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ABSTRACT

A c h i r a l  bag model inc lud ing  th e  e f f e c t s  o f  quarks , gluons and 
pions i s  c a lc u la te d  p e r tu r b a t iv e ly  to  second  o r d e r .  The bag shape  i s  
determined from th e  requ irem ent th a t  th e  p re s su re  ex e r ted  by th e  f i e l d s  
be zero a t  t h e  bag s u r fa c e .  To second o rd e r  th e  nucleon i s  found t o  be 
s p h e r ic a l ,  w h ile  the  A  i s  o b la te  or p r o la te  f o r  sp in  p r o je c t io n s  
|mz |= 3 /2 ,  |mz l= l /2  r e s p e c t iv e ly .  The coup ling  c o n s ta n ts  g-n^and

a re  c a lc u la te d  and th e  r a t i o  i s  an im provem ent over
previous work. The nucleon and 4 magnetic moments a re  a l s o  c a lc u la te d .
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I .  INTRODUCTION AND SUMMARY

A. Deformation of th e  Baa 

This d i s s e r t a t i o n  p re sen ts  a s y s t e m a t i c  t r e a t m e n t  t o  second  

o rd e r  of a c l a s s i c a l  c h i r a l  bag. A major f e a t u r e  i s  o u r  i n c l u s i o n  of 

deformation e f f e c t s  genera ted  by gluon and p io n  f i e l d s .  A key t o  th e  

c a lc u la t io n  i s  the  n o n lin e a r  boundary c o n d i t io n  (h e n c e f o r th  NLC) w hich 

a r i s e s  when one v a r ie s  th e  Lagrangian w ith r e s p e c t  to  t h e  bag s u r f a c e .  

As i s  shown i n  C hapter  V, th e  NLC i s  m e re ly  th e  s t a t e m e n t  t h a t  th e  

p re s su re  a t  any po in t on th e  bag s u r fa c e  be z e ro .  P r e v io u s  bag p a p e r s  

have s e t t l e d  f o r  an a n g le -av e rag ed  NLC w h ich  a u t o m a t i c a l l y  i m p l i e s  a 

s p h e r ic a l  s u r fa c e .  This compromises th e  bag physics and i s  unnecessary .

The o r ig in a l  MIT bag phenomenology inc ludes  a volume energy in  

o rd e r  to  s t a b i l i z e  th e  b ag .  T h i s  i s  a c c o m p lish e d  by i n t r o d u c i n g  a 

c o n s ta n t  B in to  th a t  p a r t  o f  the  Lagrangian d e n s i ty  which d e s c r ib e s  th e  

i n t e r i o r  of th e  bag. The inward p re s su re  g e n e r a te d  by th e  c o n s t a n t  B 

c a n c e ls  the outward r a d i a l  p re ssu re  due to  t h e  S - s t a t e  quarks. S in c e  B 

i s  a  cons tan t,  a s p h e r ic a l  bag c a n  r e s u l t  o n l y  i f  t h e  p r e s s u r e  i s  

independent o f  angle, which f o r tu n a te ly  i s  t r u e  fo r  S - s t a t e  q u a r k s .  As 

soon as one conside rs  e x c i te d  quark s t a t e s  o r  gluon o r  pion e f f e c t s  th e  

p re s su re  becomes an g le  d e p e n d e n t .  T h is  shows up i n  th e  NLC, w hich 

a c q u ire s  angle-dependent te rm s, and one n e e d s  a mechanism to  c o u n te r  

them lo c a l ly .  The p re s su re  terms which can have an a n g u la r  dependence
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a re  o f  th e  fo llow ing  form fo r  gluons and pions r e s p e c t iv e ly .

^  <  J.F.I i  i  " i li'̂  I

f { s r .  I f  u-u

where S .F . r e f e r s  to  th e  SU(6 ) s p in - f l a v o r  wave fu n c t io n s  of e i t h e r  th e  

nucleon o r  A  . The in d ic e s  i  and  j  r e f e r  to  t h e  q u a rk s  i n  t h e  bag . 

One may observe  t h a t  th e  m a tr ix  e lem ents  in  ( 1 . 1 )  h av e  a s p in  2 , i  =2, 

J=0 behav io r .  They a re  e s s e n t i a l l y  th e  fam il ia r  S j 2  o f nuc lear p h y s ic s .  

Eq. (1 .1 )  d o e s n ' t  invo lve  a n y  i n t e g r a t i o n  so  we lo o k  t o  t h e  s p i n  

behavior o f  th e  nucleon and A SU(6 ) wave fu n c tio n s  f o r  g u id a n c e .  One

sees  t h a t  (1 .1 )  must be zero  f o r  any sp in  1/2 sy s tem . This in c lu d e s  the

nucleon. The A* however, w i l l  no t be ze ro  s i n c e  i t  i s  s p i n  3 / 2 .  In  

f a c t  (1 .1 )  th e n  behaves l i k e  th e  L eg en d re  p o ly n o m ia l  P2 ( z ) .  The bag 

su r fa ce  must somehow conform so t h a t  th e  pressure  i s  s t i l l  l o c a l l y  z e ro .

We a n t i c i p a t e  a d e fo rm a t io n  o f  t h e  same form a s  t h e  p r e s s u r e .  (See

Chapter I I I  f o r  i n t u i t i v e  d is c u s s io n )

The remedy i s  t o  s o lv e  t h e  bag e q u a t i o n s  f o r  an o b l a t e  o r  

p r o la te  bag s in c e  i t  happens t h a t  t h e  p re s s u re  i s  in d e p e n d e n t  o f  th e  

azim uthal a n g l e .  The d e f o r m e d - b a g  s o l u t i o n s  a r e  w o rk ed  o u t  a s  

p e r tu rb a t io n s  around a s p h e r i c a l  geometry in  a s im p le  power s e r i e s  in  

the  e c c e n t r i c i t y  The e c c e n t r i c i t y  i s  t h e n  fo u n d  to  be a  d i r e c t



func tion  o f  th e  s t r e n g th s  o f  th e  pion and gluon f i e l d s ,  a s  w e l l  a s  th e

mean bag r a d iu s .  (We did  n o t  know u n t i l  th e  end of the  c a l c u l a t i o n  th a t

£ was a c t u a l l y  sm a l l  enough t o  j u s t i f y  a p e r t u r b a t i o n  e x p a n s io n . )

F o r tu n a te ly  th e  sp h e r ic a l  s o l u t i o n s  f o r  t h e  p i o n s  an d  g l u o n s  a r e

unchanged by th e  deformation i n  t h i s  second-order c a lc u la t io n  s in c e  they

a re  a lready  o f  second o r d e r  i n  th e  sm a l l  q u a n t i t i e s  g and g c , where

gssl/ffl- and gc= th e  s trong  c o u p l in g  c o n s t a n t .  D efo rm ation  e f f e c t s  on

2 2  2 2them would be o f  o r d e r  6 g and £ gc , and  a r e  i g n o r e d .  The only  

f i e l d s  a f f e c t e d  a re  th e  th r e e  o r ig in a l  S - s t a t e  quarks . These  a c q u i r e ,  

i n  a d d i t io n  to  th e  usual J = l / 2  s t r u c t u r e ,  a d d i t i o n a l  s m a l l  J= 3 /2  and 

J=5/2 com ponents  which a r e  c a l c u l a t e d  i n  C h a p te r  I I I .  (A ppendix  A 

develops th e  necessary  machinery fo r  a deformed bag .)

Once th e  f i e l d s  have been  d e te r m in e d ,  bo th  th e  a v e ra g e  bag 

ra d iu s  and th e  e c c e n t r i c i ty  a r e  f ix ed  by th e  NLC. The average ra d iu s  i s  

f ix e d  by th e  ang le- independent p a r t  of th e  NLC (eq u iv a len t  to  minimizing 

th e  energy w ith  re sp e c t  to  mean ra d iu s ) ,  w h ile  £ i s  f ix e d  by r e q u i r i n g  

th e  angle-dependent p a r t  o f  th e  NLC to  v a n ish .

In  Chapter I I IB  th e  shapes o f  th e  nucleon and A  a re  ob ta ined . 

N a tu ra l ly  t o  second order i n  th e  c a lc u la t io n  th e  nucleon i s  s p h e r ic a l ;

i s  i d e n t i c a l l y  zero . A side from th e  r e a s o n in g  g iv e n  e a r l i e r  one 

might have guessed t h i s  on t h e  b a s i s  t h a t  q u a d r u p o l e  m om ents  a r e  

p ro h ib i ted  f o r  J = l /2  o b j e c t s .  However, i t  i s  n o t  c l e a r  how th e  bag 

shape r e l a t e s  t o  i t s  q u a d ru p o le  moment. I t  may be p o s s i b l e  t h a t  a 

h ig h e r-o rd e r  c a lc u la t io n  w i l l  show a deformed nucleon.



We would l i k e  to  b r i e f ly  d i s c u s s  an a l t e r n a t i v e  scheme w hich

makes f o r  a deformed n u c l e o n .  A p o s s i b l e  m e c h a n ism  f o r  n u c l e o n

deform ation  a t  o rder g i s  shown f o r  t h e  nucleon in  th e  paper by Ma and

Wambach.l This would in v o lv e  c o n f i g u r a t i o n  m i x i n g ,  w h ic h  e n t a i l s

assuming one of th e  o r i g i n a l  S - s t a t e  q u a r k s  i s  somehow r e p l a c e d  by a

D -s ta te  quark . The t o t a l  wave f u n c t i o n  i s  t h e n  a n t i s y m m e t r i z e d

a p p r o p r i a t e l y .  They m in im ize  t h e  t o t a l  energy w i t h  r e s p e c t  to  th e

deform ation  param eter and  f i n d  t h a t  t h e  p ion p r e s s u r e  h a s  in d u c e d  a

f i n i t e  deform ation o f  t h e  nucleon. The sim ple re a so n  f o r  t h i s  i s  t h a t

the  q u a rk  s p in s  i n  t h e  nuc leon  no l o n g e r  add up to  1 /2 .  T h i s  i s  a

n o n -p e r tu rb a t iv e  approach and one must n o te  th a t  f o r  a  g iven r a d i u s  th e

D -s ta te  e n e rg ie s  w i l l  be h igher th an  th e  S - s t a t e  e n e r g i e s .  We r e g a r d

using  e x c i t e d  s t a t e s  f o r  t h e  b a s i s  o f  a p e r t u r b a t i o n  sc h e m e  a s

u n n a tu r a l ,  and p ro b a b ly  u n r e a l i s t i c  f o r  th e  n u c le o n .  However, th e

c o n f ig u ra t io n  mixed s t a t e s  could be re a so n a b le  fo r  d e sc r ib in g  t h e  Roper

£
resonance  o r  the  N p a r t i c l e s .  I n d e e d  t h e  u s e  o f  t h e m  w i l l  

a u to m a t ic a l ly  genera te  deformation even i n  J= l / 2  system s, so perhaps  th e  

Roper i s  deformed. Ma and Wambach^ a l s o  look  f o r  n u c le o n  d e f o r m a t io n  

w ithou t c o n f ig u ra t io n  m ixing . There th e y  f ind  no defo rm ation  so  we a r e  

in  agreem ent. In  th e  absence of c o n f ig u r a t io n  mixing they  found th e  A 

to  be s t r i c t l y  o b la te .  We be lieve  t h i s  i s  only h a l f  th e  s to ry  s in c e  our 

A was bo th  o b la te  and p r o la te  depending on sp in  p r o j e c t i o n s .  In  f a c t  

they overlooked c a l c u l a t i n g  the  shape o f  th e  A fo r  mz =1/ 2 . When they 

c a l c u l a t e  t h i s  we b e l i e v e  they w i l l  rep roduce  our r e s u l t s  q u a l i t a t i v e l y .



Our c a l c u l a t i o n  in c lu d es  g luons  whose a n g u la r  p re s s u re  t e n d s  t o  p a r t l y
j

can c e l  th e  p io n s  a n g u la r  p r e s s u r e  so t h a t  t h e  bag i s  n o t  r a d i c a l l y  

deformed.

The A shape i s  s h o w n  i n  F i g .  1 . A s i m p l e  m nem on ic  i s  

o b ta ined  i f  one th in k s  o f  a w ater  b a l lo n .  I f  a l l  the  quarks  s p i n s  l i n e  

up mz=+3/2 and th e  w a te r  b a l l o o n  i s  o b l a t e  due  to  r o t a t i o n .  I f  th e  

s p in s  a re  m ostly  i n  the  x and y d i r e c t io n s ,  t h e n ,  mz= j4 /2  and o u r  w a te r  

b a l lo o n  i s  p r o l a t e .  Of c o u r s e  t h i s  m n em o n ic  s h o u l d  n o t  b e  t a k e n  

l i t e r a l l y .

The r e a d e r  can t r a c k  backward from Eq. (3 .17) to  f i n d  a l l  th e  

deform ation  c o n t r i b u t i o n s .  T a b le  I  p r e s e n t s  t h e  e c c e n t r i c i t y  o f  an 

mz=+3/2 A  f o r  s e v e ra l  v a lu es  o f  mw and f ^  ( n o t e  t h a t  we u s e  an  o b l a t e  

geometry f o r  o u r  c a l c u l a t i o n s ;  however, p r o l a t e  geometry co rre sponds  to  

6  ^ n eg a tiv e ;  see  Chapter I I IA  and Appendix A ) .  One f i n d s  t h a t  p ion  

e f f e c t s  outweigh th e  gluon e f f e c t s  i n  d e t e r m i n i n g  t h e  b a g  s h a p e .  

E quation  (3 .1 7 )  shows th a t  t h i s  s t ro n g ly  depends on the  bag r a d iu s  along 

w ith  c i Q. For exam ple, i f  e i t h e r  o( c o r  R i n c r e a s e d  much, th e n  th e  

p re v io u s ly  o b l a t e  (p r o la te )  bag would be found t o  be p r o l a t e  ( o b l a t e ) .  

F in a l ly ,  n o te  from T ab le  I  t h a t  th e  use  o f  m a ss iv e  p io n s  i n  th e  bag 

eq u a tio n s  l e a d s  to  s i g n i f i c a n t l y  sm aller p ion  p re s su re  and c o n s e q u e n t ly  

a  sm alle r  amount o f  defo rm ation .
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FIG. 1. The shape of the A bags. The solid curve represents 
the prolate | m2 | =  y  case, while the dashed curve is oblate and
\mz \ = y .  A nominal value o f /V  =  93.3 MeV and m n =  138

MeV was used in obtaining these figures. The mean radius of 
both A’s is R =  1.249 fm.
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B. Bag Energy and S t a b i l i t y  

We have f i t t e d  t h e  nucleon and A  masses f o r  th e  case  o f  b o th  

m assive and m assless  p io n  f i e l d s .  T h is  f i x e s  the  two f r e e  p a ra m e te r s  B 

and o<c f o r  fo u r  cho ices  o f  f ^  and ra.̂ - ( s e e  T ab le  I X ) .  The s e p a r a t e  

c o n t r ib u t io n s  to  the  bag energy a re  summarized in  Table I I I .

We n o t e  t h a t  t h e  p i o n  m a s s  s o f t e n s  t h e  p i o n  p r e s s u r e  

s i g n i f i c a n t l y  and a llow s  f o r  a l a r g e r  bag . This e f f e c t i v e l y  i n c r e a s e s  

th e  energy s p l i t t i n g  due t o  gluon e f f e c t s  and i s  d e s i r a b l e .  However, 

one can see  from F ig s .  2 -4  t h a t  t h e  p i o n  m ass  d o e s  n o t  c h a n g e  t h e  

dependence o f  th e  bag energy  on R very  much.

A problem b a s ic  t o  c h i r a l  bags i s  a -R”^ [E q. ( 4 . 2 d ) ]  e n e rg y  

dependence due to  t h e  p i o n s .  As t h e  e n e r g y  s t a n d s  now , t h i s  i s  

u n r e a s o n a b le  b e c a u s e  b o t h  n u c l e o n  a n d  4  b a g s  w o u ld  be h i g h l y  

m e ta s ta b le ,  a s  shown i n  F i g s .  2 - 5 .  We had  hoped t h a t  t h e  i n c r e a s e d

Q
energy due to  deform ation  a l o n e  m i g h t  o v e rw h e lm  t h e  n e g a t i v e  R 

p ion -energy  term . The argument was based  on th e  o b s e r v a t i o n  t h a t  th e

/  O
defo rm ation  energy (Appendix A) i s  o f  o rd e r  + 6  /R where £ i s  a l i n e a r

o n  o
f u n c t io n  o f  g , Eq. ( 3 .1 7 ) .  Now g has  d im e n s io n s  o f  ( m a s s ) ”  so t h e  

p ion  c o n t r ib u t io n  to  £ ^  must be p r o p o r t i o n a l  to  g^R” ^ i n  o r d e r  t o  be 

d im en s io n less .  This means t h a t  th e  p io n  c o n t r ib u t io n  to  th e  deform ation 

energy goes a s  R” ^ , a n d  i s  p o s i t i v e .  H o w ev er ,  e v e n  t h o u g h  t h e  

deform ation  energy would h e lp  th e  A  i n  a  f o u r th - o r d e r  c a l c u l a t i o n ,  i t  

does no t a i d  th e  nucleon s in c e  4^=0 i d e n t i c a l l y .
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TABLE I. Gluon and pion contributions to the bag eccentri­
city for two values o f f n, and both massive and massless pions. 
(Note that eA2 simply changes sign for | mz | =  y  and the bag is 
prolate.)

/ * = ! / *
(MeV)

m ir
(MeV)

6 a2( |
Gluon

| m | = 3 /2 )  
Pion Total

93.3 0 -0 .0 5 4 0.242 0.188
138 -0 .0 6 2 0.197 0.135

114 0 -0 .071 0.150 0.079
138 -0 .075 0.123 0.048

TABLE II. The bag constant and ac obtained for two values 
of f„ ,  and both massive and massless pions.

/ „  (MeV) m v (MeV) B (MeV/fm3) ^T~

93.3 0
138

114 0
138

38.60 1.593
36.72 1.808
34.65 2.080
33.75 2.192
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FIG . 2. Nucleon bag energy as a function of radius. Here 

/ Jr= 93 .3  MeV. The solid curve is for massless pions while the 
dash-dot curve is for massive pions. Also shown is a dashed 
curve which is the total energy minus the pion contribution.
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FIG . 3. Nucleon bag energy as a function of radius. Here 
f w=  114 MeV. For further explanation, see Fig. 2 caption.
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FIG . 4. A bag energy as a function of radius. H e r e /* =93 .3  
MeV. For further explanation, see Fig. 2 caption.
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FIG . 5. A bag energy as a function of radius. Here /„ . =  114 
MeV. For further explanation, see Fig. 2 caption.



13

C. Coupling Constants and Magnetic Moments 

A p h y s ica l  consequence of A deformation i s  r e f l e c t e d  i n  the  

p ion-A  coupling c o n s ta n t  5^ * .  The coupling  c o n s ta n t  i s  c a l c u l a t e d  in  

Chapter VII and shown to  have two d i f f e r e n t  values depending on th e  4  

s p in -p ro je c t io n .  This i s  a c o n t r o v e r s i a l  r e s u l t  and i s  d i s c u s s e d  in  

Appendix I .  The r a t i o  o f pion-nucleon coupling to  p i o n -  A c o u p l i n g  i s  

a l so  c a lc u la te d .  I t  i s  an improvement o v e r  th e  r e s u l t s  o f  o t h e r  bag 

ca lcu la tions®  we have s e e n  which a r e  o f f  th e  e x p e r im e n ta l  num ber by 

around 100%. The r a t i o  we o b ta in  i s

7 H i ( 1 . 2)

K 1 -  V l

3 -ha a

l&Kll “ ‘/-L

, 773
(1 .3 )

The experim ental r a t i o  i s

(1 .4 )
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Another p h y s ica l  q u a n t i t y  which how ever i s  n o t  a f f e c t e d  by 

deform ation i s  th e  r a t i o  o f  t h e  proton m a g n e t ic  moment to  t h e  n e u t ro n  

magnetic moment. This i s  c a lc u la te d  in  Chapter V III .  We g e t

A  ? ~  -  1.431

M n  (1 .5 )

The experim ental r a t i o  i s

-  - M U
( 1 . 6)

The A magnetic moments a r e  a l s o  c a lc u la ted  b u t  we have no e x p e r im e n ta l  

comparison. The deform ation  e f f e c t s  on the  A  a re  l e s s  th a n  1%.

D. O rg a n iz a t io n  of D is s e r t a t io n  

C h a p te r  I I  i s  d e v o te d  to  th e  d e r i v a t i o n  and d e t a i l s  o f  a 

p e r tu rb a t io n  h ie ra rch y  f o r  a  c h i r a l  bag. S im p le  fo rm u las  f o r  th e  bag 

energy a re  o b ta in ed  th e r e .

C h a p t e r  I I I  s u m m a r i z e s  t h e  n e c e s s a r y  t e c h n i q u e  f o r  a 

n o n -sp h e r ic a l  bag and c a l c u l a t e s  the  deform ation  v ia  the  NLC.
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Chapter IV d e sc r ib e s  th e  s im ple num erical f i t s  which determ ine 

t h e  mean r a d i i  a long  w ith o( and B.

Chapter V r e l a t e s  th e  NLC to  p r e s s u r e  and  d i s c u s s e s  n u c leo n  

deform ation  i n  h igher  o rd e r .

C hap ters  VI and VII c a l c u l a t e  t h e  p io n  f i e l d  of 0 ( g ® ) ,  and 

p ic k s  o f f  th e  v a r io u s  coup ling  c o n s ta n ts .

Chapter VIII i s  a  c a lc u la t io n  o f  magnetic moments.

Chapter IX d is c u s s e s  c l a s s i c a l  v e rsu s  quantum f i e l d  t h e o r y  i n  

th e  bag model and e x p la in s  th e  e n e r g i e s  a t  w hich bag m odels m ig h t  be 

a p p ro p r ia te .

The A ppendices a r e  m ain ly  t e c h n i c a l .  However, A ppendix  E 

d is c u s s e s  c h i r a l  symmetry.



I I .  ENERGY AND EQUATIONS OF MOTION

A. Exact Equations from th e  Lagrangian

I n s id e  the  bag , th e  equ a tio n s  o f  m otion  a r e  d i c t a t e d  by th e

o r ig i n a l  MIT L a g ra n g ia n .  O u ts id e  t h e  bag  we use  a L a g ra n g ia n  whose 

c h i r a l  syraetry i s  b ro k e n  by m ass ive  p i o n s .  The s u r f a c e  te rm s  w hich  

couple t h e  in n e r  and o u t e r  L a g r a n g i a n s  a r e  d i s c u s s e d  i n  R e f .  3 .  

S t a b i l i t y  o f  th e  a c t io n  under v a r i a t i o n  o f  th e  th r e e  f i e l d s  r e s u l t s  i n  

th re e  f i e l d  equa tions  and t h r e e  s o - c a l l e d  l i n e a r  b oundary  e q u a t i o n s .  

When a v a r i a t i o n  i s  tak en  w ith  re s p e c t  to  th e  bag s u r fa c e  th e r e  em erges 

th e  w e ll  known bu t f r e q u e n t l y  ig n o r e d  n o n l i n e a r  b o u n d a ry  c o n d i t i o n

(NLC).

The Lagrangian i s

( 2 . 1)

where *P i s  th e  quark f i e l d ,  A* i s  th e  g luon v e c to r  p o t e n t i a l  w ith  c o lo r

a , pion Sums over quark  i s o s p i n

and c o lo r s  a r e  suppressed  i n  ( 2 . 1 ) ,  bu t a r e  im p l i e d , The

g e n e ra to r s  o f  th e  SU(3) c o lo r  group a r e  A , and o f  t h e  SU(2) i s o s p i n

16
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group T .  The symbol &. i s  u n i ty  in s id e  th e  bag and zero o u t s id e ,  & ris
(W V

u n i ty  outside and  ze ro  in s id e ,  and A s i s  a S '  f u n c t i o n  on t h e  s u r f a c e  

o f  th e  bag which h a s  outward norm al n*. For a  s p h e r i c a l  bag, n ^ f O , ? ) ,  

The two coupling c o n s ta n ts  a re

•P-rr

( 2 . 2)

^  = Y~4TT e<c.

■where i s  th e  p io n  decay c o n s ta n t  with e x p e r im e n ta l  value o f  93 .3  MeV, 

and e<c i s  th e  c o l o r  f i n e - s t r u c t u r e  co n s tan t .  The color f i e l d  te n s o r  i s

F * *  -  -  y  be A t A <. (2*3)

where f ajjC a r e  t h e  SU(3) s t r u c t u r e  c o n s t a n t s .  Two " c o v a r i a n t ” 

d e r iv a t iv e s  which w i l l  be employed a r e

t  Tk ~ y  -  A t

(2 .4 )
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The a c t i o n ,  which i s  s t a t i o n a r y ,  i s

Varying t h i s  w ith  r e s p e c t  to  'ft, AM, and f t  gives th r e e  equa tions

a = 9< 4 ' “ +  <2 *5a>

(2 .5b)
z

f t  -  0  (2 .5 c )
A* /-

(where th e  f i r s t  two hold  in s id e  th e  bag and the  l a s t  o u ts id e )  and th re e  

boundary c o n d i t io n s  on th e  s u r fa c e  o f  t h e  bag

* i / i  -  ( I + 91 <{■’ f ( I + M l i  ^  ( 2 ' 6a)

Iw  F * '  = o ( 2 . 6 b)

i a '  i  -  -  ( i + f  y r i  %  /  ^  ( 2 -6 =)
•*- z

Note th a t  th e  D irac  eq ua tion  f o r  'f/  has a source term  o f  o rder  g 2 s i n c e

th e  co lo r  f i e l d  A w i l l  be p ro p o r t io n a l  t o  gc . The sou rce  of th e  pion
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f i e l d ,  boundary co n d i t io n  ( 2 .6 c ) ,  shows t h a t  i t  i s  o f  o r d e r  g . I f  t h e  

bag i s  s t a t i c ,

F i n a l l y ,  vary ing  th e  a c t io n  w ith  re sp ec t  t o  th e  su r fa ce  o f  th e  

bag g ives t h e  NLC. This  i s  a  l o c a l  c o n d i t io n  which must be s a t i s f i e d  a t  

every p o in t  on th e  bag s u r f a c e  S:

B = -  { i  F r  f  /  f  + 9‘ ?  / ‘ I*

This can be s im p l i f i e d  w ith  th e  help  o f  Eq. (2 .5 a ) :

B. P e r tu r b a t iv e  Equations to  Second Order 

The nex t s te p  i s  to  e s t a b l i s h  a p e r tu r b a t io n  scheme t o  s o lv e  

the  th re e  f i e l d  equ a tio n s  w i t h  t h e i r  r e s p e c t i v e  l i n e a r  b o u n d a r y  

cond itions  and th e  NLC. F o l lo w in g  J a f f e , ^  Chodos a n d  T h o r n ,  ^ and
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o th e r s ,  we expand th e  f i e l d s  and energy p e r tu r b a t iv e ly  assum ing b o th  g 

and gc a re  sm all q u a n t i t i e s  o f  s im i la r  o rd e r :

t  = 3 + j’ k^  -A-

I  = t o  + f t , V  + t z ,  + * * • (2<8)

1 ?
U / r  U /O  +■ 3 U / I i r  +■ 3 £. I v j j  +  * •

A - 3 <. A <w f  5 c  /  a j  f

The equations  to  z e r o t h  o r d e r  i n  t h e  c o u p l in g  c o n s t a n t s  in v o lv e  th e  

quark  f i e l d s  on ly :

-  x • V t ' 0 ~  I V o ^ ' (2 .9 a )

(2 .9b)

B -  -  -L  k M %  t o ^ ' t ' o j .  J ( 2 . 9 c )
Z A = / I 5

1  = J  'J-e ^  p (2 .9d)
w

The l a s t  term i s  th e  n o rm aliza tion  c o n d i t io n ,  and i n  (2 .9 c )  the  sum over 

th e  th re e  quarks has been e x p l i c i t l y  in c lu d ed .

The pion and gluon f i e l d s  f i r s t  a r i s e  i n  0 ( g , g c ) ,  b u t  a s  a l l  

p h y s ic a l  observab les  depend on t h e  s q u a r e  o f  t h e s e  f i e l d s  ( o r  on

9 op roducts  of c u r r e n ts  and f i e l d s ) ,  on ly  term s of 0 (g ,g_ ) a re  p h y s i c a l ,
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n n
and th e  eq u a tio n s  a r e  n o t  c o m p le te  u n t i l  a l l  t e rm s  o f  0 (g  , g c ) a r e

in c lu d e d .

Before developing  th e  s p e c i f i c  e q u a tio n s  w hich d e te r m in e  th e  

p ion and gluon f i e l d s ,  we make a few g en era l  rem arks . In  what f o l lo w s  

we w i l l  use th e  p ion  f i e l d  as  an example, a l th o u g h  s im i la r  comments a l s o  

apply  to  th e  gluon f i e l d s .  I t  i s  convenien t to  denote t h a t  p a r t  o f  th e  

p ion  f i e l d  which a r i s e s  from th e  i t h  quark by ^  . B i l i n e a r  p r o d u c t s

over both  i  and j .  There a re  two o p t io n s ;  th e  sura can be u n r e s t r i c t e d ,  

o r  i t  can be r e s t r i c t e d  so t h a t  th e  i = j  terras a r e  excluded . In  a t r u l y  

f i e l d  t h e o r e t i c  c a l c u l a t i o n  th e  i  = j  t e r r a s  a r e  c r u c i a l  a n d  m u s t  be 

in c lu d e d  i n  some f a s h io n .  This  i s  d is c u s s e d  a t  l e n g t h  i n  C h a p te r  IX. 

For p r a c t i c a l  re a so n s  we e x c l u d e  th em  i n  o u r  e n e r g y  f i t s .  I f  we 

in c lu d ed  them we w o u ld n 't  be a b le  to  f i t  th e  n u c leo n . (S ee  F ig u r e  2 ) .  

Perhaps t h i s  o m is s io n  i s  r e a s o n a b l e  s i n c e  we a r e  d o in g  a c l a s s i c a l  

c a l c u l a t i o n  where th e  s e l f  e n e rg ie s  a re  m e a n in g le s s  anyway. S in c e  we 

dropped th e  i= j  te rm s in  th e  p ion  s e c to r  i t  would be c o n s i s t e n t  t o  drop 

them i n  th e  gluon s e c to r  as w e l l .  Presumably one should absorb  th e  i = j  

te rm s in to  th e  mass r e n o r m a l i z a t io n  and com pute t h e  e n e rg y  from  sums

C
over i ^ j .  However, i t  i s  w e l l  knownJ t h a t  t h i s  p ro c e d u re  c a n n o t  be 

c a r r i e d  o u t  f o r  t h e  c o l o r - e l e c t r i c  f i e l d .  In  o r d e r  to  s a t i s f y  th e  

boundary c o n d i t io n  ( 2 . 6 b ) ,  which f o r  th e  e l e c t r i c  components becomes

o f th e  p ion  f i e l d  th e n  take  t h e  form d o u b le  sum i s

( 2 . 10)



i t  i s  necessa ry  t o  in c lu d e  th e  i = j  term s in  th e  sura and to  r e q u i r e  t h a t  

th e  s t a t e  be a  c o lo r  s i n g l e t .  I f  t h e  quarks a l l  have th e  same mass and 

a r e  a l l  in  th e  same s t a t e ,  which i s  th e  case  f o r  t h e  n u c le o n s  and A  1 s 

t r e a t e d  here , t h i s  c o n d it io n  means t h a t  th e  c o l o r - e l e c t r i c  f i e l d  i s  zero  

everywhere i n s id e  th e  bag, and can be ig n o red .  T h is  w i l l  be assum ed in  

th e  remainder o f  t h i s  d i s s e r t a t i o n .  F o r  c o n s i s t e n c y  we w i l l  a l s o  

n e g le c t  the  tim e com ponent o f  t h e  c o l o r  c u r r e n t ,  w hich w ould be th e  

so u rce  f o r  th e  c o lo r  e l e c t r i c  f i e l d .  For f u r t h e r  d is c u s s io n  see  Chapter

a  s p h e r i c a l  bag ( s e e  Chapter IA ). There a r e  f o u r  k in d s  o f  e q u a t i o n s .  

F i r s t ,  th e  gluon f i e l d s  a re  de term ined by

where th e  index  i  ranges from 1 t o  3 and l a b e l s  th e  th re e  q u a rk s  i n  th e  

bag. I t  w i l l  be suppressed  whenever p o s s ib le .  In  t h i s  model th e  source

IX.

We now r e t u r n  to  t h e  s y s te m  o f  e q u a t i o n s  w hich c o m p le te ly
n n

s p e c i f y  th e  s o lu t i o n  to  0(g , gc ) .  I t  i s  s u f f i c i e n t  to  w r i te  t h e s e  f o r

( 2 . 1 1 a)

( 2 . 1 1 b)

J * ( 2 . 1 1 c)1

p X 8  * |  = O ( 2 . l i d )
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o f  th e  gluon f i e l d  i s  the  inhoraogeneous term  i n  ( 2 . 1 1 c) w h ich  may be

in t e r p r e t e d  as th e  c o lo r  c u r re n t  d e n s i ty  o f the  i t h  quark. T hat p a r t  of

-s. a
th e  t o t a l  gluon f i e l d  generated by th e  i t h  quark i s  w r i t t e n  A ^ . Note 

t h a t  th e  s t a t i c  co lor-m agnetic  f i e l d s ^  s a t i s f y  b oundary  c o n d i t i o n s  on 

th e  s u r fa c e  i d e n t i c a l  to  the  boundary co n d itio n s  f o r  th e  u su a l e l e c t r i c  

f i e l d  a t  th e  su r fa c e  o f  a conductor.

The second s e t  of e q u a tio n s  give the  pion  f i e l d  to  0 (g )

M  — 0

, /  = -  I d ;  2f r  X  /  " t ' S  I (2,12)
•*- 2 1 (

-  .L 4  P * ^ ^  ^  ® * I
2. ' S

The source  of th e  p io n  f i e l d  i s  t h e  boundary te rm  i n v o l v i n g  and 

ag a in  t h a t  p a r t  o f  th e  f i e l d  g en era ted  by th e  i t h  quark  i s  denoted  by

A
The t h i r d  s e t  o f  eq u a tio n s  g iv e s  us t h e  q u a rk  f i e l d s  'K. and 

a l s o  in v o lv es  th e  second-order e n e rg ie s  lVlir and U/fj .  B e fo re  we w r i te  

th e se  eq u a t io n s ,  we c a l l  a t t e n t i o n  t o  th e  f a c t  t h a t  VvtTr and  a re  

a c t u a l l y  o p e ra to rs  i n  the  quark s p i n - i s o s p i n  s p a c e ;  th e y  h av e  a  va lu e  

which depends on how t h e  t h r e e  q u a r k s  i n  t h e  b a r y o n  a r e  c o u p le d  

to g e th e r .  Furtherm ore, the  o p e r a t o r  fo rm  o f  U/I7r and  d o e s  n o t

commute w ith  t h e  6 - r  f a c t o r  i n  'f'o ; h e n c e  t h e  o r d e r  o f  t e r r a s  i s  

im p o r tan t .  S ince th e  p a r t i a l  tim e d e r iv a t iv e  commutes w ith  6 -p and the  

space d e r iv a t iv e s  6-V do not commute w ith  6 -p- , i t  i s  c l e a r  t h a t  th e
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energy term s should  be w r i t t e n  to  th e  r i g h t  o f  any D i r a c  wave f u n c t i o n  

(and to  th e  l e f t  o f  a l l  con ju g a te  wave f u n c t io n s ) .  The eq ua tions  f o r  

^  2tr and 'f '2 g a r e i th e r e f o r e ,

“  *■ ^  • V- ( £  ^  * *  3 t  9 ) =  I v *  ( 1 'I'***' * 9 *  4 * 1 *  )

f  f  4*0; l » i v i  + 3 1 "I-0; f a i l  J,' +  f i , J (2 .1 3 a )

f 9 "I l i t *  -  3 * 'flu..' 4 9 ^

+  . g V r y ^ } - /  ( 2 , 1 3 b )

Note t h a t  th e  sums on th e  r ig h t -h a n d  s i d e s  (R H S 's)  o f  t h e s e  e q u a t i o n s  

exclude th e  i= j  terra . This means t h a t  th e  c o lo r  f i e l d s  A and pion  f i e l d  

4  which i n t e r a c t  w i th  t h e  i t h  q u a rk  w i l l  a r i s e  o n ly  from t h e  o t h e r  

quarks i n  th e  bag , and c o n t r i b u t i o n s  t o  t h e  q u a r k  s e l f - e n e r g y  a r e  

n eg lec ted  (a s  d iscu ssed  a b o v e ) .  A l s o ,  ( 2 . 1 3 a )  i n c l u d e s  o n l y  t h e  

magnetic i n t e r a c t i o n ;  th e  e l e c t r i c  i n t e r a c t i o n  i s  n e g l e c t e d .  S in c e  g 

and gc a re  independen t,  we can  s e p a r a te  Eqs. (2 .1 3 )  a s  fo llow s:

— A ok -"v “ h* o in J 4- 'I* o IV* jr V (2 .1 4 a )

/  4 7t7jt = + ;  f t  ' /  f . i  ( 2 . 14b)
dV *

and
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- j  7 . - V  4 ^ ;  = . ^ 4 z 9 * 4  4 I <*A 4 oJ ' Z A , j ( 2.15a)
*• 1 J j Jijl'

* ' / 4 z 9 ;  = 4 ^ ;  ( 2 . 1 5 b)

These equations  a r e  solved in  Appendix B.

F in a l ly ,  th e  l a s t  eq u a tio n  i s  t h e  NLC. B e fo re  w r i t i n g  t h i s  

down, observe t h a t  th e  norm aliza tion  of ^  i s  a f f e c t e d  by 4 ' 2 * ^  t *ie 

o r i g i n a l  d e f i n i t i o n  o f  4 \> i s  r e ta in e d  ( i n c l u d i n g  i t s  n o r m a l i z a t i o n ) ,
n J

then  th e  c o r r e c t  n o rm aliza tion  c o n d it io n  to  0 (g ,g c ) i s  (n o  summation 

over repeated  in d ic e s  i s  im plied)

i  = [ v (  + * ^  + ^  ‘

* + ya/*1 4 #; +• 9̂ "47 itv + a t 4i,r  ̂ i
(2.16)

Hence

and the  NLC, to  0 (g ^ ,g c^ ) ,  becomes

8 -  i . T i T j  - i .  h" X  ^ ( 4 a ;  yy4o;) 4 ;1 t- -*V J yv-

- j -  u*  ^  A*; A<>;
X  i



26

- J_ a1 £  (4^; + 4»; 4jn/^
z  J X

1  )> M 2̂. ( 4 ' ? g i ' 4 o ;  +  4 - o < 4 - 2 g j )

“  L  S '  i - ( 4 n* • S * 4>,i - k * l -  4 , /  ' f  , j  } (2 .1 8 )l J  A  /  j ■''- '

The c o lo r  v e c to r  p o t e n t i a l  h a s  been r e p l a c e d  w ith  t h e  c o lo r - m a g n e t i c  

f i e l d  and th e  e l e c t r i c  f i e l d  has been s e t  e q u a l  t o  z e r o .  To e v a l u a t e  

th e  RHS of Eq. (2 .17) i t  i s  necessary  to  perform  a d o u b le  sum o v e r  a l l  

th r e e  quarks in  th e  bag, and ev a lu a te  th e  s p in ,  i s o s p i n  o p e r a t i o n s  f o r  

each hadron o f  i n t e r e s t .  I n  performing th e  double sum over quarks i  and 

j ,  we w i l l  e l e c t  not to  r e t a i n  the  i= j  te rm , as  d is c u s se d  above.

A complete s o lu t i o n  to  0 (g ^ ,g c^) i s  ob ta ined  by f i r s t  s o l v i n g  

Eqs. ( 2 .9 ) - ( 2 .1 8 )  fo r  a deformed bag  w i t h  a  s m a l l  e c c e n t r i c  6r o f  

0(g»gc ) .  The e c c e n t r i c i t y  w i l l  be un ique ly  de term ined  from  th e  NLC a s  

d iscu ssed  in  Chapter I I I .

C. The Bag Energy 

The Hamiltonian d e n s i ty  fo r  th e  bag can be o b t a i n e d  from t h e  

Lagrangian i n  th e  u su a l manner. To s im p l i fy  th e  d is c u s s io n  we w i l l  u se

I
th e  f a c t  t h a t  E =0, and A and <p a re  in d e p e n d e n t  o f  t im e  ( t h e s e  te r m s  

w i l l  be ab se n t  i n  th e  f i n a l  r e s u l t  in  any c a s e ) .  Then
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V  - Ik 1A + J 1 _  bi - X (2 .19)

and th e  bag energy i s

E  = A  ^  =  E «  + F,J + E ,  + ( 2 . 2 0 )

where

£ '  ^  - i .  [ + * * - 7 + 1

e-,1 -  J ^ T t i  + * 3 * - £ y r ) + (  i 4 f f ) * 7'

+  [ _ ■ * ( / ,4 9 ^ ^  ' P i  - - j - + k »vr * ■*■ /

E ,  = [  [  x f ' - B '  -  3 ‘ + + 2 - A n ' + ' J

( 2 . 2 1 a)

(2.21b)

( 2 . 2 1c)

/ 4 J I  I  B 
1

( 2 . 2 1 d)

where we have suppressed  a l l  sums over d i f f e r e n t  quarks i n  th e  bag.

We w i l l  now u se  t h e  e q u a t i o n s  o f  m o tio n  t o  s i m p l i f y  t h e s e  

e x p re s s io n s .  The boundary c o n d i t io n  (2 .6 a )  shows th a t
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( 2 . 22)

i s  e x a c t ly  ze ro  on th e  s u r f a c e  o f  th e  bag (because th e  RHS i s  r e a l  w hile  

th e  l e f t - h a n d  s id e  i s  im ag in a ry ) .  I n te g r a t in g  th e  (D term by p a r t s ,
A

and u s in g  t h e  e q u a t i o n  o f  m o tio n  ( 2 . 5 c )  and t h e  bo u n d ary  c o n d i t i o n  

( 2 . 6 c) ( r e c a l l  t h a t  the  outward normal to  th e  s u r fa c e  i s  p o s i t i v e )  g ives

A

-JL ( V i  (2 .23)
i  A 1 J v  * ^

o
To o rd e r  g th e  volume term  can be ig n o re d ,  and  ( 2 . 9 b )  u sed  t o  re d u c e  

th e  s u r fa c e  term  to

(2 .24)

o
As i s  w ell known, to  o rd e r  gc the  co lo r-m ag n e tic  i n t e r a c t i o n  

term i s  tw ice  a s  l a r g e  a s  t h e  B te rm ,  and o f  o p p o s i t e  s i g n ,  so  th e

9
magnetic energy to  o rd e r  gc i s

E ,  - - d
* (2 .25 )

The quark ,,k in e t ic " - e n e rg y  term can be reduced i f  we f i r s t  use 

th e  D irac  e q u a t i o n  and b oundary  c o n d i t i o n s  ( 2 .1 3 )  t o  d e te r m in e  th e
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second-o rder energy term s u ^ g  and l ^ 2 v '  ^  we mul fcip ly  (2 .1 3 a )  by

4^0 and i n t e g r a t e  over V we o b ta in ,  to  0(g ,g  )^

|  1 ( 51  4 1JT + ‘3 c 4 l g ,l
V

— k) o |  4 o  (  3*4-1 r  +  j ’ l^ i i r  +• f j i  kVig
V

+ s i  [  ( + .+ 2 A * - M ■ <2-26>
v 2

The LHS of t h i s  equa tion  can be in te g r a te d  by p a r t s ,  and th e  V  o p e ra to r  

e l im in a te d  by us ing  ( 2 . 9 a ) .  The b oundary  te rra  w hich  comes from  th e  

i n t e g r a t i o n  by p a r t s  can  be w r i t t e n  u s in g  e i t h e r  ( 2 .1 3 b )  o r  ( 2 . 9 b ) .  

Averaging th e se  two g iv e s

' K  /  (g’ J-m 4 i j  )  ~  ~  j 3 [4  o S ' 4 d )  ‘ 4*i (2 .27 )

C o l le c t in g  term s g ives

4  s 2  (  ( J °  >” f i  4 * ) ■ * ,

-  Wirr +  j !  l - ' i ,  + } l  ( ' / ' • < *  A  4  ^  1 «  ̂ ^

Using th e  f a c t  t h a t  g and gc a re  independent g ives  r e l a t i o n s  f o r  U/,n and 

lw,j 1

VJ1  tr -  X. ( + »  4 „ ]  • <f>
1

(2 .29a)
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w 2 3
(2.29b)

These r e s u l t s  agree w ith  th o se  ob ta ined  in  Appendix B from th e  s o l u t i o n

r e s u l t  t h a t  th e  second-order e n e rg ie s  can be o b ta in e d  w i th o u t  s o lv in g

and t h a t  l ÎTr i s  tw ice a s  l a r g e  and o f o p p o s i te  s ig n  from

The quark energy c an  now be o b t a i n e d  d i r e c t l y  from  ( 2 , 2 6 ) .  

Using th e  f a c t  t h a t  th e  s t a t e  i s  norm alized , we o b ta in

r- / 2 , (2 .30 )
^  ft = ^  0 ^ 3 1

C o lle c t in g  to g e th e r  a l l  th e  term s and i n s e r t i n g  sums o v e r  q u a rk s  g iv e s  

our f i n a l  ex p ress io n  f o r  th e  bag energy to  0 (g 2 ,g c2) :

fo r  t  2 ’, we have m ere ly  r e p r o d u c e d  t h e  w e l l  known Chodos and Thorn^

fo r  4" 2 '  Note t h a t  the  gc 2  te rm s can can c e l  from th e  RHS o f  Eq. (2 .2 6 ) ,

4 (2 .3 1 )

This w i l l  be eva lua ted  i n  C hapter V.



I I I .  SOLUTIONS FOR THE DEFORMED BAG

A. The D irac  Equation f o r  a Deformed Bag 

Equations ( 2 .9 )  a re  the  t r a d i t i o n a l  D irac e q u a t i o n ,  boundary 

c o n d i t io n  and n o rm a liz a t io n  fo r  th e  lo w es t-o rd e r  quark wave fu n c t io n  and 

energy . I f  th e  bag i s  s p h e r ic a l ,  th e  s o lu t io n  i s  w ell known:

- -  u

jo ( w* y)

; ? ■ £  j , ( u /© v i

\
'X

(3 .1 )

where ^  i s  th e  two-component sp inor o f  th e  quark, and

(3 .2 )

= P <3 *3>

S7T ? ?  S o  i f )  ( f - 0  

In  th e  r e s t  o f  t h i s  c h a p te r  we w i l l  suppress  a l l  two-component s p i n o r s ;  

a l l  e x p r e s s io n s  w i l l  t h e r e f o r e  be  m a t r i c e s  o r  o p e r a t o r s  on t h e  

two-component s p in - i s o s p in  space o f th e  quarks.

The r e m a in d e r  o f  t h i s  s e c t i o n  w i l l  be d e v o ted  t o  a  b r i e f  

summary o f  how to  t r e a t  th e  bag i f  i t  i s  no t s p h e r i c a l .  For a d e t a i l e d  

d is c u s s io n ,  see  Appendix A.

31
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We a n t i c i p a t e  a  s l i g h t  d e v ia t io n  from s p h e r i c i t y .  The form o f 

d e v ia t io n  i s  b a s e d  on k n o w le d g e  o f  t h e  fo rm  o f  t h e  p r e s s u r e  o f  

0 (g 2 ,g c 2) .  A s im p l i f ie d  example fo l lo w s .  Assume th e  p re s su re  i s  mainly

a fu n c t io n  o f  r a d iu s  bu t has an a d d i t i o n a l  s m a l l  p o r t i o n  w i th  a P 2 (z )

dependence.

P re s su re  = ~  $  e> +  ^ A  ^ P2 C i  )

where BQ i s  th e  e x te r n a l  vacuum p r e s s u r e .  P0 ( r )  i s  t h e  p r e s s u r e  from
a U

th e  S - s t a t e  quarks^g'M  p( r  ) ? 2 ( z ) might be the  p r e s s u r e  from g lu o n s  o r  

p io n s .  I f  g2  were zero  we would sim ply s a y  B0 =p0 (R) and be f i n i s h e d .
9

T his  would de term ine  BQ. S ince  g ^0  we must f in d  a way to  e l im in a te  th e  

g2 te rm . The s o lu t io n  i s  t o  deform th e  s u r f a c e .  We guess 

h j=  R + 6 2 R P2 (z)

Next e v a lu a te  th e  p re s su re  by T ay lo r s e r i e s  a t  th e  new bag s u r f a c e .  We 

g e t

P re s su re  I -  -  |? 0 4 [ fc) + t> p» ( H  | • £ x  R f2 U )

5 ^ r  a

(3 .4 )

Now making th e  p re ssu re  ze ro  i s  s im p le .  We have BQ=p0 (R) and

t i b f f ( r )  1 P7 (M = -  Pi. ^  1
r r '  r (3 .5 )

I k
In  p r a c t i c e  one w o u ld n 't  use  a  na ive  Tay lo r s e r i e s  a s  we have 

done fo r  th e  l e f t  hand s id e  o f  ( 3 .5 ) .  (The T a y lo r  s e r i e s  i s  a  s im p le
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way o f  e s t im a tin g  th e  change in  p re s su re  exer ted  by th e  o r i g i n a l  q u a rk s  

i n  a  p e r tu r b e d  dom ain. In  g e n e r a l  one must c a l c u l a t e  t h e  p r e s s u r e  

fo rm ally  v ia  th e  NLC a f t e r  s o l v i n g  f o r  t h e  q u a r k  f i e l d s  w i t h i n  a 

p e r tu rb ed  s u r f a c e . )  N ev er th e le ss ,  one now knows what sh ap e  o f  bag to  

a n t i c i p a t e .  The fo llow ing  i s  a t e c h n ic a l  d e sc r ip t io n  o f  th e  s o lu t io n  to  

th e  D irac f i e l d s  in  th e  deformed c a v i ty .

One f i r s t  g u e s s e s  th e  form o f  th e  bag r a d i u s  a s  d i s c u s s e d

above.

^  ( 3 -6) 

. 5  5

The p r in c ip a l  e f f e c t  o f  th e  d e fo rm a t io n  on t h e  lo w e s t  o r d e r  

e q u a t io n s  ( 2 . 9 )  i s  to  m odify  t h e  boundary  c o n d i t i o n s .  The outw ard 

normal to  the  bag s u r fa ce  i s  no longer p u r e ly  i n  t h e  d i r e c t i o n  o f  th e  

r a d iu s  v e c to r .  As shown in  Appendix A,

-  * y  ■ u. —. -  * JT • P + a 6 Z (  Y - r  *  -  r * )

— j  j/ o f  j 4  j / (A51)

U • V 'ir  JL_ +  £  0: (  I - ) ~t) (A53)

The e x t r a  terra i n  (A51) w i l l  fo rc e  us to  add new terras  to  th e  

e lem entary  s o lu t io n  ( 3 .1 ) .  To see  what th e  form o f th e se  new term s must 

be, apply  (A51) to  ( 3 .1 ) .  Th is  g ives
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4  o (  ^  ) -  ' I d  ( I''* h

z  I  J I ( W o  H  \  . ,  ^  A  »
'  ( i  -  (3 .7 )+  y v /

, -V A '  /
-  j £ • IT Jo(kaV)  

to  be ev a lu a ted  a t  th e  su r fa ce  where

V* ■= R t 1 ~  i. P * U ) )  -  R +  €rl  A R

The quark  energy must be expanded a s  well: W = V„+ £*(«!/ + . . . .  Hence i f  

the  new s o lu t io n  i s  and

4- = ( u ,„ v )  4- 4 -1<tC (3 .8 )

then 4 '  j must be a  s o lu t io n  o f  th e  f r e e  D irac  e q u a t io n  i n s i d e  th e  bag2 a

and s a t i s f y  th e  boundary c o n d i t io n

(X \ / 0 -  | )  h j L  Lf>) -  - j i  A ) /  h i ? )  - ( K j P  + V>tA E ) x / . vfo(/»)

+  ( £ f  W o  A  £ )  ' bo  ( f )  ( 3 . 9 )

where we dropped th e  term O ( ^ ) .  A so lu t io n  o f  th e  f r e e  D irac  e q u a t i o n  

which has th e  c o r r e c t  a n g u l a r  d e p e n d e n c e  t o  s a t i s f y  ( 3 . 9 )  c a n  be  

c o n s t ru c te d  from s e le c te d  J=3/2  a n d  J = 5 / 2  s o l u t i o n s  w i t h  p o s i t i v e  

p a r i t y :

' k , ,  =  + - / l  +■ » i (3 .10 )
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These a re

(3 .1 1 a )

and

+  -  N
(  J* ( W* r 1 \  ( c J-  -f  * i \

L t 4  “ 6 ' ^ 6 4  i l
/  <*•£ j ? ( wo H

(3 .11b)

where t h e  tw o - c o m p o n e n t  s p i n o r s  o f  t h e  q u a r k s  h a v e  a g a i n  b e e n  

suppressed . The c o n s ta n ts  a ^ , a 2 , and Wt k*  a s  determ ined from (3 .9 )  a r e

a, = - z j l i f + W
Hr

a. x -  2  p* ( /> - 3 )

r i ir-8f)

W, ^ -  O (3 .1 2 )

The r e l a t i o n s  between th e  j ( p )  g iven in  Appendix C were used to  s im p l i fy  

a^ and a 2 .

The s o lu t io n s  (3 .8 )  and (3 .1 0 )  s a t i s f y  a l l  o f  t h e  E q s .  ( 2 . 9 )  

ex cep t  the  NLC. (There i s  no change i n  th e  n o rm a liz a t io n  o f  ' f '  to  o rd e r  

6  because 'b j l  i s  o r thogona l to  '■f©)* To t e s t  th e  NLC we use  (A 5 3 ) ,  

which g iv e s ,  to  o rd e r  b  *
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i? - - 1  /  j  i .   ̂«J /jj ~ j o  J o ) ' — P P* tel
2 [  i r  * r  7

+ 6 X I * i J -  ( j o j l + j ,1 1 4- a i  X  L J p J 3 -  Jj j j  } - z f i ( i )  
A •'■ <li— /

= i i  ^6l /_f_PiteL ) -r^ -try -3 A (3.13)

where we have summed over a l l  t h r e e  q u a r k s  and  a s s u m e d  n o r m a l i z e d  

two-component s p in o r s .  Note t h a t  t h e  f i r s t  t e r m  i s  p r e c i s e l y  t h e  

r e l a t i o n  between B and R which i s  u su a l ly  obta ined  by minimizing th e  bag 

energy  fo r  the  c a se  when g luons and p ions a re  ig n o red .  The second terra, 

which i s  p ro p o r t io n a l  to  6  , depends on cos9, and h e n ce  i f  £  ^ 0  t h e r e  

i s  no way to  s a t i s f y  (3 .13) a t  e v e ry  p o i n t  on t h e  s u r f a c e  o f  t h e  bag 

w ith  a s in g le  bag c o n s ta n t  B. As we s h a l l  s e e  b e lo w , when p io n s  and 

g luons  a re  added to  th e  bag, th e  NLC w i l l  p ic k  up new a n g le - d e p e n d e n t

te rm s which go l i k e  P2 ( z ) .  These can be canceled by th e  angle-dependent

)  2 
te rm  in  (3.13) i f  6  has th e  c o r r e c t  v a lu e ;  in  t h i s  way £  becomes a

2 2 fu n c t io n  of g and gc .

2 2Before tu rn in g  to  th e  c a lc u la t io n  o f  the  g and gc t e r m s ,  we 

emphasize th a t  i s  0 ( g ^ , g c ^ )  when t h e  d e f o r m a t i o n  i s  t r e a t e d  

p e r tu r b a t iv e ly .  Hence a c a l c u l a t i o n  to  seco n d  o r d e r  need n o t  in c lu d e  

e f f e c t s  due to  deform ation  o f  th e  bag in  any terms a l r e a d y  o f  o r d e r  g^ 

o r  g such term s a re  o f  f o u r th  o rder in  sm all q u a n t i t i e s .  To second
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o rd e r ,  th e  only c o n t r ib u t io n s  which a r i s e  from d e f o r m a t io n  a r e  t h o s e  

g iven  a b o v e .  T h e r e f o r e ,  when th e  p io n  and g lu o n  f i e l d  e f f e c t s  a r e  

c a l c u l a t e d ,  one may assume a  s p h e r ic a l  bag.

Note t h a t  we have d e fe r re d  th e  q u es t io n  o f  c l a s s i c a l  s t a b i l i t y  

to  C hapter IX. In  a n y  e v e n t ,  s a t i s f y i n g  t h e  NLC i s  a n e c e s s a r y  

c o n d i t io n  f o r  s t a b i l i t y .

B. Deformation Via the  NLC 

The c a l c u l a t i o n  o f  th e  g and p a r t i c u l a r l y  t h e  gc te rm s  i s  

f a i r l y  in v o lv ed , and so th e se  have been r e le g a te d  t o  Appendix B. The g
O

c o n t r ib u t io n  to  th e  NLC i s  i n  Eq. (B12), w hile  th e  gc c o n t r i b u t i o n  i s  

in  Eq. (B39). Adding Eqs. (B12), (B39), and 3 .13) g ives  th e  n e t  r e s u l t  

which i s  Eq. (2 .1 8 )  [ i . e . ,  t h e  complete NLC fo r  an o b la te  ( p r o l a t e )  bag 

which in c lu d e s  p io n s ,  g luons, and q u a rk s ] .  We have

$  -  +  S o  (3 .14a)

where
_  r.

g „ -  JJL  + S o t t  ^ 0 , 3  4- %o, B
H I T  P .1*

= . P - i u
Sir ( f - | l

f  -h <T2 / 0  ( h i  P i t t
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and th e  A Ts  a re  d e f in ed  v ia

<  J? ^  J I 5 ~

B ^  } ? J L  I ft -  $ 4 . , t» t ^  1 P x ^ l

^ £ , 0

(3 .15 )

[E quation  (B13) d e f in e s  th e s e  s p in ,  i s o s p in  o p e r a to r s . ]  The B (b a ry o n )  

s u b s c r ip t  on th e  J  ’s  t e l l s  whether i t  i s  a n u c le o n  o r  A  b a g .  The 

deno tes  sp in  p r o je c t io n .  In  Appendix D one f i n d s

m

% 2 ,  y  ~ ^  1, ju — 0

-  I  , I ^  I = ' /x.
(3 .1 6 )

The on ly  way to  s a t i s f y  (3 .1 4 )  a t  a l l  p o i n t s  on t h e  bag s u r f a c e  i s  to  

s e t  B2=0 . This  g ives  th e  d e s i r e d  r e l a t i o n  f o r  th e  e c c e n t r i c i t y .  U sing  

(3 .1 6 )  we f in d

/v -  0

3 C gf -  i s  )_______________
p (  f - l )  (  l o p 4! + yyp -7C

^ Fir t  y )  -  fit-c T-J
4 TT R* 1

(3 .1 7 )
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where th e  p o s i t i v e  s ig n  i s  f o r  |m|=3/2 and the  n e g a t iv e  fo r ] ra ^ = l/2 t and

= V M  ' " 7- — ' +  l ± i ) Z l  ' - ‘I
7 I  't U‘ \ h i '  \

-  1 , 1 0 ? { * 4 -  if = o ^

p5 = + t  I t

-  0 , 1 0 5 “ (3 .1 8 )

Hence th e  nucleon  i s  no t deformed to  0 (g ^ ,g c^ ) ,  w h ile  the  |m |=3/2 and

|m |= l / 2  A have d i f f e r e n t  sh ap es .

2.
S p e c i f ic  va lues  o f  f o r  th e  four c a s e s  t r e a t e d  i n  th e  n ex t

ch ap te r  a re  summarized i n  T able  1 in  t h e  I n t r o d u c t io n .



IV. NUMERICAL FITS 

As shown in  Appendix A, th e  d e fo rm a t io n  does  n o t  a f f e c t  th e  

energy to  0 ( 6 ^ ) .  T h e re fo re ,  to  0( £^>gc^>g^) th e  energy i s

£  -  + Ey.  + f  + £Ttt (4.1)

where [/w(p) i s  de f ined  i n  Eq. (CIO)]

F A -  Z i  
« R

(4 .2 a )

E‘. ** F t . * . (4 .2b)

E a = D . o r g  - f t

(4 .2 c )

T.
F t t  = - J L  I J L

? tTT I f - |

\* (4 .2d)

+ 1  j

The volume energy  Ey was given  in  Chapter I I .  While t h e  d e f i n i t i o n  o f

Eg i s  i d e n t i c a l  to  t h a t  used in  Chapter I I ,  E q  and E ^  d i f f e r ;

fo rm erly  in c lu d ed  w ith  E ' q  i s  now in c o rp o ra te d  in to  Ejj-. We have lumped
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a ze ro  p o in t  energy Zq/R and a c.rn. c o r r e c t io n  i n t o  E ' ^ ,  bu t h e r e i n  we 

w i l l  tak e  Zq=0 f o r  s im p l i c i t y ,  and ta k e  th e  cen te r -o f -m a ss  en e rg y  t o  be 

merely

£  cvu. =  " J - Z  = ~  1 L ( 4 . 3 )
1 *  &

which i s  an a p p r o x im a t io n  b a s e d  on t h e  a s s u m p t i o n  t h a t  t h e  m a in

c o n t r ib u t io n  to  th e  bag energy i s  due to  the  quark k i n e t i c  en e rg y .^  The

pion  and gluon term s both  invo lve  m a tr ix  e le m e n ts  o f  s p in  and i s o s p i n

o p e ra to r s ,  which a re  ev a lu a ted  in  Appendix D.

In  doing our f i t s ,  we w i l l  vary  o( c  and B, f o r  two d i f f e r e n t

ch o ice s  o f  f tr=g’"  ̂ and nip.. We w i l l  use th e  v a lues  f,r= 93.3 MeV (a  v a lu e

in  good agreement w i t h  t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  p i o n  d e c a y

c o n s ta n t ) ,  and fT=114 MeV, The l a t t e r  v a lu e  h a s  been  a r r i v e d  a t  by

c a lc u la t in g  th e  a x i a l  charge  and th e n  f o r c i n g  t h e  G o ld b e rg e r -T re im a n
£

r e l a t i o n  to  be e x a c t .  We s h a l l  so lv e  f o r  th e  r a d i i  o f  th e  nucleon and 

4  u s in g  both v a lu e s ,  and compare r e s u l t s .  For m-p. we w i l l  use  b o th  th e  

experim en ta l  v a lu e  o f  138 MeV and ^ = 0 .

We have fo u r  v a r ia b le s  and fo u r  e q u a t io n s .  The v a r i a b l e s  a r e  

Rjj, R , B, and o(.c w hile  th e  fo u r  eq u a tio n s  a r e
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E = M y  -  f -? ?  M e V  ( 4 . 4 b)

^ £  -  0  (4 .4c )
£)2 A

£ ( U }  -  M A  -  I” 1 M < v  (4 -*d)

These may be solved n u m e r ic a l ly .  The r e s u l t s  a r e  shown i n  T ab les  I I  and 

I I I ,  a l r e a d y  d iscu ssed  i n  Chapter I .



V. THE NLC, STABILITY, HIGHER ORDER DEFORMATION OF THE NUCLEON

A. The Non-Linear Boundary C ondition  

The NLC i s  o b ta in ed  by assuming th e  a c t io n  i s  s t a t i o n a r y  w i th  

r e s p e c t  to  v a r i a t i o n s  i n  th e  co n fin in g  volume. For a  s t a t i c  c a v i t y  and 

c l a s s i c a l  f i e l d s  th e  NLC i s  merely th e  requ irem ent t h a t  t h e  p r e s s u r e s  

e x e r te d  by the  f i e l d s  be ze ro  a t  a l l  p o in t s  on th e  s u r f a c e .  The s t r e s s  

energy te n s o r  i s  known to  c o n ta in  the  p re s s u re  in  i t s  d iagonal c a r t e s i a n  

components, so we would l i k e  to  compare t h e  tw o. The s t r e s s  en e rg y  

te n s o r  i s  d e f in ed  i n  term s o f  genera l  f i e l d s  <j> a s :

T "1' =  i i  -  3 '" '1  (5 .1 )

i ( b A )

The c o n d i t io n s  o f  energy and momentum c o n se rv a t io n  a r e

-  0 (5 .2 )

We know t h a t  1 i s  a c o n t r  v a r ia n t  t e n s o r  so t h i s  t e l l s  us th e  t y p e  of 

t ra n s fo rm a t io n  we need to  go from Minkowski c o o r d i n a t e s  t o  t h o s e  more 

s u i t a b l e  f o r  th e  bag. The t ra n s fo rm a t io n  i s :

T lA (A A \  A k,  Tk

f
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(5 .3 )
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where th e  t ra n s fo rm a t io n  o p e ra to r  i s  the  outward normal.

A ", =  A * .  z  k *  (5 .4 )

I f  we c o n s id e r  th e  MIT bag w ith o u t  gluons we f in d

p = T UK = { - -  ^  "  M (5-5)

The c o n d i t io n  o f  e q u i l ib r iu m  i s  t h a t  the  p re s s u re  ev a lu a te d  i n s i d e  p lu s  

th e  p re s su re  o u ts id e  be z e ro .  One has

- J L  u „  i *  3 +  -  $  =  o  I
2. 1

This  i s  e x a c t ly  th e  NLC.

(5 .6 )

B. S t a b i l i t y  of th e  Bag 

I t  i s  a  w e ll  know pa tho logy  of c h i r a l  bag models t h a t  th e  pion 

f i e l d  becomes s t r o n g e r  fo r  s m a l le r  r a d i i  and causes r a e t a s t a b i l i t y  w i th  

r e s p e c t  to  r a d iu s .  F i g u r e s  2 a n d  3 show  t h i s .  A t l e a s t  i n  t h e  

c l a s s i c a l  sense  bo th  f ig u r e s  show s ta b le  p o in t s  a s  a fu n c t io n  o f  r a d iu s .  

I  am more concerned w ith  th e  s t a b i l i t y  o f  t h e  bag  w i t h  r e s p e c t  t o  

a r b i t r a r y  d e fo rm a tion . The NLC i s  known t o  be a n e c e s s a r y  b u t  n o t  a 

s u f f i c i e n t  c o n d i t io n  f o r  s t a b i l i t y .  The s t a b i l i t y  c o n d i t io n  i s :
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E  i- +-l)r-lt£T£ y o
Y e  ( 5 *7)

The NLC has merely s a t i s f i e d

i -
T n  1 "  0  '

R (5 .8 )

Eq. (5 .8 )  could  e a s i ly  be s a t i s f i e d  a t  some k in d  o f s a d d l e  p o i n t  so  I  

b e l ie v e  the  s t a b i l i t y  o f  th e  A and even the  nucleon should  be c h ec k e d .  

T h is  w i l l  be done i n  th e  f u t u r e .

C. Higher Order Deformation o f th e  Nucleon 

The mechanism f o r  d e f o r m a t io n  a r o s e  from o p e r a t o r s  o f  th e

form.

T h is  i s  a s c a l a r  o p e r a t o r  w hich h a s  a s p in  two and o r b i t a l  a n g u la r

momentum of two a l s o .  I t  t h e r e f o r e  h a s  z e r o  e x p e c t a t i o n  v a lu e  w i th

r e s p e c t  to  th e  nucleon, which i s  s p in  1 / 2 .

A consequence o f  th e  sp in  b e h a v io r  o f  ( 5 .9 )  i s  t h a t  no s p in

9 91/2  bag models w i l l  have deform ation  t o  0(g ,g c ) .  (Note the  d is c u s s io n  

o f c o n f ig u ra t io n  mixing in  th e  Chapter 1 . )  T h is  i s  t r u e  f o r  t h e  Roper



resonance  a s  w ell a s  sp in  1 /2  systems in v o lv in g  s t r a n g e  quarks . I t  w i l l  

r e q u i r e  a d d i t io n a l  work to  see  whether any  o f  t h o s e  s p i n  1 / 2  s y s te m s ,  

( e s p e c i a l l y  th e  n u c le o n )  hav e  d e f o r m a t io n  i n  h i g h e r  o r d e r .  We have 

checked some l i k e l y  c o n t r ib u t io n s  to  deform ation  a t  O(g^) and O (g^) and 

found none. There a r e  l o t s  o f  c o n t r ib u t io n s  u n f o r t u n a t e l y  and most o f  

them h a v e n ' t  been checked. Our f e e l in g  i s  t h a t  t h e r e  may be a g e n e r a l  

proof which shows th e  nucleon i s  not deformed to  a l l  o rd e r s .



VI. CALCULATION OF 

We in te n d  to  u l t im a te ly  c a l c u l a t e  9* ^  and to
Q O  O

0(g »SC S» e g ) *  o rd e r  to  do t h i s  one needs to  know t h e  p io n  f i e l d  

a t  t h a t  o rd e r .  E quations  (2 .5 c )  and (2 .6 c )  a r e  r e q u i re d .

P *  4* l ^ r r  <j? -  0  (6 .1 )

where

<f -  <K 4- 3 <j>3 + • • • <6 -3>
^  ~  .A-

4  = 4" 0 +  <j* 4--LTT +" f j l  4-2 2  -f- • • (6 .4 )

The s o lu t io n  was o b ta in e d  in  Appendix B. Index i  r e f e r s  t o  th e  i t h  

q u a rk .

(6 .5 )

E q u a tio n s  ( 6 , 1 )  and ( 6 . 2 )  may now be s o lv e d  f o r  s i n c e  we have
A’

a l re a d y  g o t te n  s o lu t io n s  t o  'K /  , » a s  w ell a s  y | , it [

The D irac  wave f u n c t io n s  a r e

47
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, *  /f\J Y J o 

a

i X

? . <
( 6 . 6 a)

4- N  c J
( 6 . 6 b )

+* yV ( i f - Z )  Vi/nr

z  W ° \

J  o
X

- to/
( 6 . 6c)

'K 3 i
A / & , 0  I

(6 .7 a )

+ 1 C ,  \ f B i

X t j  '* 1C 3

(6 .7 b )

+~

* 71 ' 1/ 'x b ; r  M

(6 .7 c )

' K i ;  -  N
J  2.

-A i  ; -lr J I

f z ;
_f- ( 6 .8 a )
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+■ A/ o.L f i x ( 6 . 8 b)

The c o n s ta n ts  and quark o p e ra to r s  a re  summarized below.

^  -  J — 7  - " r v r n  (6 .9 )
8 tt u  j  t> i f  ) '

A.
W ZtT — W » |)  iv | d] (6 ,10)

U f ' 1 )

b = (6.11)

A
1^1

( 6 . 12)

P ^3  -  3- N j  r' I y j  (6 .13)

W*J fc -  9. 4 5"/ X / p 3 (6 .14)

<3, ■= -  ( i  P + ( \  • (6 .15 )
45



& i  = —

S  C is --  \

f a i -  i  
j^A

f j  = *■ (
Jpe a

Z T ; - £ fci Av- “ J- £4 1
£j 1 "ir; •‘t'j*

f t *  = /  ( 2  Ti-v - 1  H - - T i}
J T *

f , V  -- 2 . 2 V * > < U  -
X *

= r 4 a - L - t  t u  - x
1 i

The r a d iu s ,  s u r fa c e  normal and normal g r a d ie n t  a re  to  0 (£ * ) :

a = g -

50

(6 .1 6 )

(6 .17)

(6 .18)

(6 .19)

( 6 . 20) 

(6 . 21) 

( 6 . 22)

-  £  +- k  £. ( 6 .2 3 )
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A
w

A
IT -  t V t  -

A  
k e (6 .24)

lA ’ V “  J t  + €•■£•( I _l_ b_ (6 .25 )
r  d%

E quations  (6 .1 )  and (6 .2 )  may now be so lved  f o r  •jj;. Equation
A-

( 6 .1 )  i s  a t  O(g^):

^  + ^  h i  = 0 (6-26)
A-

Equation  ( 6 .2 )  in v o lv es  th e  expansion  param eters  g , 6 , g c w hich  we s h a l l  

assume a re  o f  th e  same o rd e r .  In  th e  fo llow ing  ; 'K i i s  th e  sum o f  th re e  

f i e l d s  'Kny, 4 ija > • The expansion p a r a m e te r s  won’ t  be  shown b u t

one can p ick  o f f  th e  a p p ro p r ia te  pa ram ete r  by s e e in g  t h e  t y p e  o f  wave
O

fu n c t io n  and assum ing a l l  te rm s  h av e  been  d i v i d e d  by g . R e w r i t t e n  

(w ith  th e  a id  o f  ( 2 . 6 ) )  and w i th  d i f f e r e n t  te rm s  la b e led ^  we have  f o r  

( 6 . 2) ;
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® Q

h o  b  m — ~  / t  U  c) jn $  i J — U  e> b s t ^ t n A R ^ u ' ^

R

©  <3)

+ -*■ i r V  ^  0 *' + -(’ '/■o*
1 ».

® , ©  -  -
+  A W .  A R i  * * ^ X  'I' * a +  j  lu  n A  t  ' i f   ̂ X  r o *

T  t

(6 .27 )

The r a d i a l  s o lu t io n s  to  (6 .26 )  a r e  w ell known. In  th e  fo l lo w in g  r a d i a l  

s o lu t io n s  th e  s u b s c r i p t  d e n o t e s  t h e  a n g u l a r  m o m en tu m  o f  t h e  

co rrespond ing  an g u la r  s o lu t io n .  H. j j i  (Vt*-ir'

Vj  o I i - * )  =
'k

H i t * * )  =■ •< j i .  / l  + _L^ -  k , ( f t )
*  e *  >

1 =  'C I  | +  j _  t  3  \
-X *■ -k >** I

-  - j. <. /  | + -+ _rr -j- j_s \  (6 .2 8 )
T  *  ]

We s h a l l  so lv e  f o r  ^  in  (6 .2 7 )  by w orking ou t t h e  a n g u la r
A-

dependences o f  term s Q  through (§}. Once t h e  a n g u l a r  d ep en d en ce  i s

known, th e  r a d i a l  s o lu t i o n  i s  e a s i l y  chosen from ( 6 .2 8 ) .
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Term ( l )  g iv e s  a c o n t r ib u t io n  to  o f  th e  form.

®  *2: ( l - z ' l f _ L  _ L  b U , £ l » l )  T < " P  (6 .29 )
9 ' I ft c>5b J

The angu la r  behav io r o f  ( l )  l i e s  in  th e  term s

I  ( 1 - i M  J L

T his  may be r e w r i t t e n  a f t e r  e x p l i c i t l y  working th e  d e r iv a t i v e  a s

(6 .30 )

I t  i s  nece ssa ry  to  decompose ( 6 . 3 1 )  i n t o  s e p a r a t e  t e r m s  i n v o l v i n g  

d i f f e r e n t  v a lu e s  o f  o r b i t a l  a n g u l a r  momentum. The f o l l o w i n g  h e l p f u l  

i d e n t i t y  may be d e r iv ed .

M * H - f  -  + 2 *  < * )
X -  t

■f"/ P2 (3=-) £ • P t i  £ -P —̂  i  (> j  (6 .32 )

^■=3
I

where th e  f i r s t  term tran s fo rm s  l i k e  a com bination  o f  YIU_ and th e  second11*1

term  tran s fo rm s  l i k e  a combination o f  Y3k. Eq. (6 .3 1 )  i s

X- \  S.-.1
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The c o n t r ib u t io n  o f  (!) to  i s  now r e a d i ly  found. We know
Ay

. must have jL=l and J?=3 b e h av io r ."a*.

f i t  ~ / i ,  'X*' t  - j ' i f r  +  2  *  t *  )

+ A j  % L i ^ r \  4 -L £ * v  - .1  2- f * j  (6 .34 )

C o e f f i c i e n t s  and A3  a re  found by m atching th e  r e s p e c t iv e  Jl term s in  

• to  th o se  in  (p
£>A~

A ,  -  -  u/o t? K, f  ± *y

f ; h * i v  » I

A 3 ~ ~ lv  » l> L ,  /  6 * \  (6 .35)
p * tw i4 y  I 9l  j

Term (2) has an an g u la r  momentum d ep en d en ce  s i m i l a r  t o  (T )  . 

Term (2 )  i s  :

©  =  2 . /  k 'f lu r )  'b P ^ * - ) £ /  f , '  ]  (6 .3 6 )

Eq. (6 .3 2 )  en ab le s  a  s o lu t io n .  For (2 ) one has
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j -  & i 1 1 1 I  r )  ̂■*’ ‘ + -j- *  £ * )

f B, #7 fa iM̂'i ' Y *  [ } , _ ( £ )  (>*■£ + j .  l i ' P  -J l *  L *  J (6.37)

where

3 i ' n , '  ^ r

B j = Im P. i ir ," / € z \  (6.38)
T 7 7 J  L

Now tu r n  to  th e  c o n t r ib u t io n s  (§) and (%) . F i r s t  s o l v e  f o r  

th e  pion f i e l d  r e s u l t i n g  from wave fu n c t io n s  ( 6 . 6a )  and ' f ’(>

f , ;  =■ A  L - - P  ? * <  + f 0 ; h - ? z ;  j  (6 .3 9 )

7fT / * J *T El (6.40)
i r  I

The wave fu n c t io n s  ( 6 . 6 b) and 'f',, g iv e

<h; = i  % U w (  X*  + H.C. ) (6 .41)
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B -  c I f  2  ? - 3  \  *J O

j * # , 1 t  e 1

Wave fu n c t io n s  ( 6 . 6 c) and 'I'd g ive

(6 .4 2 )

(6 .4 3 )

C " lOl1T j DX (6 .44 )

 ̂ k  ■&/ I f - l )  Wo

S im i la r ly  th e  c o n t r ib u t io n  to  @) and (£) from wave f u n c t i o n s  ( 6 . 7 a ) ,  

( 6 .7 b ) ,  (6 .7 c )  and ^  a r e .

h i  = D n ,  ^  t , - C  f 0 ;  + H.C (6 .45 )

D ? / /  k ,  j o  ft, (6 .46 )

k  *(V f

IS*' -  E ir) I (>A'r *̂1 -f- tt.C-
v T

(6 .4 7 )
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(6 .4 9 )

f  = -  / 1 / J o  +1Cv W q M  (6 .5 0 )

-t
JL

^ 4 , '  1 5 l

The c o n t r ib u t io n  from wave fu n c t io n s  ( 6 . 8 a ) ,  ( 6 . 8 b) and vfe a r e .

i j ;  -  i;-P f 7°-' +  / / / .  j

c -  = a , j o ?  C ^ p - ? )  / ^  \

i 4 /
1 9 1 1

* »  - 14 3 ( a * * - )  I n )  ' i *  i ^A/ V. 3  '  T  1

^ 3  r -  /i/"1 f t t  p 2- [ J  1 J  1 + J 3 j  6 ^ /  Jl. \
1 I  9 * 1

(6 .5 1 )

(6 .5 2 )

( 6 .5 4 )

Next th e  c o n t r ib u t io n  o f  (§) and (&) to  (j>?  ̂ i s :
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‘K  A -  *  , ii . L i  ( v v  ) % *  I --L r,--r 4 -  x  *  6
^  — V r  r

4  M? £ *W ) [ p t U U / - r  + -i - Z ^ £? )  (6 .55)

= _/y .£ ( j .1 j » 4 j I J I )  f 4^ )
■»V*V 1 9X

°4 = $  * U  L J,*j. /i_M
3  , v # y  <• s > - '

(6 .56)

(6 .57)

Below i s  a  summary o f  ^  to  0 ( g ^ , , gc ^g )  . Terms i n v o l v i n g

s im i la r  m a tr ix  e lem ents  have been grouped, a lthough  th e  m a tr ix  e le m e n ts  

have no t been ev a lu a ted  f o r  a  p a r t i c u l a r  hadron:

Summary:

= 9 ^ /  4  C? <
^  A»

 ̂i x — l> L | C C i  • \r *1 i

4 ?i’ -  [ A t e )  H-, t u ^ r )  (  f o ?  -f- / f / . )
1

+ B [  % * ' 4  M e )  +•
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Vi-P foi  + U,C.j 

+ F- H< (iiur] I %■■' T ; 7, ;  4 W-.C .}

4" (  A  j + l? j + °̂ -i 6 -^ *̂ 4  ̂ ^^ J** k ) "ir * ^  ~  jl & * • y -f- j l  ^  ^ J J

+  (-O. A 3 + B j + S< 2  X ; (  + "7 ^ 6; ]

(6 .58 )

The d i f f e r e n t  c o n t r i b u t i o n s  to  th e  p io n  f i e l d  a r e  shown i n

F ig u re  6 .

One may n o te  t h a t  th e re  a re  no d iag ram s  w here  t h e  two p io n s

don’ t  c o u p le  t o  t h e  same q u a rk .  T h is  i s  p e c u l i a r  to  o u r  c l a s s i c a l

p e r tu rb a t io n  scheme and i s  unavoidable . Presumably a  t ru e  quantum f i e l d  

t h e o r e t i c  t re a tm e n t  would have t o  in c lu d e  t h e  o m i t te d  d ia g ra m s  s i n c e  

they a re  o f  O(g^). There i s  a c l a s s i c a l  t r e a t m e n t  w hich i n c l u d e s  th e  

m issing  diagrams . Said t re a tm e n t  sums th e  quark e n e rg ie s  wliri  over a l l  

the  quarks i n  th e  chosen baryon, o b t a i n i n g  a num ber w h ic h  i s  u s e d  

in s t e a d  o f th e  o p e ra to r  i n  Eqs. (6 . 6 a )  and ( 6 . 6 c ) .  We b e l i e v e

t h i s  i s  premature s i n c e  th e  wave f u n c t i o n  so  o b ta in e d  ( 'K .n i)  won’t  

s a t i s f y  i t s  l i n e a r  boundary c o n d it io n  (2 .1 4 b ) .

- b  £  D F  & )  1 4 ,  I
‘ X
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ITT

a)

viT  z i

b)

c)

FIG. 6 . Three ty p e s  o f  c o n t r ib u t io n s  to  <f>̂ due to  a )  p io n s ,
b) g luons, c) de form ation . "



VII. DERIVATION OF THE COUPLING CONSTANTS

A. D eriv a tio n  o f  jtrwv j ( ^ a 

The asym pto tic  fo rm  o f  t h e  p i o n  f i e l d  r e s u l t i n g  f ro m  a 

p o in t l ik e  nucleon i s  shown i n  Appendix G. I t  i s :

kjT / | + _ L  \  t y i  (7 .1 )
** $ n* llA f/ |r  ̂ fan V"

We can determ ine  in  our bag model by p u t t in g  (|? = g 4*1 an<  ̂ aJ ~  ~  /v.

s im i la r  form to  Eq. (7 .1 )  and then  comparing. R eca ll  th e  nucleon i s  no t 

deformed to  0 (g ^ ,g c ^) so one ig n o res  th e  p a r t  of Eq. (6 .5 8 ) .

I * *  = i  \  + + • ■ • ( 7 . 2 )

f  i ,; r (   ̂ %* (7>3)

X §7 ; ~ C A-+ c') t - i  H *  ^  P . /  +  / / / .  )
* J T  1

+- 6 (  [ 1* tj-t fu  <- W.C. )
^  i.

f  £t)+fO i t ,  (u'k.r) £[%'■'  V s ■£ f t , ;  + H-X. )
2.

+ F it, t-.ff,; + H.C.) (7.4)
J I.



The v a r io u s  suras and c o e f f i c i e n t s  must be e v a l u a t e d  f o r  a  n u c le o n .  

Appendix F works out th e  suras. They a re

r = H i * ?  ( 7 .5 )
i  3  ■f~

+ t t . t )  "  1 1  %
* T  1

r  (7 .6 )

£  f  u / ,  ) = (7 .7 )
A. I  I 3  ~

i  ( X; L - y f o ;  +  H-.C- 'I -  (7 .8 )

The c o e f f i c i e n t s  a re  e v a lu a te d  a t  Rjj=1 Fermi and m ^  138 MeV.

A  = 2 . I I" ? \  | tT** /  j

(7 .9 )

\> -  (X   ̂ (7ao)

( i v )
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D = "  L H 1  X I 0 H I ±  \ I  6 _c) (7 .14)
i  ‘ R N l  ^ }

E -

1 t l x "  ( i M % \  ( 7 a s )

F = - 1 - 8 l U I » f |   ̂ , j \  (7.16)

We w i l l  b reak  0 flVA, i n t o  two p a r t s .

Lo\
0ttvw -  0 t rm* + A, 0 -rr a, a'

(7 .1 7 )

The f i r s t  p a r t  comes from a <f’l , where we use a s p in  i d e n t i t y  and compare
J a-

th e  r e s u l t  to  Eq. (7 .1 )

— I** k". -i
I  5 k /  / -f JL \  li v • k ^
3 t- 1 ^  r ]

(7 .1 8 )

— ^  ir/y* K r    / / + _L A 6 /* •£ ' '?  a/
ff-n- /Wyi, v* '

T his  g iv e s  us

A -

9 tr/l/a* = ?TT j h r  XL g k = \ J,  0  Z 3  (7 .19 )
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This i s  a w e ll  known r e s u l t .  More i n t e r e s t i n g  i s  A  ty-trw  f ° r  w hich  one 

needs

$  k-} -  f  £  I i . z t t x  l»? ) + H V  * £  1 ( 4. 0 x3  X / ° r ) (.
L  T '  J

X ( 7 - 20)
I u,» ^  •

Comparing t h i s  w ith  Eq. (7 .2 )  we can p ick  o f f  A y ITW

-  ffTt M* J  y  ( l.2?fA f®3) [ i i . o z ? X ) d S \

?  T ?  R f  (7> 21)

We e v a lu a te  t h i s  f o r  th e  nominal va lue  p̂ t *s1 .808. The r e s u l t  i s

* (7 .22 )
9 ir ̂  a/  ~ 3. */ 2  5T

The pion c o n t r ib u t io n  to  Ay^*,*, i s  2.953 and th e  g luon  c o n t r i b u t i o n  i s

O O
0.472. In c lu d in g  e f f e c t s  to  0(g ,g c g) we have ob ta ined

(•1
9 fTA'A' ~ ^TT/V/t A  Q j r ^  =  2 0 . * / V  V

A breakdown o f  th e  c o n t r ib u t io n s  i s  shown in  T able  IV.

(7 .2 3 )
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TABLE I V .  C o n t r i b u t i o n s  t o  
t h e  p i o n - n u c l e o n  c o u p l i n g  c o n s t a n t

fo)
3 ■n'A'v 1 7 .01

A ( 7. .H5

A 3 I t  MM i  3 luo^ O.H7

9 JT MM £ 4 . 4 * | \ z o . v r
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B. D e r iv a t io n  o f  <jn-AA 

The p io n  f i e l d  r e s u l t i n g  from  a p o i n t l i k e  A i s  shown in  

Appendix G. I t  i s

< L  = S ' f T  (7 .2 4 )
^  gTT I  /M j>  I V- ' I

where S and T a re  th e  u s u a l  sp in  3 /2 ,  i s o s p i n  3 /2  o p e r a t o r s .  ij> 3 ^ i s
A«*

shown in  Eq. (6 .5 8 )  and we n o t e  t h a t  t h e  te r r a  w i t h  H g ( im r )  w h ic h  

tran s fo rm s  l i k e  an .2=3 o b je c t  cannot be p u t  in  th e  form  o f  Eq. ( 7 . 2 4 ) .  

In  a d d i t io n  th e r e  i s  an H j( im r)z 6 ^ term w h ich  even  th o u g h  i t  h a s J l = l ,  

s t i l l  cannot match Eq. ( 7 .2 4 ) .

C le a r ly  th e  H=3 terra a s  w e l l  a s  t h e  z 6 i z t e r m  r e p r e s e n t  

d i f f e r e n c e s  w ith  th e  u s u a l  p io n  f i e l d  w hich  r e s u l t s  from  a p o i n t l i k e  

so u rc e .  O r ig in a l ly  form f a c t o r s  w ere  a way o f  p u t t i n g  i n  t h e  f i n i t e  

s i z e  o f  n u c le a r  m a t te r .  I t  appears  t h a t  i f  we a r e  t o  t a k e  q u a rk  bags
9

s e r io u s ly ,  n o t  only w i l l  t h e  form f a c to r s  be f u n c t io n s  o f  , b u t  th e y  

might a l s o  have sp in  dependence. C e r ta in ly  th e  unusual a s p e c t s  of a
/V

must r e s u l t  i n  an O.P.E. which d i f f e r s  from those  i n  th e  p a s t .

For our purpose o f  c a l c u l a t i n g  we a r e  f o r c e d  to  i g n o r e

those  p a r t s  o f  th e  which donft  correspond  to  th e  c l a s s i c a l  f i e l d s .

We j u s t  w r i t e  o u t th e  p a r t s  o f  Eq, (6 .58 )  which can be p u t  in  t h e  same 

form a s  Eq. (7 .2 4 ) .
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ita = L U» (.vu^  t ; - r  'T*

4*5 - /  — A j — Bf ~~ \  'Wj(aJmV') ^  “T* £ i  •
^  I F T  JO Z I *■ *

4 -  (  A  £  (  * /  £>*'* "ft*. ■ *  H - .

-+ I? "14-/ La i** r ) ^  [  ■£* L f r  f i (• + H
* t  /

■f" ( p + E )  l̂i t IA t^y'\ I ^  (> i"r 'P »i +■ // A • )
^ 2.

■f F il,U*r\ i  [ %} t-fi f 2;  4- H-.c.]
•* 2

The sums a r e  worked o u t  i n  Appendix F. They a re :

£  &;*r t ;  r  I T  S-ir
V 3

< ( h-t f s; + \£f.) = i - X
—  ?  A -

£  ( a ;  O f  f . ;  + H-.f-'j = i T j - f
* 1. ? A"

1  + U - C  I =  I T S -
7 ? A'

Ar

(7 .25 )

A
1"

(7 .26)

(7 .27 )

(7 .2 8 )

(7 .2 9 )

(7 .3 0 )
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The n ecessa ry  c o e f f i c i e n t s  which have been e v a lu a te d  a t  R = 1 .2 4 9  Ferm i 

and m ^ lS S  MeV a re :

b -  ?. I lo (7 .31 )

A l -  L i p . *  (7 .3 2 ,

B, = - 3.71? X [ i  |  (7 .3 3 )

U i  = 4 . 2 1 f  X I o (7 .3 4 )

(r = 1 . 7 1 1 *  l b 7   ̂ |  ^  'j (7 .3 5 )

A  =: 3 . m  X/ oV / , \  (7 .36 )3 . m  X/." ( ±  A 
" T “  L r*  I

& = -2.*/7£> X /o'* I J . ^ (7 .3 7 )HO

c -  -  I.7 P 7  X I * 1* I j _ )  
jl f t 1* ^

( i M i t

(7 .3 8 )

p _ 2 . n  fcX Ip (7 .3 9 )

E -  ?. S'WZ X IP * /  , \  I /» 3 \ (7 .40 )
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^ = ~~ l Sg2 * ( - O f  <7*41>
j l .  ̂ E.1 1  ̂ gl I

Now break  i n to  tw ° p a r t s ,  w here  t h e  f i r s t  p a r t  comes

from g^-i and th e  second p a r t  from g^K*
A. ^  V

( 1  42}

(*)Using (7 .2 5 ) ,  (7 ,2 7 )  and (7 .3 1 )  we c a l c u l a t e  g.*.^ f i r s t

h  =
- 2  -  iMlr

3 T* = cj » 7 . U Z  X/ *  ^  / l  + J  \  5 .  T ^ - h
feT ^  L Kir ' ? -

Comparing t h i s  w ith  Eq. (7 .2 4 )  g ives

L W v  1 Û tr % I R ] I ? I

= 1 8 .32*)

Next c a l c u l a t e  A  9«aa f rora ^ 3 *
Aw*

We w i l l  show th e  ]mz J=3/2 c a se .

(7 .43)

(7 .44)
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<j>7 = ' [ - i . orrxi *1 ) - i . i i v x J p 7 + ( - £ . m M ° 7)

- t o r  , \ f  a
<- [ i + J_ 1 S ' *
h I l

T (7 .4 5 )

Comparing t h i s  w ith  (7 .24) we g e t

W* rr

X J 6 Z[-] .DT!rxi^)  -1 .TJVXJP7 + <*c [ - U U X l b  3]
- 3  i (7 .4 6 )

This i s  e v a lu a te d  and i s

A $ VAA s ->3.163 (7 .4 7 )

A breakdown o f  both |mz J=3/2 and |mz] =1/2 i s  shown in  Table  V.

C. The R atio  gBM/

One o b ta in s  th e  SU(6 ) r a t i o s  : -I" : ■ftrAf4 by a ssu m in g

non r e l a t i v i s t i c  quarks w ith a pseudovector coup ling  t o  t h e  p io n  f i e l d  

o f  th e  form

i  = i i i t  i *  i  7,- • v 1-' ■ f  ^
Wtir *

(7 .4 8 )
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where 'P i s  th e  nucleon o r A  o p e r a t o r .  T h i s  g iv e s  t h e  SU(6 ) r e s u l t  

=4 /5 . The pseu d o sca la r  coup ling  c o n s ta n ts  a r e  s im p ly  r e l a t e d  a t  

q2=o by

(7 .5 0 )

"2- M fj 1*1 IT

A t
7. Ma tM-n-

Combining th e  SU(6 ) r e s u l t  w ith  Eqns. (7 .49 )  and (7 .5 0 )  g ives

-  M a  / i \  = I. 0 T <7 ' 51>
Af I * )9  i t  N N  ^

o
Experim ental r e s u l t s  g ive a  much s m a l le r  r a t i o .  A rnd t e t  a l  

g ive  a  va lue

I j LAA j -
3 n h h  I

E p  «r i I H 't i i T '

+ (7 .52 )
=  . S' ? -  . [-H 7

Q
The only  c a l c u l a t i o n  we have seen , was done by Duck and Umland0  u s in g  a 

c loud ly  bag model. They g e t  a r e s u l t  w hich  i s  even  l a r g e r  th a n  t h e  

SU(6 ) r a t i o :
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T1 A A  

9 t t  N *

-  \ . l b (7 .53 )

Our r a t i o  i s  b a re ly  w ith in  th e  experim ental e r ro r  o f  Arndt e t

O
a l .  We have

9  TT & A  

9  TTAfJV

)g. tA
Z 0 . 4 T

-  . 74

I5~. gO

~l o . h r
.773 (7 .54)9 TT.A A

5ir V*
liv»5l - Vi

These r a t i o s  in c lu d e  th e  e f f e c t s  of p io n s ,  g lu o n s ,  and d e fo rm a t io n  of 

th e  A .  Table VI g ives  a  breakdown o f  v a r i o u s  c o n t r i b u t i o n s  to  s a i d  

r a t i o s .  Note t h a t  both |mz \= 3 /2  and |mz \ = l / 2  c a s e s  w ere  c l o s e  to  th e  

experim en ta l  r a t i o  but th e  fo rm er was w i t h i n  e x p e r im e n ta l  e r r o r .  In  

f a c t  the  r a t i o  was much more dependent on p io n  and g lu o n  e f f e c t s  th a n  

deform ation .
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TABLE V, C ontribution  to  th e  p io n - A  cou p lin g  con stant  
fo r  th e  two ca ses  o f  A sp in  p r o je c t io n  •

1**1 =X
l<>\ 

9 j t a a 1 5 .  ?2_ 1 9. 3 2.

4  9 -tf A /  L f  1 o u \ - 0 . 3 0 - 0 . 3 0

A  Q -tt-aa [ g J u. oh.) - 2 . 5 - 1 - 1 .  5-H

4  9 -n- a  a  C 6*" ) + 0. 3 2. — 0 , 3  2.

S i r  A  A C •!- o-J- a  [ 1 i s .  eo 1 5 , 1 b

TABLE V I. The r a t io  o f  th e  pion-A  cou p lin g  con stan t  
to  th e  p ion -n u cleon  cou p lin g  co n sta n t.

1 Mt | = % V*.

[ 1*/) -l-U Ot 4" iLt-i ftVlM A.-(-(&u\
Sir Aft/

0.75-7 0 . 7 5 7

J -j-L 4 t-f- o v kHA
Strtnv 0 .773 0 . 7 7 1



V II I .  THE MAGNETIC MOMENTS 

A Quark C o n tr ib u t io n s  to  Magnetic Moments 

The e lec tro m ag n e t ic  c u r r e n t  o p e ra to r  f o r  D irac  f i e l d s  i s

7 f  = d r s . f

Q i  i s  th e  quark charge  o p e ra to r  and e i s  th e  charge o f a p o s i t r o n .  I f

th e  magnetic f i e l d  i s  c o n s ta n t  th en  th e  e lec tro m ag n e t ic  v e c to r  p o t e n t i a l

A may be chosen to  be

A  = -£  * * ^  (8.1)

The e lec tro m ag n e t ic  i n t e r a c t i o n  Harailtonion i s

T -  A '  -  M  ■ I? ( 8 . 2)

So th e  magnetic moment o p e ra to r  i s

a ;  = i e  G s r x X  ^

74

(8 .3 )
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The index  i  r e f e r s  to  th e  i t h  q u a rk  and t h e  moment i s  t a k e n  i n  t h e  z 

d i r e c t i o n .  N a tu ra l ly  th e  t o t a l  moment i n v o l v e s  a  sum o v e r  a l l  t h r e e  

quarks . The charge  o p e ra to r  f o r  up and down quarks only i s

+ % }  
T_

(8 .4 )

We wish t o  o b ta in  a  r e s u l t  to  0 (g  , £ - , g c ) and so w i l l  use th e  

wave fu n c t io n s  shown i n  C h a p te r  V I. Below i s  a  r e c i t a l  o f  t h e  w e l l  

known 0 ( 1 ) moment b e fo re  we tu r n  to  th e  new c o n t r ib u t io n s .

m i  -  1  -e
(8 .5 )

' Q. i  t- 1 JiV  4. -jO- (8 . 6)

A fte r  working th e  i n t e g r a l  and summing over th e  quarks one has

(8 .7 )

Note t h a t  i n  comparison w ith  th e  n o n - r e l a t i v i s t i c  q u a rk  m ode l,  i n s t e a d



of e/m, Eq. (8 .7 )  has eR. The neu tron  and p ro ton  moments a r e  reproduced 

by (8 .7 )  f o r  Rn=1.5  Fermi. S in c e  we a r e  u s i n g  Rn= 1 .0  F e r m i ,  b o th  

n eu tro n  and p r o to n  m o m e n ts  w i l l  b e  2 / 3  t o o  s m a l l  u n l e s s  t h e  

O(g^,gc ^ )c o n t r ib u t io n s  help  us .

The quark wave fu n c t io n s  w i l l  g iv e  a  moment o f  th e  form

A; = j. Y ri + y t o 'KiJ r  d £ l  (8. 8)

where th e  second term  i s  j u s t  th e  H erm itian  co n ju g a te  o f  th e  f i r s t  term. 

We w i l l  c a l c u l a t e  th e  f i r s t  term us in g  'ik-* = (6 . 6 a ) .

[  J 0,  d T i - Y  J;) lr o o 

/? r  VJ,'

(8 .9 )

The a n g u la r  i n t e g r a l  i s  f a c i l i t a t e d  us ing
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We o b ta in  th e  g e n e r a l  fo rm  o f  some c o n s t a n t s  t im e s  a m a t r ix  e le m e n t  

t im es  a r a d i a l  i n t e g r a l .  Upon w ork ing  ( 8 . 9 ) ,  a d d in g  i t s  H e r ra i t ia n  

co n ju g a te  and summing over th e  t h r e e  quarks one has

_ x  1 2
m  =  12T *  3  N  ^ > r r

3  Vu-,5-

T y r  ( 8 . 1 1 )

where

. Ol
-1T — (8 . 12)

The value  o f  T-J  ̂ i s  g iv e n  i n  A ppendix  // and th e  m a t r ix  e le m e n ts  a r e  

worked i n  Appendix F. We w i l l  p u t  a l l  t h e  moments i n  t h e  form  o f  Eq.

(8 .1 1 )  and u l t im a te ly  su m m arize  an d  e v a l u a t e  th e m .  The n e x t  two

I * l (31c o n t r ib u t io n s  from r r(r,; , namely g = (6 . 6 b) and g T71f; = (6 . 6 c) g ive

t  =  T r & d A L s . j  J  i - .  T j x u
U/ •*» I ■* !■> ^  ^  3 ^  ^  S

+■ 6? a f   ̂ i ,  X t j \  i  { I j - l>j ) ? *  ‘ ( 8. 13)

, r  f
(8 .1 4 )

and
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M — bjj < 9 ^ 1  I ' f - D  f  + R C ^ T ?  (8 .15)
W pH l 2 f w o

T^1 = f 'X3;!* j„j, (8.16)
0

I 7 j M
There  a re  th re e  c o n t r ib u t io n s  from tt$j‘ namely g n j  =(6 , 7 a ) ,

l i t 11 1 l(.3lg T ? j  =(6 . 7b) and 5 ^ 3  = (6 . 7 c ) .  R espec tive ly  th e s e  give

al - 4 5  e  gi 
3

/ \
l/V; $ v ^ j  + R /T ]

(ij
(8 .17)

M - 4JL3
I.

3 - J /

IVo*1

C* ~f 0 + 4 -  R  I  1 3
(*)

(8 .18)

f  V /£ * iV l  + I- f t ; -? ;)  6 <•! 3 ;
4̂ J

(8 .19)

where th e  i n t e g r a l s  a re
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f P
T  9 — J 4 J 5 J i ĵf iLfc ( 8 *2 0 )

-  f [ J , ^ , ■+ J 0 14 J~j * ’ ,1* (8.21)
t>

J  ^  ( 8 . 2 2 )T  b)1  3

i i  i ^
Next a re  th e  two c o n t r ib u t io n s  from . 4 ri*ty = (6 . 8 a) and

f H , / ;  = (8 . 8 8 )

7*" = 2Ttc I  f  6 .' [U"(! -  i i )  l { "  (8 .23)

£->
J _  rk

f
[  J oj | -  J (Jl*] % Z k *

V

i fa
The V*/ i n t e g r a l  is z e r o  b e c a u s e  o f  t h e  W i g n e r - E c k a r t

l £** i*3/ 2 t.theorem. Also no te  the  *+1/  m a t r ix  e le m e n t  has  a d I ;  ~  £« p a r t

which i s  z e r o  when m  i s  i n  th e  z d i r e c t i o n .  The re m a in in g  m a t r ix

element in  (8 .2 3 ) i s
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{  fii; I  C;  (8 .2 5 )
X- 7

The l a s t  quark  c o n t r i b u t i o n  t o  m. a r i s e s  f ro m  d e f o r m e d  

geometry a c t in g  on th e  lowest o rd e r  quark  wave f u n c t i o n .  In  f a c t  Eq.

( 8 . 6 ) has a p o r t io n  i n  a d d i t io n  to  ( 8 .7 )  which we s h a l l  now work. 

Consider th e  i n t e g r a l

v|.0 ; n K  4-fl- (8 .2 6 )

Break t h i s  i n to  two i n t e g r a l s

CD - 1  £  
z t 0  A Q ; 4  oj! k3 Xr X lL (8 .2 7 )

®  - ±  c

t + A t  

I 'Fo; Px y  A; ^ 9; \P Xv Xsi. (8 .2 8 )
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But (p  has a l r e a d y  been done g iv in g  r e s u l t  ( 8 . 7 ) .  We on ly  need th e  

0 ( 6 ^) p a r t  o f  (2) so w r i te  I ( 4 R )  as a  T aylor s e r i e s

One g e ts

and

X ' l o )  = i a ’ K ;  k XX Q ;  i o j

giving

Q  _ ^  f  /XL ^ X *
6 ^

T h is  i s  e a s i l y  in te g r a te d  us ing  th e  i d e n t i t y

J lY . V% A j )  /

(8 .29 )

X  ( ®l "  o  (8 .3 0 )

(8 .31)

(8 .32 )

(8 .33 )

(8 .3 4 )



giv in g

©  = JUT <■ *o J  £
i r  [ *

where th e  s u b s c r ip t  i  i n d i c a t e s  which quark  and th e  s u p e r s c r ip t  k r e f e r s  

to  a c a r t e s i a n  index . One s e e s  the secono l f e rn *  i s  z e r o  s i n c e

A
th e  z d i r e c t i o n  i s  tak en  f o r  th e  magnetic moment.

B. Pion P a r t  of th e  Magnetic Moment 

The pion charge  c u r r e n t  i s

(8 .3 5 )

T  = * *
(8 .36)

+o O(g^) t h i s  i s

(8 .3 7 )

where <j>( + a r e  r e l a t e d  to  4 x by
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The magnetic moment i s

M. -  J~ C  z_ y \ T l } r (8 .39 )

which becomes

J i  e. g 
z. j ij

' f  ' v / ' ? ;  -  T ?  T , 0  r ’ ^ i - Z - n -
A- (8 .40 )

(8 .41)

or

■tA (8 .42 )

eo

X  ^  - c ^ l  -X (8 .4 3 )
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C. Summary o f  Nucleon Magnetic Moments 

The n ecessa ry  m a tr ix  e lem ents  a r e  worked o u t  i n  A ppendix  F.

They a r e :

4  H i  ( i  = j l  + 1” j ’  (8.44)

(8 .45 )

& {£  2 • V  £  * nf + i  (T j . n - \ L ’ 1  fi;
-•V j

+ s . ;  I  s i r i x t f c i r j  + ±  (8.46)

£ f  C t i l ’i i o ;  + H,c. 1  =  A J 5 - J : t V  (8.47)
i  ^  J  ? 3 ~
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£  {  (  + t  K - t ; \  l l j  Q ;

i f .  j

f  i .  £ -i /   ̂ £ j  ) T  -  £ 7 -  | fc
3  J  ? T

T V  (8 .4 8 )

£  ( ( . { ; *  i i H ' J ' X  J  * (8 .4 9 )
A j J

A fte r  e v a lu a t in g  th e  i n t e g r a l s  i n  Appendix H and c a l c u l a t i n g  

th e  v a r io u s  c o e f f i c i e n t s  and m a tr ix  e lem ents  one has  e ig h t  c o n t r ib u t io n s  

t o  th e  nucleon moment. These a r e  broken down i n  Table  V II. The A  

m agnetic  moments a re  a l s o  c a l c u l a t e d  a n d  d i s p l a y e d  i n  T a b l e  V I I I .  

’’Feynman" diagrams f o r  th e  moment c o n t r ib u t io n s  a r e  shown i n  F ig u re  7.
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TABLE V II. C o n tr ib u t io n s  to  pro ton  and neu tron  magnetic 
moments. The nominal v a lu es  used were =1.808, RH= l Fev-w/, g= J  _

i P Urt-e p-/* £ p t ,‘fr/I>H.4-(Pl1 P y p-fo *» N  t  u-! r O l*

, S i b ? 5 S- I D

4̂-tit 'i- o + & X - - .  0 3 1 5 - OH3 0

'l-ig 4- f/.£. 0 , 0 4 8 4

. 3 DH-L - . 3 0 4 1

T t> 4- s'fi I , 04*2. 7 i 3 3

T o - J - t l  ( u ~;4-j  o £  -t m J \ 1 , 5*586 -1 .T783



87

TABLE V I I I . C o n tr ib u tio n s  to  4* and 4° magnetic 
moments. Po. t»we4tvt  wcv-e. .?£>?, R4 ;  l.ivf F/h.;, J =^~7 i &'=. n r

ioo'M ev>~'l-yi'l>n4 ik A °

l o U  o , r n o - , X75T

4-ur 4~o + 14,6. .0 17? 0

4-o -f /{■_£. ,|H feF 0
JL+AR.

4 .^  L  + 41, £  4 . 0 0 3 3 -  . 0 0 1 6

L h . .OWLI - . 0 H Z I

T o 4-4.1 oi- I , 7 6 07 -  . 1172.

T*4-«.l ( o /  £/b>) 1. 7 7 -L3 -r . 7 7 3 7
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FIG. 7 . C ontributions to  m agnetic moments where a) i s  due to  
th e  o r ig in a l  S - s t a t e  quarks. b ) i s  due to  'K.oL* c ) 'Ka- *
d) i s  due to  . e ) and f )  are th e  pion c o n tr ib u t io n s .



IX. APPROXIMATIONS AND SOME LOOSE ENDS IN THE BAG MODEL

A P o in t l ik e  Pion in  Quantum F ie ld  Theory 

The Lagrangian Eq. (2 .1 )  we u se  i s  u n u s u a l  and  am biguous i n  

th e  sense t h a t  i t  i s  a "hybrid"  o f  th e  o ld  n u c l e a r  physics  and t h e  more 

r e c e n t  quantum chromodynamics. Our modern im p ress io n  i s  t h a t  t h e  p ion  

should  no lo n g e r  be t r e a t e d  f i e l d  t h e o r e t i c a l l y  a s  a p o i n t l i k e  o b j e c t  

b u t  in s te a d  as  a composite o f  quarks and g luons. To be c o n s i s t e n t  w i th  

th e  MIT i n t e r p r e t a t i o n  o f  hadrons as  bag l i k e  o b je c t s  th e  pion must have 

a  r a d iu s  and quark s u b s t r u c tu r e  l i k e  th e  baryons. T h is  means t h a t  th e  

s u r fa c e  d e l t a  fu n c t io n  i n t e r a c t i o n  a t  t h e  confinement r a d iu s  must be an 

approxim ation and a t  th e  very l e a s t  th e  pion bags sh o u ld  i n t e r a c t  w ith  

th e  baryon bag s  i n  some f i n i t e  volume which m ig h t  i n v o l v e  th e  p io n  

r a d iu s  as  w e ll .

The use of phenomenological p o in t l ik e  p io n s  seem s r e a s o n a b le

in  a low energy regime where th e  pion wave le n g th  would be much g r e a t e r

than  the  pion bag r a d iu s .  This reaso n ab len ess  a t  low e n e rg ie s  i s  b o rn e

o u t in  th e  c lo u d y  bag c a l c u l a t i o n  o f  t h e  p io n  form f a c t o r  w hich i s

compared w ith  a b e s t  f i t  G a u s s i a n  f o r m  f a c t o r  i n  T h o m a s '  r e v i e w

a r t i c l e . ^  We reproduce Thomas' f ig u r e  i n  F ig u r e  8 . One n o t i c e s  good

agreement between th e  form f a c t o r s  a t  KR up to  3 which i s  p r e c i s e l y  th e

long w a v e le n g th  reg im e i f  we assum e t h e  p io n  r a d i u s  a b o u t  h a l f  th e

89
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|u(KR)| 0.5

G a u s s i a n  fo rm  f a c t o r

o 3 1 S 7z i

KR

F IG .  8 . C lo u d y  b a g  fo rm  f a c t o r  c o m p a r e d  t o  b e s t  
f i t  G a u s s i a n  fo rm  f a c t o r .
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nucleon  r a d iu s .  T hat i s  i f

*ir UK)  i  3- rr'

(9 .1 )

Then

X ^  I * , (9 .2 )

The d is c re p a n c ie s  c ro p  up i n  th e  o s c i l l a t o r y  n a t u r e  o f  t h e  c lo u d y  bag 

form  f a c t o r  a t  s h o r t e r  w a v e le n g th s .  The c lo u d y  bag fo rm  f a c t o r  i s  

m erely

The w ig g lin e ss  o f  U(KR) a t  h igh  momenta i s  an a r t i f a c t  o f  th e  s u r f a c e  

coup ling  o f  th e  p o i n t l i k e  p io n s .  Any smoothing o f  th e  i n t e r a c t i o n ,  say 

v i a  extended pions would l i k e l y  m ake f o r  a  more s a t i s f a c t o r y  form f a c to r  

a t  h igh  momenta. To da te  c h i r a l  bags have no t in c lu d e d  p i o n  s t r u c t u r e  

so  one i s  h e s i t a n t  t o  t r u s t  r e s u l t s  which depend on h igh  p io n  momenta.

t h e o r e t i c  t r e a t m e n t  o f  a c h i r a l  b a g ,  b u t  su ch  a  t r e a t m e n t  h a s  been

(9 .3 )

T h is  d i s s e r t a t i o n  d o e s n ' t  c o m p r i s e  a  t r u e  q u a n tu m  f i e l d

developed by Chin.^® He d is c o v e rs  t h a t  a proper r e l a t i v i s t i c ,  many body



n
c a lc u la t io n ,  o f  th e  0 (g ) quark  s e l f  e n e r g i e s  i s  l i n e a r l y  d i v e r g e n t .  

H is t re a tm e n t  i s  p e r tu r b a t iv e  i n  th e  same s e n s e  a s  o u r s ,  b u t  t h e  main 

improvement i s  a  c o r r e c t  c a lc u la t io n  o f  t h e  sec o n d  o r d e r  e n e rg y  s h i f t  

which we hav e  m e re ly  t r e a t e d  c l a s s i c a l l y .  The c l a s s i c a l  t r e a t m e n t  

d is c a rd s  h ig h ly  e x c i te d  in te rm e d ia te  s t a t e s  and on ly  a l lo w s  th e  n u c le o n  

and A . Chin f in d s  t h a t  i f  one i n c l u d e s  p io n s  c o u p l in g  t o  r a d i a l l y  

e x c i te d  and h ig h e r  an g u la r  momentum quarks , then  th e  s e l f  energy becomes 

n e g a t iv e  i n f i n i t y .  We quote  him "Such a d ive rgence  i s  t r a c e a b l e  to  th e  

u n conven tiona l s u r f a c e  p i o n  c o u p l i n g  w h ic h  p o s s e s s e s  no r a d i a l  

i n t e g r a t i o n s  to  su p p ress  h igh  - J  in te rm e d ia te  s t a t e s .  C onsequen tly  th e  

1S j / 2  s t a t e  c o u p l e s  t o  a l l  h i g h e r  a n g u l a r  momentum s t a t e s  w i t h  

undim inished s t r e n g th  and th e  s e l f  energy d i v e r g e s . "  W hether one can 

e x t r a c t  th e  p ion induced Lamb s h i f t  and ren o rm a lize  t h e  p io n  s e c t o r  o f  

th e  c h i r a l  bag model i s  no t known. Even i f  one c o u ld  r e n o r m a l i z e  th e  

bag m odel o n e  w o u l d n ' t  t r u s t  t h e  h i g h  momentum d e t a i l s  o f  t h e  

r e n o rm a l iz a t io n  which a re  c e r t a i n l y  th e  most im portan t p a r t s .  The p o in t  

o f  view tak en  h e re in  i s  t h a t  c h i r a l  bag models which ig n o re  in te rm e d ia te  

e x c i te d  s t a t e s  a r e  e s s e n t i a l l y  th e  same a s  t h e  c l a s s i c a l  m o d e ls .  The 

q u a n t iz a t io n  o f  th e  quark  and pion  f i e l d s  a s  i n  th e  cloudy bag i s  merely 

a form o f  bookkeeping. L ikew ise  one i s n ' t  to o  s u r p r i s e d  t o  f i n d  th e  

re n o rm a l iz a t io n s  o f  th e  ba re  coup ling  c o n s t a n t s  a s  i n  ^  t o  be s m a l l ,  

s in c e  f o r  example th e r e  a r e  no a n t i - n u c l e o n s  t o  r e n o r m a l i z e  p i o n  

p ro p a g a to rs .  For th e s e  reaso n s  we t r u s t  t h e  c l a s s i c a l  c h i r a l  bag  

v e rs io n s  l i k e  t h i s  one as  much as  th e  sem i-quan tized  v e r s io n s .
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The reason  f o r  exc lud ing  th e  c l a s s i c a l  quark  s e l f  e n e r g i e s  in  

th e  energy f i t s  i s  p u re ly  p r a c t i c a l .  We w ere  u n a b le  to  o b t a i n  l o c a l  

minima i f  we in c lu d ed  them. F r a n k l y  we d o n ’ t  h a v e  much i n t u i t i o n  

re g a rd in g  th e  r e a l  s e l f  e n e rg ie s  c o n s i s t e n t  w ith  t r u l y  e x te n d e d  p i o n s .  

I t  i s  p robab le  t h a t  th e  s i n g u l a r i t y  i n  th e  energy f i t s  nt R=0 i s  due to  

th e  use o f  p o i n t l i k e  p io n s  and t h e i r  s u r f a c e  c o u p l in g  to  t h e  q u a r k s .  

Presumably i f  our Lagrangian were m odified  t o  d is p la y  th e  pion s t r u c t u r e  

a t  h ig h e r  momenta, then  no t on ly  would th e  bags become more s t a b l e ,  b u t  

one might a c t u a l l y  o b ta in  r e n o rm a l iz a t io n .

S e l f  E nerg ies  in  C avity  QCD

The q u a rk  s e l f  e n e r g i e s  i n  t h e  p a s t  have  been  t r e a t e d  i n

somewhat unusual ways.^ P r i o r  t o  a n y  k n o w le d g e  o f  t h e  t r u e  s e l f

e n e rg ie s  a t  th e  one loop  l e v e l ,  th e  s e l f  e n e rg ie s  were by tu r n s  absorbed

in to  th e  renorm alized  b u t  presupposed s t a t e  independent quark masses in

th e  co lo r-m ag n e tic  c a s e ,  o r  in c lu d ed  c l a s s i c a l l y  in  t h e  c o l o r - e l e c t r i c

c a se .  See F ig u re  9 . We now know b o t h  t r e a t m e n t s  a r e  i n a d e q u a t e .

1 9Regarding th e  form er c a s e ,  HansroM and J a f f e  have r e c e n t l y  shown t h a t  

th e  s e l f  energy o f a corafined q u a rk  may be s e p a r a t e d  i n t o  two p a r t s .  

The f i r s t  p a r t  i s  s t a t e  in d e p e n d e n t  a n d  i n  f a c t  z e r o  f o r  m a s s l e s s  

quarks . The second p a r t  i s  s t a t e  dependent and i s

L  E -  d i * -  
R

( 9 .4 )
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M a g n e t i c  g l u o n s  E l e c t r i c  g l u o n s

'VV1/V++*1

X*4; ^

(a) (b)

F I G .  9 .  D ia g ra m  ( a )  r e p r e s e n t s  t h e  c l a s s i c a l  c o l o r -  
m a g n e t i c  s e l f  e n e r g y ,  w h e re  t h e  i n t e r m e d i a t e  q u a r k  
s t a t e s  r e p r e s e n t e d  by  t h e  z i g - z a g  l i n e  a r e  s p a t i a l l y  
u n e x c i t e d  S - s t a t e  q u a r k s .  T h e i r  s p i n - f l a v o r  wave 
f u n c t i o n s  c o r r e s p o n d  t o  t h e  n u c l e o n  o r  A . D ia g ra m
( a )  i s  u s u a l l y  a s s u m e d  t o  b e  su b su m e d  i n t o  t h e  q u a r k  
m a s s  r e n o r m a l i z a t i o n  a n d  i s  s u b t r a c t e d  f ro m  t h e  t o t a l  
c l a s s i c a l  m a g n e t i c  e n e r g y .

D ia g ra m  ( b )  c o r r e s p o n d s  t o  t h e  c l a s s i c a l  c o l o r -  
e l e c t r i c  s e l f  e n e r g y  w h e re  t h e  i n t e r m e d i a t e  q u a r k  s t a t e s  
a r e  a g a i n  u n e x c i t e d .  F o r  a  p r a c t i c a l  r e a s o n  d ia g r a m
( b )  i l  i n c l u d e d  i n  t h e  t o t a l  c l a s s i c a l  c o l o r - e l e c t r i c  
e n e r g y .  T h i s  i s  b e c a u s e  o n e  c a n n o t  s o l v e  f o r  t h e  c o l o r -  
e l e c t r i c  f i e l d  w h o se  s o u r c e  i s  s p h e r i c a l l y  s y m m e t r i c .  
I n c o r p o r a t i n g  t h e  c l a s s i c a l  c o l o r - e l e c t r i c  s e l f  e n e r g i e s  
m a k e s  t h e  c o l o r - e l e c t r i c  f i e l d  s a t i s f y  i t s  r e q u i r e d  
b o u n d a r y  c o n d i t i o n  t r i v i a l l y .
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Since t h i s  i s  rad iu s -d ep en d en t  i t  would g ive  a d i f f e r e n t  s h i f t  to  quarks 

i n  d i f f e r e n t  hadrons.

In  bo th  c o l o r - e l e c t r i c  and m a g n e t ic  c a s e s  t h e  i n t e r m e d i a t e

s t a t e s  should  p ro p e r ly  in c lu d e  a l l  p o s s i b l e  e x c i t e d  s t a t e s .  T h i s

in c lu s io n  o f  a l l  s t a t e s  i s  th e  ha llm ark  o f  a q u a n t iz e d  f i e l d  t h e o r y  a s

p ro p e r ly  regarded  by C hin*^ i n  h i s  work on th e  p io n  e f f e c t s  on s e l f

1 9energy . Unlike C h in 's  r e s u l t  w ith  p ions  Hansfon and  J a f f e  show t h a t  

t h e  s e l f  e n e rg ie s  due to  gluon em ission  and r e - a b s o r p t i o n  a r e  f i n i t e .  

They have no t y e t  f in i s h e d  th e  r e n o r m a l i z a t i o n  p r o c e d u r e  s i n c e  t h e r e  

remain more c a l c u l a t i o n s  o f y f o r  ex am p le^ g lu o n  s e l f  e n e r g i e s .  T h e i r  

quark  s e l f  energy i n  ( 9 .4 )  i s  l a r g e  and l i k e l y  harm ful to  f i t s  of hadron 

sp ec tro sco p y . I t  i s  a l s o  very  s e n s i t i v e  to  t h e  s u r f a c e  s h a r p n e s s  and 

th ey  show i t  r e d u c e s  by a f a c t o r  o f  tw o i f  t h e  l o o p  m om enta  i s  

a r b i t r a r i l y  c u to f f  a t  1 GeV. A c u to f f  o f  t h i s  s o r t  m ig h t  e a s i l y  a r i s e  

i f  th e  s u r fa c e  were f u z z i e r  a s  a  t r u e  quantum s u r f a c e  s h o u ld  b e .  In  

f a c t  i t  i s  re a so n a b le  to  expec t t h a t  th e  g lu o n s  and  q u a rk s  m ig h t  have 

d i f f e r e n t  confinem ent r a n g e s . ^  One knows th e  g lu o n s  may roam w i th o u t  

quarks  though th e  quarks need to  be around gluons f o r  r e a s o n s  o f  gauge 

in v a r ia n c e .

C. Conclusion

The n e t  r e s u l t  o f  t h i s  d i s c u s s i o n  i s  t h a t  we t h i n k  i t  

p l a u s i b l e  to  s t i c k  w ith  th e  c l a s s i c a l  bag re g a rd in g  s e l f  e n e r g i e s .  One
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can see t h a t  in c lu s io n  o f  t r u e  quantum  f i e l d  t h e o r e t i c  s e l f  e n e r g i e s  

only  le a d s  to  r e s u l t s  which d iv e rg e  from our p h y s ic a l  n o tio n s  abou t

1 . F i n i t e  s ize d  p ions

2 . Hadron spec troscopy

3. Quark and gluon confinem ent

The in c lu s io n  o f  c l a s s i c a l  s e l f  e n e rg ie s  has been reduced to  a p r a c t i c a l  

s e l e c t i o n  p rocess  out o f  n e c e s s i t y .  I  b e l ie v e  i t  would be i l l u s o r y  t o  

p re te n d  to  c a l c u l a t e  r e n o r m a l i z a t i o n s  a  l a  Q .E .D .  f o r  e i t h e r  t h e  

confined  gluon coup ling  c o n s ta n t  which probab ly  v a r i e s  near th e  s u r f a c e  

anyway o r  th e  ba re  p ion-quark  coup ling  c o n s t a n t  whose r e n o r m a l i z a t i o n  

has  to  depend on e x c i te d  in te rm e d ia te  s t a t e s .  For t h e s e  r e a s o n s  gc i s  

f i t t e d  p h en o m en o lo g ica lly  and  g i s  t a k e n  to  be 1/f .  which i s  a low 

energy r e s u l t  from PCAC.



APPENDIX A 

TECHNIQUES FOR DEFORMED BAGS

1. Bag Geometry

This  s e c t i o n  develops the machinery for imposing

the  l i n e a r  boundary c o n d i t i o n  in  a deformed bag. Since
14our o r i g i n a l  paper was p u b l i sh e d  we found that  ob la te  

/ p r o l a t e  geometry i s  not gen era l  enough to  accommodate 

a s i t u a t i o n  i n v o l v i n g  p r e s s u r e s  o f  0 ( g c 4 / r 9C292 ) * 

which may be d es irab le  to  ca lc u la te  in the future .  Fortunately ,  

the remedy i s  even simpler and more natural than the approach 

in  the  paper ,  and a l s o  v e r i f i e s  that  our o r ig in a l  0 ( 9 2 r 

gc2) so lu t io n  i s  co rrec t .

We w i l l  b r i e f l y  rederive the  necessary i d e n t i t i e s  

to  0 (6 ^ )  u s in g  a genera l  geometry and then compare these  

r e s u l t s  to  th o s e  in  our paper which used o b la t e /p r o la t e  

geometry. Then we w i l l  present i d e n t i t i e s  t o Q ( e ^ )  using  

a general geometry.

U s in g  t h e  i n t u i t i v e  arguments in  Chapter I I I  

one s e e s  th a t  in  order to  cancel gluon and pion pressures  

which are angle-dependent one merely d i s t o r t s  the surface ,  

giving i t  the same angle-dependence. We have



where the  - 1 / 3  fa c to r  was chosen with h ind s igh t .  The Dirac 

wave fun ct ion  and energy are w r it ten  s im i la r ly

\AJ —■ iA/ o 4" & I 4- ' * ■ (A2)

^  r  4-» I to of} 4- fc* ' k  A t U/. V \  V- ■ • • (A3)

To implement th e  l i n e a r  boundary c o n d i t i o n  one needs to  

know the  surface  normal. We have from (Al)

Y -  K t- K t t r ) . = O =■ $ (A4)
3 I

S

The surface normal i s  defined v ia

A
ll

s - v s

(A5)

Use the  fo l low ing
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in A ANow we need to  express & in terras of  Y and . Recall  

th a t  for  sp her ica l  geometry

y & (A9)

From t h i s  we obtain

B -  'X £Pi 6 L' f C J ^  +  y  i os &■ s i  u § -  V s i  u & (A10)

$ -  r t cr p. (A11)
jJ  u ^  s i  u c>

So we f in d  for  Eg. (A8)

_  £  -  fr1  (  IT (A12)

F in a l l y ,  the NLC requires knowledge o f  the normal d e r iv a t iv e .  

This may be found with the help of  the  fo l low ing  id e n t i t y

J   -  C l - i } )  ±  *■ i ^ . ' v  (A13)
~ } { r t o i o \  v -  c> i

In Eg. (A13) and from here on c os&.  we obtain

d - v  =  t - Y  -  t ’ (“ •«)
& -k

Note the  e s s e n t i a l  Eqs. (A4) , (A12) and (A14) are the same 

as the corresponding equations in our previous paper which



used the  o b l a t e / p r o l a t e  geometry. In th a t  paper ^  was 

the e c c e n t r i c i t y  squared.

?  = € ? \  (A15)
er

In a c a l c u l a t i o n  of  one would genera l ly  assume the

f o l l o w i n g  { o b l a t e / p r o l a t e  geometry be ing  u n n e c e s s a r i l y  

r e s t r i c t i v e . )

f  1 -  l  -  6̂  +  tr** (  a. ?0 ± b ? z  f c p j  *A16}
s '  y

This would g ive  the fo l low ing  i d e n t i t i e s

C ,  = I  -
$

+  £  ?  b +  | _ r  c  -  if ( f  z'*- - z  z)

(A17)

Vi ‘ 7

+ fc1 s' a "  - ^ - 1  J _  
r  J 3k-

(A18)
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2. Dirac Wave Functions

We need th e  s o l u t i o n s  to  t h e  homogeneous Dirac 

equation. These s o lu t io n s  w i l l  be used as candidate wave 

f u n c t i o n s  l a t e r  when we perturb around the low es t  energy 

Dirac wave funct ion .  The f r e e  Dirac Hamiltonian i s

(A19)

There are th r ee  conserved q u a n t i t ie s  a ssoc ia ted  with t h i s  

Hamiltonian. They are

T  -  X  + i .7_

T *  =■ J *  A (A20)

Where 6 operates on upper and lower components, i . e .

/ 6 o
(A21)

O 6
6  =

The other conserved quantity  i s

^  -  p ( t - i  + I ) (A22)

This has e igenvalues
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so th a t

k = ±. <A23>

We may w r i t e  the wave fu n ct io n  l i k e  so

a  C y \ 3T" a  ̂ J / / J" )

P  = I
Y b ( j  , * b ,  JT* ) / (A24)

Thenr u s in g  th e  property £•£ 3 ^  =■ / one obta ins  for

s o lu t io n s  (assuming zero mass)

t  = I J|s |  Y «  i .  = r-'h t k^i-i;j+'/2)

m-i
J. k-i

X, (> * j . = J + V t  <A25)

The p a r i t y  o f  3 ^  w i l l  be the p a r i t y  o f  'P . The lowest  

energy^ odd-parity  wave fun ct ion  has J = l / 2 ,  -h(T+l/ l ) f r )

Jib  : 0

YX- (K
i - P  J ,

A it O
7 k

(A26)
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where

y k =
**+'/» v %n  / o/7%-Va.

\
7 dj T*4.*/, (A27)

For J'^=+//i /_Vi one has re sp e c t iv e ly

y y.,4 
0

/
0

y v (A28)

S im i la r ly ,  th e  lo w e s t  energy even p a r i t y  wave fu n c t io n  

has J = l / 2 , K = - ( T+j/z.) ; X ft s  o j A y -  )

t  =
j . \

A h  ' Y  J
Y. (A29)

Again for T *  -- * ' h , -  <h

Y. v.,.
0

0  \  

V»/P j ( A 3 0 )

In th e  case  o f  J = l /2  we may w r it e  out th e  even and odd 

p arity  so lu t io n s  l ik e  t h i s
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(A31)

S in c e  th e  p o s i t i v e  p a r i t y  J = l /2  s t a t e  i s  the  

lo w e s t  energy  s t a t e ,  we i d e n t i f y  ^  and hence with

th e  u su a l SU(6 ) wave f u n c t i o n s .  For exam ple, we m ight 

have

The s u b s c r ip t  S.F.  s ta n d s  fo r  s p i n - f l a v o r .  The t o t a l  

wave fu n c t io n / assuming a l l  quarks are in  the S - s ta t e ,  would 

be

order quark s o l u t i o n s  to  th e  lower order s o l u t i o n s  and 

u l t i m a t e l y  to  th e  J = l /2  even  p a r ity  s o lu t io n .  Since the  

r e la t io n  i s  l in e a r  one ends up with the higher order s o lu t io n s  

h av in g  o rd in a ry  SU{6 ) s p i n - f l a v o r  wave f u n c t io n s  b e in g  

l e f t  m u l t ip l i e d  by th e  D ira c  s t r u c t u r e .  L ik e w is e ,  th e  

*p (co lor) i s  l e f t  m u lt ip l ie d .

A +v t | =  u  t ,  i a t ,  u t 3 (A3 2)

(A33)

where "p,, (co lor) i s  antisymmetric in  c o lo r .

The l i n e a r  boundary c o n d it io n  r e l a t e s  h ig h er
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In order to  choose the r ig h t  higher angular momentum 

wave f u n c t io n s  we must examine th e  p e r tu r b a t io n  scheme 

o rd a in ed  by th e  l in e a r  boundary co n d it io n . The important 

q u estio n s  are:

1 .  What type o f  p a r i t y  w i l l  th e  candidate wave fu n ction s  

have?

2 . S in ce  th e  i n t e r a c t i o n  H am iltonian  sh o u ld  co u p le  th e  

ground s t a t e  H am ilton ian  to  th e  n e g a t iv e  energy  s t a t e s  

o f  th e  s p h e r ic a l  bag, how w i l l  the negative energy s t a t e s  

m anifest  them selves?

3 .  How can we w r it e  th e  wave fu n ct io n s  compactly without  

l o t s  of Clebsch-Gordan c o e f f ic ie n t s ?

The answ er to  q u e s t io n  1 .  l i e s  in  th e  l in e a r  

boundary co n d it io n .

'  ' I ' l b l r )  (A34)

'  s
This i s  a way of w r it in g  the in te r a c t io n  Hamiltonian in vo lv in g  

th e  bag su r fa c e  and the Dirac wave fu n c t io n s .  The strong  

i n t e r a c t i o n  co n serv es  p a r ity  so we can only  use Y ^ ' s  of  

even  J? values' t o  d e sc r ib e  the su rfa ce . One can w r ite  the  

perturbed wave fu n ction s  form ally as fo llo w s  :

(A3 5)
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t F u - r k^

(A36)

where Ĥ nt comprises the n on-spherica l part of the surface  

in te r a c t io n .

energy  modes o f  th e  s p h e r ic a l  bag. T his i s  because the  

in dex  n r e f e r s  to  th e  com plete  b a s i s  s e t  o f  D irac wave 

fu n ctio n s  in  the sp h erica l bag. We s h a l l  re-address question

2 . a f t e r  obtain ing e x p l i c i t  s o lu t io n s  to  the l in e a r  boundary 

con d ition .

dependence o f  th e  D irac  wave f u n c t io n s  fo r  a s p h e r ic a l  

c a v i t y  i s  to  use com b ination s  o f  th e  SU(6 ) s p in o r s  and 

various components o f  t  and 4> . One should w r ite  out the  

C leb sch es  by hand fo r  com parison. The fo llow in g  are a l l  

p o s i t iv e  energy and p o s i t iv e  p a r ity  wave fu n ctio n s

Eg. (A36) a lso  e x h ib i t s  the e x c i ta t io n  of negative

The s im p lest  way to  w rite  th e  complicated momentum
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vP -
+ H  -2* - v i '

s i

T = 1/i. J 7  *  ± '/ « .
(A3 7)

The Pauli sp inors have been suppressed on a l l  but the  f i r s t  

wave f u n c t io n .  These wave fu n c t io n s  a r e n ' t  norm alized .  

N otice the J= l/2  wave fun ction  should be 2J+l=2^ d i f f e r e n t  

angular  wave f u n c t io n s  and i t  i s ,  s in c e  'Y may be sp in  

up or sp in  down. However, we have only shown two of each  

o f  th e  3 = 3 / 2 ,  J= 5/2  and 3 = 1 / 2  wave f u n c t io n s .  T h is i s  

because i t  i s  known th a t  to  the A has a pressure

which has purely Y1(0 dependence. The fo llow ing  c a lc u la t io n  

w i l l  show th e  e f f e c t  o f evaluating the pressure using the  

3 = 3 / 2 , 7 V + 3 / 2  wave fu n c t io n  b e a t in g  a g a in s t  the  J = l /2 ,

j i = + l /2  wave f u n c t io n .  The 3 = 3 / 2 ,  T 4= ± 3 / 2  wave fu n ction  

i s

t  = (A38)
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The outward p r e s su r e  e x e r te d  on a s p h e r ic a l  bag by th e  

quarks i s

f  = -J_ 1 -  T T  (A39)
Z  ' t > \ r

I f  4' i s  m o stly  ground s t a t e  a lo n g  w ith  a sm a ll  amount 

of ’V th e  pressure w i l l  be

P ~ --L  1 .  f  To 4** + a (4o4‘ + T ‘T»)..
*■ 1  J

= K  + A t  (A40)

The second  term in  Eq. (A40) has the fo l lo w in g  angle and

spin dependence

l - r  i - L  ( M l )

- \  + 2 4 ^
= f 1 U &■ -e_ J (A42)

where th e  minus i s  fo r  sp in  up and th e  p lus i s  for spin  

down. The th ird  term has a s im ila r  behavior and when added 

to  the second we obtain  a Af7 which i s  sp in  independent. 

Aside from norm alization  constants  i t  i s

A 17 -  — a j i u* & f i  <j? JL ( o t> «> i + J * ) (A43)
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This i s  a l in e a r  combination o f  Vi^z  , not ) ^ 0 , and so we

don't use vf// as a candidate wave fu n ctio n .

In a s t r i c t  sense only s h a l l  be an e igen fu n ction

o f  the  sp h er ica l bag. We are taking i t  as th e  ground s t a t e

and s o lv i n g  for  th e  quark energy as a perturbation  around

the  lo w e s t  eigenenergy  o f  . The higher J s t a t e s  w i l l

be evaluated a t  2. and not a t  th e ir  natural e ig en en er-
R

g i e s .  This i s  where th e  n e g a t iv e  energy s t a t e s  m anifest  

th e m s e lv e s .  Any s t a t e  4 f  fc/Yi i s  composed of some p a rts  

o f  th e  o r i g i n a l  s p h e r ic a l  n e g a t iv e  energy  s t a t e s  i f  i t  

has an energy argument which i s  not an eigenenergy of the  

s p h e r ic a l  H am ilton ian . To v e r i f y  t h i s  m erely  note th a t  

a negative  energy s t a t e  i s

4 /  ^   ̂ i f *  ( A 4 4 )

One may a s c e r t a i n y fo r  exam ple , th a t  th e  J = l / 2  p o s i t i v e  

energy wave fu n ctio n  i s  not orthogonal to  the J = l/2  negative  

energy wave fu n ctio n  u n less  both wave fu n c t io n s  are evaluated  

at t h e i r  c o r r e c t  e i g e n e n e r g i e s . In t h i s  example th o s e  

e n erg ies  happen to  be ■£ U/* r e s p e c t iv e ly .

As an a s id e ,  note th a t  i f  the pressure i s  evaluated  

for  a purely n egative  energy wave fu n c t io n , i t  i s  n e g a t iv e .

3 . E f fe c t s  o f  Deformation on Energy and Wave Functions

The f o l lo w in g  i s  a second order c a lc u la t io n  of  

the  deformation energy and wave fu n c t io n s .
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F o llo w in g  th e  scheme o u t l in e d  in  Chapter I I I ,  

the  wave fu n ction  4  and energy can be expanded perturba-  

t i v e l y .

W = Vv o -f- "** ^  (A45)

The Dirac equation for  the f i r s t  two orders i s  

-Act -V"  4"° -  W e  4 ^

— .T ci. V 4-*Jl = -t |/<J t J( 4 t> (A46)

The s tru ctu re  of (A46) shows th a t  4 t(t w i l l  have a homogeneous 

and an inhomogeneous p a r t ,  so  t h a t  th e  f u l l  s o lu t io n  to  

second order becomes

H 2 . \

4  -  4 „  + ^  + 4 t^ ) (A47)

The form o f th e  inhomogeneous s o lu t io n ,  which can be obtained  

by d i f f e r e n t i a t i n g  th e  low er order equation with resp ect  

to  Wo, i s

' K*  -  (_4_ 4 , o''] Wi i .
4 w «

(A48)
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The form o f  th e  homogeneous s o l u t i o n  and the  

energy w i l l  be determined by the boundary con d ition

JLt. _ w  (A49)
S

where £ i s  th e  outward normal to  th e  bag su rface  (A14). 

We need

a  a. rx. /  A T. % \V" (A50)

t / .  -  ? - y 3* \  (a s d

S
— 4 j/l?  +

v| -  ^ ^  PWtl (A52)
JS ?

=  E. J-

A

h'V . =. J l -  + < -£ )  X  A- (A53)
* '&v> &5 *■

The ca n d id a te  wave f u n c t io n s  are chosen from among those  

in  (A37). A lso , include a term of the  form (A48); as w e ll  

as a r e n o r m a l iz a t io n  c o n s ta n t  which w i l l  u l t i m a t e ly  be 

z e r o .  The argument o f  a l l  th e  B e s s e l  fu n c t io n s  i s  tv0y- . 

W ritten sym b olica lly  the wave fun ction  to  order e7" i s
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4 "  -  M /  4 o  4 -  4 /  +

4- 4  o1 +■ fc* £ y  4 o  / (A54)
A>

E x p l ic i t ly  t h i s  i s

^  I J o t \ v o \ r \

I * t - r  Oi

4- *= « t / j i [ ^ \  \  £j. £-r / * --L"j
|  -  tt-f J |  f U / O v - \ j

4* \  £ x # -  —-lTJ

1  t  - P  j  3  / W » v \  j 

4 -  v* |  j  o'twcv] \  4 -  6 ~ /  j  O f  I VO (r^

J U - ? j , 7 w . r l  | N  ( j , / l*»H|
(A55)

When 4  i s  evaluated a t  the  surface in  (A49), one se e s  from 

(A52) that th e  arguments o f  the B esse l fu n ctio n s  w i l l  have 

an 0(i) part. This w i l l  only express i t s e l f  to  Od*1) through 

the T aylor ex p a n sio n  o f  f 0 . The o th e r  p o r t io n s  o f  4  

are already o f  O ( ^ )  .

A pply ing  th e  l in e a r  boundary con d ition  one g e ts  

the usual con d ition  a t  0 (1 )  • From here on the arguments 

of th e  parts o f  '4 ' are im p l ic i t ly  iv*R = f> ,



A l /0 4e> = 4'«
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(A56)

This g iv e s  the con d ition  j Q(p) =3 i (p l  • T^e so lu t io n  having 

low est  energy i s

W v l  -  p -  2. Z.« (A57)

The equation i s

a 4 ^ 4 d  J- a j l  o W t> A 4  -1 j / o  d i 4  +   ̂ a z 4

4- j  u /1  (WiJL?- ] 4  o - f -  j  W^o ^  0
'  /V

-  l u .  i t - l . . '  + * ,  4 -V l  f  + r A  <M 8 )

This i s  r e a l ly  two equations in vo lv in g  the upper and lower 

components of th e  l in e a r  boundary co n d it io n . Both equations  

y ie ld  the same r e s u l t s  so we p resen t only the upper equation .

( - j , i  ■} WzA P j  J /

-  a , j ,  / i  t ?  I * * .  -  L ) 4- a* j 3 ( l i 1 -  - i  ) -f 5V  j',
A /

= Pi J 4- « |  O i  ( x P r  - i - j

( A 5 9 )
+ J 3 ( I ! '  -  ?■? ^ 4  -  y 7 ^ 4  J „

2 /V/
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For t h i s  eq u a tio n  to  be c o r r e c t  th e  c o e f f i c i e n t s  o f  l r
A ■£* 7i i r  4 , 2: must a l l  be zero  s e p a r a t e ly .  T his y i e l d s

th r ee  e q u a t io n s .  (Note th a t  4  b-y may be w ritten  as

23? £*.) The terms involving J jL  cancel s in c e  j Q= j i .
s '

Below are the r e s u lt s  for al f  a2 / w2(3 obtained by so lv in g  

th e  three equations.

a, = -  i j J *  p+i\

A*. " ^  ^  ^
r  (

= D (A60)

Some o f  the B e s s e l  fu n c t io n  i d e n t i t i e s  from Appendix C 

were used in s im p lify in g  the j^ and terms.

4 . C alcu lation  of Deformation Energy to  O C ^ 1*)

I t  i s  d e s i r a b l e  to  know the energy s h i f t  to  

0  C • We a l s o  want to  v e r i f y  the  perturbative scheme 

to  OCtM u s in g  th e  ca n d id a te  wave fu n c t io n s  in  (A 37). 

The f o l lo w in g  c a l c u l a t i o n  was done in the o b la te /p r o la te  

geometry of r e fe r e n c e  15. A c a lc u la t io n  involv ing  gluon 

and pion pressure terms o f  Z?(g^, g2gc2 r 9 t 4) would n e c e s s i ta te  

th e  more general even p a r ity  geometry worked out in  Section  

1 . Since we have only ca lcu lated  th e  gluon and pion f i e l d  

p r e s s u r e s  to  0 (g 2 r 9 C2 ) t  the  more g en era l geometry i s  

u n n ecessa r y . (With h indsigh t i t  would have been e a s ie r . )
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In the  fo llo w in g  c a lc u la t io n  we use an expansion parameter

c 2 which i s  an a r t x f a c t  o f  th e  Flammer1 5  n o t a t io n .  At

( ) [ £ )  J* -  ( t  i s  the  actua l e c c e n t r ic i t y  of an e l l i p t i c a l

body o f  r e v o lu t io n .  The normal and radius as a fun ction

of z - i o s e  may be worked out p er tu rb a tiv e ly  in  o b la te /p r o la te

geometry. (We require in co m p r ess ib i l ity  of volume in  order

to  i d e n t i f y  a mean bag radius in  using the o b la te /p r o la te

g eo m etry .)  R e c a l l  in  Flammer15  th a t  i f  c 2 i s  p o s i t i v e

/n e g a t iv e  due t o  pion and gluon e f f e c t s ,  the bag i s  o b la te

/ p r o l a t e .  At th e  end of t h i s  c a lc u la t io n  we w i l l  use the

nominal value o f  £  -  6l = .135 to  eva lu ate  the , and
Px

o b ta in  an energy in  MeV. The normal and radius evaluated  

a t  th e  bag surface  are

h  = E. - J L  +• C4 I - x t 1- + ± )
l4 3 i f H i  h 1 H I

-  I  +- c l A R, +  CH a  Zi
(A61)

Now in  c h o o s in g  th e  ca n d id a te  wave f u n c t io n s  which w i l l  

a llo w  us to  s o l v e  th e  l i n e a r  boundary co n d it io n  in  t h i s  

geom etry we must make su re  t h a t  t o t a l  wave fu n c t io n  i s  

normalized. That i s



116

1  = - k
Wi

' I F  f '

+• <-H£> Rz Ĵ
t

oc2 ^ 4 -
(A62)

-i

The fo l lo w in g  i s  th e  appropriate wave fu n ction , including  

norm alization terms

t - -  V i
\

4- £ a , J i
'7* »- . fc-r j ,

4- C- (X i. j j r  h1- -  i y l*Z . -
1 /  A iA 6 * r  0 j

i ]

4- CH T jjJ  jJ t>
V , / .J 6 'V 0 |

4- C |r 0 6

+■ d ,  i v

I +* /{.t 0 a ^
U/ o

j  I ’ V (. V- J i ‘ + j  i \
U»0

i  £•$> - . I ' j

—a 6* y J j

A- t V J  J i

I . - f . f i ,
2

■ f  c j  **

— >t t * * J 5

+  ‘ V ^  \  f  ~ x t - r  t* I 4- 63-a-, - « i * + i ' l
; ^ , |  L '  L ? » * * j

(A 63)



T his wave fu n c t io n  i s  evaluated  a t  the surface where the  

arguments w0ir have angular terms. To 0 ( C H\ th ese  c o n tr i-  

b u t io n s  to th e  wave fun ction  are made e x p l i c i t  in  c  and 

c4 v ia  Taylor expansion of the f i r s t  three terms in  (A62) . 

These ad d it ion a l terms are

J t ' f  J  I | j  6 'V 0 i

O t O d "  \  +  a ,  I V . . A P ,  I i | '  \ f z
1 ^  *■

4 C1* «z lv<>A / j   ̂ | f  r T-$ - 1 'I (A64)I j  *# \  f  £  6*4 - J - ' l
( ; w i, J  ̂ 1 aJ

To D ( c 4 ) our wave function  i s  (A63) and (A64) where now 

a l l  the  arguments are p . Next apply the l in e a r  boundary

con d ition

j . /  4 j  - -̂ ^  (A65)
J

This in v o lv es  l o t s  of terms. We s h a l l  use the  top equation  

o f  (A65) in  th e  f o l lo w in g .  The bottom eq u a tio n  sh ou ld  

g ive  the same r e s u l t  even though i t  may not appear id e n t ic a l .  

I t  i s  a good check on the algebra t o  do the lower equation  

as w e l l .  Eq. (A65) was solved  to  0 ( c 2) in the l a s t  s e c t io n  

so  we proceed to  £>(c4) in  the top  equation , obtain ing
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+ S i  J  I

r f i t s  4* * ’ - i  -  Z±JL**\
k »* X I .  -2. J

4 f l i  _ j j i  f  - _ r  **1 +. 4--fr ^  r i 1 - ,  * ] * . ?  z - * 1 !
P z  L  2- x  J

4 H [  J , 1 4 ^jVz J ,~j + c> P i <3 i

4- dLx j  , [  P  -X. t - P  * V J  [ r - i 1 - 'T - r  * * 4  -•£"]

+ f  i j  3 £  1 |  ^  l * ~ . L * ? )  -4 JX ^

4 f i  j j  £  1 .  T - ?  &*  (  Z - ±  i 7 ) +  { ?  Z H - n  a 7- 4  ?_~j

•4 j  i ± - £ - l  ) f  -■i*' +  T-P ^ - z T l
% pi 2 2- / L J

+  j L k  f  j L  i H - x  2 *  +jTl
« r  L v z v

■4 ^ i J / * I x  &

I f f t++l

4  ^4-dLg /  X  ) r - x ^  4  4 ^  4 J  "1
I f  1 z ‘ L  I  L  J

— i J o -+- /  j  p1 4  £P j. j  p)
f 1

4 -  *C. J Z [ z  f - f  * * w )  4  e i l J i  | l #  -  t - £  - _ L  |
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+ 0 4

+ {3 X J - z  6 ? ' (  X * - * ) -?■ i - Z
8

-xl  j_r~)
*7 5 ^

■*■ iiL  f  X  Z * 1 - J - Z 1 + J . 1  4 J  o
>? i  V 1 v J j s r

+ a < f j. ~ x * t ) r  3 ? . ?  l * ±  - - L i
i p  z x 1 L i ZJ3 f

4- ® t J -J
~ v >

(A6 6 )

T h is i s  r e a l l y  f i v e  e q u a t io n s  in vo lv in g  the c o e f f i c i e n t s  

o f  1 , t - £  t*4- , ^ , Xr i Z*  . The f iv e  unknowns are

0( f ^  p»z ^x/ tv ,t * A fter  so lv in g  th e  f i v e  equations

we obtain  ^

*
p  / - o p ) 4  ( j  j , "  )

n r p 3 ? » f l

a t U a ' - j  x1 ) -  a,  Lii . ' + J a ' l -t-j. A i . j ?
i r  p ) f p i f  p 1

r r 1 (A67)

f  J  i 4- J  |

3" p1- JS-f H
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T h is  may be reduced u s in g  th e  i d e n t i t i e s  in  Appendix C 

as w e l l  as the v a lu e s  a lr ea d y  determined for a^ and a£. 

Note the terms in v o lv in g  JA', and F disappeared. This 

i s  because j 0 —j i • T^e reduced form of (A67) i s

s f j  r

s u b s t i tu t in g  p =2.042? we g e t

tou i. (A69)

So th e  energy s h i f t  due to  one quark in  t h i s  deformed bag 

i s

A  E  r  C H
ix '

(A70)

14  2.Using the nominal va lue for  L = .135 as w e ll  as R=1.249 

Fermi which was th e  r a d iu s  o f  the A  and m u ltip ly in g  by 

ire t we f in d

(A71)

A l l  th r ee  quarks would combine fo r  a deform ation  energy 

o f  .56 MeV which i s  p re tty  sm all.



APPENDIX B 

PION AND GLUON EFFECTS

This appendix co n ta in s  the so lu t io n s  of the bag

model w ith  p ion  e f f e c t s  to  order g2 and gluon e f f e c t s  to

order gc2 .

1 . Treatment of the Pion to  Second Order

F ir s t  we so lve  E qs.(2 .12) and (2.14) and consider  

the m od if ica tion s  required in the NLC, (2 .1 8 ) .

The s o u r c e  o f  th e  lo w e s t - o r d e r  pion f i e l d  

^ i s  the surface term (2 .12b ). Using (3 .1) th is  g iv e s

x  4 \ ;  -  -  i ; - v  (B1)
h r

where we co n t in u e  to  su p p ress  th e  two-component sp in o rs .  

Eq, (Bl) i s  an o p era tor  in  th e  s p i n - i s o s p i n  space o f  the  

quarks, and the  m atr ix  e lem en ts which must eventu a lly  be 

taken w i l l  be postponed u n t i l  the l a s t  s tep .

Eq. (Bl) shows t h a t  must be a P wave independent
A .

of tim e, and (2 . 1 2 a) shows th a t  <}>, has the rad ia l dependence
A/

o f  a s p h e r ic a l  Hankel fu n c t io n  w ith  im aginary argument. 

The so lu t io n  i s

121
(B2)



where b i s  determined from the boundary con d ition  (Bl)

b r y j o l (p) =   (B3)

>ir  i l  ((]) ** *1 I ' . ' h )

and

k / Uo -  I i + i  ^
*  *  1 (B4)

and i/j r

Now we proceed with the s o lu t io n  fo r  în-. Following
« l g

Chodos and Thorn-3 and Vento we w i l l  w rite

vL - i 1 + J.* I05’T i-Tt ■ " t' iit * nr

1 t -where Tiw i s  a p a r t i c u la r  s o l u t i o n  o f  th e  inhomogeneous
i *equation (2.14a) and 4-irr i s  a s o lu t io n  of the homogeneous

e q u a t io n  which w i l l  be a d ju s te d  to  s a t i s f y  the  boundary

c o n d i t io n  ( 2 .1 4 b ) .  The inhomogeneous s o l u t i o n  f o r  the

/ th  quark i s



where th e  prime w i l l  always re fe r  to  d i f f e r e n t ia t io n  with  

r e s p e c t  to  th e  f u l l  argument ( w0v- in  t h i s  case) and we 

are ca refu l to  w rite  w,,,;, an operator in th e  quark s p in - is o s p in  

sp ace , to  the r ig h t  as d iscussed  in  Chapter I I .  The s tru ctu re  

o f  the homogeneous so lu t io n  i s  determined by the sp in  s tru ctu re  

o f  th e  l a s t  term in  the boundary con d ition  (2 .1 4 b ) ,  which 

i s

where h1=h1 (wj) and we introduce the operators

f . ?  = i  . t v ■ (J y
U ■? J

Note th a t  the sum commutes with but the

se p a r a te  terms do n o t .  Eg.(B7) s u g g e s t s  a homogeneous 

s o lu t io n  with a J=3/2 s tr u c tu r e .  S p e c i f ic a l ly

- a o, °*' 'y (B9)

where i s  a c o n s t a n t .  F i n a l l y ,  combining (B6 ) , (B7)

and (B9) g iv es
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Win; = - b L, j o -  -  yj o \> I , - f  >7
** ti,' +0/) ttf-Jl

(BIO)

I t  i s  e a s i ly  demonstrated th a t  (BIO) agrees with

( 2 .2 9 a ) .  Note t h a t  our com plete so lu t io n  looks l ik e  the  

r e s u lt  in Ref. 6 i f  we l e t  the pion mass go to  zero .

The c o r r e c t io n  to  the n orm aliza tion , Eg. (2 .1 7 ) ,  

comes e n t ir e ly  from the inhomogeneous term (B6 ) , and i s

1 ( p —/) Wo

We w i l l  need th is  r e s u lt  for th e  NLC.

F i n a l l y ,  th e  c o n t r ib u t io n s  to  th e  NLC from the  

pion  f i e l d  can be o b ta in ed  from ( 2 .1 8 ) ,  (B 2), (B5), and

(B ll) . S p e c i f i c a l ly ,  i f  we c a l l  th a t  part o f  (2.18) which 

i s  due to  the pion f i e l d  B„. ,then

-  j *  I 3 “ I p)  foiiri (B ll)

BTT

j -  $ .
1  U p j  J
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=  B dtr f i  +  Bnr  ~f (B12)

where the new s p in - is o sp in  operators are
*1 H II i  f . T  *

A

Ih*
-i.£ J  * £ J  ^  •< ’ “"J* J  

A . A-

f * 1 = < -ft?  = < / i  £ y •£ K — -L ft*/ j )A
J  t j ( 

4 / J

L x i
C alcu lating the q u a n tit ie s  B0-tr and BJir can be f a c i l i t a t e d  

using the r e la t io n s  in  Appendix C

p-tr -
h i r  [ T m  ( p - l f

_L - i  I* I
3 ? *T, '

(Bl4a)

’ ITT ~

H t t  \ 14 rr p ‘ £ p-l) T ' J

(B14b)

I t  can be shown t h a t  (B14a) i s  p r e c i s e l y  what would be 

obtained i f  the pion energy were d if fe r e n t ia te d  with respect  

to R. S p e c i f i c a l ly ,

0 o v  - — i li,
4-tt Aft Kifir | ( ■**<( ij 1 / JL3

(B15)
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Comparing t h i s  w ith  th e  p io n -e n e r g y  r e s u l t  o b ta in ed  in  

(2 .3 1 )  shows e x p l i c i t l y  th a t  th e  ' f  » p a r t  o f  (B12) i s  

eq u iv a len t  to  th e  requirement th a t  th e  bag radius minimize 

the energy. When matrix elem ents are eva luated , the angular
T*

term w i l l  generate an angular dependence o f  the form

P2 (z) , which must be can ce lled  by deforming the bag. This 

term , and a s im i la r  term o b ta in ed  from the  gluon f i e l d s  

w i l l  be can ce lled  by the terra proportional to  e 2 in  (3 .1 3 ) .  

We now turn  to  a trea tm en t  o f  g lu o n ic  e f f e c t s  to  second  

order.

2. Treatment o f  the Gluons to Second Order

The s o lu t io n  for  the gluon f i e l d s  to  f i r s t  order 

i s  fa m ilia r^ . Eqs.{2 .11) are Maxwell's equations in vo lv in g  

e i g h t  c o lo r e d  v e c to r  f i e l d s  in s t e a d  o f  on e . The c o lo r  

current i s

(B16)

T his i s  th e  so u rce  term fo r  the  tran sverse  colored  gluon  

f i e l d ,  which s a t i s f i e s  (2.11b) and (2 .1 1 c ) .  The s o lu t io n  

to  th ese  two equations i s

A-*- = 1 ±  l m \  <B 1 7 >
1 * Ij-TT Z

where



A  i r \  ^
3
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^  * y
(B18)f V ^  J o o ,  +f  ^ V " ' o o 4 |  + Ct

-* 0 V-Z <c

and C2 i s  an in te g r a t io n  constant to  be determined by the  

boundary con d ition  ( 2 . l id )  . The color-m agnetic  f i e l d  generated  

by the i t h  quark i s

(B19)

To s a t i s f y  th e  boundary c o n d it io n  ( 2 . l id )  a t the su rface  

of a sp h er ica l bag requ ires

, (B20)
Z Jf ^  H-C12.\ = 0

which g iv es

u  -
7,

00 (B21)

T h is c o m p le te ly  determ ines the co lor  vector  p o te n t ia l  and 

magnetic f i e l d  to  order gc .
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To obtain  the s o lu t io n  4 , we must so lv e  equations

( 2 . 1 5 ) .  F o llo w in g  a procedure s im i la r  to  th at  used for

p io n s , we w rite

- K j  s  '•■ '9 +  4 * J  ( B 2 2 )

where in  t h i s  c a se  both 4-M and 'j-lJ are s o lu t io n s  of

inhomogeneous Dirac equations

-- -  4 (B23a)

JL  H - t o
6T

^  \  f  i f , ;  - i r
'~L A " I ^A &• r  J  o I

0 A (B23b)

where we made use o f  the r e la t io n

i  \ \  X": -  - I  L ; * i )  <B24)

which h o ld s  fo r  c o l o r l e s s  three-quark  s t a t e s .  Note th at  

we again w r ite  to  the r ig h t .  Two new operators have

been introduced in  (B23b). They are



X.0 /  j
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i x i X. [O1-
J

i • v lr -  J. L j ‘o (B25)

These are s im i la r  to  th e  o p e r a to r s  o f  (B8 ) w ith o u t  th e  

i s o s p in  operators . Note th a t  w hile  the l in e a r  combination  

o f  th e s e  o p e r a to r s  which e n t e r s  (B23b) does not commute 

with L; -y  , the operator A^does commute because "A^depends 

on the spin  v a r ia b le s  of the other two quarks on ly .

A so lu t io n  to  (B23a) i s ,  as before

(B26)j V' Op/ luotO 

I  ̂ i t' - r  i r j , 1 l w v y \

The s o lu t io n  to  (B23b) i s  considerably  more compli­

c a te d ,  and d e t a i l s  are given in  Appendix C. B r ie f ly ,  the  

inhomogeneous term su ggests  a s o lu t io n  of th e  form

+ 1^2 (lr\ 'V i J  \
4 ^ . -

i
i k r i  [ t t ,  ( t - l - f . ;  + ' £ * ( . - 1 ? 1f )  (B27)

S u b st itu t in g  t h i s  in to  (B23b) g iv es  a s e t  o f coupled f i r s t -  

order d i f f e r e n t i a l  equations for  the K’s

lv /K , -  — f  = ■£-  (B28a)
1 r % ^
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-  v l  / ~ JL  r o ( [ w ^ )  14-(ir) (B28b)
r

V^oi£-7 f  — ^ 3 o ( ly 0 »r) H"£lrl (B28c)
^  tjir

W o  1 ^  + J_ 1  I * * % ]  = ~ X  r J o L\»oY) H ( b )  (B28d)
K7 <\i r

These e q u a t io n s  can be se p a r a te d  in to  fou r  in depend en t  

second-order inhomogeneous equations

'1£i L r \  -  J4L 3 b ^ ^  -iL
<? ir  r 1-

^ z I C t U 1! = ~ ~ v  3 olu/o*r\ Y L  I f M  
9 t t  ^

B -1 1 G  G i  -  o , ( /  J £ M
‘J lT  L  Y
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l i r  y k\r
(B29)

where

-  4- i  i _  -f ~  JL U 4 1 )
Y  klr

(B30)

i s  th e  operator a sso c ia ted  with the sp h er ica l B esse l fu n ction s  

jjj_ and Vj£. These equations are e a s i l y  so lved  using G reen's-  

fu n c t io n  t e c h n iq u e s .  Including the homogeneous so lu t io n s  

regular a t  the o r ig in  we obtain

4 0 ,  -  AL ( ^  £ r 0 L
c j T T  \ 0 Air* L J

"t- A i  - J o t &V"̂

1 0 ,  =  - j u
?7T

t j3 ftv' 1 G-i t it/vM J *l^oYl) A  tt-Lf')
AM

+ A z J Z  ( l o  & H

10.3 -  - J V-  _ A /  

'JTT J
V1*1 6-i v̂-,v1 i JifU'Dr1)-^- f

Am L
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✓ «*■ 
%  ̂ ~ J t .  \  Y ' l i r '  f r ,  J  i [b> o Y ' ) 2 - f  Y ^ l M r ' T ]

<lT  J o  J i r 1 -J

+ A ij J l I W o)r  ̂ (B31)

where th e  A  ̂ are constants o f  in te g r a t io n ,  and the kernel 

of the Green's fun ction  i s

( r j t C r  j V1 \ =■ tu o £ - t r - | r ‘)

4- j  £  ( »  K \ j j t , U>o y ' l  ^•^lr L V"\~|. (B32)

Two r e la t io n s  between th e  four con stan ts  Â  can be obtained  

by requ ir ing  that  (B31) s a t i s f y  the o r ig in a l  coupled equations  

(B28) . For t h i s  purpose i t  i s  s u f f i c i e n t  to  use only two 

of the four equations? Eqs.(B28a) and (B28c) are s a t i s f i e d  

for  a l l  va lu es o f  r i f

A i -  k% - -M. j o t f i  + h.  1 P (B33)
where S im ila r ly ,  (B38b) and (B38d) are s a t i s f i e d

for  a l l  va lu es  o f  r i f

A i  + Am -  - J L  j  ° I j f i ]  f  t 1- ( B 3 4 )
‘J ir

Two more r e la t io n s  are obtained by requiring that the to ta l  

s a t i s f y  th e  boundary con d ition  (2 .1 5 b ) .  From (B22) , 

(B26), and (B27) t h i s  g iv e s
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[1C, m  -  1 ? , (E)]  f »  + A/ R - o / )  w l3 ;  = o

' f c i l lN  = (E \ (B35)

where we have ex p lo ited  the fa c t  that Wẑ Ji cannot depend 

on f 2Ji . Prom (B35) we obtain

1a/ : -  J L  M 2 [  v^AirOooi  $ L r )  o j
'  f  J* (B 3 6 )

A r J i  ~ A w O |  -  ^  0 o ( t>) f  RZ 2)

■L f R
>0 h-m T

j0 J
(B37)

T h is  c o m p le te ly  d eterm in es 4ig except for  an arb itrary  

a d d it io n a l term 4 dj ^ 5/ t which must be chosen to preserve  

th e  norm alization of the f u l l  so lu t io n  to  order gc . Note 

th a t  (B36) agrees with (2 .2 9 b ) .

As d i s c u s s e d  in  the  second c h a p te r ,  i t  i s  not  

n e c e s s a r y  to know 4-  ̂ in  order to  determ ine th e  energy 

to  0  (. 9\ \  . To t h i s  order th e  term containing (B36) ca n ce ls ,  

and need not be determ ined at a l l .  However, i f  we wish 

to  determ ine t h e  e c c e n t r i c i t y ,  we need to  c a lc u la te  that  

part of th e  con tr ib ution  o f  "j^g to  the NLC which w i l l  g ive  

r i s e  to  an a n g le -d ep en d en t  term of the form P2 ( z ) .  I t  i s  

c l e a r  t h a t  only the matrix elements of the operator

w i l l  give a P2 ( z ) ,  and hence only the con tr ib ution  o f  th is  

term to th e  NLC w i l l  be worked out now.
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In preparation  for  th is  computation, the r e la t io n s  

(B34) and (B37) can be so lved  for A2 and A4

A  **}L<}Tt

rR
A tj - f  p RNj, j  o M-tfc) -JL, [ Lt t+i«, ̂  | Y3 A.r 0 ] (J t>-Jj \ ft* L ̂  

w  ^  F-l l y ^ t u o
(B38)

The g luon  c o n t r ib u t io n  to  the NLC, which w i l l  be denoted 

by Bg, becomes

B9 -  - i  JC. B “ J i *
bv-

- 4 - a t  ^  4o; +  4t>; 4-lj; )
L 1>(r J '

(B39)

w li-er-e

f o  -  i.. -foj - 6 ;  • tj

f z  -  i  f z; = £*. [zT*-r h-$~i *£ -f j )r * * v X ** (B40)
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The quantity  B0g , not needed in  t h i s  c a lc u la t io n ,  i s  g iven  

in  Appendix C. The B^ fa c to r ,  a f te r  considerable  manipulation  

becomes

B l ,  = _ l i  /  / i L ? f  H - J .  l i .
T-ir |_ iip ' t. t I p i I

(B41)

The f i r s t  term in  c u r ly  b r a c k e ts  i s  th e  con tr ib u tion  of  

th e  B2 term. The r e s t  o f the terms come from .



APPENDIX C

IDENTITIES AND THE SECOND-ORDER QUARK SOLUTIONS

T h is  appendix  in c lu d e s  some u s e f u l  i d e n t i t i e s  

and d e t a i l s  o f  th e  se co n d -o rd er  quark wave f u n c t i o n s ,

Many bag formulas require knowledge of sp h e r ica l  

B e sse l  fu n ct io n s  on the bag su rface  where j ,  [ ? }  -  

Using recursion  r e la t io n s ,  i t  i s  always p o ss ib le  to  reduce 

j &[!>)- to  j 0 t im e s  a polynomal in  _L . Useful 

i d e n t i t i e s  are

136
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j 3 -  J o /  -'15. +• LL. +■ i -
l f 3 r  p

j „  ( z  f z - Z f  + | }  = | (Cl)

The remainder o f  t h i s  appendix w i l l  be devoted  

to  d iscu ss io n  of th e  s o lu t io n  'f'lg . The so lu t io n s  (B31) 

can be s im p li f ie d  by in te g r a t in g  by p a r ts ,  g iv in g

f JL  ̂° p  ̂ ^( flrru/e1 J

^  J i l j l  f  L l f r J o - i f 1 <( p 1 + 0 - J iJ J

f  j l (<) r  - j l  i f a j o f u  + / O

t jW - J [" Oifjl J { j ° l / 1 t ‘l e j l l f ’ ^  ‘J i l f l  J Z j l J c f ‘ f M ? )

* A i

'jC^ (tr\ = + Hltljld* j / - * V pV
w w *iL i 0 <C2)

3
/

*  f  /f + ^ 7
^ JT W o' J
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In th e se  exp ress ion s  |  iv 0 v* r and J - J ^ fp 1) 

when under th e  p* i n t e g r a l .  To o b ta in  t h e s e  use the  

i d e n t i t i e s

J- Jl i *  -J [  i i  ) -  -  J  ̂+ i
4 * +i H  * *  * *  (C3)

U sing  th e  forms (C2) and th e  i d e n t i t i e s  (C3) i t  i s  easy  

to  v e r i f y  the con d ition s  (B33) , (B34) , and (B36), (B37).

The c o r r e c t io n  to  th e  n o r m a liz a t io n  c o n d it io n ,  

d e f in e d  in  Eq. (2 .1 7 )  , can a l s o  be o b ta in ed  from (C2) . 

The equation i s

(TA!tii ' ~ JUr J I?* [ 7 ^ 3 *  t  4-oi  4 ^ ; )
+ ’L i f t  J  O 'fc, + j ,  y (C4)

where the  K2 and the K4 fu n ctio n s  do not con tr ib u te  because  

• i n t e g r a t e s  to  z e r o .  The f i r s t  term in  (C4) has  

s t r u c t u r e  s im i la r  to  T given in  Eq. (B ll)  . The 

second term requ ires  eva lu ation  of the exp ress ion

1 , =
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This can be in tegrated  by p arts  and reduced to

I ,  -
2 8

[ \  j o Z / p - 0 ) /  tf p ,3 J o O ,  * l f ' |  ( C 6 )

In a d d it io n  to t h i s  term, there  i s  a term coming from the  

constant terms in v o lv in g  and A3 . Using (B33) t h i s  l a s t  

term g iv es

-  _ , I  f t x [  JL*# ■/ j ®1Wo ^  j A, + JL t J o it * p3 H ] 
J I t  °  J

-*• J I (  kt o  Y \ A* -  JL j Ola p
9 JTlvo

Hence, combining th ese  ex p ress io n s  g iv e s

(C7)

< T y \ (. 3-1 P) tvxgi -f £ + Z t l  f  (C8)
■a. ( P-Jl
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Instead of lea v in g  t h i s  nonzero, as in  the treatment 

of th e  pion c o n tr ib u t io n s , + A3 w i l l  be determined from 

th e  requirem ent th a t  = 0 . Using (B36) th is

g iv e s

A ,  + A

(C9)
l \ r - j  +nf* j ^ ( £ +rp]

(p-/l J

where

e

A  -  /  /»|3 j  «> j  ,

p

= U i L#i" f  M' ( f ] + z  [  j
l & T T / / Z t  p Jo A

r

= «£ ^ - L  [  l r '  v? j xLwo*^  J » / ^ ' l  (CIO)
* *  } 0

The so lu t io n  NKg*» i s  now com pletely determined, 

and the  co n tr ib u tio n s  of 'K g to  the NLC can be computed. 

The com p u tation s r e q u ir e  f r e q u e n t  in t e g r a t io n s  by parts  

and u se  o f  th e  i d e n t i t i e s  in v o lv in g  B e s s e l  f u n c t i o n s .  

The q uan tity  Boj  becomes
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= oLi
HIT

( C l l )
- i  —fc

where the f i r s t  term i s  the B*B con trib u tion  and the second  

term comes from . Comparing t h i s  with the r e s u lt

rep o r te d  in  Eq. (4 .2 )  shows th a t  th e  angle  in depen d en t  

p a rt  o f  the NLC i s  eq u iva len t to  the requirement that the  

d e r i v a t i v e  o f  th e  energy  with respect to  the mean radius  

be zero .



APPENDIX D 

MATRIX ELEMENTS OF SPIN AND ISOSPIN

This s e c t i o n  c o n ta in s  the  t r a n s i t i o n  operators  

n e c e ssa r y  for  c a lc u la t io n  of sp in - is o s p in  matrix elem ents.  

The m atrices e x p l i c i t l y  shown here were obtained from Pandha- 

ripande and S m ith .^

A ty p ic a l  in term ediate  s t a t e  matrix element looks

l i k e

^  llL £ *  t i * - | (Dl)
i

where k and Jt are the usual C artesian in d ic e s .  Such matrix  

elem ents can be rew ritten  in  terms o f  t r a n s i t io n  operators  

d * '  and ‘T *  t both of which d escr ib e  t r a n s i t io n s  from s p in - 1 / 2  

t o  s p i n - 3 / 2  s t a t e s ,  and t h e r e f o r e  have th e  same form. 

The e x p l i c i t  form of th e  1% operator i s

o

0
1

V
(D2)
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There are  t h r e e  h e lp fu l  i d e n t i t i e s  regard in g  

sp in - is o sp in  matrix elem ents. These are

< / / |  £

< 4 i  i  i ! * * \ t r >  -- 4 2 ( a | /  r ‘ i ^ >

<i I i i l  'it-1 4> = ^ < 4 | s tu I <D3»

where S; and Tj are the usual spin and iso sp in  operators  

on the  space o f  s t a t e s  with sp in  j ,  and J  and are the  

t r a n s i t i o n  o p e r a to r s .  These may be obtained by e x p l i c i t  

com putation from the  SU{6 ) quark wave f u n c t io n s  o f  the  

N and A  . In addition  to Eq. (D3) two further id e n t i t i e s  

of importance are

T -  T*

y . j  -  y * -  y  = 1  ( ( D4)

With th e s e  i d e n t i t i e s  one may r e a d ily  work out 

the matrix elements needed in Eq. (3.14) . The b asic  approach, 

shown below for "f0 , i s  to  in se r t  a complete s e t  o f in te r ­

mediate s t a t e s  and use (D3)

i 0 0 0

0 1 0 0
0 0 I 0

s. 0 o 0 1
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<  #  I f „ r  J A/> =  < H \  i .  T t - T ;  y - r j  | j v >
jjfj

= 4  < H \  i  t ; I  B> ( B  I {  (j -  i -  |/V> - 2 7  
U » , t

- \T f  - 2 7

= z r  " 25 = 3 9  (D5)

The c a lc u la t io n  of ' f  0 an  ̂ ”̂ 2 *s s im p li f ie d  by th e  conser­

v a t io n  o f  i s o s p i n ,  which ensures that on ly  d iagonal terms 

w il l  en ter  in to  the s t a t e  sum in  (D5) . F in a l ly ,  the  q u a n t i t ie s  

cQyB and $ j fB introduced in  Eq. (3.15) are

/ . , »  *  3 0

S o t tJ ~ ~  6

x r  - < (D6)

The JVs were given in  Eq. (3 .1 6 ) .

In a d d i t io n  to  (D3) th e r e  are o th e r  i d e n t i t i e s  

which come in  handy. These are
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[ u fz X U/ l ) - * $ Vi

( j  X $i(z) - “ JL Jl

-  £ -  t

( j \  j ) ‘ -- - i '  ^ '/z (D7)

N a tu r a l ly  th e r e  are e q u iv a le n t  r e la t io n s  between iso s p in  

op era to rs .



APPENDIX E 

CHIRAL INVARIANCE

1 . M otivation: A Warm-up With Isosp in

The l o w e s t  m ass b a ry o n s  are  th e  n u c leo n  and 

A.  These are taken to  be composed of up and down quarks, 

whose masses are sm all in  order to  s a t i s f y  hadron sp ectroscopy.  

Now iso sp in  invariance i s  the most accurate hadron symmetry 

and i s  n a iv e ly  dependent on th e  mass of the up and down 

quarks b e in g  e q u a l .  T h is i s  e a s i l y  shown by w rit in g  out 

the iso v e c to r  current and taking i t s  d ivergen ce. The iso v e c to r  

current i s

The sum over i  r e f e r s  to  a l l  th e  up and down quarks in  

th e  baryon . The d iv e r g e n c e  o f  (El) i s  f a c i l i t a t e d  v ia  

th e  QCD equations of motion.

( E l )

(E2)

(E 3)
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We know now th a t  i s o s p i n  symmetry i s  badly broken a t  the  

SU(2) l e v e l .  "Indeed the u and d quark masses are t y p ic a l ly  

o f  order 5 and 10 MeV r e s p e c t iv e ly ." ®  The reason

h ad ron ic  i s o s p in  i s  s t i l l  good i s  because the c o n s t itu e n t  

quark mass fo r  a l i g h t  con fined  quark i s  severa l hundred 

MeV la r g e r  than th e  cu r r en t  quark m ass. This means the

p e r c e n ta g e  d i f f e r e n c e  in  c o n s t i t u e n t  m asses (which i s  a
/

fu n ctio n  o f  current quark masses) i s  almost zero.

We have j u s t  se e n  how one s t a r t s  with a theory  

l i k e  f la v o r  SO(3) and grudgingly breaks i t  with the  strange  

quark mass only to  have i t  broken again a t  the SU{2) l e v e l  

by th e  u and d quark mass d i f f e r e n c e s .  Fortunately  the  

l a t t e r  are small on the s c a le  o f  hadron masses.

2 . The Assumption o f  Conserved A xial Current

The n a iv e  a s s e r t i o n  t h a t  mu and m̂  were eq u a l  

l e d  us to  th e  con clusion  th a t  iso s p in  i s  conserved at the  

h adron ic  l e v e l ,  as w ell a s A the quark l e v e l .  I t  was l a t e r  

shown th a t  i s o s p i n  i s  n o t  con served  a t  th e  quark lev e l^  

however th e  mechanism o f  confinement saves iso s p in  at the  

hadron l e v e l .  I t  i s  th erefo re  p la u s ib le  th a t  i f  one assumes 

mu=md=0 / c o n s i s t e n t  with a x ia l  current con servation  at the  

quark l e v e l ,  then perhaps a x i a l  cu rr en t  w i l l  be m o stly  

conserved a t  the hadron l e v e l .  This i s  s tro n g ly  supported 

by th e  Goldberger-Treiman r e la t io n  which shows th a t  (among 

o th e r  t h in g s )  ^„A^ i s  p roportional to  the mass of th eM ^

l i g h t e s t  hadron known.
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3 . Quark Handedness Under P arity  Transformation

The t h r e e  v e c t o r  cu rr e n t  o p e r a to r s  are taken

to  s a t i s f y

)  -  0 (E4)
^  Ay

This im p l ie s  the  sp ace  i n t e g r a l s  o f  V° are constants  of  

motion.

Q v  -  L  I V ' A  -  0  (E5)

Now i f  we assume m^m^O then we obtain  a conserved a x ia l  

current.

A "  = f  f ; y f  % <E6)
^  1  T

where

A *  -  0  <E7>
A r

Again there  are con stants  of motion

A ~  u  (E8 )

The c h ir a l SU(2) X SU(2) group o f te n  denoted SU(2)L X SU(2)R 

i s  generated by the l in e a r  combinations
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Q t (E9)

a lo n g  w ith  the  p a r i t y  o p era to r  P ( t ) . These s a t i s f y  the  

fo llo w in g  equal time commutation r e la t io n s

This means th a t  right-handed u rd quarks may transform in to  

right-handed u,d quarks and le ft-handed  u,d quarks transform  

in t o  l e f t -h a n d e d  u ,d  quarks. However, le ft-h an ded  quarks 

c a n 't  mix w ith  right-handed quarks. N aturally  the o r ig in a l  

MIT bag v e r s io n  o f  con fin em en t v i o l a t e d  c o n se r v a t io n  of  

handedness s in c e  any quark s t r ik in g  the  bag su rface  would 

reverse  i t s  momentum but maintain i t s  sp in ,  thereby changing 

handedness or c h ir a l i t y ,  [ se e  P ig .  10 which was taken from 

Thomas^,) S im ila r ly  a p a r ity  in v ers io n  should transform  

a le f t - h a n d e d  p a r t i c l e  in to  a right-handed p a r t i c l e .  As 

a consequence one f in d s  th a t  the p a r ity  operator P (t)  connects  

th e  g e n e r a to r s  Q _(t) and Q+ ( t )  which form th e  S U (2 )L X 

SU(2) r group. Following Lee-*-® we d ef in e  the p a r ity  operator

(E10)

(E ll)

P(t)
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F I G .  1 0 .  V i o l a t i o n  o f  c h i r a l  s y m me t r y  
a t  t h e  MIT b a g  b o u n d a r y .
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PfstA ^ H , t )  P i t ) ij y  ^ i - a , !
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(E12)

with fj the quark f i e l d .  One fin d s

+
f t * )  G U  l * \  P U )  -  Q „  ( * )

A
(El 3)

+
U * \  Q A M  r  - Q a U I (El 4)

Therefore

+
p ( i i  a . + ( = t )  p ( « Q -  u i (E15)

r ^ i a - ^ i p u i  =  o f ( i iA*
(E16)

The l a s t  two equations merely r e i t e r a te  the  idea that l e f t  

and r ig h t-h a n d ed  quarks transform  in to  each other under 

the p a r ity  operation .

4. The Pion as a Goldstone Boson

(The fo llow ing  i s  nearly  verbatim from reference If . )

I f  one a ssu m es a x ia l  cu rren t c o n se r v a t io n  as 

w ell as vector current conservation then

b
(E17)

(El 8)
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C onsider th e  proton  jp̂ > a t  r e s t .  I t  i s  an e ig e n s ta te  of  

th e  strong in te r a c t io n  Hamiltonian Hs t

H „ | P >  = l « f I p >  ( E l 9)

I t  i s  an e i g e n s t a t e  o f  p a r i t y  and we ch oose  th e  phase  

 ̂ in  (E l2) so th a t

P I / » >  = l p >
(E20)

Now operating the on jp̂ > w i l l  y i e ld  a l in e a r  su p erp osit ion  

o f  th e  neutron  and p r o to n . Next extend the reasoning to

fta . Due to  (E l7) we have

C j O a / H ‘ 0  r  0  { E 2 1 )

This means

(E22)
I h i  Q a I py  '  Q a I p>

/V

Use (E19) for the  r ig h t  hand s id e

Q a i p >  = ^  (e23>A

E q uation  (E23) im p l ie s  th e r e  are  s t a t e s  Q>a |p^ which are 

d e g e n e r a te  w ith  th e  proton^ however th e  p a r ity  of th ese  

s t a t e s  d i f f e r s  from the p a r ity  o f  the proton (or neutron) 

by a minus s ig n .  That i s
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P QA I p> - P Qa p~' p I />>
(E24)

We know t h a t  none o f  t h e s e  s t a t e s  e x i s t  in  nature so we 

con clu d e  t h a t  Qa Ip^ must be one o f  the continuum s t a t e s  

Ip-nS, |n7T> . These have th e  correct p a r ity  and i f  the p ions
also

were m assless  they wouldAhave the r ig h t  mass. We see  th a t  "The 

assum ption  o f  a x i a l - c u r r e n t  con servation  must be used in  

conjunction with th e  approximation o f  zero mass pseudoscalar  

mesons. Together they w i l l  be referred  to  as th e  two con d ition s  

of CAC. I t  i s  important th a t  we d is t in g u is h  th ese  unusual 

f e a t u r e s  o f  CAC from th o s e  (more c o n v e n t io n a l  ones) o f  

CVC. " 1 8  U sing argum ents s im i la r  to  th o s e  le a d in g  to  

(E24) but r e p la c in g  Ip') w ith we see th a t  the vacuum

i s  not an e ig e n s ta te  of Q.a , I f  i t  were i t  would have the  

wrong p a r i t y .  I n s t e a d ,  we o b ta in  th e  "Nambu-Goldstone 

r e a l i z a t i o n  o f  c h i r a l  symmetry"1 8  w herein  th e r e  are  

as many m assless  pseudoscalar bosons as there are generators  

f o r  which Qa |0 ^ ^ 0 .  ( D e t a i l s  o f  the  Goldstone theorem 

may be found in  reference 1 8 .)  In th e  case o f  SU(2) f la v o r  

we obtain

Qa l«> ~  A l " +>   ̂ B 1 TT-> + C |TT'>
A- (E25)
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I f  we extended  m a s s le s sn e s s  to  the strange quark as w ell  

we would have n ine  g e n e r a to r s  of SU(3) f la v o r  and they  

cou ld  reason ab ly  g ive  r is e  to  Goldstone bosons tt , K , and 

 ̂ . These are a l l  l i g h t  on th e  s c a l e  o f  hadron m asses ,  

and have negative p a r ity .

5. Chiral Invariance in  the Bag Model

As s t a t e d  p r e v io u s ly ,  the MIT bag model did not 

conserve a x ia l  current even under the assumption of m assless  

u ,d  quarks. This i s  due t o  the unusual surface coupling  

in  th e  Lagrangian which a c ts  l ik e  a mass term. We refer  

to

1  = f  f  A j  (E26)

One o b serv es  th a t  under th e  c h ir a l  quark transform ation  

(which obta ins in QCD for  m assless u,d quarks)

*■ 6 y r  i
'f'  —> •€- 1 r

__ -  (E27)

, (E28)

C le a r ly  the  Lagrangian (E26) i s  not in v a r ia n t  under the  

ch ira l transformation. Another way to  see  th is  i s  by w ritin g  

out th e  a x ia l current in  the bag,'

A *  -  ?  y * f  £ v
2_

(E29)
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Taking th e  divergence o f  t h i s  we obtain

(E30)

There should be some other con tr ib u tion  to  th e  a x ia l  current 

whose divergence ca n ce ls  (E30) but i s  such th a t

Our choice of (2 .1 )  among the various ch ira l bag Lagrangians 

i s  based on i t s  minimal surface  coupling as w e ll as ease  

o f  c a lc u la t io n .  E q .(2 .1 )  does not describ e  a renormalizable  

th e o ry  ( s e e  Chapter IX) f  how ever, i t  has a h i s t o r y  o f  

su c c e sse s  in  the low energy regime which i s  where we intend  

to  use i t .  Mainly we are look ing for  deformation e f f e c t s  

a t  the c l a s s i c a l  l e v e l  so i t  makes sense to  have a Lagrangian 

th a t  embodies PCAC which i s  a low energy r e s u l t .  The b ig g es t  

d i f f e r e n c e  between our model and th e  c lo u d y  bag model11  

fo r  exam ple, i s  t h a t  we d o n 't  a l lo w  p io n s  i n s i d e .  For 

an o u ts ta n d in g  rev iew  of c h i r a l  bag m odels see  Thomas9 .

(E31)

A Lagrangian  which s a t i s f i e s  (E31) namely (2.1)  

was used by Vento e t  a l . 1 ® Like most c h ir a l  Lagrangians 

i t s  p r o g e n ito r  i s  th e  6  model o f  Gell-Man and Levy . 1 9

The a x i a l  cu r r e n t  in  our model i s  o b ta in ed  by 

f i r s t  noting the fo llo w in g  v a r ia t io n s  in th e  f i e l d s



 ̂ — 'I'* — j. •'tr • ^7 V '-j-'

= +  i -  & . + )  ■ t
•V ^
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(E32)

' r  f  -  L f  Y r  r - &
x

= +  +  (B33)

4>' z  + -  £  -  3 H « f  - t  \
A -  " I f  ^  —  1

E <j> 4- / , ( + ) •  fc (E34)

In p a r t i c u l a r  the transform ation (E34) i s  not obvious but 

was constructed  in an involved  way. 9 The current i s

A * -  t> i  / i  (E35)

where ^  r e fe r s  to  the f i e l d s  in  equations (E32) thru (E34). 

We obtain  fo r  the a x ia l  current

t  ^  & v  +• __L (E36)
x 3 ~

I t  i s  s t i l l  not d iv er g en ce le ss  due to  the  pion mass terms 

in  ( 2 . 1 ) .  The d iv e r g e n c e  o f  (E36) may be worked e a s i l y  

by hand or more form ally  by noting th a t

Av -  1

A = 11 hM ~ ^ r -  (E37)A s,+ -
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where i s  th a t  part of the Lagrangian which i s n ' t  in var ian t,  

i n  our ca se  the  pion mass term which was put in  for  that  

reason;

£  -  -  _L_ IM1 S-v (E38)

One obta ins from (E37)

(E39)

L r  = j -



APPENDIX F

MATRIX ELEMENTS USED IN THE DERIVATION OF

1 . Nucleon Matrix Elements Required For C alcu lation

We need to  know f i v e  ty p e s  o f  matrix elem ents.

They are

<(j\/ I £ £ ; I /V> ( P I )

< a m  ^  f x . ;  n . f  - f o r +■ H . 6 . I / / > (F2)

A7 f t ; +- n.c. (P3)

< > l  < A r O  J +  f U .  I (F4)

(P5)

158
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M atrix e lem en t (PI) has a lr ea d y  been worked in  

Appendix D.

(P6 )

M atrix e lem ent (F2) in v o lv e s  some in term ed ia te  

s t a t e  sums with both nucleons and A  ' s  in  the interm ediate  

s t a t e s .  We s h a l l  require use of the id e n t i t i e s  in  Appendix 

D, Note that th e  second term in  (F2) i s  j u s t  the Hermitian 

conjugate of th e  f i r s t  term. The f i r s t  term i s

-  / y V |  ' r ;  X i ' S  I V  C  ' t i - ' t j  } <F 7)

J  ^  j

In (F7) we d en ote  by th e  s u b s c r ip t  R es, the r e s t r ic t io n

i  7* j .  The procedure in  eva luating  Res w i l l  be to  work 

out the = u n restr ic ted  sum f i r s t  and then subtract o f f  

the i= j  terms to  get  Res.

This may be broken in to  four terms which w i l l  be la b e led .
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CD ®
-  J_ 'VJ -  i  i j - r

2. hiJ '*•' ~

®  @  

r • ( fc;X t j \ r j  - Y  '  ( i s x t i )  (P9)

(I) i s  simply

© -  £ ( , ■ £ ?  (F10)
2.

(2) w i l l  in v o lv e  o n ly  n u c leon  in te r m e d ia te  s t a t e s  s in c e  

t h e  e x p e c t a t i o n  v a lu e  o f  i s o s p i n  between n u c leo n  and A 

i s  zero. The necessary id e n t i t i e s  are Eg. (F6 ) and

X V , ' t  (F l l)

© -  -Ml i - .  < H \  I l > y < (  I £  r  |^ >  (F12)
Z . ^  J / •  /*~r '  ** A-"

A',//'

=• ~Jl X ( \ k -Y
Z. 1

© = £  (F13)

We perform ( |  in  a s im ila r  fash ion  using

T v t  ~  U t  ( p l 4 >
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(F15)

There w i l l  be con tr ib ut ion s  from nucleon and A in termediate  

s t a t e s  in  (|) . The h e lp fu l  i d e n t i t i e s  are Eqs. (D7)

" " f  A ^
J  X J  -  -  !L I  S -  - 2  ̂ a. (, (P16)

3 3

tY f X T  -  - i L ^ T  = ~ 1 . Jt  (F17)
^  ~  -> ^  1 ^

We obtain

0) =  f  (P 18 )

So that

-  H  y - r  X  ( p l 9 )
6

Double t h i s  to  get

®  + © + = l i  7 ?  i  (p20>
?

The i= j  terms are e a s i l y  subtracted o f f .  We present  the

value o f  (F2) for the cases  of i= j  and i ^ j .

T  ^  J f  *' n }.
(F21)

' j  = j  " ■* V  J



162

The values  of Eqs. (F 2 ) , (F4) and (F5) may be derived s im i­

l a r l y .  They are

<  A/1 i  [  2J I t.; 4

■ i t  ■ r ' t  (F22)
?

; = j

<  A' I £  \  %* - f o l  +■ W.dT) 1
■* L 2- ' J

+ U -  f>-Y ' l \  . - Z  I • ? *  \ (F23)
3 ! '  3

< f / / |  £  ^  ^  + lA/V>

- i  t . f  r  | t - %  l - ?  T  j (F 24)
A - i J*  =  j

N o te ,  th e r e  i s  a l a r g e  d i f f e r e n c e  between the i= j  terms 

and th e  i^j  terms in Eqs. (F21) and (F23) .

2.  A  Matrix Elements Required For q-traA C alcu lat ion

We need the fo l low ing  f i v e  matrix elements
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< A ) i  L  - t  £-• U > (P25)

< i | £ 04 u > (P26)

i k \ i  [  %■  T ; f  f w  + M ^ ]  I 4 > (P27)

< ^ l i f  t ; I A >
Ji •— (F28)

(F29)

Matrix element (F25) i s  found in Appendix D.

< >  I {  | A >  = A  T  f ?  (P30>
•* 2.

T and S are th e  usua l  i s o s p i n  and sp in  operators for an

i s o s p i n  3 / 2 ,  s p in  3 /2  system. We next work (F26) noting
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th e  second term i s  j u s t  the  H erm itian  co n ju g a te  o f  the  

f i r s t .  The f i r s t  term i s

The Res n o ta t ion  i s  the  same as in  Sect ion  1.  We'll  work 

the unrestr ic ted  sum f i r s t .

-  < A |  i ;  T ; - ?  V  V  I A  <F 3 2 >
•4;J i

This i s  four terms.

®  ©

©  = ! . { . - [  ' t j  T  ~  ̂ (>S ■ v l ' t i X ' r ' A
i  [  -  -  -

®  Q  _  _

- j  r • ^  j ~  C -r; X^JI l Ux  H V *  (F33)

Using i d e n t i t y  (D3) we g e t

-a a
Q  -  2  T  J • v (P34)

There w i l l  be both  nucleon and A intermediate  s t a t e s  in  

© }  however, only the A  s t a t e s  w i l l  co n tr ib u te .

© = -  i .  < 4 I t / x  I a>S <” I t o I  4>
2  J  ; 0

A'

-  . Z ■ X  /t  X T )  T- r  <F35)
z  1 ^  ^



where we used id e n t i ty  (D3) and

(F36)

T X  T  = <F 3 7 >
A*A-

Next, perforin @ s im i la r ly  using

©  = I T  ( • ?
3

(F38)

(F39)

The nucleon and A intermediate s t a t e s  w i l l  both contribute  

to  . Using i d e n t i t i e s  (D7)

we get

6 >  -  i -  I  S, | r  (F42)
7

Adding 0  , ©  , ©  and ©  we get
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Doable th i s  for

{$) + g )  -  Vi T (■? (F44)
3

The i  = j terms are  easy  to  c a l c u l a t e  and s u b t r a c t  o f f .  

Below i s  (F26) for the i=j  and i^j ca s e s .

< d |  i  [ t 1' **' • 1

The other i d e n t i t i e s  are derived s im i la r ly .

£  [  v  f h ;  + I *>
i  ^  2,

-  1  T I ' M I T ? ' ?  <F46)
1  ~  I _ J 2 ~

t  = j

O l  i .  i>*' y f o :  +  I ^ " >■* L t

= V  I  r ' T . , 4  I  L . <F” >
J r j

‘sjA] ^  £ •£-( 6.,’T  ~fx4. +  H\ | J^>

-  X T  l ’ r  I g T  ?■ h (F48)
i  ^  I . I ~ z  ' x-

A TJ
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3 .  Matrix Elements For C a lcu lat ion .

There are f i v e  d i f f e r e n t  forms of matrix elements  

required. They are

Li (F49)
A

^  [  Q ;  U  f o /  + H . P ]  (F50)

-  I I *  , 't i  6 j * t>;\ + i - ' t j - ' i ' , '  & ;

+ Q; f  i -YV-'i'j + i .  ii (fi-Z\ | -ry- Ŝrj )T (F51)
L, ^  -v 3  )

^  [  q ; t ;  f 6; + f 6; £  £>7}

s'fj ^  'x 4 * + [ t j • t ̂   ̂ Q •*

"t" A ( 4 j X 4j ) 4-i- b i I 4 /X 4j Pj

(F52)

(F53)

where

q ; = J_ -h
(> i .

(F54)



168

We'll  work (F49) f i r s t .

£  k* i i  = *7 [  1  + £■< ~\  (F55)
A A 2.

This i s  e a s i l y  done using id e n t i ty  (D3)

£ S ;  l; =  X  t  x  !  <p 5 6 >
1 ?

Next work (F50), We know the  second term in (F50) i s  the  

Hermitian con jugate  o f  the  f i r s t  so  we j u s t  double  the  

f i r s t  term, giv ing us for (F50)

(F57)^  -   ̂ T  a — A (

This i s  s i x  terms which s h a l l  be labeled
®  ©  <D

i -  i  - i  I  j ('T/X'Vjf
I -  -  -  -

<g> ©  ®

— * ( Lk tj \ j _  ̂ I t> XX tj ) — [  ( j a X b j  ) ( )  "j* (F5 8)

One s e e s  th a t  (§) w i l l  in v o lv e  a sum over  in term ed ia te  

s t a t e s  but only the nucleon intermediate s t a t e s  w i l l  co n tr i ­

bute. Osing the usual i d e n t i t i e s  in  Appendix C one has
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@ = l!£ S <P59>
3

The other f i v e  p ie c e s  of Eq.(P58) may be performed rou t ine ly  

with the r e s u l t

(£) = i M T 3 (F60)

Q  -  M_o t  T J (P61)

(J> r loo_ 5 (P62)

©  =  ie T T 3 (P63)
3

d) - EU 5 T 3 (P64)
<?

The i = j  terms are easy to  subtract  o f f .  We present below 

th e  r e s u l t s  for  Eqs.(P50) through (P53) for  the  cases  i=j  

and i ^ j .

i  ! 1  S t i l l  S ' T  I , a. T + I 3  4 S T 5 i (F65) 
1 ~  '  3 ~  j

■* -  J J 5  ̂J
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(F6 6 )

-  _L ^  "  1 b f  T 3 I J_ s - ] t  f  T 1
’  T  ~  L i  '  "♦ "

i  [  0 ;  t ;  f . ;  + w . c l
(P67)

= i£  t  + £ i  f  T  I JL i  - 1  t T  J
7 3 ~  ; = j  T  ^ ^  ^ 3

£  . ^ A ( to Y- (>* I + i  ( t j - L '  ) ( i  ]  }̂j +  J-/-/. ^

T f  ~ f  ? - l  '  f r  . ( F 6 8 )
J r j

5 .  Matrix Elements For MAA Calculation

The forms of  matrix elements were given in  Eqs.(F49) 

through (F53) . The a lgebra ic  process and use of  the i d e n t i t i e s  

in  Appendix D are p a r a l l e l  to  th a t  in  the  l a s t  s e c t i o n .  

We p r e s e n t  the  s o l u t i o n s  in  the  same form ex cep t  now S 

and T are spin and iso sp in  3/2 operators.
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£  ft v (>< (P69)

£  [  f t /  t i  ?«> ;  + M / . " )
x ^

Li
? 3

£ T

3
£ T (F70)

j pij

* { L
J l J l

• 'V j - t i  t j - 1 ; fii-i +  Ml.^j-

i _  5 
<?

+ - | t  I T 3I T '  I 
9 ~  / , •

X  t  f  Jj_ S T z  1
1 1 ~  L>j

(P71)

[  f t ;  u  r . ;  +  H - .c - ]

X s t 3 L  .
j = j

V. S M  S T
' 3  7  "

(P72)
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APPENDIX G 

THE CLASSICAL PION FIELDS § ,  <f>

In order to  e x t r a c t  the coupling constants  from 

the  v a r i o u s  f i e l d s  d ev e lo p ed  in  Chapter VI one needs to  

know the c l a s s i c a l  s o lu t io n s  fo r  (ft . We present  the f i e l d s

here  fo r  c o m p le te n e s s ,  a l th o u g h  th e  s o l u t i o n s  are  w e l l  

known. We fo l lo w  Ref. 20 in the  fo l lo w in g .  The pion f i e l d  

w i l l  be t h a t  re su l t in g  from a nucleon source which in the  

process  of pion emission stayed a nucleon. The pion f i e l d s  

r e s u l t i n g  from nucleon-becomes -  A  and A -becomes - A  are 

simple g e n er a l iz a t io n s  o f  the <£>VJV with  the only d i f f er e n ce

being the coupling constants  and types of i so s p in  and spin  

matrix elements.

The wave equation for  the c l a s s i c a l  ^ i s

nn V • f 'f’ 6 kf’ ̂
Kt-rf

The s o lu t io n  for w=0 i s

Tr<yy
4TT V ^ -rr „ I  $  -  t '  I (G2)

Assume a simple nuclear charge d i s t r ib u t io n

173
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-  _ i -  B-v L r l' Z \
H-tr Z3 (G3)

The gradient  a c t in g  on the  charge d i s t r ib u t io n  i s

y ‘ 'js ^  — ~ Z S (G4)
47T Z1

Now rewrite  S • y

s - f  =  V * *  t  5 * 7 , .  ( « )
V 3 A

* _ i

where 5 K are t h e  s p h e r i c a l  components o f  S. Next use 

the  expansion in Jackson on pg. 742.*

__ ki - 7 ' |  *° *
~c________  -  -  HTT K _

| y~- y '  j £ ? o

One f in d s

$ Lr) - _L it f T  £ • ir { (G7)
^  71“ R

o»hich in  the l i m i t  of zero radius becomes

— i*i y-
K m = -  ^  I j  2. f-r / , j. i \ (G8>MM
<v 47T
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In order to  f i n d  a sy m p to t ic  f i e l d s  fo r  the  ca se  of  

and we need the analogous source terms corresponding

to  Eq. (G l) . These may be obtained from the n o n - r e l a t i v i s t i c  

Lagrangians for  both f i e l d s

i V / / A
-- 4 ,

I'M
i s  < 4 ! j  -v j a/}
  '  ’ J  -

(G9)

=  i ™ ?  ( ^ 1  r ^ ' j  I &  ,  <G10)
iMfl- ^  A

where we are using the t r a n s i t io n  operators shown in Appendix 

D for (G9), The equations of  motion are

(Gil)

r “ tV* ) f  = -PlTAA V ' / ^  J ,  7 ^  ^  | (G12)

N a tu r a l ly / s i n c e  t h e s e  are n o n - r e l a t i v i s t i c / we may think 

o f  the r i g h t  hand s id e  of the two equations as a uniform 

t r a n s i t i o n  s p i n - i s o s p i n  and s p i n - i s o s p i n  d en s i ty ,  having
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the same s p a t i a l  d i s t r ib u t io n  as (G4). I t  i s  easy to  compare 

the r e s u l t a n t  pion f i e l d s  to  (G8 ) . We w i l l  summarize a l l  

the  f i e l d s  using the  more convenient pseudoscalar coupling  

constants .  The coupling constants  are defined as fo l lo w s

^  A/tJ — fl

TT

(G13)

‘J-nA'A 

(, tn v + a ^

(G14)

y  I T  A A  -  " r i T A A

lu

4 - t t a a  (G15)

The f i e l d s  are

t — f a r

»>» [ l^TT \  X '/ i  C'/‘J  t G16J
^  8 ir ' M y  • -  k,‘"

t  N& ~  ̂n # A  I fay \  e*y' • y -C I j t- _i_ ^ (G17)
XX + I ~ V  L

5 j  T J/t S^y  |  | \  (G18)



APPENDIX H 

NUMERICAL AND ANALYTICAL INTEGRALS

1. In te g ra ls  Used in Magnetic Moments Calculat ion

There were needed s e v e r a l  i n t e g r a l s  invo lv ing  

j u s t  spherica l  Besse l  fu n c t io n s .  These were done a n a ly t i c a l l y  

and checked on a computer. They were

P

j j ,  ^  -  *. D Z 5  5~ (H1)
D

* 9

( j o j , 1 - J, J J ) * *  = - . 7 ^ 1 *  (H2)
Q

*

(  j  , j  t> -  j  i  3,  ) y * J r  =  . i r u  (H3)
\

In a d d i t i o n  i n t e g r a l s  and 1  j31 were c a l c u la t e d .  In

the fo l low ing

177
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P

I 3 '  (  J |  ' k i  +  1 *  ( -I H U  ) (H4>
o *nr

-p (»}
~ ( j o ' t e n  + j , ^  I *  -  J L  (-.lHlUf) (H5)

^TT

- r  MWe s h a l l  f i r s t  c a l c u la t e  X ^

R ecall  Eq. (C2)

1C  = J L
1 <iir W °  , - j

■l -I  j  oC51 I  t t f ' t 1) > J |  + J f

'  I  J )

^  0  ( j )  j   ̂ H f > ‘ J  t> J  t  d  f 1

0

+  j P \ (  + - 4 , 1  (H6 )
. I 9ir Vj  » J

1 ^ 3  =  JL /
^irivo [ '

¥ » (  f |  /  ^  2  ^  f ' 3  J "  ^
^ D

+ J 1 1/  \ f  ~  ^  ^  i f 3 H  +  A j l  (H7)
(. ^nu/fr'  J

(ii
Break I j  in to  two p a r ts .  The f i r s t  part w i l l  contain

th e  p i e c e s  o f  and Kg i n v o lv i n g  i n t e g r a l s .  The l a s t

p a r t  w i l l  have j Q( j ) [  ] and j ̂  ^) t ] terms. The f i r s t

part sans a fa c to r  o f  A/  i s
W o1
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r f  r f
T C j — j (_ j  i J  o  + J t> J  j J li j 0 e ) ^  ^

i

%

+ J t  j l 1/ * + J o If ( ) »U J 2- H* ^  0 0 J i 4 (H8)

We need the i n d e f i n i t e  in t e g r a l s  o f  the outer nested integrands  

in  order to  in te g ra te  by p a r ts .  They are

l j  o j ,  I 3 = - ^ 5 i u V  + r/\z*r (H9)

-2r3 — -2-  ̂ 5r J  / If i  S / U 2r ( HI 0)

In tegra te  by p a r ts ,  g e t t in g

.P
( - 1 " ’^  + i *  s/l ,2- ^ ] C ti o j j

i  f P
£  p s i u f> ( os  -  J_  f  1 1 1  J  2. f i  -k j  b J  | {̂"2:

£• ( oS 3 I \* is ~ 3L -f < U 2. ff ■£ vl p j  | <("£■ (Hll)

T h is  i s  easy  to  i n t e g r a t e  n u m e r ic a l ly  p rov ided  we know 

H

L\ l q \  -  B I T  A / ' '  J  J -  ~ J L  s i j s b J M *  _ ?  ,
H t  ' ’  T  - F .  [  1 - a ’ T  ~  I (H 12>
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The answer i s

X ,  = x l l 47-’

Now work X2 ,

^  +^) J *  
o

p
+ f - J L  f j i jo '* I

** 7 TT W ?  > J

We need the  fo l low in g  constants

- i

(H13)

At (H14)

A, = JL \ 1 .2*  I X JO. .  J
CjTT U

(H15)

-  J L  \  % x i<? 7 1
*?tt

(HI 6 )

iHp) -  . 303*/  
V '

(HI 7)

which together  with (HI4)/ g ive

l i  = JL ( .  3 77 ?)
qrr K

(HI 8 )

Now m ult ip ly  by J\! and add to  I2
‘f i t - lvf

= JL X t +
97T W ?

- j l  f  'I
97T l J

(H19)
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Next perform I g ^

•^3 “ [  [ J o ' k ^  + 0 1 '1C,Z ) oc3 A .ft
J o

This requires  K2 and K4 . R ecal l  Eq. (C2)

(H20)

P
3

^  i Jltj] J? N . j J ^ f  * Jf'

+ Jl ( j| £ - j £ .  J t i  J b H- 4- A^J (H21)

^  -  Ĵ -L j  J l / [ )  J f J ^ ,  ^

+ h  I j* j j  -  3 / j o ^  fl p '

4  J l / j) £" y — -J. ty{ J  1 f  4  ( H 1 2 )
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As b e f o r e ,  break I g ^  in to  two p a r t s .  The f i r s t  part

c o n ta in s  the  p i e c e s  o f  K2 , in v o lv in g  i n t e g r a l s .  The

second part  w i l l  c o n ta in  j 2 ^^  ̂ 1 an<̂  3 l ^ ^   ̂ terms.

The f i r s t  part sans _£L t i s
?tt w  <*

J

(H23b)

(H23c)

+  I J I !j L i 1 A t  / ( j |  0 e -  j a j ( -| (H23d)

Again we need some i n d e f i n i t e  in te g r a ls  I



183

j  0 M Az  "  X  * '1'H  +  Jk" -  J _ l r  S  i h  Z  -  C*s%±
11 ^  H i  *

<(•£• -  i  - I  -+ J i s i \ z  t o j *  f- 3  z -
' ’J- ■2=' J </

J =  - J p ^ i 3 +  J j o if ( ?̂ d-h-
Now in te g r a te  (H23a) and (H23c) by parts  to  get  

fP
J - i  w'>7^  -}-2_ *- - J .  JiU-t < u i i I  •

1 k  “T  *1 1 >
0

^  ^ 2  4 1 ^ ^

r ̂•f j £ S< | ) + J l  S l \ z  ( OJZ - f -2 . ZJ

X  £  ^  f j  o -  -i H- d i r '

The numerical eva luat ion  of  t h i s  g ives

(H24)

{H25)

(H26)

(H27)

(H2 8)
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UL JL f  - . O f  I /")
5  i « 0  ^  J

Next, in te g r a te  (H23b) and (H23d) by parts  to  get

J * 

r l

1

u/hich i s

Now add (H29) and (H31), remembering to  m u l t ip ly

N , to  g e t  
?irW»v

I | ~ JL [ - ,0 4Sfc|
<hr L 1

F in a l ly ,  work I 2

(H29)

(H3 0)

(H31)

by

(H32)

J

7- J  o  /31 /J" +■ /  J | ^  i  ^
? T r l v ^  J  J .
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We need A2 and A^. See Eq. (B38)

e
A 1 - JL

i t
I  >j i j  »(> ft- Z*' j  ^ 1  j ° ~ J | j D d i

A4 = f i + i 1 - s .  ( U m , ]  [ j  , ‘j o -iv (j>+j I )

(H34)

This g ives

X i - J L  f ( j tj  ,  _  j  ( H 3 5 )
i v *  * I

u/hich i s

l i  - i  f  I O 0 7 ] (H36)
9 i f  L J

F in a l ly  add (H32) to  (H36) giv ing

I ? '  = J L  f - , i i n I (H37)
?7T L  /



APPENDIX I

VIOLATION OF ANGULAR MOMENTUM CONSERVATION

Our d e f o r m e d  bag  m o d e l  a n d  m o d e l s  l i k e  i t  h a v e  a n  

i m p o r t a n t  d e f i c i e n c y .  They  v i o l a t e  c o n s e r v a t i o n  o f  a n g u l a r  

momentum. T h i s  i s  a p p a r e n t  f r o m  t h e  D i r a c  wave f u n c t i o n  i n  

( 3 . 1 0 ) .  T h e s e  wave  f u n c t i o n s  c o n s e r v e  J z b u t  v i o l a t e  t o t a l  

J  c o n s e r v a t i o n .  The  v i o l a t i o n  a r i s e s  f r o m  t h e  p e r t u r b a t i v e  

n a t u r e  o f  o u r  c a l c u l a t i o n .  We h a v e  m i n i m i z e d  t h e  e n e r g y  

v i a  t h e  NLC and  t h e n  c h o s e n  t h e  S U ( 6 )  s p i n o r s  g e r m a n e  t o  

t h e  n u c l e o n  o r  A  I n  p r i n c i p ^  o n e  s h o u l d  p r o j e c t  o u t

o f  t h e  s y s t e m  o f  q u a r k s ,  g l u o n s  a n d  p i o n s  t h o s e  s t a t e s  

w h i c h  h a v e  t h e  c o r r e c t  q u a n t u m  n u m b e r s  o f  t h e  n u c l e o n  o r  

A  . O n ly  a f t e r  t h i s  s t e p  s h o u l d  t h e  e n e r g y  o f  t h e  s y s t e m  

b e  m i n i m i z e d .  U n f o r t u n a t e l y  i t  i s  n o t  c l e a r  how o n e  c o u l d  

i m p l e m e n t  t h i s  t e c h n i q u e  p e r t u r b a t i v e l y .

186



REFERENCES

1. Z. Y. Ma, J .  Wambach, Stony Brook P r e p r i n t  (1983) .

2. R. A. Arndt,  J .  B. Cammarata, Y. N. G o ra d ia ,  R. H. Hackman, V.L. 
T e p l i t z ,  D.A. Dicus,  R. Aaron, and R. S. Longacre, Phys. Rev. D. 20 
651 (1979).

3. A. Chodos and C. B. Thorn, Phys. Rev. D. ] 2  2733 (1975).

4 .  R. L. J a f f e ,  i n  P o i n t l i k e  S t r u c t u r e  i n s i d e  and O u t s id e  H a d ro n s , 
proceedings  of  the  Seventeenth I n t e r n a t i o n a l  S choo l  o f  S u b n u c le a r  
Phys ics ,  E r i c e ,  I t a l y ,  1979, e d i t e d  by A. Z i c h i c h i  (P lenum, New 
York, 1982).

5.  T. De Grand, R. L. Kaffe,  K. Johnson, and J .  K isk i s ,  Phys. Rev. D 12 
2060 (1975).

6.  I .  Hulthage,  F. Myhrer, and Z. Xu, Nucl. Phys. A364, 322 (1981).

7. C. De Tar,  Phys. Rev. D. 17 323 (1978).

8.  I .  M. Duck and E. A. Uraland, Phys. L a t t .  116B 308 (1982).

9.  A. W. Thomas, CERN r e p o r t ,  1982 (unpubl ished) .

10. S. A. Chin,  Nucl.  Phys.  A382 355 (1982).

11. S.  Theberge,  A. W. Thomas, and G. A. M i l l e r ,  Phys .  Rev. D Z2 2838 
(1980).

12. T. H. Hanson and R. L. J a f f e ,  Phys.  Rev. D ^ 8  882 (1983).

13. P.  Hasenfra tz  and J .  K u t i ,  Phys ics  Reports  40 No. 2 75 (1978).

14. F. Gross and J .  Hunter,  Phys.  Rev. D 28 2266 (1983).

15. C. Flammer, Sphero idal Wave Functions  (S tan fo rd  U n i v e r s i t y  P r e s s ,  
S tan fo rd ,  C a l i f o r n i a ,  1957).

16. V. Vento e t  a l . ,  Nucl. Phys.  A345 413 (1980).

187



188

17. R. A. Smith and V. R. Pandharipande, Nucl.  Phys.  A256 327 (1976).

18. T. D. Lee,  P a r t i c l e  P h y s i c s  and I n t r o d u c t i o n  t o  F i e l d  Theory ,
Harwood Academic, Chur, London, New York (1981).

19. M. Gell-Mann and M. Levy, Nuovo Cim. 16, 53 ( I960) .

20. V. Vento, Ph.D. t h e s i s ,  Stony Brook, May (1980) unpublished.


