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Using the covariant spectator theory, we present the results of a valence quark-diquark model
calculation of the nucleon structure function f(x) measured in unpolarized deep inelastic scattering
and the structure functions g;(x) and g,(x) measured in deep inelastic scattering using polarized beams
and targets. Parameters of the wave functions are adjusted to fit all the data. The fit fixes both the shape of
the wave functions and the relative strength of each component. Two solutions are found that fit f(x) and
g1(x), but only one of these gives a good description of g,(x). This fit requires the nucleon covariant
spectator theory wave functions contain a large D-wave component (about 35%) and a small P-wave
component (about 0.6%). The significance of these results is discussed.
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I. INTRODUCTION

The first measurements of deep inelastic scattering
(DIS) from polarized protons produced a surprising result
[1,2] which became known as the proton spin crisis [3,4]: it
turned out that the structure function g7 (x) (where x is the
Bjorken scaling variable, defined below) gave a result
much smaller than expected. At large Q> (where g> =
—(Q? is the square of the four-momentum transferred by
the scattered lepton), recent measurements at a number of
experimental facilities [5,6] give

1 +
rr Z/ dxg®* (x) = 0.128 = 0.013,  (L.1)
0

Ip
while theoretical calculations based on the naive assump-
tion that the nucleon is made of quarks in a pure relative S
state give much larger values (Jaffe and Manohar [4] give
0.194, and our model gives 0.278, as discussed in Sec. III
below. Note that the experimental value of 0.128 is remark-
ably close to the older value of 0.126 [1,2] cited by Jaffe
and Manohar.)

The controversy was sharpened by Ji [7,8] who intro-
duced a gauge-invariant decomposition of the nucleon spin
into spin and angular-momentum components. This spin
sum rule can be written [9,10]

=1+ L, + s (1.2)

where 2, is the contribution from the quark spins, L, is the
contribution from quark orbital momenta, and J; is the
total gluon contribution. Some experimental estimates sug-
gest that X, =~ 0.3, requiring that most of the explanation for
the proton spin come from the other contributions, but
there is evidence that the gluon contributions are small,
and it is unclear how to interpret this spin sum rule [11].
With this spin puzzle as background, we decided to see
what our covariant constituent quark model, based on the
covariant spectator theory (CST) [12-14], would predict
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for the DIS structure functions. This model was originally
developed to describe the nucleon form factors [15] and
has since been used to describe many other electromag-
netic transitions between baryonic states, including the
N— A [16,17], the A form factors [18-20], N —
N*(1440) [21], N — N*(1535) [22], and N — A*(1600)
[23]. All of these calculations use constituent valence
quarks with form factors of their own (initially fixed by
the fits to the nucleon form factors) and then model the
baryon wave functions using a quark-diquark model with
a few parameters adjusted to fit the form factors and
transition amplitudes. The diquarks have either spin-0 or
spin-1 with four-vector polarizations in the fixed-axis rep-
resentation [24].

One shortcoming of our model, as it has been applied so
far, is that we have not yet included a dynamical calcula-
tion of the pion cloud. Recently, constraints on the size of
the pion cloud were obtained from a study of the SU(3)
baryon octet magnetic moments [25,26], and it is clear
from this study that the pion cloud contributions to the
nucleon form factors are not negligible. Furthermore, even
without pion cloud effects, it is difficult to untangle the
form factors of the constituent quarks from the ““body”
form factors (which depend only on the wave functions of
the nucleon). We need a way to determine the nucleon
wave functions independent of the contributions from the
pion cloud and the constituent quark form factors.

The study of DIS provides an ideal answer to this prob-
lem. In CST, the DIS structure functions directly determine
the valence part of the nucleon wave functions, giving both
their shape and their orbital angular momentum content.
Adjusting model wave functions to fit the DIS data fixes all
of these components. The calculation of the DIS structure
functions is also of great interest itself. With this model, we
can address the nucleon spin puzzle directly.

For this reason, we have decided to “‘start over” and let
the valence part of nucleon wave functions be completely
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determined by a fit to the valence part of the DIS structure
functions. Once the wave functions have been determined
in this way, the low Q2 pion cloud contributions can be
calculated, and the nucleon form factor data can be used to
fix the only remaining unknown quantities: the constituent
quark form factors. This is planed for future work.

The remainder of this paper is divided into five sections
and three appendices. In Sec. II, the DIS cross section and
structure functions are defined, and theoretical results
for the DIS structure functions are reported (the detailed
calculations of these structure functions are given in
Appendix A). The calculations use nucleon wave functions
defined in the accompanying paper [27] and summarized in
Sec. II B. This section also discusses how the wave func-
tions are related to the structure functions. In Sec. III, the
data is discussed, and it is shown how a model without
angular momentum components fails. Then, in Sec. IV, we
show how either P- or D-state components can fix gt (x),
and a detailed fit to both the unpolarized structure function
f(x) and the polarized structure function g, (x) is given. We
find two solutions, but in Sec. V, we show that only one of
them gives a good account of the smaller transverse polar-
ization function g,(x). Our conclusions are presented in
Sec. VI. Some other details are discussed in the remaining
appendices.

II. STRUCTURE FUNCTIONS FOR DIS
A. Cross section in the CST

The DIS cross section can be calculated from the imagi-
nary part of the forward handbag diagram shown in Fig. 1.
The cross section depends on the hadronic tensor [5,28]

[/' dAp'dk my
(2m)°2E, e,
X (277)454(17' +k—q =PI,

5 W
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where P, g are the four-momenta of the nucleon and the
virtual photon, respectively,

q q

P k P

FIG. 1 (color online). Feynman diagram for the DIS total cross
section. All of the intermediate quarks are on-shell.
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e, = ng + p’? is the energy of the on-shell quark in the

final state, E, = 4/m? + k? is the energy of the on-shell

diquark with mass m,, and W, W,, Gy, and G, are the DIS

structure functions. Also in Eq. (2.1), s, A, and A are spin

projections of the quark, the diquark, and the nucleon, respec-

tively, while S stands for the nucleon four-vector polarization.
The hadronic current (JX’A) o is

) = =P, 5)j (@ (P, k),

where u(p’, s,) is the Dirac spinor for the quark, j,(q) is
the elementary quark current with a gauge-invariant sub-
traction,

(2.3)

, , dq
@ = v~ ") 2.4)
Jq 1s the quark charge operator, and Wy, is the nucleon
wave function, with the general form

lI’A,\ = (QAM(P, )\) (25)

to be specified below. We emphasize that, in this context,
the choice of the current (2.4) is purely phenomenological,
but at least it has been shown in one special case [29] that
the subtraction term ¢gq,,/¢* arises naturally from interac-
tion currents neglected here. Once the form (2.4) is as-
sumed, it is not necessary to explicitly calculate the
contributions from the subtraction terms ¢g M/ g* because
they can be reconstructed from the y, term, as discussed in
Appendix A. The overall factor of 3 multiplying the had-
ronic tensor arises from the contributions of the three
quarks [15,27]. Note that we do not average over the spin
projections of the target nucleon; this leads to the inclusion
of the last two terms in the hadronic tensor which arise
when the nucleon target is polarized.

The polarization of the nucleon is described by the four-
vector polarization S with the properties

S8t =—1, S-P=0. (2.6)
For a nucleon at rest, this polarization vector is
0
sinf cos
S = } ] ¢ . 2.7)
sinf sin¢
cosf

We use the helicity basis to describe the nucleon spin; for a
nucleon at rest, we will choose the spin axis to be in the
+7Z direction (the direction of the three-vector q). A nu-
cleon polarized in the direction of S can be written as a
linear combination of helicity states, so that
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u(P,S,) = D2 (, 6,0)u(P, A), (2.8)
where D is the rotation matrix
L ge—i(¢/2) — gind ge—i(¢/2)
DI, 6,0) cos; fe sin; fe
o sinl fe’(#/2) cos 0ei¢/?
(2.9)
and sum over A is implied. Note that
(o -S)u(pP,S,,) =2mu(P,S,,), (2.10)
where m = £ l is the spin projection.
Using the 1dent1ty
1
u(P,S,,)u(P,S,,) = AM(P)E[I + y5], (2.11)
where
M +
Ay(P) = ? = Zu(P $)i(P, s) (2.12)

is the positive energy pr0]ect10n operator and summing
over the spins of the outgoing quark allows the hadronic
tensor to be expressed as a trace,

3/3 m
. ) = 32//(21 )262Ek P A

<t OrJ (@A, (P (@)OA A (P)

1
X 5[1 + 758]], (2.13)
where the operators O, are defined by Eq. (2.5) with the
wave function spin components given explicitly in the next
subsection.

B. Wave function of the nucleon

In this section, we summarize our model of the nucleon
wave function, which is composed of S-, P-, and D-state
components. For details, see Ref. [27], hereinafter referred
to as Paper I. Briefly, the wave function has a quark-diquark
structure, with the ith quark off-shell (where i = {1, 2, 3})
and the other two noninteracting on-shell quarks treated as a
diquark system with total four-momentum k; and fixed
(average) mass m,. The total momentum of the nucleon is P.

The CST wave function of the nucleon is the superposi-
tion of a leading S-state component, with smaller P- and
D-state components

WA (P k) =ngWS (P k) +npWh (P k) +npWR (P k).
(2.14)
Each component of the wave function is normalized to the

same value [see Eq. (2.19) below], so if the coefficient ng
of the § state is fixed by the coefficients np and np,

2 2
1 —np — np,

(2.15)
then the square of each coefficient, n? (where L =
{8, P, D}), is proportional to the percentage of each com-

ponent. The size of the coefficients np and np will be fixed

ng =
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by the fits. The construction of these wave functions is
discussed in detail in Paper 1.

The formulae are first derived under the assumption that
isospin is an exact symmetry. The formulae are then gen-
eralized to allow for the u and d-quark distributions to
differ, and all fits were done adjusting the u and d-quark
distributions independently. The S- and P-state compo-
nents are a sum of terms with spin-0 (and isospin-0) and
spin-1 (and isospin-1) diquark contributions, while only
diquarks of spin 1 can contribute to the D-state component.
The diquarks of spin 0 do not interfere with diquarks of
spin 1. The individual components are denoted VX" with

= {S, P, D} as the angular momentum and n = {0, 1, 2}
labeling the state of the diquark (sometimes the spin =
isospin, or as in the case of the D state, all three states have
diquarks with spin 1). These are

P30 u(P, Ny 5(P, k)

- 5
Wl = - %w(az)auam V5P, k)

WO — %qs%(n NP1

Wiy = - %M(sz)wa(l’, N p(P, k)

Vi =3 \/—¢°< )Gk, £,)U 5P, V&l p(P, k)
WOl — — 1€l Up(P, VR 4 (P, k)

T—
Wit = J—¢ (%) gDP(P, KU (P, N p(P. k), (2.16)

where ¢’ (with I = 0 or 1) are the isospin / parts of the wave
function (discussed in the next subsection), ¢ (P, k) are the
scalar S-, P-, or D-wave functions, 87& is the outgoing spin-1
diquark four-vector polarization with spin projection A in the
direction of P, €7, , is the outgoing four-vector diquark with
an internal D-wave structure and spin projection A in the
direction of P, and the other four-momenta and operators are
P-0p PP,

M Ya Ya — M
L 5.
Ua/(P) A) - = ’ys’)/au(P’ /\)

V3
GeP(k, ¢,) = ko) + {okP -

k=k-

2 -
Z5aB(l .
38 (k-2¢,)

1. - 5 PP,
ggﬁakz 8Ba = 8Ba — %

2.17)

DBQ(P’ k) = lgﬁlga -

with G(k, £,) the tensor describing the spin-2 coupling of a
diquark with an internal P-wave orbital angular momentum
structure to the P-wave motion of the third, off-shell quark,
and D(P, k) as the spin-2 tensor describing the D-wave
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motion of the off-shell quark. Note that P is orthogonal to all
of the polarization vectors, and P - k = P - ¥ = 0, implying
that P*U, (P, A) = 0, and
PﬁDBa =P*Dg, =0 PIBG/M =P,GP*=0. (2.18)
As discussed in Paper I, when isospin is conserved, the
S-, P-, and D-state wave functions are normalized to

1= e ﬁ (PRI = e [k (=) pl(P, B

— ¢ ﬁ (P D, (2.19)

where ¢ is the renormalized charge of the dressed quark at
Q% =0 (in units of the charge at high Q?). With this
normalization, the square of the coefficients np and np
can be interpreted as the fraction of the total wave func-
tions consisting of D- and P-state components.

C. Quark charge operators in flavor space
1. Isospin symmetry

If isospin is a good symmetry, the quark charge operator
at Q> — oo in flavor space is

Jg = é + %73. (2.20)
The isospin operators ¢’ are
d°=1 (i)}:—ir-fj, 2.21)
V3

where &, is the isospin three-vector of the diquark with
isospin projection €. These are operators; to convert them
to isospin states of the off-shell quark, they are multiplied
from the right by the y,, the isospin-1/2 spinor of
the nucleon (see Paper I). The isospin operators are nor-
malized to

@M =1 S @D, = S b £ =1
€ €

(2.22)

The matrix elements of the quark charge operators in
DIS are now easily evaluated. Noting that DIS involves the
square of the quark charge, the result is (including the
overall factor of 3)

5 1
3(po)tj i Po = 5 + 27 = (e2)°
5 1
3 (dDgi bl = cTEn T (e2)n. (2.23)
{

2. Broken isospin

So far, this discussion assumes that the u and d distri-
butions are identical, with their relative contributions being
fixed only by isospin invariance. In fact, these distributions
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are quite different at both low and high x, and we know that
the angular momentum distributions of the u and d quarks
are also quite different.

Using the ideas introduced by Paper I for broken isospin,
but recalling that here the charge is not renormalized at
Q% — o0, new effective charge operators (including the
overall factor of 3) are introduced,

(831)0 = % + %7'3
=1 )3+ ) 8 = 3+ 1)
(et =5(7- §+)<% + %73)(7- L EY)

8 GRS (R (S

—2[5_1
_§<6 273)’

where it is understood that (e7)® and (e7 )} multiply u-quark
distributions and (e%,){ multiplies d-quark distributions. In
order to simplify the notation, we write these for the proton
only; the neutron is obtained from the proton by charge
symmetry, substituting e, < e,. Hence,

(2.24)

(e2)° = 3es (e2)) = i (e2)] =2¢3, (225
where e, = 2/3, e, = —1/3. Therefore,
(€2)hppy =3eb bl
@ e (2.26)

(e) o — el iz + 2e305 bl

where ¢% and % are the u and d distributions for the
L = {S, P, D}-state components (see Paper I).

We are now ready to report the final results for the
structure functions.

D. Results for the structure functions

Details of the calculations of the structure functions are
reported in Appendix A. All of the results can be expressed
in terms of the following functions, which depend on the
quark flavor ¢ = {u, d} and, in some cases, on L, which is
either the letter {S, P, D} or the number L = {0, 1, 2}:

Fhx) = f R ()T
X

gL(x) = [ PR YL(P L= lonly
X

d,(x) = f Py )Ry SO UP (Y, (227)
X

and for L = {0, 2} only,
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Wi = [ Kb

L+2
hEt(x) = 1 — )k P(x), 2.28
() X4Mx( 20) ¥ () g (x) (2.28)

where the integral is

Mmg [00
= ‘ dy, (2.29)
/X 167> J;

and in these expressions, k = |Kk| is the magnitude of the
three-momentum of the spectator diquark (distinguished
from the four-momentum k only by context), and z, is the
cosine of the scattering angle fixed by the DIS condition;
see Eq. (2.39) below. The function P,(z) is the Legendre
polynomial P,(z) = %(3z2 — 1). Since the wave functions
depend on only one function y of the four-momenta P and
k [defined and discussed below in Egs. (2.35) and (2.37)],
we use the notation (P, k) = ¢ (x) for convenience. The
physical interpretation of these expressions will be dis-
cussed in Sec. ITE.

In terms of these structure functions, the results for the
DIS observables for the proton (with the neutron results
obtained by the substitution e, < e,) are:

vWY = 2MxW! = x2elf, + xeif, = xfp(x)
g’l’(x) = ez[g(fu - —”pff) - anu] - engd - %"%f;]
+ nP2Gp + nD%GP — %aSD[eﬁdu +2e2d,]
+ 3appleln; + 2e3h3]
gy (x) = —n3Gh — n}G) + lagpleid, + 2e3d,]
npns[4(32[hl — W] — e3[h} — nY]]
+sappleilhy — hi] + 2e3[n3 — h3]],
(2.30)
where
M3
#ar

we used the shorthand notation z = z(x) (where z is any of
the structure functions),

fq=n%fs — 2npnghl + n3fF + n3 (P

81 = 82 =

MG
P-q !

p = 1[4€ugu edgd]
Gl = —[29eugu + 16¢€2g2], (2.31)
and, for convenience, we introduce the coefficients
asp = —3\/%nSnD dpp = —3J%npn[) (232)

to describe the strength of the SD and PD interference
terms. These results are a summary of the detailed calcu-
lations leading to Egs. (A42), (A45), (A70), (A76), and
(A83).
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The formulae (2.30) can be separated into separate u and
d contributions using the general relations

) = Tar0 gl =5 g,
q q

with i = {1, 2}. Limiting the expansions to u and d quarks,
and ignoring antiquark, gluon, and correction terms com-
ing from the QCD evolution, and using the neutron rela-
tions obtained by substituting e, < ¢,, the extracted f,
distributions were given in Eq. (2.31). The results for the
g’s are

(2.33)

gt =3fu — npf2 —SnpfL — Saspd, + 3apphi + Snpgl

+ égnngu
gl = —3fa+inpfl — Saspda + Sapphy — Gnpg

+ %”ng

g4 = taspd, — npng(hl, — b)) + 3app(hy — I3,
- i”Pgu - @”Dgu

g4 = Jaspdy + Inpng(hl — hY) + 9aPD(h3 h3)
+§npgd _§”ng- (2.34)

We conclude this section with a discussion of the inter-
pretation and normalization of the structure functions.

E. Physical interpretation
As discussed in Paper I [27], the wave functions are
chosen to be simple functions of the covariant variable
(M —m)*—(P—k? 2Pk
Mmg Mmg

-2 (2.35)

Since the nucleon and the diquark are both on-shell, the
variable P - k, related to the square of the mass (P — k)? of
the off-shell quark, is the only possible variable on which
the scalar parts of the wave functions can depend, and y is
simply a convenient linear function of this variable.

For DIS studies, we choose to work in the rest frame of
the nucleon (but our results are frame-independent). In
variables natural to the CST, y depends only on the mag-
nitude of the spectator three-momentum, which will be
scaled by the mass of the nucleon. If r is the mass ratio

mS
r=-—,

M
= ME, = M~r* + %, and
2ME

K2
f_2=ll+5 -2 (237
ms r

The structure functions, displayed in Egs. (2.27), (2.28),
and (2.29) (discussed in Appendix A), are integrals over the
magnitude of the scaled three-momentum «, or alterna-
tively integrals over y. In the nucleon rest frame, this
integral has the form

(2.36)

then k = Mk, E|

x = x(k) =
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[ Md’k
(2 )32E

© kdk
(277_)2 f [ kdz8(E, — kz — 1 + x)if*(x)

_ M?> o kdk
Qm)? 2FE,

— kcosd — M(1 — x))p>(x)

(2.38)

Kmin

where the 6 function in the last integral fixes the scattering
angle z = cosf in terms of the momentum k and the
Bjorken variable x [the CST form of the DIS scattering
condition, see Eq. (A39)],

E.—(1-x) _rx+2(r—1+y)
« WX ¥4

The requirement that the scattering angle be physical, or
that |zy| = 1, fixes the lower limit of the « integration at

=1 —-x)?
K = | K| Kmin = B

for x € [0, 1]. The boundary of the region of integration
over K, |Kmyinl, is shown in Fig. 2 for selected values of the
ratio 7. When r < 1, the boundary hasacuspatx = 1 — r,
which deserves further comment. At the cusp |kp;,| = 0; if
x> 1 — r, the region « < |k,,;,| is excluded because z, >
1, while if x<1-—r, the region «<|Kky,|l Iis
excluded because zy < —1. In either case, the lower limit
of y becomes

72— 20 = (2.39)

(2.40)

1 - +x—1)?
LA St S S U Sl O
1—x r r(l —x)
with (for future reference)
4 _ Znin (2.42)
dx r(l1 —x)
2.00 ‘ ‘
/
[ , |
/
/ /
L / i
1.50 , /
/
/ /
/
«'é 1.00 | 7 / .
’ /
/s 7 /
osof .7 ]
e /
r e
~ -
0 OO \ / Il Il Il
0 02 0.4 06 08 1
x

FIG. 2 (color online). The boundary of the « integral, k;,, as
a function of x for selected values of r = 1.25 (short-dashed
line), r = 1 (solid line), r = 0.75 (long-dashed line).
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Hence, the integral over « can be transformed to

M? j'°° Kdk
(277-)2 K"lln

leading to integrals of the form (2.29).
It is now easy to interpret the physical meaning of the
structure functions in the context of the CST. The formula

£50) = f dx[S(OT

4(2 e f Ay v, (2.43)

2.44

1 6 3 (2.44)
displays the simplest structure function as an average over
the square of the wave function [tpg]Q with a variable lower
limit that depends on x. The wave function can be unfolded

from this average by differentiation:

r(1 — x) 1672 df;?(x)
2 min mSM dx

(1 —x)? 1672 df3(x)

- - if r= 1.
x2—x) mM dx nr

[3(OF = -

(2.45)

Examination of the experimentally determined distribu-
tions, discussed in Sec. III below, shows that the derivative
is singular at x = 0 and is nonzero throughout the region
0 = x = 1. Therefore, the wave function must have a
singularity at x =0 corresponding to « = 1[r* —1|.
Unless r = 1, this singularity is at a finite and nonvanish-
ing value of «, which is unphysical. Furthermore, if we
choose r < 1, the wave function will have another singu-
larity at x = 1 — r, corresponding to { = 0 and xk = 0. [In
Ref. [15], we used r < 1 and a wave function that was finite
at all k, inevitably giving a distribution amplitude with the
wrong shape (see Fig. 9 in Ref. [15]).] We conclude that no
choice of r will allow us to chose a wave function that is
not singular at some momentum, but choosing r = 1,
where the only singularity is at k = 0 where Dirac wave
functions are known to be singular, makes sense physically.
With this choice, the integral (2.29) samples the wave
functions over the entire range of momentum k, with the
sample size depending on the value of x, as shown in Fig. 2.

Assuming for the moment that f3(x) — x*(1 — x)” at
large and small x, this shows that the square of the S-state
wave function, when r = 1, must go as x* 2(1 — x)”*! at
large and small x. Since

32

[ = (2.46)

1—x
this behavior requires the square of the wave function to
go, at large and small Z, like

1
gl*a/Z(B + é')y+a/2 ’

where f is a range parameter. In this way, the asymptotic
behaviors of the wave function can be estimated directly
from the structure function, at least for cases where the
integrand does not depend on the cosine of the scattering

[ 5 (OI* ~ (2.47)
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angle, zo. (Recall that the argument of the wave function
itself does not depend on z,.) We will use this insight in
Sec. IV to guide our construction of models for the wave
functions.

We conclude this subsection by noting that the expres-
sion (2.44) displays a certain symmetry in f’ 3 which is most
easily discussed if we introduce y = 1 — x and define

F30) = £501 —x). (2.48)

Then, from the form of { (written here for r = 1, but easily
generalized to r # 1),

fi) = f;ﬁ(%). (2.49)

This symmetry allows us to extend the definition of f(y)
from the interval 0 = y = 1 to the interval 0 = y = oo and
will be used in the next section.

F. Normalization

The representation (2.44) also allows a simple expres-
sion for the first moment of fg (x), or fg(y):

fdqu(x) dxf dx[y5(x) )

162

[ xdx w;<z)]2= fol dyFS().
(2.50)

This can be compared with the CST normalization in-
tegral for 5. Recalling that the quark charge, at Q> =0,is
dressed to ¢ (in units of the charge at high 0?), the CST
normalization integral is

162

&’k
(2m)32E,
AOMm, [
= [T kaxwior:

Note that both Egs. (2.50) and (2.51) are integrals over the
wave function, with y a function of k and { as a function of
x. We can transform these two integrals into the same form
if we set { = y, which defines a mapping between x and «:

5 r? ( r 1- x)2
K™= — - .
4\1 —x r
Setting r = 1 from here on, the normalization integral
(2.51) is transformed into

OMmyg [1x(2 — x)
167> Jo 11—

engs /‘1[ n
= X
167> Jo 1 -

The normalization integral, apart from the quark charge
renormalization eg, differs from the first moment of fg (x)

1=e°

[d5C0F

(2.51)

(2.52)

- rusor

]dx—w%z)]2 (2.53)
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in the weight function, which now includes the additional
factor of x/(1 — x).

As an alternative to Eq. (2.53), write the integral in terms
of y, use the symmetry property of ¢ to transform the
second term into an integral over z = 1/y, and then replace
the integration variable z by y, allowing the normalization
integral to be written

OM ; 00 d
1= M iy Lo

‘M

G i sor

s
=—¢0 [ : xdx—dfq(x)

a —o00 dx

=e) f] dxf5(x) (2.54)
in agreement with the results presented in Ref. [15]. The
forms (2.53) and (2.54) are equivalent, alternative forms of
the normalization condition.

In this model, f, is the valence quark distribution, and
hence we require its first moment to be unity,

1= j;l dxf,(x)

(where, by our convention, the factor of 2 that accompanies
the first moment of the u-quark distribution in the proton is
contained in the formulae (2.30) and not in the moment). This
will set the scale of the wave function. The CST normaliza-
tion condition (2.51) will then determine the renormalization
of the quark charge at Q> = 0. This is a different procedure
than we used in Ref. [15] and more in keeping with QCD,
which fixes the quark charges at Q% — co.

(2.55)

G. Where is the glue?

Gluons are known to make a substantial contribution to the
nucleon momentum. This shows up in momentum sum rule.
Using our normalization, the proton momentum sum rule is

1= 2/()1 dxxf,(x) + /: dxxfq(x) + N, (2.56)
where N, =~ 0.5 is the contribution from gluons. This sum
rule cannot be derived within the context of the CST model
description of DIS scattering. Instead, we have the charge
normalization condition (2.54). If the u and d distributions
are identical (for purposes of discussion), N, = 0.5, and
there are no P- and D-state components so that f, — 73,
these two sum rules are

0.167 = ,[01 dxxf35(x) 1=éf [j dxfy(x). (257

In CST, the first sum rule is fixed phenomenologically (by
fitting the theoretical f, to experiment), and then the dressed
charge eg is determined from the second.
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To illustrate the idea, choose the oversimplified
distribution

F50) =80 —y) + SG - yo), (2.58)

where f;;(y) satisfies the symmetry condition (2.49) (as it
must), and y, is a parameter. Then, the normalization
condition (2.55) is automatically satisfied, and the condi-
tions (2.57) become

1 1
[ xdxfg(x)Zl—y0=0.167 1=e2(1+—2). (2.59)
0 Yo

These equations give e) = 0.41, not too far from the values
obtained in the following sections.

It remains to be shown in detail how the gluon contri-
butions give rise to the modification of the quark charge
and to generalize this discussion to show how the angular
momentum contributions of constituent quarks, evaluated
in this paper, can be compared to the angular momentum
contributions from bare quarks plus gluons which would be
obtained from a light-front model. This is beyond the scope
of this paper and a subject for future work.

III. FIRST OBSERVATIONS

In this section, we first present the data for the unpolar-
ized structure functions f, and the polarized g, and then
discuss the proton and neutron spin puzzles. The detailed
fits will be discussed in Sec. I'V.

A. Data

The individual u and d-quark distributions f, and gl
have been extracted from global fits to data. These fits use
the QCD evolution equations to relate the data at higher Q?
to phenomenological starting distributions defined at Q> =
1 GeV?2. In fitting our model for f 4 and g% to these starting
distributions, we assume that it is appropriate to compare
the DIS limit of our model with the data at 0> = 1 GeV?,
assuming that the behavior at higher Q? can be predicted
by QCD but not by the model. Some investigators have
chosen to extrapolate the QCD predictions to (much) lower
0? and fit their models there. We do not do so for two
reasons: (i) we are doubtful that the QCD evolution equa-
tions are reliable below Q% = 1 (they are based on pertur-
bative QCD), and (ii) the assumption that our model has
reached its asymptotic limit at the scale of the nucleon
mass is generous. The choice of Q> = 1 GeV? is some-
what arbitrary, and at best a compromise required by trying
to fit a round peg into a square hole.

For the fits to f, we use the global fits of Martin,
Roberts, Stirling, and Thorne (MRSTO02) [30]:

PHYSICAL REVIEW D 85, 093006 (2012)

xfiu P (x) = xuy(x)/2

=0.130x%31(1 — x)>°(1 + 3.83/x + 37.65x)
xfq P (x) = xdy(x)

=0.061322x%35(1 — x)*9(1 + 49.05/x + 8.65x),

(3.1)

where we have divided their u-quark distribution by 2
because both of our f, (x) distributions are normalized to
unity,

/ L) = 1. (3.2)
0

[In order to get this valence quark normalization condition
accurately, we rescaled the MRSTO2 from 0.131 to 0.130
(for u quarks) and from 0.061 to 0.61332 (for d quarks).
These rescaled numbers are shown in bold in Eq. (3.1).]
The model does not describe sea quarks, so it is appropriate
to use the valence quark distributions; the description of
sea quarks is a subject for future study.

To represent the data for g7, we use the global fits of
Leader, Sidorov, and Stamenov (LSS10) [31]. They ex-
press these distributions as a sum of the leading twist
component, Ag, and a higher twist component proportional
to h4,

¢100) = Aglw) + th(f).

(3.3)

At Q? = 1, the leading twist contributions determined by
LSS10 are

xAu(x) = 0.548x%782(1 — x)>35(1 — 1.779+/x + 10.2x)
xAd(x) = —0.394x%47(1 — x)*956(1 + 6.758x). (3.4)

However, the higher twist corrections are not negligible at
Q? = 1. Extracted values of A" for the proton and neutron
are reported in Table III of Ref. [31]. For convenience,
these were fit by the smooth functions;

hf(x) = —0.82x"782(1 — x)’[1 = 8,(x0)]

(3.5)
1 (x) = 301 — 040.2 — x)2[1 + 8,(x)],
where the errors were approximated by
0.05 0.04
80 =i T a7
(3.6)
5. (x) 0.015 . 0.04
x) = .
" 0.2 —=x)? (1 —x)3

The quality of these fits and the errors in the A’s are shown
in Fig. 3. Separating these into u and d-quark contributions
and adding them to Eq. (3.4), the total empirical distribu-
tions (adding errors) at Q> = 1 become
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FIG. 3 (color online). The data for 4" (x) and the empirical fits
of Eq. (3.5). The dashed lines above and below the solid curves
are the error estimates of Eq. (3.5). Lower points and curves are
the proton; upper ones are the neutron.

xg?zp+(x) = xAu(x) + gx[4h’; (x) — h(x)]
3.7

xg?’fiw(x) = xAd(x) + gx[4h’;(x) — h(x)]

As Fig. 3 shows, the error in these functions is
considerable.
Forming the combinations for proton and neutron and

integrating over x gives

Fp = ] d)cgexp (x) = 0.128 = 0.013
(3.8)
= [ dxg$t= (x) = —0.042 = 0.013.

These values are compatible with recent measurements
reported at a number of experimental facilities [5,6] and
also agree, within errors, with the result for the proton
reported by Jaffe and Manohar [4].

For later use, we record the experimental values of I'; for
the separate u and d distributions obtained from the ex-
perimental results using the expansion (2.33):

= dry
=Sy

—1IM) =0.333 £ 0.039

(3.9)
—I'7) = —0.355 = 0.080,

where the errors are estimates obtained by integrating
Eq. (3.7).

B. Proton and neutron spin puzzles

Note that, if the nucleon has no P- or D-state compo-
nents, the polarized spin structure functions g} are
uniquely predicted. From Eq. (2.30), we obtain

PHYSICAL REVIEW D 85, 093006 (2012)

(x) 3 P 15f n 27f u _4f
gl(x) :Efp _Efn zﬁfu _ﬁfd-

Recalling the normalization (3.2), the moments predicted
by (3.10) are

(3.10)

Y= [ dxgl(x) = —=0.278
G.11)

It = f dxgh(x) = 0.
0

These predictions are to be compared with the experimen-
tal values (3.8). As mentioned in the introduction, the
inability to correctly predict I'/ has been referred to as
the proton spin puzzle, and we see here that our model
without orbital angular momentum components cannot
reproduce the experimental results. From our point of
view, the neutron spin puzzle is also interesting.

The extent to which the prediction (3.10) for g} strongly
disagrees with the data is shown in the left panel of Fig. 4;
the prediction for g} shown in the right panel is in better
agreement. This figure is included here only as an illus-
tration of the spin problem. The data shown are only a
subset of all the data that is available and were measured at
a variety of Q2, which, because of the effects of QCD
evolution, should, strictly speaking, not be placed on the
same plot. The method we used to fit the data, which allows
for QCD evolution and includes a larger data set, is dis-
cussed in the next section.

IV. FITS TO THE DATA

The fits to the DIS data will be done in three steps. First,
the unpolarized structure functions f,(x) will be fit using a
model with only an S-state component.

After the S-state component has been fixed, we use the
same parameters for the P- and D-state components and
adjust the strength parameters np and np, to get the correct
values of I' and 'Y given in Eq. (3.9). Once the np and ny,
have been chosen, we readjust some of the parameters of
the wave functions to give a good fit to the shapes. This last
step confirms that our choices of np and ny made in step 2
were acceptable. However, this procedure is rather crude,
and a fit to all of the parameters at once would likely alter
our conclusions somewhat.

A. Step 1: Fitting the S-state wave functions

As described above, the S-state u- and d-quark distribu-
tions are fit to the experimental quark distributions f, and
fq using Eq. (2.44). We choose a simple form for the wave
functions, with parameters adjusted to give a reasonable fit
to the data.

In our previous work [15], we made the choice

Ng
myx + Billx + Bl

Pa(x) = (4.1)
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FIG. 4 (color online).
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Data for xg; compared to the predictions (3.10) (solid line) and the LSS10 fits (for § = 0) (3.7) (dashed line).

Left panel: proton with data from SMC (circles, Ref. [43]), SLAC-E143 (squares, Ref. [44]), HERMES (triangles, Ref. [45]), and
COPMASS Collaboration [46] (not shown); right panel: neutron with data from SLAC-143 (squares, Ref. [44]), HERMES (small
circles at low x, Ref. [45]), SLAC-E154 (medium circles, Ref. [47]), JLab-Hall A (large circles, Ref. [48]), and JLab-Kramer

(diamonds, Ref. [49]).

where Ng is a normalization constant, 8, and 3, are
dimensionless range parameters, and m, is included to
make the normalization constant dimensionless. This
form, used in our previous analysis of the nucleon form
factors, does not do well fitting the DIS data, and, as
discussed in the introduction, we will adopt a completely
different approach in this paper.
A choice that produces a good fit to the DIS data is

1 Bggcos0g, + xsinbg,
mNg X"y + Bsgl s
= (mNy)~'d5(x, B, 0. ng, ny),

where Ng is a normalization constant, Bg, is the single
dimensionless range parameter, 6, = ags,7 is a mixing
parameter which allows the phase and/or oscillations of the
wave function to be adjusted as needed, nyg, is a fractional
power needed to give the sharp rise in the distributions
amplitudes at small x, and n, 5, allows for adjustment of the
large-x behavior of the wave function. The generic wave
function, ®(x, B, 0, ny, n,), defined in Eq. (4.2), will also
be used to define the P- and D-state wave functions below,
and we use the notation ®5(x, B,...) = ®(x, Bs, ...). If
as, # 0and n;5, = 3, Eq. (4.2) still goes as 1/x* at large
X, ensuring that the form factors calculated from this wave
function will go as 1/Q* at large Q.

Taking r = 1, using the correspondence presented in
Eq. (2.47), and assuming g, # O, the leading behavior
of the distribution amplitudes f, near x — 0 and x — 1
should be of the from x% (1 — x)«, where

Pi(x) =

4.2)

~1_1 ~341
Nosq ~ 5~ 1% Nisg ~ 51T 3Yq 4.3)

For the u-quark distribution, we will fix n;g, = 3, giving
a (1 — x)? behavior at large x, so this simple model cannot
reproduce the fractional power of (1 — x)*3 found in the
empirical u-quark function (3.1). However, in order to
preserve the interesting d/u-quark behavior as x — 1, we
allow the power n,¢; > 3 and adjust it to give a good d/u
ratio.

If the wave functions were to reproduce the small-x
behavior exactly, we would require

1 1 {0.42 u quark

M0se =57 3% " 1041 dquark’ Y

The actual parameters which emerge from our fits are not
far from these estimates.
The S-state structure functions reduce to
1 [ .
10 = g, [T aMeiP = @ Rw. @)
q
where, for simplicity, the parameters which enter &3 have
been suppressed, and

CS = 16m(N3)™ (4.6)

To complete the determination of f5(x), C5 and ) < 1 are
determined by the wave function normalization condition
(2.54) [or Eq. (2.51)] and the normalization of the valence
quark distribution (3.2). The wave function normalization
gives C5 in terms of €,

1
C‘; = eg [, dng(x), 4.7

with ¢) given by the ratio
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xf(x)

FIG. 5 (color online). The experimental quark distributions
xfu’(x) and x5 (x) (dotted lines) compared to the fits x5 (x)
and xf$(x) with the parameters given in Table I (solid lines). All
distributions are normalized to unity as in Eq. (3.2). The curves
which peak at a larger x are the u distributions, and the ones that
peak at smaller x are the d distributions.

1
e = N j: dxfs5(x), (4.8)

with

N = f l dxfs(x). 4.9)

The fit is shown in Fig. 5, and the parameters are given in
Table I. Note that wave function is highly singular (but they
are normalizable; only if nyg, = 0.75 can they not be
normalized) and even more singular than the estimates
(4.4). The ratio of the d to u-quark distributions, which
vanish at x — 1, are shown in Fig. 6. We constrained
nis, = 3, but we cannot get the correct result for the d/u
ratio unless n;g; > 3, and choosing the power n;g; = 3.2
gives the fit shown in Fig. 6. This means that the asymptotic
nucleon form factors will be dominated by the u-quark
distribution.

B. Step 2: Fixing the P- and D-state admixtures

The strength of the P- and D-state admixtures is fixed by
fitting the moments of the polarized distributions (3.8).
Before doing this, we discuss our choice of the functional
form for the P- and D-state wave functions and then look
qualitatively at the effect of changing np and np individually.

TABLE I. Adjustable parameters (in bold) and additional con-
stants determined by the normalization conditions for the fits
shown in Fig. 5.

S 0
IBSq eSq Nosq Nisq Cq €y

u 0.9 0.47 0.51 3 2.197 0.3545
d 1.25 i 0.49 32 2.279 0.3940
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FIG. 6. Comparison of the fitted to the experimental ratio of
the d- and u-quark distributions, where ¢(x) = f,(x). The dotted
line represents the experimental results.

1. Functional form for the wave functions

We chose the P- and D-state wave functions to have the
general form

WP(x) = [m,NEMK ()] ' ®E (x, B, 6, no, ny), w10
$2(x) = [m,NPM2K2()] "' ®2(x, B, 6, ng, ny),

where g = {u, d}, Né are normalization constants, and the
function K(y) is just the scaled three-momentum ex-
pressed as a function of y

K(x) =i"x(x +4) =«

and the generic functions <I>§ have the same general form
as (I)g but with different parameters associated with each
function [so that, for example, ®(B,...) = ®(Bp,, .. .)].

The factors of K~! multiplying the P-state wave func-
tion and K2 multiplying the D-state wave function in Eq.
(4.10) were chosen for convenience; they cancel similar
factors in the spin structures multiplying theses scalar wave
functions. Our philosophy is to let the short range behavior
be fixed by the structure functions themselves, which are
more singular than might be expected.

Using Eq. (2.39) to fix z, and substituting the general
forms (4.10), the structure functions which appear in
Egs. (2.27) and (2.28) consist of terms depending on the
squares of the wave functions,

4.11)

740 = g [ @k = (€ P
f N (4.12)
= L dx P[P,

and interference terms,
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FIG. 7 (color online).

Influence of a D state on the spin polarized structure functions, xAg(x), as a function of x. In all panels, the

dotted line is the experimental fit of LSS10, and the theoretical curves have |nj| = 0 (solid), 0.2 (long-dashed), 0.4 (medium-dashed),
and 0.6 (short-dashed). Left panel is xAu, middle panel xAd for n, > 0, and right panel xAd for np <O0.

= - S D
d,(x) \/ES—CE [ dxP(z) PSP (x)
BE() = e j dxzo®L ()DL (x)
,/CPCL
K(Z )
g™ (x) = f dx — )LD (),
1/CPCL
(4.13)
where { was defined in Eq. (2.41),
CL = 167*(NL)?, (4.14)

and the L’s appropriate to each equation were specified
before. The functions h’,;“ enter into the expressions for g,
only and will not be needed until the next section.

The P- and D-state wave functions are normalized as in
Eq. (2.19), and with the ansatz (4.10), this leads to a
generalization of the condition (4.7)

1
CL = eg f_w dxF%(x). (4.15)
However, the valence quark normalization condition
needed to extract 62 is now

1
1=/0 dxf,(x)

1
= f dx[n3fs — 2npnghd + nifP + nh fP1. (4.16)
0

Since the individual wave functions are all normalized
to the same quantity (e))~!, the constant N defined in
Eq. (4.9) is independent of L,

N = [joo dxfg(x) = [joo dxffl)(x), 4.17)

so that the new result for e0 is a generalization of (4.8)

0= (4.18)

D
9 = nges

e 5 — 2npnghy® + npel + njel,

where the new coefficients e are generalizations of (4.8)

[ dxft ()

Next, the choice of the coefficients np and np is
discussed.

hy”

= [dxho(x) (4.19)

2. Effects of the D state

First, consider the results of varying the D-state admix-
ture with the P-state component identically zero. Keeping
the parameters for the D-state wave function identical to
those for the S state (Table I), the predictions of Eq. (2.34)
reduce to (ignoring the small g2 terms here, but not in the
calculations and figures discussed below)

_2
—gfg_"zuqu

Saspd,,
(4.20)

where, in this case, f, = f 3 . The results for various values
of np are summarized in Fig. 7 and Table II. Note that,
when the D-state parameters are identical to the S-state
parameters, the normalization of the charge is unchanged,
i.e. ) = €. Since the unpolarized distributions f,(x) are
1dentlcal to the S-state distributions shown in Fig. 5, Fig. 7
does not show f,.

As the left panel of Fig. 7 and the first line of Table II
show, a D-state component of about 36% will fit the
u-quark polarization and I'} very well. It also shows that

_2
§aSDdu

~3fa~

TABLE II.  Values of I'Y for the four choices of nj, shown in Fig. 7.
[npl 0 0.2 0.4 0.6 experiment
I'Y(np >0) 0.667 0.643 0.544 0.367 0.333
F‘f(nD >0) —0.333 —0.293 —0.252 —0.218 —0.355
F‘Il(nD <0) —0.333 —0.369 —0.395 —0.404 —0.355
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FIG. 8 (color online). Top row: unpolarized structure functions xg = xf,,. Second row: spin polarized structure functions, xAg(x),
all as a function of x. In all panels, the dotted line is the experimental fit of MRST02 or LSS10, and the theoretical curves have
|np| = 0 (solid), 0.2 (long-dashed), 0.3 (medium-dashed), and 0.4 (short-dashed). Left panels are xu and xAu, middle panels are xd

and xAd for np > 0, and right panels xd and xAd for np <0.

the sign of n, must be positive in order for the interference
term, d,, to bring the predicted g} down close to the
observed shape. [A detailed study of Eq. (4.20) reveals
that a large negative np close to unity is also mathemati-
cally possible, but this case is rejected on physical
grounds.] Unfortunately, the d-quark distribution, fit well
by np = 0, is destroyed by increasing |n | to 0.6. Since the
phase of the d-quark D-state wave function can be chosen
independently of the phase of the u-quark wave function,
both possible choices of sign for the d-quark distribution
are shown, but neither will correct the problem. The prin-
cipal source of the difficulty is the relative size of the SD
interference term, which is 4 times larger for d quarks than
for u quarks, and is not compensated by any positive term
of the form n%f% [the term proportional to n3 gL,
neglected in the estimate (4.20), is positive, but much too
small to have the desired effect].

However, as will be shown, a reasonable fit can be
obtained by adding a small P-state contribution and adjust-
ing the parameters of the D-state distributions.

3. Effects of the P state

Now, consider the results of varying the P-state
admixture with the D-state component identically zero.
Keeping the parameters for the P-state wave function
identical to those for the S state (Table I), the predictions
of Egs. (2.31) and (2.34) reduce to (ignoring the small gg
terms here, but not in the calculations and figures discussed
below)

fq= fg - 2nSnPh2

—2¢5 _ 4 0 _ 48,2 P
gbll —3Ju §nSnPhu KnPfu (421)
d — _1rS 2 0 4.2 P
g1 = —3fy T snsnphy +gnpfy,

where the SP interference term included in f, has been
separated out explicity, and, following Eq. (4.18), the
renormalized charge reduces to

62 = eg - ZnSnPth. (4.22)

TABLE III.  Values of I'{ and & for the four choices of np shown in Fig. 8.

[7p] 0 0.2 0.3 0.4 experiment
F‘l‘(np >0) 0.667 0.627 0.563 0.448 0.333
eB(nP >0) 0.355 0.269 0.229 0.194 s
F‘l{(np > 0) —0.333 —0.313 —0.280 —0.223 —0.355
eg(np >0) 0.394 0.303 0.261 0.224 s
F‘ll(np <0) —0.333 —0.321 —0.307 —0.289 —0.355
e?](np <0) 0.394 0.485 0.527 0.564 SR
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TABLE IV. Values of np(q) and np(g) for the two solutions
studied in this paper. When the sign of n; («) # n;(d), it means
that the phase of the wave function differs from that of the §
state.

solution np(u) np(u) np(d) np(d)
1 0.43 0.18 —0.43 —0.18
2 0.08 0.59 0.08 —0.59

TABLE V. Values of TI'! and 62 for the cases shown in
Figs. 9-12. Cases 1, and 2, are solutions 1 and 2 with P- and
D-state parameters identical to the S-state parameters of Table I;
cases 1, and 2, have the parameters given in Table VL.

0

0

case Iy e r4 ey
1y 0.332 0.187 —0.356 0.571
N 0.298 0.170 —0.333 0.567
2 0.334 0.326 —0.356 0.364
24 0.334 0.326 —0.294 0.364
experiment  0.333 * 0.039 —0.355 = 0.08

The results for various values of np are summarized in
Fig. 8 and Table III. Now that 62 and the unpolarized
structure functions depend on np, these quantities are
also shown in the table and the figure.

The equations and figure show that the most efficient
way to reduce the polarized u-quark distribution to the

correct size is to require np > 0 for u quarks, but as the

e
0.6 o’ "
[ LY
’ L]
L]
0.4 ] . .
[] . Y
02 /u .'- ‘.
—~ 0. .
Rad l' .'l.‘\
= a2
200
’l
\ ’
02 |\ e
/’
N\ V]
-0.4 S .”
0.0 0.2 0.4 0.6 0.8 1.0
X

xAu(x)

FIG. 9 (color online).
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phase of the d-quark wave function is independent of
the choice for the u quark, we show both cases. The choice
of np = —0.4 for the d quark preserves the shape of both of
the d-quark structure functions. We therefore expect a
solution in the region with np > 0 for u and np <0 for d
quarks.

4. Fixing ng and np from the moments

An efficient way to estimate the strength of the P- and
D-state mixing is to adjust the coefficients np and np, to fit
the experimental moments I'Y. If the parameters of the
P- and D-state wave functions are set equal to the S-state
ones, then the theoretical expression for these moments
gives the following equations for np and np:

re—2- <n;) + %n%)ﬁu - (gaSD - %ng)c;u + 2appH,
=0.333

I =—3+5npFy— <%“SD +gnp = 1_85”%))(;[1 +3appHy
= —0.355, (4.23)

where we require that the solutions to the first equation
give positive values of both np and np but allow solutions
with either sign for the second equation, and the coeffi-
cients are

7 “
U \
0.6 ) '
] \
o4 [ f ‘.
[} ' \
—
\Bi 0.2 L] .
~ L]
2 00 —
7
\ /
-0.2 \ /
\ /
-04 \ /
X A 2z , , ,
0.0 0.2 0.4 0.6 0.8 1.0

Distributions for the u quark, as a function of x, for solution 1 with np = 0.43 and np = 0.18. Top row:

unpolarized structure functions xu = xf,. Second row: spin polarized structure functions, xAu(x). Left column: same parameters for
all L (case 1j). Right column: parameters readjusted to fit the shapes (case 1,).
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0.4

0.3

xd(x)
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0.1 0.1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

FIG. 10 (color online). Distributions for the d quark, as a function of x, for solution 1 with np = —0.43 and np = —0.18. See
caption to Fig. 9 for more details.

xu(x)
xAu(x)

FIG. 11 (color online). Distributions for the u quark, as a function of x, for solution 2 with np = 0.08 and np = 0.59. In this case, the
initial fit was satisfactory, as discussed in the text (case 2 is identical to 2,).

04 04
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0.1 0.1
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FIG. 12 (color online). Distributions for the d quark, as a function of x, for solution 1 with np = 0.08 and np, = —0.59 (cases 2,
and 2,4). See caption to Fig. 9 for more details.
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TABLE VI. Parameters for the cases 1, (denoted by u; and d,)
and 2, (denoted by u, and d,); those that were adjusted are in
bold. The fits are shown in Figs. 9-12.

q L Brg Orq noLg NiLg CL
u; 0 0.7 0.457 0.45 3 2.525
1 0.7 0.47 0.45 3 1.473
2 0.7 0.47 0.45 3 1.473
d, 0 1.8 %W 0.53 3.2 5.152
1 1.8 —0.27 0.53 3.2 5.396
2 1.8 —0.367 0.53 32 22.153
Uy 0 0.9 0.47 0.51 3 2.197
1 0.9 0.4 0.51 3 2.197
2 0.9 0.47 0.51 3 2.197
d, 0 0.5 0.457 0.41 3.2 1.082
1 0.5 %W 0.41 3.2 0.234
2 0.5 —0277 0.41 3.2 0.497

F, = f dxfO %) H, —f dxh®2 (x)

(4.24)
G, —[ dxd,(x) = fdxg{m}(x).

With these requirements, there are only two solutions to
these equations, summarized in Table IV. The values of I'f
and eg for these two solutions, with the parameters for all
the P- and D-state components identical to the S state, as
discussed above, are given in Table V, and the shapes of the
quark distributions are shown in Figs. 9-12. Without further
changes in the parameters of the individual components,
these solutions do not describe the shape of f, and g1, but
do give (within round-off errors) the correct moments Ff.

To complete the fits, we move to step 3, adjusting the
parameters of the wave functions to give a good description
of the shapes.

C. Step 3: Adjusting parameters to fit the shapes

As alast step, some of the parameters B, ,, 01,4, and ng;,
are adjusted to fit the shapes of f, and g1 without destroying
the moments I'. The results are summarized in Table Vand
Figs. 9—12. In all panels of these figures, the dotted lines are
the experimental fits of MRSTO2 or LSS10, and the shaded
band is our estimate of the experimental errors in g7
obtained from the curves in Fig. 3 and Eq. (3.5). The
solid lines show the full theoretical result. The panels
showing xf,(x) = xq(x) also show the individual contribu-
tions x(n}f3+npfl+n}fP) (short-dashed line) and
—2ngn tho (long-dashed line) which add up to the total
result xf,. In the panels showing xg{(x) = xAgq(x), the
individual results shown are those proportional to xf, (the
first term on the right-hand side of Eq. (2.34)—short-dashed
line) and those proportional to the remaining terms on the
right-hand side of Eq. (2.34), all of which would vanish if
np = np = 0 (long-dashed line). In the left panels of

PHYSICAL REVIEW D 85, 093006 (2012)

Figs. 9, 10, and 12, the parameters of all of the component
wave functions (S, P, and D) are given in Table I; in the right
panels, the parameters are given in Table VI.

Note that the final fits and values of I'{ all lie within
about 1 standard deviation of the values obtained from the
best LSS10 fit. The parameters space has not be system-
atically searched: in all cases, the values of B and n are
equal for each L and ¢, and, to the level of accuracy
achieved here, it was not necessary to refit the distributions
u,. The 6 parameters give great flexibility to change
the shape of the wave functions and have been used to
significant effect, particularly for the d-quark D-state wave
functions. Note that a change in 6 by 77 will merely change
the sign of the wave function, leaving its shape unchanged.
This could be used to fix the d-quark values of np and nj, to
positive numbers.

From our study so far, we can only conclude that the two
solutions 1 and 2 do equally well in describing the structure
functions f, and g{. Significant differences appear when
the predictions for g, are examined.

V. PREDICTIONS FOR THE g, DISTRIBUTIONS

The data for the structure functions g, is incomplete and
inaccurate but sufficient to allow us to draw some interest-
ing conclusions.

The predictions for g4 and g5 which follow from the two
solutions are shown in Fig. 13. The theoretical predictions
are given in Eq. (2.30); note that g, are the only structure
functions which depend explicitly on the interference
terms hé“, introduced in Egs. (2.28) and (4.13).

The data for g,(x) seem to favor solution 2. In both
panels, the total prediction for solution 2 (solid lines) gives
a very reasonable approximation of the data, even though
the large error bars do not allow us to draw this conclusion
too confidently. But it is clear that the total predictions for
solution 1 (long-dashed lines) even fail to describe the
data qualitatively, particularly for the proton. (However,
it is interesting that both solutions describe the very accu-
rate JLab neutron data equally well.) We conclude that
solution 2, with its large D state, seems to be a more
accurate model. Note that even though this model has a
small P-state probability of only about 0.6%, the P state
does not play a negligible role in the description of the
data. For example, the left panel of Fig. 13 shows that
the P-state contribution improves the fit to the data for
xg5(x) substantially (compare the short-dashed line with
the solid line).

Another interesting observation is that the theoretical
formulae, Eq. (2.34), show no sign satisfying or even ap-
proximating the interesting Wandzura-Wilczek relation [32]

1 /
—g1(x) + f d—)fgl(x’)-
x X

8(x) = (GRY)

Numerical studies of the inequalities (for n = 0),
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0.04 - T R

0.00

xg,"(x)

-0.04

Data for xg, compared to the predictions from Eq. (2.30) for the two solutions. In each panel, the total result

is the long-dashed line (solution 1) or solid line (solution 2). The predictions for np = 0 are the dotted line (solution 1) and short-
dashed line (solution 2). Left panel: xgg , with data from SLAC-E143 (circles, Ref. [44]) and SLAC-E155 (squares, Ref. [50]). Right
panel: xg5, with data from SLAC-E155 (circles, Ref. [50]), JLab-HallA (squares, Ref. [48]), and JLab-Kramer (diamonds, Ref. [49]).

_[01 dxx”[#gl(x) + gz(x)] < fol dxx"g;(x), (5.2)

which lead to the Wandzura-Wilczek relation, also show no
sign of being satisfied by our model. Most striking, perhaps,
is that the Burkhardt-Cottingham sum rule

j: dxg,(x) =0

is satisfied only if np = np =0, but, because of the
presence of the structure functions hg“ singular as
x — 0, diverges otherwise. Perhaps sea quark contributions,
neglected here, are essential for a full understanding of these
relations. Some of these mysteries may be clarified by future
study.

(5.3)

VI. SUMMARY AND CONCLUSIONS

This paper uses ideas from the covariant spectator theory
to develop a covariant constituent quark model of the
nucleon that explains the general size and shape of all of
the DIS structure functions of both the proton and the
neutron: f(x) measured in unpolarized scattering and
g1(x) and g,(x) measured in polarized scattering. We find
that a good semiquantitative description is possible even
thought we treat the larger valence quark contributions
only, ignoring the smaller sea quark contributions. The
nucleon wave functions include S-, P-, and D-state con-
tributions, with the sum of their probabilities normalized to
unity and the strength of the P and D-state contributions
proportional to the parameters np and np. These parame-
ters, together with those defining the shape of the wave
functions, are adjusted to fit the data for f(x) and g, (x), and
the models defined by these fits are then used to predict

22(x).

The major effort required to construct the angular mo-
mentum components of the wave functions is described in
detail in the companion paper [27] and summarized in
Sec. II B. In that work, we built the general covariant forms
for the angular dependence of three-body states with total
angular momentum L = 1, 2. Once the wave functions
have been parameterized, the calculation of the DIS cross
section is straightforward; the details of the evaluation of
the traces and the extraction of the DIS limit are discussed
in the appendices. The parameters of our wave functions
for both solutions are given in Table VI, with the functional
form of the S state described in Eq. (4.2) and the P and D
states described in Eq. (4.10).

We find two solutions that fit the functions f(x) and
g1(x), but only one of these (solution 2) also gives a
satisfactory description of g,(x). This solution has a large
D-state probability of (0.59)? ~35% and a small, but
important, P-state probability of (0.08)> = 0.6%. The other
solution (solution 1), unfavored by the existing data for
g>(x), has a P-state probability of (0.43)> ~ 18% and a
D-state probability of (0.18)% =~ 3%, values more in line
with previous expectations [4,33,34].

The observation that the solution with a large D state
exists and fits all of the data is perhaps the most important
conclusion of this paper. It opens the door to new possi-
bilities and invites a more serious study of the possible
dynamical origin of the D-state components of the nucleon
wave function. Furthermore, the fit requires that the u- and
d-quark D-state components have a different sign as well
as a different shape.

The role that the data for g, play in this conclusion
focuses once again on the importance of accurate
measurements of this small quantity. If the data on g,
were to become sufficiently robust to allow the separation
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into u- and d-quark contributions, it could, from our point
of view, be used to decisively fix the size of the P and D
components of the wave function of the nucleon.

Of course, many issues remain. First, we emphasize that
our conclusions are sensitive to both the proton and the
neutron data, but the extraction of neutron data is not
without errors and uncertainties. And the modern fits to
both the unpolarized and the polarized data rely on QCD
evolution equations to evolve the data to Q> > 1 GeV?
from a fitted phenomenological distribution defined at
Q3 = 1 GeV?. This suggests that 03 = 1 GeV? is a good
place to match a quark model calculation to QCD, as we
have done. However, the details of our fits would change if
we chose to fit the quark model to QCD at a different Q(z).
Some investigators chose to match the distributions at
much smaller 03, even as low as 03 = 0.16 GeV? [35].
The best choice of Q(z) and even the validity of the proce-
dure itself is, in our view, still an open question.

The orbital effects which we calculate refer to effective
contributions which also include, inevitably, some contribu-
tions from glue. Thus, our results may not be inconsistent
with recent lattice QCD calculations which suggest large
contributions from the glue [36]. This cannot be discussed
further until our model is used to compute the energy-
momentum tensor and study the spin sum rule (1.2). This
topic, alluded to very briefly in Sec. II G, requires future
study.

We have not done a systematic fit to the data by mini-
mizing x*. If we did so, the fits would certainly improve,
and we would be in a better position to assess the unique-
ness of our final parameters. Until this is done, the parame-
ters given in Table VI must be considered preliminary.

How realistic is such a large D-state probability? First, it
must be emphasized that, because we did not fit all the
wave function parameters including np and nj, in a single
search, it is very possible that a good solution with a
smaller D state exists (and we think this is quite likely).
So, without a systematic y fit, we do not know precisely
how large a D-state probability is required by the data.
Here, we present evidence of a large D state. For compari-
son, note that the D-state probability in 3H varies from
about 7-9%, depending on the NN force model used (see
Table V in Ref. [37], for example), and is at least 4 times
smaller than our estimate. (The P-state probability in *H is
also quite small, less than 0.16%; if this were also in-
creased by the same factor of 4 as the D state, it would
compare with our result for the nucleon.) In the three-
nucleon bound state, the D state arises primarily from the
large tensor force which is a feature of the one-pion
exchange part of the NN potential. If the force between
two quarks is described by a combination of one-gluon
exchange and a confining interaction (and/or one-pion
exchange, as some models suggest), and the confining
interaction is a mixture of scalar and vector components,
then a tensor force can arise from both the one-gluon

PHYSICAL REVIEW D 85, 093006 (2012)

exchange and the vector part of the confining interaction
[38]. It may be that this mechanism can produce a large D
state, but Isgur, Karl, and Koniuk [39], using the harmonic
oscillator model of Isgur and Karl [40], find a very much
smaller value. On the other hand, our findings are in line
with the results of Refs. [41,42] on the importance of
higher orbital angular momentum components in the
baryon spectrum, affecting the nucleon mass by about
100 MeV, and producing inversion of the relative positions
of positive and negative parity nucleonic excitations
(unfortunately, the breaking down of the contributions
from each of the different partial waves included in those
calculations was not reported). All that we can say here is
that a large D state can explain the DIS observations. A
dynamical calculation is needed to determine whether or
not a large D state is possible.

If the correct explanation of the DIS data is closer to
solution 1 with the expected P state and a much smaller D
state, then the spin puzzle is easily explained by a nucleon
wave function with modest angular momentum compo-
nents. Otherwise, the spin puzzle leads directly to another
puzzle: what are the dynamical origins of such a large D
state, and what effect does this have on other nucleon
observables?
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APPENDIX A: CALCULATIONS OF THE
STRUCTURE FUNCTIONS

1. Simplifications

The full quark current is Eq. (2.4), but, because the
subtraction term ¢gq u/ g* can be reconstructed from the
first term, it is sufficient to calculate the y,, contribution
(referred to as the unsubtracted contribution) only. To
prove this, note that the full current can be constructed
from the operation C, where

w
CMM/YM' = I:g/i#l - q’uqz ]7M’ = Yu T M—zﬂ
q q
Since this operation does not depend on the quark or
diquark variables, it may be applied after the cross section
has been calculated, allowing the construction of the full
(conserved) current from the unsubtracted current 7y ,.

(AD)
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For example, if the cross section arising from the unsub-

tracted current is written in terms of a general operator O,
(v,0v,) = W, (A2)

then the full result is obtained by applying the operation
(A1) to both sides of Eq. (A2). On the left-hand side, we get

C,J‘/CV”/<7M/@7VI>=<[7M f—”]@[vy—éq‘é”p, (A3)

which is precisely the result for the full current (2.4). On the
right-hand side, we get

YW v )
CHCAIW W Cqu(qt W) q,(q" W)
" v p'v 1224 2 2
q q
MI VIW/I
+q,,,qy(q 4q ,w)’ (Ad)
q

which is conserved. Furthermore, if any terms proportional
to either g, or g, arise from the unsubtracted calculation,
they my be ignored because

C#MIqM/ =0, (AS)

i.e. they vanish once the full result is constructed.

2. Contributions from squares of S, P, and D states
a. Isoscalar diquark contribution

The only contribution from the D waves to the isoscalar
diquark term comes from the square of the . Together
with the S- and P-state terms, this gives

2)0

Wi=0 — ff (20 2(P, OIS, + 3y, KT

+ npyp(P, I (A6)

where m, + p' = p', a factor of 1/2 from the wave func-
tions has been moved to the factor multiplying the double
integral, a factor of |k?| — —k? coming from the definition
of W20 is included in IPP, and the integral is

f[pk f[(zf);i E, 8 p' +k—=P—q)

d*k

(2 )2 +(mq /2)8+(m% - k2) (A7)

The S- and P-state traces are

155 =uly, v, Psl 128 =ulky, Py KPs) (A8)
where we use the shorthand notation

Po= M+ p)1 + y8). (A9)

The operator JPP is obtained by summing over the polar-
ization vectors € and { using the identity (which holds for
all polarization sums defined in the fixed-axis representa-
tion [24])
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Aug =D (80)alel)g = ~Zap (A10)
A
Then, using
3 13 - 7
(k, G2 4 (k, —i? ——kgk
20 aB( &n) /3( £y) = 60 g/s/s 20 BKp
1, 7
= _gk 8pp _2—0Dﬁ’ﬁ(P,k),

(A11)

we obtain (including the factor of —k? referred to above)

9 ~ Lok 7 oex 7
150 = 552 () Cupk £)Gapk £,)
An

1 B
X3 52 vy, 'y, v 7P Ps]
= kI, - %1819#, (A12)
where we introduce two new standard traces
1 b >,
Ly = 3 (Vo v By, 7" Ps] AL3)

I?,u, = Daa’tr[ya’}/vﬁ/’yu’?al?Sl
The trace /0, can be expressed in terms of the others.
Using k, 7 = K,

D, =017 -2, (Al14)

Only the terms Pg — P + My>S contribute to all of
these traces, and 17 and I¢ can be simplified by moving

one of the ]2(0r %) factors through the operator Pg, giving
) P2
1P = —iPuly, py, Pl + KEMuly,py,v 5]
- 2M(S : k)tr[]é’)/vﬁl')/,u’ys]

= —IPI35, — 8M(S - k)i€, 0k p'P, (A15)
Ly = —tuly,py 1+ Muly,py.v8
2
—3M tly, By, v'8
1 2
= —_[55 — 258 (A16)

3 3R

where the reader should be careful to distinguish / ﬁfL from
I35, Putting this all together gives

7 -
00 = — —j21bh +

k4 55 + 2155
20 [ v

(A17)

These considerations show that all of the traces depend
on only two elementary traces, /5 and I°F, with
155, = 1(p/, P) -

4MieM,,aﬁp’0‘S'8, (A18)
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where

1(p', P) =tly,p'y,.P]

=4[puP, +Pup, — 8u,(P-p)]  (A19)
Because g — oo, we may replace p’ — ¢ in the last terms
of Egs. (A18) and (A19), but not in the terms proportional
to p), or p}, because, through Eq. (A5), the g contributions
to these terms will vanish. To reduce these, we use the
identity

1
E/dﬂklp;-’v :AIP,U, +A2qM_>A1P,u + qﬂ, (AZO)

where the nonleading term, A, given in Eq. (BS), is needed
only when the leading ¢, contribution vanishes.

To evaluate the last term in Eq. (A15), first note that
p' =¢q+ BP —k where B=[1— (k-P)/M?]. Hence,
the p’ may be replaced by ¢ + BP, and we may use
identity (B6) to reduce it. In doing the reduction, note that
— 8M(S - k)i€,,0pk* (g + BP)P

- —8MC1iEM,,aBS0‘(q + BP)'B
—P)a(q + BP)B

(A21)

- 8MC2(S : Q)ie,uuaﬂ(q -
— SMZCIII - 8M3VC2]2.
With these simplifications, the two standard traces become
P,P,
15 —4[2M2A ( e ) (P p"gu, —M*I ]
177 = 4| —2k°MA, Pl e )
v M p g,l,LV
- MX(k* —2C)I, — 2M3VC2]2]. (A22)

PHYSICAL REVIEW D 85, 093006 (2012)

Using the relations (valid in the DIS limit and derived in
Appendix B)

P=-k* (P-ph—Mv A —x

1 1
= —_k = —ZK3(1 - 72
Cy L 3 ( z%)

8 1
k=20 = -k =— §k2[1 +2P5(2)]

3 1
V’Cy=c,— kz(izz - E) = k2P,(2), (A23)
where k ={0,k} and z = cosf, the three traces from

Eq. (A6), reduce to

P,P,
I3 —4M[2Mx< e )— Vg v —MII]

P,P,
M2 — V8uv

41 MJ, +P2(z){ MI, _2_1\42]2}]

1hh = 4Mk2[2Mx(

PP, 1
100 = 4Mk4{[2Mx< ]"*42 ) —vg,, + gMII]

P SMI, - Z—MZIz]}

2 (A24)

These traces are all of the general form
ILL =38M? IS A25
v = TU8uw T T alital (A25)

Including the factor of 1/(27r) from Eq. (2.1), the invariants
then have the general form (with 7 = 0 or 1)

M
=) [[p G YR (P )

where Z; = {W,, W,, G, G,} (with i = {1, 4}), and z; is the
coefficient from Eq. (A25).
Combining all of these results gives

(A26)

oM
MW= = p W0 = (e2)° fo [n2 %+ n2k2 3 +ndk* 3]

GI=0=(e 2)0 ff [”S‘ps

TG | IC A
where ¢, = (P, k), and

~ 14
G] EG] +MG2

Hence, the isospin-0 structure function G, becomes

Gl= 0_(62)04 [[ I:s‘ps

n3k2y —

1 7
I~k - P2<z>( B+ ki) |
k“%] (A27)
(A28)
4
npk*p, + Pz(@(g nzk2 g3 + E”2 k“%)] (A29)

Note that the W; and W, structure functions satisfy the Callen-Gross relation, which will hold for all contributions

calculated below.
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b. Isovector diquark contribution

Next, look at the contributions from the I = 1 diquark. Here, there are four contributions from the squares of W51, 1,
D1 and WP2. All of these involve sums over the diquark polarization A evaluated using Eq. (A10). Carrying out the spin
sum and removing the s (which introduces another minus sign) gives four traces,

(eq)1

I=1 _
Wo, =

where, using %P + Py* = 0 and

DFeD o = R[LRge + keke'],  (A31)
these traces are
Ton = =3ul¥ay, By, 7 Psl = —Lu
= 1785 4 ZISSV
I = —Sulyoky, By, K7 Ps)]
=1Pr +2rr
T = W
T3 = —SDPD s ul9, v, 'Y Vo Ps]
= 22100 - 20T, (A32)
In the previous section, all of these traces were

expressed in terms of the two standard traces (A22).

Muvx

MW=t = wWIT! = (e2)!

G{=1=—(eq>112 I [0 -5
(@) 2" [[ Pz(Z)[ 2Ky —

Extracting G gives

Gl | (62)1 o /] [

ff {5 3(P, KIS, + np a1 + my (PR + T}

2 4
w3+ bk = Pao) (3 — skt u3 )|

——npkzwp+nbk4wu+8P2<z)[ 2k2y2 — —nDk“wD]]

(A30)

Adding the two D-state contributions together, and sim-
plifying, gives

2 - 3.,
JDD = _§k2155_§k41§;#
2”2 PP 1 LAT 1SS SS
=—§kIV +5k[1 + 21,
P,P, 1
= 4Mk4[2Mx( ]"‘42 )— vy + M1,

2 2M?
szpofmn -20 ] (A33)
Inspection of the results for J55 and J*¥ shows that con-
tributions to the unpolarized structure functions coming
from isovector diquarks are equal to the isoscalar ones,
while for the polarized structure functions, J55, — — 1135,
and JLP — — 1IPP Using these arguments, we obtain the
following results:

= f/[ngws+npk2¢P+nDk4¢D]

(A34)

Sk |

(A35)

Now, add the isospin-0 and isospin-1 parts, separating them into the u- and d-quark contributions (for the proton) following
the discussion which lead to Eq. (2.26). Collecting terms gives

M
MW = vW§ = x—V [[/ [2e2N, + €3N 4]

/f {ns[4e2(¢,S)2 _ ed((pd)z] _ np[ AR2(YPY: —

+ inz(z)[ 2KA(YP)? —

14
vat=-2 | 2(Z){”’2"[563"2(‘”5 2
P

k2(w5>2] T nDPz(Z)[—€2k4(¢D)2

_edk2(¢ )2] + nD[_ euk4(¢D)

k2(¢5)2] — 22K (YD) + KA (YY)
e3k4(w§>2]}
e3k4<¢§>2]},

5
(A36)

093006-21



FRANZ GROSS, G. RAMALHO, AND M. T. PENA
where

N, =257 + n3k2(PF)2 + nk*(yP)>  (A37)

is the density factor that appears in the unpolarized struc-
ture functions.

3. Extraction of the DIS limit

Before calculating the interference terms, we extract the
DIS limit of the above results. The expressions for all of the
structure functions are covariant, but it is convenient to
evaluate them in the laboratory system, where the two

external fOLlI‘—VeCtOI‘S are
0? , ., o
) O» O) + ) A3 8
2Mx 0 4M2x2 (A38)

P={M,0,0,0} q={

where x is the usual Bjorken scaling variable. For the
integration of functions of |k| and k. = |k|z, we can write
in the DIS limit

J1, - gt

3 2
5 d)Zsz (5 [(1—x)—E, +|k|z])

szd'k'f dz5(M(1 —x)— E, + kl2]).

Scaling all momenta by the nucleon mass (so that |k| =
M k), the double integral becomes

o kdk (1
—Xx)—E, +
[[p Q2 o InE. '/:le15((1 x) — E, + k2)

_ M°x [ kdx o dy
dzé(zg — —,

0?2 ,[47TE / 8z —2) = v J; 167
(A39)

vGy = gl (x)

PHYSICAL REVIEW D 85, 093006 (2012)

where y was defined in Eq. (2.35), E, = Vr? + k%, z = 2,
with z, were defined in Eq. (2.39), and the lower limit
of the y integral (which occurs at |zy| = 1) was given in
Eq. (2.41). To obtain the final expression, we use

Mmg [ My
f-tm -

When inserted into Eq. (A26), the structure functions
have the form

(A40)

Z = (e3) f dxznp 7 (P k), (A4

2v(4 )2

where the z; are the factors which appear in Eq. (A25).
For the proton, this is

= X262 1) + 2 ()],

where [after the SP interference terms have been calcu-
lated, this f7 is replaced by the f, given in Eq. (2.31)]

yWP = 2MxW? (A42)

fh=n}fS +npfh + ndfP, (A43)

with the individual quark distribution functions f%(x)
given by

FL) = [ * Ak YT (Ad4)

(4 )

where now k = |k|, and L = {S, P, D} with k* = 1, k&, or
k* for S-, P-, or D-states, respectively. Up to the normal-
ization factor, treated differently in this paper, the structure
functions f5(x) were already obtained in Ref. [15]. The
interpretation of Eq. (A44) was discussed in Sec. IIE
above.

The other proton structure functions become

= nigldenfi(x) — eaf500] — npildenfr(x) — eafh] — npgl2eaf2(x) + €57 (0)] + npgldengh (x) — Gl (x)]

+ npgol29eugn (x) + 16¢587 (x)]

2
M Gé’ = gé’(x)

where the new structure functions, both of which depend
on P,(zp), are

gh) = (4 2 = [ axpsRtu o
(A46)

¢P(x) = [ dx PR [P OT.

(4 P

where z; was defined in Eq. (2.39).

_nP3[4eugu ()C) - edgd(-x)] - nD40[296ugu (x) + 166’3185()6)]

(A45)

4. DIS limit in light-cone variables

The DIS limit can also be evaluated in light-cone
coordinates. In our notation, an arbitrary four-vector v is
written

v={vi v vi}  v.=vtu (A47)
so that the scalar product is
v-u=vﬂu“=%(v+u_+v_u+)—vL-ul. (A48)
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In the DIS limit, the four-vectors P and ¢, in light-cone
notation in the laboratory frame, are

Q2

o (A49)

={M, M, 0} q= { . —Mx, 0}.

Using this notation, the double integral can be reduced
to an integral over k3 . Defining k- = M(1 — y), the inte-
gral becomes

I, f( 0~ p)8. (m — 1)

di? 1
~f4; 2fdk,fdk+5(m§+ki —kiko)

X 5<—[M tq - k,])

fdk2 f(ldy )sz Y
dk?

_ 1
My [1677'(1 —x)’

where the §(y — x) fixes k- = M(1 — x).
In light-cone variables, the rotational symmetry is bro-
ken so the variable y, which previously depended only on

(A50)

k, now depends on both x and kﬁ_ = Mmymn,
ky +k_
X— xie = x(nx) =———-2
+ 1 -
S AR S R BT
I —x r 1 —x

However, the integral (A50) can be immediately trans-
formed into Eq. (A39), showing that the representations
are equivalent. We used the light-cone form, Eq. (A50) in
Ref. [15], but prefer Eq. (A39) for this paper because of
the interpretation of its meaning, as discussed in Sec. IIE
above.

In order to finish the comparison, note that, in light-cone
variables, the weight functions which appear in Eq. (2.28)
are

1 1
kzo = k. =5 (ke = k) = 5mSI:XLC + 2(1 - %)]

K (l_Z())_kJ_ Mmgy(x — &)

1
K*Py(zo) = k2 — Ekzl,

(A52)

where, as elsewhere, y = 1 — x.

5. Interference Terms
a. SP interference

The contribution to the SP interference term from iso-
scalar diquarks is

PHYSICAL REVIEW D 85, 093006 (2012)

(62)0

Wi=0 — f[ npnss(P. K p(P, OISE,  (AS3)

where the new trace is

B8E = ulky, By, Ps + v, 0"y KPs)

and we have been careful to separately write the two
contributions from the overlap of the final P state (the first
term) and the initial P state (the second term). As it turns
out, these terms are not identical. To reduce the calculation,
note that the trace now picks up the terms with an even
number of y matrices in Py:

(A54)

Pg— M+ PyS. (A55)
Moving the ¥ through P reduces the trace to
L =2M tr[ffw[f’m] +2(k - S)uly, p'y,Py°]
= 8M[k,p), + Pk, — (k- p)gu]
+ 8i(k - S)€pvapp'*PP. (A56)

In order to expand this into the four independent DIS
structure functions, we recall that p’ = ¢ + BP — k (with
MB = M — E,) and average over the directions of k|
using the identities (B2) and (B6). We get

- 2C2q~/.LQ,u. - (1g : p/)g,u,v] + 8M3(Bl - CZ)]Z
+ 8iC)€,,05PSP. (A57)

Dropping all terms proportional to ¢, and g,, the unpo-
larized terms reduce to

IRl = —8Mg,,[2C, + (k- p')]

vulu

P
—8M “ —=Z[2MvB B — 2(Cy — v*Cy)],  (A58)

and in the DIS limit, the coefficients can be simplified:
2C, + (k- p')— =k — k.q. + K
— —k.v2MvBB, — 2(C,
— 2(M — E)k, + 2k?
— 2k (k, + M — E|) = 2k_Mx,

— C2 V2)

(A59)
M(1 —x)

where the light-cone relation k_ =
has been used. Substituting gives

Es_kz:

P,P,
Iﬁﬁ u= 8M|:kzvgw, 2k Mx( Yz )] (A60)

The polarized terms contain an invariant not in the
canonical form. It can be reexpressed using the identity
(C3), giving

P =1,(8C\E))+ I,[8M*(B,

vulp
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In the DIS limit, these coefficients become

k2
8C,E, — 8M -+
4x

k 1 1

k2
—4M3 - Q2
8M2 K2
Mk, — —i], A62
v [ 4x ( )
giving
SP| 2 kﬁ. M ki
Lul, =38M [4 I, + 7( . M)Iz]. (A63)

Using Egs. (A25) and (A41), the isospin-0 contribution
to the SP interference term is then

vWE=0 = 2MxWI=" = —npng(e2)’xhd(x)

vGi™0 = —npngh(e2)°hY(x) (A64)

2
v _
M Gé_o = —npns%(ez)o[h;(x) - hS(X)],

where we introduce two new structure functions involving
the overlap of the S and P states:

hg(x)—(4 pu f dxkzo ()W h(x)
Mm, (= K1 - 23 (A63)
hlll(x) = (477.;2 / dXT S(X)‘JIP(X)

It is now an easy matter to compute the isovector con-
tribution to the SP interference term,

231
Wi =(8) [[ nsnp (P, k) p(P, k) I35,  (A66)

where removing the y°’s and summing over the diquark
polarization gives

I35 = Sul (Vv By ¥ + YaVuB' v K7 Ps) (A6T)
Using the identity
YoM + Py’8)7* =3M — PY’S, (A68)

we see immediately that the unpolarized part of J57 equals
the unpolarized part of 757, while the polarized part of J5?
is — % of the polarized part of 757. This can be summarized
by the relation

sP _ 1 SP 27SP
J Iy, + 300,

(A69)

previously encountered for J55 and J** in Eq. (A32).

Adding the two isospin contributions, and separating the
u and d quarks, gives the following result for the proton
structure functions:

PHYSICAL REVIEW D 85, 093006 (2012)

vWE(x) =2MxW! = —2npngx[2e2h%(x) + e3h5(x)]

() = _npns[4 21(x) — h?,(x)] (A70)

g = —npns<%eﬁ[hb(x) — hy(0)] —zeglhy(x) — hg(x)])-

These are combined with the S- and D-state contributions
as reported in Sec. I D.

b. SD interference
Only the W2 D-state component can interfere with the
S-state components, and this involves an isovector diquark,
giving
=1 _ (62)1
nv

f[ aspbs(P. Y p(P.K)ISE,  (ATD)

where agp, defined in Eq. (2.32), includes some factors
from the D-state wave function. Summing over the polar-
izations of the diquark and removing the y>’s gives the new
trace

Iop = =30 tulFa v B VuVa Psl = =30, (AT2)
where the two identical terms (with the D state in either
the initial or final state) have been combined, and the
trace I” was encountered before, Eq. (A13). Using
Egs. (A14)-(A16),

1~ . T
19, = SRUSS — I35] = 8M(S - K)ic uyapk” p'?

= 8M2[(C1 - %iéQ)Il - MVCQ.Iz]

1 M
i 8M2k2P2(Z)|:§ ]1 - ]2] (A73)
v
This contributes
~ 1
vGi0 = §6ISD(€q) d,(x)
2 1 (A74)
MGQ_I gaw(ez)]d (x),
where the new structure function is
d)(x) = ( o [ dxPy )R PSCOUD (). (ATS)
The proton structure functions are
gl(x) = _gasa[ezd (x) + 2d,(x)]
(A76)

gh(x) = asz)[ezd (x) + 2d,4(x)].

¢. PD interference

As for the SD interference, only the W22 term will
interfere with the P state, and the trace is
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L (62)1

Wizt — f[ app o (p ) p(P, RIED,  (ATT)

where app, defined in Eq. (2.32), includes some factors
from the D-state wave function. Summing over the spin of
the diquark and removing the y°’s gives

JZ? = lDaa’ tr[(?ayvﬁl’y,u,ki}a’ + 7ak7vﬁ/yui/a’)?S]
=% [(%71}]5 Yu + YVﬁ Vﬂlé)?s
NGV RT Tk b 1, TOPs | (AT8)

where, in this term, Pg — M + Py>8. The unpolarized
terms cancel, and using the identities

FPy'S + PySsk = 2(k - S)PyS

- - N (A79)
K9Py 87 + 5PV 87K = —2(k - S)Pv>,
this trace reduces to

JED =8 (k - S)uly, 'y Py 1— —3K*IE,,  (ABO)

where 15|, was given above, Eq. (A63). This term con-

tributes to both G, and G,, giving

- 2
VG{IZ

9 apD(eﬁ)'hé(X)

(A81)

v: o 2
— Gyl = §‘1PD(6(21)1[1’12(X) -

- )

where the result has been expressed in terms of the new
structure functions

h2(x) = ng)Z [:o dxkzop ) ()l (x)

p o K1 — ) (A82)
me0 =g [T et ous .
Evaluating this for the proton gives
81 (x) = Japplenhi(x) + 2e5h5(x)]
85(x) = Gapp(ez[ i (x) — hi(0)] + 2e3[n5(x) — h3(x)]).
(A83)

Note that the structure of these terms is similar to the SP
interference terms, except for the charge weightings, which
is parallel the SD interference terms.

APPENDIX B: DETAILS IN THE DERIVATION OF
THE DIS FORMULAE

First, evaluate the average of k, over the directions of
k | . Using the fact that the wave functions are independent
of the direction of k |, and that P - k= 0, we use the fact
that the integral can depend only on

PHYSICAL REVIEW D 85, 093006 (2012)

(P-q)P vP
qg=q— =qg—— Bl
g=q 72 9= 3 (B1)
which gives
1 -
— | dQy ko = B1{q- B2
o [0k, =i (B2)
The coefficient B is therefore
k-G Mk-q)—vk-P) k. k
B =Fa_ (k- q) = v( ):iﬁi’ (B3)
q Mg lql v

where the last expression is the result in the DIS limit. The
average over p), = q + P — k= g + BP — k[where B =
1 — (k- P)/M?] follows immediately:

2L fdnhpg — o + BP, =BGy = APy + Arda
a
(B4)

where A; and A, are

The second integral we encounter is the average
1 ~ ~ ~
o [ a0 Rukis = Ciap + Cotiap B9

where ¢ was defined in Eq. (2.17). The simple form (B6)
follows from the conditions that the contraction of P into
either index must give zero. The coefficients are found
from the relations

k*=3Cy + G (g k?=Ci3* + Crg', (BY)
giving
272 2 N2 22
g*k” — (g - k) 3(g - k) — gk
Cl=—75FF—"— C,=———"——. (B8
1 27 2 7 (B8)
Noting that §> = —q? and k = —k2, we can write
1 1
C, = — -k = —-k%sin’0
2 2
173 1 1 1 (B9)
In the DIS limit
P q)?
- (e + D )— - ®10)

we may write
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1 1
To express C, in terms of k7, we note that
ko=M(—-x)=E;—k, =\[m§ +k5 + k2 —k. (B12)
Solving for k, gives
m2 + k2 1
k, = st — ~M(1 — x), B13
and hence
1T m2+K)? 1 1
C,— —| ot — = (m? +2K%) + ~M?*(1 — 2]
22 [4M2(1 — x)? 2(m5 1) 4 ( %)
1
v

Even though C, is very small, it cannot be neglected
because it multiplies a large term.
Note that

N 1
k* =3C, = C3*> — —c, = =k + Eki' (B15)

PHYSICAL REVIEW D 85, 093006 (2012)

APPENDIX C: IDENTITY FOR THE REDUCTION
OF THE HADRONIC TENSOR

Here, we prove an identity needed for the calculation of
the P-state contributions to the hadronic tensor. This is

i€,,0P7SP — Z—giemﬂqwasﬁ - %iemaﬁqwasﬁ
:Elll +E2]2. (Cl)

To prove this identity, note that both sides conserve
current and are antisymmetric; therefore, the coefficients
E; can be determined by requiring the projections P*T,,,
and S#T,, be equal. This gives

M M} M2

E=-2 g=2_-" 2
1 2T 07 " o (C2)

2x

In our calculation, we were able to ignore terms propor-
tional to g, or g,. If these terms are dropped, the identity
becomes

l.fl“,aBPaSB - E]I] + Ez]z. (C3)
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