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ABSTRACT

S a l i n i t y  d i s t r i b u t i o n  i s  an  i m p o r t a n t  f a c t o r  i n  w a t e r  q u a l i t y .  I t  
i s  a l s o  t h e  f o r c i n g  f u n c t i o n  f o r  g r a v i t a t i o n a l  c i r c u l a t i o n .  A 
o n e - d i m e n s i o n a l ,  r e a l - t i m e ,  hyd ro d y n am ic  and s a l i n i t y  i n t r u s i o n  model  
was a p p l i e d  t o  an  e s t u a r y  i n  o r d e r  t o  p r e d i c t  t h e  l o n g i t u d i n a l  s a l i n i t y  
d i s t r i b u t i o n .  I t  was n e c e s s a r y  t o  f o r m u l a t e  a d i s p e r s i o n  c o e f f i c i e n t  t o  
a c c o u n t  f o r  t h e  e f f e c t  o f  g r a v i t a t i o n a l  c i r c u l a t i o n  i n  t h e  s a l i n e  
p o r t i o n  o f  t h e  e s t u a r y .

The model  i s  b a s e d  on t h e  o n e - d i m e n s i o n a l  e q u a t i o n s  o f  c o n s e r v a t i o n
o f  vo lum e ,  momentum and m a s s .  The e s t u a r y  was d i v i d e d  i n t o  segm en ts  and
a s e m i - i m p l i c i t  f i n i t e  d i f f e r e n c e  scheme was u s e d  t o  s o l v e  t h e  g o v e r n in g  
e q u a t i o n s .

The d i s p e r s i o n  was f o r m u l a t e d  t o  c o n s i s t  o f  t h r e e  t e r m s .  The f i r s t
i s  t h e  d i s p e r s i o n  d u e  t o  t h e  e f f e c t s  o f  v e r t i c a l  s h e a r  o f  t h e  t i d a l
f l o w ,  t h e  second  i s  d i s p e r s i o n  due t o  t h e  e f f e c t s  o f  t r a n s v e r s e  s h e a r  o f  
t h e  t i d a l  f l o w ,  a n d  t h e  t h i r d  i s  d i s p e r s i o n  d u e  t o  t h e  e f f e c t s  o f  
g r a v i t a t i o n a l  c i r c u l a t i o n .  The f i r s t  tw o  t e r m s  a r e  b a s e d  on  T a y l o r ' s  
a n a l y s i s  o f  f l o w  a n d  a r e  a p p l i c a b l e  i n  t h e  f r e s h w a t e r  p o r t i o n  o f  t h e  
e s t u a r y .  The t h i r d  t e rm  was f o r m u l a t e d  b a s e d  on t h e  a n a l y s i s  o f  H a n s e n  
a n d  R a t t r a y  ( 1 9 6 5 ) .  The d i s p e r s i o n  due  t o  g r a v i t a t i o n a l  c i r c u l a t i o n  i s  
f o u n d  t o  d e p e n d  on t h e  l o c a l  h y d r a u l i c  c o n d i t i o n s  a n d  t h e  l o c a l  
l o n g i t u d i n a l  s a l i n i t y  g r a d i e n t .

T h e  m o d e l  was  c a l i b r a t e d  a n d  v e r i f i e d  u s i n g  s l a c k  w a t e r  a n d  
i n t e n s i v e  s u r v e y  d a t a  f r o m  t h e  R a p p a h a n n o c k  R i v e r .  The l o n g i t u d i n a l  
s a l i n i t y  d i s t r i b u t i o n  was s i m u l a t e d  f r o m  M arch  t h r o u g h  O c t o b e r  1 9 7 3 .

3
D u r i n g  t h i s  t i m e  t h e  f r e s h w a t e r  i n f l o w  v a r i e d  from 11 t o  450 m / s e c .  
T h e  i n p u t s  n e c e s s a r y  t o  s u c c e s s f u l l y  p r e d i c t  b o t h  s h o r t - t e r m  a n d  
l o n g - t e r m  s a l i n i t y  v a r i a t i o n s  a r e  t h e  f r e s h w a t e r  i n f l o w ,  t h e  t i m e  
v a r y i n g  s u r f a c e  e l e v a t i o n  and t h e  s a l i n i t y  a t  t h e  m outh .
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FORMULATION OF A LONGITUDINAL DISPERSION COEFFICIENT IN PARTIALLY-MIXED 

ESTUARIES AND APPLICATION IN A ONE-DIMENSIONAL REAL-TIME MODEL



I . INTRODUCTION

An e s t u a r y  h a s  b e e n  d e f i n e d  as  a p a r t i a l l y  e n c l o s e d  body o f  w a t e r  

which  h a s  f r e e  a c c e s s  t o  t h e  o p e n  s e a  and  w i t h i n  w h i c h  s e a  w a t e r  i s  

m e a s u r a b l y  d i l u t e d  w i t h  f r e s h  w a t e r  f r o m  t h e  l a n d  ( P r i t c h a r d  

1952) . S a l i n i t y  i s  a d i s t i n g u i s h i n g  p r o p e r t y  o f  a n  e s t u a r y .  D e n s i t y  

g r a d i e n t s  a r e  a c h a r a c t e r i s t i c  o f  e s t u a r i e s  w hich  c a u s e  g r a v i t a t i o n a l  

c i r u c u l a t i o n ,  w h ic h  i n  t u r n  i s  a d o m i n a n t  i n f l u e n c e  on  t r a n s p o r t  o f  

momentum,  a n d  d i s s o l v e d  an d  s u s p e n d e d  p o l l u t a n t s .  I n  e s t u a r i e s  t h e  

d e n s i t y  f i e l d  i s  d e t e r m i n e d  by  s a l i n i t y  d i s t r i b u t i o n .  The v a r i a t i o n  o f  

s a l i n i t y  d i s t r i b u t i o n  on  a n  e s t u a r y  d e t e r m i n e s  t h e  e x t re m e  c o n d i t i o n s  

s e d e n t a r y  o r g a n i s m s  a r e  s u b j e c t  t o ,  and t h e  d i s t r i b u t i o n  o f  p l a n k t o n  and 

n e k t o n .  T h e  l o c a t i o n  o f  t h e  h e a d  o f  t h e  i n t r u s i o n  i s  i m p o r t a n t  t o  

c o m m u n i t ie s  d raw ing  t h e i r  w a t e r  s u p p l y  f ro m  t h e  t i d a l  r i v e r .  Once  t h e  

h y d r o d y n a m i c s  and s a l i n i t y  d i s t r i b u t i o n  h a v e  b e e n  mode led  t h e  model can  

b e  u s e d  t o  p r e d i c t  d i s t r i b u t i o n  o f  o t h e r  w a t e r  q u a l i t y  p a r a m e t e r s .

T h e  s a l i n i t y  d i s t r i b u t i o n  i s  d e t e r m i n e d  by m e t e o r l o g i c a l  e f f e c t s ,  

t i d a l  m o t i o n s ,  r i v e r  f l o w ,  c h a n n e l  g e o m e t r y  a n d  b e d  r o u g h n e s s .  T h e s e  

f a c t o r s  make a q u a n t i t a t i v e  d e s c r i p t i o n  o f  s a l i n i t y  an d  d i s p e r s i o n  

d i f f i c u l t .  The  r e s e a r c h  on  d i s p e r s i o n  h a s  b e e n  m o t i v a t e d  b y  t h e  

p r a c t i c a l  i m p o r t a n c e  o f  g r a v i t a t i o n a l  c i r c u l a t i o n  an d  s a l i n i t y  

d i s t r i b u t i o n .  M a t h e m a t i c a l  m o d e l s  a r e  u s e d  t o  d e s c r i b e  d i s p e r s i o n .  

Many d i f f e r e n t  k i n d s  o f  m ode ls  a r e  c u r r e n t l y  b e i n g  d e v e l o p e d  and u s e d .
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3
A m a t h e m a t i c a l  m o d e l  u s e s  e q u a t i o n s  t o  d e s c r i b e  i m p o r t a n t  p h y s i c a l  

p r o c e s s e s  w h i c h  o c c u r  i n  r e a l  e s t u a r i e s .  T h i s  s t u d y  p r e s e n t s  a 

p r e d i c t i v e  n u m e r i c a l  model  o f  u n s t e a d y  s a l i n i t y  i n t r u s i o n  in  a n  e s t u a r y  

b y  u s i n g  t h e  o n e - d i m e n s i o n a l ,  r e a l  t im e  e q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  

o f  w a t e r  m a ss ,  c o n s e r v a t i o n  o f  momentum an d  c o n s e r v a t i o n  o f  s a l t .  A 

d i s p e r s i o n  c o e f f i c i e n t  i s  f o r m u l a t e d  f o r  u s e  in  t h e  m o d e l .



I I .  REVIEW OF PREVIOUS INVESTIGATIONS

T h e  f i r s t  a t t e m p t s  t o  model  s u b s t a n c e  c o n c e n t r a t i o n s  i n  e s t u a r i e s  

were  z e r o  d i m e n s i o n a l .  The e s t u a r y  was t r e a t e d  as  a homogeneous body  o f  

w a t e r .  The  w a t e r  e n t e r i n g  on  f l o o d  t i d e  was assumed t o  be  c o m p l e t e l y  

mixed  w i t h  t h e  w a t e r  i n s i d e  t h e  e s t u a r y .  The  v o l u m e  o f  s e a  w a t e r  an d  

r i v e r  w a t e r  i n t r o d u c e d  e q u a l s  t h e  v o l u m e  o f  t h e  t i d a l  p r i s m ,  t h e  

d i f f e r e n c e  i n  e s t u a r i n e  volume be tw e e n  h i g h  and low t i d e .  T h i s  model  i s  

known a s  t h e  t i d a l  p r i s m  m o d e l .  T h i s  a p p ro a c h  i s  v a l i d  o n l y  f o r  s m a l l  

c o a s t a l  embayments.

K e tc h u m  ( 1 9 5 1 )  m o d i f i e d  t h e  t i d a l  p r i s m  m o d e l  b y  d i v i d i n g  t h e  

e s t u a r y  i n t o  s e g m e n t s  w h o s e  l e n g t h s  w e r e  e q u a l  t o  t h e  l o c a l  t i d a l  

e x c u r s i o n .  W i t h i n  eac h  segment c o m p l e t e  m ix ing  i s  a ssum ed .  T h i s  model  

i s  u s e f u l  f o r  c a l c u l a t i n g  f l u s h i n g  t i m e  an d  s a l i n i t y  d i s t r i b u t i o n  

k n o w i n g  o n l y  t h e  r i v e r  f lo w  and t i d a l  r a n g e  in  an e s t u a r y .  I t  has  b e e n  

a p p l i e d  t o  t h e  R a r i t a n  R i v e r  and t h e  Bay o f  Fundy w i t h  r e a s o n a b l y  g o o d  

a g r e e m e n t  w i t h  t h e  s a l i n i t y  d i s t r i b u t i o n .  F o r  o t h e r  e s t u a r i e s  t h e  

a g re e m e n t  was n o t  good .  The model works  b e s t  i n  w e l l  m i x e d  e s t u a r i e s .  

T h e r e f o r e  i t  i s  n o t  a p p l i c a b l e  t o  t h e  p a r t i a l l y - m i x e d  e s t u a r i e s  common 

t o  t h e  E a s t  c o a s t  o f  N o r th  A m e r ic a .

Arons  and Stommel (1951) m o d i f i e d  K e tchum r s c o n c e p t  and d e r i v e d  t h e

l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n :  S = S e x p [ F ( l - L / x ) ) in  w h i c h  S i so o

t h e  s a l i n i t y  o u t s i d e  t h e  m outh ,  F i s  an e m p i r i c a l  f l u s h i n g  number ,  L i s  

t h e  l e n g t h  o f  t h e  s a l i n i t y  i n t r u s i o n ,  a n d  x i s  d i s t a n c e  m e a s u r e d  f r o m  

t h e  h e a d .  T h e  r e s u l t s  a r e  a p p l i c a b l e  o n l y  t o  s t e a d y - s t a t e  s t u d i e s  o f  

e s t u a r i e s  w hich  c a n  b e  a p p r o x i m a t e d  b y  a c o n s t a n t  r e c t a n g u l a r  c r o s s  

s e c t i o n .
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Dyer and T a y l o r  ( 1 9 7 3 )  p r o p o s e d  a m o re  g e n e r a l  a p p r o a c h  t o  t h e  

t i d a l  p r i s m  m o d e l .  T h e i r  m o d e l  a l l o w s  f o r  a d d i t i o n a l  i n f l o w s  from 

t r i b u t a r i e s  and o u t f a l l s  and i n c o r p o r a t e s  a p a r a m e t e r  a s s o c i a t e d  w i t h  

m i x i n g .  The  model  was s u c c e s s f u l y  a p p l i e d  t o  t h e  R a r i t a n  R i v e r  and t h e  

T ham es•

K e t c h u m ' s  m o d e l  s e g m e n t e d  t h e  e s t u a r y  f r o m  t h e  h e a d  down u s i n g  

r i v e r  f lo w  t o  s t a r t  t h e  s e g m e n t a t i o n .  Kuo (1976)  segmented  t h e  e s t u a r y  

f r o m  t h e  m o u t h  u p r i v e r .  T h i s  e n a b l e s  an e s t u a r y  w i t h  n e g l i g i b l e  f r e s h  

w a t e r  i n f l o w  t o  b e  m o d e le d .  The model  i s  a p p l i c a b l e  t o  s m a l l  c o a s t a l  

e m b a y m e n t s  t h a t  a r e  w e l l - m i x e d  w h e r e  t h e  t i d a l  e x c h a n g e  i s  t h e  o n l y  

f l u s h i n g  mechan ism .

Wood ( 1 9 7 9 )  c o m b i n e d  a s p e c t s  o f  t h e  m o d e l s  by  Ketchum, Dyer  and 

T a y l o r .  Wood b a s e s  t h e  s e g m e n t a io n  on c o m p le t e  d i s p l a c e m e n t  d u r i n g  e b b -  

f l o w  w h e r e  K e tc h u m  u s e d  f l o o d - t i d e  d i s p l a c e m e n t s .  T h i s  m o d e l  a l s o  

c o n t a i n s  ex c h a n g e s  b e tw e e n  segm en ts  a s  a r e s u l t  o f  m ix in g  a s  i n  t h e  Dyer  

and T a y l o r  m o d e l .

S t e a d y - s t a t e  a n a l y s e s  a r e  l i m i t e d  t o  c o n d i t i o n s  in  w hich  an  e s t u a r y  

a p p r o a c h e s  a s t e a d y - s t a t e .  T h i s  r e q u i r e s  t h a t  b o t h  ocea n  t i d a l  r a n g e s  

and f r e s h  w a t e r  i n f l o w  r em a in  r e l a t i v e l y  c o n s t a n t  f o r  a t  l e a s t  a m o n t h  

f o r  m o s t  e s t u a r i e s .  The d i s p e r s i o n  r e l a t i o n s h i p  o b t a i n e d  i s  v a l i d  f o r  

t h e  c o n d i t i o n s  o f  f r e s h  w a t e r  d i s c h a r g e  an d  t i d a l  r a n g e  f o r  w h i c h  t h e  

d a t a  was  t a k e n ,  e x t r a p o l a t i o n  t o  o t h e r  c o n d i t i o n s  i s  n o t  j u s t i f i a b l e  

w i t h o u t  more d a t a .

A n o t h e r  o n e - d i m e n s i o n a l  a p p r o a c h  u s e d  by  Okubo ( 1 9 6 4 ) ,  H o l l e y  and 

H ar lem an  (1965) employs  t h e  m a s s - b a l a n c e  e q u a t i o n  d e r i v e d  b y  s p a t i a l
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i n t e g r a t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  e q u a t i o n  o v e r  t h e  f l o w  c r o s s -  

s e c t i o n .  The b a s i c  a s s u m p t i o n  i n h e r e n t  i n  o n e - d i m e n s i o n a l  m o d e l s  i s  

t h a t  v e r t i c a l  and l a t e r a l  d i f f e r e n c e s  a r e  n e g l i g i b l e .

Models d i f f e r  i n  t h e  h a n d l i n g  o f  t i m e  s c a l e s .  T i d a l  a v e r a g e  and  

s l a c k  t i d e  m ode ls  h a v e  b e e n  f o r m u l a t e d ,  ( P r i t c h a r d  1959 ,  B o i c o u r t  1 9 6 9 ) .  

I n  t h e s e  mode ls  t h e  m a s s - b a l a n c e  e q u a t i o n  i s  a v e r a g e d  o v e r  a t ime  p e r i o d  

e q u a l  t o  a t i d a l  c y c l e .  T h i s  r e s u l t s  in  t h e  a d v e c t i o n  t e rm  c o n t a i n i n g  

t h e  f r e s h  w a t e r  d i s c h a r g e  r a t h e r  t h a n  t h e  i n s t a n t a n e o u s  d i s c h a r g e .  The  

c r o s s - s e c t i o n a l  a r e a  i s  no  l o n g e r  a f u n c t i o n  o f  t i m e .  The d i s p e r s i o n  

c o e f f i c i e n t  i n c l u d e s  t h e  e f f e c t s  o f  t h e  t i m e  a v e r a g i n g  p r o c e s s .  The  

m o d e l s  a r e  u s e f u l  i n  e c o n o m i c a l l y  r e p r e s e n t i n g  l o n g  t e rm  ch a n g e s  i n  

c o n c e n t r a t i o n  b u t  i g n o r e  i n t r a t i d a l  v a r i a t i o n s .

A t i d a l - t i m e  o r  r e a l - t i m e  m o d e l  r e f e r s  t o  a t im e  s c a l e  much l e s s  

t h a n  t h a t  o f  a t i d a l  c y c l e  b u t  g r e a t e r  t h a n  t h a t  d e f i n i n g  t u r b u l e n c e .  

T h a t c h e r  and H ar lem an  (1972)  d e v e l o p e d  a p r e d i c t i v e  model  o f  s a l i n i t y  by  

d e v e l o p i n g  a n u m e r i c a l  s o l u t i o n  t o  t h e  o n e - d i m e n s i o n a l  s a l t  b a l a n c e  a n d  

t i d a l  dynam ics  e q u a t i o n s .  The e q u a t i o n s  a r e  c o u p l e d  t h r o u g h  an  e q u a t i o n  

o f  s t a t e  r e l a t i n g  s a l i n i t y  t o  d e n s i t y .  The t i d a l - t i m e  a p p r o a c h  e n a b l e s  

t h e  p r e d i c t i o n  o f  t h e  r a n g e  o f  s a l i n i t y  c o n c e n t r a t i o n  d u r i n g  a t i d a l  

c y c l e  as  w e l l  a s  t h e  a v e r a g e  c o n c e n t r a t i o n .

I n  p r a c t i c e  t h e  s i m p l e s t  model t h a t  can  s o l v e  t h e  p ro b le m  s h o u ld  be  

t h e  one t o  u s e .  O n e - d i m e n s i o n a l  m o d e l s  a r e  o f t e n  t h e  c h o i c e  b e c a u s e  

t h e y  a r e  e c o n o m i c a l  an d  c a n  m o d e l  s e v e r a l  p a r a m e t e r s  s u f f i c i e n t l y  

a c c u r a t e l y .  E s t u a r i e s  a r e  t h r e e - d i m e n s i o n a l  a n d  t h e  m ore  d i m e n s i o n s  

u s e d  t h e  b e t t e r  v e l o c i t i e s  and c o n c e n t r a t i o n  a r e  r e p r e s e n t e d .  I n  some 

s i t u a t i o n s  m u l t i - d i m e n s i o n a l  m ode ls  a r e  d e s i r a b l e .

When a p p l y i n g  a t w o - d i m e n s i o n a l  model a c h o i c e  must  be  made w h e th e r  

t o  a v e r a g e  o v e r  t h e  v e r t i c a l  o r  l a t e r a l  d i m e n s i o n .  L e e n d e r t s e  ( 1 9 7 3 )
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d e v e l o p e d  a t w o - d i m e n s i o n a l  v e r t i c a l l y  i n t e g r a t e d  model  t h a t  r e p r e s e n t s  

t i d a l  c u r r e n t ,  wind d r i v e n ,  a n d  C o r i o l i s  c i r c u l a t i o n s  a n d  d i s p e r s i o n  

m e c h a n i s m s  o f  t r a p p i n g  an d  p u m p i n g .  The  m o d e l  i n c l u d e s  n o n - l i n e a r  

f r i c t i o n  and i n e r t i a l  t e r m s .  I t  was a p p l i e d  t o  J a m a i c a  B ay  w i t h  g ood  

r e s u l t s .  The  m o d e l  w o r k s  w e l l  on  s m a l l  v e r t i c a l l y  w e l l - m i x e d  w a t e r  

b o d i e s .  I t  t a k e s  a l o t  o f  c o m p u t e r  t i m e  f o r  t h e  m o d e l  t o  r e a c h  

e q u i l i b r i u m .

H a m i l t o n  ( 1 9 7 5 )  d e v e l o p e d  a t i m e  d e p e n d e n t  m u l t i - l e v e l  t w o -  

d i m e n s i o n a l  m o d e l  o f  v e r t i c a l  c i r c u l a t i o n  u s i n g  e x p l i c i t  f i n i t e  

d i f f e r e n c e  s o l u t i o n s  t o  t h e  c o n t i n u i t y ,  s a l t  and momentum e q u a t i o n s  i n  a 

r e c t a n g u l a r  c h a n n e l  o f  v a r i a b l e  w i d t h  and d e p t h .  The model  was a p p l i e d  

t o  t h e  R o t t e r d a m  Waterway r e s u l t i n g  i n  a g ree m en t  w i t h  f i e l d  o b s e r v a t i o n s  

o f  s a l i n i t y  d i s t r i b u t i o n  and  c u r r e n t .

H a m i l to n  (1977)  r e v i s e d  h i s  model  u s i n g  a s e m i - i m p l i c i t  n u m e r i c a l  

s c h e m e  w h i c h  a l l o w e d  f o r  l o n g e r  t i m e  s t e p s  b e t w e e n  c a l c u l a t i o n ,  

t h e r e f o r e  r e s u l t i n g  i n  s a v i n g s  in  co m p u te r  t i m e .  The model  was a p p l i e d  

t o  a h y p o t h e t i c a l  c h a n n e l  t o  s t u d y  t h e  e f f e c t  on  t h e  s a l t  b a l a n c e  o f  

d i f f e r e n t  f o r m u l a t i o n s  o f  v e r t i c a l  eddy c o e f f i c i e n t s .

B l u m b e r g  (1975)  s o l v e d  t h e  c o n t i n u i t y ,  s a l t  and momentum e q u a t i o n s  

u s i n g  a l e a p - f r o g  f i n i t e - d i f f e r e n c e  scheme. The model  i s  i n  r e a l  t ime  

a n d  a s s u m e s  a l a t e r a l l y  homogeneous e s t u a r y  w i t h  r e a l i s t i c  b a t h y m e t r y .  

I n  a p p l i c a t i o n s  t o  t h e  Potomac R i v e r  t h e  s a l i n i t y  d i s t r i b u t i o n  was found 

t o  b e  c o m p a r a b l e  t o  f i e l d  o b s e r v a t i o n s .  T he  m o d e l  show s  s a l i n i t y  

i n t r u s i o n  t o  be  h i g h l y  s e n s i t i v e  t o  v e r t i c a l  eddy v i s c o s i t y .

Kuo e t  a l  (1978) a p p l i e d  a t w o - d i m e n s i o n a l  l a t e r a l l y  a v e r a g e ,  r e a l  

t im e  model  t o  s i m u l a t e  movement o f  w a t e r  and s u s p e n d e d  s e d i m e n t  i n  t h e
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t n r b i d i t y  maximum. The model  was a p p l i e d  t o  t h e  Rappahannock  R i v e r  w i t h  

good r e s u l t s .

Wang and K r a v i t z  (1980)  a p p l i e d  a s e m i - i m p l i c i t ,  l a t e r a l l y  a v e r a g e d  

m o d e l  t o  t h e  P o t o m a c  t o  s i m u l a t e  t i d a l ,  w i n d  a n d  d e n s i t y  d r i v e n  

c i r c u l a t i o n s .  The  m o d e l  b e c o m e  t h e  b a s e  f o r  a b r a n c h i n g  m o d e l  f o r  

a p p l i c a t i o n  t o  complex e s t u a r i e s  (Wang 1 9 8 3 ) .  I n  a p p l i c a t i o n  t o  t h e  

C h e s a p e a k e  Bay t h e r e  was good a g re e m e n t  f o r  t h e  d e p t h  a v e r a g e d  s a l i n i t y  

d i s t r i b u t i o n  d u r i n g  a p e r i o d  o f  low  f l o w  f r o m  t h e  S u s q u e h a n n a  R i v e r .  

T h e  e x t e n t  o f  t h e  s a l i n i t y  i n t r u s i o n  i n  t h e  m o d e l  i s  d e p e n d e n t  on  

p a r a m e t e r i z a t i o n  o f  v e r t i c a l  m ix in g  and f r i c t i o n .

F e s t a  an d  H a n s e n  (1 9 7 6 )  u s e d  a s t e a d y  s t a t e ,  n o n - t i d a l ,  l a t e r a l l y  

a v e r a g e d  model  t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  a l t e r i n g  t h e  r i v e r  d e p t h  

a n d  f r e s h  w a t e r  i n f l o w  on e s t u a r i n e  c i r c u l a t i o n  a n d  s a l i n i t y .  They  

f o u n d  t h a t  d e c r e a s i n g  r i v e r  f l o w  a l l o w e d  t h e  h e a d  o f  t h e  s a l i n i t y  

i n t r u s i o n  t o  m o v e  u p s t r e a m .  An i n c r e a s e  i n  f l o w  s t r e n g t h e n e d  

g r a v i t a t i o n a l  c i r c u l a t i o n .  I n c r e a s i n g  t h e  r i v e r  d e p t h  e n h a n c e d  t h e  

c i r c u l a t i o n  and r e s u l t e d  i n  movement o f  t h e  s a l i n i t y  i n t r u s i o n  u p s t r e a m .

C erco  (1982)  d e v e l o p e d  a t w o - d i m e n s i o n a l  l a t e r a l l y  a v e r a g e d  m o d e l  

f o r  p a r t i a l l y  mixed e s t u a r i e s  t o  make i n t r a - t i d a l  p r e d i c t i o n s  o f  s u r f a c e  

l e v e l ,  v e l o c i t y  an d  s a l i n i t y .  T h e  m o d e l  was  u s e d  t o  s i m u l a t e  t h e  

d e s t r a t i f i c a t i o n - s t r a t  i f i c a t i o n  c y c l e  t h a t  i s  c o i n c i d e n t  w i t h  t h e  

s p r i n g - n e a p  t i d a l  c y c l e  i n  t h e  J a m e s  R i v e r .  T h e  m o v e m e n t  o f  t h e  

s a l i n i t y  i n t r u s i o n  f o l l o w i n g  a s to rm  g e n e r a t e d  f r e s h  w a t e r  i n f l o w  p u l s e ,  

was a l s o  m o d e le d .



I I I .  FORMULATION OF MODEL

A. I n t r o d u c t i o n

A m a t h e m a t i c a l  model  o f  s a l t  i n t r u s i o n  i s  b a s e d  on e q n a t i o n s  t h a t  

d e s c r i b e  p h y s i c a l  p r o c e s s e s  t h a t  o c c u r  i n  r e a l  e s t u a r i e s .  

S i m p l i f i c a t i o n  and a s s u m p t i o n s  a r e  made and t h e  model  i s  c a l i b r a t e d  and  

v e r i f i e d  u s i n g  f i e l d  o b s e r v a t i o n s .  A f t e r  v e r i f i c a t i o n  t h e  model  c a n  be  

u s e d  t o  p r e d i c t  ch a n g e s  i n  t h e  dynam ics  an d  s a l i n i t y  w i t h  c h a n g e s  i n  

t h e  i n p u t  p a r a m e t e r s .

E q u a t i o n s  i n  t h r e e  d im e n s i o n s  a r e  n eeded  t o  c o m p l e t e l y  d e s c r i b e  t h e  

d y n a m i c s  a n d  s a l i n i t y  d i s t r i b u t i o n .  T h r e e - d i m e n s i o n a l  models  a r e  n o t  

y e t  p r a c t i c a l  and consume l a r g e  amounts o f  c o m p u te r  t i m e .  An e s t u a r y  i s  

o f t e n  e l o n g a t e  a n d  l a t e r a l  v a r i a t i o n s  c a n  be  c o n s i d e r e d  o f  s e c o n d a r y  

i m p o r t a n c e .  I n  a p a r t i a l l y  mixed e s t u a r y  t h e r e  i s  v e r t i c a l  v a r i a t i o n  in  

s a l i n i t y  b u t  a o n e - d i m e n s i o n a l  m o d e l  c a n  p r e d i c t  t h e  l o n g i t u d i n a l  

d i s t r i b u t i o n  o f  s a l i n i t y  a c c u r a t e l y .  T h e r e f o r e  a o n e - d i m e n s i o n a l  m o d e l  

i s  c h o s e n  f o r  t h i s  s t u d y  b e c a u s e  i t  i s  e c o n o m i c a l  an d  s u f f i c i e n t l y  

a c c u r a t e  f o r  t h e  p u r p o s e  o f  p r e d i c t i n g  s a l i n i t y  i n t r u s i o n .  B e c a u s e  

t h e r e  i s  g r e a t  t e m p o r a l  v a r i a b i l i t y  i n  t h e  p a r a m e t e r s  a f f e c t i n g  

s a l i n i t y *  a r e a l - t i m e  m o d e l  i s  n e c e s s a r y  t o  p r e d i c t  s a l i n i t y  

d i s t r i b u t i o n .

9
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The s a l i n i t y  d i s t r i b u t i o n  i s  g o v e rn e d  p r i n c i p a l l y  b y  t h e  g e o m e t r y  

o f  t h e  e s t u a r y *  t h e  t i m e  h i s t o r y  o f  f r e s h  w a t e r  i n f l o w  and t h e  t i d a l  

d y n a m ic s .  T h i s  s t u d y  p r e s e n t s  a p r e d i c t i v e  model o f  s a l i n i t y  i n t r u s i o n  

b y  u s i n g  t h e  o n e - d i m e n s i o n a l  hyd rodynam ic  and s a l t  b a l a n c e  e q u a t i o n s .  

The f r e s h w a t e r  i n f l o w  and s u r f a c e  e l e v a t i o n  a t  t h e  m o u t h  a r e  i n p u t s  t o  

t h e  m o d e l .
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B.  B a s i c  E q u a t i o n s

T h e  d e r i v a t i o n  o f  u n s t e a d y  c o n t i n u i t y  and momentum e q u a t i o n s  has  

b e e n  m a d e  b y  m a n y  i n v e s t i g a t o r s ,  H a r l e m a n  a n d  L e e  ( 1 9 6 9 )  a n d  

H a r l e m a n  ( 1 9 7 1 ) .  T h e  t h r e e - d i m e n s i o n a l  e q u a t i o n s  u s e d  f o r  d e s c r i b i n g  

h y d ro d y n a m ic s  and s a l t  b a l a n c e  in  an  i n c o m p r e s s i b l e  f lo w  may b e  w r i t t e n  

a s :

t h e  c o n t i n u i t y  e q u a t i o n

| -  + I -  + I -  = 0 ( 3 -1 )ox 8 y  oz

t h e  momentum e q u a t i o n s

8 u 8 u 8 u 6 u 1 5P n ,  6  , — r - x+ u + v + w = --------- + vV *u + - -  ( - u ' 1 )
o t  8 x oy oz p &x 8 x

+ ( - u 7 vT> + ( - ; ■ » ” ) ( 3 - 2 )oy oz

8 v . 8 v 8 v 8 v 1 8 P , „ .  , 5  /-----* -  + u + v - -  + w = -----  - -  + vV*v + r -  ( -U ' v ' )o t  8 x oy oz p oy ox

+ I -  ( - v 7 ») + I -  ( - v 7 S7 ) ( 3 - 3 )
8 y  8 z

8 w 8 w 8 w 6 w 1 8 P . . 8  , — 7 - 7 .
TZ  + u Z" + v  + w  ----------  -  g + vV3w + ( - u  w )
8 t  8 x 8 y 8 z p 8 z 8 x

+ ( - v ' w * )  + ( - w '» )  ( 3 - 4 )
8 y 8 z

t h e  s a l t  b a l a n c e  e q u a t i o n

8 s 8 s ^ 8 s 8 s 8  , — 7 - 7 * 6  , — 7 - 7 .
cZ + n  T" + v + w “  7 ”  ( - u ' s ' )  + 7 -  ( - v ' s ' )
8 t  8 x 8 y 8 z 8 x 8 y

+ (-w7 s 7 ) + e V* s ( 3 -5 )
8 z

w here  t  i s  t i m e ,  u ,  v and w a r e  t h e  ensem ble  a v e r a g e  v e l o c i t y  components  

i n  t h e  x ,  y a n d  z d i r e c t i o n s  r e s p e c t i v e l y ,  u * , v '  a n d  w '  a r e  t h e  

t u r b u l e n t  v e l o c i t y  f l u c t u a t i o n s ,  P i s  t h e  p r e s s u r e ,  g i s  g r a v i t a t i o n a l  

a c c e l e r a t i o n ,  p i s  t h e  w a t e r  d e n s i t y ,  v i s  t h e  k i n e m a t i c  v i s c o s i t y  , y*
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i s  t h e  L a p l a c i a n  o p e r a t o r ,  s i s  t h e  ensem ble  a v e r a g e  s a l i n i t y ,  s '  i s  t h e  

t n r b n l e n t  s a l i n i t y  f l u c t u a t i o n ,  a n d  e i s  t h e  m o l e c u l a r  d i f f u s i o n  

c o e f f i c i e n t .  I n  p r a c t i c a l  a p p l i c a t i o n  ensem ble  a v e r a g e s  a r e  r e p l a c e d  by  

t i m e  a v e r a g e s  o v e r  an i n t e r v a l  l o n g e r  t h a n  t h e  t u r b u l e n t  t im e  s c a l e  b u t  

much s h o r t e r  t h a n  a t i d a l  c y c l e .

I n t e g r a t i n g  t h e  t h r e e - d i m e n s i o n a l  h y d r o d y n a m i c  e q u a t i o n s  o v e r  a 

c r o s s  s e c t i o n  n o r m a l  t o  t h e  a x i s  o f  t h e  e s t u a r y  y i e l d s  t h e  o n e ­

d i m e n s i o n a l  e q u a t i o n s .  (W i l l i a m s  and Kuo 1984)

The c o n t i n u i t y  e q u a t i o n

B ! ? + ! ; - • *  = 0  (3- 6) 

The momentum e q u a t i o n

-  gA -  - E i -  Ad £ -  -  gn  + I* B ( 3 - 7 )
6 t  8 x A 0  6 x 1+ks 8 x p

A R

w here :

A = t h e  c r o s s  s e c t i o n a l  a r e a

B = t h e  c h a n n e l  w i d th

g = g r a v i t a t i o n a l  a c c e l e r a t i o n

Q -  t h e  c r o s s  s e c t i o n a l  d i s c h a r g e

q = t h e  l a t e r a l  i n f l o w  p e r  u n i t  l e n g t h

R = t h e  h y d r a u l i c  r a d i u s

n  = M a n n in g ' s  f r i c t i o n  c o e f f i c i e n t

q = t h e  s u r f a c e  e l e v a t i o n  r e l a t i v e  t o  mean w a t e r  l e v e l

t s = t h e  a v e r a g e  wind s t r e s s  on t h e  w a t e r  s u r f a c e

d -  t h e  d i s t a n c e  f r o m  t h e  s u r f a c e  t o  t h e  c e n t r o i d  o f  t h e  c r o s s  c

s e c t io n
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T h e  e q u a t i o n  o f  s t a t e  r e l a t e s  w a t e r  d e n s i t y  t o  s a l i n i t y .  

K n u d s o n  ( 1 9 0 1 )  d e v e l o p e d  t a b l e s  r e l a t i n g  d e n s i t y  t o  t e m p e r a t u r e ,  

p r e s s u r e ,  and s a l i n i t y .  I n  e s t u a r i e s  t h e  e f f e c t  o f  p r e s s u r e  on d e n s i t y  

i s  a s s u m e d  t o  b e  n e g l i g i b l e .  The r a n g e  o f  t e m p e r a t u r e  i n  an e s t u a r y  a t  

any  g i v e n  t i m e  i s  g e n e r a l l y  n a r r o w ,  t h e r e f o r e  t h e  e f f e c t  o f  t e m p e r a t u r e  

on  d e n s i t y  i s  n e g l e c t e d .  I n  a n  e s t u a r y  a more s im p l e  r e l a t i o n s h i p  c a n  

u s e d :

p = p Q ( 1  + k s )

w here  p i s  t h e  d e n s i t y  o f  f r e s h  w a t e r  i n  gm/cm* an d  k i s  a c o n s t a n t  o

found  t o  be  0 .0 0 0 7 5  when s a l i n i t y  i s  m easu red  i n  p a r t s  p e r  t h o u s a n d .

f  LIBRARY \
of t he 

VIRGINIA INSTITUTE 
of

V MARINE SCIENCE >
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C. F o r m u l a t i o n  o f  D i s p e r s i o n  C o e f f i c i e n t

T h e  t h r e e - d i m e n s i o n a l  s a l t  b a l a n c e  e q u a t i o n  h a s  b e e n  shown i n  

E q u a t i o n  ( 3 - 5 ) .

A t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  c an  be  d e f i n e d  a n a l a g o u s  t o  t h e  

m o l e c u l a r  d i f f u s i o n  c o e f f i c i e n t ,  t h e  r e l a t i o n s h i p  can  be  w r i t t e n :

- u ' s '  = e § -  ( 3 -8 )x 6 x

—v ' s '  = e ”  (3 -9 )
7

-w ^s”  = e (3 -1 0 )z 6 z

w here  e , e  , e  a r e  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t s ,  x y  z

T h e  m o l e c u l a r  d i f f u s i o n  c a n  b e  n e g l e c t e d  b e c a u s e  t h e  t u r b u l e n t

d i f f u s i o n  c o e f f i c i e n t s  a r e  g e n e r a l l y  s e v e r a l  o r d e r s  o f  m a g n i tu d e  g r e a t e r

t h a n  t h e  m o l e c u l a r  d i f f u s i o n  c o e f f i c i e n t s .  The t h r e e - d i m e n s i o n a l  s a l t

b a l a n c e  e q u a t i o n  t h e n  becomes:

6s 6s 5s 6s 6 . 6s. 6 . 6s. ^ 6  , 6s. .r -  + u - -  + v—-  + w—— = - -  (e  + - -  (e  r - )  + r -  (e  - - )  ( 3 -1 1 )6t 6x by 6z 6x x 6x 6y y by 6z z 6z
The o n e - d i m e n s i o n a l  s a l t  b a l a n c e  e q u a t i o n  i s  f o u n d  b y  i n t e g r a t i n g

t h e  t h r e e - d i m e n s i o n a l  e q u a t i o n  (3 -1 1 )  o v e r  a  c r o s s  s e c t i o n  norm al  t o  t h e

a x i s  o f  t h e  e s t u a r y .  T h e  t i m e  a v e r a g e  c o n c e n t r a t i o n s  an d  v e l o c i t y

com ponen ts  a r e  d e f i n e d  a s :

u = U + u ”  (3 -1 2 )

V = v ' ' 

w = w' '

s = S + s "

w here  t h e  d o u b l e  p r im ed  q u a n t i t i e s  u ^ ^ v ' S w ' '  a r e  s p a t i a l  d e v i a t i o n s  o f  

v e l o c i t y  f rom t h e  c r o s s  s e c t i o n a l  mean v a l u e ,  U = ^  / /  udA i s  t h e  r e a l
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t i me  l o n g i t u d i n a l  v e l o c i t y  a v e r a g e d  o v e r  t h e  c r o s s  s e c t i o n , S  = ^  f f  sdA

i s  t h e  s a l i n i t y  a v e r a g e d  o v e r  t h e  c r o s s  s e c t i o n  and s ' *  i s  t h e  s p a t i a l  

d e v i a t i o n  o f  t h e  s a l i n i t y  f rom t h e  a v e r a g e .

N o t e  t h a t  f f  u ' ' d A  = 0 ,  a n d  t h a t  v ** a n d  w ,# a r e  n o t  z e r o  even  

t h o u g h  t h e  c r o s s  s e c t i o n  me an  v e l o c i t i e s  V a n d  W a r e  z e r o  i n  a o n e — 

d i m e n s i o n a l  f l o w .

Th e  e x p r e s s i o n s  i n  e q u a t i o n  ( 3 - 1 2 )  a r e  t h e n  s u b s t i t u t e d  i n t o  

e q u a t i o n  ( 3 - 1 1 )  a n d  i n t e g r a t e d  o v e r  t h e  c r o s s  s e c t i o n  ( H o l l e y  a n d  

Har l eman  1 9 6 5 ) .  The r e s u l t i n g  e q u a t i o n  may be  w r i t t e n  a s :

| r  (AS) + | -  (ADS) = -  f f  » " s " d A  + | -  (Ae f - )  + qS_ ( 3 - 1 3 )&t 6 x 6 x 6 x x 6 x T

wher e  qS^, i s  t h e  f l u x  o f  s a l t  t h r o u g h  t h e  l a t e r a l  b o u n d a r i e s  and  S^, i s

t h e  s a l i n i t y  c o n c e n t r a t i o n  i n  t h e  l a t e r a l  f l o w .

I t  h a s  b e e n  shown ( T a y l o r  1954,  A r i s  1956)  t h a t  f o r  s t e a d y  u n i f o r m  

f l o w  a n d  f o r  s ’ ’ much l e s s  t h a n  s ,  t h e  c r o s s  s e c t i o n  a v e r a g e  o f  u ’ * s ’ ’ 

i s  a n a l a g o u s  t o  a d i s p e r s i v e  p r o c e s s  a n d  c a n  r e p r e s e n t e d  b y  a 

l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t  E^,  which  i s  d e f i n e d  f rom:

f f  u " s " d A  = -AE | -  ( 3 - 14 )X ox
H a s s  t r a n s p o r t  i s  i n  t h e  d i r e c t i o n  o f  d e c r e a s i n g  c o n c e n t r a t i o n  as  

i n d i c a t e d  by  t h e  n e g a t i v e  s i g n .  T a y l o r  ( 1 9 5 4 )  h a s  shown t h a t  ® ^ > > e ^ .

T h e r e f o r e  i t  i s  c o n v e n i e n t  t o  d e f i n e  t h e  l o n g i t u d i n a l  d i s p e r s i o n

c o e f f i c i e n t  a s  t h e  sum:

E = E + e ( 3 -15)
x x

E q u a t i o n  ( 3 - 13 )  becomes:

—  (AS) + | -  (ADS) = | -  (AE ~ )  + qS_ ( 3 - 16 )
6 t  ox ox 6 x T
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D i s p e r s i o n  i s  due  t o  v a r i a t i o n s  i n  s a l i n i t y  and v e l o c i t y  f rom t h e i r  

a v e r a g e  v a l u e s .  I n  o n e - d i m e n s i o n a l  e q u a t i o n s  t h e  mass  t r a n s f e r  due t o  

v e l o c i t y  d i s t r i b u t i o n  i s  c o m b i n e d  w i t h  v a r i a t i o n s  i n  v e l o c i t y  a n d  

s a l i n i t y  d u e  t o  t u r b u l e n c e *  a n d  r e p r e s e n t e d  b y  t h e  l o n g i t u d i n a l  

d i s p e r s i o n  c o e f f i c i e n t .  I n  t i d a l - a v e r a g e  m o d e l s ,  d i s p e r s i o n  m u s t  a l s o  

i n c l u d e  t r a n s p o r t  b y  t i d a l  a d v e c t i o n .  T h i s  t i d a l - a v e r a g e  d i s p e r s i o n  

c o e f f i c i e n t  mus t  b e  d e t e r m i n e d  e m p i r i c a l l y  f o r  e a c h  s i t u a t i o n  a n d  i s  

good o n l y  f o r  t h e  c o n d i t i o n s  u n d e r  wh i ch  t h e  c o e f f i c i e n t  was d e t e r m i n e d .  

T h e  t i m e  s a v e d  b y  u s i n g  a t i d a 1 - a v e r a g e  m o d e l  i s  o f f s e t  b y  t h e  

d i f f i c u l t y  i n  d e t e r m i n i n g  t h e  d i s p e r s i o n  c o e f f i c i e n t .  The i m p or t a n ce  o f  

d i s p e r s i o n  d e c r e a s e s  as  t h e  d e s c r i p t i o n  o f  v e l o c i t y  and s a l i n i t y  becomes  

more c o m p l e t e .

T h e  d i s p e r s i o n  c o e f f i c i e n t  i n  t h e  f r e s h  w a t e r  p o r t i o n  o f  t h e  

e s t u a r y  a c c o u n t s  f o r  t h e  l o n g i t u d i n a l  mi x i n g  due t o  t u r b u l e n t  d i f f u s i o n  

and s h e a r  i n d u c e d  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  t r a n s v e r s e  a n d  v e r t i c a l  

d i r e c t i o n s .  T a y l o r  ( 1 9 5 4 )  was  t h e  f i r s t  t o  a n a l y z e  l o n g i t u d i n a l  

d i s p e r s i o n  i n  t u r b u l e n t  f l o w  i n  p i p e s .  He showed t h a t  a f t e r  a n  i n i t i a l  

p e r i o d  t h e  l o n g i t u d i n a l  d i s p e r s i o n  f o l l o w s  t h e  g r a d i e n t  t r a n s p o r t  

f o r m u l a t i o n  w i t h  a d i s p e r s i o n  c o e f f i c i e n t  p r o p o r t i o n a l  t o  t h e  a m o un t  o f  

s h e a r  i n  t h e  l o n g i t u d i n a l  v e l o c i t y  p r o f i l e .  The d i s p e r s i o n  c o e f f i c i e n t  

i s  s e v e r a l  o r d e r s  o f  m a g n i t u d e  l a r g e r  t h a n  t h e  t u r b u l e n t  d i f f u s i o n  

c o e f f i c i e n t  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n .

T a y l o r  c a l c u l a t e d  t h a t  t h e  d i s p e r s i o n  c o e f f i c i e n t  f o r  s t e a d y  

u n i f o r m  f l o w  i n  a s t r a i g h t  p i p e  s h o u l d  be :

E = 1 0 . 1  a u* ( 3 - 17)

w h e r e  E i s  t h e  d i s p e r s i o n  c o e f f i c i e n t ,  a i s  t h e  p i p e  r a d i u s  and u# i s  

t h e  s h e a r  v e l o c i t y .



17

E l d e r  ( 1 9 5 9 )  a p p l i e d  T a y l o r ' s  m e t h o d  t o  t w o - d i m e n s i o n a l  o p e n  

c h a n n e l  f l o w  t o  g i v e :

wher e  n  i s  M a n n i n g ' s  f r i c t i o n  c o e f f i c i e n t ,  U i s  mean v e l o c i t y  a n d  R i s  

t h e  h y d r a u l i c  r a d i u s .

As s e e n  f r o m  E q u a t i o n  ( 3 - 1 3 )  d i s p e r s i o n  d e p e n d s  o n  v e l o c i t y  

v a r i a t i o n s  ( u * * )  t h r o u g h o u t  t h e  c r o s s - s e c t i o n a l  a r e a .  E q u a t i o n  ( 3 - 1 9 )  

f o r  t w o - d i m e n s i o n a l  f l o w ,  c o n s i d e r s  o n l y  t h e  v e l o c i t y  v a r i a t i o n s  i n  t h e  

v e r t i c a l  d i r e c t i o n .  N a t u r a l  f l o w s  a r e  t h r e e - d i m e n s i o n a l  a n d  

F i s c h e r  ( 1 9 6 6 )  h a s  shown t h a t  t h e  e x i s t e n c e  o f  t r a n s v e r s e  v e l o c i t y  

v a r i a t i o n s  may c a u s e  t h e  d i s p e r s i o n  c o e f f i c i e n t  t o  be  as  much a s  1 0 0 0  

t i m e s  g r e a t e r  t h a n  t h a t  g i v e n  by  E q u a t i o n  ( 3 - 1 9 ) .

F i s c h e r ' s  (1967)  a n a l y s i s  y i e l d e d  t h e  r e s u l t :

E *= 5 . 9  Du, (3 - 18 )

i n  wh i ch  D i s  t h e  d e p t h  o f  f l o w .

Har l eman  ( 1 9 6 6 ) ,  by  n o t i n g  : u^ U and u s i n g  t h e  Chezy c o e f f i c i e n t .

e x p r e s s e d  t h e  d i s p e r s i o n  c o e f f i c i e n t  i n  t e r m s  o f  t h e

mean v e l o c i t y  a s :

E «  77 n  UR^* ( i n  f o o t / s e c s  u n i t s )  

= 6 3 . 2  n UR//̂ ( i n  MRS u n i t s )

( 3 - 1 9 )

n*  ** T 9
E = 0 . 3 0  - - - r  ( 5  ) z R u 4  u * 1 R •

(3-20)
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where  L i s  t h e  d i s t a n c e  on t h e  w a t e r  s u r f a c e  f rom t h e  t h r e a d  o f  maximum

v e l o c i t y  t o  t h e  m o s t  d i s t a n t  b a n k  a n d  u ’ ’ * i s  t h e  c r o s s - s e c t i o n a l

a v e r a g e  o f  t h e  s q u a r e d  v e l o c i t y  v a r i a t i o n s .

T a y l o r ' s  a n a l y s i s  i s  l i m i t e d  t o  l a r g e  t i m e s  a f t e r  i n t r o d u c t i o n  o f  a

s u b s t a n c e  i n t o  t h e  f l o w .  T . a  t i me  s c a l e  f o r  c r o s s  s e c t i o n a l  m i x i n gc

may be  d e f i n e d  a s :

X 2
T = - -  ( 3 - 21 )c e

w h e r e  X i s  t h e  d i s t a n c e  o v e r  wh i ch  d i f f u s i o n  mus t  t a k e  p l a c e  b e f o r e  t h e  

g r a d i e n t  t r a n s p o r t  f o r m u l a t i o n  b e c o m e s  a p p l i c a b l e  ( e . g .  t h e  d i s t a n c e  

f r o m  t h e  p o i n t  o f  maximum v e l o c i t y  i n  t h e  c r o s s  s e c t i o n  t o  t h e  c h a n n e l  

b o u n d a r y )  a n d  e i s  t h e  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  

c o r r e s p o n d i n g  d i r e c t i o n .

I n  s t e a d y  f l o w  t h e  d i s p e r s i o n  c o e f f i c i e n t  r e a c h e s  a c o n s t a n t  v a l u e

a f t e r  an i n i t i a l  p e r i o d  on t h e  o r d e r  o f  . I n  o s c i l l a t i n g  f l o w ,  i f  t h e

p e r i o d  o f  o s c i l l a t i o n  i s  much l o n g e r  t h a n  T . t h e  s u b s t a n c e  w i l lc

d i s p e r s e  a t  t h e  same r a t e  a s  i f  t h e  f l o w  were  s t e a d y .  I f  t h e  p e r i o d  o f  

o s c i l l a t i o n  i s  much s h o r t e r  t h a n  T ^ , no d i s p e r s i o n  c o u l d  t a k e  p l a c e ,  t h e

s u b s t a n c e  w o u l d  b e  c a r r i e d  b a c k  and f o r t h  a c r o s s  i t s  i n i t i a l  p o s i t i o n .  

T h u s  d i s p e r s i o n  i n  o s c i l l a t i n g  f l o w  d e p e n d s  o n  a d i m e n s i o n  1 e s s  

p a r a m e t e r :

T '  -  |  ( 3 - 22 )
c

where  T i s  t h e  p e r i o d  o f  o s c i l l a t i o n .

The de pe nde nc e  o f  t h e  d i s p e r s i o n  c o e f f i c i e n t  on  T '  h a s  b e e n  f o u n d  

a n a l y t i c a l l y  f o r  o n e  c a s e  o f  s i m p l e  g e o m e t r y  ( O k u b o  1 9 6 7 )  a n d



19

n u m e r i c a l l y  f o r  more c o m p l i c a t e d  g e o m e t r i e s ,  ( H o l l e y  e t  a l . , 1 9 7 0 ) .  T h e  

r e s u l t s  a r e  d i s p l a y e d  i n  F i g u r e  3 o f  H o l l e y  e t  a l  ( 1 9 7 0 ) .

F o r  f l o w  i n  n a t u r a l  c h a n n e l s  d i s p e r s i o n  may r e s u l t  f r o m  v e l o c i t y  

g r a d i e n t s  i n  e i t h e r  t h e  v e r t i c a l  o r  t r a n s v e r s e  d i r e c t i o n s .  Two 

d i m e n s i o n l e s s  t i me  p a r a m e t e r s  can  t h e n  be  d e f i n e d :

et

t ;  -  - J j  ( 3 - 24 )

e

where  T ' i s  i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  T ’ i s  i n  t h e  v e r t i c a l  d i r e c t i o n  t  v

and b i s  t h e  h a l f  w i d t h ,  t h e  d i s t a n c e  o v e r  which  d i f f u s i o n  t a k e s  p l a c e .

E l d e r  (1959)  found  f o r  a l o g a r i t h m i c  v e l o c i t y  p r o f i l e :

e -  0 . 0 6 7  Ru* ( 3 - 25 )v •

F o r  s t r a i g h t ,  w i d e  c h a n n e l s ,  e ^  h a s  b e e n  f o u n d  e a p i r i c a l l y .  

( F i s c h e r  1 9 6 9 ) •

e t  * 0 . 2 3  Ru* ( 3 - 2 6 )

The l i m i t i n g  v a l u e  (E^) f o r  l a r g e  T '  i s  t h e  same as  t h e  d i s p e r s i o n

c o e f f i c i e n t  f o r  t h e  s t e a d y  f l o w  c o r r e s p o n d i n g  t o  t h e  a v e r a g e  h y d r a u l i c  

c o n d i t o n s  f o r  t h e  e s t u a r y  f l o w .  The l i m i t i n g  d i s p e r s i o n  c o e f f i c i e n t  f o r  

t h e  v e r t i c a l  d i r e c t i o n  may be  a p p r o x i m a t e d  f rom ( 3 - 1 9 ) :

E «  6 3 . 2  a  U R*« ( 3 - 27 )°®v

T h e  l i m i t i n g  d i s p e r s i o n  c o e f f i c i e n t  f o r  t h e  t r a n s v e r s e  d i r e c t i o n  

may a p p r o x i m a t e d  f r o m  E q u a t i o n  ( 3 - 2 0 ) ,  a s s u m i n g  t h a t  D a n d  R a r e  

e s s e n t i a l l y  e q u a l  and L i s  t h e  h a l f - w i d t h  b :
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k 2  1/
E- t  -  3 * 1 8  i ; ~  < !  > *  ® ^ (3-28)

For most e s t u a r i e s :

T* >>1 v

T* << 0 . 1

t h e r e fo r e :

E -  E - 6 3 . 2  v —v

From Figure 3 o f  H o l ley  e t  a l  (1970):  

I  -  10 (T ')»  : for  T'<<1

(3-29)

(3-30)

Therefore:

Et  -  1 0  (T^>» E- t

i /  T u * * 2
1 . 6 8  l U R 7* ( i — 5  ) z (3-31)

2 U„
D i v i d i n g  ( 3 - 3 1 )  by ( 3 - 2 9 )  and i n t r o d u c i n g  ------  , t h e  a v e r a g e  t i d a l91

v e l o c i t y  during one h a l f  per iod  where Û , i s  the  a m p l i tu d e  o f  t h e  t i d a l  

v e l o c i t y .  Gives:

E B T
r  -  ° - 0 1 1  ( - r  >V

* * 1
(3-32)

The term in  brackets  ranges between 0 . 0 1  and 0 .0 4  (H ol ley  e t  a l  1970) .  

Thefore:

(3-33)

where TS i t  a constant  on the order 10 * .
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S u b s t i t u t i n g  (3-29)  for  E^:

U T
E + Ê  -  6 3 .2  a  U K*  [1 + TS ( ) 2  ) <3-34)v t  b

E q u a t io n  ( 3 - 3 4 )  i s  t h e  d i s p e r s i o n  e o e f f i c i e n t  in the fr e sh  v a t e r  

p o r t io n  o f  the e s t u a r y .

The more n o n - u n i f o r a  t h e  v e l o c i t y  d i s t r i b u t i o n  t h e  l a r g e r  t h e  

d i s p e r s i o n  e o e f f i c i e n t  must  b e .  T h e r e f o r e #  much l a r g e r  d i s p e r s i o n  

c o e f f i c e n t s  a r e  e x p e c t e d  in  t h e  s a l i n i t y  in t r u s io n  reg ion  compared to  

th ose  found in  the n o n - s a l i n e  t i d a l  r e g io n .  In the s a l i n e  p o r t i o n  o f  a 

p a r t i a l l y  mixed es tuary  the d i s p e r s i o n  c o e f f i c i e n t  i s  c l o s e l y  r e la t e d  to  

the g r a v i t a t i o n a l  c i r c u l a t i o n .  S i n c e  t h e  g r a v i t a t i o n a l  c i r c u l a t i o n  

depends on the s a l i n i t y  d i s t r i b u t i o n  i t  i s  c l e a r  th a t  E^# the d i s p e r s i o n

c o e f f i c i e n t  fo r  d i s p e r s io n  due t o  g r a v i t a t i o n a l  c i r c u l a t i o n #  w i l l  depend 

on the  s a l i n i t y  g r a d ie n t .

An e x p r e s s io n  f o r  i s  d e r i v e d  in  t h e  a p p en d ix  by i n t e g r a t i n g

Hansen and R a t t r a y ' s  (1 9 6 5 )  s i m i l a r i t y  s o l u t i o n s  f o r  g r a v i t a t i o n a l  

c i r c u l a t i o n .  (See Appendix for  d e f i n i t i o n s  o f  terms and symbols)

U* D*„ f  .  2 19 # vRa . x 19 . vRt . 2 .
G " K [ 105 420 ( ~48 } 630 ( "48 } 1 ( >V

v RaProm Hansen and R a t tr a y ' s  Figure 4 (1965)# i s  o f  o r d e r  10 or

l a r g e r  f o r  V ir g in ia  e s t u a r i e s .  Therefore  the th i r d  term on the r i g h t  in  

equat ion  (A-17) dominates the  o ther  terms. Let:

U*D*
EG “ 630 * 48 * K * vRa * * (3-35)

v
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By d e f i n i t i o n :

v h  -  ( | 2  ) (3 -36)
Uf  %  6*

s u b s t i t u t i n g  equat ion (3-16)  end

A » / 2  g * 9 .8  m/sec

k -  7 . 5  X 10~ 4  1 /ppt  

the d i s p e r s i o n  due to  g r s v i t a t i o n s l  c i r c u l a t i o n  may be w r i t t e n  as:

E _  _J2 ( A  , 2  1 ^ 1 5 1  6 S 2
G 630 1 48 ' E A * 6 xV V

,  ,  _ -1 0  D , 6 S .2“ 7 .1  X 10 - - 7 -  ( 7 -  ) (3-37)K A ox v y

In s t r a t i f i e d  f low ( O f f i c e r  1976):

K « K ( 1  + pRi ) ” 2  (3-38)y o

A -  A ( 1  + pRi ) - 1  (3-39)v o

where X and A are the  v a lu es  for  homogeneous f low  and Ri i s  a gradient  o o

Richardson number. The Richardson number* Ri* i s  a co m p a r iso n  o f  t h e  

s t a b l i l i z i n g  f o r c e s  o f  d e n s i t y  s t r a t i f i c a t i o n  t o  t h e  d e s t a b i l i z i n g  

fo r c e s  o f  v e l o c i t y  sh ear .  I t  i s  expressed:

«  ■ ;  i s  '  < H  >2

■ *k H  /( i! , 2  (3-40)

O f f i c e r  (1976) d e f i n e s  p * 1 .

S u b s t i t u t i n g  (3 -38)  and (3-39)  in t o  (3 - 3 7 ) :

E0  = 7 . 1  X 10 - 1 0  < 1  + 0 Ri > 4  ( | §  ) 2  (3 -41)
o o



l i t  homogeneous  f l o w

X -  A -  v DU, where: (3-42)o o

W.T - 0 .067  =- (F isch er  e t  a l  1979) (3-43)

In most c o a s t a l  p l a i n  e s t u a r i e s :

Y = 3 1  10~4 (Pritchard  1960) (3-44)

Therefore:

n* a  aq 9
Eg -  27 g7 ( 1 + pRi ) # ( | |  ) (3-45)

In the Rappahannock:

D = 6 m 

0 = 0 .2 5  m/sec  

A fter  s u b s t i t u t i o n :

B0 -  Oj ( 1 + pRi ) 4 ( | |  ) 2 (3-46)

7
where i s  a c on s tan t  on the order o f  10 when x i s  in  m e t e r s  and on 

the  order o f  10 when x i s  in  k i l o m e t e r s .

g
To obta in  an ex p ress io n  for  R i .  equation (A-9) for  g -  i s  eva luated

o

2
at  the  sur face  where -  ■ 0 t o  g iv e :z

r  - 1 + + 1  ~ ih + - H  < -  i §  > <3 - 47)o

2
Equation (A-9) i s  eva luated  at  the bottom where -  •  1 to  g iv e :z
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Subtract ing  (3 -47)  from (3-48)  g iv e s :

“ S ~ £ “ M 1 I  + slo  vR* 1 <3"49>O

M
The p a r a m e te r s  -  and t r e  not e a s i l y  measurable because they

c o n ta in  the  turbulent  v i s c o s i t y  and d i f f u s i o n  c o e f f i c i e n t s *  b u t  t h e y  

depend on the  bulk  parameters o f  r i v e r  flow* t id es*  and c r o s s - s e c t i o n a l  

a r e a .  Hansen and Rattray (1966) found the r e l a t i o n s h i p s

 - y .

Where:

-  -  0 .0 5  P (3-50)
v

P ■ = -  t h e  r a t i o  o f  f r e s h  v a t e r  i n f l o w  per  u n i t  area o f  c r o s s  
t

s e c t i o n  to  the root mean square t i d a l  current  speed .

v Re * 16 F 4 where: (3-51)
wt

" f
F = s:- * the dens im etr ic  Froude number, m ud

Ud = j/gDAp/p the dens im etr ic  v e l o c i t y .

A p * the d e n s i t y  d i f f e r e n c e  between f r e sh  water and sea water .  

S u b s t i t u t in g  in t o  Equation (3 -49)  g iv e s :

r  " 20 p ’ * ( i  + 55  > <3" 52)0

In  t h e  Rappahannock t h e  d e n s i m e t r i c  Froude number i s  a p p ro x im a te ly

0 . 0 1 1 .  Therefore  :

1  ~ y  1r r  F 4  s  1 .47  which i s  much g rea ter  than -  .
2 u m o
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Equation (3—52) becomes:

6 S -  P^» F S (3-53)

( b; )K ViIsft? *

U U
< > ^ » *  ( /-RT-T- S

In the  Rappahannock:

= 0 ,2 5  m/sec

,/gDAp/p = 1 

Using th ese  v a lu e s :

xy ^
6 S -  2 . 8  ( = -  ) S (3 -54)

Ut  o

&S 3 S . f  . . 6 5  f9 . . .r— = -sr- ( ir“ ) (3 -55)
6 a D Û .

where S « S , the mean s a l i n i t y  o f  the c r o s s - s e c t i o n  o

For v e r t i c a l  shear ,  ~ 5  * Pr i tchard  (1960) gave:

S -  -’ ' 5 >

-  >

T herefore:

9 . 8  X 7 .5  X 10 X |  X S I ( ^ )

( . 7  X Q - * p - ) *
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Uf  65Ri -  a2  S ( —  ) ,<>3 (3-56)

A fte r  s u b s t i t u t i o n :

Eg -  0 l [ 1 ♦ «2S ( l ^ ) ' 65 ] 4  < | |  ) 2  (3 -57 )

Where ~ 1 0  

« 2  “  4

Equation (3 -37)  i s  normalized to  the t i d a l  f l o w  a t  t h e  month (Q^) and 

becomes

EG -  °1 1 1  + “2 s { 6;  ]4 ( I f )J (3- 58)

The e x p r es s io n  fo r  t o t a l  d i s p e r s io n  c o e f f i c i e n t  becomes

E -  <3 .2  [ 1 + TS ( 21 ) 2  ] + a i [ i  + „ 2  s  ( ~  ) * 6 5 ] 4  < | |  ) J

(3 -59)
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D. Method o f  S o l i t i o a

The g o v e r n i n g  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  are  not g e n e r a l ly  

s o lv a b le  by a n a l y t i c a l  methods. The e q u a t i o n s  a r e  s o l v e d  by d i v i d i n g  

t h e  e s t u a r y  i n t o  a s e r i e s  o f  f i n i t e  s e g m e n t s .  A s y s t e m  o f  

f i n i t e - d i f f e r e n c e  approximations  t o  the  o r i g i n a l  e q u a t i o n s  i s  o b t a i n e d  

by i n t e g r a t i n g  the equat ions  o f  c o n t i n u i t y ,  momentum and s a l i n i t y ,  over  

the  leng th  o f  each segment ( W i l l i a m s .  1 9 8 3 ) .  P r e d i c t i o n s  o f  s u r f a c e  

l e v e l ,  v e l o c i t y *  and s a l i n i t y  are suide by s o lv in g  the f  i n i t e - d i f  ference  

equat ions  on a d i g i t a l  e o s p u t e r .  A s e m i - i m p l i c t  s o l u t i o n  scheme v a s  

u sed .
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B, Bovmdirj B id  Initial Coadition

1 . )  Upstream boundary c o n d i t io n s

The upstream boundary o f  the  model i s  loca ted  a t  the  l i m i t  o f  t i d a l  

i n f l u e n c e .

a . )  Dynamic c o n d i t io n

There are two methods fo r  the s p e c i f i c a t i o n  o f  the  upstream dynamic 

boundary c o n d i t i o n s .  One method i s  t o  t r e a t  the  freshwater  d ischarge  as  

f l o w  th ro u g h  t h e  most upstream t r a n s e c t .  This  method i s  used when the  

r i v e r  bottom has a continuous  s lo p e  a t  t h e  l i m i t  o f  t h e  t i d e .  In  t h e  

second method the  d ischarge  through the  most upstream t r a n s e c t  i s  s e t  to  

zero and the freshwater  input i s  t r e a t e d  as l a t e r a l  in f low  in t o  the most 

upstream reach .  The freshwater  f low  does not c o n tr ib u te  any momentum to  

the  system in the second method. This  method i s  u s e d  when t h e r e  i s  a 

f a l l  l i n e  a t  the  l i m i t  o f  t i d a l  i n f l u e n c e .

b . )  S a l i n i t y  c o n d i t io n

The s a l i n i t y  i n t r u s i o n  in  a la r g e  c o a s t a l  p l a i n  e s tu a ry  i s  always  

w e l l  downstream o f  the  t i d a l  l i m i t .  Therefore  s a l i n i t y  a t  th e  u p strea m  

boundary i s  always taken as z e r o .

2 . )  Downstream boundary c o n d i t io n s

The downstream boundary o f  the  model i s  lo ca ted  a t  the  r i v e r  mouth,

a . )  Dynamic c o n d i t io n

The water sur face  e l e v a t i o n  a t  the  mouth i s  s p e c i f i e d  as a boundary 

c o n d i t i o n .  The model a l lo w s  two methods o f  su p p ly in g  t h i s  i n p u t .  One 

i s  to  use  hourly  t i d a l  h e i g h t s  as in p u t .  The model i n t e r p o l a t e s  for  the  

time s t e p s  between hours .  The o th er  i s  t o  u s e  harmonic  com ponents  t o  

c a l c u l a t e  t h e  a u r f a c e  l e v e l  a t  t h e  mouth.  The a m p l i tu d e ,  phase and
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speed o f  op t o  n i n e  c o n s t i t u e n t s  a r e  o s e d  in  t h e  c a l c u l a t i o n .  The 

c o n s t i t u e n t s  u s e d  in  t h i s  s tudy,  inc lude  lunar semidiurnal  (M2), s o l a r  

s e m i d i u r n a l  (S 2 )  , lu n a r  e l l i p t i c  s e m i d i u r n a l  ( N 2 ) , l u n a r - s o l a r  

d e c  1 i n a t i o n a 1 d i u r n a l  ( K l ) ,  l u n a r  q u a r t e r - d i u r n a l  (M4), lu n a r  

d e c l i n a t i o n a l  d iurna l  ( 0 1 ) ,  lunar monthly (MM), s o la r  semi-annual (SSA), 

and s o la r  annual (SA)•

b . )  S a l i n i t y  c o n d i t io n

The s a l i n i t y  boundary  c o n d i t i o n  a t  the  mouth i s  more complicated  

than that  a t  the  head. The s a l i n i t y  a t  t h e  mouth can n o t  be c o n s t a n t

b e c a u s e  th e  f r e s h  water  must leave  the  e s tu ary  during the  ebb t i d e  and

t h i s  w i l l  decrease  the s a l i n i t y  a t  t h e  b o u n d a r y .  The t i d a l  c y c l e  i s  

d iv id e d  in t o  two p a r ts  according t o  the d i r e c t i o n  o f  f low at  the e s tuary  

mouth and a d i f f e r e n t  boundary c o n d i t io n  i s  app l ied  for  each p a r t .

A b a y  s a l i n i t y ,  i s  assumed t o  e x i s t  o f f  t h e  mouth o f  t h e

e s t u a r y .  During f lo o d  t i d e  t h i s  bay water i s  advected in t o  t h e  e s t u a r y

and a t  some s t a g e  o f  the  t i d e ,  the s a l i n i t y  a t  the  downstream boundary

becomes equal t o  S . S can be s p e c i f i e d  as a f u n c t i o n  o f  t im e  i f  bayo o

s a l i n i t y  i s  known.

At the end o f  the ebb p o r t io n  o f  t h e  t i d a l  c y c l e  t h e  s a l i n i t y  a t  

t h e  mouth i s  lo w e r  th an  th e  bay s a l i n i t y .  An a d j u s tm e n t  p e r i o d  i s  

allowed a f t e r  the f low  s t a r t s  to  f lo o d  and b e f o r e  t h e  s a l i n i t y  a t  t h e  

mouth r e a c h e s  t h a t  o f  t h e  bay ( T h a t c h e r  and Harleman 19 7 2 ) .  In t h i s  

model an input parameter i s  s p e c i f i e d  fo r  the length  o f  t h i s  a d j u s tm e n t  

p e r i o d  and t h e  s a l i n i t y  i s  assumed t o  i n c r e a s e  l i n e a r l y  during t h i s  

p e r io d .
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D uring  ebb f low the  s a l i n i t y  a t  the boundary i s  eva luated  assuming 

the  s a l t  f lu x  aoross  the  boundary i s  by advec t ion  o n l y .  The e x p r e s s i o n  

fo r  the boundary s a l i n i t y  during ebb t i d e  becomes:

MU MU 1 MU MU- 1  ' ^ x

Where S i s  s a l i n i t y ,  the  su p erscr ip t  1 r e f e r s  t o  the va lue  a t  the

p rev ious  time s t e p ,  the su p e r sc r ip t  2  r e f e r s  t o  th e  p r e s e n t  t im e  s t e p .

The su b sc r ip t  MU r e f e r s  t o  the va lue  a t  the downstream boundary, and the

s u b s c r ip t  MU-1 r e f e r s  to  the  segment j u s t  upstream o f  t h e  mouth.  U i s  

t h e  v e l o c i t y  a t  t h e  mouth. A x  and At a r e  the  d i s t a n c e  and time s t e p s  

used in  the  s o l u t i o n .

3 . )  I n i t i a l  c o n d i t io n s

a . )  Dynamic c o n d i t io n

The n e c c e s s a r y  i n i t i a l  c o n d i t io n s  are the s p e c i f i c a t i o n  o f  surface  

e l e v a t i o n  and d ischarge  fo r  each model reach a t  time equal to  z e r o .  At 

t h e  s t a r t  o f  the c a l c u l a t i o n s  the parameters are s e t  t o  zero everywhere  

and the model i s  run for  s e v e r a l  t i d a l  c y c l e s  t o  a l lo w  the parameters t o  

converge t o  the v a lu e s  corresponding to  a s t a t e  o f  dynamic eq u i l ib r iu m .

b . ) S a l i n i t y  co n d i t io n

The model  r eq u ires  th a t  i n i t i a l  s a l i n i t y  c o n d i t io n s  for  each reach 

be  read  in  a t  t im e  * 0 . I t  i s  assumed t h a t  t h e  u s e r  h a s  a r o u g h  

a p p r o x i m a t i o n  o f  t h e  i n i t i a l  s a l i n i t y  d i s t r i b u t i o n .  The c h o i c e  o f  

i n i t i a l  c o n d i t i o n s  i s  somewhat a r b i t r a r y ,  a f t e r  tw e n t y  c y c l e s  t h e  

s a l i n i t i e s  w i l l  converge t o  t h e i r  equi l ibr ium  v a l u e s .
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F .  Comparison o f  Model w ith  A n a ly t i c a l  S o ln t io n

A n u m e r ic a l  a p p r o x im a t io n  t o  a d i f f e r e n t i a l  e q u a t i o n  or s e t  o f  

equat ions  should be proved to  provide  a s tab le*  convergent s o l u t i o n ,  A 

s t a b l e  s o l u t i o n  i s  one w hich  d o e s  n o t  o s c i l l a t e  or  grow w i l d l y .  A 

c o n v e r g e n t  s o l u t i o n  a g r e e s  w i t h  t h e  s o l u t i o n  o f  t h e  o r i g i n a l  

d i f f e r e n t i a l  equat ion .

The numerical s o l u t i o n  i s  t e s t e d  e m p ir i c a l ly  by c o m p a r iso n  w i t h  a 

known* a n a l y t i c a l  s o l u t i o n .  S t a b i l i t y  i s  confirmed by conduct ing the  

numerical in t e g r a t i o n  u n t i l  a q u a s i - s t e a d y  s o l u t i o n  i s  a ch ieved .

The m o d e l  p r e d i c t i o n s  o f  t i d a l  range  a r e  t e s t e d  a g a i n s t  t h e  

s o l u t i o n  to  the one-dimensional* l i n e a r i z e d  equat ions  o f  c o n t i n u i t y  and 

momentum a p p l ied  to  a f r i c t i o n l e s s *  rec tan gu lar  channel which i s  c lo se d  

at  one end and connected to  the open sea at  the other  end.

These equat ions  are:

| 3  -  - h  | 5  (3-60)OX ox

8  ■ S  « - “ >

The s o l u t i o n  to  the above equat ions  for  sur face  l e v e l  as a fu n c t io n

o f  l o c a t i o n  and time i s  g iven  by Ippen (1966) as:

q ■ 2a cos  (o t )  cos  (kx) (3-62)

Where:

Yl = sur face  l e v e l *

2 a 85 t i d a l  amplitude at  c lo se d  end o f  the channel*

2 na «= ;p- , T = t i d a l  period*

k *= ~ !1", wave number* c i  o
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c o« V g h  , the phase speed,

h «= channel depth,  

t  °  t ime,

x * d i s ta n c e  from the head o f  the channel .

An express ion  fo r  t i d a l  amplitude A, a t  any l o c a t i o n  on the channel  

n o r m a l i z e d  by t h e  a m p l i t u d e  a t  th e  mouth A^ , may be d e r i v e d  from

equat ion ( 3 - 6 2 ) .

Ir vr \

(3-63)A
A”

cos  (kx)  
cos  (k l )o

vhere 1 i s  the  length  o f  the channel .

P a r a m e te rs  f o r  u s e  in  ( 3 - 6 2 )  and ( 3 - 6 3 )  were  c h o s e n  to  roughly  

correspond t o  the Rappahannock R iv er .

These parameters are:

T * 12 .42  hours 1 * 160 km

h = 10 meters  A « 20 cm

S a l i n i t y  e f f e c t s  are not included in  t h i s  t e s t  o f  t i d a l  dynamics.  

The model was f i r s t  run with a Manning's n o f  0 . 0 1 5 .  I t  was found 

th a t  a t im e  s t e p  o f  .0 2  t i d a l  c y c l e  ( a p p r o x i m a t e l y  15 m i n u t e s )  was 

o p t i m a l  f o r  t h e  t e s t  run and was used for  a l l  the computational t e s t s .  

A segment length  o f  4 km was used .

The model was run for  30 t i d a l  c y c l e s  t o  e s t a b l i s h  the t i d a l  regime 

with v a lu e s  o f  Manning's n p r o g r e s s i v e l y  r ed u ced  from 0 . 0 2 5  t o  0 . 0 1 5 .  

The r e s u l t s ,  presented  in Figure ( 3 - 1 ) ,  show a convergence o f  the  model 

s o l u t i o n  as m i s  d ecreased .  The model i s  not s t a b l e  a t  n * 0 . 0 0 .  S ince  

t h e r e  i s  no a n a l y t i c a l  s o l u t i o n  for  the n o n - l in e a r  f r i c t i o n  model,  the  

numerical r e s u l t s  can not be t e s t e d  q u a n t i t a t i v e l y .
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F i g u r e  ( 3 - 1 )  shows a c h a r a c t e r i s t i c  s ta n d in g  wave which r e s u l t s  

from s u p e r p o s i t i o n  o f  two p r o g r e s s i v e  waves t r a v e l i n g  in  o p p o s i t e  

d i r e c t i o n s .  The outgoing r e f l e c t e d  wave i s  out o f  phase w ith  r e sp e c t  to  

the incoming wave at  a d i s t a n c e  o f  a quarter  wavelength from the head of  

t h e  t i d e .  T h i s  r e s u l t s  in  a n o d a l  p o i n t  o f  minimum t i d e  range about  

SO km from the mouth.
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IV. APPLICATION TO THE RAPPAHANNOCK KIVER

A. Model Set-Up

The Rappahannock River r i s e s  on the  eastern  s lope  o f  the Bine Ridge  

M o u n t a i n s  and f l o w s  s o u t h e a s t e r l y  t o  t h e  Cheasapeake  B a y .  I t  i s  

approximately  176 km from the  f a l l  l i n e  a t  F r e d r i c k s b u r g  t o  W ind m il l  

P oint  at the mouth.

Downstream o f  Tappahannock the  r i v e r  i s  broad and s h a l l o w ,  e x c e p t  

f o r  a c e n t r a l  c h a n n e l .  Marshes l i n e  the  r i v e r  and i t s  t r i b u t a r i e s .  At 

the  mouth i s  a s i l l  o f  approximately  1 0  m depth.

The Rappahannock i s  c l a s s i f i e d  as a p a r t i a l l y - m i x e d ,  c o a s t a l  p l a i n

e s t u a r y .  The dynamic i n t e r a c t i o n  o f  t i d e ,  f r e s h w a t e r  i n f l o w  and  

s a l i n i t y  determine the f low and s a l i n i t y  reg im es .

The t i d e  i s  p r i m a r i l y  s e m i - d i u r n a l .  Due t o  t h e  l e n g t h  o f  t h e  

Rappahannock t h e  t i d a l  wave i s  not  a simple t r a v e l i n g  or s tanding wave 

but e x h i b i t s  c h a r a c t e r i s t i c s  o f  a mixture  o f  t h e  tw o .  The t i d a l  wave 

t a k e s  a p p r o x i m a t e l y  n i n e  h o u r s  t o  t r a v e l  from  t h e  m ou th  t o  

Fredr icksburg , which i s  the  l i m i t  o f  the  t i d a l  i n f l u e n c e .  The NOS T id e

T a b l e s  show t h a t  t h e  mean t i d e  range in crea ses  from 37 cm at  the mouth

t o  55 cm a t  Bowlers Rock. The range d ecreases  at  Leedstown to  46 cm and 

i n c r e a s e s  a g a i n  t o  85 cm a t  Fredr icksburg • The spring t i d e  ranges are  

25% g r e a t e r .  The mean measured t i d a l  current  ranges from 30 c m /s e c  a t

35
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th e  mouth t o  a maximum o f  67 c m /s e c  a t  Tappahannock and decreases  t o  

37 cm/sec at  Port Royal.  The time between maximum ebb and low w a t e r  i s  

1 . 5  hou rs  a t  t h e  mouth.  At P o r t  Royal#  maximum ebb occurs  more than 

2  hours b e fo re  low w ater .

The l o n g i t u d i n a l  s a l i n i t y  g r a d i e n t  i s  t h e  f o r c i n g  fu n c t io n  for  

g r a v i t a t i o n a l  c i r c u l a t i o n .  There i s  seasonal  v a r i a t i o n  in the in tru s io n  

l e n g t h  in  r e s p o n s e  t o  changes in freshwater  in f lo w .  The length  o f  the  

in t r u s io n  v a r i e s  from 60 t o  1 0 0  km. The l i m i t  o f  the s a l i n i t y  in tru s io n  

i s  g e n e r a l l y  around Tappahannock# about  80 km from t h e  mouth. The 

e s t u a r y  i s  g e n e r a l l y  m o d e r a t e l y  s t r a t i f i e d .  V e r t i c a l  s a l i n i t y  

d i s t r i b u t i o n  responds to  the  seasona l  v a r i a t i o n  in freshwater  in f low  and 

to  the spring-neap t i d a l  c y c l e .  The v e r t i c a l  mean s a l i n i t y  a t  the mouth 

v a r i e s  from 12 t o  20 p p t .  I t s  va lue  i s  g e n e r a l l y  around 16 p p t .  The 

s a l i n i t y  at the  mouth i s  f r e q u e n t l y  found t o  be  lo w er  th an  t h a t  j u s t  

u p s t r e a m .  A p o s s i b l e  mechanism t o  exp la in  t h i s  phenomena was explored  

by Hayward# Welch and Haas (1 9 8 2 ) .

The freshwater  in f low  i s  measured at  Fredr ick sb urg» where the r iv e r

2
d rains  an area o f  4184 km • The Rappahannock h a s  e x p e r i e n c e d  a w ide

3
r a n g e  o f  i n f l o w .  The maximum f l o w  o f  3 9 6 4  m / s e c  o c c u r r e d  on

3
O c to b e r  16# 1 9 4 2 .  The minimum f l o w  o f  0 . 1 4  m / s e c  o c c u r r e d  on

3
October 1 1 # 1930.  The y e a r ly  mean f low i s  45 m / s e c .

The e s tu ary  was d iv id e d  i n t o  44 u n eq u a l  s eg m en ts  by l o c a t i n g  45 

t r a n s e c t s  from the f a l l  l i n e  to  the mouth. Tran sec ts  were lo ca ted  where 

b o t t o m  p r o f i l e s  w e r e  a v a i l a b l e  and w h e r e  t h e  g e o m e t r y  o f  t h e  

c r o s s - s e c t i o n  was r e l a t i v e l y  simple and r e p r e s e n t a t iv e  o f  th a t  reach of  

the r i v e r .  F igure (4 -1 )  shows t h e  l o c a t i o n s  o f  t h e  t r a n s e c t s .  Each
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t r a n s e c t  i s  numbered s t a r t i n g  at  the upstream end with # 1  reserved as an 

a r t i f i c i a l  t r a n s e c t  for  model c a l c u l a t i o n s .  The t r a n s e c t  d i s t a n c e  i s  

m e a s u r e d  fro m  t h e  m o u t h .  Each  t r a n s e c t  h a s  a s u r f a c e  w i d t h *  

c r o s s - s e c t i o n a l  area* and depth o f  c en te r  o f  moment. The d e p t h  o f  t h e  

c e n t r o i d  i s  taken as h a l f  the average depth o f  the t r a n s e c t .  Segment i  

i s  d e f in ed  as the volume b e tw e en  t r a n s e c t  i  and t r a n s e c t  1+1 .  Each 

segment has  a volume and s u r f a c e  a rea .  The drainage area a t  i  i s  the  

d r a i n a g e  a rea  b e tw e e n  t r a n s e c t s  i - 1  and i .  I t  c o n t r i b u t e s  t o  t h e  

segment i - 1 . The drainage area a t  2  i s  the t o t a l  drainage area upstream 

o f  segment 2 , The Army Corps o f  E n g i n e e r s  c o n d u c t e d  a b a t h y m e t r i c  

s u r v e y  in  1 9 7 3 .  The bot tom  p r o f i l e  d a ta  t h e y  o b t a in e d  were used to  

determ ine  c r o s s - s e c t i o n a l  a r e a s  by p l a n i m e t r y .  Channel w i d t h s  and 

s e g m e n t  l e n g t h s  w e r e  d e t e r m i n e d  from  C o a s t  and G e o d e t i c  Su rv ey  

n a v i g a t i o n  c h a r t s .  D r a in a g e  a r e a  v a l u e s  have  b e e n  f o u n d  f o r  t h e  

C hesapeak e  Bay and i t s  t r i b u t a r i e s  by S e i t z  (1 9 7 1 ) .  The drainage  area  

and geom etr ica l  data used in t h i s  study i s  presented  in  Table  1 .
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TABLE 1 
GEOMETRIC DATA

SEGMENT DISTANCE SURFACE CROSS- SURFACE VOLUME DRAINAGE CENTER
NUMBER WIDTH SECTIONAL AREA AREA OF

AREA

KM M
10**3

M**2

2 1 7 6 .5 1 9 1 .4 4 .084
3 1 7 3 .6 1 1 2 6 .5 2 .165
4 170 .2 3 1 0 2 .5 0 .310
5 1 6 7 . 1 8 9 6 .0 4 .282
6 1 6 3 .6 4 1 2 7 . 9 8 .442
7 1 6 0 .26 148 .36 .416
8 156 .56 1 5 6 . 2 4 .435
9 1 5 3 . 1 8 1 6 0 . 0 9 .4 34

1 0 1 4 9 .1 5 1 6 0 .0 4 .571
1 1 1 4 5 . 7 8 1 0 5 .1 7 .783
1 2 141 .9 1 1 2 7 .2 8 .646
13 1 3 8 .53 2 1 6 . 6 0 .789
14 1 3 5 .1 6 1 3 3 .3 8 .885
15 13 0 .8 1 1 9 4 .1 8 .837
16 1 2 6 . 7 9 2 6 7 . 5 4 1 .0 5 1
17 1 2 3 . 0 9 1 6 0 . 9 4 1 .1 8 6
18 1 1 9 .8 7 3 2 7 .5 6 1 . 4 9 8
19 1 1 6 .3 3 1 7 2 . 3 4 1 . 5 4 4
2 0 1 1 2 .1 5 2 8 7 .06 1 . 5 8 2
2 1 1 0 7 .8 0 4 0 1 .1 2 1 . 8 9 5
2 2 1 0 3 .9 4 5 7 0 .9 5 2 . 3 3 0
23 9 9 .4 4 2 2 3 . 6 2 2 . 1 1 7
24 9 5 .5 7 413 .46 2 .7 8 3
25 91 .23 807 .06 2 .9 0 3
26 8 6 .8 9 4 8 3 .0 0 2 . 6 9 1
27 8 3 .5 1 6 5 5 . 2 1 2 . 8 9 5
28 7 9 . 6 5 1 0 2 4 .1 5 3 . 6 8 4
29 7 6 .2 7 1 176 .53 3 . 7 3 0
30 7 3 .8 5 1 252 .63 5 . 8 7 8
31 7 0 . 1 5 1 8 9 5 .2 9 5 .1 4 1
32 6 6 .1 3 2 0 6 4 . 9 8 5 . 5 5 2
33 6 2 . 7 5 2 3 3 0 .9 3 6 . 6 7 8
34 5 8 .2 5 3 6 0 9 . 2 9 9 .7 9 1
35 5 5 .9 9 2 8 1 9 . 7 9 8 . 6 9 2
36 5 0 .8 4 40 1 0 .7 6 1 2 .7 1 4
37 4 6 . 5 0 3 5 9 9 .2 2 1 3 . 3 8 4
38 4 1 .6 7 4 5 9 0 .9 7 1 7 .4 9 2
39 3 7 . 0 1 4 5 1 9 .8 1 2 3 . 9 7 1
40 3 1 . 3 8 4 617 .83 2 6 .7 4 3
41 2 5 . 4 2 3 5 8 7 .7 7 2 7 .3 4 3
42 2 0 .9 2 2 9 0 8 .3 7 2 6 .6 6 6
43 1 4 .96 4 1 2 6 .5 7 3 5 .3 0 6
44 11 .2 6 3 9 5 4 .0 1 3 8 .5 8 2
45 5 .9 5 3 2 9 0 .9 3 3 3 .1 6 7
46 1 .1 3 5507 .56 3 7 .1 3 4

1 0 * * 6

M**2
1 0 * * 6

M**3 KM* *2

MOMENT

M

.310 .362 4 1 8 4 .4 2 0 . 4 6

.308 .825 2 1 . 2 8 0 . 6 5

.311 1 .1 1 5 3 8 . 2 9 1 . 5 1

.432 1 . 3 1 0 3 6 . 1 7 1 . 4 7

.427 1 . 3 8 4 6 0 . 0 1 1 .7 3

.515 1 . 6 9 8 5 9 .0 3 1 . 4 2

.539 2 .8 1 7 5 9 .5 2 1 . 3 9

.507 2 . 1 3 4 3 7 . 2 0 1 . 3 6

.587 2 . 0 7 5 45 .4 6 1 . 7 8

.601 2 . 7 2 4 1 4 .3 7 3 . 7 2

.620 2 . 4 7 0 6 . 5 2 2 . 5 4

.700 2 .8 8 3 7 . 0 7 1 .8 3
.709 3 . 8 1 5 2 0 . 0 4 3 . 3 2

1 .6 6 0 3 . 9 6 1 2 4 .2 3 2 . 1 8
2 . 3 0 0 4 .7 3 9 5 9 .5 2 2 . 1 0

4 . 8 8 4 5 .4 8 4 6 7 . 3 1 3 . 7 8
3 . 6 2 1 7 . 2 4 4 4 6 .6 0 2 . 2 9
3 . 9 2 2 8 . 4 8 8 3 6 . 2 4 4 . 4 8
1 .1 4 0 8 .223 3 8 .8 3 2 . 8 8

2 . 0 4 0 8 .3 7 0 4 9 . 1 9 2 . 3 6
3 . 4 5 0 1 0 .4 8 0 5 1 .7 8 2 . 1 0

2 . 0 3 0 9 .2 9 4 3 1 . 0 7 4 . 7 5
3 . 2 4 0 1 2 .9 6 5 7 . 7 7 3 . 4 6
2 . 8 5 0 1 2 .5 1 2 1 8 .1 2 1 . 8 0
2 .5 9 0 1 0 .3 7 6 2 5 . 8 9 2 . 9 4
6 . 6 7 0 1 3 .7 9 6 2 3 . 3 0 2 . 2 9
7 .5 4 0 1 2 .5 2 8 1 8 .1 2 1 . 8 0
3 . 3 0 0 1 1 . 5 9 9 6 2 .1 3 1 . 5 8

1 0 .4 6 0 1 9 .3 5 8 1 5 1 .7 8 2 . 3 5
8 .0 9 0 2 1 . 8 6 8 1 4 7 .5 7 1 .3 6
8 .5 1 0 2 0 . 9 6 7 1 6 5 .6 9 1 . 3 9

1 2 .3 8 0 3 7 . 1 1 2 1 3 9 .8 0 1 .4 3
7 .2 9 0 2 1 .1 0 3 9 9 .3 4 1 .3 6

1 7 .4 0 0 5 5 .7 6 2 9 5 . 7 9 1 . 5 8
1 8 .0 8 0 56 .708 6 2 . 1 3 1 . 5 8
2 3 .6 1 0 7 4 . 5 4 5 144 .01 1 . 8 6

1 9 .1 0 0 9 6 .7 6 9 1 24 .27 1 . 9 1
2 0 .6 8 0 1 4 2 .8 4 8 1 2 4 .2 7 2 . 6 5
2 5 .8 8 0 162 .993 2 4 .2 7 2 . 9 0
1 8 .3 3 0 1 2 4 .0 1 0 8 2 . 8 4 3 . 9 0
4 2 .6 3 0 1 9 0 .9 9 7 115 .53 4 . 6 5
1 5 .0 8 0 1 4 0 .9 6 0 1 9 . 0 9 4 . 5 0
2 8 .8 0 0 1 9 4 .8 0 5 1 8 .1 2 4 . 9 4
2 8 .8 5 0 1 7 4 .0 1 2 2 0 . 7 1 5 .2 1

0 . 0 0 0 0 . 0 0 0 1 2 . 9 4 3 .4 3
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B, Hydrodynamic Calibration
The model  was f i r s t  c a l i b r a t e d  f o r  mean t i d e  r a n g e  a l o n g  t h e  r i v e r .  

The  f r e s h  w a t e r  i n f l o w  a n d  s u r f a c e  l e v e l  a t  t h e  m o u t h  a r e  n e e d e d  a s  

f o r c i n g  f u n c t i o n s .  T he  m ean  f r e s h w a t e r  i n f l o w  in  t h e  Rappahannock  i s  

3
45 m / s e c  a t  t h e  h e a d  o f  t h e  t i d e ,  t h i s  r a t e  w as  u s e d  a s  a c o n s t a n t  

i n f l o w  f o r  t h e  m o d e l  c a l i b r a t i o n .  The i n p u t  t i d a l  h e i g h t  a t  t h e  mouth 

i s  found  f rom ha rm o n ic  a n a l y s i s .  The f u n c t i o n  u s e d  i s :

9
i| *  E ,  ( A c o s  { a  t  + <J> ) ] ,n = l  n n  n

w here  A i s  t h e  a m p l i t u d e ,  a  i s  t h e  p h a s e  speed  . and <J> i s  t h e  p h a s e  o f

e a c h  t i d a l  c o n s t i t u e n t .  T h e  h a r m o n i c  c o n s t i t u e n t s  o f  t h e  t i d e  were

found  by  u s i n g  t h e  l e a s t - s q u a r e s  method o f  ha rm on ic  a n a l y s i s  ( R i l e y  a n d

B o o n .  1 9 7 8 )  on  a t w e n t y - n i n e  day  t i d e  gauge  r e c o r d  from W indm il l  P o i n t

a t  t h e  mouth o f  t h e  R a ppaha nnock .  The a m p l i t u d e  a n d  p h a s e  o f  t h e  s i x

m a j o r  c o n s t i t u e n t s  w e r e  f o u n d  and employed i n  t h e  model  ( T a b l e  2 ) .  A

t i m e  t h i r t y  c y c l e s  a f t e r  model  s t a r t  up c o r r e s p o n d e d  t o  a t i m e  o f  m ean

t i d e  r a n g e .

T h e  t i d a l  r a n g e  was  c a l c u l a t e d  i n  t h e  m o d e l  b y  f i n d i n g  t h e  

d i f f e r e n c e  i n  h i g h  and low w a t e r  a t  e a c h  t r a n s e c t .  The p r e d i c t e d  r a n g e  

f r o m  t h e  m o d e l  was  c o m p a r e d  w i t h  t h e  m ean  r a n g e  f r o m  t h e  NOS T i d e  

T a b l e s .  T h e  v a l u e  o f  M a n n i n g ' s  f r i c t i o n  c o e f f i c i e n t  was v a r i e d  u n t i l  

t h e  model  p r e d i c t e d  r a n g e  and t h e  t a b l e  p r e d i c t e d  r a n g e  a g r e e d .  V a l u e s  

f o r  M a n n i n g ' s  f r i c t i o n  c o e f f i c i e n t  o f  0 . 0 1 6  from t h e  h e a d  t o  37 km and 

0 .0 2 3  from t h e r e  t o  t h e  mouth  w ere  fo und  t o  g i v e  good a g re e m e n t  w i t h  t h e  

t i d e  t a b l e s .  N e a r  t h e  m o u t h  t h e  e s t u a r y  i s  b r o a d  a n d  h a s  s h a l l o w  

e m b a y m e n t s  w h i c h  w i l l  i n c r e a s e  t h e  f r i c t i o n a l  r e s i s t a n c e  t o  f l o w .  

T h e r e f o r e  i t  i s  e x p e c t e d  t h a t  t h e  v a l u e  o f  m w i l l  b e  g r e a t e r  n e a r  t h e
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mouth t h a n  w here  t h e  e s t u a r y  i s  n a r r o w  a n d  m o re  n e a r l y  c o n f i n e d  t o  a 

c e n t r a l  c h a n n e l .  The model  r e p r o d u c e s  t h e  mean r a n g e  q u i t e  w e l l  ( F i g u r e  

4 - 2 ) .  The  s t a n d i n g  wave  c h a r a c t e r i s t i c s  a r e  e v i d e n t  w i t h  t h e  n o d a l  

p o i n t  o c c u r r i n g  n e a r  Leedstown* a b o u t  76 km from t h e  head  o f  t h e  t i d e .

The t i m e s  o f  t h e  t i d e  p h a s e s  a l o n g  t h e  r i v e r  a r e  shown i n  F i g u r e s  

( 4 - 3 )  a n d  ( 4 - 4 ) .  F o r  low t i d e  t h e  model  s i m u l a t e s  t h e  p h a s e  speed  q u i t e  

w e l l  ( F i g u r e  4 - 4 ) .  The model  p r e d i c t s  a g r e a t e r  s p e e d  f o r  h i g h  t i d e  

t h a n  t h e  t i d e  t a b l e s  d o .  T h i s  i s  p a r t i c u l a r l y  e v i d e n t  as  t h e  t i d e  moves 

n e a r  t h e  h e a d  o f  t h e  r i v e r .

The t i m e s  o f  maximum c u r r e n t s  a r e  shown i n  F i g u r e s  ( 4 - 5 )  and ( 4 - 6 ) .  

T h e  p h a s e  s p e e d  o f  maximum f l o o d  c u r r e n t  a s  i t  m o v e s  u p  r i v e r  i s  

p r e d i c t e d  w e l l  by  t h e  m o d e l .  The s peed  o f  maximum ebb i s  p r e d i c t e d  w e l l  

e x c e p t  a t  P o r t  Royal*  127 km from t h e  mouth* where  t h e  model  p r e d i c t s  a 

g r e a t e r  s p e e d  o f  t r a v e l  f o r  t h e  maximum ebb t h a n  t h e  t a b l e s .

F i g u r e s  ( 4 - 7 )  a n d  ( 4 - 8 )  show t h e  s p e e d  o f  s l a c k  b e f o r e  eb b  a n d  

s l a c k  b e f o r e  f l o o d  a s  t h e y  move up r i v e r .  B o th  a r e  p r e d i c t e d  w e l l .  The 

m o d e l ' s  p r e d i c t e d  s p e e d  o f  s l a c k  b e f o r e  ebb a t  P o r t  R o y a l  i s  l e s s  t h a n  

t h a t  f rom t h e  t a b l e s .

The model  was t h e n  ru n  f o r  a t i m e  s i m u l a t i n g  t h e  p e r i o d  f r o m  M a rc h  

14 t o  O c t o b e r  30* 1 9 7 3 .  An i n t e n s i v e  s u r v e y  was c o n d u c t e d  on t h e  lo w e r  

Rappahannock  d u r i n g  J u l y  30 and 31 1 9 7 3 .  T h i s  w as  d u r i n g  a p e r i o d  o f  

s p r i n g  t i d e s .  C u r r e n t  m e t e r s  w e r e  d e p l o y e d  a t  v a r y i n g  d e p t h s  a l o n g  

s e v e r a l  t r a n s e c t s .  To c o m p a r e  t h e  p r e d i c t e d  c u r r e n t s  w i t h  t h o s e  

m e a s u r e d  d u r i n g  t h e  i n t e n s i v e  s u r v e y *  t h e  t i m e  v a r y i n g  f r e s h  w a t e r  

i n f l o w  a t  t h e  h e a d  and t h e  s u r f a c e  l e v e l  a t  t h e  m o u t h  w e r e  n e e d e d  a s  

b o u n d a r y  c o n d i t i o n s .  T h e  f r e s h  w a t e r  i n f l o w  m e a s u r e d  a t  t h e  USGS 

g a u g i n g  s t a t i o n  a t  F r e d r i c k s b u r g  was u s e d  a s  a  d a i l y  i n p u t  t o  t h e  m o d e l .



42

The i n f l o w  f o r  t h e  t i n e  s i m u l a t e d  i s  shown i n  F i g u r e  ( 4 - 9 ) .  D u r in g  t h i s

3
p e r i o d  t h e  i n f l o w  v a r i e d  f rom 11 t o  450 m / s e e .  I t  was n e c e s s a r y  t o  u s e  

p r e d i c t e d  s u r f a c e  l e v e l s  a s  b o u n d a r y  c o n d i t i o n s  a t  t h e  mouth  b e c a u s e  a 

c o n t i n u o u s  t i d e  r e c o r d  was n o t  a v a i l a b l e  f o r  t h e  e n t i r e  t im e  s i m u l a t e d .  

I f  t i d a l  p r e d i c t i o n s  a r e  t o  made f o r  long  p e r i o d s  o f  t i m e ,  t h e  s im p l e  

c o s i n e  f u n c t i o n  u s i n g  t h e  h a r m o n i c  c o n s t a n t s  i s  no  l o n g e r  a d e q u a t e .  

U n d e r  t h e s e  c o n d i t i o n s  i t  i s  n e c e s s a r y  t o  u s e  t h e  ha rm o n ic  model  o f  t h e  

t i d e  by  Schureman ( 1 9 5 8 ) .  T h i s  model u s e s  t h e  h a r m o n i c  c o n s t a n t s  and  

t h e  p o s i t i o n s  o f  t h e  c e l e s t i a l  b o d i e s  t o  g e n e r a t e  p r e d i c t e d  t i d e s .  

T h e s e  p r e d i c t e d  t i d a l  h e i g h t s  w e r e  u s e d  a s  i n p u t s  t o  t h e  m o d e l .  The  

p r e d i c t e d  s u r f a c e  l e v e l  a t  W indm i l l  P o i n t  f o r  t h e  month  o f  J u l y  1973 i s  

shown i n  F i g u r e  ( 4 - 1 0 ) .

T h e  m e a s u r e d  c u r r e n t  a t  W indm il l  P o i n t  was compared  w i t h  t h e  model  

o u t p u t  ( F i g u r e  4 - 1 1 ) .  The f i e l d  d a t a  u s e d  f o r  c o m p a r i s o n  i s  t h a t  f r o m  

a m e t e r  a t  m i d - d e p t h  i n  t h e  c h a n n e l .  T he  p r e d i c t e d  c u r r e n t  i s  lo w er  

t h a n  t h a t  m e asu re d  b e c a u s e  t h e  model  p r e d i c t s  t h e  c r o s s - s e c t i o n a l  mean 

v e l o c i t y  a n d  t h e  c u r r e n t  m e t e r  was p l a c e d  i n  t h e  c e n t e r  c h a n n e l  w here  

t h e  t h e  c u r r e n t  v e l o c i t i e s  a r e  e x p e c t e d  t o  be  h i g h e s t .  The same i s  t r u e  

a t  G r e y  P o i n t  a s  shown i n  F i g u r e  ( 4 - 1 2 )  . T h e  p r e d i c t e d  c u r r e n t  and 

m e a s u re d  c u r r e n t  a r e  i n  p h a s e .  T h e  d i u r n a l  i n e q u a l i t y  i s  e v i d e n t  i n  

b o t h  r e c o r d s .



TABLE 2
HARMONIC CONSTANTS

DESIGNATION NAME AMPLITUDE
cm

PHASE
r a d i a n s

SPEED
r a d / d a y

M2 l u n a r s e a i i d i u r n a l 1 7 . 2 2 5 . 7 9 1 2 .1 4 1

S2 s o l a r s e m i d i u r n a l 2 .5 3 6 . 1 2 12 .566

N2 l u n a r e l i p t i c  s e m i d i u r n a l 3 . 6 3 5 . 3 9 1 1 .9 1 3

K1 l u n a r - - s o l a r  d e c l i n a t i o n a l  d i r u n a l 2 . 8 0 5 .3 9 6 . 3

M4 l u n a r q u a r t e r - d i u r n a l 0 . 8 8 3 . 2 6 2 4 . 2 8 2

0 1 l u n a r d e c l i n a t i o n a l  d i u r n a l 2 . 3 5 0 . 2 2 5 . 8 4
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C. S a l ia i t j r  C a lib r a t io n

T h e  m o d e l  was  c a l i b r a t e d  f o r  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n  

u s i n g  t h e  d a t a  o b t a i n e d  on s l a c k  w a t e r  s u r v e y s .  M o n t h l y  s u r v e y s  h a v e  

b e e n  made f r o m  e a r l y  s p r i n g  t h r o u g h  l a t e  f a l l  s i n c e  19 7 1 .  T hey have  

b e e n  c o n d u c t e d  by  f o l l o w i n g  e i t h e r  s l a c k  b e f o r e  f l o o d  o r  s l a c k  b e f o r e  

ebb a s  t h e  t i d a l  wave p r o p a g a t e s  u p r i v e r .  At f i x e d  s t a t i o n s  t e m p e r a t u r e  

and  c o n d u c t i v i t y  were  m e a su re d  a t  two m e t e r  i n t e r v a l s  f r o m  t h e  s u r f a c e  

t o  t h e  b o t t o m .  T h e  s a l i n i t y  v a l u e s  c a l c u l a t e d  f rom t h e  t e m p e r a t u r e  and 

c o n d u c t i v i t y  m e a s u r e m e n t s  w e r e  a v e r a g e d  a t  e a c h  s t a t i o n  t o  g i v e  a 

v e r t i c a l  mean s a l i n i t y  f o r  t h a t  s t a t i o n .  The model  was a g a i n  r u n  f o r  a 

t i m e  s i m u l a t i n g  t h e  p e r i o d  f r o m  M a r c h  14 t o  O c t o b e r  3 0 .  1 9 7 3 .  T he  

s a l i n i t y  d a t a  o b t a i n e d  on  s u r v e y s  d u r i n g  t h i s  p e r i o d  w e r e  u s e d  t o  

c a l i b r a t e  t h e  model  f o r  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n .

T h r e e  b o u n d a r y  c o n d i t i o n s  a r e  n e e d e d  t o  r u n  t h e  m o d e l  f o r  t h e  

l o n g i t u d i n a l  s a l i n i t y  c a l i b r a t i o n .  The d a i l y  f r e s h  w a t e r  i n f l o w  a t  t h e  

h e a d  and t h e  s u r f a c e  l e v e l  a t  t h e  mouth  w ere  t r e a t e d  a s  t h e y  w ere  i n  t h e  

h yd rodynam ic  c a l i b r a t i o n  o f  t h e  t i d a l  c u r r e n t  f o r  t h e  same t i m e  p e r i o d .  

I n  a d d i t i o n  t h e  v e r t i c a l  m e an  s a l i n i t y  a t  t h e  m o u t h  i s  n e e d e d  a s  a 

b o u n d a r y  c o n d i t i o n .  The s a l i n i t y  a t  t h e  mouth was i n p u t  t o  t h e  m o d e l  

d a i l y .  T h e  v a l u e s  u s e d  w ere  t h o s e  o b t a i n e d  on s l a c k  w a t e r  s u r v e y s  when 

a v a i l a b l e  a n d  t h e  v a l u e s  a t  d a t e s  b e t w e e n  w e r e  i n t e r p o l a t e d .  T h e  

b o u n d a r y  s a l i n i t y  v a r i e d  f rom 1 3 . 5  t o  1 8 . 5  p p t  d u r i n g  t h e  e i g h t  m o n t h s .  

The s l a c k  s u r v e y s  o f t e n  found  t h e  s a l i n i t y  a t  t h e  mouth t o  b e  lo w e r  t h a n  

t h a t  f o u n d  j u s t  u p s t r e a m .  When t h e  s l a c k  s u r v e y  i n d i c a t e d  t h i s  

c o n d i t i o n  t h e  b o u n d a r y  s a l i n i t y  u s e d  i n  t h e  model  was e x t r a p o l a t e d  f ro m  

t h e  v a l u e s  u p s t r e a m .



56

The v a l v e  o f  s a l i n i t y  a t  s l a c k  w a t e r  i n  t h e  m o d e l  was  f o u n d  f o r  

e a c h  s e g m e n t  b y  c h e c k i n g  t h e  d i s c h a r g e  a t  e a c h  t i m e  s t e p .  When t h e  

d i s c h a r g e  c h a n g e d  f r o m  p o s i t i v e  t o  n e g a t i v e *  t h a t  t i m e  s t e p  w a s  

c o n s i d e r e d  t o  b e  t h e  t i m e  o f  s l a c k  b e f o r e  f l o o d .  When t h e  d i s c h a r g e  

c hange d  from n e g a t i v e  t o  p o s i t i v e  t h a t  t i m e  s t e p  w as  c o n s i d e r e d  t o  b e  

t h e  t i m e  o f  s l a c k  b e f o r e  e b b .  The model  c o n s i d e r s  t h e  ebb d i r e c t i o n  a s  

p o s i t i v e .  The  s a l i n i t y  v a l u e s  c a l c u l a t e d  b y  t h e  m o d e l  w e r e  c o m p a r e d  

w i t h  t h o s e  m e a su re d  on s l a c k  w a t e r  s u r v e y s .

The model  was r u n  t o  d e t e r m i n e  t h e  c o n s t a n t s  i n  t h e  e q u a t i o n  f o r  

d i s p e r s i o n  d u e  t o  g r a v i t a t i o n a l  c i r c u l a t i o n  ( E q u a t i o n  3 - 5 8 ) .  The b e s t  

f i t  w a s  f o u n d  t o  b e  f o r  v a l u e s  o f  10  a n d  5 f o r  a n d  i n

E q u a t i o n  ( 3 - 5 8 ) .  E q u a t i o n  ( 3 - 5 8 )  becom es:

F i g u r e s  ( 4 - 1 3 )  t o  ( 4 - 1 7 )  show t h e  c o m p a r i s o n  o f  t h e  l o n g i t u d i n a l  

s a l i n i t y  d i s t r i b u t i o n  f r o m  t h e  m o d e l  an d  t h a t  f r o m  t h e  s l a c k  w a t e r  

s u r v e y s .  T h e  l e n g t h  o f  t h e  s a l i n i t y  i n t r u s i o n  i s  m ode led  w e l l  on a l l  

t h e  d a t e s .  The model  t e n d s  t o  u n d e r - e s t i m a t e  t h e  s a l i n i t y  i n  t h e  m i d d le  

o f  t h e  s a l i n i t y  r e g i o n .

S a l i n i t y  d a t a  f rom t h e  i n t e n s i v e  s u r v e y  on J u l y  30 and 31* 1973 was 

c o m p a r e d  t o  t h e  m o d e l  p r e d i c t i o n s .  D u r i n g  t h e  i n t e n s i v e  s u r v e y *  

t r a n s e c t s  w ere  o c c u p i e d  i n  t h e  l o w e r  R a p p a h a n n o c k .  T e m p e r a t u r e  a n d  

c o n d u c t i v i t y  m e a s u r e m e n t s  were  made e v e r y  hour*  a t  two m e t e r  i n t e r v a l s  

f rom t h e  s u r f a c e  t o  t h e  b o t t o m .  T h e  s a l i n i t y  v a l u e s  c a l c u l a t e d  f r o m  

t h e s e  m e a s u r e m e n t s  w e r e  a v e r a g e d  t o  g i v e  a v e r t i c a l  mean s a l i n i t y  f o r  

t h e  t r a n s e c t .  Due t o  t h e  w e a t h e r  and eq u ip m en t  m a l f u n c t i o n s *  t h e r e  a r e  

gap s  i n  t h e  d a t a .

1 0 . 0  [ 1 + 5 . 0  X S I  ( )
Q t

65 . 4  ( 6 S v 2 
J '  Ex ' ( 4 - 1 )
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The s a l i n i t y  d a t a  f rom t h e  i n t e n s i v e  s n r v e y  a r e  c o m p a r e d  t o  t h e  

model  p r e d i c t i o n s  a t  W indm il l  P o i n t  and Grey  P o i n t  i n  F i g u r e s  (4 -1 8 )  and 

(4 -1 9 )  • The a g re e m e n t  b e t v e e n  t h e  p r e d i c t e d  a n d  m e a s u r e d  s a l i n i t y  i s  

q u i t e  g o o d .  B o t h  r e c o r d s  show a s e m i - d i u r n a l  v a r i a t i o n  i n  s a l i n i t y .  

The f i e l d  d a t a  shows more v a r i a b i l i t y  t h a n  t h e  p r e d i c t e d  s a l i n i t y .  T h i s  

i s  e x p e c t e d  b e c a u s e  t h e  model  p r e d i c t s  t h e  a v e r a g e  s a l i n i t y  i n  a segment 

volume and t h e  f i e l d  d a t a  i s  m e a su re d  a t  o n l y  o n e  c r o s s - s e c t i o n  a l o n g  

t h a t  s e g m e n t .
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D. The Role of Gravitational Circulation «id Stratification la the 
Dispersion Coefficient

T h e  i m p o r t a n c e  o f  g r a v i t a t i o n a l  c i r c u l a t i o n  t o  d i a p e r s i o n  i s  

e v i d e n t  f r o m  t h e  v a l u e s  show n i n  T a b l e  3 .  T he  d i s p e r s i o n  d u e  t o  

g r a v i t a t i o n a l  f lo w  and t h a t  due t o  s h e a r  f lo w  a t  maximum ebb and maximum

f l o o d  c u r r e n t s ,  a n d  t h e  t o t a l  d i s p e r s i o n  a t  s l a c k  t i d e  a r e  shown. The

v a l u e s  shown a r e  t h o s e  c a l c u l a t e d  f o r  J u l y  11 ,  1973 .  The d i s p e r s i o n  due 

t o  g r a v i t a t i o n a l  c i r c u l a t i o n  i s  c l e a r l y  dom inan t  i n  t h e  s a l i n e  p o r t i o n  

o f  t h e  e s t u a r y .  The d i s p e r s i o n  d u e  t o  g r a v i t a t i o n a l  f l o w  i s  s e v e r a l  

o r d e r s  o f  m a g n i t u d e  l a r g e r  t h a n  t h a t  due  t o  s h e a r  f lo w  i n  t h e  s a l i n i t y  

i n t r u s i o n  r e g i o n .  I t  i s  g r e a t e s t  n e a r  t h e  m o u t h  a n d  d e c r e a s e s  a s  

s a l i n i t y  d e c r e a s e s .  S h e a r  f l o w  i s  t h e  o n l y  s o u r c e  o f  d i s p e r s i o n  i n  t h e

f r e s h w a t e r  p o r t i o n  o f  t h e  e s t u a r y .  The d i s p e r s i o n  due t o  s h e a r  f l o w  i s

g r e a t e s t  n e a r  t h e  h e a d  w h e r e  t h e  c u r r e n t  s p e e d  i s  g r e a t e s t .  T h e  

d i s p e r s i o n  v a r i e s  t h r o u g h o u t  t h e  t i d a l  c y c l e  a n d  i s  much g r e a t e r  a t  

maximum c u r r e n t  s p e e d s  t h a n  a t  minimum c u r r e n t  d u r i n g  s l a c k  t i d e .

The d i s p e r s i o n  due t o  g r a v i t i o n a l  c i r c u l a t i o n  was  f o r m u l a t e d  t o  

depend  on t h e  l o n g i t u d i n a l  s a l i n i t y  g r a d i e n t  and t h e  R i c h a r d s o n  num ber .

E_ -  o ,  [ 1 + Hi ] 4  ( —  > 2  <3-46)G 1 6 x

T h e  R i c h a r d s o n ,  R i ,  i s  a  m e a s u r e  o f  s t a b i l i t y .  I f  t h e  R i c h a r d s o n  

number i s  l e s s  t h a n  ~ , t h e  f lo w  becomes  t u r b u l e n t .  T u r b u l e n c e  i s  n o t

n e c e s s a r i l y  s u p p r e s s e d  i f  R i  > 7  • O b s e r v a t i o n s  i n  e s t u a r i e s  and t h e
4

open  s e a ,  i n d i c a t e  t h a t  t u r b u l e n c e  e x i s t s  a t  h i g h  v a l u e s  o f  R i .  I n  a n  

e s t u a r y ,  i f  R i  i s  l a r g e  i t  i s  e x p e c t e d  t h a t  t h e  e s t u a r y  w i l l  b e  s t r o n g l y  

s t r a t i f i e d  and g r a v i t a t i o n a l  f lo w s  w i l l  b e  d o m i n a n t .  I f  R i  i s  s m a l l .
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t h e  e s t u a r y  w i l l  b e  w e l l - m i x e d .  T h e r e f o r e  a s  t h e  R i c h a r d s o n  number 

b e c o m e s  l a r g e r *  t h e  g r a v i t a t i o n a l  c i r c u l a t i o n  g r o w s  s t r o n g e r  a n d  

d i s p e r s i o n  i n c r e a s e s .

T h e  R i c h a r d s o n  n u m b e r  w as  f o r m u l a t e d  t o  b e  a f u n c t i o n  o f  t h e  

a v e r a g e  c r o s s - s e c t i o n a l  s a l i n i t y *  t h e  f r e s h w a t e r  f l o w  and t h e  t i d a l  

f l o w .

I t  i s  r e a s o n a b l e  t o  e x p r e s s  t h e  R i c h a r d s o n  n u m b e r  a s  a f u n c t i o n  o f  

t h e s e  p a r a m e t e r s .  E s t u a r i e s  a r e  more s t r a t i f i e d  where  t h e  s a l i n i t y  i s  

g r e a t e s t  and t h e  s t r a t i f i c a t i o n  d e c r e a s e s  a s  t h e  s a l i n i t y  d e c r e a s e s .  

E s t u a r i e s  b e c o m e  m o r e  s t r a t i f i e d  a s  t h e  f r e s h w a t e r  f l o w  i n c r e a s e s .  An 

i n c r e a s e  i n  t i d a l  f l o w  w i l l  i n c r e a s e  t u r b u l e n c e  a n d  b r e a k  d o w n  

s t r a t i f i c a t i o n .

R i  a s  d e f i n e d  i n  E q u a t i o n  ( 3 - 4 0 )  i s  d i f f i c u l t  t o  m e a s u r e .  

P r i t c h a r d  (1960)  f o r m u l a t e d  a g e n e r a l  Ri  t h a t  may b e  d e f i n e d :

w here  AS i s  t h e  d i f f e r e n c e  b e t w e e n  s u r f a c e  and b o t t o m  s a l i n i t y *  and U i s  

t h e  a v e r a g e  t i d a l  v e l o c i t y .  Ri  c a n  be  c a l c u l a t e d  u s i n g  E q u a t i o n  ( 4 - 2 ) *  

AS f rom t h e  s l a c k  w a t e r  s u r v e y  and U from t h e  NOS T i d a l  C u r r e n t  T a b l e s .

T a b l e  4 d i s p l a y s  t h e  v a l u e s  o f  Ri  a s  c a l c u l a t e d  i n  t h e  m o d e l  u s i n g  

E q u a t i o n  ( 3 - 5 6 )  w h e r e  a s = 5* and Ri a s  c a l c u l a t e d  f rom E q u a t i o n  ( 4 -2 )

f o r  t h e  J u l y  s l a c k  s u r v e y .

The two s e t s  o f  v a l u e s  f o r  R i  a r e  q u i t e  c l o s e  w i t h  t h e  e x c e p t i o n  o f  

t h e  s t a t i o n  a t  t h e  m o u t h .  T h i s  i s  d u e  t o  t h e  l o c a l i z e d  w e l l - m i x e d  

o o n d i t i o n  a t  t h e  m o u th .  The v a l u e s  o f  R i  a r e  h i g h e r  n e a r  t h e  mouth and

(3 -5 6 )

R i  = gkD —  ----- ( 4 - 2 )
( .7  U )
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d e c r e a s e  u p s t r e a m .  T h i s  t r e n d  i s  e x p e c t e d  b e c a u s e  t h e  e s t u a r y  i s  m o r e  

s t r a t i f i e d  w h e r e  t h e  s a l i n i t y  i s  h i g h e s t  and c h a n g e s  t o  w e l l - m i x e d  a t  

t h e  t a i l  o f  t h e  s a l i n i t y  i n t r u s i o n .



TABLE 3
DISTANCE GRAVITATIONAL GRAVITATIONAL SHEAR SHEAR TOTAL

FROM DISPERSION DISPERSION DISPERSION DISPERSION DISPERSION
MOUTH FLOOD EBB FLOOD EBB SLACK

KM m2 / sec M2/SEC M2/SEC m2 / sec m2 / s e c

2 176 .5 1 0 . 0 0 0 . 0 0 1 . 0 0 1 . 0 0 0 . 0 0

3 1 7 3 .6 1 0 . 0 0 0 . 0 0 1 . 4 2 5 5 9 . 0 9 1 . 0 5
4 170 .23 0 . 0 0 0 . 0 0 4 .1 3 6 1 6 . 5 7 1 . 0 9
5 1 6 7 , 1 8 0 . 0 0 0 . 0 0 1 7 . 6 9 991 .73 1 .0 3
6 1 6 3 .6 4 0 . 0 0 0 . 0 0 9 . 8 4 1 9 8 .9 0 1 . 0 5
7 160 .26 0 . 0 0 0 . 0 0 1 0 . 0 8 1 5 1 . 1 9 1 . 1 4
8 156 .56 0 . 0 0 0 . 0 0 15 .1 2 1 3 5 .0 7 1 . 0 4
9 1 5 3 .1 8 0 . 0 0 0 . 0 0 1 7 . 6 4 1 4 5 .0 1 1 . 1 0

1 0 1 4 9 .1 5 0 . 0 0 0 . 0 0 1 1 .0 5 9 7 . 2 2 1 . 1 1

1 1 1 4 5 .7 8 0 . 0 0 0 . 0 0 3 2 . 1 5 1 7 8 .7 0 1 . 1 0

1 2 1 4 1 .91 0 . 0 0 0 . 0 0 2 8 . 9 8 1 6 3 .9 1 1 . 0 0

13 1 3 8 .5 3 0 . 0 0 0 . 0 0 8 . 0 9 2 7 . 2 9 1 . 0 8
14 1 3 5 .16 0 . 0 0 0 . 0 0 2 1 . 9 4 9 8 . 4 4 1 .1 3
15 1 3 0 .8 1 0 . 0 0 0 . 0 0 1 3 .2 0 4 3 .1 2 1 . 1 1

16 1 2 6 .7 9 0 . 0 0 0 . 0 0 4 .7 1 15 .5 6 1 . 1 0

17 1 2 3 . 0 9 0 . 0 0 0 . 0 0 1 8 .3 8 6 5 . 3 7 1 . 1 2

18 1 1 9 .87 0 . 0 0 0 . 0 0 6 . 3 4 1 1 .6 3 1 . 2 2

19 1 1 6 .33 0 . 0 0 0 . 0 0 5 0 .9 0 7 1 . 2 2 1 . 1 1

2 0 1 1 2 .1 5 0 . 0 0 0 . 0 0 1 5 .6 4 2 4 . 9 5 1 . 2 7
2 1 1 0 7 .8 0 0 . 0 0 0 . 0 0 6 . 1 9 9 . 1 5 1 . 1 4
2 2 1 0 3 .9 4 0 . 0 0 0 . 0 0 3 . 2 7 4 . 1 9 1 . 0 2

23 9 9 .4 4 0 . 0 0 0 . 0 0 2 1 . 1 0 40 .8 3 1 . 2 4
24 9 5 .5 7 0 . 0 0 0 . 0 0 4 . 6 7 6 . 9 9 1 .0 3
25 91 .23 0 . 0 0 0 . 0 0 2 . 2 8 2 . 9 2 1 . 1 0

26 8 6 .8 9 0 . 0 1 0 . 0 0 3 . 8 8 6 . 6 3 1 . 3 1
27 83 .5 1 0 . 0 0 0 . 0 0 2 . 7 4 4 .1 3 1 . 1 7
28 7 9 . 6 5 0 . 0 0 0 . 0 0 1 . 9 8 2 . 4 9 1 . 5 1
29 7 6 . 2 7 0 . 0 1 0 . 0 0 2 . 0 1 2 . 3 8 3 . 9 8
30 7 3 . 8 5 0 . 0 3 0 . 0 1 1 . 8 9 2 . 0 9 3 .0 7
31 7 0 . 1 5 0 . 7 1 0 . 2 2 1 . 7 5 1 .8 3 16 .0 3
32 6 6 . 1 3 6 . 8 6 1 . 4 2 1 . 7 8 1 . 8 1 3 2 .8 5
33 6 2 . 7 5 2 1 5 . 2 8 8 9 . 3 8 1 . 7 8 1 . 7 4 4 1 .2 1
34 5 8 .2 5 589 .96 2 6 2 .1 1 1 . 6 0 1 . 5 9 85 .6 4
35 5 5 .9 9 6 0 4 . 3 9 6 5 0 . 6 8 1 .8 3 1 .8 3 5 5 . 7 9
36 5 0 . 8 4 100 4 .6 5 6 0 7 . 1 1 1 . 6 8 1 .7 3 108 .6 7
37 4 6 .5 0 1 2 2 3 .8 7 8 8 2 . 4 9 1 . 8 6 1 . 9 6 1 3 2 .3 4
38 4 1 .6 7 1 2 8 6 .8 9 1 0 4 0 .5 1 1 . 8 0 1 . 9 2 157 .96
39 3 7 . 0 1 1 2 2 4 .0 5 1 0 2 0 .5 3 1 . 8 7 1 . 9 7 1 4 6 .1 8
40 3 1 . 3 8 1 438 .81 106 8 .1 6 2 . 3 9 2 . 5 3 19 2 .4 2
41 2 5 .4 2 1 6 9 7 .8 9 1 1 9 0 .4 9 2 . 9 5 3 . 1 5 2 3 2 . 6 7
42 2 0 .9 2 1 7 2 2 .5 2 15 8 1 .6 5 3 .5 6 3 . 8 1 2 1 9 .7 7
43 14 .9 6 1 7 7 9 .3 0 1 391 .83 3 .1 3 3 . 3 1 2 8 6 .0 1
44 11 .26 1677 .76 1589 .33 3 . 2 7 3 . 4 7 26 7 .6 5
45 5 . 9 5 2 0 0 2 .3 5 1656 .26 4 .0 1 4 .1 3 4 0 4 .2 7
46 1 .1 3 1 8 7 7 .1 0 1 8 7 7 .5 7 3 . 0 4 3 . 1 6 6 3 3 .0 3



TABLE 4
RICHARDSON NUMBERS

i FROM MOUTH AS Ri Ri

KM PPT EQU ( 4 - 2 ) EQU (3 -5 6 )

0 . 0 0 . 4 5 1 . 2 1 1 . 8

9 . 8 2 . 1 4 1 2 .3 1 0 . 4
1 7 . 2 2 . 6 1 1 1 . 9 9 .2
3 0 . 4 2 . 9 0 1 1 . 8 8 . 1

4 0 . 0 3 . 8 7 1 0 .3 6 . 8

5 0 .0 3 . 5 1 4 . 5 5 . 2
5 9 .5 3 . 5 4 2 . 2 3 . 4
6 6 . 1 2 . 6 8 0 . 3 1 . 0

7 4 . 8 0 . 1 0 0 . 1 0 . 2



V. SUMMARY AH) CONCLUSIONS

T h e  o b j e c t i v e  o f  t h i s  s t u d y  was  t o  a p p l y  a o n e - d i m e n s i o n a l ,  

r e a l - t i m e ,  hydrodynam ic  and s a l i n i t y  i n t r u s i o n  m o d e l  t o  a n  e s t u a r y  i n  

o r d e r  t o  p r e d i c t  t h e  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n .  I t  was  

n e c e s s a r y  t o  f o r m u l a t e  a d i s p e r s i o n  c o e f f i c i e n t  t o  a c c o u n t  f o r  t h e  

e f f e c t  o f  g r a v i t a t i o n a l  c i r c u l a t i o n  i n  t h e  s a l i n e  p o r t i o n  o f  t h e  

e s t u a r y .

The model  i s  b a s e d  on t h e  o n e - d i m e n s i o n a l  e q u a t i o n s  o f  c o n s e r v a t i o n  

o f  v o lu m e ,  momentum and m a s s .  The e s t u a r y  was d i v i d e d  i n t o  s egm en ts  and 

a s e m i - i m p l i c i t  f i n i t e  d i f f e r e n c e  scheme was u s e d  t o  s o l v e  t h e  g o v e r n in g  

e q u a t i o n s  •

T h e  d i s p e r s i o n  c o e f f i c i e n t  was  f o r m u l a t e d  t o  c o n s i s t  o f  t h r e e  

t e r m s .  The f i r s t  t e rm  a c c o u n t s  f o r  e f f e c t s  o f  v e r t i c a l  s h e a r  o f  t h e  

t i d a l  c u r r e n t ,  t h e  s e c o n d  a c c o u n t s  f o r  e f f e c t s  o f  t r a n s v e r s e  s h e a r  o f  

t h e  t i d a l  c u r r e n t .  T h e  t h i r d  t e r m  a c c o u n t s  f o r  e f f e c t s  o f  d e n s i t y  

in d u c e d  c i r c u l a t i o n .  The f i r s t  two t e rm s  a r e  b a s e d  on T a y l o r ' s  a n a l y s i s  

o f  f l o w  and a r e  a p p l i c a b l e  i n  t h e  f r e s h w a t e r  p o r t i o n  o f  t h e  e s t u a r y .  

T h e  t h i r d  t e r m  i s  f o r m u l a t e d  b a s i n g  on  t h e  a n a l y s i s  o f  H a n s e n  an d  

R a t t r a y  (196S) . T h e  d i s p e r s i o n  d u e  t o  g r a v i t a t i o n a l  c i r c u l a t i o n  i s  

found  t o  depend  on l o c a l  h y d r a u l i c  c o n d i t i o n s  and t h e  l o c a l  l o n g i t u d i n a l  

s a l i n i t y  g r a d i e n t .

70
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The model  was f i r s t  t e s t e d  e m p i r i c a l l y  by  a p p l y i n g  i t  t o  a c o n s t a n t  

c r o s s - s e c t i o n  c h a n n e l ,  c l o s e d  a t  one e n d .  The model  s o l u t i o n  a p p ro a c h e d  

t h e  a n a l y t i c a l  s o l u t i o n  f o r  a t i d a l  wave p r o p a g a t i n g  i n  su ch  a c h a n n e l .

The  model  was t h e n  a p p l i e d  t o  t h e  R a p p a h a n n o c k  R i v e r  a n d  r u n  f o r  

h y d r o d y n a m i c  c a l i b r a t i o n  a t  mean t i d e  r a n g e .  The  i n p u t s  u s e d  f o r  t h i s  

c a l i b r a t i o n  w e r e  a c o n s t a n t  f r e s h  w a t e r  i n f l o w  a t  t h e  h e a d  a n d  t h e  

t i m e - v a r y i n g  s u r f a c e  e l e v a t i o n  a t  t h e  m o u th .  The model  r e p r o d u c e d  t h e  

dynam ics  o f  t h e  r i v e r  q u i t e  w e l l .  The t i d a l  r a n g e  w as  p r e d i c t e d  w e l l  

a l o n g  t h e  r i v e r .  T h e  s p e e d  o f  t h e  p h a s e s  o f  t h e  t i d a l  wave  w e r e  

p r e d i c t e d  a d e q u a t e l y .

T h e  p r e d i c t e d  c u r r e n t s  w e r e  com pared  t o  t h o s e  m e asu re d  d u r i n g  an  

i n t e n s i v e  s u r v e y .  T h e  t i m e  v a r y i n g  i n f l o w ,  a s  m e a s u r e d  a t  

F r e d r i c k s b u r g . a n d  t h e  p r e d i c t e d  h o u r l y  t i d a l  h e i g h t  a t  t h e  mouth  w ere  

t h e  n e c e s s a r y  b o u n d a r y  c o n d i t i o n s .  T h e  c o m p a r i s o n  show e d  t h a t  t h e  

c u r r e n t s  w e r e  m o d e l e d  w e l l .  T h e  p r e d i c t e d  c u r r e n t s  w ere  l o w e r  t h a n  

t h o s e  m e a su re d  b e c a u s e  t h e  model  p r e d i c t e d  t h e  a v e r a g e  c u r r e n t  s p e e d  i n  

a c r o s s - s e c t i o n  and c u r r e n t s  w ere  m e asu re d  i n  t h e  c h a n n e l  w here  c u r r e n t  

s p e e d s  a r e  h i g h e s t .

T h e  m o d e l  w as  c a l i b r a t e d  f o r  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n  

u s i n g  t h e  s a l i n i t y  a t  t h e  mouth a s  t h e  a d d i t i o n a l  b o u n d a r y  c o n d i t i o n .  

T h e  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n  was r e p r o d u c e d  v e r y  w e l l  f o r  a 

w ide  r a n g e  o f  f r e s h w a t e r  i n f l o w  r a t e s .  The  model  p r e d i c t e d  s a l i n i t i e s  

w e r e  l o w e r  t h a n  t h o s e  m e asu re d  i n  t h e  m i d d le  o f  t h e  s a l i n i t y  i n t r u s i o n  

r e g i o n  a n d  h i g h e r  t h a n  t h o s e  m e a s u r e d  i n  t h e  i n n e r  r e g i o n  o f  t h e  

i n t r u s i o n .  The p r e d i c t e d  s a l i n i t i e s  were  compared  t o  t h o s e  measured  a t  

t e n  s t a t i o n s  on  f i v e  s l a c k  w a t e r  s u r v e y s .  ( N o t  a l l  s t a t i o n s  w e r e  

s a m p l e d  on  e v e r y  s u r v e y . )  Of  t h e  f o r t y - t w o  s a l i n i t y  s a m p l e s ,  t h e
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d i f f e r e n c e  b e t w e e n  t h e  n e a s u r e d  and p r e d i c t e d  v a l u e s  was l e s s  t h a n  1  p p t  

i n  32  c a s e s  o r  76% o f  t h e  s a m p l e s .  The d i f f e r e n c e  was l e s s  t h a n  .5  p p t  

i n  19 e a s e s  o r  45% o f  t h e  s a m p l e s .  I f  t h e  s t a t i o n  a t  t h e  m o n t h  was  

n e g l e c t e d ,  t h e  d i f f e r e n c e  was l e s s  t h a n  1 p p t  i n  31 o f  38 c a s e s  o r  82% 

o f  t h e  sam p les  and  l e s s  t h a n  .5  p p t  i n  19 c a s e s  o r  50% o f  t h e  s a m p l e s .  

T he  a g r e e m e n t  w i t h  t h e  s l a c k  w a t e r  s u r v e y  d a t a  was q u i t e  good f o r  t h e  

e i g h t  mon ths  s i m u l a t e d .

T h e  m o d e l  h a s  b e e n  shown t o  b e  a r e a s o n a b l e  and i n e x p e n s i v e  method 

o f  p r e d i c t i n g  l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n  o v e r  lo n g  t i m e  p e r i o d s  

w i t h  a w ide  r a n g e  o f  b o u n d a r y  c o n d i t i o n s .  The o n l y  i n p u t s  n e c e s s a r y  f o r  

p r e d i c t i o n  a r e  f r e s h w a t e r  i n f l o w ,  t h e  s u r f a c e  l e v e l  and  s a l i n i t y  a t  t h e  

m ou th .

The model  i s  a r e a l - t i m e  m o d e l ,  t h e r e f o r e  s a l i n i t y  i s  c a l c u l a t e d  

t h r o u g h o u t  t h e  t i d a l  c y c l e .  T h i s  e n a b l e s  s a l i n i t y  t o  b e  p r e s e n t e d  in  

many w a y s  f o r  c o m p a r i s o n .  I t  may b e  p r e s e n t e d  a s  i n s t a n t a n e o u s  

s a l i n i t i e s  a t  a p a r t i c u l a r  t i m e ,  o r  a t  e i t h e r  s l a c k  w a t e r  o r  a v e r a g e d  

o v e r  a t i d a l  c y c l e .

The o n e - d i m e n s i o n a l  d i s p e r s i o n  c o e f f i c i e n t  i s  b a s e d  on know ledge  o f  

t h e  v e r t i c a l  d i s t r i b u t i o n  o f  s a l i n i t y  and d e n s i t y  c u r r e n t .  C h a n g e s  i n  

t i d a l  a m p l i t u d e  a n d  f r e s h w a t e r  i n f l o w  change  t h e  s a l i n i t y  g r a d i e n t  and 

t h e r e f o r e  t h e  d e n s i t y  c u r r e n t s *  t h e  d i s p e r s i o n  c o e f f i c i e n t  a c c o u n t s  f o r  

t h i s  e f f e c t .  The d i s p e r s i o n  c o e f f i c i e n t  c a n  be  i n c o r p o r a t e d  i n t o  o t h e r  

mass  t r a n s f e r  m ode ls  t o  p r e d i c t  d i s t r i b u t i o n  o f  d i s s o l v e d  s u b s t a n c e s  

o t h e r  t h a n  s a l t .
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Keeommemdatioms for Future York
T h e  a im  o f  t h i s  s t u d y  was  t o  f o r m u l a t e  a l o n g i t u d i n a l  d i s p e r s i o n  

c o e f f i c i e n t  w h ich  i n c o r p o r a t e s  t h e  e f f e c t  o f  g r a v i t a t i o n a l  c i r c u l a t i o n  

on d i s p e r s i o n .  L o n g i t u d i n a l  d i s p e r s i o n  i s  a l s o  a f f e c t e d  by  s e c o n d a r y  

c i r c u l a t i o n .  T h i s  c i r c u l a t i o n  a r i s e s  f r o m  v e r t i c a l  a n d  l a t e r a l  

v e l o c i t i e s  p r o d u c e d  by  c h a n g e s  i n  c r o s s - s e c t i o n a l  form and by  b e n d s  in  

t h e  e s t u a r y .  T h e s e  f l o w s  a r e  d i f f i c u l t  t o  m e a s u r e  a n d  p r e d i c t .  

I m p r o v e d  m e a s u re m e n t s  and u n d e r s t a n d i n g  o f  t h e s e  f l o w s  a r e  n e c e s s a r y  t o  

f o r m u l a t e  a d i s p e r s i o n  c o e f f i c i e n t  w hich  i n c o r p o r a t e s  t h e  e f f e c t s  o f  t h e  

s e c o n d a r y  c i r c u l a t i o n .



APPENDIX
I n t e g r a t i o n  o f  Hansen  and R a t t r a y ' s  s i m i l a r i t y  s o l u t i o n s  t o  o b t a i n  an  
e x p r e s s i o n  f o r  t h e  l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t  f o r  d i s p e r s i o n

due t o  g r a v i t a t i o n a l  c i r c u l a t i o n .

DEFINITION OF TERMS

x*z R e c t a n g u l a r  s p a c e  c o o r d i n a t e s  w i t h  o r i g i n  i n  t h e  mean s e a  s u r f a c e *  
p o s i t i v e  seaw ard  and downward.

U H o r i z o n t a l  v e l o c i t y  com ponen t .

g G r a v i t a t i o n a l  a c c e l e r a t i o n .

B,D W id th  and  d e p t h  o f  c h a n n e l .

V e r t i c a l  t u r b u l e n t  v i s c o s i t y .

K ,K H o r i z o n t a l  and v e r t i c a l  t u r b u l e n t  d i f f u s i v i t y .  h v

p*p£ D e n s i t y  o f  e s t u a r i n e  w a t e r  and o f  f r e s h w a t e r .

S , 0  S a l i n i t y .

^  S t r e a m f u n c t i o n .

k ( l / p £ ) O p / a s )  « 0 .00075

Ra E s t u a r i n e  R a y l e i g h  number .

M T i d a 1 - m i x i n g  p a r a m e t e r .

€ *Z D i m e n s i o n l e s s  s p a c e  c o o r d i n a t e s *  h o r i z o n t a l  and v e r t i c a l .

U C r o s s - s e c t i o n  mean v e l o c i t y .

U£ The  f r e s h w a t e r  v e l o c i t y .

U The r o o t  mean s q u a r e  t i d a l  v e l o c i t y .

R The r i v e r  f lo w  d i s c h a r g e  r a t e .

S C r o s s - s e c t i o n  mean s a l i n i t y .

v C o n s t a n t  r e p r e s e n t i n g  t h e  d i f f u s i v e  f r a c t i o n  o f  t o t a l  u p s t r e a m
s a l t  f l u x .
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Where:

Z e r o  s u b s c r i p t s  i n d i c a t e  v a l u e s  a t  z * 0 .

U x= ? -
f  BD

Ra

M

gkS D» 
o

" A " K "  
v ho

K Kv B* v ho
R*

Rx
BDK

ho

S ( x , z ) =  S t vC + 0 (Z)]  o

as V o
'  _ i h o '

o  = - d =*  
f  dt)

H = Uf

S [1 + ]o

.  I  / /_£DA£/g ^  
48 3 1 U 9

The p u r p o s e  i s  t o  v e r t i c a l l y  i n t e g r a t e  Hansen  and R a t t r a y ' s  

s i m i l a r i t y  s o l u t i o n s  t o  o b t a i n  an  e x p r e s s i o n  f o r  t h e  o n e - d i m e n s i o n a l  

d i s p e r s i o n  c o e f f i c i e n t  f o r  d i s p e r s i o n  due t o  g r a v i t a t i o n a l  c i r c u l a t i o n .
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The a d v e c t i o n - d i f f u s i o n  e q u a t i o n :  

f \US dZ -  US -  E | |

The s i m i l a r i t y  s o l u t i o n s  f o r  h o r i z o n t a l  v e l o c i t y  and s a l i n i t y  

d i s t r i b u t i o n  (Hansen  and R a t t r a y  1 9 6 5 ) :

u  d<5
u “  “  “  dZ

I  (2 -  3Z + Z») -  ^ 1 -  (Z -  3Z* + 2Z«)Z 4o

if - - 1 ♦ |z* + 2 r  (1 - 9Z’ + 8Z*>

S u b s t i t u t e  (A-4) i n t o  ( A - 2 ) :

( 1 -  9Z* + 8 Z»)IT 2 2 48

S -  1  +v£ + g [ ( z  -  | )  -  |<Z *  -  -  /f<f>dZ + / * / Z <f>dZ’dZ]So

y f  <pdZ -  |  ( 2 Z -  fz* ♦ iz*) -  2 |5  ( | z »  -  fz« + | 5z«)

dZ'dZ -  |(Z .  -  | z .  ♦ | 5z .)  -  ( |z .  -  j | z .  ♦ |z .  ) ‘

-  § a  - 1 + 55> -  * r  <1 - 2 5 + 3§>

11 VRa l  
c 40 '  48”  12

( A - l )

(A-2)

(A-3)

(A-4)

(A-5)

(A-6 )

(A-7)

(A-8)
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S u b s t i t u t e  (A-7) and (A - 8 ) i n t o  (A-6 ) :

|  .  t  +vS + v tl z ,  _ | Z4 _ —-2  + v j .  (| z ,  _ | Z4 + 2Z< .  (A . 9 )

M u t l i p l y  (A-4) b y  ( A - 9 ) :

i r r  = {l "  §z ‘ + H r  (1Z -  9Z’ + 8Z*>>* (A_10)
f  o

t l + VE + i z .  -  §z« -  + *§s ( lz .  -  | z .  ♦ | z .  -  3|)]>

r r  - 1 1 - iz* + ? r  (1 - 921 * 8Z,)I ( A - n )f  o

+ V€ I I - fz* + A|* (i - *z» + «Z*)]

iz* - iiz< - is + if5 <!z* - iZ4 + !z‘ - i”

+ s '  -  i Z4 + i l z ‘ + i5z * + i r  (-  ! z* + i z ‘ -  i z ’ + 1Z4>1

+ * < 2 | i> (  i z ,  _  | z , .  _7_ + ( | z .  _ | z « + | z . .  - | » 1

+ s(HrH - !Z4 + iz‘ ♦1!2*+ ir ( - !Z4 + i2z‘ - i?z’ + !ZMI
+ jj<5§SH  2Z* -  Z i  -  j | z «  + ™  (4Z* -  6Z» + l-Z *  -  |z» »  I



I n t e g r a t e  ( A - l l )  from s u r f a c e  t o  b o t t o m :

s \  ~ § -  dZ = ( I  | z  -  |z* + iz  -  3Z* + 2Z*)) (A—12)
f  o

+ v s t |z  -  |z* + (Z -  3Z» + 2Z4)]

+ * ‘I2’ -  55z * -  l l z -  46z ‘ + I i2 Z’ + i lo 2*1

X  1 !  [  \  f —7 1  _  _ ? 7 J  X- - i y i  —  ^ 7  _  _ ^ 7 j  x  _ » 7 t  ___  — —z *  +  —  —Z *
+ M ' 48 ' [4Z 40 10 8 20Z + 5«Z 40Z + 24Z

1 1 7 0 0 7 1 1  7
+ I5Z* -  452 ‘ -  H o2 -  2 0 z * + s i27 + 45z * + 5Z‘ -  ? •  -  «5Z*]

+ s  < * r  , 2 t l z * -  252 ' ♦ 35z ‘ -  r i 2 -  i s 2 * + i l 27 - 1 ! 27 + 12 *

+ l 2‘ -  I2* + i f 2’ '  l 24)

Combine t e r m s :
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M u t i p l y  b o t h  s i d e s  by  U.S :i  o

/ *  US dZ -  Uf So Cl + v n  -  Uf So I  I j 5 5  + r &  ^  > + 5f§( -4 | 5  ) 2 1 (A-14,

S u b s t i t u t e  d e f i n i t i o n s  f o r  M, U S  :i  o

I \  US dZ = u s  -  f l  ( 2 i 5 i  ,  C r | -  + I  ( « | ,  + 6- i |  (A-15 ,
V

(A-15)  becomes  t h e  c o n y e c t i o n - d i f f u s i o n  e q u a t i o n :

f X US dZ « US -  E | |  ( A - l )O Oa
T h e r e f o r e :

E = ! l “l  [ - l-  + -12 , - r + _12 ^gDAfile jt" ] (A -16)
K 1 105 420 '  U '  630  '  U '  J '  '
V

E -  1 i h  + 4 5 5 ( i t  > + 655 ( - f !  )2] (A- 17>V

From Hansen  and  R a t t r a y ' s  f i g u r e  4 (1965) i s  o f  o r d e r  10 o r

l a r g e r  f o r  V i r g i n i a  e s t u a r i e s .  T h e r e f o r e  t h e  t h i r d  t e r m  on t h e  r i g h t  i n  

e q u a t i o n  (A-17) d o m i n a te s  t h e  o t h e r  t e r m s .  L e t :

U*D*

E “ 655 ( 55 > ( “I "  )(v R « ’ (A- 18)
▼

1 9  /  1  » 2  I w  6 S , 2  . .  1 0 .
655 ( 48 ) ( f l "  U l l ) <A_19>y  y
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E «  7 . 1  X 10 -10 (A-20)
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