]

provided the basis for a framework to indirectly extract multi-hadron amplitudes from the

finite-volume spectrum and matrix elements.2 The key insight of this idea is that for a

multi-hadron system trapped within a box, there is a deviation of its energy away from its

non-interacting value due the infinite-volume inter-hadron interactions. This extraction is

only possible as long as their interaction does not extend infinitely, a condition ensured by

the fact that all experimentally observed hadrons are massive.3

This Lüscher quantization condition, in the energy region where only channels of two

stable hadrons can go on shell, is given by

det
[
M(s) + F−1(E,P, L)

]
= 0 . (2.2)

where the determinant is taken over partial-wave and channel space,M is the scattering

amplitude matrix, diagonal in partial-wave space but in general dense in channel space,

and F is a known geometric function with finite-volume L dependence, in general dense in

partial-wave space, but diagonal in channel space. The arguments of these two functions

are related via s = E2−|P|2. See Refs. [58, 59] for explicit expressions of F and numerical

techniques for its calculation. In a finite volume, the spatial momentum of the system, P,

is quantized. In the case of spatial periodic boundary conditions, the momentum of a state

can take values equal to 2π
L d, where d is a vector of integers. The solutions to Eq. (2.2),

up to e−mπL corrections and restricted to the energy region where only two hadrons can

go on shell, correspond to the finite volume spectrum.

The reason for F being dense in the partial-wave space is that the boundary conditions

in a box break rotational symmetry, leading to the mixing of partial-waves. For example,

in a lattice with a cubic spatial volume, the rotational symmetry group gets broken from
2It has been proposed that a Quantum Computer could calculate real time evolution, with research

directed to formulations of scattering extractions from real-time finite volume correlation functions, for
example in Ref. [57].

3In the chiral limit, with vanishing quark masses, the pseudoscalar mesons become massless, and
hadronic interactions would be of infinite range. In that scenario the Lüscher quantization condition
is not reliable.
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O(3) to the full octahedral Oh group. In a cube, the total spin J is no longer a good

quantum number, but the leftover symmetries of O(3) in the Oh group replace the infinite

number of irreducible representations J with the ten irreducible representations of Oh,

dubbed irreps, which we label with the symbol Λ. We call rows the different components

of a state in a lattice irrep.

The matrices in Eq. (2.2) can be block-diagonalized and an independent quantization

condition appears for each of the lattice irreps. In this process, partial-waves are matched

with one or multiple irreps of the lattice, these patterns are known as the subductions of

the corresponding partial-wave. For a system in flight, with P 6= 0, the symmetry is further

reduced to the little group of P inside a box, we list these little groups in Table 2.1 for

different values of P in Schönflies notation. For reference, we list the subduction pattern

for integer J ’s up to 4 for a system at rest, and up to 3 for an in-flight system in Table 2.1.

The elements of the projector matrices that implement this subduction are called the

subduction coefficients, these can be found in Refs. [60, 61].

The subduction patterns that apply for partial-waves of definite spin-parity also apply

to stable particles of spin J inside a box. This means that the different spin projections

of a hadron that form part of the representation J in the continuum, will get distributed

across states in different irreps of the lattice. For example, if the ρ-meson was stable and

at rest, its three spin-projections would behave as the three components of a state in the

T−1 irrep. If it had momentum of the form 2π
L [00n], its zero helicity component would be

a state in the A1 irrep, and a mix of the non-zero helicity components would be the two

components of a state in the E2 irrep.

The relationship between the continuum components and the lattice irrep components

are given by the same subduction coefficients introduced above. This means that the

previous example also describes the subduction pattern of the scattering channel with

same JP as a ρ-meson. The determinant of Eq. (2.2), when the system has momentum

2π
L [00n], splits into independent determinants, i.e. one for A1 and two identical copies for

E2.
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In general, we denote the solutions of Eq. (2.2) as {En}, where the index n encodes all

the quantum numbers of the state, e.g. its momentum, irrep, row, and energy level.

Table 2.1: Integer spin-parity (JP ) subduced to each of the lattice irreps, in flight irreps subduce
helicities, but we list the corresponding JP that would contribute to that helicity. For each irrep
we list its dimension in parenthesis. For the case of zero momentum, there is one irrep per parity.
Adapted from Ref. [62].

Oh P = 2π
L [000] C4v P = 2π

L [00n] C2v P = 2π
L [0nn]

A1(1) 0, 4 ... A1(1) 0+, 1−, 2+, 3− ... A1(1) 0+, 1−, 2±, 3± ...
A2(1) 3 ... A2(1) 0−, 1+, 2−, 3+ ... A2(1) 0−, 1+, 2±, 3± ...
E(2) 2, 4 ... E2(2) 1±, 2±, 3± ... B1(1) 1±, 2±, 3± ...
T1(3) 1, 3, 4 ... B1(1) 2±, 3± ... B2(1) 1±, 2±, 3± ...
T2(3) 2, 3, 4 ... B2(1) 2±, 3± ...

C3v P = 2π
L [nnn] C2 P = 2π

L [nm0] or = [nnm]

A1(1) 0+, 1−, 2+, 3± ... A1(1) 0+, 1±, 2±, 3± ...
A2(1) 0−, 1+, 2−, 3± ... A2(1) 0−, 1±, 2±, 3± ...
E2(2) 1±, 2±, 3± ...

The Lüscher quantization has been successfully applied to several systems of coupled-

channel scattering, see Refs. [63, 64, 65, 66, 67, 68, 69, 70, 71, 72], with an efficient strategy

to solving Eq. (2.2) in the coupled-channel case presented in Ref. [73]. This technique is

reviewed in Ref. [74].

The concept of the finite-volume extraction of the scattering amplitude was extended

by Lellouch and Lüscher to transition amplitudes by deriving the finite-volume correction

of the weak decay amplitude K → ππ [75]. Extensions to arbitrary transitions involving

two-hadrons in the initial or final state were later developed [76, 77, 78]. In the case of

a production amplitude H from a local current J , the finite-volume matrix elements of

the states within the two-hadron energy region can be “finite-volume corrected” by the

following prescription

| 〈0|J (x = 0)|n〉L|2 =
1

2EnL3
H(En) · R̃(En, L) · H(En)

ᵀ , (2.3)

R̃(En, L) = 2En lim
E→En

E − En

M(s) + F−1(E,L)
, (2.4)
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where |n〉L is a unit-normalized finite-volume state of energy En, and we have left implicit

the P dependence of F . In this case H represents a vector with partial-wave and channel

space components corresponding to each of the production channels. The matrix R̃, and

variations of it, are referred to as the Lellouch-Lüscher (LL) factor. The LL factor is a

matrix in partial-wave and channel space, but needs to be of rank one to be consistent

with causality [77]. In other words, only one of the eigenvalues of the matrixM+F−1 can

vanish at the quantization condition energy. This allows to decompose R̃ into an outer

product, featuring the eigenvector v0 of the vanishing eigenvalue ofM+ F−1,

R̃ =
2En

λ′0
v0 vᵀ0 , (2.5)

where λ′0 is the slope in energy of the vanishing eigenvalue at En. Although in practice it

is more convenient [79] to use the matrixMR̃M,

MR̃M = −2En · lim
E→En

E − En

M−1(s) + F (E,L)
,

= −2E?n
µ′?0

w0 wᵀ0 , (2.6)

where µ′?0 is the slope in E? of the vanishing eigenvalue ofM−1+F , which is seen to control

the normalization, while the eigenvector, w0, distributes strength across the channel and

partial-wave space. This formalism has been used to calculate the timelike form factor of

the pion in the elastic region, as mentioned in Sec. 1.4.1.1.

In the next section we describe how the energy levels going into the quantization

condition of Eq. (2.2), and the finite volume matrix elements needed in the LL formalism

of Eq. (2.3) are obtained from lattice correlation functions.
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2.2 Lattice technology

There are a several developments that have allowed the field of LQCD to reach suffi-

cient maturity to perform calculations of amplitudes involving several particles, we present

an overview of the main technological developments in the following subsections. We

begin by summarizing the parameters of the lattice employed in the calculation of Chap-

ters 5, 6, 7, and 8.

2.2.1 Lattice parameters

The lattice calculation presented in this work was performed on a Nf = 2 + 1 lattice

obtained by the HadSpec collaboration [80]. The gauge field is realized from an O(a2)-

improved Symanzik action, while the quark contribution uses the Clover action, a type of

Symanzik improvement, with “stout-link” smearing of the spatial gauge links; more details

of the implementation are given in [81]. The HadSpec collaboration uses an anisotropic

formulation, with finer temporal than spatial spacing, at < as, to increase the energy cut-off

without significant increase to the computational cost. Because of the anisotropy ξ = as/at,

on top of choosing the bare coupling and the bare masses, the action has anisotropy

parameters that need to be tuned to reproduce space-time symmetry. The tuning of the

anisotropic gauge action is performed with Wilson loops, by demanding that their spatial

dependence relates to their temporal dependence according to the target anisotropy [81].

The tuning of the anisotropic fermion action is performed with the dispersion relation of

the energy EP of a stable hadron with momentum P and mass m, which should satisfy

(atEP)2 = (atm)2 + |asP|2/ξ2 . (2.7)

This Nf = 2+1 lattice has two degenerate light quarks with larger than physical mass,

and a strange quark with approximately physical mass, such that the pion has a mass

of approximate twice its physical value, 284 MeV, while the kaon has a mass close to its
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physical value, 520 MeV. The volume of the lattice is equal to L3 × T = (24as)
3 × 256at,

where a−1
t = 5.988(17) GeV and the anisotropy is equal to ξ = 3.455(6), as reported in

Ref [82]. The scale is set by identifying the mass of the Ω baryon in the lattice to be equal to

its physical value. This is possible thanks to the tuning of the bare strange quark mass to a

value close to its physical value. This tuning was performed by identifying combinations of

pseudoscalar masses with a leading chiral behavior dependent on individual quark masses.

In this work we employ the Lüscher quantization condition, the LL formalism, and identify

stable hadrons in the lattice with their continuum counterparts. Residual finite-volume

effects not taken into account scale as e−mπL, but given that mπL ≈ 4 we expect them to

have a negligible impact compared to other sources of error, e.g. statistical fluctuations.

This lattice has been used in previous computations of ππ scattering [83, 84], πK

scattering [82] and the electromagnetic transition γK → Kπ [85].

2.2.2 Energy levels and the variational method

A short outline of the variational method is given at the beginning of Sec. III of Ref. [80].

More details of the practicalities of the implementation can be found in [86]. Here I

summarize the main conceptual points.

The finite-volume spectrum of QCD can be obtained from the time dependence of

correlation functions. We can perform a spectral decomposition of correlation functions

to obtain the Euclidean time dependence given by a sum of decaying exponentials. In the

case of two-point functions, neglecting finite-T effects, the time dependence is of the form

Cij(t) ≡
〈
Oi(t)O

†
j(0)

〉
=
∑

n=0

Zn
i Z

n∗
j e
−Ent , (2.8)

where En corresponds to the energy of state |n〉, and Zn
i is equal to the overlap of the

operator Oi with that state, i.e. Zn
i = 〈0|Oi(0)|n〉. From Eq. (2.8) we observe that the

ground state will dominate the sum of contributions at large time, and in order to obtain the

energy of several states we need to disentangle the different exponential terms. Obtaining
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the energy of excited states is desirable if we want to extractM from Eq. (2.2) over a wide

kinematic region.

If we form a matrix of correlation functions with elements of the form of Eq. (2.8), Zn

can be thought of as a vector in the space of the operator basis that we are using. The

spectrum for each momentum, irrep, and internal quantum numbers is independent, and

we can form a matrix for each of the available combinations of quantum numbers consistent

with the channel of interest. If we want to extract the A lowest energy levels, we need at

least A operators to form a linearly independent basis with the Zn vectors to disentangle

the time dependence associated with each level. For that we introduce the generalized

eigenvalue problem (GEVP)

C(t)vn = C(t0)vnλn(t, t0) , (2.9)

where vn is a vector in the operator space, and λn is the generalized eigenvalue, also known

as principal correlator. If we split the correlation matrix into two terms

Cij(t) = C0
ij(t) + C1

ij(t) =
A−1∑

n=0

Zn
i Z

n∗
j e
−Ent +

∑

n=A

Zn
i Z

n∗
j e
−Ent , (2.10)

we can solve exactly for λn(0)(t, t0), the generalized eigenvalue of the truncated matrix C0(t).

We begin the derivation by first writing C0(t) in the matrix notation

C0(t) = ZE(t)Z† , [Z]ni = Zn
i , [E(t)]nm = δnme

−Ent . (2.11)

If the Zn vectors are linearly independent, then the matrix Z has an inverse, and we can

convert the generalized eigenvalue problem in a conventional eigenvalue problem

E(t− t0)Zvn = Zvnλn(0)(t, t0) , (2.12)

where we have used that the inverse of E(t) is E(−t) and that E(t1)E(t2) = E(t1+t2). For
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the sake of readability we are denoting this zero-th order approximation of the generalized

eigenvectors as {v}. Relation (2.12) is an eigenvalue equation with eigenvectors Zvn. The

matrix E(t− t0) is diagonal, and we can directly read that

λn(0)(t, t0) = e−En(t−t0) , (2.13)

and the n-th eigenvector is
∑

j Z
m
j v

n
j ∝ δnm, where the index m corresponds to the compo-

nents of the eigenvector in this space. For convenience we choose the normalization

∑

j

Zm
j v

n
j = δnmeEnt0/2 , (2.14)

which makes the generalized eigenvectors orthonormal over the metric C0(t0),

vm†C0(t0)vn = δnm . (2.15)

We can also treat C1
ij(t) as a perturbation, and calculate the first-order correction to

add to λn, which is of the form [87],

λn(0)(t, t0) + λn(1)(t, t0) = (1− bn)e−En(t−t0) + bne
−EA+1(t−t0) , (2.16)

where the exponential term of the correction is driven by the energy of the (A+ 1)-th level

in the spectrum, and the coefficient bn decreases exponentially with increasing t0. It is

known that this remains the leading correction to all orders as long as 2t0 ≥ t [87]. The

regular eigenvalues of Cij(t) have a similar dependence on time than λn(0)(t, t0), but the

leading correction for the n-th eigenvalue is driven by the energy of the (n + 1)-th state

[88]. For this reason, solving the GEVP has a considerable advantage over the regular

eigenvalues of the correlation matrix.

It is more stable to perform independent fits of the time dependence of multiple prin-

cipal correlators, where each fit function has one or two exponential contributions, than
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attempting to extract multiple energies from a single correlation function of the form of

Eq. (2.8). Additionally, this technique allows to disentangle contributions of degenerate

states, or degenerate up to statistical precision, whereas a multi-exponential fit would not.

It might appear advantageous to use large values of t0 for a couple of reasons. At a

larger t0, the energy levels above the A-th state will have decayed and can be treated as

a perturbation, where the principal correlators can be properly modeled with Eq. (2.16).

Otherwise, the imposition of the orthonormality condition of Eq. (2.15) might force the

operators into a metric that does not correspond to that of the lowest A states, and the

time dependence of λn(t, t0) would not necessarily be that of Eq. (2.16). This behavior

was explored with a toy model in App. C of Ref. [86]. Even in the best scenario, where

Eq. (2.16) is a valid model, increasing t0 reduces the magnitude of the bn coefficient,

minimizing the pollution from higher energy states to the principal correlator.

However, the correlation functions have an associated uncertainty due to the Monte

Carlo estimation of LQCD. This noise is expected to increase exponentially with the time

separation for all correlation functions except the one of the lightest meson of the theory,

for which the noise to signal ratio is expected to stay constant, this is known as the Parisi-

Lepage scaling [89, 90]. In that sense a compromise has to be reached when choosing t0,

where the correlation function has not been swamped by noise yet, but the contributions

from energy states above the A-th state have had enough time that C0(t0) becomes a good

approximation of C(t0).

As mentioned before, having a large basis is a requirement to obtain a large set of

energies. Furthermore, the larger the basis, the higher the energy of the (A+ 1)-th state,

and the more quickly that contribution decays away. This will be true as long as the basis

is diverse enough to describe the different types of states in the low lying spectrum. In the

multi-hadron energy region it has been observed that this diversity is necessary to obtain

an accurate spectrum. For instance in Ref. [91], it was observed that removing specific

types of operators from the basis can lead to a qualitatively different spectrum. In there,

it is explained that if the operator set is not diverse enough to be able to span the space of

47



the lowest energy states, even if the operators on a reduced basis have a sizeable overlap

to all states, the principal correlators will take a significant amount of time to relax to the

correct value of each energy state.

Once the spectrum has been obtained from the principal correlators, taking into account

the caveats described above, we can use the eigenvectors to construct optimized operators.

We choose to construct these operators with the following normalization

Ω†n ≡
√

2Ene
−Ent0/2

A∑

j=1

vnj O
†
j . (2.17)

The overlap of these operators with the low-lying states in the spectrum is equal to

〈n|Ω†m(0)|0〉 =
√

2En δn,m , (2.18)

so that correlation functions with these operators at the source t = 0, and sink t, is equal

to
〈

Ωm(t) Ω†n(0)
〉

= δm,n2Ene
−Ent +O

(
e−EA+1t

)
, (2.19)

where we observe that each linear combination of operators will optimally overlap to only

one of the low-lying states, with corrections typically arising from the (A + 1)-th energy

level.

When solving the GEVP, we can obtain a set of eigenvectors vn for every timeslice

available. If the operator basis and the value of t0 is selected properly the eigenvectors

will only have a weak dependence on t. In practice, we observe that selecting a timeslice

tZ > t0 for the eigenvector set, the condition of Eq. (2.19) is best satisfied.

In summary, we have found that the energies {En} and optimized operators Ω†n can be

extracted from the eigenvalues and eigenvectors of the generalized eigenvalue problem of

Cij(t). In the following subsections we will describe the type of operators used in scattering

extraction calculations.
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2.2.3 Operators

In this section we will describe the two type of operators relevant for the extraction of

states in the two-meson sector. We will utilize operators projected to definite momentum,

OP,i(t) =
∑

x e
−iP·xOi(t,x), which sample all spatial sites on a timeslice.

2.2.3.1 Fermion bilinears

An operator type that we expect to have a strong overlap with the low-lying meson spec-

trum is a local fermion bilinear sandwiching the gamma matrix structure, Γ, necessary to

match the meson spin and parity, i.e. O(x) = ψ̄(x) Γψ(x). We list in Tab. 2.2 the particles,

and their quantum numbers, that can be interpolated by all the possible gamma structures.

The flavor of the interpolator is determined by the flavor of the quark fields. For example,

in isoscalar channels, the mixture of bilinears of the form O` = ūΓu+ d̄Γd with those like

Os = s̄Γs can be studied. This was employed in Ref. [92], where the light-strange mixing

of isoscalars was estimated from the overlaps of the finite volume levels to these operators.

To study mesons of higher spin than those shown in Tab. 2.2, and to produce multi-

ple operators with the same quantum numbers and enlarge our variational basis, we can

use non-local fermion bilinears. These can be produced from combining, with the appro-

priate Clebsch-Gordan coefficients, gamma matrices and gauge-covariant derivatives in a

circular basis, then sandwiching the result between quark-antiquark fields, such that these

operators have definite JP (C) quantum numbers. The local fermion bilinears only feature

quark-antiquark in a color-singlet, while non-local bilinears featuring one or more covari-

ant derivatives will also contain the quark-antiquark in the octet combination, some of

them even featuring only color-octet quark-antiquark contributions. More details about

the conventions taken in this construction are given in Ref. [60]. In that reference, it is also

mentioned how these continuum-spin operators are subduced into the irreps of the cubic

group. The pattern of overlaps of an operator subduced to different irreps can be useful

to identify (stable) states with their continuum counterpart, as long as the lattice spacing
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is small enough to restore rotational symmetry at small distances.

For mesons in-flight, the helicity, instead of spin z-component, is the continuum con-

served quantum number. Operators of definite helicity can be constructed via a Wigner-D

matrix acting on an operator of definite spin z-component with non-zero momentum. Then

these operators are subduced into the corresponding little group irrep of the lattice. The

details of this construction are presented in Ref. [61].

Table 2.2: Fermion bilinears quantum numbers, and the corresponding particle
state they overlap into when they are projected to zero momentum, following
the PDG naming scheme shown in Tab. 1.1, where the isovector combination
of quark flavors has been chosen. In the case of the Wick rotated Euclidean
fermion action, the gamma matrices change as they have to satisfy the algebra
{γµ, γν} = δµν , and the labeling convention of the greek indices goes from 1
to 4, instead of from 0 to 3. If we make the substitution γ0 → γ4, the overlap
pattern presented here remains equal for the Euclidean theory.a

ψ̄ψ ψ̄γ5ψ, ψ̄γ0γ5ψ ψ̄γiψ, ψ̄γ0γiψ ψ̄γiγ5ψ ψ̄[γi, γj ]ψ

P +1 −1 −1 +1 +1
C +1 +1 −1 +1 −1

Overlap a0 π ρ a1 b1
a The ψ̄γ0ψ operator does not overlap to a q̄q state because it has the exotic quan-
tum numbers JPC = 0+−.

2.2.3.2 Two-meson operators

When thinking about studying scattering, the most natural choice of interpolators are

those resembling multiple mesons. In Ref. [93] the construction of these type of operators

is described. In that reference it is advocated to construct multi-meson operators by

combining single meson operators that are already subduced to an irrep of the lattice. It

is also convenient to use single-meson-like operators that have been optimized to overlap

to the ground state mesons. The coefficients of this linear combination will be given by

the Clebsch-Gordan coefficients coupling the irreps of the single mesons to the irrep of

the total momentum. This is preferred over the subduction of a multi-meson operator

which has been partial-wave projected, i.e. which was constructed from meson operators

of definite helicity. In the latter case the subduced multi-meson operator will, in general,
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be formed by single hadrons in multiple irreps.

Following this prescription, the construction of a two-meson-like operator, in the case

of two pions, is given by

[ππ]ΛµP (t) =
∑

R

CΛµ,P
Λ1,Rp1;Λ2,Rp2

πΛ1
Rp1

(t)πΛ2
Rp2

(t) , (2.20)

where CΛµ,P
Λ1,Rp1;Λ2,Rp2

are the Clebsch-Gordan coefficients of the induced representations of

the little groups of each momenta in the Oh group. In this equation the sum runs over the

allowed lattice rotations R that leave the momentum P invariant, i.e. the little group of

P, such that for all rotations Rp1 +Rp2 = P. For the target state, we indicated a row µ

within the irrep Λ, necessary for a multidimensional irrep Λ, see Tab. 2.1; the pions, being

spinless, always appear in unidimensonal irreps. When constructing two-meson operators

involving single vector-mesons the summation in Eq. (2.20) is also required over the rows

of the vector-meson irrep. Explicit examples of these Clebsch-Gordan coefficients are given

in Ref. [93]. This same procedure can be iterated to formulate operators with more than

two mesons, as described in Ref. [69].

An important advantage of the two-meson-like operators, over the single-meson-like

operators is that they sample the lattice volume differently. While the fermion bilinears

projected to a given momentum are the linear combination of operators localized around a

lattice site, the two-meson operators are linear combinations of operators separated by all

the allowed distances in the box. This makes them more efficient at interpolating states

that do not behave like single hadrons.

2.2.4 Matrix elements from correlation functions

To obtain production amplitudes, the required finite-volume matrix elements are extracted

from two-point correlation functions,
〈
J (t) Ω†n(0)

〉
, which feature the electromagnetic cur-

rent J . To constrain the amplitude over a wide range of kinematics we employ optimized

operators, Ωn, for the ground state and multiple excited states of each irrep. In Eq. (1.9)
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we showed how this current can be decomposed into components of definite isospin. The

current operator needs to be renormalized, with a renormalization constant for each quark

of different mass. The electromagnetic current, including light and strange quarks, in terms

of lattice currents is equal to

J = Z lV
1√
2

(
Jρ,lat + 1

3Jωl,lat
)

+ ZsV
(
−1

3Jωs,lat

)
, (2.21)

where we define the isospin-basis currents with the following normalizations,

Jρ ≡ 1√
2

(
ūΓu− d̄Γd

)
,Jωl ≡ 1√

2

(
ūΓu+ d̄Γd

)
,Jωs ≡ s̄Γs , (2.22)

and the spatially directed vector current whose improvement at O(a) is consistent with

the anisotropic Clover quark action is [94],

q̄Γq = q̄γkq + 1
4(1− ξ) at∂4

(
q̄σ4kq

)
, (2.23)

where σ4k = 1
2 [γ4, γk].

In the case where production of ππ is considered, only the isovector component, Jρ, ap-

pears, and the multiplicative renormalization factor, Z lV , is determined non-perturbatively

using the pion form factor at zero virtuality extracted from three-point correlation func-

tions,
〈

Ωπ(∆t)J (t) Ω†π(0)
〉
, as described in Ref. [85], and Sec. 6.3.

Following the spectral decomposition of correlation functions given in Eq. (2.8), the

two-point function featuring the electromagnetic current will be of the form

〈
J (t) Ω†n(0)

〉
= e−Ent

√
2En L

3 〈0|J (x = 0)|n〉L +O
(
e−EA+1t

)
, (2.24)

where the volume factor L3 arises if the current operator has been projected to definite

momentum, i.e. if J (t) =
∑

x e
−iP·xJ (t,x). The matrix element can then be extracted

from the time dependence of this two-point function. Alternatively, we can form the ratio
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of correlation functions

〈
J (t)Ω†n(0)

〉

〈
Ωn(t)Ω

†
n(0)

〉 =
L3

√
2En
〈0|J (0)|n〉L +O

(
e−(EA+1−En)t

)
, (2.25)

and extract the matrix element from the time dependence of the ratio. The ratio typically

features reduced timeslice-to-timeslice data correlation, which helps avoid the D’Agostini

bias [95].

To extract spacelike matrix elements for a stable hadron we require the use of three-

point functions. In the case of the pion spacelike form factor, we employ optimized pion

operators, Ωπ, at the source and sink, and insert a current operator in between. This

three-point function has the spectral decomposition

〈
Ωπ,pf (∆t)J (t) Ω†π,pi(0)

〉
= 〈π(pf )|J (0)|π(pi)〉 e−Eπ,pf (∆t−t)e−Eπ,pi t + . . . , (2.26)

where the subleading time dependence will arise from matrix elements associated with

higher energy states with the quantum number of a pion. Note that we explicitly label

the momentum projection of each of the optimized operators, and employ a relativistic

finite-volume normalization for the pion states

〈π(pf )|π(pi)〉 = 2Eπ,pfL
3δpf ,pi , (2.27)

where Eπ,p is the energy of the pion following the dispersion relation of Eq. (2.7). This

normalization choice is motivated by the fact that single-meson states receive only expo-

nentially suppressed volume corrections. Similar to the case of production matrix elements,

we can also form ratios to reduce timeslice-to-timeslice data correlation,

〈
Ωπ,pf (∆t)J (t) Ω†π,pi(0)

〉

〈
Ωπ,pf (∆t− t)Ω†π,pf (0)

〉〈
Ωπ,pi(t)Ω

†
π,pi(0)

〉 =
1

2Eπ,pf 2Eπ,pi
〈π(pf )|J (0)|π(pi)〉+ . . . ,

(2.28)
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the matrix element on the right hand side of the equation can be related to the pion form

factor fπ(s) with Eq. (1.49).

2.2.5 Distillation

To compute correlation matrices with multi-meson operators, i.e. having multiple fermion

bilinear operators at the source and at the sink, we need to perform matrix inversions of

the Dirac operator to obtain the propagator. Even though the Dirac operator might be

sparse, the propagator is not. For example, for a lattice with 204 sites, the propagator has

O(1012) entries, making a direct calculation prohibitively expensive.

Instead, we can compute the inversions over a subspace that more efficiently samples

the low-lying spectrum in which we are interested. For that we employ a quark-field smear-

ing method known as distillation [96]. This method consists of using a projector operator

on each quark field to filter out ultraviolet modes. This projector is invariant under ro-

tations and is covariant under gauge transformations, such that the rotation properties

and quantum numbers of the operators previously described are left unchanged by the

smearing procedure.

The smearing process for the operator ψ̄ΓP ψ =
∑

x ψ̄(t,x) e−iP·x Γ(t,x)ψ(t,x), where

Γ(t,x) represents a combination of gamma matrices and covariant derivatives, goes as

follows. First, from the spatial Laplacian at timeslice t, which is a matrix in coordinate

and color space, {x, a}, we compute the Nvecs eigenvectors, ξn(x, a; t), with the smallest

eigenvalues. Then, we form the smearing operator

�({x, a}, {y, b}; t) =

Nvecs∑

n=1

ξn(x, a; t) ξ†n(y, b; t) , (2.29)

which behaves as a projector, i.e. �2 = �. This operator is applied to each quark field,

and because it consists of a sum over external products of eigenvectors, we can factorize
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the meson operator into

ψ̄�ΓP�ψ =

Nvecs∑

n,m=1

¯̃
ψ(t, n) Φnm(t) ψ̃(t,m) , (2.30)

where we defined the “elemental” matrix Φnm, the smeared quark field ψ̃ = ξ†ψ, and we

suppressed the sum over spin indices.

When the fermionic path integral is performed, the quark fields are replaced by their

Wick contractions, e.g. ψ̄ψ = (i /D − m)−1 = M−1. In this case the smearing pro-

cedure will be applied to the quark propagators to form “perambulators”, τnm(t′, t) ≡

ξ†n(t′)M−1(t′, t)ξm(t). Once this smearing has been performed, correlation functions be-

come products of matrices over distillation space. Furthermore, since the perambulators are

independent of the operators of the meson elemental, the inversions required to calculate

them can be done once and then they can be stored and reused in multiple calculations.

Finally, local current insertions, like the electromagnetic current, should not be smeared,

and in those cases we use a “generalized perambulator”,

Jnm(∆t, t, ts) = ξ†n(∆t)
[
M−1(∆t, t) ΓM−1(t, ts)

]
ξm(ts) . (2.31)

The generalized perambulator is constructed by first calculating the inversions of the Dirac

operator from the distillation vectors at ts and ∆t acting as sources, these two inversions

can then be contracted at t to form Jnm. Notice that we cannot employ this technique for

a disconnected current insertion, because in that case the Wick contraction only involves

unsmeared fields. The calculations presented in this work only feature connected current

contributions.
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2.2.6 Statistical methods

In addition to smearing, another technique employed to reduce fluctuations is to average

over multiple time sources, i.e.

Cij(t) =
1

Nsrc

∑

tsrc

〈
Oi(t+ tsrc)O

†
j(tsrc)

〉
. (2.32)

In our case with a lattice of temporal length of 256at, we employ four equally separated

values of tsrc along the temporal direction for the calculation of the correlation matrix

going into the GEVP of Chapter 5.

2.2.6.1 Error propagation

Resampling methods are commonly used in LQCD calculations to propagate the Monte

Carlo statistical error from the correlation functions to the final results. The most popular

methods are bootstrap and jackknife [97]. In this work we employed single elimination

jackknife for error propagation. This method proceeds as follows: from an ensemble of N

samples Oi of a random variable O, e.g. an n-point function ensemble from LQCD, where

the index i enumerates the elements in the ensemble, we form a downscaled ensemble

OJK
i ≡

1

N − 1

N∑

j 6=i
Oj . (2.33)

Each element of the downscaled ensemble is basically the mean of the ensemble after

eliminating one of its elements. After that, we apply any number of operations, y = g(O),

to the downscaled ensemble, e.g. fitting the timeslice dependence to obtain the energy, or

the matrix element. Finally we upscale the ensemble of results yJK
i = g(OJK

i ),

yi = yJK
i −N


 yJK

i −
1

N

∑

j

yJK
j


 . (2.34)
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The value and statistical error of the quantity ŷ = 〈g(O)〉 can be calculated with standard

statistical techniques applied to the ensemble yi. Furthermore, if another operation needs

to be applied to the quantity y, e.g. obtaining the scattering amplitude from the spectrum,

we can downscale the y ensemble and repeat these steps.

This concludes our description of the state-of-the-art calculation techniques for lattice

QCD. The next chapter returns to the ideas of scattering in the infinite volume, but after

that, we will return to the finite volume.
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Chapter 3

On-shell decomposition of the

infinite-volume 2
J−→ 2 transition

As mentioned in Chapter 1, most of our current understanding of strong resonant states is

based on their mass, width, and coupling to asymptotic states. However, more information

is needed to form a complete picture of their nature and structure. Building on the study

of the internal structure of stable hadrons by probing them with external currents, we

envision the possibility of studying resonances in a similar fashion. This Chapter presents

the first novel results of this work, which were first presented in Ref. [98]. The figures

presented in this Chapter were similarly taken from Ref. [98].

In this chapter we study amplitudes of the form 2
J−→ 2, which we label W, and

formulate a decomposition of these amplitudes that respects analyticity and unitarity. We

call this result the on-shell decomposition because it is built in terms of the amplitudes

describing possible subprocesses, with each of these evaluated as if its external particles

were on their mass shell. This on-shell projection will always apply to Lorentz scalar form

factors, but not to the kinematic Lorentz tensors associated with the current insertion. If

the meson-meson asymptotic states couple to a resonance or a bound state, we will show

how to extract the elastic form factor of that state from the on-shell decomposition.

As reviewed in Chapter 1, unitarity and causality impose analytical constraints on the
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functional form of scattering amplitudes. Once these conditions have been satisfied, we

can confidently move away from the real energy axis in the search of the complex pole of

a resonance. In a similar way, the analytical properties of multi-body amplitudes can be

studied, to then find further properties of resonances.

This formalism describes W in terms of amplitudes of subprocesses, known kinematic

functions, and dynamical functions describing the short range interactions associated with

the meson-meson states and the current. The energy dependence of amplitudes associated

with each subprocess, as well as that of the amplitude W itself, could be obtained from

a LQCD calculation of the necessary spectra and finite-volume matrix elements. These

quantities would need to be mapped to infinite volume amplitudes, as described in Chap-

ters 2 and 4.

The decomposition of the amplitude W is model-independent and encodes the contri-

butions from all orders of the strong coupling. However, the result is only valid over the

energy region where at most two mesons can go on shell. This limits the current momentum

to be below any production threshold if it is timelike, but can have an arbitrary spacelike

value. In other words, the results can only be used for an elastic two-meson system, or a

system of multiple coupled two-meson channels.

To derive the results of this chapter we will describe amplitudes in terms of a skeleton

expansion of all the diagrams in a generic effective field theory (EFT). We will not need

to make any explicit reference to the parameters of the EFT, we only need to assume

that the theory contains stable mesons that will feature in the propagators and kernels

of the diagram expansion of W. An additional ingredient not present in the on-shell

decomposition ofM, which is given by the K-matrix representation, is the presence of the

so-called triangle diagram, which contributes logarithmic singularities to W.

In Section 3.1 we introduce the subprocesses appearing in W, then in Sec. 3.2 we show

the resulting on-shell decomposition. In Sec. 3.3 we illustrate the analytic continuation

and extraction of the resonance elastic form factor. In Sec. 3.4 we sketch the derivation of

the decomposition, and in Sec. 3.5 we present the derivation of a function reproducing the
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singularities of the kinematic triangle contribution.

The decomposition presented in Ref. [98] applies to multiple two-meson channels with

arbitrary masses, where each of the external mesons does not possess spin degrees of

freedom, but the two-meson systems can be described by an arbitrary number of partial-

waves, allowing to extract form factors of arbitrary integer spin resonances. For simplicity

we will show the derivation of the amplitude associated with an elastic channel of two

degenerate mesons of massm where only the lowest partial-wave is relevant, and afterwards

briefly discuss the generalization to multiple channels, and partial-waves. Furthermore we

will assume that the two particles are not identical, and only one of them couples to the

external current, such that no symmetry factors are required for diagrams with bubble

loops.

3.1 Amplitudes of subprocesses

Let us first introduce the two amplitudes associated with subprocesses of the amplitude

W. The first of them is the 2→ 2 scattering amplitude,M, which we already introduced

in Sec. 1.5. The second is the one-meson transition 1
J−→ 1, which we label w. Both the

transitions W and w are mediated by a local current J A(x = 0), where A represents all

the quantum numbers associated with the current, e.g. the Lorentz indices for a tensor

current, the flavor, parity, etc.

The current insertion is defined in terms of a matrix element of the current sandwiched

by one-meson states

〈kf |J A(0)|ki〉 =
∑

j

KA
j (kf , ki) fj(Q

2) , (3.1)

where we label the momentum of the final/initial meson kf/i, and where we perform a

Lorentz decomposition of the matrix element in terms of scalar form factors, fj , and Lorentz

tensors Kj , where we define Q2 = −(kf − ki)2. By definition, the external momenta here

are on the mass shell, i.e. k2
f/i = m2. We illustrated this decomposition in the case of a
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Figure 3.1: Diagrammatic representation of won, the one-meson transition partially projected on
shell. The grey kernel symbolizes that while the form factors are projected on shell, the kinematic
factors can be evaluated for off shell values of the momenta kf and ki.

conserved vector current in Eq. (1.49).1

In general, when one-meson current insertions appear as a subprocess of W, the value

of momenta kf or ki will not necessarily be on the mass shell. To extend the definition of

w to arbitrary values of momenta we simply evaluate the tensors Kj in terms of kf and

ki, but we keep the form factors projected on shell as a function of only Q2. We label this

extension with the symbol won, where the subscript “on” reminds us that the form factor

take their on shell value. The definition of won is still given by Eq. (3.1), but valid for

arbitrary value of momenta. We illustrate this partially on-shell projected amplitude in

Fig. 3.1. This defines a prescription for the individual terms in our decomposition, but the

combination of all terms should be prescription independent.

3.2 On shell decomposition

We define the 2 + J → 2 amplitude, which we label as W, via the matrix element,

WA(Pf , p̂
′?
f ;Pi, p̂

?
i ) ≡

〈
Pf , p̂

′?
f ; out

∣∣J A(0) |Pi, p̂?i ; in〉conn . (3.2)

Here the two-meson asymptotic initial(final) states are defined in terms of a total momen-

tum Pi(f), and the relative momentum direction p̂
(′)?
i(f) in the initial(final) CM frame. The

subscript “conn” emphasizes that this matrix element only takes into account connected
1In this chapter and the next one the single particle form factors are not considered in the timelike

region, and we employ the notation f(Q2) for the spacelike form factors, whereas in the rest of this work,
where we are primarily interested in the timelike form factors, we use f(−Q2) or f(s < 0) for the spacelike
form factors.
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Figure 3.2: (a) Diagrammatic representation of the amplitude W describing the 2
J−→ 2 process.

The initial/final state momentum is given by Pi/f , and the current quantum numbers are labeled
with index A. The dashed line represents the pole piece D of the fully dressed propagator. The
solid kernels represent all diagrams contributing to a given amplitude. (b) Long range contributions
associated with current insertions to the external legs of the amplitude.

contributions, we do not consider diagram topologies in the skeleton expansion where the

hadrons do not interact with each other or with the current.

In Sec. 3.4 we derive the on-shell decomposition to be equal to

iWA(Pf , p̂
′?
f ;Pi, p̂

?
i ) =

∑{
iwAon iD iM

}
+ iWA

df(Pf , p̂
′?
f ;Pi, p̂

?
i ) . (3.3)

We illustrate the decomposition diagrammatically in Fig. 3.2, where we also label the

momentum of each of the external hadrons. The first term represents the long range

process whenever the current insertion probes one of the external legs of the amplitude.

Here we introduce the pole piece of the fully dressed propagator,

iD(k) =
i

k2 −m2 + iε
. (3.4)

If the current only couples to one of the particle species, the individual contributions of

62



<latexit sha1_base64="rYBd2M7YgbLq8AA8vRzMdFgkapI="></latexit>

if GA =

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf

<latexit sha1_base64="SflBJSKEPWNo/WBYbMbgQxToZ1g="></latexit>

Pf � p0

<latexit sha1_base64="zZMZOtMm6QEpuBS0fuvBBb4hod0="></latexit>

p0

<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="O1oLYS8OwKa5nItQkzcpT9MdUr0="></latexit>

Pi � p

<latexit sha1_base64="+KLNhJGDyhjQHVZKjEk+6N7hJGU="></latexit>p
<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi
<latexit sha1_base64="Xj+sgZ9Iqh8hf1j/GBp4/7ls64w="></latexit>

`, m`

<latexit sha1_base64="ZBomJoTT9LYrDl/M76+GQm4N/yk="></latexit>

`0, m`0

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="6BdE4sIaprk8bJaSA0JDqhNCaAA="></latexit>

GA
`0m`0 ;`m`

=
<latexit sha1_base64="yF2QxH4C9yMagpjzhDkz+7HHKAY="></latexit>

iWA =

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="Xj+sgZ9Iqh8hf1j/GBp4/7ls64w="></latexit>

`, m`

<latexit sha1_base64="ZBomJoTT9LYrDl/M76+GQm4N/yk="></latexit>

`0, m`0

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="Xj+sgZ9Iqh8hf1j/GBp4/7ls64w="></latexit>

`, m`

<latexit sha1_base64="ZBomJoTT9LYrDl/M76+GQm4N/yk="></latexit>

`0, m`0

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="6BdE4sIaprk8bJaSA0JDqhNCaAA="></latexit>

GA
`0m`0 ;`m`

=

<latexit sha1_base64="6BdE4sIaprk8bJaSA0JDqhNCaAA="></latexit>

GA
`0m`0 ;`m`

=

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="CTcTh8MQFUn9T2/xCfMfnwrZVjw="></latexit>

GA =

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="vkV3gz85YoR7qH/OCy2L+A/qhBc="></latexit>

Pf
<latexit sha1_base64="bffAHEmMBszl9jRKXbTexircTE4="></latexit>

Pi

<latexit sha1_base64="6wXw3TVrfuKRbDjdRFa1XEQ7Ne8="></latexit>

A

<latexit sha1_base64="T7I/cuzYsHZjXss1fHrt8s7hizM="></latexit>X

j

ifj(Q
2) GA

j (Pf , Pi) =

Figure 3.3: Triangle-function contribution toWdf , Eq. (3.6), written in terms of the single-hadron
form factors (fj) and the triangle loops (Gj) defined in Eq. (3.7). The gray circle and dashed lines
were defined in Figs. 3.1 and 3.2, respectively.

the first term are equal to

∑{
iwAon iD iM

}
= iwAon(p′f , p

′
i) iD(p′i) iM(si) + iM(sf ) iD(pf ) iwAon(pf , pi) , (3.5)

where p(′)
i/f is a shorthand for Pi/f − p(′), and si(f) = P 2

i(f). Here we assumed that the

scattering amplitudeM only has contributions from the S-wave, meaning that it is inde-

pendent of the relative momenta direction in the respective CM frames. Note that there

are physical values of the external momenta for which the pole pieces can diverge.

The second term in Eq. (3.3) will be the center of attention in Sec. 3.3, which we label

with a subscript “df”, which stands for divergence free, referring to the lack of long distance

poles given by Eq. (3.5). In Sec. 3.4 we prove that it can be written in an on-shell projected

form as,

iWA
df(Pf , Pi) =M(sf )


 iAA22(Pf , Pi) +

∑

j

ifj(Q
2)GAj (Pf , Pi)


M(si) , (3.6)

where again, because only the S-wave is allowed to contribute, we dropped the dependence

on the relative momenta direction in the respective CM frames. The kernel AA22, in general,

can be expressed in a Lorentz decomposition, similar to Eq. (3.1), with each Lorentz scalar

being a real and regular function in si, sf , and Q2 over the kinematic region of interest.
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Figure 3.4: Singularities of the G function as reproduced by the contributions of G given explicitly
in Eq. (3.8). We choose values below and above threshold of the initial and final state energies
E?i =

√
si, E?f =

√
sf . We fix the value of the spatial momentum of the initial state in the CM

frame of the final state to |P?
i | = 1.05m.

The remaining quantity to define is the triangle function Gj , diagrammatically shown

in Fig. 3.3, which occurs when the current probes a single meson in the intermediate state.

In Eq. (3.3) we again assume that the current only couples to one of the mesons,

GAj (Pf , Pi) ≡
∫

d4k

(2π)4

iKA
j (kf , ki)

(k2 −m2 + iε)(k2
f −m2 + iε)(k2

i −m2 + iε)
, (3.7)

where ki/f ≡ Pi/f − k and Kj are the kinematic functions defined in Eq. (3.1).

In addition to having threshold singularities, this kinematic function also has a new

class of singularities, known as the triangle singularities, or anomalous threshold singular-

ities [99]. For example, in the case where both the initial and final states are in a S-wave,

for Kj = 1, the triangle function is given by,

G(Pf , Pi) =
i

32π
√

(Pf · Pi)2 − P 2
i P

2
f

[
log

(
1 + z?f + iε

1− (z?f + iε)

)
+ log

(
1 + z?i + iε

1− (z?i + iε)

)]
+ . . . ,

(3.8)

where the ellipsis represent regular terms, z?f is a function of Pi, Pf , and the masses of the
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external particles,

z?f =
Pi · Pf − si

2k?(sf )
√

(Pf · Pi)2/sf − si
, (3.9)

while z?i is the same function but with the labels f and i switched. We label SingG

the contribution to G given explicitly in Eq. (3.8) that contains all its singularities and

discontinuities of G.

We plot SingG given in Eq. (3.8) in Fig. 3.4 for various values of the initial and final

state energies, while fixing the spatial momentum of the initial state relative to the final

state. In addition to the threshold singularities at
√
s = 2m, we observe singularities that

appear above threshold and have a logarithmic behavior, diverging in the imaginary part,

while the real part exhibits a discontinuity at the same energy. This energy is the threshold

at which all three particles in the triangle are able to be on their mass shell simultaneously,

also known as the anomalous threshold 2.

3.3 Resonance form factors

If there is a resonance present inM, thenW will inherit the singular behavior, as is evident

from Eq. (3.6). The relationship between the residues of the poles in W and the desired

elastic form factors can be obtained using the LSZ reduction procedure. This is illustrated

diagrammatically in Fig. 3.5. The following describes the extraction corresponding to a

scalar resonance and a scalar current. In this case, quantities with superscript A defined

above behave like Lorentz scalars, meaning that we can exchange their dependence from

the four-momenta (Pf , Pi) to the Lorentz scalars (sf , Q
2, si).

In Eq. (1.25) we illustrated that resonances appear as complex-valued poles (sR) in

the analytic continuation of the scattering amplitude onto the unphysical Riemann sheet.

To determine the elastic form factor of the resonance, fR→R(Q2), we can extract the
2In the case of loosely bound states, like the deuteron with massM = 2m−ε and binding energy ε� m,

m being the nucleon mass, the anomalous threshold lies near the physical region of the deuteron form factor.
The contribution of the anomalous threshold is associated in non-relativistic quantum mechanics to the
spatial extent of the bound state’s wavefunction [100].
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Figure 3.5: Amplitudes (a)M and (b) W, near the resonance pole sR. The resiudes at the pole
define the coupling c, and the elastic-resonance form factor, fR→R.

corresponding residue of W via the LSZ reduction as

lim
si,sf→sR

WII,II(sf , Q
2, si) = lim

si,sf→sR
WII,II

df (sf , Q
2, si) , (3.10)

= 16π
−c

sf − sR
fR→R(Q2)

−c
si − sR

, (3.11)

where fR→R(Q2) is defined for initial and final energy si = sf = sR. We write two II

superscripts to emphasize that one must continue the amplitude in both si and sf planes

in order to evaluate at the resonance pole. In the first equality, we have used the fact that

the difference between W and Wdf , given in Eq. (3.3), only features either the initial or

final resonance pole but not both. 3

TheWdf amplitude on the second Riemann sheet in both variables can be derived from

the on shell representation Eq. (3.6),

WII,II
df (sf , Q

2, si) =MII(sf )
[
A22(sf , Q

2, si) + f(Q2)GII,II(sf , Q
2, si)

]
MII(si) , (3.12)

where the function GII,II is given by the analytic continuation of the triangle function in

both si and sf into the Riemann sheet II,

GII,II(sf , Q
2, si) = G(sf , Q

2, si)− 2i ImG(sf , Q
2, si) . (3.13)

3This procedure is followed in Ref. [12] for studying the σ as well as in Refs. [101, 102, 103] for theories
with bound states.
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Note that in Eq. (3.12), we exploited the fact that A22 is regular in the kinematic region

considered. A proof of Eq. (3.12) is provided in Appendix B.

To determine the form factor we can invert Eq. (3.10) and combine it with Eq. (3.12)

to obtain

fR→R(Q2) ≡ 1

16π
lim

si,sf→sR
si − sR
−c

sf − sR
−c WII,II

df (sf , Q
2, si) (3.14)

= 16πc2
[
A22(sR, Q

2, sR) + f(Q2)GII,II(sR, Q
2, sR)

]
. (3.15)

Although this discussion applies for scalar currents and S-wave scattering systems, the

relations can be generalized to arbitrary currents, partial waves, and channels. The kine-

matic Lorentz tensors for a current with non-trivial Lorentz structure do not alter the

analytic structure of W. For multiple scattering channels, one must take care on which

sheet the amplitude is continued to, following the same methodology as presented in, for

example, Ref. [104].

Conserved vector currents are of special interest, as they can represent the physical

electromagnetic interaction. It was shown in Ref. [101] that current conservation constrains

the forward direction of the W amplitude. For example, assuming only S-wave scattering

is non-negligible, the amplitude for a system consisting of one neutral and one charged

particle must follow the relation,

lim
Pi→Pf

Wµ
df(Pf , Pi) = 2PµQ0

∂

∂s
M(s) , (3.16)

where Q0 is the charge of the particle. This identity imposes further constraints on A22,

namely that in the forward limit

Aµ22(P, P ) = −2Q0P
µ ∂

∂s
K−1(s)−Q0ReGµ(P, P ) , (3.17)

which follows directly from Eq. (3.6) and noting that the imaginary part of Gµ in the
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forward limit is proportional to ∂ρ/∂s, ensuring that A22 is a real function.

If there is a resonance in this system, then at the resonance pole Eq. (3.16) imposes

that the form factor of the resonance at Q2 = 0 is the charge of the resonant state. We

define the form factor for a scalar resonance with a vector current in an analogous way to

Eq. (3.10) as

(Pf + Pi)µfR→R(Q2) ≡ lim
si,sf→sR

sf − sR
c
WII,II

df,µ(Pf , Pi)
si − sR

c
. (3.18)

Taking the Pi → Pf limit of Eq. (3.18), we then use Eq. (3.16) to find

2PµfR→R(0) = 2PµQ0 lim
s→sR

(s− sR)2

c2

∂

∂s
MII(s), (3.19)

= 2PµQ0 . (3.20)

Therefore, we conclude that the resonance form factor for a conserved vector current yields

its charge at Q2 = 0 as one may expect. The use of the Ward-Takahashi identity to impose

additional constraints on two-hadron resonances has been explored, e.g. in Ref. [105] for

the Roper and in Ref. [106] for the ∆.

3.4 Derivation of the decomposition

To derive the on shell decomposition of an amplitude, we will express it in terms of Feynman

diagrams of a generic EFT to all orders in the interaction coupling. In the case of the

two-meson amplitudes of interest, we can reorganize this expansion in terms of a skeleton

expansion of two-particle irreducible (2PI) kernels. Then, we can reformulate the all-orders

diagram expansion in terms of integral equations. Non-trivial analytical constraints can be

derived from these equations by exploiting the properties of two-particle irreducible (2PI)

kernels on the kinematic region below the three-particle threshold.
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<latexit sha1_base64="X8QMMZnk1jIk+FOAFCKaNUxcnbU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHnpZv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/xMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoerXq9X2tUr/J4yjCCZzCOXhwCXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH59kjXE=</latexit>

}

<latexit sha1_base64="PgxG31o2dKwK4c7QViPthKSADMU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHnrTfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9WrV6/tapX6Tx1GEEziFc/DgEupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP6JsjXM=</latexit>

�

<latexit sha1_base64="LXdGOBK0xb988yvAliIp/Gcrltk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mU2GzM4OM71CCPkILx4U8er3ePNvnCR70MSChqKqm+6uSEth0fe/vcLa+sbmVnG7tLO7t39QPjxq2jQzjDdYKlPTjqjlUijeQIGSt7XhNIkkb0Wju5nfeuLGilQ94ljzMKEDJWLBKDqp1bWZthx75Ypf9ecgqyTISQVy1Hvlr24/ZVnCFTJJre0EvsZwQg0KJvm01M0s15SN6IB3HFU04TaczM+dkjOn9EmcGlcKyVz9PTGhibXjJHKdCcWhXfZm4n9eJ8P4OpwIpTPkii0WxZkkmJLZ76QvDGcox45QZoS7lbAhNZShS6jkQgiWX14lzYtqcFm9ebis1G7zOIpwAqdwDgFcQQ3uoQ4NYDCCZ3iFN097L96797FoLXj5zDH8gff5A6bQj8w=</latexit>

,

<latexit sha1_base64="HCUxUiiyeTJDIDBP+0aymReRlTg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBNRb0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2auUb+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP3bpjLw=</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +

P � p

<latexit sha1_base64="9Zt18kNNWYJ/jqu4+qsbxyfqi0U=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBC8GHYloN6CXjxGNA9IljA76SRDZmeXmVkhLMEv8Kpf4E28+i1+gP/hJNmDSSxoKKq66e4KYsG1cd1vZ2V1bX1jM7eV397Z3dsvHBzWdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8nfiNJ1SaR/LRjGL0Q9qXvMcZNVZ6qJ7HnULRLblTkGXiZaQIGaqdwk+7G7EkRGmYoFq3PDc2fkqV4UzgON9ONMaUDWkfW5ZKGqL20+mpY3JqlS7pRcqWNGSq/p1Iaaj1KAxsZ0jNQC96E/E/r5WY3pWfchknBiWbLeolgpiITP4mXa6QGTGyhDLF7a2EDaiizNh05rYwKhmKsc3FW0xhmdQvSl65dH1fLlZusoRycAwncAYeXEIF7qAKNWDQhxd4hTfn2Xl3PpzPWeuKk80cwRycr19xH5XW</latexit>

P � p0

<latexit sha1_base64="3lOEPZmPq6VkQnGRlKN29MoRVbY=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHdWBIpqLuiG5cV7APaUCbTm3boZBJmJkIJBb/ArX6BO3Hrr/gB/odJm4VtPXDhcM693HuPFwmujW1/Wyura+sbm4Wt4vbO7t5+6eCwqcNYMWywUISq7VGNgktsGG4EtiOFNPAEtrzRXea3nlBpHspHM47QDehAcp8zajKpfhGd9Uplu2JPQZaJk5My5Kj3Sj/dfsjiAKVhgmrdcezIuAlVhjOBk2I31hhRNqID7KRU0gC1m0xvnZDTVOkTP1RpSUOm6t+JhAZajwMv7QyoGepFLxP/8zqx8a/dhMsoNijZbJEfC2JCkj1O+lwhM2KcEsoUT28lbEgVZSaNZ24Lo5KhmKS5OIspLJPmZcWpVm4equXabZ5QAY7hBM7BgSuowT3UoQEMhvACr/BmPVvv1of1OWtdsfKZI5iD9fUL1QiWBw==</latexit>

p0

<latexit sha1_base64="EMCQM80MZQg+bh3wLNfASxoBTxU=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA9hV0JqLegF49RzAOSJcxOepMhs7PLzKwQQvwCr/oF3sSr/+IH+B9Okj2YxIKGoqqb7q4gEVwb1/12VlbX1jc2c1v57Z3dvf3CwWFdx6liWGOxiFUzoBoFl1gz3AhsJgppFAhsBIPbid94QqV5LB/NMEE/oj3JQ86osdJDctYpFN2SOwVZJl5GipCh2in8tLsxSyOUhgmqdctzE+OPqDKcCRzn26nGhLIB7WHLUkkj1P5oeumYnFqlS8JY2ZKGTNW/EyMaaT2MAtsZUdPXi95E/M9rpSa88kdcJqlByWaLwlQQE5PJ26TLFTIjhpZQpri9lbA+VZQZG87cFkYlQzG2uXiLKSyT+kXJK5eu78vFyk2WUA6O4QTOwYNLqMAdVKEGDEJ4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BcMAlXY=</latexit>

P

<latexit sha1_base64="ahR90o0ucS+OzfsjSiZTsy+qfr4=">AAAB+3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bhswT6gHSST3mlDM5khyQilzBe41S9wJ279GD/A/zBtZ2FbDwQO55zLvTlBIrg2rvvtFDY2t7Z3irulvf2Dw6Py8Ulbx6li2GKxiFU3oBoFl9gy3AjsJgppFAjsBOP7md95RqV5LB/NJEE/okPJQ86osVKz8VSuuFV3DrJOvJxUIIfN//QHMUsjlIYJqnXPcxPjT6kynAnMSv1UY0LZmA6xZ6mkEWp/Oj80IxdWGZAwVvZJQ+bq34kpjbSeRIFNRtSM9Ko3E//zeqkJb/wpl0lqULLFojAVxMRk9msy4AqZERNLKFPc3krYiCrKjO1maQujkqHIbC/eagvrpH1V9WrV22atUr/LGyrCGZzDJXhwDXV4gAa0gAHCC7zCm5M5786H87mIFpx85hSW4Hz9Aiy4lSU=</latexit>

p

<latexit sha1_base64="CjPLXbQhZMmN3n5Uz48VFjvWivE=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwmYB6QLGF20psMmZ1dZmaFsOQLvOoXeBOvfowf4H84SfZgEgsaiqpuuruCRHBtXPfbKWxsbm3vFHdLe/sHh0fl45OWjlPFsMliEatOQDUKLrFpuBHYSRTSKBDYDsYPM7/9jErzWD6ZSYJ+RIeSh5xRY6VG0i9X3Ko7B1knXk4qkKPeL//0BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiUXVhmQMFa2pCFz9e9ERiOtJ1FgOyNqRnrVm4n/ed3UhLd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZLG1hVDIUU5uLt5rCOmldVb3r6l3julK7zxMqwhmcwyV4cAM1eIQ6NIEBwgu8wpszdd6dD+dz0Vpw8plTWILz9QtfmJVF</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>iK0

<latexit sha1_base64="SJfd6/if8+vtEzmeI/UfCtafRl4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiSi6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bbBBhPSaYZw+5nzm5b9edhjMHWiVuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJ48R2dGGaIwluYJjebq740MR0rNosBMFjHVsleI/3n9VIc3XsZEkmoqyOJQmHKkY1TUgIZMUqL5zBBMJDNZERljiYk2ZdVMCe7yl1dJ56LhXjauHi/rzduyjiqcwCmcgwvX0IR7aEEbCEzhGV7hzcqsF+vd+liMVqxy5xj+wPr8Ab0ik7w=</latexit>

iM

<latexit sha1_base64="BLkbvkC7ZbOkeyW66J9pmAfDpsc=">AAACBnicbVDLSsNAFL2pr1pfVZdugkVwVRIpqLuiGzdCBfuAJpSb6bQdOpmEmYlQQvd+gVv9Anfi1t/wA/wPJ20WtvXAhcM593IPJ4g5U9pxvq3C2vrG5lZxu7Szu7d/UD48aqkokYQ2ScQj2QlQUc4EbWqmOe3EkmIYcNoOxreZ336iUrFIPOpJTP0Qh4INGEFtJI95IeoRQZ7eT3vlilN1ZrBXiZuTCuRo9Mo/Xj8iSUiFJhyV6rpOrP0UpWaE02nJSxSNkYxxSLuGCgyp8tNZ5ql9ZpS+PYikGaHtmfr3IsVQqUkYmM0solr2MvE/r5vowZWfMhEnmgoyfzRIuK0jOyvA7jNJieYTQ5BIZrLaZIQSiTY1LXwhKAjlWS/ucgurpHVRdWvV64dapX6TN1SEEziFc3DhEupwBw1oAoEYXuAV3qxn6936sD7nqwUrvzmGBVhfvyYkmic=</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>
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Figure 3.6: Diagrammatic representation of (a) M and its integral equation, and (b) K0 and
examples of 2PI diagrams.

3.4.1 Scattering amplitude warm up

Before deriving the on-shell representation of W, we will first illustrate our method in

the case of M and reproduce the well-known result of the K-matrix representation. In

the case of the 2 → 2 process we can reorganize all diagrams in skeletons with increasing

number of 2PI kernels, connected with one another with s-channel bubble loops. The

integral equation describing this skeleton expansion ofM is illustrated in Fig. 3.6a. If we

recursively substitute the scattering amplitude given by the right hand side of the equation

into the scattering amplitude appearing in the second term of the right hand side of the

equation we will recover the infinite series of diagrams contributing toM.

The 2PI kernels include all diagrams where the initial and final legs cannot be separated

by cutting two internal propagators of the diagram. In Fig. 3.6b we show two examples of

2PI diagrams in the case without a current insertion. We label K0 the 2PI kernel containing

all such diagrams, this kernel is closely related to the K-matrix of Eq. (1.31) as we will

show later. The diagrams in Fig. 3.6b are 2PI because the first has no internal lines to cut,

while the second stays connected after cutting two of its internal propagators. The last

diagram in Fig. 3.6a is not 2PI because it can be separated by cutting the two propagators

in the middle.

Let us write the integral equation of the all-orders expansion of theM amplitude

iM(p′, p) = iK0(p′, p) +

∫
d4k

(2π)4
iM(p′, k)i∆(k)i∆(P − k)iK0(k, p) , (3.21)

where the value of the external momenta for each leg is illustrated in Fig. 3.6a, and does
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not need to be on its mass shell. We choose the propagators to have unit residue at the

pole mass,

i∆(k) =
i

k2 −m2 + iε
+ iS(k) , (3.22)

≡ iD(k) + iS(k) , (3.23)

where the function S is regular at the pole. For the kinematic region of interest, iK0

behaves as a regular function of s because none of the diagrams it represents contain an

intermediate state that can go on shell. We can recover the on-shell amplitude for each of

the kernels by placing the external legs on shell

M(s) =M(p′, p)

∣∣∣∣
p2=p′2=(P−p)2=(P−p′)2=m2

, (3.24)

where again we are assuming that only the S-wave is relevant so that the scattering am-

plitude has no angular dependence.

3.4.1.1 The bubble loop integral

The goal of the on shell decomposition is to group contributions to an amplitude according

to their analytic behavior. The bubble loop has two types of contributions, a part that

remains real in the kinematic region of interest, and a piece proportional to the phase

space with a square root singularity at threshold. To show this let us demonstrate it with

a generic bubble loop, written here in full notation,

I0(P ) =

∫
d4k

(2π)4
iL(p′, k)i∆(k)i∆(P − k)iR(k, p) , (3.25)

where the L and the R are generic kernel functions that appear as endcaps of the loop,

these will have the same analytic properties as the kernel K0 described before.

We expand the endcaps around their on shell value, as defined in Eq. (3.24). Because
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we will be neglecting all but one partial-wave, the on shell value will be independent of

the loop momentum,

iL(p′, k) = iL(s) + [iL(p′, k)]δ , (3.26)

iR(k, p) = iR(s) + δ[iR(k, p)] , (3.27)

when we generalize to arbitrary partial-waves, the dependence of the loop momentum in

the on-shell piece will be encoded in solid spherical harmonics given in Eq. (3.73), so that

the following derivations still hold. The terms with a δ operator next to them are inspired

by the notation introduced in Ref. [107], in this case they will vanish when both internal

legs of the loop are on-shell and therefore will be proportional to at least one factor of

(k2−m2)((P −k)2−m2). This means that a term with a δ operator times the propagators

will be regular. Furthermore, in order to obtain the singular contribution of the integral,

we just need to consider the term with the propagators replaced by their singular pieces,

I0(P ) = iL(s)

[∫
d4k

(2π)4
iD(k)iD(P − k)

]
iR(s) + δI0(P ) , (3.28)

where δI0 is purely regular in the kinematic region of interest.

To obtain the singularity of the integral shown in Eq. (3.28), we calculate its discon-

tinuity across the real s axis in the complex s plane using Cutkosky rules [108], which

amounts to replacing the propagators with Dirac delta functions,

iD(k)→ 2πδ(k2 −m2)θ(k0) , (3.29)

After doing the substitution, carrying out two integrals with the help of the Dirac deltas,

and performing the remaining angular integration we obtain the well-known discontinuity

of the bubble loop

1

2
Disc I0(P ) = iL(s)

[
k?(s)

8π
√
s
θ (s− sthr)

]
iR(s) . (3.30)

71



where the relative momentum k?(s), given in Eq. (1.12), has a branch point at threshold

and generates the right hand cut in the amplitude. This term is proportional to the phase

space ρ(s) defined in Eq. (1.13).

Putting all the terms together we find that

I0(P ) = iL(s) ρ(s) iR(s) + δI ′0(P ) , (3.31)

where the kernel δI ′0 includes δI0, as well as the regular contributions that do not contribute

to the discontinuity of the integral in Eq. (3.28). We rewrite this result with the following

shorthand notation,

I0 = iL ρ iR+ iL · iS · iR , (3.32)

where the first term indicates a product of kernels, whereas the ‘·’ operator indicates

that there is a remaining loop integral to be evaluated, but the S kernel reminds us

that the resulting value of this integral remains regular in s in the kinematic region of

interest. Here we have demonstrated that we can split the loop diagrams into a term with

singular behavior, i.e. a branch point, and a term with regular behavior: real and without

discontinuities over the kinematic region of interest.

3.4.1.2 The infinite series

To calculate the on shell decomposition of M we will rewrite Eq. (3.21) as a geometric

series. Then we can use the result of Eq. (3.31), together with some identities given in

App. A, to simplify the result. The goal of this exercise is to separate all contributions

proportional to the phase space, with a square root singularity, from those which remain

real.

First, let us introduce a shorthand representation of Eq. (3.21),

iM = iK0 + iM ·D · iK0 , (3.33)
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where we use D to represent the bubble loop integral and the two propagators in it.

As we mentioned before, we can recursively use the definition ofM to express it in a

form reminiscent of a geometric series

iM = iK0 + iK0 · D · iK0 + iK0 · D · iK0 · D · iK0 + . . . , (3.34)

= iK0 · [D · iK0]g (3.35)

where we define the shorthand notation for a geometric series [A]g = 1 +A+A ·A+ . . . .

We then use the result of Eq. (3.32) to rewrite this equation

iM = iK0 · [(ρ+ iS) · iK0]g , (3.36)

= iK0 · [iS · iK0]g[ρ iK0 · [iS · iK0]g]g , (3.37)

where in the second line we use the identity of Eq. (A.6). Note that for kernels hitting a

phase space factor, ρ, we can drop the ‘·’, representing integration, between them, as they

will be projected on shell, and there is only a multiplication between them.

Finally, we can regroup all the contributions without a discontinuity in what is com-

monly known as the K-matrix,

iK = iK0 · [iS · iK0]g , (3.38)

to arrive to the well known result,

iM = iK[ρ iK]g =
i

K−1 − iρ . (3.39)

where in the last equality we used the identity of Eq. (A.3). TheK-matrix parameterization

provides a parameterization of the two-meson scattering amplitude, where we only need to

provide a real function, with the appropriate threshold behavior, and the complex phases

required by unitarity are automatically implemented into M. We have packed into the
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K-matrix all the short-range dynamical contributions arising from, among other diagrams,

off shell intermediate states with three or more hadrons.

3.4.2 The two-meson transition decomposition

We will follow a similar procedure to derive the on shell decomposition of the two-meson

transition amplitude. First, as before, we define the on shell limit,

WA(Pf , p̂
′?
f ;Pi, p̂

?
i ) =WA(Pf , p

′;Pi, p)

∣∣∣∣
p2=p′2=(Pi−p)2=(Pf−p′)2=m2

, (3.40)

so that first we will work with amplitudes and kernels with external legs off shell, and

project them on shell while separating pieces with different analytic properties.

For convenience we split the derivation into two parts. We first consider topologies

where the current cannot couple directly to one of the mesons in an s-channel bubble,

but only within 2PI diagrams – we label these diagrams W��1B. In this category we also

include five-point vertices representing short-range interactions between the current and

the incoming and outgoing mesons. The second type will be those with single-meson

current insertions in s-channel bubble loops, forming triangle loops, see Fig. 3.3, as well as

insertions on to one of the external legs, contributing to the terms in Eq. (3.5). We label

this second category of diagrams W1B, so that the amplitude is given by the sum

iWA = iWA
��1B + iWA

1B . (3.41)

We show in Fig. 3.7 the diagrammatic representation of the skeleton expansion of W��1B

and W1B. In the following two subsections we derive the decomposition of each of these

two terms.
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<latexit sha1_base64="3lOEPZmPq6VkQnGRlKN29MoRVbY=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBHdWBIpqLuiG5cV7APaUCbTm3boZBJmJkIJBb/ArX6BO3Hrr/gB/odJm4VtPXDhcM693HuPFwmujW1/Wyura+sbm4Wt4vbO7t5+6eCwqcNYMWywUISq7VGNgktsGG4EtiOFNPAEtrzRXea3nlBpHspHM47QDehAcp8zajKpfhGd9Uplu2JPQZaJk5My5Kj3Sj/dfsjiAKVhgmrdcezIuAlVhjOBk2I31hhRNqID7KRU0gC1m0xvnZDTVOkTP1RpSUOm6t+JhAZajwMv7QyoGepFLxP/8zqx8a/dhMsoNijZbJEfC2JCkj1O+lwhM2KcEsoUT28lbEgVZSaNZ24Lo5KhmKS5OIspLJPmZcWpVm4equXabZ5QAY7hBM7BgSuowT3UoQEMhvACr/BmPVvv1of1OWtdsfKZI5iD9fUL1QiWBw==</latexit>

p0

<latexit sha1_base64="EMCQM80MZQg+bh3wLNfASxoBTxU=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA9hV0JqLegF49RzAOSJcxOepMhs7PLzKwQQvwCr/oF3sSr/+IH+B9Okj2YxIKGoqqb7q4gEVwb1/12VlbX1jc2c1v57Z3dvf3CwWFdx6liWGOxiFUzoBoFl1gz3AhsJgppFAhsBIPbid94QqV5LB/NMEE/oj3JQ86osdJDctYpFN2SOwVZJl5GipCh2in8tLsxSyOUhgmqdctzE+OPqDKcCRzn26nGhLIB7WHLUkkj1P5oeumYnFqlS8JY2ZKGTNW/EyMaaT2MAtsZUdPXi95E/M9rpSa88kdcJqlByWaLwlQQE5PJ26TLFTIjhpZQpri9lbA+VZQZG87cFkYlQzG2uXiLKSyT+kXJK5eu78vFyk2WUA6O4QTOwYNLqMAdVKEGDEJ4gVd4c56dd+fD+Zy1rjjZzBHMwfn6BcMAlXY=</latexit>

P

<latexit sha1_base64="ahR90o0ucS+OzfsjSiZTsy+qfr4=">AAAB+3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bhswT6gHSST3mlDM5khyQilzBe41S9wJ279GD/A/zBtZ2FbDwQO55zLvTlBIrg2rvvtFDY2t7Z3irulvf2Dw6Py8Ulbx6li2GKxiFU3oBoFl9gy3AjsJgppFAjsBOP7md95RqV5LB/NJEE/okPJQ86osVKz8VSuuFV3DrJOvJxUIIfN//QHMUsjlIYJqnXPcxPjT6kynAnMSv1UY0LZmA6xZ6mkEWp/Oj80IxdWGZAwVvZJQ+bq34kpjbSeRIFNRtSM9Ko3E//zeqkJb/wpl0lqULLFojAVxMRk9msy4AqZERNLKFPc3krYiCrKjO1maQujkqHIbC/eagvrpH1V9WrV22atUr/LGyrCGZzDJXhwDXV4gAa0gAHCC7zCm5M5786H87mIFpx85hSW4Hz9Aiy4lSU=</latexit>

p

<latexit sha1_base64="CjPLXbQhZMmN3n5Uz48VFjvWivE=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwmYB6QLGF20psMmZ1dZmaFsOQLvOoXeBOvfowf4H84SfZgEgsaiqpuuruCRHBtXPfbKWxsbm3vFHdLe/sHh0fl45OWjlPFsMliEatOQDUKLrFpuBHYSRTSKBDYDsYPM7/9jErzWD6ZSYJ+RIeSh5xRY6VG0i9X3Ko7B1knXk4qkKPeL//0BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiUXVhmQMFa2pCFz9e9ERiOtJ1FgOyNqRnrVm4n/ed3UhLd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZLG1hVDIUU5uLt5rCOmldVb3r6l3julK7zxMqwhmcwyV4cAM1eIQ6NIEBwgu8wpszdd6dD+dz0Vpw8plTWILz9QtfmJVF</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>iK0

<latexit sha1_base64="SJfd6/if8+vtEzmeI/UfCtafRl4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiSi6LLoRnBTwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6uytr6xuVXdru3s7u0f2IdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk7vC706pVCwWT3qWUC/CI8FCRrA2km/bbBBhPSaYZw+5nzm5b9edhjMHWiVuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zmtUGqaILJBI9o31CBI6q8bJ48R2dGGaIwluYJjebq740MR0rNosBMFjHVsleI/3n9VIc3XsZEkmoqyOJQmHKkY1TUgIZMUqL5zBBMJDNZERljiYk2ZdVMCe7yl1dJ56LhXjauHi/rzduyjiqcwCmcgwvX0IR7aEEbCEzhGV7hzcqsF+vd+liMVqxy5xj+wPr8Ab0ik7w=</latexit>

iM

<latexit sha1_base64="BLkbvkC7ZbOkeyW66J9pmAfDpsc=">AAACBnicbVDLSsNAFL2pr1pfVZdugkVwVRIpqLuiGzdCBfuAJpSb6bQdOpmEmYlQQvd+gVv9Anfi1t/wA/wPJ20WtvXAhcM593IPJ4g5U9pxvq3C2vrG5lZxu7Szu7d/UD48aqkokYQ2ScQj2QlQUc4EbWqmOe3EkmIYcNoOxreZ336iUrFIPOpJTP0Qh4INGEFtJI95IeoRQZ7eT3vlilN1ZrBXiZuTCuRo9Mo/Xj8iSUiFJhyV6rpOrP0UpWaE02nJSxSNkYxxSLuGCgyp8tNZ5ql9ZpS+PYikGaHtmfr3IsVQqUkYmM0solr2MvE/r5vowZWfMhEnmgoyfzRIuK0jOyvA7jNJieYTQ5BIZrLaZIQSiTY1LXwhKAjlWS/ucgurpHVRdWvV64dapX6TN1SEEziFc3DhEupwBw1oAoEYXuAV3qxn6936sD7nqwUrvzmGBVhfvyYkmic=</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>iHA
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Figure 3.7: Diagrammatic representation of the two types of contributions to the W amplitude,
the contributions where the current attaches to 2PI kernels, and when it attaches to single-meson
states.

3.4.2.1 Without coupling to single mesons in the skeleton expansion

We begin by first identifying the 2PI kernel with two mesons in the initial and final state,

plus a current insertion, with the variable W0|0. This kernel is illustrated by the first term

to the right hand side of the equation on the first line of Fig. 3.7, Dressing this kernel with

all two-particle scattering to all orders in the strong interactions, one can show that W��1B

obeys the following equation,

iWA
��1B(Pf , p

′;Pi, p) = iWA
0|0(Pf , p

′;Pi, p)

+

∫
d4k

(2π)4
iM(p′, k)i∆(k)i∆(kf )iWA

0|0(Pf , k;Pi, p)

+

∫
d4k

(2π)4
iWA

0|0(Pf , p
′;Pi, k)i∆(k)i∆(ki)iM(k, p)

+

∫
d4k′

(2π)4

∫
d4k

(2π)4
iM(p′, k′)i∆(k′)i∆(k′f )

× iWA
0|0(Pf , k

′;Pi, k)i∆(k)i∆(ki)iM(k, p) , (3.42)

where we remind the reader of the shorthand notation ki ≡ Pi − k, and similarly for the

final state and k′ momenta. Equation (3.42) is represented diagrammatically in Fig. 3.7.

We can reuse the shorthand notation introduced in Sec. 3.4.1 to rewrite Eq. (3.42),

iWA
��1B = iWA

0|0 + iWA
0|0 · D · iM+ iM ·D · iWA

0|0 + iM ·D · iWA
0|0 · D · iM , (3.43)

= [iK0 · D]g · iWA
0|0 · [D · iK0]g . (3.44)
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Like we did before we will split the s-channel bubble loops into two contributions with

different analytic behavior, i.e. D = ρ + iS. In this case, the bubble loops can appear

before or after the current insertion, and carry the momentum Pi and Pf , respectively. To

distinguish these two cases we will use the notation ρi/f for the contribution of the phase

space.

Following a similar procedure to that shown in Eq. (3.37), we can simplify Eq. (3.44),

iWA
��1B = [iK ρf ]giWA

��1B[ρi iK]g , (3.45)

where K was defined in Eq. (3.38), and where we also introduced the dressed regular kernel

iWA
��1B = [iK0 · iS]g · iWA

0|0 · [iS · iK0]g . (3.46)

In the case where the external current does not couple to individual hadrons, this

would complete our derivation. We find most convenient to exchange the function W��1B

parameterizing the short-distance dynamics with

iWA
��1B = K iAA��1B,22K , (3.47)

and the ‘df’ on-shell decomposition is given by

iWA
��1B,df =M [iAA��1B,22]M , (3.48)

where this result only holds in the absence of one-body current insertions.
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3.4.2.2 Contributions with coupling to single mesons

The second line of Fig. 3.7 illustrates the diagrams contributing to W1B. These contribu-

tions are given in full notation by the following integral equation

iWA
1B(Pf , p

′;Pi, p) = iwA(p′f , p
′
i) i∆(p′i) iM(p′, p) + iM(p′, p) i∆(pi) iw

A(pf , pi)

+

∫
d4k

(2π)4
iM(p′, k) i∆(k) i∆(kf ) iwA(kf , ki) i∆(ki) iM(k, p) . (3.49)

where the single-meson insertion, wA contains all the one-particle irreducible diagrams

with a current insertion. It can be decomposed, according to the Lorentz strucutre of the

current, into a summation of Lorentz tensors multiplied by scalar form factors,

wA(kf , ki) =
∑

j

KA
j (kf , ki) fj(Q

2, k2
f , k

2
i ) , (3.50)

note that when the meson momenta are on their mass shell, k2
f = k2

i = m2, fj(Q2, k2
f , k

2
i )

corresponds to the form factors fj introduced in Eq. (3.1).

We rewrite Eq. (3.49) into short hand notation,

iW1B = iwA i∆ iM+ iM i∆ iwA + iM ·4 · iM , (3.51)

= iwA i∆ iK0 · [D · iK0]g + [iK0 · D]g · iK0 i∆ iwA

+ [iK0 · D]g · iK0 · 4 · iK0 · [D · iK0]g , (3.52)

where we introduce the symbol 4 to describe the triangle loop integral, with the three

propagators and the single-meson current insertion.

When a current is inserted on a leg connected to a kernel, we will split the propagator

in between the kernel and the current insertion according to Eq. (3.23). This yields a

contribution with a pole singularity, which allows us to place that leg on shell, and a

regular term. If we expand the skeleton expansion shown in the second line of Fig. 3.7 into

2PI kernels, we will find kernels with current insertions on their external legs, like the one
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Figure 3.8: Diagrammatic representation of Eq. (3.53), where the 2PI kernel with a current
insertion in one of its external legs is split into the term with the pole singularity of the propagator
(dashed line), and a real kernel WL|0.

shown in Fig. 3.8. In Fig. 3.8 we illustrate the removal of the singularity associated with

the propagator, from which we obtain a regular kernel

iWA
L|0 ≡ iK0 i∆ iwA − iK0 iD iwAon . (3.53)

In our prescription the kernels in the last term can be placed on shell, because any off

shell behavior will cancel the propagator pole and contribute to the regular kernel. We

also introduce the regular kernel W0|R for the case when the external leg with a current

insertion is one of the mesons in the initial state,

iWA
0|R ≡ iwA i∆ iK0 − iwAon iD iK0 . (3.54)

The triangle loop diagram, see Fig. 3.9, is the first term in this decomposition that

features an analytic structure not present in the decomposition of the scattering amplitude.

We split it into three different terms according to the analytic behavior of each of them,

this is derived in Sec. 3.5, and illustrated in Fig. 3.9. In shorthand notation the different

analytic contributions to the triangle diagram are given by

iK0 · 4A · iK0 = iWA
0|C|0 + iWA

0|R ρi iK0 + iK0 ρf iW
A
L|0 +K0

[∑
j
ifj GAj

]
K0 . (3.55)

The first term is associated with the real part of the loop, which we call W0|C|0, which
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Figure 3.9: Diagrammatic representation of the triangle loop expansion into terms with different
analytic properties. The cuts over the diagrams represent contributions proportional to the phase
space, the kernel W0|R is defined analogous to WL|0, but with the current insertion in one of the
initial state legs. We introduce the real kernel W0|C|0.

does not have discontinuities or singularities in the elastic scattering region. The second

and third terms contain a factor of ρi and ρf for the final and initial state respectively.

These terms arise from removing the pole singularity of one of the propagators next to

the current insertion, so it effectively becomes a bubble loop, and they also feature regular

kernels of the form of WL|0 and W0|R.

Finally, the last term, in addition to the branch cuts associated with the phase space,

also contains singularities that do not arise in bubble loops, the so-called triangle singu-

larities, which we discuss further in Sec. 3.5. For now it suffices to indicate that these

singularities will be described by the kinematic function G introduced in Eq. (3.7), while

the form factors fj can be placed on shell and taken out of the triangle integral.

We can now substitute Eqs. (3.53), (3.54), and (3.55) into Eq. (3.52) to obtain

iWA
1B = iwAon iD iM+ iM iD iwAon +M

[∑
j
fjGAj

]
M

+ [iK0 · D]g · iK0 · iWA
0|C|0 · iK0 · [D · iK0]g

+ [iK0 · D]g · iWA
0|R(1 + ρi iM) + (1 + iM ρf )iWA

L|0 · [D · iK0]g , (3.56)

where we observe algebraic structures similar to those appearing in Eq. (3.44).

We simplify Eq. (3.56) employing a similar procedure to that of previous sections. For

that we define another dressed regular kernel,

iWA
1B = [iK0·iS]g ·iK0·iWA

0|C|0·iK0·[iS·iK0]g+[iK0·iS]g ·iWA
0|R+iWA

L|0·[iS·iK0]g , (3.57)
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and use it to write the one body contribution to the 2 + J → 2 transition

iWA
1B = iwAon iD iM+ iM iD iwAon +M

[∑
j
ifjGAj

]
M+ [iK ρf ]giW1B[ρi iK]g . (3.58)

3.4.2.3 On-shell result for W

We put together the results of Eqs. (3.45) and (3.58) to find the on shell decomposition

including all diagrams,

iWA = iwAon iD iM+ iM iD iwAon +M
[∑

j
ifjGAj

]
M+ [iKρ]giWA[ρiK]g , (3.59)

where we have defined W = W1B + W��1B. We end this section with the divergence free

amplitude

iWA
df = iWA − iwAon iD iM− iM iD iwAon , (3.60)

=M
[
iAA22 +

∑
j
ifjGAj

]
M , (3.61)

which agrees with Eq. (3.6) when rewritten in full notation, and where we implicitly defined

the regular function A22 through

iWA = K iAA22K . (3.62)

This finishes the derivation of the on shell decomposition of the amplitude. In the next

section we will give a more thorough description of the triangle singularities appearing in

W.
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3.5 Triangle function

Let us begin by introducing the triangle diagram loop function in full notation with the

kernels K0 as endcaps,

I1(Pf , Pi, Q
2) =

∫
d4k

(2π)4
iK0(p′, k)i∆(k)i∆(kf )iwA(kf , ki)i∆(ki)iK0(k, p) (3.63)

where w was introduced in Eq. (3.50) in terms of known kinematic tensors Kj and the off

shell form factors. The expansion around the on shell value of these form factors is

ifj(Q
2, k2

f , k
2
i ) = ifj(Q

2) + δ[ifj(k
2
f , Q

2)] + [ifj(Q
2, k2

i )]δ + δ[ifj(Q
2, k2

f , k
2
i )]δ , (3.64)

where the δ operator acts as in Eq. (3.27), making terms proportional to (k2
f − m2) or

(k2
i −m2) when it appears to the left or right of the form factor. For each of these terms,

the lack of explicit dependence on one of the external momenta signifies that it has been

placed on shell.

We expand Eq. (3.63) and use the definitions of the kernels given in Eqs. (3.53) and

(3.54) to find a decomposition into pieces with different analytic behavior,

I1(Pf , Pi, Q
2) = iK0(sf )


∑

j

ifj(Q
2)

∫
d4k

(2π)4
iD(k)iD(kf )KA

j (kf , ki)iD(ki)


 iK0(si)

+ iWA
0|R(Pf , Pi) ρi iK0(si) + iK0(sf ) ρf iW

A
L|0(Pf , Pi) + δI1(Pf , Pi, Q

2) (3.65)

where we can see that the first term is proportional to the triangle loop integral Gj of

Eq. (3.7), and the last term, δI1, is a regular function for the kinematics of interest.

To obtain the singularities of Gj we can use the Cutkosky rules to extract discontinuities

of the loops, and verify with the Landau conditions [99] that all the singularities associated

with the diagram are being described. In the case of the triangle loop, the Cutkosky rules

require at least three cuts, one for each of the vertices. Since we are interested in the
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kinematic region where the current insertion energy is below the particle creation threshold,

only two cuts contribute to the discontinuities associated with the triangle loop. These

contain the branch-cuts associated with the initial/final two-particle states.

After we perform the cuts, following the prescription given in Eq. (3.29), we can perform

two of the integrals, with the remaining angular integral given by

DiscGj(Pf , Pi) = −2i ρf θ (sf − sthr) P.V.

∫
dΩ?

f

4π
Kj(kf , ki)D(ki)

∣∣∣∣
k0=ω?k,|k?f |=k?(sf )

+ . . . ,

(3.66)

where we only write the contribution of one of the cuts, the other contribution is identical

but with labels f and i exchanged. Here we introduced the energy of a meson on shell

ω?k =
√
k?2 +m2. In this term, the angular integration is to be taken in the CM frame of

the final state. Here we use the principal value prescription to integrate over the propagator

pole, defined by

∫
dx

f(x)

x− x′ − iε = P.V.

∫
dx

f(x)

x− x′ + iπ

∫
dx δ(x− x′)f(x) , (3.67)

and the terms proportional to the Dirac delta from the cuts around the final and initial

vertex cancelling each other.

We need to make explicit the angular dependence of the remaining propagator in the

respective CM frame. We have the freedom to define the final CM frame such that Pµ?i =

(
√
si + |P?

i |2, |P?
i |ẑ), and the propagator in this frame is equal to

D(ki) =
1

(
√
si + |P?

i |2 − ω?k)2 −P?2
i − k?2(sf ) + 2|P?

i |k?(sf ) cos θ?f −m2 + iε
, (3.68)

=
1

2|P?
i | k?(sf ) (cos θ?f − z?f + iε)

, (3.69)

where z?f , in terms of Lorentz scalars, is given by

z?f =
Pi · Pf − si

16πρf
√

(Pf · Pi)2 − sf si
. (3.70)
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Figure 3.10: Behavior of the z?f variable in a closed trajectory over the E?i =
√
si, E?f =

√
sf

plane for particles of equal mass m, and |P?
i | = 1.05m.

After carrying out the trivial azimuthal integral, and using the principal value prescrip-

tion for the polar integral, we obtain

DiscG(Pf , Pi) =
i

16π
√

(Pf · Pi)2 − sf si

[
θ (sf − sthr) log

∣∣∣∣∣
1 + z?f
1− z?f

∣∣∣∣∣

+ θ (si − sthr) log

∣∣∣∣
1 + z?i
1− z?i

∣∣∣∣
]
. (3.71)

Careful inspection of the behavior of the z? variables as a function of the external kine-

matics, yields that only when z?f = z?i = 1 there is a logarithmic singularity in DiscG. Also

we find that DiscG generically features square-root-type singularities at threshold. This is

in agreement with the analysis of the Landau conditions of this diagram, see Ref. [109] for

a detailed review of this procedure. What is more, the imaginary part of the loop yields

all the information about its singularities, i.e. its nature and their coefficients. Once we

know the coefficient of each singularity, we can make a continuation of the DiscG function

to also reproduce its real part.

However, given the behavior of the z? variables as a function of the external kinematics,

only a specific continuation around the branch points of the log function is consistent. To

83



illustrate this, we will describe the behavior of the z?f variable while moving in the trajectory

shown in Fig. 3.10a in the
√
si,
√
sf plane with fixed |P?

i | = 1.05m.

Six points labeled A through F have been chosen on this plane. Correspondingly,

the value of z?f at each of these points has been placed on the complex z?f plane in

Fig. 3.10b. The color background on the latter figure represents the phase of the function

log
(

(1 + z?f )/(1− z?f )
)
, which generates the Riemann sheet structure of the log(1 + x) −

log(1− x) function. In this figure we have chosen to push the branch cut of the logs,

which would conventionally run from −1 to 1, to run from −1 to infinity in the negative

imaginary semiplane and then come back to 1 through the positive imaginary semiplane.

The branch cut is indicated by a gray dashed line. 4 This choice, as shown shortly, will

allow the variable z?f to remain on the same sheet for the values of
√
si and

√
sf within

our kinematic region of interest.

To describe the behavior of z?f let us begin in the kinematic region when √sf is below

threshold. By extending the domain of ρf below threshold within the physical Riemann

sheet in the sf complex plane, one sees from Eq. (3.70) that z?f becomes purely imaginary,

and takes positive or negative imaginary values depending on the value of si. As a result,

when moving from point F to point A, z?f will pass through zero, motivating the choice

to not have a branch cut there. When moving from point A to point B, one must cross

the threshold of the final two-particle states, where z?f diverges, see Eq. (3.70). Given

that there is no branch point at infinity in the z?f plane, one should remain in the same

sheet when making this move from A to B. This motivates having the negative imaginary

infinity and the positive real infinity on the same side of the cut. In the trajectory BCDE

there are a priori four options to go around the branch points, but only by going below the

branch point at 1 and above the branch point at −1, as shown in Fig. 3.10b, the points E

and F will be connected to form a closed trajectory. This choice around the branch points
4Since most software places the branch cut of the logarithms on the negative real axis, our choice of

branch cut is implemented numerically with the function log
(
−i(z?f + 1)

)
− log

(
i(z?f − 1)

)
.
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can be encoded as an addition of iε to the argument of the logs,

log

(
1 + z?f + iε

1− (z?f + iε)

)
, (3.72)

where no absolute value of the argument of the logarithm is taken, and its range is extended

into the complex plane. This reproduces the expression presented Eq. (3.8) that describes

all the singularities of G in our kinematic region of interest.

This concludes the description of the on shell decomposition ofW in the case of elastic

S-wave scattering. The present arguments have been generalized to describe any number

of partial-waves and two-meson channels in Ref. [98]. One of the main differences when

including partial waves with angular momentum ` > 0, is that the projection on shell is

performed through a partial-wave expansion, so that the loop integrals need to include

factors of spherical harmonics

Y`m`(k?) =
√

4π Y`m`(k̂
?)

( |k?|
k?(s)

)`
. (3.73)

where the variable k? is the spatial part of the loop momentum in the CM frame associated

with the total momentum of the partial-wave expanded kernel, while k?(s) is the on-shell

relative momentum of the mesons in the CM frame. The last factor is known as the

barrier factor, which is needed to cancel the unphysical singularities that will appear from

the mismatch between k?(si) and k?(sf ), more details are given in Refs. [107, 98].

However, the result in the more general case for Wdf remains structurally the same

as Eq. (3.6), with the change of promoting every factor into a matrix in channel and

partial-wave space, which we repeat here for convenience

iWA
df(Pf , Pi) =M(sf )


 iAA22(Pf , Pi) +

∑

j

ifj(Q
2)GAj (Pf , Pi)


M(si) , (3.74)
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This equation keeps the same singularity structure as described here, and allows the dis-

cussion given in Sec. 3.3 about the extraction of resonance form factors to remain valid for

that more general case, as long as all terms are promoted to matrices in the more general

space. In a practical implementation, given that the scattering amplitudeM of the two-

to-two process, and the single particle form factors fj(Q2) were known, only the regular

kernel A22 needs to be constrained by either experimental data, or a lattice QCD calcula-

tion. The A22 appears to be unique to the W process, and can only be constrained by an

amplitude of the form 2
J−→ 2, or an amplitude where W appears as a subprocess, similar

to the appearance of M within W. An example of the latter is the transition 1
JA,JB−→ 2,

where this notation symbolizes the insertion of two local external currents mediating the

hadronic transition. The on shell decomposition of 1
JA,JB−→ 2 is presented in Ref. [110].
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Chapter 4

Finite-volume formalism for the

2
J−→ 2 transition

The pioneering ideas of Lüscher, as described in Sec. 2.1.1, have allowed to connect finite-

volume energies obtained via LQCD to two-body scattering. Furthermore, connections

have been established between matrix elements and production amplitudes. In this Chap-

ter we report on the current progress of the formalism, that up to corrections that are

suppressed exponentially in the volume, connects matrix elements calculated in LQCD to

two-to-two W transitions, and presents the novel improvements that were first introduced

in Ref. [111]. We finish this chapter with a test of the significance of the finite-volume

effects formulated in Ref. [111] with an illustration of the LQCD extraction of the elec-

tromagnetic charge of a shallow resonance coupling to a two-hadron state within a toy

model.

Initial attempts to derive this formalism relied in some approximation, e.g. that one-

body currents do not contribute [112], using an effective field theory (EFT) of the hadronic

system and expanding into the leading order coefficients of the EFT [113], or by performing

an expansion in inverse powers of L [114]. A more general result was first described in

Ref. [107], where one-body currents are taken into account, the result is model-independent,

to all orders in a generic effective field theory, and with no power-law volume corrections,
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but only exponential volume corrections of the form e−mπL.

A second version of this finite volume formalism was derived in Ref. [111]. This second

formulation differed from the previous one in that all infinite-volume quantities are Lorentz

covariant and the 1
J−→ 1 matrix elements have been reformulated in terms of standard

form factors. This new result was reached by making minor adjustments to the derivation

presented in Ref. [107]. For example, in that work finite-volume effects are expressed as

sums over poles of the form 1/[2ωk(k
0 − ωk)], whereas in Ref. [111] the same effects are

expressed via Lorentz invariant poles, 1/(k2 −m2).

In this chapter, which draws from Ref. [111], we describe a mapping between finite-

volume matrix elements of two-particle states and the infinite-volume 2
J−→ 2 amplitude.

The result is summarized by the flow-chart shown in Fig. 4.1. This formalism requires

knowledge of the following quantities:

• the two-particle finite-volume spectrum,

• the 1
J−→ 1 form factors,

• the finite-volume two-particle matrix elements of J ,

which can be used to then systematically constrain the 2
J−→ 2 amplitude in the kinematic

window in which only two-meson channels can go on shell. The finite-volume relation

requires the generalized Lellouch-Lüscher factors [75, 77, 107], that enter multiplicatively

in the conversion, as well as a new finite-volume function, denoted G, that appears in an

additive correction, together with the single-particle form factor as well as the two-to-two

scattering amplitude.

4.1 Finite volume correction of two-to-two matrix elements

In this set-up, we consider a matrix element in which the local current J is sandwiched

between two finite-volume states, each of which has the quantum numbers of the two-

particle system. This LQCD observable is related to the infinite-volume 2
J−→ 2 transition
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Lüscher 
formalism

Figure 4.1: Road map of the formal approach outlined in this Chapter. The four red arrows
merging together represent how the present approach combines various finite- and infinite-volume
information to extract the 2

J−→ 2 amplitudes. Analytically continuing these to the resonance-pole
location gives a rigorous, model-independent definition of the resonance form factor. Figure from
Ref. [111].

amplitude via

∣∣
L〈n|J A(0)|m〉L

∣∣2 =
1

4EnEmL6
tr
(
R̃nWA

L,dfR̃mWA
L,df

)
, (4.1)

where R̃n is the LL factor of Eq. (2.5). The trace is over partial-waves and channel space.

The second step entails to reassemble the long-distance contributions that cannot appear

in a finite-volume amplitude

WA
df(Pf , Pi) =WA

L,df(Pf , Pi)−M(sf )


∑

j

fj G
A
j (Pf , Pi, L)


M(si) , (4.2)

where fj is the one-body matrix element. The term on the left hand side of the equation

is the amplitude of Eq. (3.6). If there is a resonance appearing in the two-hadron channel,

we can extract its elastic form factors by applying the results of Chapter 3.

The formalism connecting finite volume matrix elements and the amplitudeW is similar

to the formalism of the production amplitude 0
J−→ 2 in that there is a multiplicative cor-

rection from the LL factors. Additionally, there is an additive finite volume correction, G,

that represents the difference between the infinite volume and the finite volume contribu-
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tion of an intermediate state where the current J couples to only one of the hadrons in the

system. This additive correction subtracts contributions from finite volume singularities

and adds the singularity structure of the infinite volume amplitude.

The function G, derived in Ref. [111], in the case of a vector current, and a two-meson

system in an S-wave, is given by

Gµj (Pf , Pi, L) =

[
1

L3

∑

k

−
∫

d3k
(2π)3

]
Kµ
j

2ωk
D(Pf − k)D(Pi − k) , (4.3)

where ωk =
√
|k|2 +m2, Kµ

j was defined in Eq. (3.1), and D(k) was defined in Eq. (3.4).

The summation goes over all allowed lattice momenta k = 2π
L d, with d a triplet of integers.

The function G, similar to the function F appearing in the Lüscher quantization con-

dition, represents the difference between a loop diagram in finite and infinite volume, F

and G corresponding to the bubble and triangle loop, respectively. The finite volume con-

tribution of G consists of a sum of poles at the non-interacting energies of the two-hadron

system. This sum can be numerically saturated using an appropriate high-energy cutoff

prescription. The infinite volume contribution involves an integral over the loop momen-

tum, which must also adhere to the same high-energy cutoff prescription for consistency.

This second contribution can be split into two terms. The first term is an integral where the

pole singularities of the propagators in the loop are removed, allowing for direct numerical

integration. The second term corresponds to integrals appearing in perturbation theory

of a generic QFT, enabling the use of well-known techniques such as Feynman parameter

integration.

4.2 Toy example: Finite volume effects for shallow bound

states

We employ the formulation described in Sec. 4.1 to evaluate the impact of the finite volume

function G on the determination of the matrix elements of a shallow bound state in the
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forward limit, i.e. Pf = Pi, which yields Q2 = 0. It is expected that bound states, being

stable, receive only exponentially suppressed volume corrections for their energy and matrix

elements. In the case of shallow bound states, the leading finite-volume correction is of the

form e−κL, where κ ≡ −ik?(s) > 0 is the binding momentum of the bound state, instead

of e−mπL, which applies to deeply bound states with κ � mπ [115]. We expect a similar

finite-volume behavior for matrix elements of shallow bound states.

In this case, we find that ignoring the finite-volume function G when predicting matrix

elements of finite-volume states introduces a sizeable fractional error. We compare this to

the fractional error of the prediction of the finite-volume energy when ignoring the finite-

volume function F . In both cases we can observe that the error vanishes as e−κL when

modifying the scattering parameters such that the binding energy increases. However,

in the case of ignoring G the numerical coefficient of the exponential is observed to be

significantly larger.

Let us consider a conserved electromagnetic current, so that only one form factor

appears in the decomposition of Eq. (3.1), and in the forward limit the single particle form

factor f1(0) = Q0. Furthermore, we again consider distinct particles, with one of them

neutral, and the other having charge Q0.

We want to estimate the matrix element of a shallow bound state, with the formulation

of Sec. 4.1,

〈E0,L|J 0|E0,L〉 =W0
L,dfR̃(E0,L, L) = (W0

df + Q0MG0
1(E0,L, L)M)R̃(E0,L, L) (4.4)

where the finite volume state |E0,L〉, has energy E0,L and relativistic normalization, i.e.

〈E0,L|E0,L〉 = 2E0,LL
3. This matrix element is simply the application of the charge density

operator and so we expect it to be equal to 2E0,LQ0.

We know that the infinite volume transition amplitude in the forward direction is fixed
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by an application of the Ward identity [101]

W0
df(E,E) = Q0

∂

∂P 0
M(E) = −Q0M

∂

∂P 0

(
M−1

)
M . (4.5)

This makes the matrix element be equal to

〈E0,L|J 0|E0,L〉 = Q0

(
∂

∂P 0

(
M−1

)
−G0

1

)
MR̃(E0,L, L)M . (4.6)

If we neglect the finite volume functions F and G, we will find the expected matrix element

for a deeply bound state

〈E0,L|J 0|E0,L〉 = Q0

(
∂

∂P 0
M−1(E)

)
1

∂
∂P 0M−1(E)

= Q0 (4.7)

where we employed Eq. (2.6), but neglecting the finite volume function F . The functions

F and G are exponentially suppressed when κL� 1.

We now calculate the finite volume correction from the G function. Following [111],

for Pi = Pf = P ,

G0
1(E) = 2P 0G(E,L)− 2Gµ(E,L) , (4.8)

where the finite volume G(E,L) and Gµ(E,L) are given by Eq. (4.3) with K = 1 and

K = kµ, respectively. Reference [111] describes an efficient method to calculate this

quantity, which we employed here.

In this toy example, each of the constituent particles will have a mass of m = 1155

MeV, and we fix the coupling to the bound state to be g/
√

16π = 4.3 fm−1, i.e. the square

root of the residue at the pole of the scattering amplitude. We fix the volume of the lattice

to mL ≈ 16. We describe the scattering amplitude phase-shift δ0 with an effective range

expansion

k? cot δ0 =
1

a
+

1

2
rk?2 , (4.9)

and vary the parameters a and r in such a way to modify the location of the bound state
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pole, mb ≡ 2
√
m2 − κ2, and the binding energy B ≡ 2m−mb, but keep fixed the coupling

to the scattering channel, g, to the constant shown before. The amplitude Wdf is, in

the forward limit, directly related to the scattering amplitude, with the relationship of

Eq. (4.5).

To observe the impact of the G-function in the calculation of matrix elements of bound

states we plot the prediction of the lattice matrix element in two cases. In the first case we

make use of the complete finite volume correction, including the G function contribution,

whereas for the second one, we only correct for the normalization of the finite volume state,

ignoring the G function. As a benchmark we can also compare the value of the prediction

of the finite-volume ground state energy E0,L, and a prediction ignoring the finite volume

function F , which corresponds to the infinite-volume bound state mass mb.

In Fig. 4.2 we observe that the finite-volume effect in the energy E0,L is exponentially

decaying as we increase the value of B. As we increase the binding energy, B, the finite

volume energy E0,L asymptotes the infinite volume mass mb. For example, with a binding

energy of 10 MeV, which is minuscule when compared to the total energy of the system

of ∼ 2 GeV, the fractional error between the predicted finite-volume energy from Lüscher

and the energy when ignoring F , is on the order of 1%.

On the other hand, neglecting the contribution from the G function for the finite-

volume matrix element prediction, as shown by the red band of Fig. 4.3, has a much more

sizeable effect. For B = 10 MeV the fractional error between the proper finite volume

prediction and one that neglects G, is of the order of 50%, and although the finite-volume

error appears to decay exponentially as the binding energy increases, we observe that the

effect is more sizeable than for the energy.

The reason for such a large effect is likely related to the nearby infinite-volume singular-

ity in the triangle diagram, the so-called anomalous threshold. In the forward limit, the G

function generically features a 1/k? singularity, which can have large finite-volume effects

impacting the matrix element of a shallow bound state determined with lattice QCD.
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E0,L

Figure 4.2: Finite volume effect on the mass of a shallow bound state. In red is the value of the
finite-volume energy predicted with the Lüscher quantization condition, and in blue the location of
the pole inM, which would correspond to a prediction of the finite-volume energy which completely
neglects the geometric function F .

This concludes our analysis of the 2
J−→ 2 amplitudes in this work. In the subsequent

Chapters we will describe a practical implementation of the 0
J−→ 2 finite volume formalism

in a LQCD calculation.
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Figure 4.3: Prediction of the finite volume matrix element of a shallow bound state, from the
full finite-volume two-to-two formalism in blue, and the prediction ignoring the G(E,L) function
in red.
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Chapter 5

Scattering of ππ/KK from LQCD

This and the following chapters describe a Lattice QCD calculation with the goal of ex-

tracting the pseudoscalar form factors shown in Fig. 1.2. As mentioned in Sec. 2.1.1, we

can use the lattice spectrum and matrix elements to extract the pseudoscalar timelike form

factors. To achieve that, we need to perform a non-trivial finite-volume correction to the

matrix elements. These corrections require knowledge of the scattering amplitude, which

can be determined using the lattice spectra.

This chapter will focus on the calculation of the lattice spectra and the extraction of

the coupled channel ππ/KK scattering amplitude. We find that the amplitude contains

a ρ-meson resonance, and we determine the pole location in the complex energy plane as

well as its coupling to each of the channels. From the calculation of the spectra we also

obtain optimized operators that allow us to compute production matrix elements of the

lattice ground state and multiple excited levels.

5.1 Spectrum calculation

In this case we are interested in knowledge of the scattering of the ππ and KK channels

in the isovector sector (IG = 1+), and with spin-parity JP = 1−. These are the quantum

numbers of the component of the electromagnetic current that couples to the ππ final

state shown in Fig. 1.2b. The timelike form factor of the kaon has contributions from
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both isovector and isoscalar components of the electromagnetic current, but we restrict

our analysis to the isovector component. Experimentally it is observed that dynamics of

the isoscalar component, in the energy region that we are interested in, can be captured

by the production of the narrow φ-meson resonance [47]. An extraction of the isoscalar

component from the lattice will also require the description of the finite-volume effects of

the three-pion channel, which even in this work using heavier than physical pions has a

lower threshold than KK. A formalism is in place and future work will likely address the

calculation of this component [116].

To calculate the lattice spectrum we employ the techniques described in Sec. 2.2. We

calculate a matrix of two-point correlations and compute the eigenvalues and eigenvectors

of the GEVP associated with this matrix. The energy levels are extracted from fits to the

Euclidean time dependence of the eigenvalues, or principal correlators.

In Sec. 2.2.1 we described the general characteristics of the lattice used for this study.

The two-point correlation functions were calculated using an ensemble of 400 gauge con-

figurations, the fermion fields were smeared using distillation with Nvecs = 162 vectors,

and four different time sources were used and averaged over. Correlation functions were

calculated with sink-source separation of 0 ≤ t/at < 40. In Table 5.1 we list the masses

of relevant stable mesons on this lattice, as well as thresholds of multi-meson states with

quantum numbers IG = 1+ up to atE? ∼ 0.22.

We calculate the spectra of the system with zero momentum, with respect to the lattice

frame, and with momenta up to (L|P|/(2π))2 ≤ 4. The relevant irreps into which the

JP = 1− partial-wave is subduced can be read off Tab. 2.1, and we list them in Tab. 5.2.

We will discuss the possible contribution of unwanted partial-waves in our spectra once we

describe the set of operators selected for the basis.

We use single-meson-like and two-meson-like operators to form the basis for our cor-

relation matrix. For single-meson-like operators we employed fermion bilinears with all

relevant gamma matrix and covariant derivative combinations, with up to three derivatives

for operators at rest, and up to two derivatives for operators with non-zero momentum.
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This includes operators with continuum spin up to J = 4 for the system at rest, and J = 3

for the systems in-flight. The number of single-meson operators, ψ̄Γψ, included in the

basis of each irrep is listed in Tab. 5.2.

Table 5.1: Lattice meson masses in temporal lattice units and relevant multi-meson thresholds.
Some of these values were first reported in Ref. [82].

meson atm threshold atEthr
π 0.0474 ππ 0.0947
K 0.0866 KK 0.1732
η 0.0960 ππππ 0.1894
ω 0.1422 πω 0.1896
φ 0.1709 ππη 0.1908

πφ 0.2183
πKK 0.2206

In this work we include ππ and KK two-meson-like operators such that their non-

interacting CM energies satisfy atE
?
n.i. . 0.22. The non-interacting energies in the CM

frame are given by

E?2n.i. =

(√
m2

1 + |p1|2 +

√
m2

2 + |p2|2
)2

− |P|2 , (5.1)

where m1 and m2 are the masses of the single mesons used to construct the two-meson

operator, and the momenta correspond to those introduced in Eq. (2.20). For some irreps

we also included πω and πφ two-meson-like operators with non-interacting energies up to

atE
?
n.i. . 0.24. These extra operators were included to test their impact on the spectrum,

and evaluate if the ππ/KK channels decouple from the pseudoscalar-vector channels in

the energy region of interest.

All the two-meson-like operators considered in this work are listed in Tab. 5.2 in the

form M(1)
d1

M(2)
d2

, where M(i) describes the flavor of the i-th single-meson-like operator used

in the construction, and di is its momentum type in units of 2π/L. Note that di are listed

in some conventional direction, but that in practice they are rotated such that d1 +d2 = d,

where d is the total momentum of the system in units of 2π/L, and all allowed rotations

are included as described by Eq. (2.20).
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Table 5.2: Operator basis in each of the irreps used to form the matrix Cij(t). We indicate
with {N} when a two-meson subduction into that irrep has a multiplicity N > 1. The vector-
pseudoscalar operators were used to test the dynamical mixing of the ωπ/φπ and ππ/KK channels,
but were dropped from the basis to calculate the spectrum used to extract the scattering ampli-
tudes.

[000] T−1 [100] A1 [110] A1 [111] A1 [200] A1

11× ψ̄Γψ 8× ψ̄Γψ 9× ψ̄Γψ 10× ψ̄Γψ 11× ψ̄Γψ
π[100]π[100] π[100]π[000] π[110]π[000] π[111]π[000] π[200]π[000]

K[100]K [000] K[110]K [000] π[110]π[100] K[200]K [000]

π[110]π[100] π[111]π[100] K[111]K [000]

K[110]K [100]

[100] E2 [110] B1 [110] B2 [111] E2 [200] E2

17× ψ̄Γψ 12× ψ̄Γψ 15× ψ̄Γψ 12× ψ̄Γψ 15× ψ̄Γψ
π[110]π[100] π[100]π[100] ω[110]π[000] π[110]π[100] π[110]π[110]

ω[110]π[000] π[111]π[100] ω[111]π[000]

K[100]K [100] π[110]π[110] K[110]K [100]

π[110]π[110] φ[110]π[000] φ[111]π[000]

φ[110]π[000] {2}ω[100]π[100] {3}ω[110]π[100]

ω[100]π[100] ω[000]π[110]

From Table 5.1 we note that multiple channel thresholds open at energies close to the

KK threshold, leaving a narrow energy window where only the ππ and KK channels are

above threshold. This is relevant because if we want to apply the Lüscher quantization

condition of Eq. (2.2) up to a given energy, we need to consider all channels whose energy

thresholds lie below that energy. Furthermore, Eq. (2.2) is restricted to two-meson chan-

nels, and although the extension to three-meson channels is known, see for example the

calculation of Ref. [117], there is still no formalism that can handle the four-pion channel.

We justify neglecting some of these channels based on the following experimental ob-

servations. Experimentally the ππππ channel is found to be weakly interacting up to 300

MeV above its threshold [118], and we expect the lack of ππππ-like operators to have a

minimal impact in our analysis. A similar situation occurs for the ππη channel with a

small cross-section at energies below the effective threshold for ρη, so that the amplitude

can be described by an isobar model [119]. The (negligible) impact of this channel in

finite-volume was explored in a study similar to the present one in Ref. [69]. Furthermore,
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the lattice ππη-like operator with lowest non-interacting energy in this volume has an CM

energy atE
?
n.i. > 0.23 when coupling the ππ in a ρ-isobar, which lies above the energy

cut-off we selected for our ππ/KK-like operator basis.

The ωπ channel appears in the irreps listed in Tab. 5.2 in a P -wave with spin-parity

JP = 1−. For the irreps in flight that are not A1 the ωπ system also appears in a mixture of

S- and D-wave with spin-parity JP = 1+. The positive parity partial-waves are expected

to be dominated by the b1 resonance, which based on the results of Ref. [69] should affect

the energy levels around atE? ∼ 0.21. The JP = 1− ωπ partial-wave, is not expected to

resonate in this energy region according experimental observations [120], and its mixing to

the ππ/KK channels, is expected to be suppressed by a centrifugal barrier factor. If the

off-diagonal elements of the JP = 1− scattering amplitude M(ωπ|ππ) and M(ωπ|KK)

are negligible in the energy region of interest, the quantization condition of the JP = 1+

ωπ and JP = 1− ππ/KK channels will decouple.

The ππ andKK channels with quantum numbers IG = 1+ must have an antisymmetric

spatial wave function, i.e. we only need to consider odd partial-waves. The relevant rest

frame irrep, T−1 , mixes JP = 1−, 3−, . . . . For non-zero momentum, the symmetry of

the system is further reduced, and in the irreps considered we expect contributions of

JP = 1−, 3−, . . . . However, the centrifugal barrier factor will suppress the F -wave with

respect to the P -wave amplitude, and no resonant behavior in the F -wave is expected until

much higher energies, see for instance the spectrum extracted with single meson operators

in Fig. 11 of Ref. [121]. To further support this approximation, we note that in Ref. [65],

at a lighter pion mass of ∼ 239 MeV, the F -wave contribution to the ππ channel was

found to be consistent with zero. Based on these arguments we neglect the pseudoscalar

partial-waves with J ≥ 3.

Once we have selected an operator basis for each irrep, the two-point correlation matrix

is calculated, and the GEVP is solved for each available timeslice. We select a value of t0
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based on the heuristics described in Sec. 2.2.2. We perform a correlated fit to the timeslice

dependence of each principal correlator with a one or two exponential functional form,

given by Eqs. (2.13) and (2.16), from which we extract the energy levels of the irrep. We

verify that the spectrum is robust under reasonable variations of the following choices: the

fit timeslice window, variations of the number of fermion bilinears included in the basis,

and variations of t0.

As an example, we show in Fig. 5.1 the principal correlators extracted from the

correlation matrix of the [111]A1 irrep. We plot the principal correlators in the form

eEn(t−t0)λn(t, t0) to remove the contribution of the leading exponential, and more easily

evaluate the relaxation to a single exponential behavior. In this case we found that all

principal correlators are best described by a two-exponential fit. Only for the first five

states do we find that the noise allows fits up to timeslices close to t/at = 39. For higher

states, the signal to noise ratio deteriorates more quickly.

In the case of the first five principal correlators, the contribution from excited energy

levels is small. The coefficient of the second exponential bn . 0.01 for these states, and

stays below 0.1 for the rest of the states, except for state 9 in which case it is equal to

0.19. The energy of the second exponential of all fits satisfies atEA+1 > 0.5, greater than

the energies of the highest states.

However, as discussed before, since we only include two-meson operators with non-

interacting energies up to atE?n.i. ∼ 0.22, and do not include further multi-meson operators,

we do not expect the energy levels extracted above that energy to faithfully represent the

spectrum of the lattice. In this case we will only keep the first five levels for the scattering

analysis. A similar analysis was carried out for the rest of the irreps considered in this work.

Across all irreps, including timeslice fits to extract the overlap factors Zin, we performed

on the order of ∼ 1000 fits. However, as we describe below, only the results of the fits to

the timeslice dependence of the principal correlator for the 32 lowest lying levels will be

used for the rest of our analysis.
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1Figure 5.1: Principal correlators of irrep [111]A1 with t0 = 10at. We plot eEn(t−t0)λn(t, t0) to
better observe the relaxation to a single exponential for large timeslices. The basis of operators of
the matrix of two-point correlation functions is listed in Tab. 5.2. Points in blue are included in
the fit, while points in red, e.g. t = t0, are not used.

To evaluate the impact of the vector-pseudoscalar channels on the spectrum we carried

out the energy-level extraction through the solution of the GEVP with correlation matrices

102



with and without ωπ-like and φπ-like two-meson operators in the basis for some of the irreps

that mix JP = 1±. An example of this is shown in Fig. 5.2, showing the extracted discrete

spectrum in the [111]E2 irrep including such operators (left), and excluding them (right).

As expected, the low-lying spectrum, well below the πω threshold, is unaffected by the

inclusion of the extra operators whose non-interacting energies lie much higher, and the

overlaps, Zin = 〈n|O†i |0〉, for these states with those operators are observed to be negligible.

Above the πω threshold we can identify by the operator-state overlaps that some states

are generated predominantly by the πω-like or πφ-like operators.

Because the variational analysis approach is able to separate contributions to the ma-

trix of correlation functions from multiple levels, even if they are almost degenerate, we

can observe that the spectrum on the left contains a very precise energy level right on top

of the K110K100 non-interacting energy with dominant overlap onto a KK-like operator

The energy of this state is statistically consistent with another three levels overlapping

dominantly with πω-like and πφ-like operators. This KK-like level remains essentially

unchanged in an analysis that does not include the πω-like and πφ-like operators, justi-

fying their removal for the spectrum determination, and their further exclusion from the

timelike form factor calculation. Comparable observations can be made in the other irreps

considered here.

Once the energy levels from each irrep have been extracted from the principal correla-

tors, we calculate the CM energies,

(atE
?)2 = (atEP)2 − |asP|2/ξ2 , (5.2)

where we add in quadrature the statistical error associated with the energies to the uncer-

tainty associated with the anisotropy. This completes the calculation of the lattice spectra,

which is shown in Fig. 5.3.

Let us now comment on the spectra obtained across the 10 irreps considered. We find
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Figure 5.2: Extracted finite-volume spectrum in the [111]E2 irrep from variational analysis
of (left) correlation matrix including πω-like and πφ-like operators, and (right) excluding such
operators. Dashed lines indicate meson-meson thresholds, and solid lines the non-interacting energy
levels in this volume, with color coding as indicated below. The histograms show the relative sizes
of overlap factors for each state for each operator in the basis, color coded as: subduced single-
meson with JP = 1− (dark blue), JP = 1+ (brown), and JP = 2− (purple), ππ (teal), KK (red),
πω (orange) and πφ (green). The spectrum from the left panel is reproduced on the right panel
as the grey points to aid comparison.

32 energy levels below our energy cut-off at atE? ∼ 0.22 (with the vector-pseudoscalar

operators removed from the operator basis). Of these, 17 are located within the elastic ππ

energy region. We observe that the spectra feature an extra energy level with respect to

the expectation from counting the possible non-interacting energies on this volume. This

extra level is manifested as an isolated level around atE? ∼ 0.135, or as an avoided level

crossing if a non-interacting ππ energy is located around atE? ∼ 0.135 for this volume.

This behavior indicates the presence of a narrow-width resonance with mass close to

atE
? ∼ 0.135. To determine the precise characteristics of this resonance we need to analyze

the energy levels with the Lüscher quantization condition, and extract the pole parameters

from a parameterization of the amplitude that describes well the lattice spectra.

In the case of the 15 energy levels above the KK threshold, we observe that each of
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Figure 5.3: Finite-volume spectra obtained for all irreps considered in this analysis. Dashed
lines show meson-meson thresholds, while solid lines show non-interacting meson-meson energies
as a function of L, color-coded according to the meson pair (dot-dashed indicating non-interacting
energies where the associated operator was not included in the variational basis). Grey dotted
lines indicate thresholds for higher-multiplicity scattering (ππππ, ππη, KKπ).

them lies within a few standard deviations of a non-interacting energy. In particular, we

find that the energy levels close to KK non-interacting energies have the least amount

of statistical error. This is an indication that the ππ/KK system is weakly coupled,

and that each individual channel has a small interaction strength over this energy region.

Furthermore, the levels in the ππ elastic region have similar overlaps to single-meson-like

operators and to two-meson-like operators, whenever there are non-interacting energies

nearby. In the case of levels above the KK threshold, most states only have strong overlap

with the two-meson-like operator associated with the nearby non-interacting energy.

This pattern of state overlaps can be observed in Fig. 5.2, for the levels below KK

threshold and the level with small error close to the KK non-interacting energy. In that

same figure, the ωπ operators can be seen overlapping to levels that also have a sizeable

overlap to JP = 1+ single-meson-like operators, likely due to the nearby b1 resonance

discussed earlier. Further evidence associating these levels to the JP = 1+ partial-wave is

that they have negligible overlap with operators having negative parity.

We close this section by commenting on the optimized operators defined by the eigen-

vector of the GEVP. The values of t0 and tZ , defined in Sec. 2.2.2, used in each irrep to

obtain the optimized operators that will be used for the calculation of production am-
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plitudes are given in Tab. 5.3,. Because of the small contamination from excited energy

levels, optimized operators formed with Eq. (2.17), will not quite have the normalization

of Eq. (2.18), but instead

〈n|Ω†m(0)|0〉 =
√

1− bn
√

2En δn,m . (5.3)

To compensate we simply redefine the optimized operators to be equal to

Ω̄†n ≡
√

2En

1− bn
e−Ent0/2

A∑

j=1

vnj O
†
j , (5.4)

and for convenience we will drop the bar, but advise the reader that in the rest of this

work the optimized operators refer to Eq. (5.4).

Table 5.3: Values of t0 and tZ used to determine the optimized operators in each lattice irrep
associated with the continuum quantum numbers IG = 1+, JP = 1−.

Irrep t0 tZ
[000]T−1 10 15
[100]A1 10 15
[110]A1 11 15
[111]A1 10 17
[200]A1 10 13
[100]E2 10 13
[110]B1 10 13
[110]B2 9 13
[111]E2 10 13
[200]E2 10 17

5.2 Amplitude extraction

5.2.1 Elastic ππ scattering

In the case of a single channel and a single partial wave, the determinant of Eq. (2.2) has a

single entry, and becomes an algebraic equation relating each energy level with a value of

the elastic phase-shift. We can calculate the P -wave ππ phase-shift, δππ1 , associated with
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the spectra within the elastic energy region shown in Fig. 5.3. We show the phase-shift

data in Fig. 5.4 as grey points, with the propagated error from the CM energy.

0.10 0.12 0.14 0.16 atE
?

0

30

60

90

120

150

δππ1 /◦

Figure 5.4: Elastic ππ P -wave phase-shift constrained by energy levels below KK threshold
in Fig. 5.3. Bands shows parameterizations including the reference elastic parameterization of
Eq.(5.6).

The behavior of the data strongly suggests a rapid phase-shift increase, crossing 90◦ at

an energy around atE? = 0.135, which can be efficiently parameterized by including a pole

term in the K-matrix. To describe the spectrum, we consider a reference elastic scattering

amplitude of the form

M(s) =
16π

1
(2k?)2K−1(s)− ICM(s)

,

K(s) =
g2

m2 − s + γ , (5.5)

where ICM was given in Eq. (1.33). From this parameterization of M we can generate

the finite-volume spectra in the elastic energy region for a given set of parameters using

Eq. (2.2). These spectra are compared to the lattice CM energies with a correlated χ2

function. We minimize the χ2 by varying the parameters and we find that the best fit to

the lattice energy levels is with parameter values,
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m = 0.1335 (5) · a−1
t




1 −0.3 −0.3

1 0.7

1




g = 0.445 (10)

γ = (3.4± 2.2) · a2
t

χ2/Ndof = 17.0
17−3 = 1.21 . (5.6)

The elements in the matrix correspond to the correlation between model parameters for

the best fit, cov(a, b)/(σaσb), these are calculated via jackknife.

In order to determine the sensitivity of the extracted scattering to the specific form

of the parameterization, we used various parameterizations to describe the finite-volume

spectra. A general feature of all amplitudes that are able to successfully describe the

energy levels is a rapid increase of the phase-shift around atE? = 0.135.

Our variations concern what degree of polynomial is added to the pole, and whether

a simple, or dispersively improved phase-space is used. Table 5.4 summarizes four vari-

ations used for the elastic amplitude. The explicit form of the relativistic Breit-Wigner

parameterization can be found in Ref. [91]. The other parameterizations are of the form

of Eq. (5.5), and the one satisfying γ = 0 corresponds to the Gounaris-Sakurai form [122].

We found little variation in the energy dependence from different functional forms, as

illustrated by the bands in Fig. 5.4. Similarly the various parameterizations have con-

mesurate values of χ2/Ndof.

Parameterization Npars χ2/Ndof
Relativistic Breit-Wigner 2 1.23
K = g2

m2−s (Gounaris-Sakurai) 2 1.29
K = g2

m2−s + γ (With −iρ phase space) 3 1.23
K = g2

m2−s + γ 3 1.21

Table 5.4: P -wave elastic amplitude parameterization variations.

The behavior observed in Fig. 5.4 is clearly that of a narrow resonance, and indeed the

reference elastic amplitude is found to feature a pole on the unphysical Riemann sheet at

at
√
sR = 0.1328(5)− i

20.0096(5) , (5.7)
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with a coupling to ππ defined at the pole,M(s ∼ sR) ∼ 16π c2

sR−s , of value,

at cππ = 0.0426(11) e−iπ·0.047(3) . (5.8)

The other parameterizations also feature a pole with parameters statistically consistent to

the ones shown above.

5.2.2 Coupled-channel ππ/KK scattering

For a coupled-channel system, we no longer have a one-to-one mapping of individual en-

ergies to the value of individual elements of the scattering amplitude matrix, in channel

space, at that energy. Instead we can only fit parameterizations of the amplitude to the

spectra. Based on the results in the elastic region we propose a reference coupled-channel

amplitude with a similar structure to the reference elastic amplitude,

[
M−1

]
ab

(s) = 1
16π

(
1

2k?a

[
K−1(s)

]
ab

1
2k?b
− δab ICM,a(s)

)
,

Kab(s) =
ga gb
m2 − s + γab , (5.9)

and we find the best fit to all of our energy levels with the parameter values,

m = 0.1338 (5) · a−1
t




1 −0.2 0.0 −0.2 0.2 −0.1

1 −0.4 0.6 −0.4 −0.4

1 −0.2 0.8 0.9

1 −0.2 −0.1

1 0.8

1




gππ = 0.441 (9)

gKK = 0.17 (30)

γππ,ππ = (2.9± 0.9) · a2
t

γππ,KK = −(2.4± 5.0) · a2
t

γKK,KK = −(2.2± 4.0) · a2
t

χ2/Ndof = 28.7
32−6

= 1.10 . (5.10)

We show the phase-shifts δππ1 , δKK1 , and the inelasticity η of this parameterization in

Fig. 5.5.

Similar to the elastic amplitude, we observe a rapid increase of the ππ phase-shift,

which crosses 90◦ at an energy atE? ∼ 0.135. Above the KK threshold the ππ phase-shift
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increases slowly towards 180◦, indicating weak interactions for those energies. The KK

phase-shift turns on slowly, as dictated by the centrifugal barrier of the P -wave, and takes

a small negative value, indicating that the KK system is weakly repulsive over this energy

region.

Finally, we observe that the inelasticity η, stays consistent with one in this energy

region. As explained in Sec. 1.5.1.2, this indicates that the two channels remain decoupled

to a good approximation, or with a very weak coupling between them.

As in the case of the elastic amplitude we can look for poles and residues in the

scattering, which for a coupled-channel system have the following behavior

Mab(s ∼ sR) ∼ 16π
ca cb
sR − s

, (5.11)

where the amplitude factorizes at the pole, indicating that the coupling of the resonance

to each of the channels is independent to each other.

The amplitude of Eq. (5.10) presents a pole consistent with the pole found for the

reference elastic amplitude, as expected for a resonance lying below the inelastic threshold,

at
√
sR = 0.1331(4)− i

20.0095(4) , (5.12)

on the sheet closest to the physical scattering below theKK threshold, where the imaginary

parts of ππ and KK momenta are negative and positive, respectively. The residues at the

pole are equal to

at cππ = 0.0424(8) e−iπ·0.047(2) ,

at cKK = 0.019(33) eiπ·0.47(5) , (5.13)

which are observed to be close to real for the kinematically open ππ channel, and close

to imaginary for the kinematically closed KK channel. The coupling to the ππ channel

is also consistent with the elastic result. The value of the coupling to the KK channel is
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poorly constrained from this analysis, as expected for a resonance lying below threshold,

as the effects of this channel on the finite-volume spectrum get exponentially suppressed

below its threshold.

Finally, owing to the P -wave nature of the resonance, it is relevant to quote the value

of the couplings with the barrier factor associated with each channel divided out,

√
16π |ĉππ| ≡

√
16π

∣∣∣∣
cππ

k?ππ(sR)

∣∣∣∣ = 6.41± 0.13 ,

√
16π

∣∣ĉKK
∣∣ ≡
√

16π

∣∣∣∣∣
cKK

k?
KK

(sR)

∣∣∣∣∣ = 2.4± 4.0 . (5.14)
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Figure 5.5: Phase-shifts and inelasticity for coupled-channel ππ,KK scattering corresponding to
the amplitude given in Eq. (5.10). The constraining energy level locations are shown between the
panels, with levels lying close to KK non-interacting energies colored in red. White circles show
the thresholds for ππππ, ωπ and φπ production, in that order.

To evaluate the sensitivity of this result to the parameterization choice, we also consider

further variations of the scattering amplitude. Table 5.5 summarizes 23 of such variations

for the coupled-channel case. We find these parameterizations in overall agreement with the

reference coupled-channel amplitude, with slight variations seen on the energy dependence

of the inelasticity, but statistically consistent values of the phase-shifts δππ1 and δKK1 . The
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variations for the resonance pole position sR and coupling to the ππ channel, cππ, fall

within the statistical uncertainty of the previously quoted results. However, the coupling

to the KK channel is poorly determined in each parameterization, with some models

differing from each other at the level of up to two standard deviations. We expect that

the uncertainty on cKK will dominate the uncertainty and parameterization variation of

our determination of the timelike form factor of the kaon because of the experimental

observation that this amplitude is dominated by the tail of the ρ-meson resonance peak [47].

To illustrate the results with the largest variation associated with the parameterization,

we select two of these coupled-channel amplitudes for propagation into the production

amplitude analysis. The first is the coupled-channel reference amplitude of Eq. (5.9), the

first entry of Tab. 5.5, while the second, which we label “γ(1)”, has functional form,

Kab(s) =
ga gb
m2 − s + γ

(0)
ab + γ

(1)
ab s , (5.15)

corresponding to the tenth entry of Table 5.5. The resonance pole of the “γ(1)” parame-

terization is located at

at
√
sR = 0.1327(5)− i

20.0096(4) , (5.16)

consistent with Eq. (5.12), while the channel couplings are,

at cππ = 0.0424(9) e−iπ·0.055(4) ,

at cKK = 0.097(24) eiπ·0.484(10) , (5.17)

where we observe a noticeable variation on cKK as compared to the reference amplitude

case in Eq. (5.13).
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Parameterization Restrictions Npars χ2/Ndof

Kab = gagb
m2−s + γab

– 6 1.10
gKK = 0 5 1.07
γKK,KK = 0 5 1.07
γππ,KK = 0 5 1.08
γππ,ππ = 0 5 1.47

Kab = gagb
m2−s + γ

(1)
ab s

– 6 1.05
gKK = 0 5 1.03
γ

(1)

KK,KK
= 0 5 1.02

γ
(1)

ππ,KK
= 0 5 1.02

Kab = gagb
m2−s + γab(s)

γab(s) = γ
(0)
ab + γ

(1)
ab s

– 9 1.05
gKK = 0 8 1.11
γ

(1)

KK,KK
= 0 8 1.07

γ
(1)

ππ,KK
= 0 8 1.06

γ
(1)
ππ,ππ = 0 8 1.08

Kab = ga(s)gb(s)
m2−s + γab

ga(s) = g
(0)
a + g

(1)
a s

– 8 1.15
g

(1)
ππ = 0 7 1.11
γππ,ππ = 0, γππ,KK = 0 6 1.10
γππ,ππ = 0, γKK,KK = 0 6 1.11
γππ,KK = 0, γKK,KK = 0 6 1.10

Kab = gagb
m2−s + γab

Iab = −i δab ρa

– 6 1.12
gKK = 0 5 1.11
γKK,KK = 0 5 1.12
γππ,KK = 0 5 1.11

Table 5.5: P -wave coupled-channel amplitude parameterization variations.
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Chapter 6

Finite-volume matrix elements of the

1
J−→ 1 and 0

J−→ 2 transitions

Matrix elements in a lattice calculation can be extracted following the techniques described

in Sec. 2.2.4. In this Chapter we will describe the extraction of matrix elements associated

with the pion spacelike form factor, and the pion and kaon timelike form factors. We

will describe the kinematic factors associated with the subduction to the irreps of the

lattice, and the tensors from the Lorentz decomposition of the matrix elements in the

form of Eq. (3.1). We will then be able to extract finite-volume form factors, which for

the spacelike pion form factor we can immediately identify with the infinite volume form

factor. The spacelike form factor at zero photon virtuality will be used to determine the

current renormalization. Finally, we will describe the fit strategies employed to model the

correlation functions with current insertions, from which the matrix elements are extracted.

6.1 Kinematic factors

We begin by considering the spacelike matrix elements. In this case the subduction of the

hadron states is trivial: single-pion states being spinless only subduce to one-dimensional

irreps, with subduction coefficient equal to 1. We will drop the irrep coefficient for the
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single-meson states for convenience, so we can focus on the subduction of the vector current

〈π(pf )|J Λµ(0)|π(pi)〉 =
∑

λ,j

SΛµ
λ εj(q, λ) 〈π(pf )|J j(0)|π(pi)〉 , (6.1)

where ε(q, λ) is the three dimensional polarization vector for a state of momentum q

and helicity λ, and SΛµ
λ are the subduction coefficients for spin-one states, introduced in

Sec. 2.1.1, projecting the current with JP = 1− into the lattice irrep and row Λµ. In this

work we will only consider the spatial part of the vector current, J i.

We can employ the Lorentz decomposition of the current sandwiched by pion states,

given in Eq. (1.49), and the expression of the subduction coefficients from [60, 61], to

obtain an expression of the form

〈π(pf )|J Λµ(0)|π(pi)〉 = Ksl(Λ, µ,pf ,pi) fπ(−Q2) , (6.2)

where we remind the reader that Q2 = −(pf − pi)2, with pi(f) the four momentum of the

initial(final) pion. The kinematic factor for spacelike current momentum, Ksl, is equal to

Ksl(Λ, µ,pf ,pi) =
∑

λ,j

SΛµ
λ εj(q, λ)(pf + pi)

j . (6.3)

To decrease statistical fluctuations we can average matrix elements having the same value

of Q2,
∣∣pi/f

∣∣, and current irrep, but different momenta orientations, p̂f and p̂i, and rows

µ.

In this work, for every value value of Q2, we employed a fixed direction of momentum

for the current insertion, q = pf −pi, and calculated the current projected to all pertinent

irreps and rows. We calculate various rotations of the initial and final momenta, Rpf and

Rpi, where the rotation R belongs to the little group of q.
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The form factor can be extracted from the following weighted average,

fπ(−Q2) =
1

|Ksl(Λ,pf ,pi)|2
∑

R,µ

K∗sl(Λ, µ,Rpf , Rpi) 〈π(Rpf )|J Λµ(0)|π(Rpi)〉 , (6.4)

where |Ksl|2 =
∑

R,µKslK
∗
sl. This prescription is equivalent to the SVD inversion used

to extract multiple form factors from rotational equivalent matrix elements described in

Ref. [94].

For example, in the case of q = 0, p = pf = pi, the current subduces into the

irrep T−1 , and the three polarization vectors are projected to the different rows of T−1 .

In this case we can calculate |Ksl|2 easily by exploiting the completeness relation of the

polarization vectors, and that the subduction coefficients have been normalized to form

unitary matrices, to find
∣∣Ksl(T

−
1 ,p,p)

∣∣2 = 4NR|p|2 , (6.5)

where NR are the number of different rotations, R, over which we average.

To extract the form factors from correlation functions, we define the rotational average

of the ratio of three- to two-point correlation functions

R3pt(∆t, t) =
4Eπ,|pf |Eπ,|pi|√
2|Ksl(Λ,pf ,pi)|2

∑

R,µ

K∗sl(Λ, µ,Rpf , Rpi)

×

〈
Ωπ,Rpf (∆t)J Λµ

ρ,lat(t) Ω†Rπ,pi(0)
〉

〈
Ωπ,pf (∆t− t)Ω†π,pf (0)

〉〈
Ωπ,pi(t)Ω

†
π,pi(0)

〉 . (6.6)

For large time separations, this ratio plateaus to

R3pt(∆t, t) =
1

Z lV
fπ(−Q2) + . . . , (6.7)

where Z lV is the renormalization constant of the isovector local vector current introduced

in Eq. (2.21). In practice, even when using optimized operators, we will observe pollution

from higher energy states close to t = 0 and t = ∆t. To disentangle the leading contribution
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we perform a correlated timeslice fit of the quantity R3pt(∆t, t) to the following functional

forms: a constant, a constant plus a decaying exponential at the source, a constant plus

a decaying exponential at the sink, or a constant plus a decaying exponential both at the

source and the sink. All these functional forms can be described by the function

R3pt(∆t, t) =
fπ(−Q2)

Z lV
+ ff e

−δEf (∆t−t) + fi e
−δEi t . (6.8)

Although matrix elements corresponding to the same value of Q2, but with the current

projected to a different irrep, or having different values of
∣∣pi/f

∣∣, are proportional to the

same form factor fπ(−Q2), we only form rotational and row averages of correlation func-

tions as described above. Even if these correlation functions should plateau to statistically

consistent values, they typically present quite different excited state pollution, and can

have different signal to noise ratios. In those cases we will first fit the time dependence

of the ratios of Eq. (6.6), and after that, combine the fit results by a correlated fit to a

constant.
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Figure 6.1: Example of three R3pt(∆t, t) (∆t = 32at) with the same value for Q2, but with the
current projected to different irreps. On the left we show a correlated fit to a constant with the
result of the three different fits.

We show an example of this in Fig. 6.1 for three different R3pt(∆t, t) with ∆t = 32at

and kinematic variables
(
L
2π |pi|

)2
= 3,

(
L
2π |pf |

)2
= 5 and

(
L
2π |q|

)2
= 2. The blue data

points correspond to the A1 current irrep, subduced from the zero helicity component,
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while the red and orange correspond to subduction of the ±1 helicity components to the

B1 and B2 irreps, respectively. A common plateau cannot be easily identified for the three

datasets, but once the excited state pollution is taken into account with the fit procedure,

we find a consistent value for fπ(−Q2)/Z lV . We will give more details about the timelsice

fitting procedure in Sec. 6.3.

In the case of the timelike production matrix element, we have to consider the subduc-

tion of the hadronic state in addition to the subduction of the current. Let us begin by

presenting the Lorentz decomposition of a production matrix element in the infinite-volume

continuum,

〈ρ(P, λ)|J i(0)|0〉 = (εi(P, λ))∗ fV P 2 , (6.9)

where |ρ(P, λ)〉 represents a stable meson state, which we use only to illustrate the Lorentz

decomposition of the current overlap with a state with quantum numbers JPC = 1−−, four-

momentum P and helicity λ. The four-dimensional polarization vector of state |ρ(P, λ)〉

is εν(P, λ) and fV is commonly called the vector-meson decay constant.1 Note that the

vectors εi, introduced in Eq. (6.1), and εi are equal for non-zero helicities, but different for

λ = 0, in that case each of them is equal to

εi(P, 0) = P̂i , εi(P, 0) = γ P̂i , (6.10)

where we used the relativistic factor γ = P 0/
√
P 2.

The finite-volume subduction follows a similar procedure than the one used for the
1With this normalization, the decay constant, fV , is unitless. Other normalizations have been used in

the literature, see for example Ref. [123] that uses fρ =
√

2
√
P 2 fV .
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Λ(J µ) T−1 (J i) A1(J 0) A1(J i) E2, B1, B2(J i)
Ktl(Λ, P )

√
4
3

√
4
3γβ

√
4
3γ

√
4
3

Table 6.1: Kinematic factor of the subduced finite volume matrix elements into irrep Λ from the
temporal, J 0, or spatial, J i, components of a vector current.

spacelike matrix elements

〈
ρ(P,Λ′µ′)

∣∣J Λµ(0)
∣∣0
〉

=
∑

λ,λ′,i

SΛµ
λ εi(P, λ)

〈
ρ(P, λ′)

∣∣J i(0)
∣∣0
〉
SΛ′µ′
λ′ , (6.11)

=


∑

λ,λ′,i

SΛµ
λ εi(P, λ)

(
εi(P, λ′)

)∗SΛ′µ′
λ′


fV P 2 , (6.12)

where the term in square brackets will be the kinematic factor.

Even though in our calculation the states in the production matrix element cannot

be identified with a stable single-particle state, they have the same quantum numbers as

the example of before, meaning that the subduction procedure remains the same. For the

states with energy within the two-meson sector, |n〉L, found in Chapter 5, we choose a

decomposition with the following normalization

L〈n|J Λµ(0)|0〉 = 1√
2EnL3 Ktl(Λ, P )F (L)

n , (6.13)

where F (L)
n is the “finite-volume form factor” and the kinematic factor is given by

δΛΛ′δµµ′Ktl(Λ, P ) =

√
4

3

∑

λ,λ′,i

SΛµ
λ εi(P, λ)

(
εi(P, λ′)

)∗SΛ′µ′
λ′ (6.14)

and the numerical coefficient was chosen for convenience, as it will later cancel against a

factor given in Eq.(1.38). We list the value of these kinematic factors in Tab. 6.1.

As before, we define a ratio of correlation functions from which we will be able to
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extract the finite-volume production matrix elements,

Rn(t) ≡
√

2En

Ktl(Λ, P )

〈0|J (t) Ω†n(0)|0〉
〈0|Ωn(t) Ω†n(0)|0〉

=
√

L3

2En
F (L)
n + . . . , (6.15)

where in the last equality we are neglecting pollution terms with exponentially decaying

time dependence coming from higher energy states. We emphasize again that by using

the optimized operators we will be able to access the production matrix element of the

finite-volume ground state and of multiple excitations, allowing access to F (L)
n over a wide

range of kinematics.

In this case we will extract the leading constant contribution by performing a correlated

fit of the time dependence of Rn(t) to functions of the form

Rn(t) =
√

L3

2En
F (L)
n + Fs e−δEs t . (6.16)

We found that
〈
J (t)Ω†n(0)

〉
two-point correlation functions were statistically precise, and

an average over momentum rotations or irrep rows was not carried out.

6.2 Correlation functions and fitting strategy

To calculate correlation functions with insertions of a local current we employ the distil-

lation framework, which requires the inclusion of generalized perambulators, Eq. (2.31).

We computed two- and three-point correlation functions with current insertions over a

subset of 348 configurations out of the 400 configurations used to extract the spectra. The

correlation functions were constructed with quark fields smeared using distillation with

Nvecs = 162. In the case of three-point functions we fixed the source-sink separation to

∆t = 32at, and inserted the current at the timeslices 0 ≤ t/at ≤ 32. For two-point func-

tions the current was inserted at the sink, and we calculated sink-source separations of

0 ≤ t/at < 32.

To extract the spacelike form factor covering a wide kinematic region, correlators were
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computed with optimized pion operators of momenta up to |p|2 ≤ 6
(

2π
L

)2, and a current

momentum insertion with momenta up to |q|2 ≤ 4
(

2π
L

)2. A total of 532 three-point

functions were employed in this calculation, which were reduced by rotational and row

averages to 51 ratios of the form of Eq. (6.6), and a correlated timeslice fit was performed

to each of them to extract the form factor. After averaging the fit results of the form

factors with equivalent Q2, we were left with 20 different kinematic values spanning 0 ≤

Q2 . 1.6 GeV2.

To extract the finite-volume timelike production matrix elements we computed correla-

tion functions with the current at the sink and at the source we employed the 32 optimized

operators associated with the 32 levels extracted in Chapter 5 presented in Fig. 5.3. This

spans the energy region from the two-pion threshold at ∼ 570 MeV, passing the kaon-

antikaon threshold at ∼ 1 GeV, and up to ∼ 1.3 GeV, or in energy squared the timelike

matrix elements span the kinematic region 0.3 GeV2 < s < 1.7 GeV2.

To fit the data we need to select among several choices of timeslice ranges [tmin, tmax],

and functional forms. To decrease the possible bias in this selection we follow the pre-

scription suggested by Jay and Neil [124]. For both Rn and R3pt, we begin by picking a

minimum number of timeslices Nt, and performing fits to a constant.

In the case of R3pt, we perform constant fits to all time windows larger or equal to Nt.

For each of the fits we form a version of the Akaike Information Criterion (AIC) weight,

by combining the correlated χ2 and the number of degrees of freedom, Ndof, according

to w = exp
[
−(χ2/2−Ndof)

]
. Fits with functional forms describing contributions from

pollution terms, e.g. Eq. (6.8), are performed only to time windows containing the subset

of data associated with the maximum value of w for a constant fit.

After that, we fit using the functional form of Eq. (6.8) with ff (fi) fixed to zero, with

time ranges such that tmin(tmax) is less(greater) than the corresponding tmin(tmax) of the

best constant fit, according to the value of w, while leaving tmax(tmin) equal to that of the
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best constant fit. We also perform fits to the functional form of Eq. (6.8) by using values

of tmin and tmax less than and greater those of the best constant fit, respectively. We then

calculate the AIC weight, w, for all successful fits.

In the case of Rn, we perform fits to a constant with varying values of tmin but a fixed

value of tmax. We label t∗ the value of tmin for the time window for a given tmax with

the maximum value of w. Then, a constant plus an exponential, i.e. Eq. (6.16), is used to

perform fits with tmin < t∗. We repeat this procedure for all values of tmax allowed by Nt,

and calculate the AIC weight for each successful fit.

Each fit, α, provides a value and a statistical error for the constant contribution, which

we generically label Cα ± σC,α for R3pt and Rn, which can be ranked according to their

respective value of AIC weight wα. Finally, a model average of C is calculated from a

weighted average of the set {Cα} associated with the fits with largest weights,

Cmod.avg. =

∑
αwαCα∑
αwα

, (6.17)

σ2
C =

∑
αwασ

2
C,α∑

αwα
+

∑
αβ wαwβ(Cα − Cβ)2

2(
∑

αwα)2 . (6.18)

To make this process compatible with the jackknife resampling technique, described

in Sec. 2.2.6.1, we employ the following prescription, based on the method presented in

Ref. [125]. For each fit we can obtain an ensemble {Cα,i}, where the index i indicates

an element of the upscaled jackknife ensemble. Then we can define the model averaged

ensemble

C
(avg)
i =

∑
αwαCα,i∑
αwα

. (6.19)

As we show in App. C, the average of this ensemble is equal to the value given in Eq. (6.17),

but the variance is less than or equal to Eq. (6.18). In the case of our data set, we find the

fractional difference between these two variances to be . 10%. We can fix this mismatch

by adding Gaussian noise, ηi, to C
(avg)
i , as long as the variable ηi has zero mean and a
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variance such that the variance of

C
(avg)
i = C

(avg)
i + ηi , (6.20)

matches the value required by Eq. (6.18). The Gaussian noise variables are drawn from

a multidimensional uncorrelated Gaussian distribution, so that this prescription does not

impact the covariance among different matrix elements. Reference [124] does not address

the model average of the covariance among different variables, but we assume that it is

best to not modify it. These ensembles are used for all subsequent analysis in this work.

6.3 Vector current renormalization

We non-perturbatively determine the renormalization of the isovector local vector current

as described in Sec. 2.2.4. This boils down to demanding that the charge of the positive

pion is equal to one elementary charge unit, i.e., requiring that fπ(0) = 1.

In a previous analysis of some of these correlation functions presented in Ref. [85], the

leading time dependence was removed by forming the combination,

C̃3pt(∆t, t) =
∑

R,µ

K∗sl(Λ, µ,Rpf , Rpi)√
2|Ksl(Λ,pf ,pi)|2

〈0|Ωπ,R pf (∆t)J (t) Ω†π,R pi
(0)|0〉

e−Epf
(∆t−t)e−Epi t

. (6.21)

It can be the case that the timeslice-to-timeslice data correlation for this quantity is con-

siderable, resulting in fits with reasonable values of χ2 which undershoot the data. One

such case is presented in panel (a) of Fig. 6.2.

Here we follow an alternative approach with the ratio of correlation functions, R3pt,

containing two-point correlation functions with optimized operators, which will have the

same constant contribution as C̃3pt, but differing excited-state contributions. This combi-

nation proves to have much smaller timeslice-to-timeslice data correlation, and fits follow

more closely the data points. This is illustrated in panel (b) of Fig. 6.2.

In these plots the lines correspond to the fit with the largest AIC weight, and we show
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the results of the set of fits with the largest AIC weights on the right panel of each graph.

The columns on the right of each of the plots of Fig. 6.2 show the results with the largest

AIC weights, with the orange graph illustrating the value of wi. Each fit is described by

the time window [tmin, tmax], and the number of exponentials at the source, nsrc, or sink,

nsnk. In practice we observe that the “model average” is dominated by only four or five

fits which have large weight and the averaged error is dominated by the statistical error

on these.

The difference with respect to the previous method using C̃3pt(∆t, t) is modest, but

is the origin of any differences in the current analysis with that in Ref. [85], such as for

the light-quark vector current renormalization as shown in Fig. 6.3. The rest of this work

considers only renormalized currents, such that all matrix elements have been renormalized

according to Eq. (2.21), i.e. we have multiplied them by Z lV .
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Figure 6.2: Fits to three-point correlation functions with p1 = p2 = 2π
L [110] (averaged over

rotations and directions of current insertion) and fixed ∆t = 32 at using either (a) Eq. (6.21)
or (b) Eq. (6.6). Fitted constant value in this case corresponds to 1/Z`V , the vector current
renormalization constant. Variation of fit window is shown in the right columns, along with the
model-averaged result.

6.4 Finite-volume timelike production matrix elements

We obtain finite-volume matrix elements following the procedure described in the previous

sections. To illustrate the results, the timeslice behavior of Rn(t) corresponding to the two
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Figure 6.3: Determination of light-quark vector current renormalization ZlV by correlated fitting
of extractions from six values of pion momentum.

lowest lying states of the [111]A1 irrep are shown in Fig. 6.4. The observed relaxation to

a constant value for t & t0 = 10 at, even for the excited state, is a result of making use of

optimized operators. We show separately the contributions of the two terms in Eq. (2.23),

where the O(a) improvement term is observed to impact at the level of 5 − 10% of the

leading term. For the anisotropic lattice considered in this work, the improvement enters

proportional to the energy difference between the initial and final states of the matrix

element, which is larger in magnitude in the current case of production than in the case

of three-point functions used to extract the spacelike pion form factor. Again, we observe

that the “model average” is dominated by only four or five fits.

The use of optimized operators is a powerful technique owing to their overlap with other

states in the spectrum being highly suppressed, 〈m|Ω†n(0)|0〉 � 1, for m 6= n. However, we

do encounter cases where a hierarchy of matrix elements for different states can compensate

for this suppression, i.e. where F (L)
m · 〈m|Ω†n(0)|0〉 ∼ F (L)

n .

For those cases, the ratio of correlation functions of Eq. (6.15) has non-negligible ad-

ditive contributions from states other than n of the form,

εm,n(t) = εm,n e
(En−Em)t , (6.22)
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Figure 6.4: Time dependence of Rn(t) defined in Eq. (6.6) for the two lowest discrete energy levels
in the [111]A1 irrep. Squares/triangles show data for the unimproved/improvement term currents
(first and second terms in Eq. (2.23)). Curves show the timeslice description having largest AIC
weight, with the constant fit value and the χ2/Ndof of the fit also shown. Variations in the constant
fit value over different timeslice fit windows are shown in the right column, together with the AIC
weight (in orange), and the “model average” (in red).

where εm,n ∝ F (L)
m · 〈m|Ω†n(0)|0〉, such that states lighter than n will cause a rising time-

dependence, visible at late times, that is not accounted for in our default timeslice fitting

form.

Use of a GEVP solution at an appropriately large value of t0 to form the optimized

operators places some constraints on the scale of these late-time pollutions. The optimized

correlation function matrix, 〈0|Ωm(t)Ω†n(0)|0〉, is diagonal at t = t0, and close to diagonal

for timeslices close to t0.2 The two-point current correlation functions, 〈0|J (t)Ω†n(0)|0〉,

are calculated on the same ensemble, and with the same time sources as the matrix of

correlators used in the GEVP, leading to a significant correlation between the contributions

εm,n(t) and the off-diagonal elements of the matrix of optimized correlators, suggesting that

εm,n(t) will be also suppressed for timeslices around t0 3.

In this work, only the energy levels lying close to non-interacting KK energies and
2In practice this matrix is not exactly diagonal because the optimized operators are constructed with

the ensemble averaged vectors vn.
3Contributions from terms like Eq. (6.22) to Rn(t) are not relevant for t < t0, where pollution from

states higher in energy come to dominate correlation functions.
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having dominant overlap onto KK-like operators, are found to have a production matrix

element that is significantly smaller in magnitude than the matrix element for a lighter

state, and hence where this ‘late-time’ pollution needs to be considered. For these levels,

based upon the logic above, we restrict the time-windows for constant and constant-plus-

exponential fit forms to more modest values of tmax ∼ 1.5 t0, thus excluding late-times

where the pollution from lighter states begins to become significant. In practice, we only

need to impose this fitting-window restriction explicitly for three states, the second excited

energy level of each of the irreps [100]A1, [110]A1, and [111]E2. Four other states lying

close to non-interacting KK energies in other irreps show a modest late-time enhancement

of the form suggested by Eq. (6.22), but the AIC weight favored fits with lower values of

tmax anyway.

We present below an example case supporting the arguments presented above, in which

we will reconstruct the time-dependence of correlation functions in terms of contributions

of the form of Eq. (6.22). For convenience of presentation we will suppress kinematic

factors not relevant to the illustration, by introducing unit-normalized optimized operators

〈n|Ω′†m(0)|0〉 = δn,m, and the ratio

R′n(t) ≡
〈0|J (t) Ω′†n (0)|0〉
〈0|Ω′n(t) Ω′†n (0)|0〉

, (6.23)

with the constants f(L)
n describing the leading constant time-dependence of R′n(t).

Objects,

ε̂′m,n(t) ≡ f
(L)
m
〈0|Ω′m(t)Ω′†n (0)|0〉
〈0|Ω′n(t)Ω′†n (0)|0〉

, (6.24)

are analogous to Eq. (6.22) for the ratio R′n(t), whenever En > Em. It follows that we

should be able to reconstruct the ratio R′n with the terms

R̂′n(t) = f
(L)
n +

∑

m<n

ε̂′m,n(t) , (6.25)

and this will have the same time-dependence as R′n(t) for times after the small-time de-
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caying excited state contributions have died out.

Comparisons between R′n(t) and R̂′n(t) for levels in the [100]A1 irrep are shown in

Fig. 6.5. The values of f(L)
m for m < n needed in Eq. (6.24) are obtained serially from

timeslice fits to the lower-lying energy level correlation functions. Level 2 meets our criteria

for having non-negligible late-time pollution since its f(L) value is significantly smaller than

the corresponding values for levels 0 and 1, with the value for level 1 being over ten times

larger in absolute value. We see that while the contribution of lower-lying states to levels

1 and 3 is negligible, for level 2, the contribution of the nominally suppressed level 1 is

observably large. We also see that restricting timeslice fits to values of tmax . 1.5t0 will

reduce the impact of this pollution considerably.

The resulting values of F (L)
n from timeslice fits for energy levels across all irreps consid-

ered are summarized in Fig. 6.6. The data is visibly enhanced near the resonance energy

atE
? ∼ 0.135, while for higher energies it does not appear to have any simple energy de-

pendence, with a strong dependence on the irrep of state n being observed even for very

similar values of atE?n . This is as expected given the need for finite-volume corrections,

which will be addressed in the next Chapter.

This Chapter described the extraction of finite-volume matrix elements. To extract

the timelike form factors we need to perform the finite volume correction described in

Sec. 2.1.1, which will be done in the next Chapter.

The rest of the kinematic points Q2 6= 0 for the spacelike form factor are calculated

following the methods described in Secs. 6.1 and 6.3. We will show the resulting values of

the spacelike form factor in Chapter 8, once we have performed the finite volume correction

to the production matrix elements.
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Figure 6.5: Ratio of two-point correlators R′n(t) (unimproved current) for discrete states in the
[100]A1 irrep compared with the extracted constants f

(L)
n , the expected contributions from lower

energy levels, ε̂′m,n(t), and the sum of all contributions, R̂′n(t).
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Chapter 7

Finite-volume correction of the

production amplitudes

In this section we will implement the technology described in Sec. 2.1.1 regarding the finite-

volume correction of matrix elements for states in the two-meson sector. The finite-volume

correction factors are influenced by both the scattering dynamics inM and the kinematics

of the geometric function F which encodes the finite-volume effects. We will present two

alternative prescriptions to perform the finite volume correction. From one of these we find

a quantitative description of the flavor content of each finite volume energy level, while the

other prescription proves more practical for the extraction of infinite volume amplitudes.

We used the latter prescription to extract the form factors to be presented in Chapter 8.

We close this chapter by discussing the error propagation going into the finite-volume

correction factors, which dominate the error budget of the infinite volume form factors.

7.1 Finite-volume correction of the timelike form factors

We consider here the timelike form factor amplitude of Eq. (1.38), with the decomposition

given by Eq. (1.40). We use the decomposition of the finite-volume matrix element given

by Eq. (6.13), to rewrite Eq. (2.3) in terms of the finite volume form factor and the smooth
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functions Fa,

F (L)
n =

∑
a

√
2E?n
−µ′?0

(w0)a
1
k?a
Fa
(
s = E?2n

)
, (7.1)

=
∑

a
r̃n,a(L)Fa

(
s = E?2n

)
, (7.2)

where we have introduced the finite volume correction in terms of the factor r̃n,a(L), which

we also call the LL factor, although it is different, but closely related, to the quantity R̃,

introduced in Eq. (2.5). The factor r̃n,a(L) implements one power of relative momentum,

stemming from the P -wave nature of the production.

Equation (7.2) allows us to relate the finite volume form factors to the infinite volume

smooth functions for the energy values of the finite volume spectra. The LL factors r̃n,a(L)

can be calculated with Eq. (2.6) employing the scattering amplitude M(s), which was

determined in Chapter 5. As we will see, all the terms in Eq. (7.2) are real, because the

complex phases associated with the rescattering effects of the infinite volume amplitudes

are canceled by the finite volume correction R̃. When writing Eq. (7.2) we have chosen to

restate Eq. (2.3) in a form where these cancellations have been explicitly implemented.

In the case of elastic scattering, Eq.(7.2) features only one term in the summation,

meaning that we can trivially invert it to obtain the value of the infinite volume amplitude

at s = E?2n . In the context of a coupled-channel system, this will no longer be feasible.

Instead, we can parameterize the energy dependence of the smooth functions Fa and, by

considering multiple levels, perform a fit to constrain the infinite volume form factors.

To compute the LL factors, r̃n,a(L), we employ the parameterizations of the scatter-

ing amplitude described in Chapter 5. At every solution of the quantization condition,

Eq. (2.2), we eigendecompose the matrix M =M−1 + F to find the vector w0 associated

with the vanishing eigenvalue. Because the matrix M is symmetric, Mᵀ = M, the eigen-

vectors are normalized by demanding that wᵀ0w0 = 1. Then we calculate the slope using
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finite differences and projecting to the subspace of the vanishing eigenvector,

µ′?0 =
1

2 ∆E
wᵀ0 ·

([
M−1 + F

]
E?n+∆E

−
[
M−1 + F

]
E?n−∆E

)
·w0 . (7.3)

We then combine the slope and the eigenvectors to compute the LL factor

r̃n,a(L) =

√
2E?n
−µ′?0

(w0)a
k?a

. (7.4)

The uncertainties associated with the scattering amplitude are propagated into r̃n,a(L)

using jackknife via the ensemble of the scattering matrix parameter values. The covariance

among different values of r̃n,a need to have a special prescription, as described in Sec. 7.4.

As shown in Appendix B of Ref. [85], in the case that M(s) features a narrow reso-

nance, for energies near to the resonance mass, the finite-volume correction factor becomes

volume-independent and has elements proportional to the coupling of the resonance to

each channel, a,

r̃n,a(L) ≈
√

16π
ca
k?a

+O
(

ΓR
mR

)
. (7.5)

This reflects the dominance in the scattering at these energies of a spatially localized state

whose wavefunction does not sample the boundary of the finite-volume. At energies where

M describes weak scattering and the solutions to Eq. (2.2) lie close to non-interacting

meson-pair energies, the value of r̃n,a(L) is set largely by properties of the geometric matrix

F (E,P, L) related to how the meson-pair relative momentum directions subduce into the

irrep under consideration. We present the calculation of the finite-volume corrections

in the case of a non-interacting system in App. D, with a few examples for a system of

identical scalars in an S-wave and a P -wave. Between these two extremes the finite-volume

correction factor is sensitive to bothM and F (E,P, L).
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7.2 Elastic finite-volume correction

When we consider elastic scattering in a single partial-wave the matrixM has a single entry,

and r̃n,a(L) has one component. In that case Eq. (7.2) simplifies, and we can directly relate

the finite volume form factors to the timelike form factor of the pion,

fπ(s) =
Mππ,ππ(s)

k?2ππ

F (L)
n

r̃n(L)
, (7.6)

where s = E?2n , and for convenience we drop the channel index from r̃n(L). We can also

relate the smooth function of Eq. (1.41) to the finite volume form factor

F(s) =
F (L)
n

r̃n(L)
. (7.7)

In Fig 7.1 we present values of r̃n(L) for the 17 energy levels below KK threshold,

computed using the reference elastic amplitude of Eq. (5.6). For comparison we also show

the value of
√

16πĉππ computed from the reference elastic amplitude, and given in Eq. (5.8).

We observe that the value of r̃n for the energy levels close to atE? ∼ 0.135 almost saturates

to
√

16πĉππ, as expected from the presence of a narrow resonance.

Different values of r̃n are observed for the two highest levels presented, each with

P = [111], lying close to the π110π100 non-interacting energy at atE?n.i. ≈ 0.16. These values

reflect the difference between a nearly non-interacting helicity 0 ππ state subduced into

the A1 irrep, and helicity ±1 states subduced into E2, and the same pattern of magnitudes

can be observed in the lattice QCD computed matrix elements for the corresponding states

in Fig 6.6.

7.3 Finite-volume correction for a coupled-channel system

Here we are interested in the coupled-channel system of ππ and KK in a P -wave, where

M becomes a 2 × 2 matrix, and r̃n,a(L) has two components. Above the KK threshold,
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16π|ĉππ|

0.134 0.136

6.1

6.3

[0
0
0
]
T
− 1

[2
0
0
]
E

2
[1

0
0
]
E

2
[1

1
0
]
B

2

0.12 0.14 0.16 atE
?

0
90
δππ1 /◦

Figure 7.1: Elastic ππ finite-volume factors, r̃n computed using the reference elastic scattering
amplitude parameterization.

the matrix M is real and symmetric, and the components of w0 are real. Above ππ

threshold, but below KK threshold M is no longer real, and the presence of ` = 1 angular

momentum barrier factors inM and F causes (w0)a ∝ k?a such that kinematically closed

channels become imaginary components of the vector. In the computation of r̃n, this phase

is cancelled by the explicit factor of 1/k?a in Eq. (7.4), yielding a real valued correction

vector (see also the discussion in Appendix A of Ref. [79]).

Explicit values of r̃n,a=ππ,KK are shown in Fig. 7.2, computed using the reference

coupled-channel amplitude parameterization, Eq. (5.10), which successfully described the

finite-volume spectra presented in Section 5.2.2. Levels below KK threshold have values

of r̃n,ππ in close agreement with the values computed using the reference elastic amplitude,

as presented in Fig 7.1. The corresponding KK components are observed to be quite

uncertain, as expected given the lack of constraint on KK well below its kinematic thresh-

old1. Above KK threshold, the ππ,KK components are of similar magnitude – that the

KK components do not obviously dominate for levels lying close to KK non-interacting
1See Appendix A1 of Ref. [79] for a discussion of closed channels within this formalism.
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energies is a result of having already extracted a factor of the scattering matrix,M, from

the quantity being finite-volume corrected, see Eq. (2.6).

We add the values of the couplings
√

16π|ĉa| from Eq. (5.13) as an inset in Fig. 7.2,

to compare to the value of the finite volume correction r̃n,a(L). In the plots we draw an

orange horizontal band around the mass of the ρ-meson resonance, mR±ΓR/2, to identify

the energy levels for which we expect the relation of Eq. (7.5) to approximately hold. We

indeed find that for the levels inside and close to the band, the histograms of r̃n,a are

approximately equal to those of
√

16π|ĉa|.
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Figure 7.2: Histograms for each energy level show the magnitudes of finite-volume factors,∣∣r̃n,a
∣∣, for a = ππ (blue bar) and a = KK (red bar) computed using the reference coupled-

channel scattering amplitude. Non-interacting ππ (blue) and KK(red) energies are indicated by
the horizontal dotted lines.
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7.3.1 Flavor content of the finite-volume levels

As mentioned before, the prescription chosen to express the finite volume correction given

by Eq. (7.2) results from extracting a factor of the scattering matrix from the finite volume

correction, to cancel the phases resulting from the rescattering after the production of

the two-meson system. However, as seen from Fig. 7.2, this choice effectively causes the

finite volume correction to have sizeable components for both channels, even far below the

threshold of KK.

This does not pose a contradiction to the expectation that closed channels have ex-

ponentially suppressed effects on finite volume energies and matrix elements. In fact, as

shown in Appendix A1 of Ref. [79], the LL factors below KK threshold have a volume-

independent ratio,
r̃n,KK(L)

r̃n,ππ(L)
=
k?ππMππ,KK

k?
KK
Mππ,ππ

+ . . . , (7.8)

where we neglect corrections that get suppressed exponentially as the energy E?n decreases

away from the KK threshold. We use this relation to rewrite Eq. (7.2) in the elastic energy

region,

F (L)
n = r̃n,ππ(L)

(
Fππ +

k?ππMππ,KK

k?
KK
Mππ,ππ

FKK

)
+ . . . , (7.9)

where the factor in parenthesis is the same factor appearing in Eq. (1.40),

fπ =
Mππ,ππ

k?2ππ

(
Fππ +

k?ππMππ,KK

k?
KK
Mππ,ππ

FKK

)
, (7.10)

and we recover the expression for the elastic finite volume correction of Eq. (7.6) which

did not take into consideration the contributions from the KK channel.

To illustrate the independence of the finite volume matrix elements from the KK

channel below its threshold, as well as the contribution of each channel to the finite volume

matrix above the KK threshold, we compute the vectors v0 defined in Eq. (2.5). The finite
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volume form factor in terms of the vectors v0 is given by

F (L)
n =

√
2E?n
λ′?0

∑
a

(v0)a k
?
a fa(s) , (7.11)

where λ′?0 is defined in Eq. (2.5). In this case the components of v0 directly weigh the

contribution of each of the timelike form factors fa. In Fig. 7.3 we show the absolute value

of each of the components |(v0)a| as a percentage of the sum |(v0)ππ| +
∣∣(v0)KK

∣∣, for all

the energy levels considered in this work. The blue area represents the ππ component,

while the red area is the KK component. This prescription makes explicit the fact that

the finite volume form factors below KK threshold are mostly independent of the timelike

form factor of the kaon, as can be noted from all the pie charts in the elastic energy region

being almost entirely blue.

Above the KK threshold, we observe that the dominant component of the vector v0

always corresponds to the flavor of the closest non-interacting energy. This matches the

expected behavior of a weakly interacting coupled channel, where each energy level can

be approximately identified to a specific channel. In this case we can identify seven finite

volume levels with dominant flavor contribution from the KK channel. The determination

of the kaon timelike form factor in Chapter 8 will be largely constrained by these seven

finite volume form factors.

To close this section we emphasize that we will use Eq. (7.2) to determine the infinite

volume amplitudes in Chapter 8, and that we only employed Eq. (7.11) in this section

to illustrate the contribution from each infinite-volume timelike form factor to the finite

volume form factors.

7.4 Correlation among the LL factors

So far we have employed jackknife resampling to propagate statistical uncertainties. How-

ever, we find that some extra care is needed when applying this technique to calculate the
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Figure 7.3: Absolute value of the components of the finite-volume correction vector |(v0)a|,
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section) computed using the reference coupled-channel scattering amplitude. The horizontal lines
identify the non-interacting energies of this volume, with the same color coding as before, dot-
dashed lines indicate non-interacting energies where the associated operator was not included in
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covariance of the LL factors. We will show why this is the case by describing the determi-

nation of the smooth function F(s) with Eq. (7.7) when applying the jackknife resampling

as described in Sec. 2.2.6.1.

We calculate r̃n(L) with Eqs. (7.3) and (7.4) in the elastic approximation by employing

the parameterization of the reference elastic scattering amplitude of Eq. (5.6). Jackknife

ensembles for each of the parameters of the scattering amplitude parameterization were

obtained when fitting the amplitude to the lattice spectra. To propagate the error further

to the LL factors we compute r̃n(L) over jackknife.

Once we have calculated r̃n(L), the F(s) data is obtained with Eq. (7.7), combining

the LL factor and the finite volume form factor again with jackknife. We expect to be

able to describe this data with a smooth function of s over the elastic energy region, e.g.

a low-order polynomial in s, given that it does not have a right hand cut, as described in
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Sec. 1.5.2. Furthermore, a parameterization of F(s) is necessary if we want to extrapolate

the function into the complex s-plane to determine properties of the ρ-meson resonance

defined at the pole.

6 8 10 12
s/m2

π

0.0

0.2

0.4

0.6

F(s)/m2
π

Figure 7.4: Values of F(s) determined from the finite volume correction of F (L)
n according to

Eq. (7.7).

We show the values of F(s) derived from Eq. (7.7) in the elastic energy region in

Fig. 7.4. We observe that the data appears to increase smoothly with s, in contrast to the

finite volume form factor F (L)
n , which showed an enhancement close to the resonance mass,

and a significant variation between the two data points close to atE? = 0.16, see Fig. 6.6.

However, when performing a correlated fit to the F(s) data in Fig. 7.4 with a low-order

polynomial in s, we generically get as a result a function that systematically underestimates

most of the data points, and has values of χ2/Ndof � 1. This type of behavior is typical

of data suffering the D’Agostini bias [95], which arises whenever there is a high degree of

correlation among different data points. Upon close inspection we find that the culprit

of this behavior are indeed the correlations among the different F(s) data, given by the

off-diagonal elements of the matrix C[F(s)], which has diagonal elements equal to one.2

2The matrix C[X] for the dataset {Xn} has elements equal to the covariance among data points divided
by their standard deviation, i.e. C[X ]nm = cov(Xn, Xn)/(σXnσXm).
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This matrix is inverted when we calculate the χ2 function of the correlated fit.

The eigenvalues of the matrix C[F(s)] have a different qualitative behavior than those

of the correlation matrix C[F (L)
n ], i.e. among the F (L)

n data. In the latter case we find that

when we order them by magnitude, the eigenvalues slowly decrease, and the correlation

matrix has a condition number3 of order ∼ 102 for the 17 elastic energy levels. In the former

case, the eigenvalues dramatically drop in value after the first two, and the condition

number of the matrix is of order ∼ 104. Finally, when we check the eigenvalues of the

correlation matrix C[r̃n(L)] among the LL factors, we find again that they dramatically

decrease after the first two, and the condition number of the matrix is of order ∼ 1012, with

at least half of the lowest eigenvalues being 10−11 times smaller than the largest eigenvalue.

That this is the case should not be a surprise, because jackknife ensembles of r̃n(L), to

first order in the errors of the scattering parameters, can only fluctuate in the ensemble

subspace spanned by the ensembles of the small set of scattering parameters, which explains

that only a couple of eigenvalues of C[r̃n(L)] are non-negligible.

This effect is quite significant when we perform fits to the F(s) data because the frac-

tional uncertainty of the LL factors is greater than the fractional uncertainty of F (L)
n , see

Figs. 6.6 and 7.1. This ends up generating jackknife ensembles for F(s) with an artifi-

cially high correlation among each other that do not reflect the magnitude of correlations

among the original input data, i.e. the discrete finite-volume energy levels and the matrix

elements. We illustrate this by showing in Fig. 7.5 the correlation matrix of the energy

levels C(E?n), which has a condition number ≈ 25.

In place of the data correlation for r̃n(L) computed using the amplitude parameteriza-

tion, we adopt one which inherits the energy-level correlation, with the following motiva-

tion. In a linearised approximation to error propagation, if the Jacobian were known, we
3The condition number of a symmetric matrix is given by ratio of its largest eigenvalue to the smallest

eigenvalue.
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Figure 7.5: Data correlation matrix for the energy-level values, C[E?n], with rows and columns
ordered by increasing energy from left to right, and from top to bottom, respectively.

would calculate the covariance among r̃n(L) values using

cov(r̃n, r̃m) =
∑

n′m′
∂r̃n
∂E?n′

cov(E?n′ , E
?
m′)

∂r̃m
∂E?m′

. (7.12)

However, to a good approximation, we expect the finite-volume correlation factor computed

with Eqs. (7.3) and (7.4) to be influenced predominantly by the local behavior ofM and F

around E?n . This would imply that the Jacobian between {r̃n(L)} and the energies, {E?n′},

is largely dominated by the diagonal elements, n = n′.

For instance, in an ideal scenario, where the lattice spectrum was determined for a

large number of closely spaced volumes, L, and multiple lattice irreps, Λ, we would have

access to a high density of states per energy unit. From this spectrum we could determine

the scattering amplitude M(E?2n ) algebraically at a similarly high density, and in that

case, the calculation of r̃n(L) would not require an explicit parameterization of M, and
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the uncertainty of each finite-volume correction factor would only be correlated to the

uncertainty of the nearby energy levels.

Based on this observation, we approximate the Jacobian of Eq. (7.12) by a diagonal

matrix ∂r̃n
∂E?

n′
∝ δn,n′ . In practice, we implement this procedure by shifting and reweighing

the jackknife ensemble of each energy level to match the mean and error of the respective

finite-volume correction factor according to the values computed using the parameteriza-

tion of M and Eqs. (7.3), (7.4). With this prescription it is not necessary to compute

the magnitude of the Jacobian elements, however we still require knowledge of their sign.

These are extracted from the correlation between the ‘model’ energy, i.e. the solution of

Eq. (2.2), and r̃n(L), both extracted from a parameterization ofM,4 these are shown on

the top row of Fig. 7.6.
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Figure 7.6: Data correlation between r̃n and the respective Lüscher energy solution E?n, as well
as the scattering parameters in the reference elastic parameterization. Here the ordering of states
around the ρ-resonance is slightly different than in Fig. 7.1 because in that case the x-axis cor-
responds to the value of the Lüscher energy solution from the elastic reference amplitude, and in
this case we employ the ordering of Fig. 7.5 which uses the spectra extracted from the lattice.

An exception to this behavior are those levels with energies very close to the resonance

mass, i.e. the four levels in the inset of Fig. 7.1. As mentioned before, the value of r̃n(L) for

these levels is equal to the resonance coupling, modulo rather small finite-width corrections,

and we observe that for these levels r̃n(L) is mostly uncorrelated with the respective energy
4Support for this prescription is found empirically in the fact that the absolute value of this correlation

value is consistent with 1 for most energy levels.
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value. This is illustrated in Fig. 7.6, where we see that their strongest correlation (for the

reference elastic parameterization) is with the g parameter. From the spectra of Fig. 5.3

we note that these levels are the farthest from any non-interacting energy level, and as

such they are the least sensitive to finite-volume effects.

To account for this observation, for these levels we adopt a modified procedure, where

instead of using only the energy level data, we add a linear combination of the fluctua-

tions on the scattering parameters, with the parameter g having the highest contribution.

For r̃n(L) for ‘on-resonance’ levels, we form a linear combination of the ensembles of the

scattering parameters and the corresponding energy level,

~̃rn(L) = xE ~E?n + xg ~g + xm ~m+ xγ ~γ =
∑

i
xi ~pi. (7.13)

where we use the vector notation ~pi to emphasize that we are manipulating the quantity

pi in the jackknife ensemble space. The quantities ~pi have been previously shifted and

reweighted, so that they have zero mean and unit covariance, i.e. 〈~pi〉 = 0 and
〈
~pi

2
〉

= 1.

To obtain the coefficients xi we demand that the covariance between the generated ~̃rn

ensemble and each of the ~pi quantities reproduces the covariance cov(~pi, ~̃rn(L)) shown in

Fig. 7.6. Mathematically, this translates into the system of equations

∑
j
〈~pi ~pj〉xj = corr(pi, r̃n(L)) , (7.14)

where the matrix 〈~pi ~pj〉 is calculated using the corresponding lattice energy level and the

scattering parameters. Equation (7.14) represents a linear system of equations from which

the coefficients xi can be easily obtained. We find that the value of
〈
~̃rn(L)2

〉
extracted in

this way is equal to unity, providing a self-consistency check of this procedure. Finally, we

reweight and shift ~̃rn(L) to obtain a jackknife ensemble with the mean and error of r̃n(L).

It is not immediately obvious how to extend the procedure we just described from the
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elastic analysis to the coupled channel case, given that multiple components r̃n,a(L) are

associated with each level. Furthermore, we need the correlation between the components

of r̃n to reproduce the correlation between different elements of the scattering amplitude,

see Eq. (7.8).

We instead choose to estimate the impact of the uncertainty of the finite-volume cor-

rection by means of a “systematic” covariance, Csyst., applied to the finite-volume matrix

elements F (L)
n . We add this systematic covariance matrix to the statistical covariance ma-

trix of F (L)
n to obtain a total covariance, which in turn is used in the χ2 function minimized

for the determination of the smooth functions Fa(s).

To calculate the magnitude of the diagonal elements of this covariance we first note that

for levels below theKK threshold the component r̃n,KK cannot be precisely determined (by

the nature of the finite-volume formalism). Therefore, we assign the relative uncertainty

of the “relevant” r̃n,ππ as the systematic relative uncertainty of the corresponding F (L)
n .

We note that following this procedure for the elastic analysis we obtain results consistent

with the alternative procedure of replacing the correlation of the finite-volume correction

factors by that of the energies and propagating the error over jackknife.

Above the KK threshold we have a weakly interacting system, where each state in

the spectrum is close to a non-interacting energy. This allows us to unambiguously assign

a dominant component r̃n,a(L) to each level. Furthermore, following the expectations

outlined about the correlation between the finite-volume correction factor and the energy

value, we find that out of the two, this component is always the most correlated with the

energy solution of the quantization condition. Once we picked the dominant component

a, we again assign the relative uncertainty of r̃n,a as the “systematic” relative uncertainty

of the corresponding F (L)
n .

Finally, to obtain off-diagonal elements of Csyst., showing the correlation of the finite-

volume correction across the spectrum, we mimic the prescription used in the elastic anal-

ysis. This means that we will once again use the correlation matrix of the energy levels,

or the appropriately constructed linear combinations for the levels close to the resonance.
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This correlation matrix is multiplied by the magnitude of the diagonal elements determined

above to obtain Csyst..

We also explored an alternative procedure to determine the diagonal elements of Csyst.

to corroborate the consistency of our prescription. This second option was inspired by the

iterative fit method described in Ref. [126]. In this case we use the value of the “model”,
∑

a r̃a,n(L)Fa(E?2n ), to multiply the relative uncertainty of the finite-volume correction

factor and obtain an absolute systematic error for each diagonal element of Csyst.. In the

first iteration we pick the solution from our previous prescription to determine Csyst. and

minimize the χ2 with this systematic covariance. This yields new values for Fa(s), which

are then used to recompute Csyst. and repeat the minimization. We find that this process

converges after a few iterations.

This concludes the description of the calculation of the LL factors. In the next chapter

we will present the determination of the infinite volume form factors.

145



Chapter 8

Infinite volume amplitudes: the π

and K vector-isovector form factors

In this chapter we will combine together the results of the previous three chapters to

calculate the isovector-vector form factors of the pion and the kaon. In the case of the pion

we can directly obtain the form factor in the spacelike region and the elastic timelike energy

region, from the the individual finite volume matrix elements (once the appropriate finite

volume correction has been performed). In the case of the analysis of the ππ/KK as a

coupled-channel system, we can only obtain a parameterization of their energy dependence

by fitting the finite volume matrix elements with Eq. (7.2). Finally, we will utilize these

form factors to determine electromagnetic properties of the ρ and the π mesons.

8.1 Pion form factor

We begin by presenting the data for the spacelike and timelike form factor over the elastic

energy region. The spacelike data was obtained in Sec. 6.2 from the R3pt ratio of correlation

functions and shown in Fig. 8.1a. The timelike data F(s), after the finite-volume correction

was performed, was presented in Fig. 7.4. We employ Eq. (1.41), and the error propagation

for the finite volume correction described in Sec. 7.4, to obtain the timelike form factor
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data shown in Fig. 8.1b.

Alongside the data we show the Omnès factor, Ω(s), introduced in Sec. 1.5.2.1. The

calculation of Ω(s) will be presented in Sec. 8.1.2, where we also analytically continue Ω(s)

for s < 0. We clearly see that the bulk of the energy dependence is captured, both for the

spacelike and the timelike data, with only a mild energy dependence needed in FΩ(s), to

form fπ according to Eq. (1.45).
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(a) Spacelike region.
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Figure 8.1: Pion form factor in the (a) spacelike and (b) timelike elastic regions. Superimposed
are the Omnès function calculated from the reference elastic amplitude, and the Gounaris-Sakurai
(GS) form determined by describing the finite-volume spectra.

Also shown in these figures is a commonly-used parameterization known as the Gounaris-

Sakurai (GS) form [122], which corresponds to a parameterization of the form of Eq. (1.41),

where F is a constant determined by demanding fπ(0) = 1. The scattering amplitudeM

of the GS parameterization, given in Tab. 5.4, is an elastic K-matrix with a pole describing

the ρ resonance, along with a pole-subtracted Chew-Mandelstam phase-space. The use of

a dispersively improved phase-space removes the spurious singularity otherwise present at

s = 0 and thus makes an extrapolation into the space-like region somewhat plausible.
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8.1.1 Timelike elastic pion form factor

Over the energy region of elastic scattering between the ππ threshold and the KK thresh-

old, F(s) can be parameterized using a low-order polynomial in s,

F(s)/m2
π =

∑

n=0

cn ·
(
s− s0

s0

)n
, (8.1)

where we choose
√
s0 = 0.135 a−1

t = 2.85mπ, centering on the resonance peak, for conve-

nience.

As seen in Fig. 8.2, fits linear or quadratic in s can capture the observed energy de-

pendence, with the quadratic fit having parameters,

c0 = 0.2359 (28)




1 −0.3 −0.6

1 0.7

1




c1 = 0.265 (26)

c2 = 0.20 (7)

χ2/Ndof = 25.4
17−3 = 1.82 , (8.2)

where parameter correlations are seen to not be excessive. The fit form does not impose any

constraints regarding the value of fπ over the spacelike region, neither does it impose charge

conservation fπ(0) = 1. This is because we do not expect the form factor parameterization

of Eq. (1.41) to be reliable far below ππ threshold. We can improve on this fitting the data

instead with a dispersive representation of fπ, to which we turn in the next Section.

8.1.2 Pion form factor across the spacelike and timelike regions

To describe simultaneously the timelike and spacelike pion form factor data related by

crossing symmetry, see Figs. 1.2, we need to employ a functional form which is consistent

with the analytic properties that fπ should satisfy on the complex s-plane over a wide s

range. The Omnès function, introduced in Sec. 1.5.2.1, satisfies the properties of analyt-

icity, crossing symmetry, and unitarity over over all the complex s-plane that fπ should

satisfy if we assume that only elastic scattering is allowed.
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Figure 8.2: Polynomial descriptions of F(s) – linear in s (el. I) and quadratic in s (el. II).

To calculate Eq. (1.48), our reference elastic scattering amplitude provides an elastic

phase-shift from ππ threshold up to KK threshold, and comparison with the reference

coupled-channel amplitude shows that the ππ phase-shift continues as given by the param-

eterization to somewhat higher energies. In practice we will use this form in the integral

defining Ω(s) in Eq. (1.48) up to
√
sa = 1.2 · (2mK), and at energies higher than this a

simple parameterization,

δ(s > sa) = π −
(
π − δref(s)

) 2

1 + (s/sa)
3/4

,

similar to the one proposed in Ref. [29].1 In practice the Omnès factor at low energies,

where we require it, is not particularly sensitive to the details of this continuation, owing

to the subtraction suppressing the contribution of high energies in the integral.

The function FΩ(s) obtained by dividing the Omnès factor out from the timelike and

spacelike form factor data can be parameterized and a description of the lattice data

obtained. Describing all data simultaneously requires spanning a large energy region, and
1This form enforces an asymptotic return of the phase-shift to π, correcting for the threshold behavior

built into the parameterization which ceases to be appropriate at high energies. In fact Ref. [29] used
δref(sa) in place of δref(s) in this expression but since the phase-shift of the elastic reference parameteriza-
tion has almost reached its asymptotic value at

√
sa = 2.2 · (2mπ), there is no practical difference between

the two choices, and any small difference generated in Ω(s) can be absorbed into the smooth function
FΩ(s).

149



it proves helpful to make use of a conformal mapping of s into a variable z(s), defined as,

z(s) =

√
sc − s0 −

√
sc − s√

sc − s0 +
√
sc − s

, (8.3)

where this variable maps the entire complex plane of s, excluding the real s axis above sc,

into a unit disk in z centered so that z(s0) = 0. Suitable choice of sc can reflect the fact

that we expect there to be cuts due to inelastic channels at higher energies, and s0 can be

selected to conveniently distribute the data to be fitted around z = 0. A polynomial in

z(s) will not have singularities, as desired, in the timelike elastic scattering region, or the

spacelike region.

Writing a parameterization of FΩ(s) as a low-order polynomial in z(s),

FΩ(s) = Q+
∑

n=1

dn ·
(
z(s)n − z(0)n

)
, (8.4)

where the constraint from the fixed electric charge of the pion, fπ(s=0) = FΩ(s=0) = Q =

1, is simply imposed, we can describe the lattice data across both spacelike and timelike

regions, as shown in Fig. 8.3. With
√
s0 = 0.135 a−1

t and
√
sc = 0.22 a−1

t = 1.27 · (2mK),

the parameter values for a quadratic description are,

d1 = 1.85 (12)




1 0.8

1




d2 = 7.0 (5)

χ2/Ndof = 85.4
37−2 = 2.44 . (8.5)

The corresponding pion form factor for this description of FΩ(s) in presented in Fig. 8.4.

The somewhat large χ2/Ndof is dominated by points in the spacelike region which have

high statistical precision. Discretization effects which are small in absolute terms, but of

comparable size to the small statistical errors could explain this observation.

Finally, note that for all the results found for the timelike form factor, the phase of

fπ(s > (2mπ)2) is always equal to the phase-shift δππ1 by construction, as demanded by
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Watson’s theorem. This is the case because all our parameterizations satisfy the unitarity

constraint over the timelike elastic region, as they inherit the branch cut structure from

the scattering amplitudeM or directly from the dispersive integral of the phase-shift.
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−8 −4 0 4 8 12 s/m
2
π

Figure 8.3: Ratio of the form factor data, |fπ(s)| (as presented in Fig. 8.1b), to the Omnès
function, Ω(s), as a function of the conformal map variable of Eq. (8.3). The curve shows the
polynomial fit of Eq. (8.5).

8.2 Coupled-channel timelike form factors

The finite volume formalism presented in Sec. 2.1.1 dictates that the matrix elements of

the discrete finite-volume states are given by a linear combination of all the production

amplitudes with a consistent set of quantum numbers and whose final states can go on

shell. In a sense, the determination of the pion form factor above the KK threshold from

a finite-volume calculation provides as well the kaon timelike form factor. However, the

amplitudes cannot be extracted following the procedure used in the elastic regime because

there is no longer a one-to-one mapping between finite volume matrix elements, and infinite

volume form factors. Instead, we have to employ Eq. (7.2), to be able to constrain the

infinite volume form factors, via a χ2 minimization against the values of {F (L)
n }.

We implement the effect of the correlated uncertainty on the finite volume correction
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(a) Energy dependence across spacelike and timelike
regions.

−10.0 −7.5 −5.0 −2.5 0.0

s/m2
π

0.6

0.8

1.0
|fπ(s)|

Ω(s)FΩ(s)

(b) Zoom over the spacelike region.

Figure 8.4: Pion form factor across spacelike and timelike regions, and energy-dependent descrip-
tion by Omnès modulated by the quadratic FΩ(s) of Eq. (8.5).

factors, r̃n,a, in terms of a “systematic” contribution to the data covariance in the fit χ2,

χ2 =
∑

n,m

[
F (L)
n −

(
r̃n,ππFππ(s) + r̃n,KKFKK(s)

)]

·
(
Cstat. + Csyst.

)−1

n,m

·
[
F (L)
m −

(
r̃m,ππFππ(s) + r̃m,KKFKK(s)

)]
,

which augments the “statistical” covariance of the F (L)
n . The total error is shown in Fig. 8.5,

which shows the the finite volume correction dominates the uncertainty when compared

with Fig. 6.6, where the error bars are also plotted for each data point, but are too small to

be visible behind the circles, and in that case we opted to show them as well in the bottom

panel. This “systematic” covariance is computed using the resampled r̃n,a introduced in

Section 7.4 whose data covariance inherits that of the energy levels. For each energy level,

only the dominant component, a = ππ or KK is used to compute the covariance.

To describe the infinite volume form factors we use the parameterization of Eq. (1.40),

with the reference coupled-channel scattering amplitude determined in Sec. 1.5.1.2. The

smooth functions Fa are parameterized with low order polynomials in s, analogous to
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Eq. (5.2.2),

Fa(s)/m2
π =

Na∑

n=0

ha,n ·
(
s−s0
s0

)n
. (8.6)

We emphasize here that the function Fππ(s) obtained in the coupled-channel case does not

have to resemble the similarly named function in the elastic case, presented in Sec. 8.1.1.

This can be seen by considering fπ(s), which should be similar between the two cases, and

which has a representation,

fπ =
1

k? 2
ππ

Mππ,ππ

[
Fππ +

k?ππ
k?
KK

Mππ,KK

Mππ,ππ
FKK

]
, (8.7)

in the coupled-channel case, where we have factored out the elastic ππ scattering in analogy

to Eq. (1.41). Below the KK threshold, the expression within square brackets is real and

smooth (because the ratio of scattering amplitude components does not posses the ππ

branch cut), and serves as the effective F in the prior elastic case.

Model Nππ NKK Ndof
χ2/Ndof

reference γ(1) ref. iter.
a 1 0 32− 3 5.51 2.62 5.26
b 0 1 32− 3 4.39 2.41 4.90
c 1 1 32− 4 4.53 2.48 4.92
d 2 0 32− 4 4.87 2.55 5.28

Table 8.1: Global description of full set of timelike finite-volume matrix elements. Variations in
polynomial order in Eq. (8.6) used with reference coupled-channel scattering amplitude (fifth col-
umn), an alternative coupled channel amplitude with more parameter freedom, Eq. (5.15) (sixth
column), and reference coupled-channel amplitude with a modified iterative fitting strategy de-
scribed at the end of Sec 7.4 (seventh column).

We describe all the F (L)
n data shown in Fig. 6.6 using the finite volume correction fac-

tors r̃n,a(L) computed from the reference coupled-channel amplitude and smooth functions

Fππ,FKK each described by polynomials of order 1, leading to the result summarized

in Fig. 8.5. The description given by the green points is observed to be in good quali-

tative agreement with the constraining lattice data, with a few points having significant

deviations which produce a somewhat large χ2/Ndof.

Examining Figs. 8.2 and 8.4a we see that the points which are most discrepant in the
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Figure 8.5: Finite volume form factor (open black circles) with errorbars modified to account
for the fractional uncertainty on the finite-volume correction factors, coming from the diagonal
elements of the “systematic” covariance, as described in the text. Global description using the
reference coupled-channel scattering amplitude, and order-1 polynomial forms for Fππ(s),FKK(s)
(green squares).

coupled-channel description were also somewhat discrepant in the elastic description, and

that the larger effect in the current case may largely reflect the different approach for

propagating the finite-volume factor uncertainty.

Tab. 8.1 presents variations of both the polynomial orders used in Fππ(s), FKK(s), and

the form used for the coupled-channel scattering amplitude, where we consider a second

functional form of the K-matrix, given in Eq. (5.15), which includes an additional linear

term in s with a set of γ(1) coefficients. The reduction in the χ2 values for the varied

scattering amplitude can be entirely associated with the decreased precision of the finite-

volume correction factors, which is implemented as a larger systematic error on the data.

The final column of Tab. 8.1 shows an alternative choice for the determination of the

“systematic” covariance, where the magnitude of the diagonal elements are determined

iteratively from the mean value of the model
∑

a r̃n,aFa. This prescription was inspired by

the fitting procedure described in Ref. [126], more details can be found in that reference

and at the end of Sec 7.4. We found consistent results from both methods to determine the

“systematic” covariance, including the determination of the decay constant of the ρ-meson

described in the following section, and shown in Fig. 8.8.
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Figure 8.6: Timelike pion form factor using coupled-channel amplitude parameterizations showing
variations detailed in Table 8.1(blue curves). Also shown the discrete elastic determinations of
Section 8.1.1 and the corresponding elastic Omnès description. The bottom panel shows the form
factor phase difference with respect to the ππ phase-shift. The points in between panels show the
energy of the levels used to constrain the form factor energy dependence. The red dotted vertical
line indicates the KK threshold.

The timelike pion form factor for these descriptions is shown in Fig. 8.6, where we see

only modest spread over the different parameterizations, and rather close agreement with

the result of Sec. 8.1.2 described in terms of the Omnès function over the elastic region. The

bottom panel of Fig. 8.6 shows the difference between the form factor phase and the ππ P -

wave phase-shift, which above the KK threshold need not coincide.2 However, due to the

inelasticity in the scattering amplitude being close to 1, indicating little ππ,KK channel

coupling we expect a small phase difference, and indeed we observe that the differences

agree with zero.
2Watson’s theorem equating the production phase to the scattering phase-shift applies rigorously only

in the elastic region.
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Figure 8.7: Coupled-channel parameterization variations of Table 8.1 plotted over the inelastic
energy region. The red dotted vertical line indicates the KK threshold.

In Fig. 8.7 we show the timelike pion and kaon (isovector) form factors for energies

above the KK threshold, where we observe a much greater sensitivity to the choice of

scattering amplitude parameterization in the kaon case. In particular the kaon form factor

using the “γ(1)” parameterization inherits a larger coupling to the ρ from the scattering

amplitude, and more of a resemblance to the tail of the resonance. Nevertheless, the kaon

amplitudes broadly agree within the fairly large uncertainties. They differ most at and

below KK threshold, but this is precisely where the finite-volume approach becomes weak,

as the contribution of the production amplitude to the finite volume matrix elements is

exponentially suppressed below its threshold (see Appendix A of Ref. [79]). In the current

case, this can be understood in terms of the poorly constrained value of the coupling of the

KK channel with the ρ-resonance. For a narrow resonance the value of fa at the resonance

mass mR is approximated by,

fa = −i
√

16π
ĉa

mRΓR
F (L)
n +O

(
ΓR
mR

)
, (8.8)

and the value of ĉKK varies significantly between the reference coupled-channel and the
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“γ(1)” scattering parameterizations, with a greater value in the latter case.

To conclude this chapter we can employ the computed form factors to extract electro-

magnetic properties of the π and ρ hadrons.

8.3 π and ρ parameters from form factors

The spacelike form factor is typically characterized by its slope at zero momentum transfer,

what is commonly referred to as the ‘charge radius’
〈
r2
π

〉1/2, where3

〈
r2
π

〉
≡ 6

d

ds
fπ(s)

∣∣∣∣
s=0

. (8.9)

We determine this quantity from the parameterization in Eq. (8.5), obtaining
〈
r2
π

〉1/2
=

0.614(7) fm. This value sits in between the experimental pion charge radius,
〈
r2
π

〉1/2
=

0.659(4) fm, and kaon charge radius,
〈
r2
K

〉1/2
= 0.560(31) fm, reported by the PDG [10].

From the effective field theory result of Ref. [127], this is the radius that we would expect,

given our lattice pion mass lies between the physical pion and kaon masses. In particular

Ref. [127] shows that the radius of the pseudoscalar meson, using the effective field theory

defined by the chiral symmetry breaking pattern of QCD, is an analytic function of its

mass except for a logarithmic singularity at mπ = 0. This result is also consistent with

previous analyses of timelike form factors determined at similar pion masses in the lattice

[38, 39].

The timelike pion form factor is dominated by the contribution of the ρ resonance,

and at the resonance pole, the ππ production amplitude factorizes into the coupling of the

ρ-meson to the ππ system and to the electromagnetic current,

Hµππ,m =

√
16π cππ
sR − s

〈
ρ(P,m)

∣∣J µ
∣∣0
〉
.

3See Ref. [45], and references therein, for a discussion about the proper interpretation of this quantity
when it is comparable to the Compton wavelength of the system.
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The current-vector matrix element can be expressed in terms of a Lorentz-invariant ρ-

photon coupling, which we choose to parameterize in a dimensionless form,

〈
ρ(P,m)

∣∣J µ
∣∣0
〉

= εµ∗(P,m) fV m
2
R , (8.10)

where m2
R = Re(sR).

One definition of the ρ meson decay partial width into an electron-positron pair,

Γρ→e+e− =
4πα2

3
mR|fV |2 ,

uses this coupling, and use of the PDG average of Γρ→e+e− can thus provide an estimate

for |fV |. A more consistent approach, which was taken in Ref. [128], would be to describe

the e+e− → ππ cross-section energy dependence using the infinite-volume amplitude pa-

rameterizations presented earlier, and analytically continue them to the pole, yielding a

complex valued fV .

Practical extraction of fV coupling from our lattice-constrained amplitudes varies

slightly depending upon the form of the amplitude construction. In the elastic case us-

ing K-matrix parameterizations, we may simply use the ππ coupling from the scattering

amplitude and the singularity-free function, F(s), evaluated at the pole location [128],

fV = −
√

4

3

1

m2
R

√
16π ĉππ F(sR) .

In the case of the Omnès parameterization of Eq. (1.45) one needs to analytically continue

the Omnès function Ω into the unphysical Riemann sheet. This can be achieved by multi-

plying Ω by the S-matrix evaluated in the unphysical Riemann sheet where the scattering

amplitude houses the resonance pole.

In the coupled-channel case, the extracted coupling value is independent of whether it
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is pulled from the pion or kaon form factor, in both cases being,

fV = −
√

4

3

1

m2
R

√
16π

(
ĉππFππ(sR)− ĉKKFKK(sR)

)
. (8.11)

In Fig. 8.8 we summarize our determinations of fV using extractions from elastic and

coupled-channel parameterizations of various forms. The values are seen to be in good

agreement, and as expected for a calculation at an unphysical quark mass, they differ

somewhat from the experimental value following from the PDG’s ρ→ e+e− partial width.

The errorbars include the uncertainties on the resonance parameters, ca and sR, extracted

from the scattering amplitude, as well as those of the smooth functions Fa, which are

estimated from the variance of the F (L)
n data and the finite-volume correction factors. The

orange and purple points show two different strategies for handling the error propagation

from the finite-volume correction factors, as discussed in Sec. 7.4. Green points differ from

the orange ones by the functional form of the scattering amplitude used to describe the

spectra and to calculate the finite-volume factors, see Eq. (5.15) in Sec. 5.2.2.

The value coming from the Omnès parameterization serves as a conservative estimate

at mπ = 284 MeV,

fV = 0.224(6) e−iπ·0.0418(27) [−0.09] ,

Γρ→e+e− = 8.9(5) keV ,

where the coupling is observed to be close to being real valued, with small correlation

between magnitude and phase (the number in square brackets).

A mild pion mass dependence was observed in Ref. [129] where the ρ was studied using

only two light quark flavors and without explicit finite-volume correction (as it was either

stable or very narrow at the pion masses considered), and in Refs. [35, 36] similarly for

three flavors.
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Figure 8.8: Vector decay constant, fV , for the ρ meson. The first two values correspond to the
experimental extraction reported by the PDG[10] and the dispersive description of experimental
data by Hoferichter et. al. [HKZ] [128]. Subsequent values are the result of this analysis, for only
the elastic region (circles) and also including the coupled channel region (squares).

This concludes our presentation of the results from this lattice calculation. We found

that the pion form factor, determined using the coupled-channel formalism, aligns with the

elastic result, serving as a consistency check. Moreover, we determine the kaon isovector

timelike form factor for the first time from QCD, albeit with considerable uncertainty.

We anticipate that applying this technology to a system with a more evenly distributed

flavor split associated with the finite volume states, as described in Fig. 7.3 with 25 ππ

dominated levels versus 7 KK dominated levels, will yield comparable errors for the form

factors in each of the considered channels.

Additionally, we successfully described the finite volume matrix elements over two dis-

joint kinematic regions, allowing us to interpolate the unphysical region depicted between

the vertical lines in Fig. 8.4a. While the unphysical kinematic region cannot be experimen-

tally realized for a current interacting with an isolated pion, the value of fπ in this region

can be probed with physical kinematics when employing the on-shell decomposition ofWdf

given in Chapter 3. This involves processes with two hadrons, one of them would need to

be a charged pion, interacting together with the electromagnetic current. In that case the
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initial and final states can have different invariant masses, allowing for small and positive

values of current virtualities, with the formalism of Chapter 3 restricted to virtualities less

than 4m2
π. The dispersive determination using the Omnès function, which is an analytic

improvement over the GS parameterization, might in general be helpful to fully describe

the on-shell decomposition of amplitudes that feature the pion form factor as a subprocess.

For example, future calculations of amplitudes of the form 2
J−→ 2 from lattice QCD,

e.g. to extract the ρ-meson resonance charge radius by employing external two-pion states,

will likely benefit from an analytically improved function describing the single pion form

factor, fπ, that was constrained with both timelike and spacelike data. This is because the

two-hadron matrix elements that can be extracted from the lattice are allowed to access

kinematics with spacelike virtuality Q2 ≤ 0, as well as timelike virtuality 0 > Q2 > −4m2
π.
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Chapter 9

Summary and Outlook

Examination of poles and their residues in scattering and transition amplitudes computed

using Lattice QCD provides a promising avenue for understanding the spectrum and ex-

ploring the internal arrangement of quarks and gluons within hadrons. The field’s achieve-

ments have been driven by various efforts, including the deployment of high-performance

computing hardware and the development of algorithmic techniques. Notably, one key ad-

vancement has been the derivation and implementation of the appropriate “finite-volume”

formalism for extracting amplitudes from LQCD spectra and matrix elements.

These techniques have proven effective for studying interactions between pairs of hadrons,

and more recently, three-hadron systems have also begun to be explored [117, 130, 131, 132].

Similarly, the feasibility of extracting transitions to two hadrons in the elastic energy region

has been established, even in cases where partial-wave mixing is induced by finite volume

effects [85].

For the first time, we successfully implemented the extraction of a coupled-channel

transition amplitude from a Lattice QCD dataset. Specifically, we calculated the elec-

tromagnetic timelike form factor of the pion within the elastic region and also above the

kaon-antikaon threshold, where we extracted the timelike kaon isovector form factor. By

comparing our results to an analysis restricted to the elastic energy region, we demonstrated

the consistency of the coupled-channel formalism with the established elastic formalism.
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Notably, in our specific case where a vector meson resonance appears within the elastic

energy region, we found that the extraction of resonance parameters is consistent between

the elastic and coupled-channel analyses, with the latter providing a more precise result

due to increased data constraining the amplitudes.

In this calculation we also described the analytic behavior of the pion form factor in

a wide energy region that included spacelike virtualities and the elastic timelike energy

region. The procedures for extracting the spacelike and timelike form factors from LQCD

differ significantly. In the spacelike region, LQCD matrix elements directly correspond to

their infinite volume counterparts, up to exponentially suppressed corrections. However,

in the timelike region, we applied a non-trivial finite volume correction to each matrix ele-

ment. Subsequently, we demonstrated that the data in these two regions can be described

simultaneously by a single parameterization that incorporates the analytical properties of

the form factor related to causality, conservation of probability, and crossing symmetry.

This is in part possible thanks to the absence of a left hand cut on the timelike form factor.

Specifically, we used a dispersive integral featuring only a right-hand cut. This consistency

check validates the finite volume formalism implemented for the timelike region.

An important requirement for the calculation in the timelike region was the extraction

of energies and matrix elements beyond the ground state of the lattice for several momenta

and irreps. In total we determined 32 energy levels across ten different irreps, resolving

reliably up to five different energy levels in one irrep. This was achieved thanks to the

possibility of generating a large and diverse variational basis to overlap with the states.

This basis included operators that mimic the wave functions of single-meson and non-

interacting meson-meson states. For the two-meson operators in our basis, we employed

all combinations for which their non-interacting energy fell within the kinematic region

where we wanted to obtain the infinite volume amplitudes.

The solution of the GEVP of a correlation matrix made with the operator basis we

just described gave us access to the energies of these states and the linear combinations of

operators with optimal overlap for each level. The correlation functions constructed with
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these optimized operators latch primarily to a single state, and have minimal contamina-

tion from other states. In particular, minimizing the contribution from lower energy states

is essential to extract matrix elements that are dynamically suppressed with respect to

those of the lower energy states. In practice, we found that ratios of correlation functions

constructed with optimized operators, along with an operator corresponding to the inser-

tion of the isovector component of the electromagnetic current, were most convenient for

extracting the matrix elements.

The finite volume correction, the LL factor, for a coupled-channel transition is math-

ematically formed by a vector in channel space. Each component of this vector indicates

the dynamic mixing of the asymptotic two-hadron states into each of the stationary states

of the finite volume. In the elastic case, where the LL factor is a single number, there

exists a one-to-one correspondence between finite volume matrix elements and the infinite

volume pion form factor. This correspondence allows for a direct determination at each

of the energies within the elastic spectra. However, this is not the case for a coupled-

channel analysis. In this scenario, each matrix element provides a constraint for a linear

combination of the form factors, weighted by the components of the LL factor.

A similar obstacle arises in the determination of scattering amplitudes in coupled-

channel systems, and we employ a similar technique to circumvent it: proposing a func-

tional form for the energy dependence of the form factors with variable parameters. By

varying these parameters, we minimize the difference between the calculated finite volume

matrix element and that obtained from the parameterization. It has proven useful to split

the energy dependence of the form factors into two components: one describing the strong

scattering behavior, which varies significantly with energy due to the nearby ρ resonance,

and another representing a slowly varying function of energy that describes the production

of the system. This splitting results from finding a parameterization that satisfies unitarity

in the coupled-channel region.

This result improves on the technique to extract only the elastic timelike form factor

[37, 38, 39]. It also moves a step forward with respect to previous extractions of the decay

164



constant of the ρ, which neglected the finite volume corrections associated with the LL

factor and the analytic continuation to the resonance pole [35, 36].

Continuum methods, employing the Schwinger-Dyson equation, can also be used to

calculate the timelike form factor of pseudoscalars [133, 48]. These methods could, in

principle, be compared to the results of this work by tuning the input parameters to

reproduce the masses of the pseudoscalars on this lattice. Decay constants extracted

from the lattice can also be compared with these continuum methods, for example the

calculations of Refs. [48, 134].

The continuum methods can provide a complimentary picture to LQCD of the non-

perturbative dynamics of QCD at the hadronic scales. In general, the accuracy of the

truncation necessary in these methods, e.g. the “rainbow-ladder” description of the quark-

gluon vertex and the gluon propagator [135], cannot be known a priori, and predictions can

have uncontrolled systematic errors. However, continuum methods do not suffer from the

finite-volume effects present in the multi-hadron sector of LQCD, which requires a different

formalism for each type of process. Nonetheless, within the two- and three-hadron sectors,

including amplitudes with one or two external currents, the LQCD community has been

quite successful in formulating corrections that remove all power-like finite-volume effects,

with the remaining exponentially suppressed being negligible for modern computations.

Going beyond the three-hadron sector from the lattice, a promising avenue is to consider

spectral functions to calculate inclusive rates [136].

The second main result presented in this thesis is the formulation of a prescription to

extract elastic form factors of resonances from finite volume matrix elements and energies.

This result builds on the formulations used in modern LQCD calculations to extract res-

onance parameters: the mass, the width, the couplings, and transition form factors. This

extraction would consist of a two-step process.

The first step involves calculating W amplitudes (2 J−→ 2), where initial and final
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two-hadron states couple to a resonance. This calculation is performed by applying the

appropriate finite volume correction to the corresponding finite volume matrix elements

obtained via LQCD. In the second step, we describe the energy and virtuality dependence

of W using a parameterization consistent with unitarity and analyticity. This allows for a

controlled analytic continuation to the resonance pole. Finally, the form factor is propor-

tional to the residue of W at this pole. It is important to note that this structure involves

a double pole: one in the initial state energy and another in the final state energy.

For the second step of calculating resonance form factors, we obtained a decomposition

of W in terms of amplitudes of sub-processes, known kinematic functions, and unknown

dynamic functions that are constrained to be real within the physical region. This de-

composition of W is conceptually similar to the description of the two-body scattering

amplitudeM in terms of a real valued K-matrix. To derive the decomposition, we solve

for W in the integral equation describing the amplitude to all-orders in the strong interac-

tion, this ensures that the result is consistent with unitarity and analyticity. The integrals

describing rescattering can be separated into two contributions: unknown dynamic func-

tions, like the K-matrix, and known kinematic functions, like the phase space. Thanks to

this splitting, the integral equations can be reformulated in terms of algebraic relations in

the partial-wave and channel space, which can be solved to obtain the decomposition of

W.

The analytic representation of W, in particular its unknown dynamical functions, can

be constrained from computed finite-volume spectra and the corresponding finite-volume

matrix elements. The representation of W contains a term involving the scattering am-

plitude, M, of the initial state and the final state. The presence of the factors of M,

leads to poles in the initial and final energies, with a residue that is proportional to the

resonance form factor. An appropriate analytic representation ofW is essential to perform

this analytic continuation.
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9.1 Future work

The results presented here are only applicable within energy regions where at most two

hadrons can go on shell, although they can be applied above the threshold of multiple

two-hadron channels. Progress towards studying transitions involving three hadrons is

underway, see for example Ref. [116]. Another avenue of research is to consider spectral

functions to calculate inclusive rates [136]. Transitions with two current insertions have

also been considered, and future calculations of processes like γγ → ππ from LQCD are

possible, the finite volume corrections are known [137], as well as the analytic representation

of the infinite volume amplitude [110]. The formalism presented for the W amplitude is

also restricted to spinless hadrons, and a generalization for particles with spin will be

necessary if we foresee to implement this technique to systems with nucleons. Finally,

these techniques only take into account the leading order electroweak contribution, which

is sufficient for the study of resonance properties, but higher order contributions could be

needed if applied to a precision calculation that needs to be compared to an experimental

result, e.g. calculations of CP-violating decays.

The technology implemented for the calculation of a coupled-channel transition from

LQCD can be employed to study other hadronic systems when coupled to an external

currents. Let us first illustrate this with an example, and later we will list various systems

where these results serve as a proof-of-principle of the finite-volume technology.

On the light-flavor sector, there is evidence for hybrid states with exotic quantum

numbers JPC = 1−+. There is consensus on an isovector π1 state [138, 139], as well as an

indication of an isoscalar η1 partner [140, 141]. The partial width of the π1 to different

two-hadron channels has been calculated in a lattice where the quark mass is such that

only two-hadron channels are open [70]. Another LQCD study calculated the radiative

width Γ(J/ψ → γη1), the only channel where the η1 has been observed experimentally,

but neglected the finite-volume effects associated with the unstable nature of the η1 [142].

Closer comparison to experimental results could be achieved by calculating simultane-
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ously the radiative production as well as the hadron decay. This type of calculations has

been carried out for the ρ [143, 144] and the K? [85], which decay into the elastic ππ and

Kπ channels, respectively. When calculating a similar amplitude for the JPC = 1−+ octet

in LQCD, multiple decaying channels would have to be taken into account, even at higher

than physical pion masses, due to the small mass splitting between the vector mesons and

the pseudoscalar singlet.

This work provides a demonstration on how to perform this type of coupled-channel

radiative transition analysis, which in this case involved γ → ππ/KK in the context of

the ρ channel. This results in the simultaneous extraction of the radiative coupling of the

resonance (in this case γ → ρ), as well as the strong decay width of the ρ. Other systems

of interest that require the implementation of the coupled-channel technology presented

here are the CP -violation observed in the D0 → ππ/KK decays [145], and the isospin

breaking corrections of kaon decays, i.e. K → π0π0/π+π−.

The completion of a prescription to map LQCD matrix elements to 2
J−→ 2 transitions,

opens the door to study a new type of amplitudes that had not been previously accessible

by first-principles QCD. This allows the calculation of properties of resonances, such as

their electromagnetic form factors or gravitational form factors. For example, in the case

of the ρ meson, the extraction of its elastic form factors from W could be compared with

results whenever it is stable under the strong interaction [94, 146], allowing us to study

the effect of quark mass variation on the form factors.

The extension of the 2
J−→ 2 technology to take into account hadrons with spin could

also have a significant impact on the SM and Beyond the Standard Model phenomenology.

For instance it would allow us to constrain low energy constants of nuclear models, which

in turn could be used to predict neutrinoless double beta decay rates, and interaction

cross-sections between a neutrino and a nucleus. The former is sensitive to the nature

of the neutrino, which is possibly the only Majorana fermion in the SM, while the latter

is relevant for neutrino oscillation experiments, see Ref. [147] for a discussion about the

potential applications of LQCD for nuclear physics.
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The results presented in this work bring us a step closer to the direct calculation of

structural properties of resonant states from first-principles. Furthermore, the determina-

tion of coupled-channel transition amplitudes from QCD can be employed as a resource

complementary to experimental efforts studying the hadron spectrum as well as SM phe-

nomenology.
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Appendix A

Infinite series identities

We will use the following shorthand notation for infinite geometric series

[A]g ≡
∞∑

n=0

An = 1 +A+A ·A+A ·A ·A+ . . . . (A.1)

With this notation, some useful identities are

[A ·B]g ·A = A · [B ·A]g , (A.2)

[A]g = 1 +A · [A]g = 1 + [A]g ·A = (1−A)−1 , (A.3)

where the last equality might imply an analytic continuation to define the inverse over all

possible values of A other than A = 1. This means that if |A| > 1, the series should not

discarded as divergent, but as placeholder for the function (1 − A)−1, which is finite for

A 6= 1. We also employ the identity

[A · (B + C)]g = (1−A · C)−1 · (1−A · C) · (1−A ·B −A · C)−1 , (A.4)

= (1−A · C)−1 · (1−A ·B · (1−A · C)−1)−1 , (A.5)

= [A · C]g · [A ·B · [A · C]g]g , (A.6)
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where we have taken into account that different elements may not commute, and therefore

the inverse is defined to be (A ·B)−1 = B−1 ·A−1.
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Appendix B

Analytic continuations to unphysical

sheets

This appendix heavily draws from App. B of Ref. [98]. In this appendix, we review the

analytic continuation of M to the unphysical sheet, and illustrate how the procedure

extends to the transition amplitude W. Physical scattering amplitudes on the real s axis

are boundary values of an analytic function, which has a discontinuity across the branch

cut given by the unitarity relation Eq. (1.18). Therefore, we can formally define the second

sheet amplitude by continuing through the branch cut, using the boundary condition

MII(s±) =M(s∓) , (B.1)

where we have defined the short-hand notation s± = s± iε and assume that ε→ 0+. Using

this short-hand, the unitarity relation in Eq. (1.20) can be expressed as

M(s+)−M(s−) = 2i ρ(s+)M(s−)M(s+) , (B.2)

where we have used the Schwarz reflection principle M∗(s) = M(s∗). For technical con-

venience, we choose to continue the amplitude to the second sheet in the upper-half s

plane, i.e. MII(s+) = M(s−). We then use the Schwarz reflection principle to extend
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the result to the lower-half s plane, which is nearest to the physical region assuming the

usual +iε prescription. The result is identical if one chooses to continue to the lower-half

plane directly, however we find this approach convenient to simplify the later derivation

for the 2
J−→ 2 amplitude. Assuming a continuation to the upper-half plane, we now insert

Eq. (B.1) into (B.2), and solve forMII to find

MII(s) =
1

1 + 2i ρ(s)M(s)
M(s) . (B.3)

One can make similar arguments for the lower-half plane, with an additional boundary

condition for the phase space factor ρ(s+) = −ρ(s−), finding the same form as Eq. (B.3).

In the case of the 2
J−→ 2 amplitude W, we have to analytically continue both the

initial and final state invariant mass squares si and sf , respectively. It is sufficient to

consider Wdf since this is the only contribution which can have both initial and final state

resonance poles. Since both variables are continued, we impose the boundary condition

WII,II
df (sf,±, Q

2, si,±) =Wdf(sf,∓, Q
2, si,∓) , (B.4)

where the double superscript indicates both variables are continued to their respective

second sheets. The on-shell representation Eq. (3.6) ensures that the imaginary part of

Wdf takes the form

ImWdf(sf , Q
2, si) =M∗(sf )ρ(sf )Wdf(sf , Q

2, si) +W∗df(sf , Q
2, si)ρ(si)M(si)

+M∗(sf )f(Q2)ImG(sf , Q
2, si)M(si) , (B.5)

which shows there is an additional singular term arising from the triangle function. This

additional term implies that we cannot just continue both the external M functions in

Eq. (3.6), but that we also need to continue G.
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We first write the imaginary part as the difference

2i ImWdf(sf , Q
2, si) =Wdf(sf,+, Q

2, si,+)−W∗df(sf,+, Q
2, si,+) ,

=Wdf(sf,+, Q
2, si,+)−Wdf(sf,−, Q

2, si,−) , (B.6)

where in the second line we used the extension of the Schwarz reflection principle for

multivariate functions, the edge-of-the-wedge theorem, to write the conjugated amplitude

as a function of variables evaluated on the lower-half plane, i.e. W∗df(sf,+, Q
2, si,+) =

Wdf(sf,−, Q2, si,−). Using the Schwarz reflection principle for the scattering amplitudes,

Eqs. (B.5) and (B.6) give us the relation

Wdf(sf,+, Q
2, si,+)−Wdf(sf,−, Q

2, si,−) = 2iM(sf,−)ρ(sf,+)Wdf(sf,+, Q
2, si,+)

+ 2iWdf(sf,−, Q
2, si,−)ρ(si,+)M(si,+)

+ 2iM(sf,−)f(Q2)ImG(sf,+, Q
2, si,+)M(si,+) .

(B.7)

We now impose the boundary conditions Eqs. (B.1) and (B.4), again continuing to the

upper-half planes, the W amplitude on the second sheets is given by

WII,II
df (sf , Q

2, si) =
1

1 + 2iM(sf )ρ(sf )
Wdf(sf , Q

2, si)
[

1− 2i ρ(si)MII(si)
]

+MII(sf )f(Q2)
[
G(sf , Q

2, si)− 2i ImG(sf , Q
2, si)

]
MII(si) , (B.8)

where we have extended the domain from near the real axis to the entire upper-half complex

planes. We now use the on-shell form Eq. (3.6), as well as (B.3) to construct an on-shell

form

WII,II
df (sf , Q

2, si) =MII(sf )
{
A22(sf , Q

2, si)

+ f(Q2)
[
G(sf , Q

2, si)− 2i ImG(sf , Q
2, si)

] }
MII(si) , (B.9)
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where the term in square brackets is precisely the triangle function on the unphysical sheets

as presented in Eq. (3.13), using similar arguments as above. As claimed in Sec. 3.3, this

gives the analytic continuation of Wdf on to the second Riemann sheets in both variables,

Eq. (3.12). A similar procedure holds for arbitrary currents with the two hadrons in an

arbitrary partial wave, noting that the Lorentz structure does not introduce any physical

singularities in the si/sf planes.
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Appendix C

Bayesian model average and

resampling methods

This appendix addresses the implementation of the Bayesian Model Averaging (BMA)

described in Ref. [124], with the jackknife resampling described in Sec. 2.2.6.1. We find

that a prescription to implement the BMA mean and error is to form a linear combination

of the jackknife ensembles of each model, weighted by the model probability, e.g. with the

Akaike Information Criterion (AIC), and then to inflate the error of the ensemble to match

the BMA prescription.

Let the parameter a be the estimator of the mean of the observable A,

a =
1

N

N∑

i

Ai , (C.1)

where the index i indicates each element of an ensemble {A} of independent and identically

distributed random variables. The expectation value and variance of a are equal to

〈a〉 = 〈A〉 , (C.2)

〈
(a− 〈a〉)2

〉
=
σ2
A
N

, (C.3)
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where σ2
A ≡

〈
(A− 〈A〉)2

〉
. This last quantity can be calculated from the unbiased estima-

tor

σ2
a =

1

N(N − 1)

N∑

i

(Ai − a)2 , (C.4)

〈
σ2
a

〉
=
σ2
A
N

. (C.5)

From the central limit theorem we expect a to follow a normal distribution, as long as σ2
A

is finite.

Suppose we have different models, Mα, to describe a data set, and from each we can

obtain the observable A. In this case we will have access to different ensembles {Aα} of

the observable, we will use the notation Aiα for elements of each these ensembles. Latin

indices will be used for the ensemble index, whereas greek indices will label models. The

expectation values of the mean estimator of each ensemble will be denoted as

〈a〉α ≡ 〈aα〉 =

〈
1

N

N∑

i

Aiα

〉
, (C.6)

which might be a bit of an abuse in notation, but will come in handy when relating to

the Bayesian Model Average (BMA) of Ref. [124]. The mean square error of the mean

estimator of each model is

σ2
a,α =

1

N(N − 1)

N∑

i

(Aiα − aα)2 , (C.7)

〈
σ2
a,α

〉
=
σ2
Aα
N

. (C.8)

where we introduced σ2
Aα as the variance of the observable when estimated with model

Mα. Let us form a new ensemble and call it the averaged ensemble {Aavg}, as a weighted

sum of the model ensembles with probabilities pα associated with each model, e.g. the AIC

177



weights,

Aiavg ≡
∑

α∈M
Aiα pα . (C.9)

The mean estimator of this new ensemble is,

aavg =
1

N

N∑

i=1

Aiavg =
1

N

N∑

i=1

∑

α∈M
Aiαpα , (C.10)

=
∑

α∈M
aαpα . (C.11)

where aα is the estimator of the mean of the observable given the data is described by

model Mα. The expectation value of this quantity, being a linear operation, is equal to

〈aavg〉 =
∑

α∈M
〈a〉α pα (C.12)

This equation is identical in structure to Eq. (6.17), so we can claim that

〈a〉BMA = 〈aavg〉 . (C.13)

Next we calculate the error on the estimator of the mean square error of aavg,

σ2
aavg =

1

N(N − 1)

N∑

i=1

(Aiavg − aavg)2 , (C.14)

=
1

N(N − 1)

N∑

i=1

(∑

α∈M
pα(Aiα − aα)

)2

, (C.15)

=
∑

α,β∈M
pαpβ

1

N(N − 1)

N∑

i=1

(Aiα − aα)(Aiβ − aβ) , (C.16)

=
∑

α,β∈M
pαpβσ

2
a,αβ , (C.17)

〈
σ2
aavg

〉
=

∑

α,β∈M
pαpβ

σ2
AαAβ
N

, (C.18)

where we adopted the definition σ2
a,αα ≡ σ2

a,α. The expectation value of this quantity, is
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the weighted sum, with the probabilities pαpβ , of all the elements of the covariance matrix,

σ2
AαAβ
N

=
〈

(aα − 〈a〉α)(aβ − 〈a〉β)
〉
. (C.19)

Note that trying to implement the same abuse of notation for the expectation value as we

did for 〈a〉α is ambiguous. This expectation is evaluated over configurations and contains

estimators from two different models, which was not needed or considered for the results

presented in Ref. [124].

The important point is that the expectation value of Eq. (C.18) is not analogous to

Eq. (6.18), which in this notation would be given by

σ2
a,BMA =

∑

α∈M
pασ

2
a,α +

1

2

∑

α,β

pαpβ(aα − aβ)2 . (C.20)

Their difference is given by,

σ2
a,BMA − σ2

aavg =
1

2

∑

α,β∈M
pαpβ

(
(aα − aβ)2 + σ2

a,α − 2σ2
a,αβ + σ2

a,β

)
, (C.21)

〈
σ2
a,BMA

〉
−
〈
σ2
aavg

〉
=

1

2

∑

α,β∈M
pαpβ

(
(〈a〉α − 〈a〉β)2 +

2

N

(
σ2
Aα − 2σ2

AαAβ + σ2
Aβ

))
,

(C.22)

where we the quantities on the right hand side are greater or equal to zero, meaning that

the variance of the BMA prescription is always greater or equal than the variance of the

averaged ensemble. Notice that the difference between the BMA errors and σ2
aavg has a

term of order zero in addition to the 1/N term. This means that this difference is not a

statistical bias, but a systematic effect. In practice we notice that this effect is typically

on the order of 10% for the datasets presented in this work.
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Appendix D

Finite volume correction in weakly

interacting systems

In this appendix we present a few simple examples of the calculation of the finite volume

corrections in the limit of a two-meson non-interacting system. In this case we can associate

each level to a meson pair with momentum type k and P − k, and total momentum P.

Note that the wave function of the system will be given by the linear combination of the

contributions with momentum Rk, for all rotations R in the little group of P, as given in

Eq. (2.20).

In the non-interacting case it is most convenient to utilize the correction given by

Eq. (2.5), which in the non-interacting limit of a single channel reduces to

R̃Λµ,P,k
`,`′ = 2En.i. lim

E→En.i.
(E − En.i.)F

Σ
`,`′(E,P, L) , (D.1)

where we have set K-matrix to zero, K(s) = 0, and FΣ
`,`′ = F`,`′ − iρ δ`,`′ . We use the state

labeling |n〉 = |Λµ,P,k〉 with Λµ the lattice irrep and the row within. Since we only deal

with simple cases, we assume that each partial-wave ` is only subduced to the irrep Λ once,

which is in general not the case. The non-interacting energy is given by En.i. = ωk + ωPk,

where ωk =
√

k2 +m2 and ωPk =
√

(P− k)2 +m2.
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Let us look first at the case of an S-wave, which only subduces to one-dimensional

irreps, so we can drop the row label µ, and we use the expression for F0,0 in the S-wave

given in App. B.2 of Ref. [111],

R̃Λ,P,k
0,0 = 2En.i. lim

E→En.i.
(E − En.i.)

1

L3

∑

q

1

2ωq

1

E − (ωq − ωPq)
1

E − (ωq + ωPq)
, (D.2)

where L3 is the lattice volume, and the summation goes over all allowed lattice momenta

q = 2π
L d, with d a triplet of integers. This equation simplifies to

R̃Λ,P,k
0,0 =

ωk + ωPk
2L3ωkωPk

lim
E→En.i.

∑

q

E − (ωk + ωPk)

E − (ωq + ωPq)
. (D.3)

In the case where particles are identical, the finite-volume correction for P = 0 is equal to

R̃A
±
1 ,0,k

0,0 =
1

L3ωk
Nk , (D.4)

where Nk is the number of different allowed lattice rotations of momentum k. In the case

of non zero momentum for identical particles we get contributions from q = k as well as

q = P− k, which will not be related by a rotation in the little group of P, and the finite

volume correction is equal to

R̃Λ,P,k
0,0 =

ωk + ωPk
L3ωkωPk

NPk , (D.5)

where NPk is the number of different momenta Rk that can be generated from the rotation

R, which belongs to the little group of P.

In this prescription the finite volume correction is given by

F (L)
Λµ,P,k = rΛµ,`

P,k (L) f(E2
n.i.) , (D.6)

where f(s) is an infinite volume production form factor from a current with J = `, from
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which the threshold behavior of k?` has been removed, and the finite-volume correction is

given by

rΛµ,`
P,k (L) = k?`

√
R̃Λµ,P,k
`,` , (D.7)

which we can define in this case because we are only looking at examples where R̃ is

diagonal in partial-wave space, which is in general not the case.

We can now specialize back to the case of ` = 0, to find the finite volume correction

for several states

r
A±1 ,0
[000],[000]

m
= (mL)−3/2 , (D.8)

r
A±1 ,0
[000],[100]

m
=

1

mL

√
6

ω1L
, (D.9)

r
A1/2,0

[100],[100]

m
=

1

(mL)3/2

√
ω1 +m

ω1
, (D.10)

r
A1/2,0

[100],[010]

m
=

2

mL

√
ω1 + ω2

ω1ω2L
. (D.11)

where we used the notation k = |k|2 for the subindex of ωk.

In the case of an arbitrary partial wave `, ignoring the possible multiple embeddings

of the wave into the irrep Λ, using F from App. B.2 of Ref. [111], Eq. (D.3) becomes

R̃Λµ,P,k
`,`′ =

ωk + ωPk
2L3ωkωPk

× lim
E→En.i.

∑

q

SΛµ
λ D

(`)
mλ(P)Y`m(q?)Y∗`m′(q?)D

(`′)∗
λ′m′(P)SΛµ

λ′

× E − (ωk + ωPk)

E − (ωq + ωPq)
. (D.12)

where SΛµ
λ is the subduction coefficient, which can be found in Refs. [60, 61], Y`m was

introduced in Eq. (3.73), and D(`) is the Wigner-D matrix, evaluated for the rotation

defined by R ẑ = P̂.
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We can calculate the finite volume correction for a couple of simple cases in the P -wave

r
T±1 ,1
[000],[100]

m
=

1

mL

√
6

ω1L
, (D.13)

r
A1/2,1

[100],[100]

m
=

1

(mL)3/2

√
3(ω1 +m)

ω1
. (D.14)

and we can note that the finite volume correction for the S-wave and P -wave subduced to

the state
∣∣A1/2, [100], [100]

〉
, where the ‘1/2’ index depends on the parity of the system,

differs by a factor of
√

3.
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