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1. Introduction

In this paper, we consider the positive solutions to the following nonlinear Kirchhoff type problem
(a+x/|Vu|2+xb/u2>[—Au+bu]:f(u), in RN, (11)
RN RN

where N >3, and a, b are positive constants, A > 0 is a parameter. Kirchhoff type problem on
a bounded domain 22 c RV

—<a+b/|Vu|2>Au:f(u), in £,
J (1.2)

u=0, on 052
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has been studied by many authors, for example [2,4-6,8,12,13,19,20]. Many solvability conditions
with f near zero and infinity for problem (1.2) have been considered, such as the superlinear
case [12]; and asymptotical linear case [16]. In addition, the following growth condition on f is often
assumed:

(f) f®)t >4F(t) for |t| large, where F(t) :fotf(s)ds,

which assures the boundedness of any (PS) or Cerami sequence. Indeed the condition (f) may appear
in different forms as follows:

(fo) there exists & > 1 such that 6G(t) > G(st) for all t € R and s € [0, 1], where G(t) = f(t) — 4F(t)
(see [16]);

(f1) limp— oo f (D)t — 4F (t)] = oo (see [19]); or

(f2) limjfj— oo G(t) = 00 and there exists o > max{1, N/2} such that |f(t)|” < CG()[t|° for |t| large
(see [12]).

In the above papers, each of the conditions (fp)-(f;) implies that condition (f) holds. On the other
hand, the condition (f) is sufficient to show the boundedness of any (PS) or Cerami sequence, which
has been proved in [18].

There are few papers considering Kirchhoff type problems on RN except [18]. In [18], the author
studied the problem

—(a+b/|Vu|2>Au+V(x)u:f(u), xeRN.
RN

The existence of nontrivial solutions was proved in [18] under the condition (f) and

(V) V e CRN,R), infycgy V(x) > 0 and for each M > 0, meas {x € RN: V (x) < M} < o0;
(Hy) feC@®y,Ry) and |f(6)] < C(t] + |t|P~") for all t € Ry = [0, 00) and some p € (2,2*), where
2% =2N/(N —2) for N > 3;
(Hp) lime—o £ =0;
(f3) lim_.00 £ = 0.

In this paper, we prove the existence of positive solutions of (1.1) without the condition (f)
(or (fg)-(f2)), and we use a cut-off functional to obtain bounded (PS) sequences. We assume the
following weaker condition:

(H3) lim;— o0

o _
T

Our main result is as follows:

Theorem 1.1. Assume that N > 3, and a, b are positive constants, A > 0 is a parameter. If the conditions (Hy),
(Hy) and (H3) hold, then there exists Lo > 0 such that for any A € [0, Ag), (1.1) has at least one positive
solution.

Theorem 1.1 appears to be the first existence result for Eq. (1.1). We also remark that the condi-
tion (H3) is weaker than the ones in the above mentioned papers, in which limy¢|— oo f(®)/t2 =00 or
a constant (which implies (H3)) was assumed. Since the result in Theorem 1.1 holds for A =0, then
we have the following corollary regarding the well-known semilinear equation.

Corollary 1.2. Assume that N > 3, and b is a positive constant. If the conditions (Hy), (H2) and (Hs3) hold,
then the problem
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—Au+bu=f@), inRV (1.3)
has at least one positive solution.

Note that the existence result like the one in Corollary 1.2 has been obtained by many authors, for
example, [1,3,10,11,14]. Hence our result in Theorem 1.1 can be regarded as an extension of the clas-
sical result for the semilinear equation (1.3) to the case of the nonlinear Kirchhoff type problem (1.1).
On the other hand, it is not clear whether the result in Theorem 1.1 still holds for large A > 0. In
our result, the choice of Ay depends on the nonlinearity f, constants N, a and b, Sobolev embedding
constant, several test functions and constants used in the proof.

We recall some preliminaries and prove some lemmas in Section 2, and we give the proof of
Theorem 1.1 in Section 3.

2. Preliminaries

Let H'(RN) be the usual Sobolev space equipped with the inner product and norm

(u,v>=/[W-Vv+buv], lull = (u, u)'/2.
RN
We denote by |- |q the usual LY(RN) norm. Then we have that H'(RN) < LY(RM) continuously for
q €[2,2%]. Let H=H}(®N) be the subspace of H!(RN) containing only the radial functions. Then
H — LI(RN) compactly for q € (2,2*) [17, Corollary 1.26, p. 18]. In this paper, we consider positive

solutions to (1.1), then we assume that f(t) =0 for t <O.
Define a functional J; on the space H by

1. 5 1.,
@) = salull”+ ZAlul” = [ Fw), ueH.
RN

Then we have from (H;) that J; is well defined on H and is of C! for all » >0, and

(];(u),v)=a(u,v)+x||u||2(u,v)—/f(u)v, u,veH.
RN

It is standard to verify that the weak solutions of (1.1) correspond to the critical points of the func-
tional J;.

To overcome the difficulty of finding bounded Palais-Smale sequences for the associated func-
tional J,, following [7,9], we use a cut-off function ¥ € C*° (R4, R) satisfying

v =1, te[0,1],
O<y® <1, te(,2),
¥(t) =0, te[2,00),

vl <2.

and study the following modified functional ]AT :H — R defined by

1 1
I = Salul® + gah @l - / Fw), ueH,
]RN
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where for every T > 0,

2
hT(“)ZW(%)-

With this penalization, for T > 0 sufficiently large and for A sufficiently small, we are able to find a
critical point u of ]I such that ||u|| < T and so u is also a critical point of J,. We recall the following
result. The “monotonicity trick” at the core of this theorem was invented by Struwe (see [15]).

Theorem 2.1. (See [6].) Let (X, || - ||) be a Banach space and I C R, an interval. Consider the family of C!
functionals on X

Ju)=AW) — uB@w), pnel,

with B nonnegative and either A(u) — oo or B(u) — oo as |u|| — oo and such that ], (0) =
For any € I we set

={y €C([0,1], X): y(0)=0, J.(y (1)) <0}.

If for every € I the set I', is nonempty and

c, = inf max t)) > 0,
# yeFMte[OlJJM( ())

then for almost every € I there is a sequence {u,} C X such that

(i) {uyn}is bounded;
(ii) Ju(un) = cp;
(iii) J},(un) — Oin the dual X~ of X.

In our case, X =H,

1 1
A<u>=§a||u||2+thr(u)||u||4, B(u)sz(u).

RN

So the perturbed functional which we study is

1 1
J = 5a||u||2 + thﬂu)nun‘* - u[ F(u),

RN

and

((JI,M)/(u>,v)=a<u,v)+Ahr<u>||u||2(u,v>+ZTzw (””” )nun (W, v) — /f(u)v. (21)

The following Lemmas 2.2-2.4 imply that j{y " satisfies the conditions of Theorem 2.1.

Lemma 2.2. I';, # ¢ for all u € I = [, 1], where § € (0, 1) is a positive constant.
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Proof. We choose ¢ € CSQ(RN) with ¢ >0, |¢|| =1 and supp(¢) C B(0, R) for some R > 0. By (H3),
we have that for any C; > 0 with C18 fB(o,R) ¢2 > a/2, there exists C; > 0 such that

F(t) > C|t]> —Cy, teR,. (2.2)

Then for t2 > 2T2,

1 1 t2||p]12
JI,M(t¢)=5ar2||¢||2+Zw< il >t4ll¢ll4—M/F(t¢)

T2
RN
1 2
=at* = [ F(tg)
RN

1
SEGIZ—SCﬂZ / ¢2+C3.
B(O,R)

Then we can choose t > 0 large such that ];M(t¢) < 0. The proof is completed. O
Lemma 2.3. There exists a constant ¢ > 0 such that ¢, > ¢ > 0 forall p € I.
Proof. For any u € H and p € I, using (Hy) and (Hy), for € € (0,a/2), we have

1 1 1
S = Sallull® + Zahr @ ul® - f(isbuz + cs|u|">
]RN

1 2
> —alul* -C ulP.
4|| Il a/||
RN

By Sobolev's embedding theorem, we conclude that there exists p > 0 such that ];M(u) > 0 for any
pnel and u e H with 0 < ||u|| < p. In particular, for ||u|| = p, we have ]AT’M(u) >c>0.Fix pel and
y € I,. By the definition of I, ||y (1)|l > p. By continuity, we deduce that there exists t, € (0, 1)
such that ||y (t))|l = p. Therefore, for any €1,

. T
Cp > J/1611Ffﬂ ]A’M(y(ty)) >c>0.

The proof is completed. O

Lemma 2.4. For any i € I and 8A.T? < a, each bounded Palais-Smale sequence of the functional | AT u admits
a convergent subsequence.

Proof. Let u €1 and {u,} be a bounded (PS) sequence of jAT’W namely

{un} and {];M(un)} are bounded,

(JI,) @w)—0 inH,
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where H’ is the dual space of H. Subject to a subsequence, we can assume that there exists u € H
such that

Up,—u inH,
up —u in LP(RN),

up, — u a.e.in RN,

By (H1) and (Hy), for any ¢ € (0, a/2), there exists C; > 0 such that

|F©] <beltl +CeltP~", teR, (23)

hence,

‘ff(un)(un—U) </|f(un)||un—u|
RN RN

-1
<b8|un|2|un—u|2+cs/|un|p [un —u|
RN

-1
< eCllun|lllup —ul| +C£|un|g [Uup —ulp.

It follows that

/ fun)(up —u) - 0.

Thus,

0 < ((JL ) (un). tn — u) = a(un, up — ) + Ahr (up) 1| U, un — 1)

llun |12
2T21/f (

)”Un” (up, up —u) — / fun)(un —u)
RN

l[unll®

= <a+Ahr(un)llun||2 toz? ( >||un||4>(un, up —u) +o(1),

and then

llunll?

(a‘f‘)\hT(un)”un ||2 + = 2T2 v’ ( )”un” >(un7 up —u) — 0.

Since |y’ (”“"” Yunll*l < 8T* and 8AT? < a, |up|l — |u|l. This together with u, — u shows that
Up — u in H The proof is completed. O

Lemma 2.5. Let 8AT2 < a. For almost every i € I, there exists u* € H \ {0} such that (];M)’(u“) =0and
];M(u“) =Cy.
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Proof. By Theorem 2.1, for almost every 1 € I, there exists a bounded sequence {uf'}  H such that
T
]A!M(un“) — Cp,
T I
(]A,;L) (u#) — 0.

By Lemma 2.4, we can suppose that there exists u* € H such that u% — u* in H, then the assertion
follows from Lemma 2.3. O

According to Lemma 2.5, there exist sequences {u,} C I with u, — 1~ and {uy} CH as n - oo
such that

I =cup (J] ) @) =0

The Pohozaev identity is important for many problems. In this paper, we also use this identity to
obtain |u,|| < T. In fact we have the next lemma.

Lemma 2.6. Let 8AT2 < aand N > 3. Ifu € H is a weak solution of

2
<a+kh1(u)||u||2+2T2w (” “ )||u|| )(—Au—i—bu):uf(u), inxeRN, (2.4)

then the following Pohozaev type identity holds

- 2
<N2 2/|Vu|2+NTb/uz)<a+AhT(u)||u||2+ - (llull )||u||4>=/LN/F(u). 25)
RN RN RN

Proof. Since u € H is a weak solution of (2.4), by standard regularity results, u € HIOC(]RN) NHIRN).
Let

wuf )

g(u) = IIuH — bu.
a-+ by @) |ull? + S () u)

Then u € H is also a solution of

—Au=g(u).
By [17, Corollary B.4, p. 138],
N-—2
5 \Vul? = / G,
RN RN
where G(t) = jotg(s) ds. Then the conclusion holds. O

The following lemma shows that ||u,|| < T which is the key for this paper.

Lemma 2.7. Let u, be a critical point of ijﬂn at level c,,,,. Then for T > 0 sufficiently large, there exists
Xo = Ao(T) with 8X9T? < a such that for any A € [0, Ag), subject to a subsequence, ||u,|| < T foralln € N.
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Proof. We argue by contradiction. Firstly, since (]{,un)/(u”) =0, by (2.5), u, satisfies the following
Pohozaev identity

N-2 Nb u
(Tfqun|2+7/u%)(a+xhr<un)||unn2+2T2w (” J )u all )
RN RN

=MnN/F(un)~ (2.6)

RN

By using ]AT,un (un) = €y, We have that

1 1
SaN NI+ ZANRr @)l — N / F(un) = cu, N (2.7)

RN

Therefore, by (2.6) and (2.7), we can obtain that

1 I
5a/|Vun|2< (a+xhr(un>||un||2+2T2w (” . )n all >/|Vu 2
RN

1 I
= N+ 3 ANy (un) Jun |* + 4T2w( ) lunl®. (2.8)

We estimate the right hand side of (2.8). By the min-max definition of the mountain pass level,
Lemma 2.2 and (2.2), we have

Cun <MK}, (4)
g 10 Feo) 4 1 t? 4
S max) Sat® — jin (tp) max 4 T2
RN
< max 1at2 8Cqt? 24cC +max1M// e t4
ST 2 ! 9+ G £4" "\ 12
B(0,R)

=C3+ A1(T).

If t2 > 2T2, then y (& 2)_0 Thus, we have that

A(T) < AT

We have also that

1
2N )l I <ANTH,

w/<||un||2>
T2

AN
4T?

l[un||® < 4ANTH.
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Then we have

—af |Vup|? < NC3 +6ANTA.

RN

On the other hand, by (2.1) and (2.3), we have that

llun]l? .
a||un||2+xhr<un>||un||4+ZTzw( = Junll® = | f @n)un < belunl3 + Celunls..

So

. llun]l?
(a—e>||un||2<ca|un|2*—2T2w( = Jlluall®

< C4|Vugl3 +8AT*

22

< Cs(NC3+6ANTH)" 7“4 8AT4.

We suppose by contradiction that there exists no subsequence of {u,} which is uniformly bounded
by T. Then we can assume that |uy| > T, n € N. Then

2 < Jlun|)?® < Co(NC3 + 6ANT4)? /% 4 CoaT4,
which is not true for T large and 8AT* < a. So by setting 1o < a/(8T#), we obtain the conclusion. O

Remark 2.8. In Lemma 2.7, the choice of 1o depends on the nonlinearity f, constants N, a and b,
Sobolev embedding constant y»«, several test functions and constants used in the proof. So it is
difficult to give explicitly the value of Ao. However, for the special case f(t) = at?, we can choose
¢ and § in Lemma 2.2 to satisfy 5]3(0,5) ¢? > 1/4. Similarly we can choose Ci = 2a, C; = 32a/3,
C3 = 32a/3|B(0,5)| in Lemma 2.2, where |B(0,5)| is the volume of B(0,5) in RN. Moreover, we
choose & =a/2 in Lemma 2.7, then C, = a(2/b)"/@~3)_ Hence, we can compute a lower bound of g
to be

a
32[(2/b)1/ @ 3y, (2/a)*'/2(32aN/3|B(0, 5)| + @)2"/2 + 112"

Ao =

where y»+ is the embedding constant in the embedding inequality (v [Vu[?)?"/2 < y2+ [ [ul?” for

all u e DI*Z(RN). So the existence result in Theorem 1.1 holds for any A € [0, A¢) for this special
case.

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let T, A¢ be defined as in Lemma 2.7, and let u, be a critical point for ]Z,Mn
at level c;,. Then from Lemma 2.7 we may assume that

lunll <T
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So

T _1 2, 1 4_ F
J}hﬂn (up) = 2‘1||un|| + 4)L||un|| MUn (Un).
RN

Since w, — 1, we can show that {up} is a (PS) sequence of J,. Indeed, the boundedness of {u;}
implies that {J, (up)} is bounded. Also

(J;‘(un)ﬂ/):((f}:,w)/(un)’v)'i‘(ﬂn—1)/.f(un)V, veH.

RN

Thus J; (un) — 0, and then {u,} is a bounded (PS) sequence of J,. By Lemma 2.4, {u,} has a conver-
gent subsequence. We may assume that u, — u. Consequently, J; (u) = 0. According to Lemma 2.3,

we have that J; (u) = limp_ o0 J5 (Up) = limy_ o0 Jl,un (up) = c >0 and u is a positive solution by the
condition (Hy). The proof is completed. O

Acknowledgment

The authors thank an anonymous referee for a careful reading and some helpful comments, which
greatly improve the manuscript.

References

[1] H. Berestycki, P-L. Lions, Nonlinear scalar field equations. I. Existence of a ground state, Arch. Ration. Mech. Anal. 82 (1983)
313-345.
[2] C. Chen, Y. Kuo, T. Wu, The Nehari manifold for a Kirchhoff type problem involving sign-changing weight functions, J. Dif-
ferential Equations 250 (2011) 1876-1908.
[3] W.-Y. Ding, W.-M. Ni, On the existence of positive entire solutions of a semilinear elliptic equation, Arch. Ration. Mech. Anal.
91 (1986) 283-308.
[4] X. He, W. Zou, Infinitely many positive solutions for Kirchhoff-type problems, Nonlinear Anal. 70 (2009) 1407-1414.
[5] X. He, W. Zou, Multiplicity of solutions for a class of Kirchhoff type problems, Acta Math. Appl. Sin. Engl. Ser. 26 (2010)
387-394.
[6] L. Jeanjean, Local condition insuring bifurcation from the continuous spectrum, Math. Z. 232 (1999) 651-664.
[7] L. Jeanjean, S. Le Coz, An existence and stability result for standing waves of nonlinear Schrodinger equations, Adv. Differ-
ential Equations 11 (2006) 813-840.
[8] J. Jin, X. Wu, Infinitely many radial solutions for Kirchhoff-type problems in R, J. Math. Anal. Appl. 369 (2010) 564-574.
[9] H. Kikuchi, Existence and stability of standing waves for Schrodinger-Poisson-Slater equation, Adv. Nonlinear Stud. 7 (2007)
403-437.
[10] Y. Li, Z.-Q. Wang, ]. Zeng, Ground states of nonlinear Schrodinger equations with potentials, Ann. Inst. H. Poincaré Anal.
Non Linéaire 23 (2006) 829-837.
[11] Z. Liu, Z.-Q. Wang, On the Ambrosetti-Rabinowitz superlinear condition, Adv. Nonlinear Stud. 4 (2004) 563-574.
[12] A. Mao, Z. Zhang, Sign-changing and multiple solutions of Kirchhoff type problems without the (PS) condition, Nonlinear
Anal. 70 (2009) 1275-1287.
[13] K. Perera, Z. Zhang, Nontrivial solutions of Kirchhoff-type problems via the Yang index, J. Differential Equations 221 (2006)
246-255.
[14] W.A. Strauss, Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977) 149-162.
[15] M. Struwe, Variational Methods and Their Applications to Nonlinear Differential Equations and Hamiltonian Systems,
Springer-Verlag, Berlin, 1990.
[16] J. Sun, C. Tang, Existence and multiplicity of solutions for Kirchhoff type equations, Nonlinear Anal. 74 (2011) 1212-1222.
[17] M. Willem, Minimax Theorems, Birkhduser, 1996.
[18] X. Wu, Existence of nontrivial solutions and high energy solutions for Schrédinger-Kirchhoff-type equations in RN, Non-
linear Anal. Real World Appl. 12 (2011) 1278-1287.
[19] Y. Yang, J. Zhang, Nontrivial solutions of a class of nonlocal problems via local linking theory, Appl. Math. Lett. 23 (2010)
377-380.
[20] Z. Zhang, K. Perera, Sign changing solutions of Kirchhoff type problems via invariant sets of descent flow, ]J. Math. Anal.
Appl. 317 (2006) 456-463.



	Existence of a positive solution to Kirchhoff type problems without compactness conditions
	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 1.1
	Acknowledgment
	References


