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ON THE PROOF OF CAUCHY'S THEOREM



INTRODUCTION

This thesis 1s a presentation of two different
approaches to the proof of Cauchy's Theorem for a Simply
Connected Domain, |

First, we prove the theorem by the widely-used method
of approximating the integral of a function (analytic on a
~simply connected.domain) over a closed rectifiable curve con-
tained in the domain using the integral of this function ofer
the boundaries of polygons (the polygons approximating the
curve). As hinted above, this method is used in many texts -
but it is almost always simply sketghed or outlined and the
details are usually left to the reaaer. It is the princi-
pal effort of this thesis to insure that every detail and
every argument needed in this proof has been thoroughly in-
vestigated and handled 'in a manner so as to leave nothing -
to-the reader's imagination. As an example, the properties
of polygons, including the tedious‘problem of triangulation,;.
is approached with mdré rigor than is commonly used so as toC
so0lidify the foundation of the proof. |

Second, we prove the theorem by showing that an analy-
tic function'defined on a bounded simply'connected domain
can be written as the limit of an almost‘ﬁniformly conver-
-gent sequence of'polynomialse Since polynomials have primi=

tive functions, Cauchy's Theorem follows quite easily. - This
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treatment was adapted from the method exhibited by S. Saks
and A. Zygmund, [5], although they prove a stronger result
than we desire,,as they work in the extended plane, while

we work in the unextended plane. Also, they work with ra-
tional functions while we prefer to work with polynomials.
Consequently, an intricate examination was conducted to de-
termine which parts of the work of Saks and Zygmund were not
applicable and which parts could be used, so as. to piece to=-
gether a sound“proof that would accomplish our goal, but in=-
-clude no. extras.

Supﬁlementing the proofs of.tﬁe main theorems is an
array of background material including many helpful defini-
tions and key lemmas, with those not too' obvious béinglproved,
and those whose proofs are found in most texts just being
stated for reference throughout-the;paper} The results in
this paper are self-sufficient, carefully prepared, and |
rigoroﬁsly‘defailéd'treatments of the proof of Cauchy's

Theorem,



SYMBOLS AND NOTATION

T Theorem
D Definition.
L Lemma
R Remark
N Notation
[o] Conclusion
H Hypothesis
‘P Proof
yA Set of Complex Numbers
R Set of Real Numbers
I Set of Integers
1t Set of Positive Integers
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LA Interior of Set A
Ca Complement of Set A
QA Boundary of Set A
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CHAPTER I
CURVES
It will bé assumed throughout this paper that the usual
meaning of continuity, one-sided continuity, differentiability,
and one-sided differentiability will be meant when these con-

cepts are used.

.Dl.1 -Consider a,beR 3 a<b where_z=z(t) : I-Z 1is a continuous

function on the interval I=[a,bl={t|a<t<b}. Then, z=z(t),

tel is defined t&f% continuous curve ( or continuous arc ).
Nl.1 The notation for a continuous curve will be C:z(t), tel,

Rl.1 It is understood that the continuity of z(t) at t=a and

t=b iékone-sided,

Rl.2 The set {z|z=z(t),t I} is a compact, connected set since
I is compact and connected and z=z(t) is continuous. Also,
a curve C is not merely a set of points bﬁt very essentially
‘also a succession of points, ordered by increasing values

of t.

D1.2 Consider the interval I=[a,b] and the continuous curve
C:z=z(t),tel. Then z=z(t) is a gimple curve (or Jordan

arc) iff t,,t,€I 2 tlit2 implies that z(tl)#z(te), ieees

1
z is 1=1, ic€.y z(tl)=z(t2) implies that t;=t,.



D1.3 We call z(a). the initial point of C, and z(b) the ter-

minal point of C.

Dl.% z=z(t) is said to be a closed curve iff z(a)=z(b).

D1.5 =z=z(t) is a simple closed curve (or Jordan curve) iff
(1) z=z(t) is a closed curve, and
(2) tl,tzel X

<t2 and z(t,)=z(t,) implies that t,=a and

1 1

‘t2=bo
Rl.3 From the above it is noted that a simple closed curve

is not simple.

In the following theorem, the usual meaning of domain
will be assumed} However, a concise definition of domain is
given in D2.2 as it is more easily defined then, rather than

at this point,

T1.1 H C:z=z(t),tel is a simple cloded curve.
€ There exist two domains D1 and D2 such that the following
k - : .
conditions hold: (1) <30=D1L)D2; (2) DIFYD2=¢; (3) D

is bounded while D, is unbounded; and (W) @Di=®D2=C,

1

(Jordan Curve Theorem)

Rl.%+ The unbounded domain Dl is termed the interior of the
Jordan curve C and the unbounded domain D, is called the
exterior of C. Thus Tl.l asserts that a Jordan curve<divides

the complex plane into an interior'and an exterior.
D1.6 Consider the continuous curve C:z=z(t),t€I where I is the
interval I={a,b]. We define A to be a partition of I =
. n g _ =
Ac {tk}kzO 3 a-to<tl< ® 90000 o<tn-1<tn"bo



D1.7 We define S(A)z ) [, l2(t)-2(t,_ e

D1.8 We say that £(t) is of bounded variation on I .iff the
set {S(A)} is bounded for all A, i.e., lub S(A)+eo for
.all A.

D1.9 z=z(t) is a rectifiable curve iff {S(A)} is bounded for
all A, i.e., if there exists M>0 2 for all A implies that
| s(A)| <M,

D1.10. If C:z(t),tel is a rectifiable curve, then 1(C) means
the length of C, and 1(C)=1ubS(A) for all A.

'Tl.2 H Given the continuous curve C:z(t),tel where I=[a,b]
and where z(t)=x(t) + iy(%t), tel.
C C:z(%t) is rectifiable iff x(t) and y(t) are both of bounded

variation on I.

Pl.11 Given the continuous curve C:zZt),téI where I=[a,b].
Then 2fz(t) is a differentiable curve iff
(1) +t£I implies that z'(%) exists, and

(2) z'(t) is continuous on I.
(Again we assume the existence of one-sided differentiability

and one-sided continuity at t=a and at t=b).

Tl.3 H Given the differentiable curve C:z(t),t€I where I=
la,b] and where z(t)=x(t) + iy(t), tel.
C (1) Csz(t),tel is rectifiable, and
b 5 - \s
@) )= § [Tx (17 + [y (012 at =] |z (t)]at.
Q. a.

Tl.%4 H Given the differentiable curve C:z(t),tel where I=
la,b] and where z(t)=x(t) + iy(%), tel.
C (1) If tel implies that there exists a bounded derivative



z'(t), then z(t) is of bounded variation.
(2) If tel implies that there exists a continuous deriva=-
tive z'(t), then z(t) is of bounded variation, since a con=

tinuous function on I is necessarily bounded on I.

Dl.12 Consider the continuous curve C:z(t),tel where I=[a,b].

Then, z=z(%) is a regular curve (or regular arc) iff z=z(t),

tel is a differentiable curve and z!'(t)*0 for all tel.

D1.13 We say that z=z(t) is a piecewise differentiable curve

if there exists a A partition of I and z=z(%t),tel, =[t %, ]
1 k-1, b

(k=1,...5n) is a differentiable curve.

D1l.1% We say that z=z(t) is a piecewise regular curve if there

exists a A partition of I and z=z(%), teIkE[tk~l§tk] (k=1,..

«epn) is a differentiable curve where z'(t)$0 for all teIko

D1.15 Consider a,b,a,B€R D there exist intervals I=[a,b] and
J=[a,B]. Consider the two continuous curves Cq:z=f(t),tel
and C,3z=g(¥),XeJ. Then, C,and C, are said to be pot essen-

tially different if there exists a function h:J»I > h(®) is

continuous on J and the following conditions hold:

(1) h(®) is strictly monotonically increasing on J

(2) h(a)=a and h(B)=b

(3) h(®),TE€J is piecewise regular and T& J implies that
g(®)=f(h(®)).

D1.16 We write Cl-‘=C2 iff C1 and 02 are not essentially differ-

ent.

D1.17 Consider the continuous curve C:z=f(t),tel where I=[a,b]
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and tel implies that g(t)=f(a+b-t). Then, the inverse arc

(or opposite arc) of the arc C:z=f(t),tel is defined to be

z=g (t)=f (a+b-t),tel,

-1

Nl.2 =C, C™—, C = inverse arc of C.

1

Rl.5 =(-C) = C.

D1.18 Let the curves C15Cpseee20,C  Dbe defined by the equations
Zl('t),tﬁl:_:{algbl], Zz(t),telgz[a2gb2:}9 s 20009 Zn(t)gtelnz[ang
bn] respectively, Thin, if zk(bk)=zk+l(ak+l) for 1<k<n-1,
we call the curve C= U'Ck the union of the curves Cl’02’°°'

. k=1 _ C
o..,Cn satisfying the following conditions:
(1) C:z=z(t),tGIE[al,bl+bn~an], and
(2)  z=z(t)=z, (t=b, _;+a,) if telb,_;,b,_;+b -2, ] since

té[bk_l,bkml+bkeak] implies that akSt-bk~l+ak$bk°

Dl.19 Considef the simple closed curve C:z(t), tei=la,b].
We'sa& that C is oriented since if two points are given on
the cugve, it is él&ays clear which point precedes the other,
and which part of the curve is to be regarded as "lying be-
tween" the two given points. ( z(t) deseribes the entire

closed path precisely once when t runs over its interval).

D1.20 Keeping in mind Tl.l, if the orientation of a simple
closed path is such that the interior lies to the left, it

is called pogitive orientation, i.e., the curve is described

in the “positive sense.” If the crientation is described in
a manner that the interior lies to the right, it is called

negative orientation, i.e., the curve is described in the

fnegative sense." (Note that this reasoning does not apply



‘and is therefore not meaningful at such points on a curve

as the vertices of a rectangle, or a triangle, etc.).

COLLEGE oF WiLLiam g MARy
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CHAPTER II
POLYGONS

N2.1 The straight line segment joining the points aq and4a2
will be denoted by L[al,a2]o Since a; and a, are not neces-
sarily distinct, a line segment of the form L[al,az] is de=-

generate, l.e., merely a point.

.N2.2 AnAoben disk with center z and radius r will be denoted
by N,(z), is called an r-neighborhood (r-nhood) of z, and

stands for the set of points: Nr(z)E{zi lzl<r}.
R2.1 If a,,a,EN.(z), then clearly Lla,,as] C N, (2).

%’iE”""an be complex numbers. The set PEP(él,a2,.

....,an)=kgl L[akgak+1] igs called a polygonal line.

R2.2 Every polygonal line is a curve,

D2.1 Let a

D2,2 If D is an open set such that DCZ, then D is called a
A P ,
domain if for every z#zoé;D —> o a polygonal line,with

endpoints z and‘zo 2 P CD,

D2.3 A domain D is called a gimply-connected domain if every

simple closed curve contained entirely in D encompasses only

points of D within its boundary.

D2.4 A polygonal line PEP(a19a2,o.,,an) is called a closed

nolygonal line, or clogsed polygon, if aj=a, .

12
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D2.5 Consider the closed polygon P:z=z(t),t&I=[a,b]. P is a

simple closed polygon iff t,,t,€ I 2 t,<t, and z(ty)=z(t;)

implies that t,=a and t,=D.

R2.3 A simple closed polygon divides the ﬁlane into an interior
and an exterior (with respect to the polygon). We define the
interior of the polygon P, i.e., 211 points contained within

the boundary of P, to be ¥ (P), and the exterior'to be E€(P).
x :
N2.3 By P, we mean P U.J(P).

D2,6 1If {ai ?=l are the vertices of a simple closed polygon,
then 2 and a, are said to be adjacent vertices if | 3=k|=1.

(since a;=a s we may use either to test the criterion.)

D2.7 By a side of a polygon, we will mean the line segment

joining any two adjacent vertices.

.

D2.8 Let P be a simple polygon of n sides. A line segment
joining two non-adjacent vertices of P is called a diagonal

of P if it lies in WD (P) except for the endpoints.

D2.9 A simple closed polygon P! is called a subpolygon of the
siﬁple closed polygon P if H(P') € & (P) and every vertex

of P! is also a vertex of P.

22910 A set of subpolygons [p] is said to constitute a de-
composition of a polygon P if: (1) no two subpolygons in
[p] have an interior point in common; (2) every interior
point of P lies on or within a subpolygon in [pl; (3) every

interior point of a subpolygon of [p] is an interior point of P.
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R2.% A diagonal of P decomposes P into two subpolygons each
having a less number of sides than P has, and having the

diagonal as a common side.

D2.11 We say that P can be triangulated if there exists a set

of (n-3) diagonals of P which decompose P into (n-2) triangles
(the subpolygons in this case are triangles).
Our basic definition of triangulation is mainly due to

Einar Hille, [2].

D2.12 Let PE?(al,a2,,5,,§n,al)'be a polygon. A vertex a, of P

is said to be a projecting vertex of P if there exists a line

containing a point of each of the sides ak_lak and aya, ., and

containing no other points of P.

The following three lemmas are developed in the style used

by N. J. Lennes, [4]. :

L2.1 For any set of n distinct points on'a line, a notation
858056 esesdy may be so arranged that the points ai’aj’ak
are in the order aiajak for all integral values of i,j,k

sucn that i<j<k and 1<i and k<n.

L2.2 If two rays , h and k, eminating from the same vertex
form an angle of less than w radians, this angle will be de-

noted by <{h;k).

L2.3 Every polygon. P has at least one projecting vertex.
P Consider the following general figure of the given polygon

P for which we are proving this lemma:
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(figure 2.1)

Let [d] be the set of all segments whose endpoints are ver-
tices of.Pe Let L be a line meetingsides of the polygon. but
containing none of its vertices. By L2.1, there exists an
ordering of the points of intersection of L with segments of
[d], starting with the first point of intersection to the last.
In view of the ordered subscripts of these points of intersec-
tion, pick alpoint A onL satisfyiné the following conditionss:
(L) A is collinear with no two vertices of P and (2) all
intersection-poiﬁts'of L with segments of [d] are on the same
side of A (i.e., A is situated on L so that & could be the
highest subscripted point on L with regard to the above or-
dering). Then, choocse point B further along L than A so as

to subscript B even higher than A (see figure 2.1).

From A, construct rays through each of the vertices of P.
Condition (1) above is needed to insure that none of these
constructed rays will have more than one point in commen (the
point A). Now, as the ray from A through B is rotated around

the point A in a counter-clockwise arc, let h be the first ray

(connecting A with a vertex of P) that coincides with the ro-



tating EB. Let a, be the vertex that h connects with A. Let
k be the ray next to h. Then, any ray proceeding from A and
lying within <(h,k) (see L2.2) meets P in the sides a, ;2
and a2yt and in no other points, for otherwise, if it were
to meet another side of P, there would have to be a vertex
of P within <(h,k), contradicting the manner in which k was

selected. Hence, by definition, a, is a projecting vertexeo

D2.13 Let P be a simple closed polygon with n sides and ver-
tices ays8p5esc0sdpe If for any vertex ays 1<i<n, of P,
the line segments drawn from ai_to every adjacent vertex
are contained in the interior of P except for the endpoints,

then P is called a convex polygon. LA

R2.5 Obviously, a convex polygon can be @L§«<‘///////\\\\X

triangulated: each of the line seg+

menté..L[alaa:s]a L[al9al+]’°” L[a].’am-l]_ [ Y

4
| ’ Q3
aj+l,a1), 2<js<n-1 are the corresponding

is a diagonal and the set Pj_ls(alga

triangless (figure 2.2)

The following two theorems are outlined after, but more

carefully presented than those used by Dr. K. Knopp, [3].

2.1 Every simple closed polygon can be triangulated.
P (By induction) We show that ne I’ implies that a simple
closed polygon P with (n+3) sides can be triangulated.
If n=1, P is a quadrilateral, say P=P(a1,a2,a3,ah_,al)°

If P is convex, one of the vertices must have an interior

16
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-angle of greater than 7 radians. (There can only be one,
since the sum of the four interiocr angles of a quadrilateral
is 2w radians). Assume it is aq. Gq
Then L[algaS] must be a diagonal

decompOSing_P into two triangles,

Now let us assume the theorem < (figure 2.3)
is true for all simple closed polygons with not more than
(n+3) sides, and let P be a simple closed polygon with (n+h)
sides. We need only find an interior diagonal which decom-
poses P into two polygons, each having less than (n+4) sides.

We proceed as follows: let aig which we will call 4, be
a projecting vertex of P (the‘existence of which is given by
12.3). Denote by B and C, the vertices a; ; and a; , re-
spectively. .Then exactly one of the following 'is true:

(1) BC is a“diagonal contained in ;Q(P) except for the end-

poin’t:s‘\2 in which case we are finished.

(figure 2.4)

(2) There exists at least one vertex of P (other than B and
C) on the line segment BC but no vertex in the interior of
AABC. Since there may be more B

than one vertex of P on the line. N ,//////iZ>>

segment BC, we will denote by V, ﬁ;;:;r

the vertex of P closest to B. C

Then clearly AV is the diagonal (figure 2.5)
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we seek, and again we are finished.
(3) There exists at least one vertex of P in the interior of
AABC, Let a point X move from B to C along BC until AX en-

counters a vertex of P. AX may

encounter more than one vertex (as

in figure 2.6), in which case we

denote by V, the vertex of P closest

to A on AX. Clearly, Av is the de-
sired diagonal in this case. But,

(as in figure 2.7), the first ver-
tex of P to be encountered by AX

may be such that if this vertex is

called V, then AV £ &(P). Thus we (figure 2.7)
denote by Vl the first vertex of P gncountered'by AX, V2 the
second, etco; up to Vm, the last on; (there can only be a
,finitéknumber <n). We denote by V, the closest of the Vis
1<i<m, to A, If there is more than one with thils property,
pick V to be the one with the lowest subscript (for definite-
ness). Thus, AV will again be the desired diagonal, and the

proof is completed.

T2.2 Every closed polygon P can be decomposed into a finite
number of simple closed polygons and a finite number of
double segmenﬁs, i.e., "degenerate" closed polygons of the
fornm P=P(ai,ai+l,ai)°

P Let P=P(a1,a226.ega ’an+l) where a_, ;%24 and let us denote

n
the sides a182,a2a3,o..,anmlan,anal by 81382,oooo’ Sn e
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spectively. Clearly we must have that n > 2, and since
a .178ys aq is the initial and terminal point of P. We
can add without loss of generality that the only way two
‘adjacent sides may lie on the same straight line is to have
more than one point in common. It is also understood that
the line segment Sn is open at an+15al°

The proof is broken into two cases:
(1) Every side of P has only one point in common with its
adjacent sides, and nojpoint in common with any other cside.
Clearly, .P is éimple in this case, and we are finished.
(2) There exists a side S5, (where \=2,3,...,n) such that

a) S, has more than one point in common with Sy_1s OT

b) SK has at least one point in common with one or more

of the segménts SH (g=l@299.oggk:2)o

Let S, be the side of P for whicé case (2) first occurs.

If a) holds for S,» then one of the following cases must

exist: & ,
(1) T ists a point b,_, of 'WS%‘
i here exists a poin kel © g Nk

Sy such that b, _;=a, ., and then Also » | a«A-SWa

Bie-) T \
Dy 12kPp+1 10 that order is a straight - Qs Oy

line segment gq? described twice, once (figure 2,8)

in each direction, and thus ala2a2a3’°°akélbk~lak+lak42°'°

)

.2 a; is a closed polygon P’ (See figure 2.8) .

(ii) There exists a point b, of S, —1 SR Dop—2-
such that a, ,=b, (see figure 2.9) and ; &%i1;T St Qﬁikk”
s . Gl

then a, ,a,P, in that order is a <, Neo, by

e

straight line segment q' described (figure 2.9)
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twice, once in each directiocn, and ala2a2a3ae,°ak_2ak~l-

a a3 < pt
bkak+loeooana1 is a closed polygon P',
(The two straight line segments in (i) and (ii) above
are considered degenerate forms of closed polygons.)
If b) holés and a) does not hold for Sy» let by on aya, =8
be the nearest point to ay that Bygn Gip—y

Sk has in common with any of the

segments Sp (1=1,2,4.05k=2) (see

figure 2.10). Now, let b =by» oo ch:Z T
where b, is a point on -the seg- (figure 2.10)

ment Sr for some r < k-2. Thus br is uniquely determined,
‘since iflgittabt=br and » t £ r-2, then Sk would not have

been chosen correctly, i.e., Sr should have been chosen in-

stead of Ske Hence, br is wnique due to the way in which

Sk was chosen. Then, brar+1ar+1ar+é‘°°’akbk'is a closed
polygcg P',

R2.6 It is clear that with the aid of these last two theorems,
any closed polygon can be triangulated.

D2.1% Given the curve C:z(%t), te I={a,b]. If there exists

{tk}ﬁzo 3 ast <ty<....<t <t =b and there exists {ak}ﬁze

n=1""n
2 0Lk <n = akEZ(tk), then the polygonal line P(ao,al,oo

cogan) is called an inscribed polygon of C.



CHAPTER I1I
INTEGRATION

D3.,1 Consider a,b&R, so that I=[a,b], where there exist two
compléx-valued functions h and g 2 g:I»Z and h:I»Z. Given
also that A is a partition of I, A:{t }n, S a=t <t <cees

k’ k=0 1
of A,

5 O

oo<t, 1<t =b. We then define Al , called the nor

> |Wlzmax |t -t, .| .
ren k-1
D3.2 B, = (¥, )0, 2 1kin = t,_<F, <y

D3.3 S(8,8,) = )pag 8(FOIn(t)-nlt, )] .

D3.% If ¢&Z, then J ﬁiﬁ S(A,CSA)=3 means the following:
: 0

given any € >0, = 5(£)>0 =for every 6A of any partition
A of T with ||4|<s, it will follow that |S(A, &,) - al< €.

D3.5 We say in this case that g(t) is integrable on I with

respect to h(t) (when the limit exists).

N3.1 ngms(a, 3, = fs g(£)dh(t) = the Stieltjes Integral of
Al -0 :

g(t) wrt h(t) over I.
T3.1 H Consider the interval I={a,b] on which are defined
the functions g:I»Z 2 g is continuous on I and h:I-=Z 2h is

of bounded variation on I.

21
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D3.6 Given the continuous function g:I»Z where I=[a,b], and
let h(t)=t for all t&€I. Then, the Riemann Integral is de=

fined to be fg g(£)an(s) = js g (£)dt o

R3.1 Since J h'(t)=1l, by Tl.4(2), h(t) is of bounded varia-
tion on I for all t&I, and hence we know that the integral

-defined above does existe.

T3.2 Given the three continuous functions g:I-~>Z, g,:IZ, and

g~:I»Z, and the function h:I=»Z 2 h(t) is of bounded variation

kY]

on I, where I=[a.b].

¢ 13 [P ag®)an(e) = o2 g(t)an() , for aez.
b b . ' ‘ b

2) [0 [gy (6)+g,(8)1an(t)= [0 g (8)an(t) + [2 gy(6)an(t)

3) IZ g(t)dan(t) = fgg(t)dh(t) + jgg(t)dh(t))where a<e<b,

D3.7 Consider the functions g:I»Z and h:I-Z where I=[a,b]
and such that = fg'g(t)dh(t)° Then we define 3
a o b
J2 eane) = =[2 gt)an(t).
The following material is on curvilinear integrals.

D3.8 Consider the continuous curve C:z=z(t),téaI where I=
[a,b] and the functiocn f:C-»Z, where we understand that
c={R |8 =z(t),t&I}. Then, we say that £(z) is integrable

over C iff f(z(t)) is integrable wrt z(t) over I.
D2 o reren s I
N3.2  |o f(2)dz = |, £(z(%))dz(E) .

T3.3 H Given I=[a,b]. Let C:z(t),t&I be a continuous

22
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rectifiable curve and let f:C»Z be a continuous function

on C.
¢ 3 [, rz)az.

T3.% H Let lez(t)gteaIE[a,b] be a continuous rectifiable
curve and let~ngzC@);CéiJE[a98] be a continuous curve 3

Cl=C2. Also, let f:Cl»Z be a continuous function on Clo

c 4 jcgf(z)dz,= fclf(z)dz‘,

T3.5 H Let C:z(%),t&I[a;b] be a continuous rectifiable
curve and consider the -three continuous functions f:C-Z,.
£,:C72, and £,:C°Z. Note that 3 [(f(2)az, T [4f, (2)az,

and 3 [, (2)az.

c1) 3 fcaf(z)dz = afcf(z)dz , for aeZ,
2) 4 fcffl(25+f2(z)]dz= fcfl(z)dz;+ chg(z)dz

NI [or(2)az = -[ r(2)az

T3.6 H Consider the two continuous rectifiable curves Cl:
zzzl(t)sté=llz[al,b1] and ngzizg(t),teﬁlgz{az,bz] such that
zl(b1)=zz(a2). Also, let f:Cl+CZ»Z be a continuous function

on Cl+02@

c 4 fcl+02f(z)dz = fc f(z)daz + fcgf(z)dz .

1
R3.2 The above theorem can be extended to a finite number of

casese

T3.7 H Given C:z(t),teI=[a,b] to be a continuous rectifiable

curve and f:C»Z, a continuous function on C.



ok

Jolazl = [glaz()] = 1(e) (see D1.10)

+1(C) »

2) f(z)d f(z)|-|a <
ot @)azl < Jele@IHaz| < max |

T3.8 H Consider the continuous rectifiable curve C:z(%t),
te I=[a,b] and the continuous function f:C~Z, so that
3 fcf(z)dzo Let there be given a sequence of partitions

of I, {AJr, = for all keI = Ak_{tk}nk is a parti-
j=

"tion of I. Let there exist 1lim llAkuzo, and let 8, .be such
k=00 : k ‘
- Tk < k k k .
that 8= ) % f(z(?j))[.z(tj%z(tj_l)] where 1<jsmy =
kX
__l;? <ty .

C Jlim Sy = jcf(Z)dz ®

k=00
P Let €£>0 be given. By definition, H >0 = for all A
where ||Al<&% and for any S(A, éA) it ifollows that |S(A, &A)

- jcf(z)dzi«: €. Now, = lim |H|=0= [T K=2k>K = ||A|<s].
. Y200

Thens kKK == 'Sk— fcf(Z)dZ!< < . Henceya 1lim Sk fo(Z)dZe

k=0

"T3.9 -H Given the continuous curve C:z=z(t),t&€I=[a,b] and

let z(2)=z(bh) so that C is a closed curve.

o

fcdz = dz(t)

]

2) fczdzzfa z2(t)dz(t) = 0.

P 1) Let f’(z):lo Then f(z) ig continuous on C. We already

know that f(z(t))dz(t) —‘&Tmo = 1f(z($’ N[zt )«-z(tk l)]

where A:{t i1s a partition on I = a:to<t1<°'°<tn-l<tn=b

}n
k’ k=0
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and where — f? k}ﬁ:l where 1gkgnI:=>- tn~15ﬁgk$tk° But,
1<k<n —> f(z(*?k))El, so that Isf(z(t))dz(t)

= lim 2£=1 1-Lz(t )~z (%, _4)]

n-0co

A} -0
=1im {{z(tl)uz(to)]+[z(t2)~z(tl)]+e.°+[z(tn)
-00

= 1im ,[z(tn)~2(to)} = 1im [2(b)=z(a)]
n-xo ' n=00
Al -0 il -0

=z(b) - z(a) = 0 ,

Therefore, | f(z(t))dz(t)= [0 az(t) = [z = o.

n
< 5 co - - k . L.
P 2) Consider {AJp, @ kel'=s AkF{tj}on is a parti-

tion of I and let there exist 1lim ||A]=0. We now define the
k=00

following sums:

1

-y k ky +K k
S g=p 22 (85)-2(¢5_ 1] , and

8, = 2251 2(¢5_2(t-2(¢5_)] .
But here, for all keI it follows that
S8 L L2(6D2-2(6D2 (5 Ja ey 1)aeD-2(65_1)%]
=z(t§g)2 - z(tf;)2
=z(b)? - z(a)?
=0.

Therefore, there exists lim § = |,2dz and 3 lim § = [,zdz
> 1in 5= e K e
C-00 k-0

by 3.8 == lim (§k+§k)=0= fczdz + rczdz = 2fczdz
k .’m A . ol
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and thus [gzdz = [ z2(t)az(t) = o,

T3.,10 H Consider a simple closed quadrilateral P. By I2.1,
P can be triangulated into two triangles Py and P, such that

P=p, U P,, Given also the function f:I'(P)~Z & f is continu-

1
ous on I'(P) and let IF(P)f(z)dz exist, Q*,

_ I .
c IF(P)f(Z)dZ = JF(Pl)f(Z)dZ +’IF(P2)l(ZXdZ

P  Suppose for definiténess that

Pis drawn as in figure 3.1. Then, (figure 3.1)

.fF(Pl)f(z)dz = J[algaz]f(Z)dz + j[a29a4]f(z)dz +'f[au,al]f(z)dz

. X )
and fr(Pz)f(;)dz=j[a2’a3]f(Z)dZ+I[a3’a)+]f(Z)dZ+J [a}_{.gazjl (z)dz

by T3.2. Therefore, fF(Pl) - IF(PQ) = I[algag] * fiagsau]

"

* I[a#eal} + f{329a3]‘+ I[a3,a4] + f[au,aB] and since

J[329a)+] = ‘_j‘[.a)_,{_yag] by D3.7, we have that Jrr(Pl) + fl"(? )
D~

- , r . -
- f[alsaz] * f[a29a3]:+ Jlagsa,] ¥ f[au,al] = fr(p)

and the proof is complete.

R3.3 The above ‘theorem can be extended to an n=sided simple
closed polygon, since the proof is based upon the fact that
integrating over a line segment first in one direction, and

then in the other direction, cancels each other.



CHAPTER IV
TOPOLOGICAL PRELIMINARIES

D4.1 Let X be a non-empty universal set and let U be a family

of subsets of X. Then, {X;@} is called a topological space

and U is called the topology on the space {X,0} if:

(1) 8¢Cct=ucel , and
~ Gl

(2) §CU 2% is finite=> nGceT,
Gel

where € is a subset of U.
Rtol {Zsﬁ} is a topological space ( Z=complex plane).

Dt.2 Let d:ZXZ»RZ be a mapping from the product space ZXZ
into the non-negative reals. For notation, we use d(zlng)

if 27,2,€ Z. Then, {Z,d} is called a metric gpace iff for

all 21,22923652 the following holds:
(l)d(zlgz2)=0 iff 2,25 ,
(2) d(zlgz2):d(21922)9 and

(3) d(z],’zi?) < d(zl’ZS) + d<Z3zz2) °
‘D43 We say that d is a metric on Z.

D4.4 Given the metric space {Z,d} and 1et‘ﬁéE{Nr(z)lzesZ,ré>BZ}

, _ * _ ) .
and'ﬁd:{OIO CZandd B g'ﬁd 2 O:BZEE }o Then, O is called a
topology induced by the metric d, and we call\{Z,d,ﬁd} a metric
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topological space.
D4.5 Consider the topological space {Z,ﬁ} and a set E C Z,
We say that E is seguentially compact iff [{xjyézﬂisﬁ j=

o . . 00 . 3 =
e B1=> 3 {5y endFxge® 23 xy =x,

4,1 H Given the metric topological space {Z,d,@é} and the
set E C Z,

C E is compact iff E is sequentially compacte.

D4.6 Consider the topological space {Z,U} and the set E C Z.
We 'say that E is a Cantor set iff [for all {C I _; = n=>

C is closed and (1) Cnfl C C, end (2) En Cn# g ] =

oo
ENNC.E 4 .
n=1 n

D4.7 Given sets A and B®A,BC Z DA NB =g . We define the
cart of the sets A and B to be a non-negative real number
repreéenting the smallest "distance® (which could possibly
be zero) between the sets A and B, i.e.,

é(A;B>E glb [da(a,b)] ,
ach , beB

where d is the distance metric on Z,

i3

4%,2° H Given the metric topological space {st5@a} and. the

sets A,B C Z where A is compact and B is closed and A N B=g.

c &(a,B)>0 .

P Using the method of contradiction, assume 5(A9B)=O° Then
L+ 1 ., )

nel =3 a2 €A,bEBS d(ansbnkﬁ . Now, {nggﬁ’d} being a

metric topological space along with A being compact implies



that A is sequentially compact. Then, with {an};o:l S n—=>

a & A, we obtain by Ik.1 that = {nj}?___., and a €A such
that 3 1lim a_ =a (by D%.5). Let € >0 be given. Choose
- n, o
J=e0 J
J 9[3-: <€; and >3 => d(a_,a )<§“] Then, j>j . =—>
o ny 2 3790 o’ ny 5 - s o
o

d(aopbn.) < d(aosan.) + d(anjybn.) R (2“@2)

3 j j
£ 1
= + =
n.
2 j
€ 1 . 1 .1
<3*E. (3>j,= 5 <5.)
= 2 ity
2 2 = .
'Hence, = 1im b, =a_ and j=> b_€B so that a &°KB but
jwo By ° 3 ©

since B is closed a & B, but a €A =% a S A N Bkg, a

contradiction. Hence, &(A,B)>0. °
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CHAPTER V
CLASSICAL PROOF OF CAUCHY*S THEOREM

In this chapter, the general treatment of the three

theorems proved is influenced by that used by W. J. Thron, [6].

T5.1 (Cauchy=-Goursat) Let £(z) be differentiable in a simply

connected domain D. Then, for every triangle T C D;

iIP(T)f<Z)dZ=O°

P £(z) analytic on D=> f(z) is analytic on T< D =% f£(z)
is continuous on I'(T) which is a rectifiable curve =—>

= II,(T)f(z)dz° We divide T into four congruent oriented
triangles by joining the midpoints éf the three sides of T,
(1) 7(2) ¢(3) o0

and we call these T o For notation, we will

use T(T= [n(pyf(2)dz ana 1)z L 1(0) £ (2)dz, k=1,2,3,b5

.Now, we denote by Tl the triangle of these four smaller ones
for which !I(T(k))l is the largest (k=1,2,3,4). Hence we must
have that %lI(T)lﬁlI(Tl)i)for otherwise
‘ ‘ )
|I(T)l=11(T(l>) +I(T(2>) +I(T(3)) +I(T(+))l (by T3.10)

! m (&)

< h(%[l(T)‘) = |I(T)|, which is a contradiction.

Now, let us divide T, into four T
. e ’
congruent oriented triangles and let ,jpﬁ;;’ /////
T, be the one of these four such that (figure 5.1)
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% fI(Tl)I < |I(T2)| for the same reasons argued above. Thus,

1 Sl e 1 .
we have that zle(T)Ig%‘ll(Tl)lg | T(T,) = QZII(T)lSII(T2)l°
Proceeding in this manner, we arrive at éle(T)ISII(Tp)!s

n>l. Also, if 1(T) denotes the length of T'(T), then l(Tl):

11(T) (see fizure 5.1) and 1(T,)= %.1(T.) = =.1(T)

_ 1 \ .
1(T,) = Eﬁl(T)o Also, since «..CT  ,CT ,CT CT .C...CT,CT,

we have that there exists exactly one point zoé=T for n>1 2

co .
(zo)z N Tn’ which is proved as follows: first, each triangle
n=1

T is a non-empty compact set of complex numbers with a dia-

n

meter 4 (n=1,2,0000)s Next, 3 lim d,=0 and T DT DT
=00

for all n. If we assume that N T " contains two distinct

n=1

n+220 e o

points:z and z,, we would have that O<|éo«zl|§dn for all n =>

l1im d #Og a contradiction., Now, we must show that z € T .
7100 o n

-To show this, we use the Cantor Property (D%.6). We have

that n=> T DT .

and that each T, is closed and that TﬂTn%é
for all n, Hence, T n’ﬁ’Tn =‘ﬁ?Tn + 4, and since we've al-
n=1 n=1

ready shown that the intersection cannot be more than one

point, it must be just the point z_, proving that(ﬁ)Tn—(z Y,
=1

F‘I

and hence 2z 6. also.

&

Now, let € >0 be given, and let £}=w-————; .
[1(T]
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Since f(z) is analytic on T, fﬂ(zo) since z & T. Hence,

o f(z)mf(zo)
>0 2 0<|z = zol<6 =

oy
)
2=z, - f (zO) l< €7,

Now, for 21l z in a &=-nhood of z_, i.e., Zé&Na(Zo)g we

y £(z)-f(z,) : .
define Yl (z)= 7z, T £1(z,), if z¥zg
=0 9 if ZZZO e
: £(z)=£(z_)
Now, 1im Y (z) = 1im [ ST - f‘(zo)]
2=z 22 0

=£1(z.) - £°(z)=0="(z).
Hence x\(z) is continuous at Z=2 s and is obviously con-
tinuous for z*fzOe It is clear that z€N,(z_ ) implies that
£(z2)=(z-2 )} (z ) + £(z ) + L(z)(z~z_), and also that
IY\(Z)I<Ei/o

Since H 1lim dn=09?3 N2 l(TN)<6 (and thus dN<6), so
n=so - d

that Ty C Né(zo) since z,z € Ty => iz-zolng<éo

IS

P(TN)f(Zo)dz

£ NUazmz )az = "
F(‘N) z)(z=z)dz JT(TN)Zuﬂ(ZO)dZ - IT(TN)Zéfn(ZO)dZ

+ ‘ - r ‘
IP(TN)f(Zo)GZ + JF(TN)Xl(Z%(z-zo)dz = f!'(z )f

o’J z4z
F(TN)

2500 (2) [ dz + £(z )| r
© °© JF(TN) “o’ P(TN)\X(z)(znzo)dz
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=f Y\ (2)(z-2_)dz, using T3.5 and I3.9.
P(TN)

Now, using T3.7, we have that

[T l=l [(2)Mz-z)dz]< max  [NU(2)]+]2-2] <1(Ty)

P(TN) z&P(TN
<ELUTY (1T = rraye ° (172
= £ (1D . ¢ |
[1(T)12 = 22N N

Hence, _}ﬁ_!z(m)] el =y 1] < ¥ 1)
bt

< qN.v_g;_ = € ,=> |I(T)| < £, and the theorem is
N
"

proved.

T5.2 Let £(z) be differentiable in a simply connected
domain D, and let P be a closed pelygon in D. Then,

J f(z)dz =0,
(P

P By T2.2, we can decompose P into a finite number of simple
closed polygons (say PlnggPB,GGo,Pn) and a finite number
of segments (say Sl,SQ,QQQ,Sm) described twice, once in
each direction. Now, by I2.1, PysPss..0,P can be triangu-
lated. Hence, we have that P can be decomposed (or divided)
into a finite number of triangles (say Tl,Tg,o.o,Tr) and a
finite number of segments 81,82909.,Sm°

By T3.10 and R3.3, we have that | f(z)dz = | f(z)az

B

T (P) F(Tl)



+ [ £@2)az +eeeier [ £(2)az +] £(2)dz +.ooi4] £(2)az.

P(T,) n(r) (s r(s,)
But, bY 2501, J‘ f(Z)dZ=O, (i=l’2’ooogr) and ObViouSly’
()
J. f(Z)dz=0, (i=1’2’0001,m)_. by 23.7. Hence f f(z)dz=0+0+ooo
r(s,) | | - T(P)

oo et+0+0+0,,.+0=0, and the theorem is proved.

T5.3 Let £(z) be differentiable in a simply connected domain

D, and let C be a closed and rectifiable curve contained in

D. Then, f f(z)dz=0.,.
C

P We will prove that using the above hypothesis for any
given € >0, 3 a polygon P(€ ) inscribed (D2 13) on C

lf f(Z)dZ - f f(z)dz‘ <€, Then, applying 25.2, we com-
r(P(€)) |

plete our proof,
Let {Ak}k-l be a sequence of partitions of I, where

C:z=z(t), teI_[a,b], S for all keI'=y A, {tk}ako is a

partltion of I as in the hypothesis of T3.8, and also 3
= llmlléw =0, This last condition= Ik e I Kk, =>

lff(z)dz - §k] <.§’ where Ek is defined as in the proof
C 2

to T3.9(2),

We point out first that if D¥Z, then I'(D) is closed
and non-empty. However, if D=Z, then clearly o another
simply connected domain D' containing C, since C is com-

pact, 2 ITD');is'closed and non-empty. Now, D being open
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implies that C. N I'(D)=@ and since C is compact and I'(D) is
closed, thene’(C,l"(D)))O (by T&.2), say €(C,I'(D))=r. Then,
for all z&€C =» N, (z) C D; otherwise, N, (z) N D#P for

some z&C and N,(z) connected}: N_(z) N T(D)#F . Let
N (z) N D#£P

¥ €N, (z) N T(D) C T(D). Then r=é(C,T(D))<a(z,8)<r, a
contradiction. Hence, N, (z) C D for all zeC.

Now, 1et K=K u N (z)e Then K is compact since K is
zeC 2'

closed and bounded, and X C D, a result of the following

argument: suppose weK=¥X U N. (z)s Consider Nr(w).
2eC 7 z

Here, weKi-*%'N (w) n.- U N (z)fo= Sw sWo € C such that
' -2- 2&C -2-

» .
w eNr(w) N N.(w_ ). Therefore, d(w,wo)gd(w,w*)+d(w*,wo)
z

T
T
+ 3

<

L

=r = welN_ (v ) and w e C==> weD since we showed

eariier that eVery‘r-nhood'of a point on C is contained in'
D. Hence K C D.

Hence, since f(z) is differentiable on D, £(z) is con-
tinuous on D and since K is compact and K C D, f£(z) must be
uniformly continuous on K. Thus, =3 b>0£3|f(Z')-f(z}')i

E

———  for |z'-z"|<3, z',z"€ K. We point out at this
21(C)

time that since z=z(t) is continuous, te€ I, a compact set,
then z(t) is uniformly continuous on I. Thus, if we are
given as our "epsilon" the value gl >0, where g/ =min(-12:,b)

(5 being the b used above in the definition of uniform
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continuity of £(z) on K), then z(t) being uniformly con-
tinuous on I implies that 3V1>0 2 |z(t')-z(t")|< €' for
[tr=t"|<, t',t"e 1.

Now, choose k; @ k>k,=» HAQI<31 « This means that if

k k

tystyo léAk (and hence tj,tj 1€1I), then It -ty ll<‘fL

— Iz(tlj“) - z(tjlfl)|<£’_<_a, a fact we will need later, but
. k k 1,r . .
also, we can write Iz(tj) - z(tj_l)[<£i$3_1mplying that

z(tjfl)é.Nr(z(tg)), But since z(t?)éic, we have that
. ? . N - .

k k ky -
Llz(ty),2(t4 1)) C N%:(z(tj)) c ZZCN%(Z) C K.

For brevity, we will write L L[z(’cj),z(tJ l)] and

Pk‘EP(z(to)’Z(tl)" evee ,z<tnk)’Z(t02) (5992201)’ where the
. k k k . .
points z(to),z(tl),...,z(tn ) are not necessarily dis-
. . k

tinct. Then, keeping in mind that [z(t?)-z(tjfl)]sfdz(t),
X
L
ie, since z(t?) and z(tjﬁl) are the endpoints of the con-

tinuous rectifiable curve L? and also, that sz(t?))f dz(t)
k
L
= f(z(tlj‘))dz(t'), we have that
k ;

Ly

] £(2)az - Fl=l ) ;. 1<f £(2(8))dz (£)=£ (2 () [2(¢)-2 (5,5 D]
r'(Py)
3
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n
= | Jyy [kmz(t)) -2 (2(£5))1az(t) |

n, 3
< Lyer | j [e(z(6))-£ (2(65)) Jaz(t) |
<) mai | £(2(t))-£(2(t5)) |-1(L%)
= Lj=1 k ' J J
zelL
< __1]‘:' Eig(-c_; -1(1. ) (since L¥ CK and 1(L1§)=lz(t1§)-:-
X
z2(t;_31< &)
= 1(L )
21(c) Zi"'l
< 21?0) « 1(C) = §' » Pprovided K>kje

Now, let m be a number such that m>max(kl,ko) and set

P(€)=P_. Now, Iéf(z)dz - j f(z)dz |

I'(p(e))
= l[ff(Z)dz -5, - [ff(Z)dz - 5,1 |
r(e())
< If(z)dz - Sm b+ | Jf(z)dz.a~sm |
c ' r(p(e))
< £ = €
£ 7+ 3% =€, since k, = Iff(z)dz-sm|< > and
C .
mk, = 1t(z)az -5 I« § , (P_=P(£ )).
T(Ph) |
Hence, | Jf(z)dz - Jf(z)dz <€ =» ff(z)dzzo since by
c (P(g)) ¢

T5.2 we have already shown that the integral over the

boundary of a closed polygon is zero, and thus jf(z)dz=0,
'(P(£))

and the theorem is proved.



CHAPTER VI
PRQOF'BY APPROXIMATION BY POLYNOMIALS

In this chapter, Cauchy's Theorem will be proved by a
method not usually found in the regular textbooks on complex
variables. This method uses an approximation by polynomials,
ieeey we will work ouriway up to the point where an analytic
function -defined on.a bounded simply connected domain is
shown to be the limit of an almost uniformly convergent se-
quence of polynomials. Since‘evefy polynomial has a primi-
tive function, Cauchy's Theorem follows almost immediately.
However, it tékes some very detailed and tedious steps to
‘arrive at this level, and we shall have to fill in some
backgfound material and insert a few basic theorems at the
start of the chapter.

As was mentioned in the introduction, the lemmas and
theorems proved in this chapter follow a véry intensive in-
vestigation of those used by Saks and Zygmund [5], but they
have been prepared for use with polynomials rather than with

rational functions entirely as they do in their text.’

T6.1 (Cauchy's Theorem for a Rectangle)
H Consider an oriented closed rectangle R and an open set

0CZ3SRC 0. Given also the function £:0-Z 2 f£(z) is
[

!

38
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analytic on R.

c 3 If(z)dz=_0..
I'(R)

P Since f(z) is analytic on R, f(z) is continuous on R,
and hence is. continuous on I'(R) which is a rectifiable
curve, and-thus[ﬂ’ff(z)dz « (By tﬁis argument, all the

I'(R)
integrals that occur in this proof exist). Let€>0 be

given. We prove‘ljf(z)d2|<ii. For brevity, we define
I'(R)

I(R*)Eif(z)dz where R* is any oriented closed rectangle
I'(R*)

R*¥* C R. We divide R into four congruent closed rectangles

R(l),R(z),R(3), and R(“), similar to R. Then,

R@'} RBS' I<R)=I(R(l))+I(R<2))+I(R(3)-)+I(R()+)) by

I3.10. Now, at ‘least one of the four
R(k)

]
o] 2
byl
N R ' - .
(figure 6.1) &4I(R)ISII(R<k))I (same reasoning as in

rectangles » (k=1,2,3,4%) must satisfy
T5.1). Choose one such rectangle and denote it by Ry. Now
we divide Rl into four’congruent closed rectangles similar

to Rl’ and for one of these, which we denote by R2, we have

that %ZII(R)lSJI(RZ)I.’ Proceeding in this manner, we obe

tain a sequence of nested rectangles RERODR13R25...3RHD..,
satisfying .ﬁhlI(R)ISII(Rn)I. As was done similarly in T5.1,

O

we can show that there exists a point zdsREB(Zo)= ﬂiRn.
‘ n=0
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By assumption, f(z) has a derivative at z e Put L=1(I'(R)),

and let d denote the diameter of R. Then, 3 $>03 zeN,(z_)

Z=Z
o

and z}z together = 3 £(z) and !

Note that z &Ny (z )= | £(2)=£(z )=(z-2 )} "' (z )|< ‘lz-z_|.

Let dn denote the diameter of Rn. Then d —% » SO that
2

J1imd ,=0» and hence I N> dy<s. Here, z,z € Ry=> Iz—z I

N0
<4y<8 @',zéNbv(zo), i.e.y Ry C N, (2 )e Next, we note that
PR & By € Ny () = lf(z?-f(zo)-(Z-zo)-f'(zo)ls_—%—-lz-zol'
£ =35~ -+ We now write I(RN)Eff(z)dz = ff(z)dz - f(zo)f dz

I‘(RN) T(Ry) r(RN)

-f'(zo)f“deJf zéf'(zo)f :dz.. ~(the last thrge:f's equal 0)
I (Ry) I (Ry) |

[

~f [£(z) = f(z ) - (z-z )f'(z )]dz. It follows that

I (Ry, )
| TR I z?%%RN)‘f(Z)-f<Z°)-(Z-z°)f" *1(T(Ry))
g.d

7— * 1L(D(Ry)). Here, 4= -2-N—— and 1(T'(Ry))= 5—%— , and

. l peoed Noé—.._g.-—-& =
1(T(Ry)I=H" 5% = £ .

so |IR)|< lJ\T|1(1=<I\I)|_<_1+1“¢ dL %

Hence, lff(,z)dzl(&% ff(z)dz=0, and the theorem is proved.
I'(R) I'(R)
The following is a familiar theorem and is stated without

proof:

T6.2 H Given an oriented closed rectangle R and an open set
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0C Z>RC 0., Consider also the function f:0-Z > £(z)

is analytic on R.

C For all z €§R =¥ f£(z)= 2},1 f-ffii )

I'(R)
(Cauchy's Integral Formula for a Rectangle).

D6.1 We shall call a square net of order n, and denote it by

j]‘n), the countable family of squares Q(n) = on ,jg;lz‘

—kz,igill], where h and k range independently through I.
A ,

R6.1 This net covers the entire open plane.

T6.3 The relation, between pairs of points in a set A, of

being "connected in A" is an equivalence relationship.

26{2 Every one of the subsets into which a set A is decon=-
posed by the equivalence relationship of being "connected

in A" is called a component of A.

36-2;-A component is hence a connected subset which is not

contained in any larger connected subset.

/

R6.3 Every two components of a set are then either identical:

or disjoint,

D6.3 A closed and connected set containing more than one

element is called a continuum. .

R6.4+ Every component of a closed set is also a closed set,

and hence is either a continuum or reduces to a point.

D6.4 A rational function (of the variable z) is the quo-
: S
|
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tient of two polynomials (of the variable z).

D6.5 The poles of a rational function are the zeros of the

polynomial in the denominator.
D6.6 Given the set A D> f#A C Z and the sequence of functions

{fk(z)}k_,l > k= £ tA>Z and consider the function f(z) 9
f:A»Z, Then, fy (z)=>f(2z) on A means the sequence {fk(z)}k‘l

converges}uhiform_l__z to f(z) on the set A, i.e., for every

>0 = [3 K=K($)B NV kK and ¥ zed=>|f, (2)-f(2)|<€].

D6.7 Given an open set G C Z and the sequence of functions
{r (z)}k 21 2 k=5 £,:6-Z and consider the function £(z) >
f:G»Z. Then, fk(z).::; £(z) on G means the sequence {fk(z)}k=l

converges almost uniformly to f(z) on G, i.e., for every
compact set E2 @#E C G => [ fk(z)“—z""">f'(z) on E ].

‘_'._17_6.14- 'H Given the open set G C Z and the sequence of functions
‘{fk(Z)}kojl S k =>r,:6°Z. Consider also the function f(z)

f:G»Z, and let the following conditions be satisfied:
1)VS € 6=33r=r(I )03 N, (8) C G ,.and
2) £, (z)=>£(z) on N,(J).

[} fk(z)-{‘v;’}f(z) on G.

L6.1 H Given a set G such that G is a bounded simply connected
domain. Also, given € >0 and let3db,cEZ = b#c and b,ccEG.
C Ja sequence of points D=P; sPps e eesP =C of &G such that
d(pk’pk+l)< E , (1<k<n-1). (Condition of Cantor).
P Since G is a bounded simply connected domain, GG is
{ i .
i
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is closed and connected and hence is a continuum by D6.3,
since it contains more than one element, b and c.

Let A={z|ze 2 3 a chain in &G from b to z}, and let
B={ @A N 8G}. Assume the lemma is false, i.e., the above-
mentioned sequence does not exist. Then Bff. Since be A4,
A+@. Clearly AN B =@ and A U B = 8G. We need only to
show that the Juncture of the sets A and B is empty, i.e.,
Y (A,B)=@, and we will thus have that &G=A/B, i.e., &G is
not connected, which is a contradiction. We therefore must
show that A and B are closed sets.

Let ae™A., Pick a.€ Ng(a) so that d(a,a )<€. Let

1
b=p1,p2,...,pn=al be a sequenCe-pf points of the set A >
d(pk’pk+l)< € , (1<kg<n-1). Thus the sequence ,b=pi,‘p2,..a
LTS a,pn+l 1 is therefore a sequenCe > d(pk,pk+1)< £
for 1<k<n, and is thus a chain JOlnlng a with b. Hence
aéA, and thus XA C A= NA=A=> A is closed.

Nc;w, let ceXB, Pick ¢, & Nele) so that d(c,c1)<‘£.
Assume ¢ & B. Thus ceA and hence can be joinéd with b by
a chain as above. But this means that ¢, can also be joined
with b by a chain, contradicting cleB. Thus, ¢€ B and thus
NB g B= A B=B=» B is closed. -Thus A is closed and B is
closed, and A h'B=¢, so that 9(a,B)=@g, and hence &G=A/B,

a contradiction since GG is a continuum=>6&G is connected.

Thus the lemma must be true.

D6.8 Consider an open set 0 C Z and the two functions f:0-Z

and F:0-Z. Then, F(z) is a primitive function (or anti-



derivative) of f£(z) iff for every ze€O0==3IF'(z)=f(z).

R6.5 Clearly, by the Fundamental Theorem, if F(z) is an
antiderivative of f(z), then Igf(z)dzzF(B) - F(a). Hence,
if C is a piecewise differentiable closed curve, and F(z)

is an antiderivative of f(z), thenf £(z)dz=0 since
Cc

F(B) - F(a)=0 since a=p (C being closed =% the initial

point=the terminal point).

The following'is another familiar theorem and will be

stated without proof:

T6.5 H Given the continuous rectifiable curve C and the
sequence of functions {fk(z)}k‘c:l > k =5 f,:C>Z, and each
is continuous on C. Consider also the function f(z) such
that f:C»2.

[o] Ellm fcfk(z)dz—j f£(z)dz.

-Lb6.2 fi_ Consider the open set G C Z2 2 G is bound,ed, and also
a non-empty compact set F C G.

C H{Lj}jgl 2 1Ljkn => I‘.’j is an oriented line segment con-

tained in G N @F and 3 for every analytic function f:G~Z
and for every SEF=>f(R)= Z -1 f __ﬁ__L_Z dz

P G being bounded and contained in Z=» CG%(Z, and F#8 by
hypothesis. Since F is compact and G, is open=>G&GG is
closed, we have that d(F, @G)>0 by a previous lemma. Now,
choose N 3 2N11 < d(F, 2G). Let‘ﬁ(N) denote the net of

{ squares of order N,. see D6.1. If Qeﬂ(‘m, then the diameter
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- 142 142 2 _ Y2 2 1
of Q, 5Q= V( ) ""'( ). =l AR T + < =

and %I T < d(F,CG). Thus, we must have that for every

QE -fl(N) D QNFA = Q C Go Assume the contrary and let
z€Q N €G and X€Q N F, Then, z, ReQ=>d(z,X )5q<a(F, 2G)
and ze&G and €€F=d(z,= )2d(F,&G), a contradiction.
Now, define & E{QiQe.ﬁ(N) and Q N F#@¥}. Since F is
compact, F must be bounded and thus G is finite. Let
& ={Qk}-kl_§l for some me I*. Define the set <U={L| 3
exactly one Qe@SL is a side of the square Q}. Then @
being f:inite-'—';oc, is finite, so that oC.={Lj}j£fl for some
neI*. Since Qe@=Q C G; then Led=>L C G. Furthermore,
LefL=>L N F=g, for otherwise, L would occur as a side of
at least two squares in & , contrary to the definition of
&. We then have that 1<j<n = L, C G N@F. We note at this
ef and Ly 1s a side of Q LEF » then L. is

J J
oriented in agreement with the boundary I"(Qk), which itself

p01nt that if L

is assumed to be oriented in the usual way.
Now, let f:G~»Z such that f is analytic, and let S€F be
given, First we will assume J Q €@ 2 ¥ &l . Then,
o o)

k=k =7 %%él is analytic on Q> and by Cauchy's Theorem

for a Rectangle, k#k =» f ;‘_é_-z:)él_z =0, Also, by Cauchy's

T(Qk)
< | N1 f(z)dz
Integral Formula for a Rectangle, f(3 )"2'rri 7 SO that

P(ng
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we could write f(d’) k“lf —LZ—EE , and if we let LE

r,)
denote the oriented sides of Q, then £(¥) -%Z Zm__lj_iz_mé

But if Lk &L, then 'Lk also occurs in the above sum, and
I—Lm-& +I—-—§§)-d—z--0, so that £(8 ) 2,”12 ZI —%‘)éd-é

L 1 m=1 Ly
£(z)dz _. .1 ggzmz
21ri Z j -5 21ri Z J ‘
=1 L
Second, Wwe assume SleiF'a PEr(Q, ). First we will
. . 1 1
, ;.3 assume that 3 is not a vertex of Qk R
o ' 1
QK‘ Q, Thus,3Q, €F 2 8 &€ I(Q_ ) also,
. 2 2
where Qk ‘and Qk are adjacent squares
1 2
(figure 6.2) and ¥ is not a vertex of Q, elther.
2

Let R denote the rectangle defined by R= Qk U Qk Then,
1 2

:fe&R and kr‘-kl and k#k2$ __ﬁ__l is analytic on Qk and
again by Cauchy s Theorem for a Rectangle, f % =0,

I"(Qk)
Also, £(3% )=§‘:’]?j-: L i_%z , and hence
T(R)
i(z!dz
£ (8 Y=gt f -+ --1-- z dz

We now note that the side common to Qk and ka does not

1
belong to & by definition, and hence, by the same.argument

used earlier, (3 )-2171 Z I _g%géqg .

j=1 LJ
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Finally, we assume that % is a vertex of le@‘" « Thus J
: 1

Q. | QQ Qk ’Qk Q€ (?-a $ is a vertex
' Ve
3 of each of these also. Let Q
QKZ ng denﬁ_te the square defined by
Q=_U1Qki. Then, ¥€ & Q and thus
. g=
i 60 ‘ .
lytic on Q » and again by Cauchy s Theorem for a Rectangle,
[ #2242 <0, n1so, £(s )=y [ H2NZ | Hence,
r(Q,) r(Q)
m .
°y . , £(z)dz 1 [ £(z)dz .
£(X)= 2wi Z f Z=f +v21ri f z-X ? (kifki_’ 11,
k=1 I'(Q,) re)

Again we note that none of the four sides common to two of
the squares {Qk }iil belongs to L » by definition, and
hence, by the same argument used earlier,

f(ﬁ)Z'rrn. Z j__ﬁ%_l:%Z_ *

N j=1 L
This exhausts the posqibllities to be considered, and thus

the lemma is proved.

The following two lemmas are offered to cover the neces-
sary details needed to prove the validity of the properties
of continuity possessed by a function of the variables z and t,
where z ranges over the compact set F contained in Z, and t

ranges over the closed interval [a,b].

L6.3 H Given a non-empty compact set F € Z and the interval
I={a,b]. Consider the continuous function 9 (2,t)sFXI~2

(meaning: »for;-every (‘zo.,to)éFXI and £>0 = [T o=% (zo,

!
t
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t,,€)>0 3Y zeF,tel 3 [z-z_|<5 and Jt-t I<6 =
lo(z,8)-8(2 .t ) |<ED).

C TFor every €30 = [F 3=3(€)DN t,t,&I > Itl—fc2l<b

and Y zeF =% l;p(z,tl)-zp(z,t2)l<£].

P Assume the contrary. Then, for some &>0, there does not
exist 8( &) satisfying the above conclusion. This means

3 g>0 3 [Vo=>Ft],t7€eT and Az e F > |t]-t5|< L and

]cp(zn,tg_l)-qa(zn,tg)lﬁ Eod® Since {tn}n_l 3 n=> t;_lél and

I being compact (which implies that I is sequentially com=-

pact) = by definition of sequentially compactness that 3
(o 0] - e n._ . )

{nj-}j*'l and = toel 33%;,& t,J=t,+ We next show that

lim t23 =t . Let L >0 be given. Then I J 2 [ —— <‘% and

j-)OO
n. L
for every j>J = |t13-t | < ~2~ Je Hence, We have that for

n
3 1,9 AN
all. j>J._>|t2 -t |<|’c2 -t 00+ Itl -t |< j' 5 <‘-ﬁ?2
YL v, 3
<5 +3% <V, so that J lim t, =t, also. Now, associated
j-OO

N, oo n. o
with the sets {tlj:}j=1 and {t23}jo=-?l is the set {'znj}j‘:—l

where j=> z eF. ‘But Fis compact and thus F is sequentially

compact =y = {jk}k__ and = z S F2 2 1lim z =z . We show
k=00 Jk :

n, .
next that 3 lim ¢(z, ,t Ik Y=o (z_st ). We will use S,=z
. 1 o’ "o kK “n.
n
and © -tl k to simpllfy notation. Let A>0 be given. Then

(p(z t) being continuous at (z_,t )= [3 »= 5(2,,t,5M)>0 2V
zeF tel D |z-z | <& and |t- ty | <3 => lo(z,t)- -9 (z sty YI<N].
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But 3 lim B,=z  and 3 lim gv kb, implies = K=K(3)>0 =X
k=00 © k00

K = ,I,"’ﬂk-zo|<b"ahd l 'Uk-to|<b which in turn gives

lo (Bys T )=0(z,,t,)<\. Hence, Hizorg 0 (3,5 T )=0(z %)

_ n,
which is the same as saying 3 lim ¢(z ,~t13k)=tp(zo,to).

koo By

k

)

In a similar manner, we can also show that = 1lim cp(z ,t2jk)-
koo | D )
Ix

=p(z,5t,)+ Choose K>0 this time so that |¢(z, ,1:13 ')’
geY.
< S,
>

-0 (2 9t,) [ < ? and |p(z ,t23k' )=p(z st )< Then,

i’
n.: n.
) J ']
lo(z, 55"k -0z, 8k ) I<lolz, 5tk o, 22501
s Iy i °

€,
+ lo(z ,t23kf )-p (25t )|< 3— € , but this
s :

n, n,
is a contradiction, for Z, ,tlak' s and t23k’ by their
B Jier
S ) , k nj n,
original choice gave |(pv<zn 35,k )=0 (2 ,t23k' )2 €.
jkl jkl ‘

L6.4 H Consider the continuous curve C:¥=(t), teIE[.a,b]

and the Acontihuous function f:,C—>Z'. Given also the non-empty
compact set F C Z 3 F N C=f. Let ¢(z,t)ziin$El) | note

that ¥ (z,8)eFXI =y 9(z,1):FXI»Z and this impl‘iés' ‘that
[zeF and R(t)€C and F N C=g]=> XL (t)*z. Also, since
£:1C+Z and R :I+C are both continuous, £((t)) is also
continuous on I.

C o¢(z,t) is continuous on FXxI,



P Let ~(zo,to)€FXI-. We want to prove that3lim ¢(z,t)
z+2
_, t—>t '

We note first that C is compact and F is compact and
F N C=g => d(F,C)>0 by Th.2. Thus, ¥ (z,t)=FxI =>
[zeF and ®(t)eC]=> || (t)-z|>d(F,C)>0 so that

1 1
S (o)-z] < ac,my <

Now let €>0 be given. First, £((t)) is continuous on
I and [(t) is continuous on I=% Fs=(E )>0 > lt-t | <3

= £ (£)-£(8 (£ ))|< min ( v%f.}}_ [d (C,Fz]

d(C,F

and that |B(£)=-(t )< oISt ) o It can'also:be

o

_[a(c,F) 13 - '
assumed that %< e« We shall use here that
) l+|f(t?(to))| , )

2
—Id(C(’)F)] Z 00 and that 0«0 =0.

Then, (z,t)&FXI> |z-z_|<b and |t-t_|<¢ implies that

I‘P(Z"t)‘q’(z.o"t_oﬂzl i;;igt;) _ fé(f(to)) |

| PEREIH B (to)-z0] = £ (IS (£)-2] |
] (t)=z){ S(to)=2z0]

= L £CR(£))8(t0)=F (= (£))20=F (R (£0))S(£)+£ (8 (£0) )z |

50

1R (t)-z]+| 8 (t5)-20]|

e 7T2 - £ (R ())8(t0)-f (R (t0))-] (t)
+ f(g(to))‘z - f(:g (t‘).zol

< W.[|f_($<.t>>-s'<to>-f<:9<to>>-s (to)]
+ 1208 (£))8 (5 )-LGR(E)DIR(E) | + TRt ))e
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~£(3(t )z | + [T(8(t )z, - £(8(t))z ]

= ey [ (6 H £ 68(6)) -1 (R(6 )| + | 26850 IS (t)
| + lzg -l £6R(t ))=-£(R(t))]]

“S(6) | + 1288 ) | z-2
2
< T LS () - F ST + 1e 68 et
a(c,F)12 a(c,r)12
| £ ) | st + |z |- Tt ]
. O o
1= o

€ &
<IF+E+E+§
The next lemma we prove will allow us to approximate

the integral of certain functions over certain curves by a

rational function all of whose poles lie on the given curve.
Z and let

L6.,5 H Given the non-empty compact set F C
C:8==.(t), t€I=[a,b] be a piecewise differentiable curve.

Also, consider the continuous function f:C-»Z, let €& >0 be

givén, and let the condition that F N C=@ be satisfied.
Note that‘d zZeF ::;-é—-% is continuous on C and C is a
plecewise differentiable curve so that 3 | —-g—g—_kzl-:-’i-.
a. C '
n—l J .
¢ 3 Ql2)= )II5 5mp 2 0ign-1 => biec,
J
Y zer =5 | fﬂs;‘_)_—‘zi—g- Q(z) | €.
s =

(ajé Z) and >

(Thus Q(z) is a rational function whose poles all lie on
the curve C and Q of course depends on &€ ).
P We willl first prove that the lemma is true when C is
differentiable and then use this to prdve it true‘for C
Thus, C being

being a plecewise differentiable curve.



differentiable =3 ®'(t) is continuous on I where I is
compact. Since a func'tion that is continuous on a com-
pact set is bounded, there exists M>0 2 for every t&I
> [S'(t)|<M. Now, by Lé.k4, '%E’%%;‘l is continuous on
FXI, where F and I are both compact. Thus, épp]_.ying 16.3,
TF5=5(£)>0 D [VzeF and WV t,t'eI 3 |t-t'|{<s] =>

€

| S - 86 | < ey

Choose A:{tj}jr__:l to be a partition of I 2 ||aAll<5. Then,
define Y zeF = Q(z)= Z?;é g_‘ggt’j [ﬁ(tj)' R(tj+l)]‘
(Note that 0<j<n-1=—=> = (t)e0). Then, ¥ z&F —>

[ 599 gl = 1 [P S o
C B

Y-l £(S8(t4 [R(5,) -R(t

j=0 z=-8 tj j+1)”

S | pe&t)) o £(2(t3)
= Zo{ sy _.j);o St [:‘§(t3+1) R(t)]
| . ()
n-l J 1f ' f(=]R(% '
) o ![ 626D, 1 (e)at - S E f "R wat])
J_
%3
| tj+l
(since I dR(t) = [S (¢ Y-8(t)] )
% i+l ?
; _
n-1 t

J+1
| Z J [ & (t ..z %—.{% 11 (t)at |
%3

: t .
Il re(4) f
SJZOIJ ['ﬁt-z -3

J
t

R(t4 »
=l Tt (t)at |

52
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n-1
e
szo Homay M ty4n = 8yl (using T3.7)

- &, Vn-1 _ £ _
~ b-a Zj:o ltj.;.l - tj’ = m'(b-a) =

We next assume that C is plecewise differentiable. Thus,
dA: {tk}k —o » & partition of I D 1<k<m = C is differenti-

able on Ik:-.[tk_l,tk]. Let 1<k<m =5 Cp ~3 ‘S(t), tel,.

We now have that 15_k_§_m==> 3 (2)= Zj —‘ik_ ® ogjgn, =>

k

U : £ (XR)ds g K .
bje; C,CC and>VzeF = | f ==y~ - Y (2)[< = » Which is
C B
k

proved for each C, as we did above for C. Then, if we define

AV z'erz':»Q(z)E Zklgl Qk(z), we have that Y zeF :;

| J'\i_zyéF-?Q(z) ZK':}_“_Q}SZ)’ we havent_kiat“V ze F —%

C c

@

k
=l L[ [ fs(:fz, - Q(2) 1] £ ZI{ A 2288 - g (2)]
C Ck
mn & - £ , . '
< k=1 m - 05 = € , and clearly all of the poles of

Q(z) are on C,.

The following two lemmas deal with "translation of poles".
The first of these allows us to approximate a rational func~
tion having a single complex number as its only poie,.by
another rational function having some other complex number
as its only pole, if the two poles are "close enough'" to each
other. The second lemma allows us to approximate a rational

function having a single pole by a polynomial, if this pole
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is "far enough out."
The above "intuitive" introduction of the following two
lemmas will become less vague as they are stated and proved

in detail.

L6.6 H Given the non-empty compact set F C Z and consider
the two points zl,z26€F =) |z —22|<~:Ld(z2,F), (since z, &CF
and. F is closed and (z,5) is’ compact, d(z5,F)>0 by 4.2).
Consider also the rational function R(z)= Z . =0 T——l—yj

a a
8 * TEEY * TEET e * Tagpym o+ (3Fap), and Let

€ >0 be given. Note that R(z) is a rational function

- whose only pole isvzl.
C 3 Q(z)= Z n k =b_ + b1 T+ i Fouuot °n
= ~ Lk=0 (z—ZZSK o 7 (z-25) (z-z5)< "°°° iz-ZZSH ’

(z$2,), 2 ¥ zeF => |R(z) - Q(z)|< € .
(Here the approximating function Q(z) is a rational func-
tion whose only pole is z,. Of course, Q(z) depends on
€ )
P Without loss of generality, we may assume that the cogffi-
c‘i”énts aj#o for 0<j<ne. | Choose j 3 1<j<n. Anytime R&Z >

|8]1<1 we can write (1-%) = Xéib(k+i'1)slc, where

L O | |
(s J-1y= 1?.'“3-%):' We have that N zeF=> |z-z,]>d(z,,F)

since Zzé@F, and thus T————r _—(—Z;F—’)- so that

-Z
ziz 2 | = IZ - Zg' < lzl-z2f 2 < 1, since bY hypo-
2 |z - 25|  d(z5,F)

!

' thesis |z =2,|< %d(z2,F)’
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Z--Z2

Now, define ¥V zeF => R =¢(z)= « Thus,VzeF

= |8 ~21--<1'and hence ¥ ze F =

o0 (o 0]
1 1 _ k+3j=1y ¥ k+,)-l 1‘22 k
- = ( ) ( )( ).
(1-2 "22)‘j (1-:3)3 kZO k kZ-

Z=2p

Hence, as a result of‘the follpwing manipulations, \/ zeF =

J
l = l— ‘o (Z~Z2). — 1 ] ]..' -
(z-20)9 (22,09 (2-2)9 7 (2-2,)9 (2-2,)7
(Z~Z2)j
N T | _ 1 1
(z--zg_,)"j (z-z2-(zl-zg)) (z-zz)a (1- 21 2)3
' Z-2 2=2Z3
2
-1 k+ -1 1 22k
= —=e ) ) (555
(z-z2)3 kyo k Zo

Now,kZo(k+}j("fl):8k === on the open unit disk, N, (0),

and the function cp':F”Nl(O) is continuous and F being com-
pact gives us that ¢(F) is compact (by the fact that the
continuous image of a compact set is compact) and also,

cp(F) C Ny (O) so that by definition of almost uniform con-

k+j

vergence, - - - on ¢ . rom this we have
0( 1y<k (F). From thi h

that € >0 => [ L=L(& )3V S e o(F) =
L

m 3
lkZO(k.FIJ{-l):'—S y (k+j 1y k 1< [d(zg,F)] .
= L nlaal
k+j=ly/2.=Z~\k
We now define .Qj.(z)E -—-—L—-—j kZO( 13{ (L 211 » so that
(z-25) (z-z2)
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. 1
VY zeF = | (z-z Y Qj(z).l
= I ..______.._._. Zk -0 k+J"l)( 1 2)k 1 e ZkojO(k.q.j_’l)(Zl—ZQ)'k l
(z-2, ) Zo (2_32)3 Z2-2

n

0 k+j=1 k L ,k+j=1 k
S s - ) s

| <z.z2)j -

N

- .
I ___l.___j_ |.€[d(zz,F)] < 1 . E[d(Z2,F)]J
(z-25) nlayl = [a(z5,F)]7 nfa;]

= —'——-l—e (si L)
= 5 aj‘ ’ sincCe T——ZZ' d(Zz,F> .

We now define Q(z)Ea0+élQl(Z)+a2Qé‘(Z_)+...+anQn(Z).
Thus, ¥ zeF =— I.R(_z)-Q(z)[

a.
| =0 (505, (agr ) y212505(2) ) |
a .
- n _ 2] _Un
= et 71 (gmzy)d %o Zme}:j%(z) |

a.
= n —_— .
| ZJ=1[ (z-z, )3 'anj(Z)]']
y 1
1
<)o lag —=—r - Q.(2) |
Litaleg (z 203
n- = n é - oé‘ =
S—Zj=l|aj" W =/)j=1n " B"nh-&-
L6.7 H Given the non-empty compact set F C Z and consider
the point z,<EF sYzeF = |z|< %—Izl|, z,$0. Also, con-

. a. a
"sider the rational function R(z)= ngo-(-——-——ll—)—j— = a+ —(é—;—]z'?
Z=Z

a a.
.+ _—g—'—'— +toeoooet _—I'L'—"ﬁ ) (Z#Zl), and let € >0 be given.
(z-2,)2 (z-24)

Note that R(z) is a rational function whose only pole is z,.

C 3 a polynomial P(z)aV zeF = |R(z)- P(z)|< £ e



57
P This proof is similar to j:hat of the last lemma. We
first assume 0<£j<n —» aj#o, and then pick j 3 1<j<n.

Again, V¥ S €F > |3|_<__l > -Z]—_Lé_)—']- = Zk:(;) (k+1'1-l)‘3k,

s R
where (k?c l)E 11?'. jzl.'- . Here, we have that ¥ze F=—=>

|21< 312, | By bypothesis, and thus if z%0, |;E|= 2la.

Now, defineVzeF=>R=0(z)z £-. Thus, ¥ zeF = |S|<i<1
| _ - =
- 1 _ 1 _Too k+j-lyok
so that ¥V ze¢F=— —=—_ = == ). ( RS
T a- 27 a-9? o

= }:o.? (E+I=1y(Z K, Next we show that ¥V zeF =
k=0 k zq : ;

1 - = , _,1 - = (_1)3 = g‘l)j .
(z-zl)'] (-‘-.fL)'](zl-z)J (zl-z)'j zlJ(l-%]-:)j
3 ,
- (=1) o0 , :
- Zl_;j Zk=0(k+1'j{°l)(*§-]-:)k'. As in the last proof, since

kO:O\(k+f;"l):g'k'iS'almost uniformly cbnvergent on Nl‘(O)

and ¢ is continuous on a compact set F and hence ¢(F) is
compact, we have convergence on o(F) as .before, so that.

again, for € >0=> I L=L(€)>3VIecoF) =

T oo k+j=ly ok L ,k+j-1. Xk 2413
|Zk=0( k )= 'Zk=o( k R lsz—l";:"—. We now let

J
J : .
= (D), L k+j=1y,2 \k -
Pj.(Z_)_ (Zl)j Zk=0(' i )(Zl) . Then, V zeF =

' 1 , - (-1)j oo Jk+j=1l,2 +k
—31 . _p = —. ) (=

| (z..zl)j 3= 1=] 2,9 Zk"of k) zl)

2 LD T L (ekjely 2 gk
(21)3 Ek=0 zq l
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J .
= |§_-Z;L)LJ,H Zkfo(k+§-1>=3k _ zk:I:O‘(m-]i-l)skl
1

1 Al e
JENE “'aaﬁ' nla,|

We now define P(Z)anfalPl(z)+....+anPn(z). Thus, P(z)

IN

is a polynomial, and V zeF = |R(z)=P(z)]|

= | Zj O-ZZ—_LZ)—:Y (a +Z__l jPJ(Z) )]

il

| ngl[ j_-"a‘ij(z)] |

(z_-zl

n 1l -
Zj=1|ajl.l )j - PJ(Z) !

-(z-zl

N

<Tmlaglasr=T5 Eong-e.
We are now ready to make use of these last few lemmas
in proving the following theorem which will allow us to.
approximate, by polynomials, functions which are analytic
on a bounded simply ‘connected domain, under certain con-
ditions.
I6.6 Given the set G @ G is a bounded simply connected domain
> G.QVZ and consider the analytic function f:G»Z. Let F
be a non-empty compact set 2 F C G and let € >0 be given.
I a polynomial P(z) 2V zeF => |r(z)-P(z)|<E.
prove

P We first the following needed lemma:
L H Define H={z]| d(z, QG)> -2~d(z,F) or d(z,&G)> %—d(F,@G)};

le!

N F is compact and @G is closed and F N €G=F so that
a(F, 8G)>0.

@]

“3J 'a rational function Q(z) all of whose poles lie in
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G N@H and which satisfies the condition |f(z)-Q(z)|<§

for all z&H.
P The second part of the definition of H above gives
us that ¥ C H. We can also show that H 1s closed:
Clearly H can be written as H=H, U H,, where

H,={z|d(z,  6)>5d(2,F)} and Hy={z|d(z, 8G)>3d(F, &G)}.

Let zoes‘i(ﬂl. Thus every nhood that contains z_  contains

N . . + .
points in H;s Thus,V¥ neI => 3 z e H 3 zo,zneN;L(zo),
n
and d(z ’ GG)?_ld(z »F) and |z -znl<-}-1~.. Thus, a sequence

o
{Zn}n-l of points in Hl is formed wWhere i}; zn—zo. Now,

the function cp(z)Ecpﬂ(z,E), where @+E C Z is a continuous

function on Z, so that I 1lim d(z n? @G) d(zo,QG), and
Z -z

n “o
also, 3 1im =4 2 (zn,F)=-2—d(zo,F).  Hence,
z,>Z

‘3 1lim d'(zh,GG»lim 54(z ,F), Y z &Hy, and thus

-> ) ->
Zn ZO Zn ZO

d(zo,%G)?_ %—d(ZO,F) = zoé-Hl. Therefore, ‘:’KHl C Hl‘

and thus H; is closed.
Similarly, if z @3’(.}12, then as before, there exists

a sequence {z }o_?l of points in H2 2 l1lim zn-—zo. Again,
=00 ‘

we have that 3 lim d(z %G)=d(zo.,@ G). Hence,

->
zn ZO

3 1lim d(zn, €G)> lim 1d(F,Q6G), V¥ z e,H2, and thus

. -»2
2,72, 2.2

a(zy,6 6)2 34(F,QG) = z & H,. Therefore M, C Hy
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and hence H, is closed. H=H; U H, .implies that H is
closed therefore.
Now, by L6.2, 3 segments Ll,LQ,...,L in GNGH =

£(x8)as -.s as £(8)ds
f(z)"'é‘v'r‘{Z j=1 J » N zeH. Let fi(z)“27ri 3=z

Ly

where lgign. Then f(z)—fl(z)+f2(2)+....+fn(z). Con-
sider 'fl(z)=§}7fj i(:?_%s-g. By L6.5, there exists a

L
rational function Ql(z) having poles exclusively on Ll

D |2mi.fy(2)-Q ()< § €L \/ zeH. But,

Qq (z Q (z)
[2mi. fl(z)-Ql(z)l;IZm:[fl(z)- =) ]l-—27r!f (Z)-"é;;rk%m,
Q,(z
so that Ifl(z)-— 571 I< -é%. Thus, for f,(z), 1isn, 3

a rational function Qi(z) having poles exclusively on

Q4 (2)
L, ® |f;(2)———I< &,V zeH. Let Q(2)z Q,(z) Q5(2)

2n?

2mi  2wi
. Qn(z)
+eseot5=—. Then, |£(z)-Q(2)|=|[f; (Z)f....+f'(2)}
Q) (2 Q (2) Q (2)
"'[“]é'_’”r'i"‘ +o.o+ 21Ti :H = H:f (Z)- 2 i _]+-oo+[f (Z)— 21l :”

Q, (z Q, (2) £
Iy -t 2, 0B < S n'zn 5
and clearly the, rational function Q(z) has poles exclu-

sively in G N&H, completing the proof of the lemma.

Here, Q(z) found above in our lemma cén be rewritten in
the form Q(z)éQl'(Z)+Q2(Z)+...+Qm(z) where each of the func-
tions Q,(2), 1<k<m, is rational and has only one pole.

Consider Ql(z). Let us denote its only pole by a. By

Z_'._I‘}f.2, since A_(‘a) is compact and &G is closed and ae G =
(a) N€G=¢ so that d(a, €G)>0. Hence I a point be€s



61
d(a,b)=d(a, §G).

Since a€G N GH C QH,, the conditions for membership in
H are not satisfied when z=a. Hence, since be&\G,

d(a,b)=d(a, € 6)< 2d(F, €C)< Fd(F,b) (.

Now, let ¢ be a point satisfying the hypothesis for L6.7,
i.e., c&&G and c$0 2 |z|g ;2L-|c|, V zeF, | Now, G is a I'
bounded simply connected domain so that GG 1's. a component
(see D6.2) and since b,ce &G, we can use the "Condition of
Cantor" (see previous theorem), i.e., there exists a se=
quence of points b=p1,p2,p3,...,p -1°P,=¢ all in éG 3
d(pk’pk+l)< (F, €G) for 1<k<n-l. (Note that we are.
considering our "e¢" here to be 2 2d(F, €G) ).

Let poEéo Then for k21, we have that d(p,sPy4q)
<d(pk+1’F) by (1) above since all the P, 's belong to @G
As for k=0, iaoEa‘ and we have thatéd(po,pl)< %d(F, 8G)
$ %d(F,pl) since pl.eQ.G and from Cantor's Condition above,.

Thus the hypothesis for L6.6 is now satisfied, and we
can now apply this le,mma successively to ever} pair of
points Py oPpy1? getting a finite sequence of rational func-
tions Ro(z),Rl(z),....,Rn(z) (wnere RO(Z)EQl(z)) satig-

fying the following conditions: |Ry,,(z)=R, (z)|< §ﬁf%¢I7’

V zeF, 0<k<n-1, and the only pole of the function Ry (z).
is pye (Note that the only pole of R (z) is ¢)s
Now, applying L6.7, we have ceGF 2 [VzeF =5 |z|<—|c|,
c$0] so we have that 3 a polynomial Pl(z) such that
IRy (2)-Py (2)< mrepgye  Them, [Qy(2)-Py(2)|
= |Q, (2)-R_(2)+R_(2)-P, (2)]

|
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< |Q1(z)+Rn(z)|;+ |Rn(Z)‘P1(Z)|

<|R (2)-R_(z)] + EER%iTT v(since Ql(Z)ERo(Z)-l

= IR, (2)-Ry(2)| + sorgy

(R, (2)-R_3 (2)I+[R_; (2)-R_5(2)Jeeeut[Ry (2)-R (2)]]
e

+ 2m?n+l5

< |Rn(z)—Rn*l(Z)|+|Rn_1(Z)“Rn-2(Z)I*--éflRl(Z)“Rogz)l
ME-TICYS D)
B A e & €
S P oD ot @D Y SatorD)

€ = &

Similarly, for Qk(z), d a polynomial Pk(z') such that

le(z)"‘Pk(z)'< '2%5 ? for k=2,3,000’m0 NOW, let P(Z)E’Pl(Z)

+P2(z)+,..;+Pm(z). (Note that P(z) is a polynomial). Thus,:
1Q(2)=P(2)|=][Qq (2)+4.e+Q (2)1=[P] (2)+..0+P_(2)]]

=l‘[Ql(‘g)-Pl(Z)]+[Q2(z)-P2(Z)‘]'+°..+[Qm(z)épﬁ(z)]I

¢ £ E.. € _ £ _E&

Sog*omterrt o TO 5T F

Finally, |f(z)-P(z)| = |£(2)=Q(2)+Q(z)=-P(2)|
< 1£(2)-Q(2)| + |Q(2z)-P(2)]
< g +§i=l£.

It is in the following theorem that we finally show
that an analytic function on a bounded simply connected
domain can be written as the limit of a sequence of almost-

uniformly convergent polynomials.

T6.7 H Given the set G ® G is a simply connected and bounded

{ domain Q,Z and consider.the analytic function f:G-+2Z. .
/

./
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c 3 {P (2)}. % n=1 >n =y P, (z) is a polynomial and
P, (z) L £(z) on G._‘

P We make use of T6.4 which says that a sequence of poly-
nomials which converges to an analytic function (defined
on an open set in Z) on some open nhood of every point in
that open set, will converge almost uniformly to that func-
tion on the set itself.

We first define the following open setsV¥ keI =>
sz{zlzeGand_ alz,C G)> i—}. Then since i"c > k}l’ by the
manner in which G, is defined gives us that G C Gk+1’\:j ko -

We next prove that G=k°§l Gye First,k => G, C G so that

—1Gk C G. Let z€G, Then G being open = &G is closed

and (z) being compact => d(z, €G)>0 by T4.2. Thus, kel
3d(z,&G6)» % = zeG (since z€G) = zﬁ:gol(}k and thus

C I

: oo . (oo} .
G _C_ kgflkso that G=kg1€ko
We next prove that ¥k = Gk'g G. Assume the contrary,
i.e., suppose I keI's ‘_ZK,Gk gG. Then HSGﬁiﬁk NGGe

Hence, R€NG, = N, R) NGGH#. Choose z3zeN,(J) NEG,

k k
Then d(z‘,3)_<' % but since z 6Gk and 8€€G, we have that
d(z,8)>d(z, &G)> %E , a contradiction. Thus,V k:‘;:‘MGk_C_Go

Since %G, C G which is bounded=%» X.G, is bounded and .
.G, being closed => by Heine-Borel that NG, is compact,
V ke It. We are thus ready to apply T6.6, which gives us
that V ne I'==% [3 a polynomial P_(z)3V ze&G_ CXG, vhich

| is compact =% l'f(Z)-Pn_(Z)'K %'“]- :

7/

s
/
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We now fix keI'. Let €>0 be given. Choose n >k 2

1
n <€. Then Vn>n and V zeg, C Gno C G, implies that

1£(2)-P_(2)]|< & < -};; <E€. Thus, P_(z)==> f£(z) on G.

Since this can b_e done for ke I+‘, ‘'we have that the sequence
of polynomials {Pn(z)} converges to f(z) in an open nhood

of every point in G, i.e., ze szgle::; EkazeGk and

P (2)=>1(2) on G => ‘Pn(z).%zv £(z) on G by T6.4. Thus
£(z) is the 1limit of a sequence of almost uniformly conver- -

gent polynomials.

We are now ready to finally prove Cauchy's Theorem,
which is rather easily handled now for a bounded simply

connected domain 'i'n light of what has already been proved.

T6.8 H Consider the bounded simplgr connected domain DIQ'Z
and the analytic function f:D»Z. Also, let C be a pilece--
wise differentiable closed curve 3 C C D,

. 3 j f(z)dz = 0, ( Cauchy's Theorem)
C

P By R6.5, since every polynomial has an antiderivative
and since C is a plecewise differentiable closed curve,

- - y O
we have that neI” => jCPn(z)dz-o, vhere {P (2)}, 7 is

the sequence from I6.7 3 Ph(z)&?f(z),on D. And, since
Pn(z)z"'i‘? £(z) 'on D.and C is compact CD=> Pn(z)=:ﬁ £(z)
on C, by D6.7.

Now, since ' C and _{Pn(z)}no:l satisfy the hypothesis of

I T6.5, we must have that 3 lim f P (z)dz= I £(z)dz. L
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C

But, since neI' =% [ P (2)dz=0, our result is that
» e

f(z)dz=0, and CauchY's Theorem is proveds

65
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