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ABSTRACT

A chiral bag model including the effects of quarks, gluons and
pions is calculated perturbatively to second order. The bag shape is
determined from the requirement that the pressure exerted by the fields
be zero at the bag surface, To second order the nucleon is found to be
spherical, while the A is oblate or prolate for spin projections
{m,}=3/2, |[m,|=1/2 respectively. The coupling constants qmnasand
9Quwy 8TE calculated and the ratio 4ggqap/9mwy 18 an improvement over
previous work. The nucleon and A magnetic moments are also calculated.

viii



DEFORMATION IN A CHIRAL BAG MODEL



I. INTRODUCTION AND SUMMARY

A. Deformation of the Bag

This dissertation presents a systematic treatment to second
order of a classical chiral bag. A major feature is our inclusion of
deformation effects generated by gluon and pion fields. A key to the
calculation is the nonlinear boundary condition (henceforth NLC) which
arises when one varies the Lagrangian with respect to the bag surface.
As is shown in Chapter V, the NLC is merely the statement that the
pressure at any point on the bag surface be zero. Previous bag papers
ha&e settled for an angle-averaged NLC which automatically implies a
spherical surface. This compromises the bag physics and is unnecessary.

The original MIT bag phenomenology includes a volume energy in
order to stabilize the bag., This is accomplished by introducing a
constant B into that part of the Lagrangian density which describes the
interior of the bag, The inward pressure generated by the constant B
cancels the outward radial pressure due to the S-state quarks., Since B
is a constant, a spherical bag can result only if the pressure is
independent of angle, which fortunately is true for S-state quarks. As
soon as one considers excited quark states or gluon or pion effects the
pressure becomes angle dependent. This shows up in the NLC, which
acquires angle-dependent terms, and one needs a mechanism to counter
them locally., The pressure terms which can have an angular dependence

2



are of the following form for gluons and pions respectively.

qe <SF| f 3 4R 6 -_*ili-&[ S.F.>

*{ 5.k { (—’,-_‘i-féa~x B ‘*"‘a’ﬁ-"i" L5 aw

where S.F., refers to the SU(6) spin-flavor wave functions of either the
nucleon or A . The indices i and j refer to the quarks in the bag.
One may observe that the matrix elements in (1.1) have a spin 2, { =2,
J=0 behavior. They are essentially the familiar Sqp of nuclear physics.
Eq. (1.1) doesn't involve any integration so we look to the spin
behavior of the nucleon and A SU(6) wave functions for guidance., One
sees that (l.1) must be zero for any spin 1/2 system. This includes the
nucleon, The A, however, will not be zero since it is spin 3/2. 1In
fact (1.1) then behaves like the Legendre polynomial P,(z). The bag
surface must somehow conform so that the pressure is still locally zero.
We anticipate a deformation of the same form as the pressure. (See
Chapter III for intuitive discussion)

The remedy is to solve the bag equations for an oblate or
prolate bag since it happens that the pressure is independent of the
azimuthal angle. The deformed-bag solutions are worked out as
perturbations around a spherical geometry in a simple power series in

the eccentricity &. The eccentricity is then found to be a direct
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function of the strengths of the pion and gluon fields, as well as the
mean bag radius. (We did not know until the end of the calculation that
€ was actually small enough to justify a perturbation expansion.)
Fortunately the spherical solutions for the pions and gluons are
unchanged by the deformation in this second-order calculation since they
are already of second order in the small quantities g and go» where
g=1/f; and g.= the strong coupling constant. Deformation effects on
them would be of order ezgz and ezgcz, and are ignored. The only
fields affected are the three original S-state quarks. These acquire,
in addition to the usual J=1/2 structure, additional small J=3/2 and
J=5/2 components which are calculated in Chapter III, (Appendix A
develops the necessary machinery for a deformed bag.)

Once the fields have been determined, both the average bag
radius and the eccentricity are fixed by the NLC. The average radius is
fixed by the angle-independent part of the NLC (equivalent to minimizing
the energy with respect to mean radius), while € is fixed by requiring
the angle~dependent part of the NLC to vanish.

In Chapter IIIB the shapes of the nucleon and A are obtained.
Naturally to second order in the calculation the nucleon is spherical;
5&3 is identically zero, Aside from the reasoning given earlier one
might have guessed this on the basis that quadrupole moments are
prohibited for J=1/2 objects. However, it is not clear how the bag
shape relates to its quadrupole moment. It may be possible that a

higher-order calculation will show a deformed nucleon.
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We would like to briefly discuss an alternative scheme which
makes for a deformed nucleon. A possible mechanism for nucleon

deformation at order g2

is shown for the nucleon in the paper by Ma and
Wambach.l This would involve configuration mixing, which entails
assuming one of the original S-state quarks is somehow replaced by a
D-state quark. The total wave function is then antisymmetrized
appropriately. They minimize the total energy with respect to the
deformation parameter and find that the pion pressure has induced a
finite deformation of the nucleon. The simple reason for this is that
the quark spins in the nucleon no longer add up to 1/2. This is a
non-perturbative approach and one must note that for a given radius the
D-state energies will be higher than the S-state energies. We regard
using excited states for the basis of a perturbation scheme as
unnatural, and probably unrealistic for the nucleon. However, the
configuration mixed states could be reasonable for describing the Roper
resonance or the 1\13{'= particles. Indeed the use of them will
automatically generate deformation even in J=1/2 systems, so perhaps the
Roper is deformed. Ma and v\.’ambach1 also lock for nucleon deformation
without configuration mixing, There they find no deformation so we are
in agreement. In the absence of configuration mixing they found the A
to be strictly oblate. We believe this is only half the story since our
A was both oblate and prolate depending on spin projections. In fact
they overlooked calculating the shape of the A for m, =1/2. When they

calculate this we believe they will reproduce our results qualitatively.



Our calculation includes gluons whose angular pressure tends to partly
cancel the pions‘angular pressure so that the bag is not radically
deformed. |

The A shape is shown in Fig. 1. A simple mnemonic is
obtained if one thinks of a water ballon. If all the quarks spins line
up mz=i3/2 and the water balloon is oblate due to rotation. If the
spins are mostly in the x and y directions, then, mz=i1/2 and our water
balloon is prolate. Of ‘course this mnemonic should not be taken
literally.

The reader can track backward from Eq. (3.17) to find all the
deformation contributions. Table I presents the eccentricity of an
mz=i3/2 A for several values of m, and £ (note that we use an oblate
geometry for our calculations; however, prolate geometry corresponds to

2 negative; see Chapter IIIA and Appendix A). One finds that pion

é
effects outweigh the gluon effects in determining the bag shape.
Equation (3.17) shows that this strongly depends on the bag radius along
with o{c. For example, if either a(c or R increased much, then the
previously oblate (prolate) bag would be found to be prolate (oblate).
Finally, note from Table I that the use of massive pions in the bag

equations leads to significantly smaller pion pressure and consequently

a smaller amount of deformation.
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FIG. 1. The shape of the A bags. The solid curve represents
the prolate | m, | == case, while the dashed curve is oblate and

| m, | —7 A nominal value of f,=93.3 MeV and m,=138

MeV was used in obtaining these figures. The mean radius of
both A’s is R =1.249 fm.



B. Bag FEnergy and Stability

We have fitted the nucleon and A masses for the case of both
massive and massless pion fields. This fixes the two free parameters B
and o(c for four choices of £, and my (see Table II). The separate
contributions to the bag energy are summarized in Table III,

We note that the pion mass softens the pion pressure
significantly and allows for a larger bag. This effectively increases
the energy splitting due to gluon effects and is desirable. However,
one can see from Figs. 2-4 that the pion mass does not change the
dependence of the bag energy on R very much.

A problem basic to chiral bags is a —R-3 [Eq. (4.2d)] energy
dependence due to the pions. As the energy stands now, this is
unreasonable because both nucleon and A bags would be highly
metastable, as shown in Figs. 2-5. We had hoped that the increased
energy due to deformation alone might overwhelm the negative R-3
pion-energy term. The argument was based on the observation that the

2

deformation energy (Appendix A) is of order + el'/R where ¢“ is a linear

2 has dimensions of (mass)-2 so the

bp-4

function of gz, Eq. (3.17). Now g

4 in order to be

pion contribution to ¢~ must be proportional to g
dimensionless, This means that the pion contribution to the deformation
energy goes as R-5, and is positive. However, even though the
deformation energy would help the A in a fourth-order calculation, it

does not aid the nucleon since é&y=0 identically.



TABLE 1. Gluon and pion contributions to the bag eccentri-
city for two values of f,, and both massive and massless pions.
(Note that €,* simply changes sign for |m, | -—-% and the bag is

prolate.)
f-=1/g : m., el |m|=3/2)
{(MeV) (MeV) Gluon Pion Total
93.3 0 —0.054 0.242 0.188
138 —0.062 0.197 0.135
114 0 —0.071 0.150 0.079
138 - —0.075 0.123 0.048

TABLE 11. The bag constant and a, obtained for two values

of f., and both massive and massless pions.

[ (MeV) m, (MeV) B (MeV/fm?) a,
93.3 0 38.60 1.593
138 36.72 1.808
114 0 34,65 2.080
138 3375 2.192
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FIG. 2. Nucleon bag energy as a function of radius. Here
JS==93.3 MeV. The solid curve is for massless pions while the
dash-dot curve is for massive pions. Also shown is a dashed
curve which is the total energy minus the pion contribution.
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FIG. 3. Nucleon bag energy as a function of radius. Here
f==114 MeV. For further explanation, see Fig. 2 caption.
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C. Coupling Constants and Magnetic Moments

A physical consequence of A deformation is reflected in the
pion-4A coupling constant Gran s The coupling constant is calculated in
Chapter VII and shown to have two different values depending on the A
spin-projection. This is a controversial result and is discussed in
Appendix I. The ratio of pion-nucleon coupling to pion- A coupling is
also calculated., It is an improvement over the results of other bag

8

calculations® we have seen which are off the experimental number by

around 100%Z. The ratio we obtain is

Guoor | = L 7HI (1.2)
Ynm¥

‘]Mg_-]"j/(_
ﬁ‘ﬂbA = 4‘773 (1.3)
L2

lvk‘!.]:l[':_

The experimental ratio? is
Jwan = 598 £ 147 (1.4)
____.__—‘

grrww
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Another physical quantity which however is not affected by

deformation is the ratio of the proton magnetic moment to the neutron

magnetic moment. This is calculated in Chapter VIII, We get

M p (1.5)

The experimental ratio is

_r = - l.4¢&]
Mu (1-6)

The A magnetic moments are also calculated but we have no experimental

comparison, The deformation effects on the A are less than 1Z.

D. Organization of Dissertation

Chapter II is devoted to the derivation and details of a
perturbation hierarchy for a chiral bag. Simple formulas for the bag
energy are obtained there.

Chapter III summarizes the necessary technique for a

non-spherical bag and calculates the deformation via the NLC.
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Chapter IV describes the simple numerical fits which determine
the mean radii along with d-c and B.

Chapter V relates the NLC to pressure and discusses nucleon
deformation in higher order,

Chapters VI and VII calculate the pion field of ()(gB), and
picks off the various coupling constants.

Chapter VIII is a calculation of magnetic moments.

Chapter IX discusses classical versus quantum field theory in
the bag model and explains the energies at which bag models might be
appropriate.

The Appendices are mainly technical. However, Appendix E

discusses chiral symmetry.



II. ENERGY AND EQUATIONS OF MOTION

A. Exact Equations from the Lagrangian

Inside the bag, the equations of motion are dictated by the
original MIT Lagrangian. Outside the bag we use a Lagrangian whose
chiral symetry is broken by massive pions. The surface terms which
couple the inner and outer Lagrangians are discussed in Ref. 3,
Stability_of the action under variation of the three fields results in
three field equations and three so-called linear boundary equations.
When a variation is taken with respect to the bag surface there emerges
the well known but frequently ignored nonlinear boundary condition
(NLC).

The Lagrangian is

i: ( Fj‘l" —_TI.“FR“VFGJH! ~ 9 ?Aa%\;‘)‘/j &v -86,

N}>~ .

ri }j?(uigg-i}’;)‘}’(ws"i;)"{j Wik Ag
(2.1)
+

£ (0038108 0p 43 (4] - 4] o5

where ¥ is the quark field, A: is the gluon vector potential with color

a, (# is the isovector pion field, and (,‘»’:H’I Sums over quark isospin

A

and colors are suppressed in (2.1), but are implied, and )(=A"‘X. The

generators of the SU(3) color group are )‘A, and of the SU(2) isospin
16
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group ¥. The symbol & is unity inside the bag and zero outside, Oris
unity outside and zero inside, and A g is a g function on the surface
of the bag which has outward normal n”, For a spherical bag, n”'=(0,%).

The two coupling constants are

(2.2)

ﬁc.: VHTTO(L

where f; is the pion decay constant with experimental value of 93.3 MeV,

and a(c is the color fine-structure constant. The color field tensor is

FEre A, - AN tacfa M AL @

where f ;. are the SU(3) structure constants., Two "covariant"

derivatives which will be employed are

D::. = ﬂS‘M DA @c'ﬁan AAL

Pt = (149 ¢1)~I )" (2.4)
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The action, which is stationary, is
(= | 4% L

m a
Varying this with respect to #ﬂ A,, and ‘# gives three equations
o~

(2.5a)

bos —q Y Y, 2\; g (2.5b)

(2,5c)

(where the first two hold inside the bag and the last outside) and three
boundary conditions on the surface of the bag

(ng‘)_“(i +igr byt ¥ (2.6a)

idY =
ke FO7 =0 (2.6b)

?( ?’ (2.6¢)

wited

nr Y.z~ (1re ) ¥ T,

Note that the Dirac equation for ?’ has a source term of order gf since

the color field A will be proportional to g.. The source of the pion
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field, boundary condition (2.6c), shows that it is of order g. If the

-—
bag is static, iﬂ:—iY'ﬁ.

Finally, varying the action with respect to the surface of the

bag gives the NLC, This is a local condition which must be satisfied at

every point on the bag surface S:

PN - m.4
SR R SRR g\
s, L (1+i97¢ Y‘)U’rﬂ’z]ﬂ/‘

+ 1 [( 1+g ¢ bnd - p7¢ *_;3_2 b $°) = b 4’?

This can be simplified with the help of Eq. (2.5a):

p = g FD Fa

+ h”),u _q_?-: (]+)gf.fY5‘)+£l+g1¢l)”/z.

(2.7)

FLI(+d8) Dag 0P - & (1, ‘?’2)1-1«;#3]}
4

Perturbative Equations to Second Order

B.

The next step is to establish a perturbation scheme to solve

the three field equations with their respective linear boundary

conditions and the NLC. Following Jaffe,# Chodos and Thorn,> and
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others, we expand the fields and energy perturbatively assuming both g

and g, are small quantities of similar order:

b= 3¢ + 94 ¢+

P

T
\L = \LO + g‘t \”711 + ﬂc_ 41, + (2.8)
1 e
W = Wo + 9 qu-rr + jc_ sz +

Aos g A v gl Gy v

The equations to zeroth order in the coupling constants involve the

quark fields only:
"‘J: g{v \-’/o = WD \,‘o (2.93)

adde = oy (2.9b)

3
- “ i o4 o 4
B_~_L_h3,u A.H\LA*I’,\]S (2.9¢)
+
1 = Ja(’fx to VYo (2.94)
v

The last term is the normalization condition, and in (2.9c) the sum over
the three quarks has been explicitly included.

The pion and gluon fields first arise in O(g,gc), but as all
physical observables depend on the square of these fields (or on

products of currents and fields), only terms of O(gz,gcz) are physical,
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and the equations are not complete until all terms of O(gz,gcz) are
included.

Before developing the specific equations which determine the
pion and gluon fields, we make a few general remarks. In what follows
we will use the pion field as an example, although similar comments also
apply to the gluon fields. It is convenient to denote that part of the
pion field which arises from the ith quark by jé;. Bilinear products
of the pion field then take the form i:¢;'¢jwhere the double sum is
over both i and j. There are two options; the sum can be unrestricted,
or it can be restricted so that the i=j terms are excluded. In a truly
field theoretic calculation the i=j terms are crucial and must be
included in some fashion., This is discussed at length in Chapter IX.
For practical reasons we exclude them in our energy fits. If we
included them we wouldn't be able to fit the nucleon. (See Figure 2).
Perhaps this omission is reasonable since we are doing a classical
calculation where the self energies are meaningless anyway. Since we
dropped the i=j terms in the pion sector it would be consistent to drop
them in the gluon sector as well. Presumably one should absorb the i=j
terms into the mass renormalization and compute the energy from sums

35 that this procedure cannot be

over i#j, However, it is well known
carried out for the color-electric field. In order to satisfy the

boundary condition (2.6b), which for the electric components becomes

}’,‘E\“l = 0 (2.10)
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it is necessary to include the i=j terms in the sum and to require that
the state be a color singlet. If the quarks all have the same mass and
are all in the same state, which is the case for the nucleons and A's
treated here, this condition means that the color-electric field is zero
everywhere inside the bag, and can be ignored. This will be assumed in
the remainder of this dissertation. For consistency we will also
neglect the time component of the color current, which would be the
source for the color electric field. For further discussion see Chapter
IX.

We now return to the system of equations which completely
specify the solution to O(gz,gcz). It is sufficient to write these for
a spherical bég (see Chapter IA). There are four kinds of equations,

First, the gluon fields are determined by

T ¥ ,Z:'l" - ?IA,“ (2.11a)
T - zf = 0 (2.11b)
sz';,, = - T,“ = - "’:;_\ 2 o (2.11¢)
F X §‘; | = O (2.11d)

where the index i ranges from 1 to 3 and labels the three quarks in the

bag. It will be suppressed whenever possible. In this model the source
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of the gluon field is the inhomogeneous term in (2.11lc) which may be
interpreted as the color current density of the ith quark, That part of
the total gluon field generated by the ith quark is writteﬁ i : . Note

that the static color-magnetic fields?

satisfy boundary conditions on
the surface identical to the boundary conditions for the usual electric

field at the surface of a conductor.

The second set of equations give the pion field to 0(g)

W™ D m 4’,," = - \_L.o.u' X’- x 1/ ‘l"o." , (2.12)
A~ 2 ¢
= L -‘To.[ X;_ii \Ioi ]
2 s

The source of the pion field is the boundary term involving "I',,;, and

again that part of the field generated by the ith quark is denoted by
2

The third set of equations gives us the quark fields ‘I’-,_ and
also involves the second-order emergies W, and w,,. Before we write
these equations, we call attention to the fact that Wy and lm, are
actually operators in the quark spin-isospin space; they have a value
which depends on how the three quarks in the baryon are coupled
together. Furthermore, the operator form of W, and h/;, does not
commute with the 6-f factor in +,; hence the order of terms is

important. Since the partial time derivative commutes with &-F and the

- 3
space derivatives §-¥ do not commute with 6-?, it is clear that the
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energy terms should be written to the right of any Dirac wave function
(and to the left of all conjugate wave functions). The equations for

N 2 and +2g are, therefore,
- — 2 T \L _ ( I\J/ - 24 .
R AV (_Q \I'j-n,i +9. 294') = We l g Yari = 154)

- fa Y .
+ 91‘!’0.; Wwani +j: \,'ot‘ !/U'a,..' + q: [0( _AE. \lLDA' :'Z?&,;AIJ (2.133)

“'}[ ( 91‘!‘2714" +ﬂ}413.¢') - ﬂz‘Zrn—t' + ﬁtl ‘lr.g-l'

+ig(r ¥ )£ s

Jg 4

(2.13b)

Note that the sums on the right-hand sides (RHS's) of these equations
exclude the i=j term., This means that the color fields _K and pion field
4’ which interact with the ith quark will arise only from the other
A

quarks in the bag, and contributions to the quark self-energy are
neglected (as discussed above). Also, (2.13a) includes only the

magnetic interaction; the electric interaction is neglected, Since g

and g, are independent, we can separate Eqs. (2.13) as follows:

A = i+ (2 o) by s

J?‘A’

and
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. -4 a
-1 0¥ “1’15‘,{ = Wo‘)"zgf + ‘{'0 I'UIJJ’ t [’(_)i‘. \I'O-r-. '_Z,Au'(z.lSa)

JEa

Af dagi = gl (2.15b)
These equations are solved in Appendix B.

Finally, the last equation is the NLC. Before writimng this
down, observe that the normalization of ¥ is affected by %’2. If the
original definition of 43 is retained (including its normalization),
then the correct normalization condition to O(gz,gcz) is {no summation

over repeated indices is implied)

+

1= _( [(l'* D/VA ‘!':,' + 31 "’rm' ¥ 9:4’1-:4
v

. . (2.16)
.[(;4_}‘}\/;]\[03 + g “l'-u'u' +3¢-‘1,‘23i d?')c

Hence
SWi = =1 [ [ bos o4} wat (b des oot Jezan

and the NLC, to O(gz,gcz), becomes

> o

3

i _*--T?‘;, -_;_li W D 42:(:’:“ 51‘5_ X‘Jfo;) 'f;

-~ wt ),\ élﬁbf \}’uj - i_ yy,, L\MDA ‘}'b;‘!c.{

A
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— f——

91 W 3. { (4,.,“' \l.,; + ‘)—u; ‘LG;\

A

—

L
2

- _'5_ 9:'_ l/lnb/u{(:\[zQi‘"DJ “'T“"ll'Zg-;)

i

SRR € (dndiid%b: —wt 4’,.--4’,5) (2.18)

1 AE€) A

The color vector potential has been replaced with the color-magnetic
field and the electric field has been set equal to zero., To evaluate
the RHS of Eq. (2.17) it is necessary to perform a double sum over all
three quarks in the bag, and evaluate the spin, isospin operations for
each hadron of interest. 1In performing the double sum over quarks i and
j» we will elect not to retain the i=j term, as discussed above,

A complete solution to O(gz,gcz) is obtained by first solving
Eqs. (2.9)-(2.18) for a deformed bag with a small eccentric & of
0(g,8.). The eccentricity will be uniquely determined from the NLC as

discussed in Chapter III,

C. The Bag Energy

The Hamiltonian density for the bag can be obtained from the

Lagrangian in the usual manner. To simplify the discussion we will use
__'Aa —a

the fact that E =0, and A and 45 are independent of time (these terms

will be absent in the final result in any case). Then
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1 . [1_75 LY N T S L
) Yt YT/3+) WK dr (2.19)

and the bag energy is

E = J-AZ/X/H = Eé +ET: +E3+FV (2.20)

where

v ' (2.21a)

* L‘li [( '*_5.4’“ g By -9 D¢ pét ey ‘f’? (2.21b)

\4
Ej = [ [__li—é‘“.ﬁt - 344‘2-1“‘}:‘\‘4] (2.21c)
v L
Er = um kB , (2.21d)
3

where we have suppressed all sums over different quarks in the bag.
We will now use the equations of motion to simplify these

expressions. The boundary condition (2.6a) shows that
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...I{z
) (2.22)

- ; v,
. ' /pf‘(’\‘l’("" ¢
1.4' ¥,4’ = 4’ ( I+ s 7 -~ I

is exactly zero on the surface of the bag (because the RHS is real while

the left-hand side is imaginary). Integrating the (ﬁ ?)2 term by parts,

and using the equation of motion (2.5¢c) and the boundary condition

(2.6¢) (recall that the outward normal to the surface is positive) gives

E,: = J 3 (:l:b’r;{_ |,('~H¢P —i J. [w:r (‘#’2]1‘47;_ —p'd,’rg‘q;j (2.23)
) LR Y

L
Z ~
S

2

To order g“ the volume term can be ignored, and (2.9b) used to reduce

the surface term to

(2.24)

E:: = —%jgl[IoX‘jc?*FQ'i.

§

2

As is well known, to order g.“ the color-magnetic interaction

term is twice as large as the B2 term, and of opposite sign, so the

magnetic energy to order gcz is

v

The quark "kinetic"-energy term can be reduced if we first use

the Dirac equation and boundary conditions (2.13) to determine the
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second-order energy terms Wog and W,,. If we multiply (2.13a) by

+
-”D and integrate over V we obtain, to O(gz,gz))

+ - kY
I ‘,‘o (—Qd.V)( ﬂl‘l’zn +‘1f-‘£‘9\
= W o J\ \Lo+ (324-11- +tj}‘\l;7 ) + 92(&’11r + ﬂzz. lU:.g

+ gﬁ‘j {»L:i/\q\)-.,)-f,, (2.26)

v 2

—
The LHS of this equation can be integrated by parts, and the \%2 operator

eliminated by using (2.9a). The boundary term which comes from the
integration by parts can be written using either (2.13b) or (2.9b).

Averaging these two gives
— . T, ™
D[ Fo i U +al ) = :{js (Tovizde) 40 (amy
s <

Collecting terms gives

’f’ (Forz dol- ¢,

2 + T 2.28
= jiwzﬁ‘ +3Z Waq +‘J<-I(\L°°L>‘Q‘1L°]'AM ( )

Y
Using the fact that g and g_. are independent gives relations for W, and

bu,, :

o

Wag = 4 f (:FD b”% \lo\ .0, (2.29a)
s
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Weog = = f (4:IE~LA'A,A (2.29b)

These results agree with those obtained in Appendix B from the solution
for ‘{’2; we have merely reproduced the well known Chodos and Thorn
result that the second-order energies can be cobtained without solving

2 terms can cancel from the RHS of Eq. (2.26),

for 4‘2. Note that the g,
and that W, is twice as large and of opposite sign from E'f;.

The quark energy can now be obtained directly from (2.26).

Using the fact that the state is normalized, we obtain

!
EQ = Wo + 'ji Wan (2.30)

Collecting together all the terms and inserting sums over quarks gives

our final expression for the bag energy to O(gz,gcz):

m
=
1l
3
o
1
a.l“
"—ﬁ
™
't
Y
w3l
e D

3 W + H 1mwK
° 3

2 A A
§ Ay

D[ Tz la)de e

This will be evaluated in Chapter V.



ITI. SOLUTIONS FOR THE DEFORMED BAG

A. The Dirac Equation for a Deformed Bag

Equations (2.9) are the traditional Dirac equation, boundary
condition and normalization for the lowest-order quark wave function and

energy. If the bag is spherical, the solution is well known:

Jo [wor)
‘Pv = N - -
it g (wer) (3.1)

where X is the two~component spinor of the quark, and

P = W 0 K = ?-- 0‘1 (3.2)

2 P (3.3)
Vo= o
sTT R 5o (p) (p=1)
In the rest of this chapter we will suppress all two-component spinors;
all expressions will therefore be matrices or operators on the
two—-component spin-isospin space of the quarks.
The remainder of this section will be devoted to a brief

summary of how to treat the bag if it is not spherical. For a detailed

discussion, see Appendix A,

31
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We anticipate a slight deviation from sphericity. The form of
deviation is based on knowledge of the form of the pressure of
O(gz,gcz). A simplified example follows. Assume the pressure is mainly
a function of radius but has an additional small portion with a P,(z)
dependence,
Pressure = - B‘, + F.,[r‘) + ng)olr\ R.(Z-)
where B, is the external vacuum pressure. po(r) is the pressure from
the S-state quark;:dng p( r )P9(z) might be the pressure from gluons or
pions. If g2 were zero we would simply say B, =p,(R) and be finished,
This would determine B,- Since g2;£0 we must find a way to eliminate the

gz term, The solution is to deform the surface. We guess

Fl= R+ €% R Po(2)
s

Next evaluate the pressure by Taylor series at the new bag surface, We

get
Pressure = ~F, + F,,(R) + 0 Eo(l-)l ce* R F(2)
s or R
1,1
+fapm B F 0lye) (3.4)

Now making the pressure zero is simple. We have B,=p,(R) and

9_#\0“‘) éIR Fz(%\ = - ﬂ-zA- P(E\ Pl(;-']

o R
In practice one wouldn't use a naive Taylor series as we have

(3.5)

done for the left hand side of (3.5). (The Taylor series is a simple
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way of estimating the change in pressure exerted by the original quarks
in a perturbed domain. In general one must calculate the pressure
'formally via the NLC after solving for the quark fields within a
perturbed surface.) Nevertheless, one now knows what shape of bag to
anticipate, The following is a technical description of the solution to
the Dirac fields in the deformed cavity.

One first guesses the form of the bag radius as discussed

above,

r I S A W e (3.6)
3

The principal effect of the deformation on the lowest order
equations (2.9) is to modify the boundary conditions. The outward
normal to the bag surface is no longer purely in the direction of the

radius vector. As shown in Appendix A,

..j.?. N Y. P+ A E ( S -'Y%E-)
— ! * {
= Jy(o + 4 € Ay( (A51)
A = T U
WV = 2 o+ e z(1-2)2 (A53)
or r Y2

The extra term in (A51) will force us to add new terms to the
elementary solution (3.1). To see what the form of these new terms must

be, apply (A51) to (3.1). This gives
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-J?-f 40[0‘/0?\ = \lo(ldﬂﬂ

J|[Wn|']
+ N (2
. = A [y
w4 bF JO[WH‘]

to be evaluated at the surface where

o= K(I~.<;;P;(z)) = R+ £AR

The quark energy must be expanded as well: W = w,+ e‘w,ﬁ.... Hence if

the new solution is ‘1’, and

Lo o lwery + & 4,,(wer (3.8)

then must be a solution of the free Dirac equation inside the ba
24 q g

and satisfy the boundary condition

(oo =) hulp) = -2 Ay Yo lp) ~(wgR +woa E)iy/p“}’:(ﬂ

+ (wid® +wodr) L (p) (3.9)

where we dropped the term O( 64)' A solution of the free Dirac equation
which has the correct angular dependence to satisfy (3.9) can be
constructed from selected J=3/2 and J=5/2 solutions with positive

parity:

3¢ 5/
4’1;& = a, ¥ Foay, LF (3.10)
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These are

i
LSO
~
T
(-]
-
——rr?®
[
i
o
<>
O\ru
W
)
l—
—_—

V7

(3.11a)

and

31[1«/”‘) = A
(££-8F2 -4\ (3.11m)

LR
4 N

1"

-t

oA
Abr y3{wor)

where the two-component spinors of the quarks have again been

suppressed. The constants aj,ap, and W,4, as determined from (3.9) are

a, = -zplzp+n
'H
a, = _Z_fl(e'zl
5 Li1s5-3p)
Woy = o0 (3.12)

The relations between the jgf) given in Appendix C were used to simplify
a; and a,.

The solutions (3.8) and (3.10) satisfy all of the Eqs. (2.9)
except the NLC. (There is no change in the normalization of 4’ to order
é? because anis orthogonal to +o). To test the NLC we use (A53),

2,
which gives, to order & .
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2 -2 A ] 3 XX PO B 2
B = “%N Jir(dc "'Jl) ”'e%r(hdj'dodo)‘?PPz[&\

+ 61 [ali(_;o.i,+:!,z-] + a;,gl_
4

Ir -

- 3 + el{p P(z) {;_o_,o"—ch’ -5pt 454 -30)  (3.13)
41 R g RY (-1 gp-is /

where we have summed over all three quarks and assumed normalized
two-component spinors, Note that the first term is precisely the
relation between B and R which is usually obtained by minimizing the bag
energy for the case when gluons and pions are ignored. The second term,
which is proportional to EL, depends on cos9, and hence if EW%O there
is no way to satisfy (3.13) at every point on the surface of the bag
with a single bag constant B. As we shall see below, when pions and
gluons are added to the bag, the NLC will pick up new angle-dependent
terms which go like Po(z). These can be canceled by the angle-dependent

term in (3.13) if €2 has the correct value; in this way 62 becomes a

2

2 and 8c

function of g

2 2

Before turning to the calculation of the g© and g “ terms, we

emphasize that 5_2 is O(gz,gcz) when the deformation is treated

perturbatively. Hence a calculation to second order need not include

effects due to deformation of the bag in any terms already of order 32

or gcz; such terms are of fourth order in small quantities. To second

(30damdyis U 2 t2)

l
R
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order, the only contributions which arise from deformation are those
given above. Therefore, when the pion and gluon field effects are

calculated, one may assume a spherical bag.

Note that we have deferred the question of classical stability
to Chapter IX. In any event, satisfying the NLC is a necessary

condition for stability.

B. Deformation Via the NLC

2 2

terms is

The calculation of the g and particularly the g.

fairly involved, and so these have been relegated to Appendix B. The g2

2

contribution to the NLC is in Eq. (Bl2), while the g_.“ contribution is

in Eq. (B39). Adding Eqs. (B12), (B39), and 3.13) gives the net result
which is Eq. (2.18) [i.e., the complete NLC for an oblate (prolate) bag

which includes pions, gluons, and quarks]. We have

B = B, P2y + Bo (3.14a)
where
T
Bb - _-!_E_ + BOTT' 50,3 + BOJ 5_013
4R
2 y 3 2

B, = p & lop ' -26pP " —~Fp +54p -3¢

Ew RY(p-N gp—1s (3.14b)

+ f ('M) B?_? + é_z,IB(IM] Bl‘n‘

7-‘5'
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and the A "s are defined via

IRy S;B (ky Pe(2)

H

(3.15)

{m | PolBwy = 35w Pl

[Equation (B13) defines these spin, isospin operators.] The B (baryon)
subscript on the )—'S tells whether it is a nucleon or A bag. The m

denotes spin projection. In Appendix D one finds

I
Sz,y = 5.1,/«1 = 0

+ 4 | ) =3/,

1}

g
51"5 [““\ = fj‘zlg(l‘*)
(3.16)
- 6 f ’ h*, =T
The only way to satisfy (3.14) at all points on the bag surface is to

set By=0. This gives the desired relation for the eccentricity. Using

(3.16) we find

2

£, =0

2 + 3({ ¢p-15)

éﬂ- - — 5 y 3—.5_14-
p(p—f\(l pP1-24¢ P*+5yp -7

(3.17)
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where the positive sign is for ]m\=3/2 and the negative for\m\=1/2, and

Felyd = 27y 1-2 ke (uf-1p-3) = {—L“',Y('“vl

blln ,1L

= 3,20% (-l"ﬂblzo\

(3.18)

Hence the nucleon is not deformed to O(gz,gcz), while the |m|=3/2 and

|m}=1/2 A have different shapes.

%
Specific values of £, for the four cases treated in the next

chapter are summarized in Table 1 in the Introduction.



IV. NUMERICAL FITS
As shown in Appendix A, the deformation does not affect the

energy to O( € 2). Therefore, to 0 ez,gcz,gz) the energy is

E = Eq +E, +El, + E, + E, (4.1)

where [u(p) is defined in Eq. (Cl0)]

taT B—RE (4.2a)
Fon 3 T Fem (4.2b)
Ey = 0078 e 7
= E‘P:C {w—l(f) F1p f: » (p ,,(lyl) ?0. (4.2c)
e
(4.2d)

Ex = —i {.__P_)z{ W+t ).L _'Far
Th

f-! priry 2
The volume energy E, was given in Chapter II. While the definition of

Eg is identical to that used in Chapter 1I, EQ and E differ; W

formerly included with E'Q is now incorporated inte Eqo We have lumped

40



41

a zero point energy ZO/R and a c.m. correction into E'cm’ but herein we
will take Zy=0 for simplicity, and take the center-of-mass energy to be

merely

Ew = -2 = - 074 (4.3)
3 % g

vhich is an approximation based on the assumption that the main
contribution to the bag energy is due to the quark kinetic energy.4 The
pion and gluon terms both involve matrix elements of spin and isospin
operators, which are evaluated in Appendix D.

In doing our fits, we will varyo(c and B, for two different
choices of f.ﬂ.=g-1 and m,. We will use the values f,= 93.3 MeV (a value
in good agreement with the experimentally determined pion decay
constant), and £,=114 MeV, The latter value has been arrived at by
calculating the axial charge and then forcing the Goldberger-Treiman
relation to be exact.® We shall solve for the radii of the nucleon and
A using both values, and compare results. For my we will use both the
experimental value of 138 MeV and m =0.

We have four variables and four equations. The variables are

RN’ R, B, and a(c while the four equations are

YE (4.4a)

e =

DRy



42

E(ra) = Mw = 737 eV 4.4
2E - 0 (4.4c)
oBa

Elra) = Ma = hzr eV (4.4d)

These may be solved numerically. The results are shown in Tables II and

ITI, already discussed in Chapter I.



V. THE NLC, STABILITY, HIGHER ORDER DEFORMATION OF THE NUCLEON

A. The Non-Linear Boundary Condition

The NLC is obtained by assuming the action is stationary with
respect to variations in the confining volume, For a static cavity and
classical fields the NLC is merely the requirement that the pressures
exerted b}'the fields be zero at all points on the surface. The stress
energy tensor is known to contain the pressure in its diagonal cartesian
components, so we would like to compare the two. The stress energy

tensor is defined in terms of general fields ¢ as:

T = 3L "¢ - ¢"7 4 (5.1)
(>, ¢)

The conditions of energy and momentum conservation are
M .
2,1 = 0 (5.2)
s
We know that T is a contr- variant tensor so this tells us the type of

transformation we need to go from Minkowski coordinates to those more

suitable for the bag. The transformation is:

T""

1}

W Ap .
ANy T e

43
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where the transformation operator is the outward normal.

/\h = ok - ot (5.4)
A D’X'L

If we consider the MIT bag without gluons we find

uhb":/ij'—B) (5.5)

-3
1}
\)

;Y
b3
1
»
<
_
I
nol-

The condition of equilibrium is that the pressure evaluated inside plus

the pressure outside be zerc. One has
(5.6)

z

This is exactly the NLC.

B. Stability of the Bag

It is a well know'pathology of chiral bag models that the pion
field becomes stronger for smaller radii and causes metastability with
respect to radius, Figures 2 and 3 show this, At least in the
classical sense both figures show stable points as a function of radius.
I am more concerned with the stability of the bag with respect to
arbitrary deformation, The NLC is known to be a necessary but not a

sufficient condition for stability.7 The stability condition is:
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(ét-éf']l §1E + 7 (é—"—-é:)(v—[{\ bj_E +_l_y-_g)1' E'_E > 0
e 2Edy dr? (5.7)

</

The NLC has merely satisfied

JE > E _

d ! —
L > ot

If
(o)

N
~

(5.8)
Eq. (5.8) could easily be satisfied at some kind of saddle point so I
believe the stability of the A and even the nucleon should be checked.

This will be done in the future,

C. Higher Order Deformation of the Nucleon

The mechanism for deformation arose from operators of the

form.

A

. A e
_75 bi-Z 65 A —;: bits (5.9)

This is a scalar operator which has a spin two and orbital angular
momentum of two also, It therefore has zero expectation value with
respect to the nucleon, which is spin 1/2.

A consequence of the spin behavior of (5.9) is that no spin
2)

1/2 bag models will have deformation to O(gz,gc . (Note the discussion

of configuration mixing in the Chapter 1.) This is true for the Roper
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resonance as well as spin 1/2 systems involving strange quarks. It will
require additional work to see whether any of those spin 1/2 systems,
{especially the nucleon) have deformation in higher order. We have
checked some likely contributions to deformation at O(gl’) and O(g6) and
found none. There are lots of contributions unfortunately and most of
them haven't been checked. OQur feeling is that there may be a general

proof which shows the nucleon is not deformed to all orders.



VI. CALCULATION OF
We intend to ultimately calculate gm,, and 9Jnewv to
O(ga,gczg, ezg). In order to do this one needs to know the pion field

at that order. Equations (2.5c) and (2.6c) are required.

P D“f ¥ wli = 0 6.
u“bhf = = {1+ ﬂ‘i’—xs—a%}(‘lf 1 (6.2)
‘
vhere
S SR S PR (6.3)
o= Fo o+ Foar v gi ey 2t (68

The solution ¢1£ was obtained in Appendix B, Index i refers to the ith
A

quark.

(6.5)
q()u‘ = b L: (hq.n—y-} :‘54‘ Z-.:p

P

Equations (6.1) and (6.2) may now be solved for ¢3i since we have
Fad

. A
already gotten solutions to Y,[, doms 435 , as well as ¢ l , K (

$ i
The Dirac wave functions are

47
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(6.6a)

(6.6b)

(6.6c)

(6.7a)

(6.7b)

(6.7¢)

(6.8a)
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The constants and quark operators are summarized below.

L P
= ._l_._----—.——;_'—“_"
i S‘H‘B-‘Joilp"l\

<

~N

=)
I

-~ Wo b hylmg
6(p-1)

b = A/L.:)QL
W ho (R)

C| = LPLIA;(MR)
9

A 2 R ..
sz: s N fY1AVJpJ,”[F7

9

0

~ -3
szh: 9‘1?’)‘10

A, = — 2p (1F+i\'
4s

L9

(6.8h)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

{6.15)
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a, = = flp-21 (6.16)
5 (is-gp)
T - -4
”V“ = o by TS (6.17)
:l.f"
L . P I
i = L (2T Tt -1 o 6) o (6.18)
J;t,t
Vou = bl (6.19)
Jxd
Yoo = 2 (206 T -t G0 (6.20)
JFa
a - 2
4i = 3 biPliz -1 (6.21)
[N 4
a -
-'P'u‘x = z:ﬁ - {i¥ éf; —_12_ (6.22)
1

The radius, surface normal and normal gradient are to O(é}):

A = B - E:—?_;'—szt-z')

= R o+ AR (6.23)
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A
ASop Lot rer- 22
A 2 ~
- e 4 4 Al’l (6.24)
“-V o= 2 + elz-(l—z“:"\_l_ d (6.25)
or r =

Equations (6.1) and (6.2) may now be solved for d’,;. Equation

A

(6.1) is at 0(33):

tl
<

PR I SR (6.26)

IA
A

Equation (6.2) involves the expansion parameters g,¢,g. which we shall
assume are of the same order. In the following, ‘}’;L is the sum of three
fields ‘l'm,-, 4-1,; , 4-1,(; . The expansion parameters won't be shown but
one can pick off the appropriate parameter by seeing the type of wave
function and assuming all terms have been divided by g3. Rewritten

(with the aid of (2.6)) and with different terms labeled, we have for

(6.2) ;
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® @

o o_
+ A WodR \1'04' ¥ _f_t__ ‘}‘ni + 4o AR ‘Loi ¥ ﬁLM‘

el

M

(6.27)
The radial solutions to (6.26) are well known. In the following radial
solutions the subscript denotes the angular momentum of the

corresponding angular solution, 'H LlimrY = j Ly +; ;14_(0- r)

~ X
o lix) = -t
» X
. - X .
H, i)y = 1 < (]+_L) = £ ho(x)
A X
H, lix) = _._c:"‘(,,r:,__ +;s_\
x X a
- .
'”1 (Akl = T4 < (l + b + 15 -j—_L_s_) (6.28)
X x x** x?

We shall solve for 4’,“ in (6.27) by working out the angular
Fa™
dependences of terms @ through @ Once the angular dependence is

known, the radial solution is easily chosen from (6.28).
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Term @ gives a contribution to _':Z_(}‘," of the form.
o "

= - (£ %(!—%‘l(.l- ,Q_‘b hylimR) Lo F 2s 6.29
0 | (ﬂ") R = ! T2 (6.2

The angular behavior of @ lies in the terms

2 (1-22) _)_‘ (:-¢ (6.30)
vz
This may be rewritten after explicitly working the derivative as
A a z 6.31
_2z Pt bt - Lip 4+ 2 (2 (6.31)

L
E] 3
It is necessary to decompese (6.31) into separate terms involving

different values of orbital angular momentum. The following helpful

identity may be derived.

3
bop ~2 246 ) (6.32)
L=3
where the first term transforms like a combination of Ym and the second

term transforms like a combination of Y, Eq. (6.31) is

- + ¥
(-L80¢ +223) ~ 3?-{ Plal 6% +LE7 -2 2 “) (6.33)
o 23
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The contribution of (I to ¢, . is now readily found. We know
A

47’; must have L=1 and {=3 behavior.

P

¢3¢. = A,#,l;k«r) "t\; (_ "-';.‘f'? -+

sl

+ Aty liern fr;(_i)(pzm YR J S }rf‘) (6.34)
Coefficients A; and A3 are found by matching the respective £ terms in

kY @3; to those in ()
A~

1}

A ~ wo bk, (_é_:)r

pamy, 19
Ay = - wabh {_e_z) (6.35)
?4‘h\#7' 31

Term @ has an angular momentum dependence similar to @

Term @ is :

{ - LN
@ = %( b hilkn b P(2) 24 G )(%) (6.36)

Eq. (6.32) enables a solution., For @one has
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i = B Liwn 77 (-5 Ted ezl
b By Uy (i) T ( P (z) b X o ) (6.37)
where
Bi = Mrl (i")
34, *
By = e L“”(_e_‘) (6.38)

37 #,i 31

Now turn to the contributions @ and @ . First solve for

the pion field resulting from wave functions (6.6a) and \ll/o

I I +ﬂ
4

¢1" = _A_ ﬂfla‘iﬂl'-) ( Z.ﬂ- Z;? ?o-c' + Po' L‘ﬁg‘) (6.39)
A 2 2.

A = N W

J.IM'#,'

( Z_iiﬁ) (6.40)
”

The wave functions (6.6b) and ‘}’, give

1

¢3i
™

B H, (*"‘*"‘('l*' e P+ KC ) (6.41)
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B = M (z_p_—_'{) To
4

- 6.42
)] (6.42)
Wave functions (6.6¢c) and ‘}’, give
3 1
fa; = P (Lev) ( I5 be? Poi 4 H,(.) (6.43)
C = Mg Bm is (6.44)
Ak HLp-1) Wo

Similarly the contribution to @ and @) from wave functions (6.72),
(6.7b), (6.7c) and ‘}’oare.

i)'Si = D ,”I (£wr) { g_“ Z_,:l? Jiao.i + H.C

(6.45)

D = ’ZNI'I;I\,H Jo B (6.46)
-I-IM'”,l r

bsi = E M (iwr) (L bat Poi 4 H.C-) (6.47)

A 2
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E = - Mo (7<‘147<‘3)[‘ﬂ_:) (6.48)
Ay, 9*
ﬁ’;; = F AL (dmr) ( 10 Cer b v HC ) (6.49)
2
F = —A/Jo("f(\z""z(‘q}(gz} (6.50)
swl, 9t
The contribution from wave functions (6.8a), (6.8b) and ‘]L', are,
. 2 af
i"' = ¢ (dwr) ( s teb Poy # H.(.) (6.51)
G = N a, 4o Fllf’—?){_e_f) (6.52)
A 1, J
. . 7oA VLA i
f?.’- = F',’ 11[3 (A lm!’\(_]?_") %A ( Ptf-@' (PR +'§‘ “'Y “%2‘;‘}(6'53)
F3 = -A'a, pl(i.ln +;,;,o](g_) (6.54)
-I.IM._:;,L; 3t

Next the contribution of @ and @ to 4? is:

7L
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¢3A = o(l ﬂa[-&lﬁxl’) T4 ("L R +3 by )
~ = ¥ 5
+ Ly Hylime) 24 (Pmc;-# PR 2 20 (6.55)
L
- N? SR U d
L | -% ! P (J.Jo +J.J,)(_@_) (6.56)
Al 9*
ody =2 M2 (3t £004) (_c—_") (6.57)
-A‘l“t#J‘ It

Below is a summary of ¢ to O(gs,ezg,gczg). Terms involving
similar matrix elements have been grouped, although the matrix elements
have not been evaluated for a particular hadron:

Summary:

T -O—
P
"
-
o~
+
“u
-8~
w
-

b.s

i

L L.(hv\ £: % Zﬁ
431’ = [/—l + C) -H'f [J‘l*‘-l"‘ ( ?z‘. Z; 'Vo:'t + H‘( )

F B Wl (2 LamE o+ HG) #
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- A 2
(A s e bz 6) W len g (-1 +2 2 47)
+ {“-3- A’B 4'83 + Az -F%Ps) #3(11«%—] /E,"(rz(-ﬂ biv 4—_'.§_4.i‘v “-;'2'64
(6.58)

The different contributions to the pion field are shown in
Figure 6,

One may note that there are né diagrams where the two pions
don't couple to the same quark. This is peculiar to our classical
perturbation scheme and is unavoidable. Presumably a true quantum field
theoretic treatment would have to include the omitted diagrams since
they are of 0(33). There is a classical treatment which includes the
missing diagrams6. Said treatment sums the quark energies W, over all
the quarks in the chosen baryon, obtaining a number which is used
instead of the operator fA\Im‘P::,: in Eqs. (6.6a) and (6.6c). We believe

this is premature since the wave function so obtained ( VY.ni) won't

satisfy its linear boundary condition (2.14b),.



i
l an

E-) )

b)

c)

FIG. 6. Three types of contributions to 493 due to a) pions,
b) gluons, c) deformation. ~



VII. DERIVATION OF THE COUPLING CONSTANTS

A. Derivation of pyw . Guaa
~y L Fi

The asymptotic form of the pion field resulting from a

pointlike nucleon is shown in Appendix G. It is:

—- Mo -
4>NN = Juvw we (! + L \ b T

(7.1)

We can determine G wn in our bag model by putting d’: g ¢,and g%ﬂin a

similar form to Eq. (7.1) and then comparing. Recall the nucleon is not

deformed to O(gz,gcz) so one ignores the &2 part of Eq. (6.58).

4;”ﬂ =9 g' ?f;

+ gji.,__- + .

(7.2)
? i'f = { b hi Gy Lo op s 7.3)
Zhi = (v i E(ziToe 0T+ WO
| T R T {(gfz (e i+ B
+ (b4 Y H, (imr) ‘,f[g: Lo Pos + H_(.)
FOEAH, (£ wr i (’% bo#t T 4 H.C.) (7.4)
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The various sums and coefficients must bhe

Appendix F works out the sums, They are

{ r.l.. ?74 - i —:y'l} er
1 ~* 3 ~

- I P
’-'i (z‘ Lot Por + H(\ = .'2'3‘1 P

1

- I —
_i (_ '}__‘ g-n"'/"apz; + H( ) = -2 61..-
A 2 2
(s Gt Pos + 00 ) = -2
4 7 3
i. (:Z::. Z:I"'?’lf + H‘C) pet -2
A = . 3

L:

o

fva)
|
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evaluated for a nucleon.

(7.5)

>
~
Y

~ (7.6)

(7.7)

<>
S
%

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)
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D = ~1.9219 X]ol"(__l_ )(__:) (7.14)
£ R*I\ g%
E = 2.uigx1e (_L \ (.f-l,:\ (7.15)
A R? gt
3
F= -1.894x1» (_,» ( 9¢ (7.16)
i ) | 3T
We will break Juww into two parts.
Loy
R 'ﬂtrmv + A qgauuw (7.17)

The first part comes from g&,, vhere we use a spin identity and compare
n .

the result to Eq. (7.1)

-
T9b e (ul bo b Ta
3 v Py
« (7.18)
- ~mF R
= Qmar Mp o2 (l-}-_l_\ bw-vr Ty
g M,,, r -
This gives us
(o)
Quwn = g __M_n‘_’ kN 43!0 = ]7 bz3 (7.19)
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This is a well known result. More interesting is 4 gﬂ”ﬁ,for which one

needs g3¢3

q R?.
Wr bt

Comparing this with Eq. (7.2) we can pick off _Agnﬂy.

Aguurw = BT Ms _ff (1.228x5" ) F4mstes (4023x)5°)
'E [l‘dn\l R3 R (7.21)

We evaluate this for the nominal value {,=1.808. The result is

A gpue = 3425 (7.22)

The pion contribution to Aqﬂwﬂ is 2.953 and the gluon contribution is

0,472, Including effects to 0(g3,gczg) we have obtained

(o
Qrowv = Yuuw T A Qrppy = 20.44¢ (7.23)

A breakdown of the contributions is shown in Table IV.



TABLE IV. Contributions to
the pion-nucleon coupling constant

{0)

R I'7.02
4 guus [ pien) 2.35
4 guaw (gluow) 0.47
gpww (+otal 20.45

Gran »

65
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B. Derivation of _Qpraga

The pion field resulting from a pointlike A is shown in

Appendix G. It is

— P A A
¢AA = qmss (_Ic:—:_r) £ ( 1+ L ] ¢ T (7.24)
~ g Mas s Wan ¥

where S and T are the usual spin 3/2, isospin 3/2 operators. d>3]-_ is

~
shown in Eq. (6.58) and we note that the term with Hgq(imr) which
transforms like an £=3 object cannot be put in the form of Eq. (7.24).
In addition there is an Hl(imr)ztﬁ term which even though it has =1,
still cannot match Eq. (7.24).

Clearly the #=3 term as well as the zﬁiz term represent
differences with the usual pion field which results from a pointlike
source. Originally form factors were a way of putting in the finite
size of nuclear matter. It appears that if we are to take quark bags
seriously, not only will the form factors be functions of 1’2, but they
might also have spin dependence. Certainly the unusual aspects of 4)“

~
must result in an O.P.E. which differs from those in the past,

For our purpose of calculating Qmay WE are forced to ignore
those parts of the 4’45 which don't correspond to the classical fields.

We just write out the parts of Eq. (6.58) which can be put in the same

form as Eq. (7.24).
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i{ bl L) 'Z:?’}"s (7.25)

e
iy

A B A g ) Wl gLt
2 A "

LA QMG £ (i Bed Pl ¢ K

+ F U (e f(g bat PYoi o+ H.C-] (7.26)
2,

The sums are worked out in Appendix F. They are:

Tob y TSP
é bor Tl = 2 A (7.27)
- I -

‘Z ( ’% (v Por + HC ) = 8§ Tf¥ (7.28)
? Fas

{ i Toapl - R

‘(%_{,”“Pui-Hf\ = g’}:fr (7.29)

5 { T4 b7 Yoi: + H() = _E_Tj v (7.30)

A 1 ? A

PN
N\Pf
¥
?%,
+
pac e
~
1)
1no
-
L%y
5P



68

The necessary coefficients which have been evaluated at R =1.249 Fermi

and m,=138 MeV are:

-2
- 7.1 62% 10

R‘L

Lﬂq“'JILL\LQ\

i R

1

—&?HXI?(L)[Q)

i

3.292 X101 (_L )
i RY

~
= ~2.470 % (0 [i )
—_— RY

A

- -LvoaxlE”[, )
‘7Y
A

= - 2.826X 'Eq[L\(ﬂ—:\

¥ 3

S [#)

L

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)
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F = *'592){[;‘{(1’\( j;_\ (7.41)
i Bt gt

Now break s into two parts, where the first part comes

from g+1 and the second part from g3¢3.

o)
g'ﬂ'ﬂﬁ = ﬁnnz‘_\ + A4 a-n-AA (7.42)

{
Using (7.25), (7.27) and (7.31) we calculate 3.,,:, first

é -2 -y .
9% = g -3.1zxle £ [H_n \ 4 TSF (7.43)
R* s v 13

Comparing this with Eq. (7.24) gives

(o]

Juss = 9“[%) w_l:R (%‘ ['s.mxio“‘](%)

(7.44)
18.32Y

1

Next calculate A gnay from #’3'

We will show the ]mz] =3/2 case,
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| - -7 -~
3?3 = {(;'(—-I.DSF'XJD?'\ -L33yxle  + D{L(-Ll')b)&{o?)}

X < [1er) 5FT (7.45)

Comparing this with (7.24) we get

AQpas = 8“_M_-5_

o

Ja
- ~3 -
X { él[—l.ors‘xlol) ~133yx 10" 4 olc(-c.zmxabgl (7.46)

This is evaluated and is

Aguan = ~3143 (747

A breakdown of both |m,|=3/2 and|m,} =1/2 is shown in Table V.

C. The Ratio gp,,/ Quww
One obtains the SU(6) ratios "trm- :-f“u ='tha by assuming

non relativistic quarks with a pseudovector coupling to the pion field

of the form

- + —_ -
£ = ﬁit ' ?‘."V ?f’f Y (7.48)

2%
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where Y is the nucleon or A operator. This gives the SU(6) result

gi:”: =4/5. The pseudoscalar coupling constants are simply related at

q%=0 by

9“"_’_{‘_’ = ‘lermv (7.49)
2z My M
(7.50)
gras - fapp,
T Ma War
Combining the SU(6) result with Eqns. (7.49) and (7.50) gives
(7.51)

Inaa = Ma {ﬂ_

) = .0 §
My |5

ngN

Experimental results give a much smaller ratio. Arndt et a1?

give a value

((s7t.m) x Suls) Radie

Jraa —
Yawvw
Easper.'w-cu‘f“
(7.52)
=  .5qgt 47

The only calculation we have seen, was done by Duck and Umland8 using a

cloudly bag model, They get a result which is even larger than the

SU(6) ratio:?
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guaa = 1.24 (7.53)

Gmuw

Our ratio is barely within the experimental error of Arndt et

al.2 We have

TMa&A = ,5 16 = .7‘1’]
T2 20.45%
"“2‘:3/‘)_
gwan - 580 _ 773 (7.54)
Jnuw 20.45
lhﬁil: l/}_

These ratios include the effects of pions, gluons, and deformation of
the A. Table VI gives a breakdown of various contributions to said
ratios. Note that both |m,}=3/2 and |m,|=1/2 cases were close to the
experimental ratio but the former was within experimental error. 1In
fact the ratio was much more dependent on pion and gluon effects than

deformation.
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TABLE V. Contribution to the pion-Acoupling constant
for the two cases of 4 spin projection /wilzl.a P“*Fl .
z 2

Imal=t | lwsl =2

9ﬂ;:\ 18.32 18,32

A Quray [,viou\ -0.30 - 0,30
A Gwan [ gluow) -2.54 —2. 54
4 gwas ([ &) +0,32 -0,3L
Qwsp (Hotal) 15, 80 15,16

TABLE VI. The ratio of the pion-A coupling constant
to the pion-nucleon coupling constant.

Iwmal =" | JTwa)=3/,

EALYY (\Hi"l‘L o-r‘l‘ Ae-f-o;-mx‘:'bu\ 0,757 0.157

Ry

Jraa (w;.].L Ae‘lﬂylﬂ-\.‘\‘l':ou-) 0.773 0.7491

Garaw




VIII. THE MAGNETIC MOMENTS

A Quark Contributions to Magnetic Moments

The electromagnetic current operator for Dirac fields is

j.':; = € +L X‘\ai_\//

Qi is the quark charge operator and e is the charge of a positron. If
the magnetic field is constant then the electromagnetic vector potential

-—
A may be chosen to be

A = _Ii BXr (8.1)

The electromagnetic interaction Hamiltonion is

—J?K Lr = - n-F (8.2)

So the magnetic moment operator is

Ma = _LLE_[ T’; Q‘[-I:XY +.i algk

74

(8.3)
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The index i refers to the ith quark and the moment is taken in the A
direction, Naturally the total moment involves a sum over all three

quarks. The charge operator for up and down quarks only is

%

Q. = L + & (8.4)
.

We wish to obtain a result to 0(g2, é‘,gcz) and so will use the
wave functions shown in Chapter VI, Below is a recital of the well

known O(l) moment before we turn to the new contributions.

Mm; = 1e -(‘LD;T:X? Qi +u - Ar Ao
* (8.5)

n

_;:e_/Vlf [35e3, (F¥ENTR = iiod (LR NPT
. @4 1'3 J,V‘ 4_0__ (8-6)

After working the integral and summing over the quarks one has

- >
A= eR(4p=3) 2 Qid 8.7)
leplp-1p *

Note that in comparison with the non-relativistic quark model, instead
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of e/m, Eq. (8.7) has eR., The neutron and proton moments are reproduced
by (8.7) for R;=1.5 Fermi. Since we are using R,=1.0 Fermi, both
neutron and proton moments will be 2/3 too small unless the
0(g2,gc2)contributions help us.

The quark wave functions ‘f’m-; will give a moment of the form

;IA' = L eglj[:’:—olpx? ai 4’1171 + :i:’_“-‘:ax—;q‘;\}‘"g y}"lr 40 (8.8)

z

where the second term is just the Hermitian conjugate of the first term.

We will calculate the first term using ‘Fm,; =(6.6a).

_ 2,0 . - . A . «
ML= _'E eq N Wiqg [ [JDIAJ;‘..’Y‘ Jl) o VH‘.J Q‘( rao )
T

<P, viivda

The angular integral is facilitated using

Pxel(Fp) = = ki -2) rxe
J“L fins - fmzjd

3
— — =

(bives) = 2465 (8.10)
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We obtain the general form of some constants times a matrix element
times a radial integral. Upon working (8.9), adding its Hermitian

conjugate and summing over the three quarks one has

:’::l = l_—i_lr {ﬂQ/V Wrrr I/Z Q ‘4 ‘1001 +P0* é* Q Irr (8 11)
3 W5

A

where

4
n S
Ie = J’X“\”‘[J”' tade ] (8.12)
p
The value of IT(;) is given in Appendix }{ and the matrix elements are
worked in Appendix F, We will put all the moments in the form of Eq.
(8.11) and ultimately summarize and evaluate them., The next two

2 (3|
contributions from ‘*’m‘ , namely 31‘17,7; =(6.6b) and gz i =(6.6c) give

rd . -— — - —
m o= Teg mzc,{ Z [4@--:{; boxbi +3 Tire(bs-1r) A.j Qi

W't 44
it
. . — - o (”
v R (* bix 5 Tie2i B 4G [A;-L.i)ﬁ 'r.,j} (8.13)
[} f ..
I'IT = f «3 al’X [—J;_JI +:!|:]oj (8.14)

-]

and
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= 8T < z{u,,-n w){{ TP+ H[}“.r,r (8.15)

3 Wo 2(p-0 Wo ‘
3) f
Th = f«’m AT (8.16)
[
i
There are three contributions from "J’zg; namely 4 ‘!-z_, =(6,7a),

SWLEL
91425" =(6.7b) and 3"1'15 =(6.7c). Respectively these give

i35
1

_%T 515}"_ Wy {i(& ¢; %wH(]} (8.17)

xl

= 4T ego N {{[& e +M} A CRTS
W ot

;f:—Tregg {f[ [4x 12 +1[LJ ]Q:

L‘J
124§

+ Q. [ (Lmz,J +‘4 [Lwluj} Im (8.19)

where the integrals are
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I;ﬂ = f [ u'}ll.]o + jo' Jij ’X" dx (8.20)
(» ¢
Lg = f [ 3., 4:10143] x* hx (8.21)
(3) .
f [J v Ry F J,/k‘q X dx (8.22)

{n
Next are the two contributions from 414;. éliuij =(6.8a) and

f
¢, ; =(6.8b)

71[" 2T e & N ﬂ. {{Q [{J” - §; +%?4]} IfL” (8.23)

(8.24)

~
w
H

¢
J [ 30d,-3,52] a3 dx

Ty . )
The 4’;1 integral 15 zero because of the Wigner-Eckart

(v ¥3, 2
theorem. Also note the “:4 matrix element has a J {. -~ L;K part

2 4 i A . P .
which is zero when u is in the Z direction. The remaining matrix

element in (8.23) is
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5 0 z ¢ (8.25)

The last quark contribution to A arises from deformed
geometry acting on the lowest order quark wave function., In fact Eq.
(8.6) has a portion in addition to (8.7) which we shall now work.,

Consider the integral

- Le [;‘o,- FXY Qi YoirPAr 40 (8.26)
z

v

Break this into two integrals

R
® = 3¢ j Vor PX¥ Qi tor ¥ drda (8.27)
(=}
F+3R
@ = .'ie[ Foi PxY Qi Yoi VAo Ao (8.28)
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But (1) has already been done giving result (8.7). We only need the

0(&2) part of @ so write I( AR) as a Taylor series |

T(aRy = T oY + AR I'vy 4
One gets
T (el =0
and
Iy = Le? Io,- PXY R Yoy
AR = *_g g Plz)
giving
@ = ~€ e R‘iJASL Pu(® -‘}:o: H?a;%;
6

This is easily integrated using the identity

) , v L3¢d3
[JI\.?“?*PJH = qn(-—é{ +i§-‘j ) p

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)
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giving

15

® = qw{e/vxao{ff% K—i(%“?)&]&)z } (8.35)

where the subscript i indicates which quark and the superscript k refers
to a cartesian index. One sees the second Ferm is zero since

Fad
the z direction is taken for the magnetic moment.

B. Pion Part of the Magnetic Moment

The pion charge current is

T-o ie[6Vh ~4.7 ]
.V - V4 (8.36)
to 0(g?) this is
— 2 3 v
T = 19 [ wV g - '"Vf”] ’ (8.37)

where lh + are related to Cf’l by
A

A

_f bl () L:p z;i‘ (8.38)

¢t o



The magnetic moment is

which becomes

*eﬂzb { L( éa\(?x’h vrAy 4 SO0

2 cw R L[ Tabilaoad] Ty

Wt Y
o

T4p = J L () X A

kg R
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(8.39)

(8.40)

(8.41)

(8.42)

(8.43)
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C. Summary of Nucleon Magnetic Moments

The necessary matrix elements are worked out in Appendix F.

They are:
3 3 3 .
Z Q¢! = £+ TS (8.44)
i I 3

7 [Q; L Poi + H,(.] = 4 S 34 fsz (8.45)
: 3

i =

. 3 L
g_,' {E‘LEJZ; (Z;XLA\ +_;- 2’3';}:4' (LJ‘ 54) é‘:] @4

Al

. . -‘. -3 P
R [ 2 é.‘B[L;-éJ)’?;-'?‘;j} (8.46)
= g & -1 7

9 T

?[Q; 2P+ Hg, ] :. 153*_51;'1-3'5’ (8.47)
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R N 3
_{_ [(L;xé.;\ (z:xgs\ = “l%f JURE (8.49)

After evaluating the integrals in Appendix H and calculating
the various coefficients and matrix elements one has eight contributions
to the nucleon moment. These are broken down in Table VII. The A
magnetic moments are also calculated and displayed in Table VIII,

"Feynman" diagrams for the moment contributions are shown in Figure 7.
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TABLE VIE. Contributions to proton and neutron magnetic

moments. The nominal values used were o c=1‘808’ RN=1-Fe\-m3, g= 1 _

91.3 MeV

Souves of coutribudion Proton Neuwlrow

VBN L8265 ~. 5510

\L:T~.l° + . -, 0325 .0Y30

tate ¢ He ) , 0489

i‘ 'i‘i' ,30HL —,304L

Tola [uuids of 5, b,0a82 | - 7433
Total (waits of £ ) 2.5586 | ~1.7743
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+
TABLE VIII. Contributions to 4 and Ao magnetic

k)
moments. Parameders weve o= 1808, Ra= Lz4g Fevw.; 9 =y';7:1u4v‘ £z, 135

Sourre "e (OH“LVI'LM.‘L-IOR A+ Ao

Yo Yo L5510 -, 1755

"ll‘:rr‘l-o + H.C. 0178 0

“L'x.g ‘Lb + H‘_C .I"'l(',s' 0

RO R

Jado + fe # f& 0033 -.0016

4"#{ . . .0"}'2..' —IDL}Z' ‘
Total (owrbs o 5| L7607 -.3142
Todal {vurts of ;%y\ 1.7913 -, 1437
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a) D)

/
c) 'l a) i

FIG. T. Contributions to magnetic moments vhere a) is due to
the original S-state quarks. 1) is due to ‘l’zJ_. c¢) is due to o ¢
d) is due to \Lza ., e) and f) are the pion contributions.
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IX. APPROXIMATIONS AND SOME LOOSE ENDS IN THE BAG MODEL

A Pointlike Pion in Quantum Field Theory

The Lagrangian Eq. (2.1) we use is unusual and ambiguous in
the sense that it is a "hybrid" of the old nuclear physics and the more
recent quantum chromodynamics. Our modern impression is that the pion
should no longer be treated field theoretically as a pointlike object
but instead as a composite of quarks and gluons. To be consistent with
the MIT interpretation of hadrons as bag like objects the pion must have
a radius and quark substructure like the baryons. This means that the
surface delta function interaction at the confinement radius must be an
approximation and at the very least the pion bags should interact with
the baryon bags in some finite volume which might involve the pion
radius as well.

The use of phenomenological pointlike pions seems reasonable
in a low energy regime where the pion wave length would be much greater
than the pion bag radius. This reasonableness at low energies is borne
out in the cloudy bag calculation of the pion form factor which is
compared with a best fit Gaussian form factor in Thomas' review
article.? We reproduce Thomas' figure in Figure 8. One notices good
agreement between the form factors at KR up to 3 which is precisely the

long wavelength regime if we assume the pion radius about half the
89
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1.0

0.%5

uckr)] o=

Gaussian form factor

0.25

FIG. 8. Cloudy bag form factor compared to best
fit Gaussian form factor.
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nucleon radius., That is if

KR, % 3
.1
2T (2R ) €3 -1
A
Then
A > 4R (9.2)

T

The discrepancies crop up in the oscillatory nature of the cloudy bag
form factor at shorter wavelengths., The cloudy bag form factor is

merely

Ulkry = (9.3)

————

2. | smmlkp) _ “s(m)
KR L (ke KR

The wiggliness of U(KR) at high momenta is an artifact of the surface
. coupling of the pointlike pions, Any smoothing of the interaction, say
via extended pions would likely make for a more satisfactory form factor
at high momenta. To date chiral bags have not included pion structure
so one is hesitant to trust resultg which depend on high pion momenta,
This dissertation doesn't comprise a true quantum field
theoretic treatment of a chiral bag, but such a treatment has been

developed by Chin.l0 He discovers that a proper relativistic, wmany body
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calculation of the O(gz) quark self energies is linearly divergent.
His treatment is perturbative in the same sense as ours, but the main
improvement is a correct calculation of the second order energy shﬁ.ft
which we have merely treated classically, The classical treatment
discards highly excited intermediate states and only allows the nucleon
and A. Chin finds that if one includes pions coupling to radially
excited and higher angular momentum quarks, then the self energy becomes
negative infinity, We quote him "Such a divergence is traceable to the
unconventional surface pion coupling which possesses no radial
integrations to suppress high -J intermediate states. Consequently the
181/2 state couples to all higher angular momentum states with
undiminished strength and the self energy diverges." Whether one can
extract the pion induced Lamb shift and renormalize the pion sector of
the chiral bag model is not known. Even if one could renormalize the
bag model one wouldn't trust the high momentum details of the
renormalization which are certainly the most important parts. The point
of view taken herein is that chiral bag models which ignore intermediate
excited states are essentially the same as the classical models. The
quantization of the quark and pion fields as in the cloudy bag is merely
a form of bookkeeping., Likewise one isn't too surprised to find the

11 to be small,

renormalizations of the bare coupling constants as in
gince for example there are no anti-nucleons to renormalize pion

propagators. For these reasons we trust the classical chiral bag

versions like this one as much as the semi-quantized versions.
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The reason for excluding the classical quark self energies in

the energy fits is purely practical. We were unable to obtain local
minima if we included them. Frankly we don't have much intuition
regarding the real self energies consistent with truly extended pions.
It is probable that the singularity in the energy fits at R=0 is due to
the use of pointlike pions and their surface coupling to the quarks.
Presumably if our Lagrangian were modified to display the pion structure
at higher momenta, then not only would the bags become more stable, but

one might actually obtain renormalization.

B. Self Energies in Cavity QCD

The quark self energies in the past have been treated in
somewhat unusual ways.5 Prior to any knowledge of the true self
energies at the one loop level, the self energies were by turns absorbed
into the renormalized but presupposed state independent quark masses in
the color-magnetic case, or included classically in the color-electric
case. See Figure 9. We now know both treatments are inadequate.
Regarding the former case, Hanssow and Jaffel? have recently shown that
the self energy of a comfined quark may be separated into two parts.
The first part is state independent and in fact zero for massless

quarks. The second part is state dependent and is

AE = 9% (9.4)
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Magnetic gluons Electric gluons
i 6; Nili )u;' P

(a) (b)

FIG. 9. Diagram (a) represents the classical color-
magnetic self energy, where the intermediate quark
states represented by the zig-zag line are spatially
unexcited S-state quarks. Their spin-flavor wave
functions correspond to the nucleon or A . Diagram
(a) is usually assumed to be subsumed into the quark
mass renormalization and is subtracted from the total
classical magnetic energy. '

Diagram (b) corresponds to the classical color-
electric self energy where the intermediate quark states
are again unexcited. For a practical reason diagram
(b) is included in the total classical color-electric
energy. This is because one cannot solve for the color-
electric field whose source is spherically symmetric.
Incorporating the classical color-electric self energies
makes the color-electric field satisfy its required
boundary condition trivially.
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Since this is radius-dependent it would give a different shift to quarks
in differeﬁt hadrons.

In both color-electric and magnetic cases the intermediate
states should properly include all possible excited states, This
inclusion of all states is the hallmark of a quantized field theory as
properly regarded by chin!® in his work on the pion effects on self
energy. Unlike Chin's result with pions Hanssen and Jaffel? show that
the self energies due to gluon emission and re-absorption are finite.
They have not yet finished the renormalization procedure since there
remain more calculations of, for example,gluon self energies. Their
quark self energy in (9.4) is large and likely harmful to fits of hadron
spectroscopy. It is also very sensitive to the surface sharpness and
they show it reduces by a factor of two if the loop momenta is
arbitrarily cutoff at 1 GeV. A cutoff of this sort might easily arise
if the surface were fuzzier as a true quantum surface should be. In
fact it is reasonable to expect that the gluons and quarks might have
different confinement ranges.13 One knows the gluons may roam without
quarks though the quarks need to be around gluons for reasons of gauge

invariance.

C. Conclusion
The net result of this discussion is that we think it

plausible to stick with the clasgsical bag regarding self energies. Omne
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can see that inclusion of true quantum field theoretic self energies
only leads to results which diverge from our physical notions about

1. Tinite sized pions

2. Hadron spectroscopy

3. Quark and gluon confinement
The inclusion of classical self energies has been reduced to a practical
selection process out of necessity. I believe it would be illusory to
pretend to calculate renormalizations a la Q.E.D. for either the
confined gluon coupling constant which probably varies near the surface
anyway or the bare pion-quark goupling constant whose renormalization
has to depend on excited intermediate states., For these reasons g. is
fitted phenomenologically and g is taken to be 1/p_ which is a low

energy result from PCAC.



APPENDIX A
TECHNIQUES FOR DEFORMED BAGS

1. Bag Geometry
This section develops the machinery for imposing
the linear boundary condition in a deformed bag. Since

14

our original paper was published we found that oblate

/prolate geometry is not general enough to accommodaﬁe
a situation involving pressures of CD(gc4, g4, gczgz);
which may be desirable to calculate in the future. Fortunately,
the remedy is even simpler and more natural than the approach
in the paper, and also verifies that our original ()(gz,
gcz) solution is correct.

We will briefly rederive the necessary identities
to (D(ez) using a general geometry and then compare these
results to those in our paper which used oblate/prolate
geometry. Then we will present identities toCNe4) using
a general geometry.

Using the intuitive arguments in Chapter III
one sees that in order to cancel gluon and pion pressures

which are angle-dependent one merely distorts the surface,

giving it the same angle-dependence. We have

vl = R —%‘RP,,(z\ + 0 (&Y (al)

97
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where the -1/3 factor was chosen with hindsight. The Dirac

wave function and energy are written similarly

Ww = WwWp 4 6-2 Wsa + (A2)

Yooz Lolwery + e Vudlwery £ (A3)

To implement the linear boundary condition one needs to

khow the surface normal. We have from (Al)

r—ngf_RP;m}:ogg (a4)
3 :

S

The surface normal is defined via

A (A5)
V'¥s -5
Use the following
— FaAS
v = ?2 +8 2 +& D (26)
or r 06 rsike ¢
ﬁf = }{-\ - @é—zsfuﬂ? cof & (A7)

YN
i
By

bR .
- & & Sinhe ¢bs & (A8)
S
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n A A
Now we need to express @ in terms of Vv and * . Recall

that for spherical geometry

'X"'-Ly‘ —_ -’-a
= - - (a9)

From this we obtain

A A . A .

& = X cos@-—cosd) -l-)//\ro.ss.su,‘é -Z fiu P (A10)

A A

& = Y (of & -__%_ (All)
ISRw.-2 Stue

So we f£ind for Eq. (A8)

foe £ - & (Furte -%rue) (a12)

Finally, the NLC requires knowledge of the normal derivative,

This may be found with the help of the following identity

..2-——' - (’°iz) ]

1) o+ 2Py (A13)
Vircois) r O%

In Eq. (Al3) and from here on Z= (08, We obtain

T - (@) (AL4)
> 2

>>
<1
it

->

Note the essential Egs. (A4), (Al2) and (Al4) are the same

as the corresponding equations in our previous paper which
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used the oblate/prolate geometry. In that paper £° was

the eccentricity squared.
¢ = € (AL5)
paper

In a calculation of O (e”] one would generally assume the
following (oblate/prolate geometry being unnecessarily

restrictive.)

AP ‘%}”1' £ &' (alo 4bPy gep) (B1O)
§

This would give the following identities

=
"
>
{
T
<>
bt
|
Y
W
L

+ e”[sb +35 cE -8 c](?f—;’ia)
2 kN

Y “;\ 2 /".a ‘L-—
be [ vt o+ 22 3 ,ai\] (A17)
A = T,
h V, = —3_. — & (1'1_—_3—-%-]_._)___
$ Ar R )z

(Al8)

— 1 —
3 T
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2. Dirac Wave Functions

We need the solutions to the homogeneous Dirac
equation. These solutions will be used as candidate wave
functions later when we perturb around the lowest energy

Dirac wave function. The free Dirac Hamiltonian is
H = L7 thm (A19)

There are three conserved quantities associated with this

Hamiltonian. They are

T = I + &
T
2 _ o+ 6T
vEo= 4 = (A20)
—

Where 6 operates on upper and lower components, i.e,

X S
g (A21)

.
o] [
The other conserved quantity is

- -

o= plsL+1) (A22)

This has eigenvalues

,K?_ = (3_4_'/2)1 - K’z..
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so that
K = *(7+mwm) (A23)
We may write the wave function like so
N =
\JJ g(‘rl YQ(J,IER;\T)
’ . S
4 F () Yb (i, 48, 7)) (A24)
Then, using the property Z-ﬁ }7; = -Y; , one obtains for
solutions (assuming zero mass)
J
‘,‘l; - K —Ya ,ga = T.;-I/z , k= -!-CJ-!-"/Z)

L

"

T- ’/.‘

1

K .
“’ = {"‘!) ' J k-1 Ya £ a

J-K il-

T2, , K= =(Tey)

‘T,’. l/?- (A25)

The parity of Y; will be the parity of Y. The lowest

energy, odd-parity wave function has J=1/2, {= +(J’+’/23, .0;.:}/

lb =0

Ado

+
H
—
} o
- -
-
<>
—
A~ ]
e
N
3
—_—
H
o~
>
[
"‘-_.___:_-v
~

(A26)
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where

mﬁ \/DI_J%_ 'Ya

N\,
_3'*-}111 /O,—J-’L.].l/‘ (A27)

Y, -

For 7%z +p -y, one has respectively

le - Yqo / 0
0 Yoo

(A28)

Similarly, the lowest energy even parity wave function

has J=1/2, k = -(T+ix) , da =0, L} =)

+ _ de _ Ya (A29)

A6t

Again for J%* . ), ;=

) 0
Yoz Yol , |

0 \/v,u (A30)

In the case of J=1/2 we may write out the even and odd

parity solutions like this
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4p Jo -p —J bt
t e X ¥, L X (a3

11 L6FJ, / 7/ LJo

1

Since the positive parity J=1/2 state is the
lowest energy state, we identify :y: and hence ;Y with
the usual SU(6) wave functions. For example, we might

have

++

A.S/,_] = U TI W1T, Ml]\s = /X, X- Xg (A32)

5.F.
The subscript §.F. stands for spin-flavor. The total
wave function, assuming all quarks are in the S-state, would

be

L,/ — ( ‘J D’[\U.’Dhl }«[ Jn[l.v:vh.\ «1 ‘j ilf‘lovg\ XB
Ab;va(wor,) L7 Dilwovy) 4 b Jilwoky)

5

X [ colon ) )

13
(A33)

where YV,,; (color) is antisymmetric in color.

The linear boundary condition relates higher
order quark solutions to the lower order solutions and
ultimately to the J=1/2 even parity solution. Since the
relation is linear one ends up with the higher order solutions
having ordinary SU(6) spin-flavor wave functions being
left multiplied by the Dirac structure, Likewise, the
¥ (color) is left multiplied.
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In order to choose the right higher angular momentum
wave functions we must examine the perturbation scheme
ordained by the linear boundary condition. The important

questions are:

1. What type of parity will the candidate wave functions
have?
2, Since the interaction Hamiltonian should couple the
ground state Hamiltonian to the negative energy states
of the spherical bag, how will the negative energy states
manifest themselves?
3. How can we write the wave functions compactly without
lots of Clebsch-Gordan coefficients?

The answer to guestion 1. lies in the linear

boundary condition,

;.Nm\) = lwn (a34)

$
This is a way of writing the interaction Hamiltonian involving

the bag surface and the Dirac wave functions. The strong
interaction conserves parity so we can only use Y,,'s of
even £ values to describe the surface. One can write the

[

perturbed wave functions formally as follows .

o 0 ak w2
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A.\l’y_ = é ]J-u><‘lh] ’H;u—l J-g> (A36)

(Fu-Ex)

where Hj,. comprises the non-spherical part of the surface
interaction.

Eg. (A36) also exhibits the excitation of negative
energy modes of the spherical bag. This is because the
index n refers to the complete basis set of Dirac wave
functions in the spherical bag. We shall re~address question
2, after obtaining explicit solutions to the linear boundary
condition.

The simplest way to write the complicated momentum
dependence of the Dirac wave functions for a spherical
cavity 1is to use combinations of the SU(6) spinors and
various components of * and Z‘. One should write out the
Clebsches by hand for comparison. The following are all

positive energy and positive parity wave functions

\\/o = -'JalW\‘\ />(

;L'¢;l|,wv\

T': '/z_l TE"—' il/?-

. o
s}/;-_ Jz [%"\“é%“'/z\" , Ti?/g_,]'a:t’/w_

—A‘b”rkd 1
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¥y o= e [%% —Lréz—g] , T= %, TE= 2
Abyd3
A 1
Y= |y wép&ﬂlaaa -1 +3 ), Teoy 3kt
T3 b : § i
-7

T= 9, 7% 4,

The Pauli spinors have been suppressed on all but the first
wave function. These wave functions aren't normalized,
Notice the J=1/2 wave function should be 2J+1=2. different
angular wave functions and it is, sinqe ﬁ% may be spin
up or spin down. However, we have only shown two of each
of the J=3/2, J=5/2 and J=7/2 wave functions. This is
because it is known that to (4,4} the A has a pressure
which has purely Y,, dependence, The following calculation
will show the effect of evaluating the pressure using the
J=3/2, T%+£3/2 wave function beating against the J=1/2,
T*=+1/2 wave function. The J=3/2, T*=+3/2 wave function

is

<>

\},‘ - ( Ja ) [7. T-(i‘*—?r)j X (A38)
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The outward pressure exerted on a spherical bag by the

quarks is

Y +4 (A39)

——

!
P DY

P -

If Vs mostly ground state along with a small amount

of ¥ the pressure will be

Job! + I‘%)}

T

%V{¢o~.l—u + a

o

Po + AP (240)

The second term in Eq. (A40) has the following angle and

spin dependence

N%No6v f(Pr-Er) X (A41)

(A42)

where the minus is for spin up and the plus is for spin
down. The third term has a similar behavior and when added
to the second we obtain a AP which is spin independent.
Aside from normalization constants it is

AP = —a.shfacosz¢_%_(io;z+3}\ (A43)
v .
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This is a linear combination of )@iz ¢ not )%o,and SO we
don't use V' as a candidate wave function.

In a strict sense only Y» shall be an eigenfunction
of the spherical bag. We are taking it as the ground state
and solving for the quark energy as a perturbation around
the lowest eigenenergy of ¥, . The higher J states will
be evaluated at w.=20b4 and not at their natural eigenener-
gies. This is wher; the negative energy states manifest
themselves. Any state Fiwy is composed of some parts
of the original spherical negative energy states if it
has an energy argument which is not an eigenenergy of the

spherical Hamiltonian. To verify this merely note that

a negative energy state is

LY o itV wn (Ad44)

One may ascertain, for example, that the J=1/2 positive
energy wave function is not orthogonal to the J=1/2 negative
energy wave function unless both wave functions are evaluated
at their correct eigenenergies. In this example those
energies happen to be T Wo respectively.

As an aside, note that if the pressure is evaluated

for a purely negative energy wave function, it is negative.

3. Effects of Deformation on Energy and Wave Functions
The following is a second order calculation of

the deformation energy and wave functions.
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Following the scheme outlined in Chapter III,
the wave function ¥ and energy w can be expanded perturba-

tively.

I PPN + 1y

W= Wo + €Wy + &g (A45)
The Dirac equation for the first two orders is

N VN

CS T T a5 wedhd o+ wad e (A46)

The structure of (A46) shows that ¢1A will have a homogeneous
and an inhomogeneous part, so that the full solution to

second order becomes
N 1 x
b2 do o+ &4+ b)) (A47)

The form of the inhomogeneous solution, which can be obtained
by differentiating the lower order equation with respect

to Wo, is

V) = (_4_ ‘L‘a\ W2 d (A48)

Tw
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The form of the homogeneous solution and the

energy will be determined by the boundary condition

.!..l/ﬁLIS: \L (R49)

where W is the outward normal to the bag surface (Al4).

We need
hy= & - @ (Par-Ea) (A50)
5
Y & T A & (vee -va) (a51)
s
= Ayo + €4 A}/
V= k- £ R Pulal (252)
S K3
= R+ &R
ﬁ-"i = D oy d2(-F) L > (A53)
v p 0%

The candidate wave functions are chosen from among those
in (A37). Also, include a term of the form (A48), as well
as a renormalization constant which will ultimately be
zero., The argument of all the Bessel functions is w,vr .

Written symbolically the wave function to order ¢ is
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3/
ﬁ":/\/{% +ezat¢1/ + &a, 4,
5 Swaar) Yo+ 2V 4, } (A54)
N

Explicitly this is

¢ = N (Jolww\
1653, lwovy

T . .y
1€ a, | 3a(wer [%é_z; ‘;__.;J

b alwoer)

"" éla-q_ leb’b\r‘\ \[}_;-}1— z\? {27% -_'.‘}
T 2z

abr ualwey)

+ EWgr | o' lwon + 3__5_)\_1 do{wor)
D p” . (A55)
16:F 3, {wor] A5t a, [wevd

When ¥ is evaluated at the surface in (A49), one sees from
(A52) that the arguments of the Bessel functions will have
an O(€) part. This will only express itself to 0(¢* through
the Taylor expansion of V¥, . The other portions of Y
are already of O0(¢&) .

Applying the linear boundary condition one gets
the usual condition at (D(l). From here on the arguments

of the parts of ‘7[’ are implicitly w.R=p.
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idodo = Yo (A56)

This gives the condition jo[p) =j1(p] +» The solution having

lowest energy is
WDE- = P = 12, Dl’flg (A57)
The 0 (¢) equation is
. . 3/ . ¥/
,:A)(\l«o -F.n}[uWoAE\)'o 44/0 a,‘L : +J%;az‘1‘l
+ 4 l/n (_Wz.l?—\ \,-al -+ 4‘/‘/0 Z_J_V ‘11- 0
yy
= wesrds 4 o4, b a4 (A58)

This is really two equations involving the upper and lower
components of the linear boundary condition. Both equations

yield the same results so we present only the upper equation.

- -3
-—a.J;[%L-»#'Z-z.-Ji) + ang({_:-zl—{fl*-z “-’i) +§A/J’
N
= Wea R - _P. Ptl%\\]a‘ + & Jl[%f¢- i‘%?: —"‘i]
Ed
(A59)
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For this equation to be correct the coefficients of 1,
24+ 4% , 2* nmust all be zero separately., This yields
three equations. (Note that 2z ({¥6+7 may be written as
2% -zrbfﬁi.) The terms involving 2}{ cancel since Jo=dj-
Below are the results for a;, agy w;; obtained by solving

the three equations,

a, = =2¢p(2p+1)
g5
&, = ) ?1(F‘7~\
Flls~-gp)

Some of the Bessel function identities £rom Appendix C

!
were used in simplifying the j, and j, terms.

4, Calculation of Deformation Energy to (O (&%)

It is desirable to know the energy shift to
OD(e"Y. We also want to verify the perturbative scheme
to (0(¢") using the candidate wave functions in (A37).
The following calculation was done in the oblate/prolate
geometry of reference 15, A calculaticn involving gluon
and pion pressure terms of D(g4, gzgtz, 914) would necessitate
the more general even parity geometry worked out in Section
1. Since we have only calculated the gluon and pion £field
pressures to O(gz, gcz), the more general geometry is

unnecessary. (With hindsight it would have been easier.)



115

In the following calculation we use an expansion parameter
c2 which is an artifact of the Flammerl® notation. At
o(et\/ & - ¢ is the actual eccentricity of an elliptical
body of revolution. The normal and radius as a function
of #=t(es® may be worked out perturbatively in oblate/prolate
geometry. (We require incompressibility of volume in order
to identify a mean bag radius in using the oblate/prolate
geometry.) Recall in Flammerl® that if c? is positive
/negative due to pion and gluon effects, the bag is oblate
/prolate. At the end of this calculation we will use the
nominal value of ( = €= .135 to evaluate the Wy, , and
obtain an energy in MeV, The normal and radius evaluated

at the bag surface are

S L I L R e
z L
. P ?
\rl = 2 - rhay o+ l_‘}_%" £ 2t +_l_\
A '3f1- 6F'{ Y 1 ‘f

= R + AR, + AR,
(A6}

Now in choosing the candidate wave functions which will
allow us to solve the linear boundary condition in this
geometry we must make sure that total wave function is

normalized. That is
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- | wo R + ¢8R, + (VAR

4 }in’? [M: [ atdx L
Wo? .

(A62)
-1 >

The following is the appropriate wave function, including
normalization terms

y y A
IR TN B [1_5 bt e[ 2P -2) e 2 +zj
AT $ 1 g 8

I [—-:s_ [ {,*[%--L’—%\ 4—@1-}“—ga§+}_] (A63)
NEXP t g 4 8
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This wave function is evaluated at the surface where the

arguments W,r have angular terms. To 0(¢?) these contri-

2 and

butions to the wave function are made explicit in ¢
ct via Taylor expansion of the first three terms in (A62).

These additional terms are

- o
VN Cwes [ V0 + (twodl, [ Vo
Py 3, L6039
+ C weab) e Focta, wedl [ [; v 6%
2 i T -'z-?d,’ b 3

+ ('lia‘l.WOAEl(le )[zil‘_t.? éti ‘.L] (A64)
1

- LI }
45'?\]3

To D(c4) our wave function is (A63) and (A64) where now

all the arguments are ¢ . Next apply the linear boundary

condition

Lf e ¥ | (265)

[
This involves lots of terms, We shall use the top equation
of (A65) in the following. The bottom equation should
give the same result even though it may not appear identical.
It is a good check on the algebra to do the lower equation
as well., Eg. (A65) was solved to CD(cz) in the last section

S0 we proceed to ()(c4) in the top equation, obtaining

‘TREEE -y +(Z.{,‘ L%—ZEH'E"%}\—J i+
AR
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F‘!
i
T Jd Lﬁ_%q ~ SR + 9" [1%9‘_1%1_}__1_
.6[,? q 2 l-‘ )rl y 5
5o
+ oA (3—%2-1.)[}_ L-f (ta Ty
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(266)

This is really five equations involving the coefficients
of 4, (-8 ¢%z, T, 4742, 2" | The five unknowns are
Ayp sy By Bry W, 4 . After solving the five equations

we obtain Wy A

P | L | . .
Wy, = l_’—-""‘“’) + (9el-ay")

2 (4=3d) Hsp? 70 p*
T+ E_x___g_g_l_'_-__\l_g_._l'] — 4, ll.‘h’"':lzll -+ 2 ﬂ-:.:)g
15 )5 15 ¢t
P e f (867)
¥ o040, Ny

o I5pY
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This may be reduced using the identities in Appendix C
as well as the values already determined for a; and aj.
Note the terms involving Jﬁﬁ_ and J M. disappeared. This

is because j,=jj. The reduced form of (A67) is

y | \ 4o-40p +5of 4360 —ioof’) g

substituting p =2.0428 we get

Wyt = I L?.mrxlo"] (A69)
2

So the energy shift due to one quark in this deformed bag

is

AE = % wyy = [_cif’ ¥ Wy (A70)
F‘L

14

Using the nominal value for =,135 as well as R=1.249

2
C
&
Fermi which was the radius of the A and multiplying by

*¢, we f£ind

AE = 185 MV (A71)

All three quarks would combine for a deformation energy

of .56 MeV which is pretty small.



APPENDIX B

PION AND GLUON EFFECTS

This appendix contains the solutions of the bag

2

model with pion effects to order g and gluon effects to

order gcz.

1, Treatment of the Pion to Second Order
First we solve Egs.(2.12) and (2.14) and consider
the modifications required in the NLC, (2.18).
The source of the lowest-order pion field
$,is the surface term (2.12b). Using (3.1) this gives
2

RIS AN I N TR (BL)

Y

where we continue to suppress the two-component spinors,
Eg.(Bl) is an operator in the spin-isospin space of the
quarks, and the matrix elements which must eventually be
taken will be postponed until the last step,

Eg. (Bl) shows thatﬁ& must be a P wave independent
of time, and (2.12a) shows that jb has the radial dependence
of a spherical Hankel function with imaginary argument,

The solution is

‘%,;(r\ = L L.(,P«f-rrlr\ ’:{;l| ?:‘# (B2)
121
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where b is dete:mined 'from the boundary condition (Bl)

b: /‘ll:lnl(?] - __L/_ . (B3)
b b Uy 3w oy b (q) P p-1)

and

(B4)

and Vl z Mg Re
Now we proceed with the solution for *]/m. Following

16

Chodos and Thorn3 and Vento we will write

n .
\l’z-n- = \Lzrr + ‘l"nr (B5)

T
where ‘J’m is a particular solution of the inhomogeneous

equation (2.l14a) and "I’::r is a solution of the homogeneous
equation which will be adjusted to satisfy the boundary
condition (2.14b). The inhomogeneous solution for the
Lth guark is
_ o
Yoo = N ( roelwen \‘”m'
4

-l

N B6
toir rd) {we v (B6)
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where the prime will always refer to differentiation with
respect to the full argument ( woer in this case) and we
are careful to write Wi, an operator in the quark spin-isospin
space, to the right as discussed in Chapter II. The structure
of the homogeneous solution is determined by the spin structure
of the last term in the boundary condition (2.14b), which
is

_2 \ [%3— 'P'I::: + -L? V°TJ(B7)

vV OA
F A 4

""T'i’_li 15.4«0,( = Nl:lt.'\‘lo (

A

<

where h1=h1(q) and we introduce the operators

T = . -
i = £ (z_ bire "Lt} 2ara (B8)
. 3 A
T T .
Note that the sum 3—_;,.“)0:4' + -'3-'1"“' commutes with 4;+ but the
separate terms do not. Eg.(B7) suggests a homogeneous

solution with a J=3/2 structure. Specifically

w hzflﬁ’oﬂ T
+ .= N, Y2l
i

. - A
19 [Wer\ bi¥ (B9)

where C; is a constant. Finally, combining (B6), (B7)

and (B9) gives
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¢, =2 bhoe = 2 bk,
’ (30402} 7
. T iy
Wani = -blioe Hoi = -webl, ¥ ~ (B10)
32 (o) +04) tLp-n

It is easily demonstrated that (B10) agrees with
(2.29a). Note that our complete solution looks like the
result in Ref. 6 if we let the pion mass go to zero.

The correction to the normalization, Eq.(2.17),

comes entirely from the inhomogeneous term (B6), and is

e = -d [0k [ gthes bt deh)

]

- 3" (3-2p) Wani (B11)
1 (P"‘I) W o

We will need this result for the NLC,

Finally, the contributions to the NLC from the
pion field can be obtained from (2.18), (B2), (B5), and
(Bll) . Specifically, if we call that part of (2.18) which

is due to the pion field B, ,then

By = - 31 _;%_r { 2;;;;.;{,3 - ‘i;ﬂ# N (:fm%\
r A

AFS '%‘;

-_;. 51 % f[;—}:na +b£ + ."Io‘(- ‘ILuri )

y 4

-}__-)1'_51 _{ (Vkilj"vk¢,j + h"-}l‘ 4’“”4’:.':‘)
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—

T

= Borw JVDI + Bag JVz (BL2)

where the new spin-isospin operators are

-

PSR g
A J?l‘_’
— o -~
/Vlz = _i J’ﬂu' = { 3 f; 3 LJ'? -2 ety Yty (B13)
. A > : ~
ixd

Calculating the quantities B,y and B,; can be facilitated

using the relations in Appendix C

2 e =
Bow = - -2 b - hy 2
N ﬁ; 31m KG(P‘”L\[3 Tyl %'(?7\(1+” ;]

(Bl4a)
By = ~ 4 (£ V)1 a2k oy g -
s L {4 e
T
+.;-[;L_{M1—1,") (B14b)

It can be shown that (Bl4a) is precisely what would be
obtained if the pion energy were differentiated with respect

to R. Specifically,

Boa = —~ A4 (_9_1)[,_?2_, l«-_\ (B15)
g R AR ) G | (2wt p-n® y k! R3
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Comparing this with the pion-energy result obtained in
(2.31) shows explicitly that the ?: part of (Bl2) is
equivalent to the requirement that the bag radius minimize
the energy. When matrix elements are evaluated, the angular
term ?;L will generate an angular dependence of the form
Po(z), which must be cancelled by deforming the bag. This
term, and a similar term obtained from the gluon fields
will be cancelled by the term proportional to e? in (3.13).
We now turn to a treatment of gluonic effects to second

order.

2, Treatment of the Gluons to Second Order

The solution for the gluon fields to first order
is familiarS, Egs.{2.11) are Maxwell's equations involving
eight colored vector fields instead of one. The color

current is

Q . . -
—Jﬁq = <poi :LL _Li \]oi = -/Vll\q" '-"’{“"”’]Jl!l“b"\ (I‘}x “‘1 (B16)

2

This is the source term for the transverse colored gluon
field, which satisfies (2.11lb) and (2.11c). The solution

to these two equations is

A - - N (Rl (BL7)
' HT_E_(AXL YH () (v <2\
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[

" -
li[r\ = & ks J 11? A 303, +f Avigoey, +(;J (B18)
3 ) ¥3 r
and C, is an integration constant to be determined by the

boundary condition (2.11d). The color—magnetic field generated

by the ith quark is

N
BA(\ = -9 )u et
2 r

e

y

R TEDY 1 [vn’(r\ + 2 le\j
(B19)

To satisfy the boundary condition (2.11d) at the surface

of a spherical bag requires

(B20)
PHURY + 2 H(RY = 0O
which gives
R 3 i
(-2 = __l';- J‘ ¥ AY|J oJ , (321)
) B

This completely determines the color vector potential and

magnetic field to order g..
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To obtain the solution 41,, we must solve equations
(2.15). Following a procedure similar to that used for

pions, we write
7 1 2
\l,lﬁ = Yoy + oy, (B22)

: 1 2
where in this case both ¢1, and -Lig are solutions of

inhomogeneous Dirac equations

1
(,L i-_V\ -+ Wo\ 4?93 = - \ll'ol ]U'Lqi (B23a)
C ’ - _ _ Aﬂ.—s 4_ . EQ.
{_A.aL-‘V +W.o\ ‘l‘:.j}, .= 5 L Foi |- Y, 1
= - M }in ra \ [3_ Yoi =2 Pod (B23b)
61r "'"'A‘ 3 3
AbTrao
where we made use of the relation
a Q .~ .
£ Xik; = -k (i) (B24)

which holds for colorless three-quark states., Note that
we again write W,qi to the right. Two new operators have

been introduced in (B23b). They are



129

— -

Poi = L bk
JEA

i o= L (3Tt -1 LT (B25)
JF 2

These are similar to the operators of (B8) without the
isospin operators. Note that while the linear combination
of these operators which enters (B23b) does not commute
with {;.¢ , the operator-iﬁdoes commute because_iﬁdepends
on the spin variables of the other two quarks only.

A solution to (B23a) is, as before

vl

-

bi ¥ ra) lwor

1 2! -
raolwor :
¢%3; N / o lwer \ Waga (B26)
4 1
The solution to (B23b) is considerably more compli-

cated, and details are given in Appendix C. Briefly, the

inhomogeneous term suggests a solution of the form

J’{“{rldﬂoi + Qz(v\ qu'

..e_
}

Tg.l

PR [1(‘3 () Poi *1[7(%\?15] (B27)

Subgtituting this into (B23b) gives a set of coupled first-

order differential equations for the K's

g

wok, = %;Ul'k‘z\ = X railun BN (B28a)
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wo ¥, - rd / 'Bi) = =N i bwer)y Bl (B28b)
dv U ¢ qm
Wo L5 + AC‘K‘,\ = M oviislwery K (B28c)
dv 9T
wo Ky + '??{_ (v"]él\ = =N violwoer) H(r (B28d)
Vv

These equations can be separated into four independent

second~order inhomogeneous equations

Bo Bilyy = N dslwerl 4 [V’H(H\

9 ¥ dv

B, Rl = =M Jolwor ¥ & By
91 dv

0, 4 bt = - dilwen yl_é_[_;@\

Qm I'4s >
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o, 4, (n = ﬁ a,l:mﬂ IA\_((#HM) (529)
where
2 T
's

r-?.

is the operator associated with the spherical Bessel functions
ji and Hﬂ.' These equations are easily solved using Green's-

function techniques. Including the homocgeneous solutions

regular at the origin we obtain

N k . 5 -
/k, N g dv! Cv-o(h\"\du(ww‘[ f:, [v. “_(]’,q

I o

tf

+ A, o lwor)

) 4
o= A [ e Gl dolor) A B

q1r Ar

+ A'z, :Jz ll&)bk]

%
1’(\3 = - N J V’q O{V' G:(VJY'I JI{WDV"]-A‘ [ “»[lr')]
® Ar! :

g7 ”

+ A3 “)l (lr-’or‘\
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L

4
Ry = M j Pde G o) 3y (wort [ e e
! am Jo i ’ , lr'[ "']
+ A-.,‘ :);[Wol’\ (B31)

where the A; are constants of integration, and the kernel

of the Green's function is
(J‘,e_(\r',‘/'\ = Wo{l/[l_(laJoY\ :l.L(luok'] & (r-p1)

+oalwor| yellort] 9(”"’\} (B32)

Two relations between the four constants A; can be obtained
by requiring that (B31l) satisfy the original coupled equations
(B28) ., For this purpose it is sufficient to use only two
of the four equations; Egs.(B28a) and (B28¢c) are satisfied

for all values of r if

Ayv-As = -8 solysye ) p B (R (B33)

LR

where '1’“: L,,_(p). Similarly, (B38b) and (B38d) are satisfied

for all values of r if

Aot by = =N Joly-1n) o2 FRY (B34)

pE————

Two more relations are obtained by requiring that the total
413 satisfy the boundary condition (2.15b}. From (B22),
(B26) , and (B27) this gives
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[k, (Y =R (R)] Poi + MRG0 wagi = 0
Rey(my = Ry (2y (B35)

where we have exploited the fact that Wzai cannot depend

on ;i . From (B35) we obtain

| L. ‘
1 o

(B36)
Alb:, - AH:JI = _%r {\;0(117.:11+L1,J b)]aRZHZZ)
R
— (w,+lmJ ¥ dvd [ 3e-02) H(H} (B37)
R* 0

This completely determines +-,g except for an arbitrary
additional term V,; 5N3; , which must be chosen to preserve
the normalization of the full solution to order gcz. Note
that (B36) agrees with (2.29b).

As discussed in the second chapter, it is not
necessary to know ‘lr-zﬂ in order to determine the energy
to 0(g%:\. To this order the term containing (B36) cancels,
and need not be determined at all. However, if we wish
to determine the eccentricity, we need to calculate that
part of the contribution of +2g to the NLC which will give
rise to an angle-dependent term of the form Py(z). It is
clear that only the matrix elements of the ‘P?,; operator

will give a P5(2), and hence only the contribution of this

term to the NLC will be worked out now.
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In preparation for this computation, the relations

(B34) and (B37) can be solved for A, and Ay

3
_ . z o s 31#‘ .o".:
Azﬁ#[hawkﬂm\.L(?+p)§)-da;b J\#Hrq

o

J|+\3L 0

R
Ay=-d. [Pk‘q,;,,,m, 4| m+a,wr34rh(3o—hz\ *Hr\\} (B38)
9w | RS TS

The gluon contribution to the NLC, which will be denoted

by Bg, becomes

(B39)

(B40)
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The quantity B03 ; hot needed in this calculation, is given
in Appendix C. The B.4 factor, after considerable manipulation

becomes

B"-ﬂ = Le (4?"3)1 4 (l y | 2.
— | = L {p-)
P E;

1;r—-?~—"‘ ( f—l]l

(B41)

The first term in curly brackets is the contribution of

the B2 term. The rest of the terms come from 433.



APPENDIX C

IDENTITIES AND THE SECOND-ORDER QUARK SOLUTIONS

This appendix includes some useful identities
and details of the second-order gquark wave functions,
Vg .

Many bag formulas reqﬁire knowledge of spherical
Bessel functions on the bag surface where j, (p) = bp(ﬂ.
Using recursion relations, it is always possible to reduce

jﬁ(p\:ji to .jo times a polynomal in | Useful

— .

P

identities are

Wi =“Jo(J- -l +1)

B =—5o(1. -3 o+ +|)
P

136
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JL’: Jg(—%’_.+%+l)

3 e

Cz

Jo (7_f7' -1y +1) = | (C1)

The remainder of this appendix will be devoted

to discussion of the solution ‘hﬂ . The solutions (B31)

can be simplified by integrating by parts, giving

f y
: : cL 3 C
k:(V] = t}%u.,l [Jo(”[[l]l\)o'*ﬂp.l.]f'ﬂt(f' +'f|DlJ|[ZJbJ|f;HJJ

.D s Jo e p° H +
" ()\[:ﬁr-w# o f AU
. p . 3 « s .- 3 ;
Kt = ;Afw:[ lenflitwo—;,zé,w’”!f' sl D(u.do—m.),o'#o{f
+ .-,_ —’_AL 1_-0 3# -J-A-
J (ﬂ[ qmwlb’ Jof z]
P 7 I 3.7
?3(?] = #w}[";’(ﬂj;["“ﬂ+'40\.Jl)f"uﬂl!p’ 4—11,[”[,2.1,.}014 H‘JJ
i [ A i p A
p
Ryl = ﬁ'@i%mf“zwwn ¢’ Hap + w,/ﬂ/(fzs,—iaivlf"”@
o S (-]

(c2)

+ 5:(3|[#wlwgilf’}+ + Avt[
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In these expressions } = wor rand  Jg = g.(p")
when under the p' integral. To obtain these use the
identities
. y L . .
L j(_ [/x“'JL\ = de ! x4 (-—‘) S
o Ax do = e (C3)

Using the forms (C2) and the identities (C3) it is easy
to verify the conditions (B33), (B34), and (B36), (B37).

The correction to the normalization condition,

defined in Eq. (2.17), can also be obtained from (C2).

The equation 1is

I Npgi = - g f L3 [(4",:4 Joi +~lo+;41;;)

2

+1M(301Q,+31'k‘?\?oijl (C4)

where the K, and the K, functions do not contribute because
Pzi integrates to zero. The first term in (C4) has
structure similar to IUVW; given in Eq. (Bll). The

second term requires evaluation of the expression

P ¥ ‘ 5
T, = -84 N J ‘4,I/{J.,u;,})]jlq,”.n,,:,,)?'»,,(,a'

LS I ——
we Vo

N LTS AT
+(Joqo+d,q,\]7—-’°h{’ Hdp (C5)
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This can be integrated by parts and reduced to

In addition to this term, there is a term coming from the
constant terms involving A; and A3. Using (B33) this last

term gives

I, = *‘]Z/Vijalg/x{ig(\ﬂor\ A"}—/-‘-/—z‘;"“itﬁ”?

4‘J|z[hJoV\ [43 -M L‘."’LH Fz H]

9mrivo

2

—

~ g (A +As) -9l N wlp-n) F”JEH (C7)
Y wo 9

Hence, combining these expressions gives

,)'/vlg‘. = —gZ (3-2p) Wiy > (T +z 1P (c8)
1(p-)]  Wo
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Instead of leaving this nonzero, as in the treatment

of the pion contributions, A; + Aq will be determined from

the requirement that §N}gj = 0 . Using (B36) this
gives
_ H
AvvA, = K A

QTTWDL Jozfzif"l\

(C9)

X [{{-P-(% Tzho‘(ﬂ-ﬁ_)_/L +H(52{g+%q
P

where

P
A= [

5 2 4 7-( 1) 4 {
= Two M) 42 4 f 4
: p o 0"

v
mlwery = 87 Nl—'; [ ! YP\" wer’) o [Wor') (CL0)
3 [

The solution +;gi is now completely determined,
and the contributions of 439 to the NLC can be computed.
The computations require frequent integrations by parts
and use of the identities involving Bessel functions.

The quantity Boy,  becomes
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= de
Bog o —:,\1, [ wep +1Pj M(f') 1f7

(Cl1)
where the first term is the'ﬁ-ﬁ contribution and the second
term comes from 435 . Comparing this with the result
reported in Eq. (4.2) shows that the angle independent
part of the NLC is equivalent to the requirement that the

derivative of the energy with respect to the mean radius

be zero.



APPENDIX D

MATRIX ELEMENTS OF SPIN AND ISOSPIN

This section contains the transition operators
necessary for calculation of spin-isospin matrix elements,
The matrices explicitly shown here were obtained from Pandha-
ripande and Smith,l7
A typical intermediate state matrix element looks

like
{ A }{L (5t ] % (D1)

where k and { are the usval Cartesian indices. Such matrix
elements can be rewritten in terms of transition operators
*Xk'and‘jxﬂ both of which describe transitions from spin-1/2
to spin-3/2 states, and therefore have the same form,

The explicit form of the x? operator is

-1 (2]

&Q'-(
I+
9
N
2
1}
oy

(D2)
142
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There are three helpful identities regarding

spin-isospin matrix elements. These are

£
(w4 il iwy = B AN S T Wy

t1

{a) g elafiny = & AL STy

2

LAl $y, T-;f,_ | 4> (D3)

A

{A1g e84y

where S; and 1; are the usual spin and isospin operators
on the space of states with spin j, and J and J are the
transition operators. These may be obtained by explicit
computation from the SU(6) quark wave functions of the
N and A . 1In addition to Eq. (D3) two further identities

of importance are

I o o 0o

e | 0 o

+ + o 0o I o
g4 = ﬁTﬂ rI/ - 6 o o 1

j*’.j = ’T+'\J‘ = 2 [‘o Dl] (p4)

With these identities one may readily work out
the matrix elements needed in Eq. (3.14). The basic approach,
- X

shown below for 72 y is to insert a complete set of inter-

mediate states and use (D3)
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SHIVBEIwy = )£ Gt
- ifs

= S AN 45 el 18>S Cp1 L 6FeE NS -27
B4 P! J

:(};\2% 16 _g*.J "T*.'T -9

2

= 25 +32 -2 = 30 (D5)

The calculation of Py and P, is simplified by the conser-

vation of isospin, which ensures that only diagonal terms

will enter into the state sum in (DP5). Finally, the quantities

I
CCQB and rf;,a introduced in Eq. (3.15) are

T
Oro,N = 30
JD,IU = ~6
(D6)
J-o,A = JDTA = 6

The A"l’s were given in Eq. (3.16).

In addition to (D3) there are other identities

which come in handy. These are

(SJI,_X gl,;_\‘ L §

1y
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(fJ/ZX g:/LY = 4 S’/z
Bx sw) = "4 4
(5,,x 4\ = £id’

(JXJ-’-)L 3'3“‘ j’;/r_

(j'}-x J)j - "‘_ff__l- S:/z (D7)

Naturally there are equivalent relations between isospin

operators.,



APPENDIX E

CHIRAL INVARIANCE

1, Motivation: A Warm-up With Isospin

The lowest mass baryons are the nucleon and
A. These are taken to be composed of up and down quarks,
whose masses are small in order to satisfy hadron spectroscopy.
Now isospin invariance is the most accurate hadron symmetry
and is naively dependent on the mass of the up and down
quarks being equal. This is easily shown by writing out
the isovector current and taking its divergence. The isovector

current is

Vh = L0y g (E1)

The sum over i refers to all the up and down guarks in
the baryon. The divergence of (El) is facilitated via

the QCD equations of motion.

":/Xfi 14 A q: (E2)

il
3
-9
-~
3
o
r
=

S
. - L —, —_. o o
- L q'/ = M. ‘l.. + 3; %;/ _'XL_’ (E3)
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We know now that isospin symmetry is badly broken at the
SU(2) level. "Indeed the u and d quark masses are typically
of order 5 and 10 MeV respectively."9 The reason
hadronic isospin is still good is because the constituent
guark mass for a light confined quark is several hundred
MeV larger than the current gquark mass. This means the
percentage difference in constituent masses (which is a
function of current quark masses) is almd;t Zero.,

We have just seen how one starts with a theory
like flavor SU(3) and grudgingly breaks it with the strange
quark mass only to have it broken again at the SU(2) level
by the u and d gquark mass differences. Fortunately the

latter are small on the scale of hadron masses.

2., The Assumption of Conserved Axial Current

The naive assertion that m,; and mg were equal
led us to the conclusion that isospin is conserved at the
hadronic level, as well asffhe quark level. It was later
shown that isospin is not conserved at the quark level;
however the mechanism of confinement saves isospin at the
hadron level. It is therefore plausible that if one assumes
m,=mg=0, consistent with axial current conservation at the
quark level, then perhaps axial current will be mostly
conserved at the hadron level. This is strongly supported
by the Goldberger-Treiman relation which shows that (among

other things) Jaéf is proportional to the mass of the

lightest hadron known.
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3. Quark Handedness Under Parity Transformation

The three vector current operators are taken

to satisfy
). V" =0 (E4)

This implies the space integrals of v° are constants of

motion.

i

O (ES)

Q. 4 fv"ffx

~ dx

Now if we assume mu=md=0 then we obtain a conserved axial

current.

A = LYYt qi | (E6)
where

0. A" =0 (E7)

Q, =0 (E8)

The chiral SU(2) X SU(2) group often denoted SU(2)y X SU(2)p

is generated by the linear combinations
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I+

Qe = L *g) (£9)

along with the parity operator P(t). These satisfy the

following equal time commutation relations

Pa'd

[Qi (£) , Qr(*‘j = & QL (k) (E10)

n

(@it , grwm) = i €™ Q@A) (512)

(Qf(i-\, Qflk\j - Q0

~

This means that right-handed u,d quarks may transform into
right~handed u,d quarks and left-handed u,d guarks transform
into left-handed u,d quarks. However, left-~handed quarks
can't mix with right-handed quarks. Naturally the original
MIT bag version of confinement violated conservation of
handedness since any quark striking the bag surface would
reverse its momentum but maintain its spin, thereby changing
handedness or chirality. (See Fig. 10 which was taken from
Thomasq) Similarly a parity inversion should transform
a left-handed particle into a right-handed particle. As
a consequence one finds that the parity operator P(t) connects
the generators Q_(t) and @, (t) which form the SU(2); X
SU(2)p group. Following Lee*8 we define the parity operator

P(t)
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P
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FIG. 10. Violation of chiral symmetry
at the MIT bag boundary.
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+
Y tli’,ﬂ Plx) = y Yori(—z‘,;e), (E12)

with q the guark field. One finds

+
PA Quitr Plyy = Ry (A (E13)
+
PRy Q8 PR = =0, (4] (E14)
Therefore

+
Pt Q +(4) P (#)

= Q. (& (E15)
P Q- (4] Pl = Q 4 (x (E16)

The last two equations merely reiterate the idea that left
and right-handed quarks transform into each other under

the parity operation.
4. The Pion as a Goldstone Boson

(The following is nearly verbatim from reference /§.)

If one assumes axial current conservation as

well as vector current conservation then

Qup= 0 (E17)

Qv = 0 (E18)
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Consider the proton|p) at rest. It is an eigenstate of

the strong interaction Hamiltonian Hgy

Ho lP> = mplpy (E19)

It is an eigenstate of parity and we choose the phase

q in (E12) so that

PlpYy = |p> (E20)

Now operating the @, on [p) will yield a linear superposition
of the neutron and proton. Next extend the reasoning to

Q,. Due to (E17) we have

H = 0 (E21)
[QA. / i+

This means

(E22)

Hg+‘gg lpy = Qa Ha Iﬁ>

Use (E19) for the right hand side

Hae Qo 1p> = M Qalpd (E23)

Equation (E23) implies there are states Qalﬁ? which are
degenerate with the proton; however the parity of these
states differs from the parity of the proton (or neutron)

by a minus sign. That is
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Pl = P QP PRy

(E24)

= —QA'P>

We know that none of these states exist in nature so we
conclude that Q,|p)> must be one of the continuum states
Ipﬁ>,)nﬂ> . These havi the correct parity and if the pions
were massless they would:;:ave the right mass. We see that "The
assumption of axial~current conservation must be used in
conjunction with the approximation of zero mass pseudoscalar
mesons. Together they will be referred to as the two conditions
of CAC. It is important that we distinguish these unusual
features of CAC from those (more conventional ones) of
cvc.n18 Using arguments similar to those leading to
(E24) but replacing |p) with |0) we see that the vacuum
is not an eigenstate of Q,. If it were it would have the
wrong parity. Instead, we obtain the "Nambu-~-Goldstone
realization of chiral symmetry"18 wherein there are
as many massless pseudoscalar bosons as there are generators
for which  @,|0y£0. (Details of the Goldstone theorem

may be found in reference 18.) In the case of SU{(2) flavor

we obtain

Quloy = Ale™> + Bl + C1T% (E25)
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If we extended masslessness to the strange quark as well
we would have nine generators of SU(3) £flavor and they
could reasonably give rise to Goldstone bosons 7, K, and
V' These are all light on the scale of hadron masses,

and have negative parity.

5. Chiral Invariance in the Bag Model

As stated previously, the MIT bag model did not
conserve axial current even under the assumption of massless
u,d quarks. This is due to the unusual surface coupling
in the Lagrangian which acts like a mass term. We refer

to

—

L= 1+ A (E26)

One observes that under the chiral quark transformation

(which obtains in QCD for massless u,d quarks)

L e YS
¥ - T
oS E27
7 N q:.e4q%ef ( )
T ey (E28)
1 — + e ¥4

Clearly the Lagrangian (E26) is not invariant under the
chiral transformation. Another way to see this is by writing

out the axial current in the bag:’

A = bytyTa b oe (E29)
A T
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Taking the divergence of this we obtain

QM AM - -\T;YAYE_:’_-; + M»AS (E30)
L

P

There should be some other contribution to the axial current

whose divergence cancels (E30) but is such that
(E31)

A Lagrangian which satisfies (E31) namely (2.1)
was used by Vento et al.l® Like most chiral Lagrangians
its progenitor is the 6 model of Gell-Man and Levy.l?
Our choice of (2.1) among the various chiral bag Lagrangians
is based on its minimal surface coupling as well as ease
of calculation. Eg.(2.1) does not describe a renormalizable
theory (see Chapter IX), however, it has a history of
successes in the low energy regime which is where we intend
to use it. Mainly we are looking for deformation effects
at the classical level so it makes sense to have a Lagrangian
that embodies PCAC which is a low energy result. The biggest
difference between our model and the cloudy bag mode1ll
for example, is that we don't allow pions inside. For
an outstanding review of chiral bag models see Thomas? .

The axial current in our model is obtained by

first noting the following variations in the fields
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v'i= b o—azueY ¥

1
+
+

ks

iy
e
¥

(E32)
A —LTfY‘jg_-_le

= q: + fz(:{:) E (E33)
f':ﬂf’-% -9t (¢ . ¢\

54’ +1[?(i’) 2 (E34)

In particular the transformation (E34) is not obvious but

was constructed in an involved way.9 The current is

A" - oL £;

A

s

(D n )

(E35)

where qi refers to the fields in equations (E32) thru (E34).
We obtain for the axial current

AT = Y v~y _ﬁ;__b“gb b (E36)

It is still not divergenceless due to the pion mass terms
in (2.1). The divergence of (E36) may be worked easily

by hand or more formally by noting that

O ff = gi fi (E37)
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/
where $. is that part of the Lagrangian which isn't invariant,
in our case the pion mass term which was put in for that

reason!

RE
il = “l?_- ‘Ml‘P & (E38)

One obtains from (E37)
(E39)

BM-A'M = l""“n'?,dp

I
A ?; ~



- APPENDIX F

MATRIX ELEMENTS USED IN THE DERIVATION OF q,,,1 Guasr Mwws Maa

1. Nucleon Matrix Elements Required For gus~ Calculation

We need to know five types of matrix elements.,

VAN
=
(\!\
~
Yty
~L
<
N
+
+
~
v/
S

N\
=
i\!\

St
~ l?‘:?
EN

s
—~—
+
~

w_f
=

V4
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(F1)

(F2)

(F3)

(F4)

(F5)
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Matrix element (Fl) has already been worked in

Appendix D.

LTl = £E R (76)

Matrix element (F2) involves some intermediate
state sums with both nucleons and A 's in the intermediate
states. We shall require use of the identities in Appendix
D. Note that the second term in (F2) is just the Hermitian

conjugate of the first term. The first term is

® = Im < m??'?;.l? oy | NS (F7)
ne.f ,J'J A~ A
J#J

In (F7) we denote by the subscript Res, the restriction
i# j. The procedure in evaluating ég?Res will be to work
out the @ = unrestricted sum first and then subtract off

the i=j terms to get G@ Res*®

® = (V1L Lo Dhrin s [ 4> (F8)
A _i‘ A

W

This may be broken into four terms which will be labeled.
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@
-3 S A
@ L j‘i/f\ J —x_é,j-r[/l':‘)(’?'_})
Z a0 AL A ~
® ®
- p ((HX(’J\TJ "'? '/éa'xﬁ.i) [?\;«thl (F9)
@is simply
®= E£b6¢7 (F10)
Z A

will involve only nucleon intermediate states since

@

the expectation value of isospin between nucleon and A

is zero. The necessary identities are Eq. (F6) and
YXET =4t (F11)
. . M | -
® = -i L. <ulaix o< | LI ma
T A A~ A
A.’JU|
= -2 I [rxe)b?
73 ~ ~
@ = £trz (F13)
We perform (3 in a similar fashion using
(F14)
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(F15)

There will be contributions from nucleon and A intermediate

states in (@ . The helpful identities are Egs. (D7)

“+ 2 - .o
I xd = -ui$ = -2+ 6 (F16)
3 3
’U’+X’]’= -4aT = -%J‘z (F17)
~ Ar 7 A A
We obtain
@ = % 6-v T (F18)
So that
® = 196471 (F19)
6
Double this to get
+ = A F20
® + ® = 2 v (F20)

3

The i=j terms are easily subtracted off. We present the

value of (F2) for the cases of i=j and i#j.

<wl g [ff;‘ b er t H,(] | A

/ ﬁ?.cz) (F21)

i=1 z ]
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The values of Egs. (F2), (F4) and (F5) may be derifred simi-
larly. They are

KWl E[giet il v W] Iwy

= -2 (?.?4:] _2 “s’-.':'z’ (F22)
3 / F] L
J.‘-'.j s L4
Kh L[z poi + HC) WY
A z
= o+ 1z '6‘-?7} 2 T | (F23)
3 ! 3 N
ied
CARIE? TN SR AR
+ L g
- - .(:.177 / -2 Z"?T ) (F24)
? iz E Ad)

Note, there is a large difference between the i=j terms

and the iZj terms in Egs. (F21) and (F23),.

2, A Matrix Elements Required For

9wraa Calculation
We need the following five matrix elements



-

(a) £ [ 214 be %f F H,L.\J ) A

AR SR YA Y
4 2

(o) 8 [ bvt + He))a>

Matrix element (F25) is found in Appendix D,

(51§ Tivgiay = 4 T55

163

(F25)

(F26)

(F27)

(F28)

(F29)

(F30)

T and S are the usual isospin and spin operators for an

isospin 3/2, spin 3/2 system. We next work (F26) noting
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the second term is just the Hermitian conjugate of the

first. The first term is

—_

@ = <Al § xi Gee ket aers | A (F31)
s -I\,:l :;_ >~ A
igd

The Res notation is the same as in Section 1, We'll work

the unrestricted sum first.

— - .y .
@ = Al L 1 bt obewonim 1A (F32)
AT
This is four terms.
0 ®
- - -
® = L {4 w050 - i bi-rlaixy)
2 4)J - - -~
@ @ — —
—atlbaxi ey = (rixarlbax 3\-?‘} (F33)
Using identity (D3} we get
—
O = ZIJ-?‘ (F34)

There will be both nucleon and A intermediate states in

@; however, only the A states will contribute.

. . !
@ = -i L LAl xSl wwrldy
/v",uA'
= —uz 4 frxT) ©¢ (F35)
2 3 0~ T
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= A
@ = % I $r /
(F36)
where we used identity (D3) and
TXI = JI (F37)
Next, perform @ similarly using
RSO § L=
CYXS§ = a8 (F38)
—_
@ = _H__I (.¢ (F39)

The nucleon and A intermediate states will both contribute

to @ . Using identities (D7)

+ .
- = | (F40)
Ty -5l w
KN _>.|_ . —
Ixd = oz S, (F41)
we get
= A
D = _g_]_‘s-r (F42)

Adding @, @, ® and @ we get

7.

v (F43)

®
\
N

-
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Double this for

T - A
® +® = 41 T v

= (F44)
3

The i=j terms are easy to calculate and subtract off.
Below is (F26) for the i=j and i#j cases.

Cald [afees Pl v HO) IO

= ‘LB_T?¢) , £ TE.¢ (F45)
3~ I 3 = s
4=
The other identities are derived similarly.
. T
(A Z [ i bipPor H,c.j | &>
i PR
= £ TS-?I s T (-7 (F46)
3 ~ - ) 3 P
bz g
ZA) %L [/z_-: b Poi + BC) 1A
A~ L3
= 20 TT? g T —T/\
2 L) ;£ T v (F47)
Az P
(4] & [ ni Git i+ H,q | A
i 5
= 3 T S'f?l ¢ TI-¢ (F48)
3 .. / -5
A=
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3. Matrix Elements For "4 ,, Calculation.

There are five different forms of matrix elements

required. They are

% Q; §; (F49)
£ [ eiTpol + H.C) (F50)
+ Q; [ i {L;xf:.l Ty 3 I ([:[;) <O f“"j} (F51)
i [ Q é 1004 + Vb& 4 Q:) (F52)
J’J { { LJX() + % { LJ'—C\-!) ()41 QJ.
+ Q. [ ) (—(:JX_:’;J) +3 T b, xLJ\j } (F53)
where
3
@, = L *

(F54)
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We'll work (F49) first.

4{ bs Z\; = f [—'; +Lj‘§ —2«' (F55)

A

This is easily done using identity (D3)

a3

A T T o L?P_j[ (F56)
3

Next work (F50), We know the second term in (F50) is the
Hermitian conjugate of the first so we just double the

first term, giving us for (F50)

— .S —~t \ 3 . . .3
£ LG -bak) [rax 4 1] <0 o) ) s
e

This is six terms which shall be labeled

® ® y ©
= - 3 . 3
i{ by it + o657 -4 by (aoxsy
J.,J ~— -
@ © 4y
=) -t - - — 3
BEEIN ’},'-t'.;’k.; -—JH’EXE\I’I.? ~{b:x 6[;)(:?'\_4')(2:.1'\ } (F58)

One sees that (@ will involve a sum over intermediate
states but only the nucleon intermediate states will contri-

bute, Using the usual identities in Appendix C one has
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@ = o5 | (F59)
3

The other five pieces of Eq.(F58) may be performed routinely

with the result

—t 3
® = 10 ST (F60)
© = 4o 5T? (F61)
3
@ = oo S (F62)
g
® = wir (F63)
® - 24 5§73 (F64)

The i=j terms are easy to subtract off. We present below
the results for Egs.(F50) through (F53) for the cases i=]

and i#j.

;is. ? 4+ 134 ?TBI (F65)

A=) J#a



=85 ~s 5T 25 -1 T T
7 1 A}.n:J / 1 7 - }‘#d
£ ] Qibitoi ey
i
(F67)
— - ~ Y
= T 4T , w5 -8 37T |
? ? - iz 3 3 BT
IS e _S. - = - .
JJJ
-~ = | -t -
= £ - eT j _g_S—L_é_STsf (F68)
9 ) q 9 oL
=3 #d

5. Matrix Elements For M,, Calculation

The forms of matrix elements were given in Eqs, (F49)
through (F53) . The algebraic process and use of the identities
in Appendix D are parallel to that in the last section.
We present the solutions in the same form except now S

and T are spin and isospin 3/2 operators.
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- __3 (F69)

i
wjn i
+
w v

'}‘Uil(aj)((.il +_xi ”{é'li LJ-Z«'?{]Q.[ + H_C.}

Tf} , 27 s ?T"/ (F71)
ie; 9 77 i
—t = Y
$73 y $ +g8 ST (F72)
Ul S T
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APPENDIX G

THE CLASSICAL PION FIELDS ¢,, , ., , ¢,
e A ”n

In order to extract the coupling constants from
the various fields developed in Chapter VI one needs to
know the classical solutions for ¢ . We present the fields
here for completeness, although the solutions are well
known. We follow Ref, 20 in the following. The pion field
will be that resulting from a nucleon source which in the
process of pion emission stayed a nucleon. The pion fields
resulting from nucleon-becomes -A and A -becomes —-A are
simple generalizations of the fvﬂ with the only difference

being the coupling constants and types of isospin and spin

matrix elements.

The wave equation for the classical ¢”” is

(-7 + s -w) g = fa - (+70x 4 (el)
M-

The solution for w=0 is

J 2 HI?'-'G’(7(’+§L)A3Y'

(G2)

Assume a simple nuclear charge distribution
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1

+
b e L O (Rl
g1 g7 (G3)
3

The gradient acting on the charge distribution is

vive = - rlAg (G4)
yr B3

———

3

w?

Now rewrite S -

<>

|

*
Vi £ 5% Y, (65)

A

¥ -
where §* are the spherical components of S. Next use

the expansion in Jackson on pg. 742.

£
._lM['\?‘-V'I .a. n . ¥ PUY)
£ - - I-HTV\\{ J,(_Ut-«'r.e\ [,u!mr)){ y,e,..( /“ylu—(al‘i’l
[—v."_ ?II L=0 M=t (GG)
One finds
N TR = A | |
c}?(r} = 3 -'c*:r.wa,[JWR.l L{’ (HMH I - ; (G7)
~ R
which in the limit of zero radius becomes
= oA "Wl"
Yow = = Fuw 27257 [.+_,_) (c8)
™~ 0 - [N
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In order to find asymptotic fields for the case of d“
and ‘P.wv we need the analogous source terms corresponding
to Eq. (Gl). These may be obtained from the non-relativistic

Lagrangiansg for both fields

Love = Fom <A} jﬁ "2’35 | 7> (G9)

War

i#aa = ‘fﬂw} <Al ?3/1'—VA T-,;,Z'j’ lA> ; (G10)

W

where we are using the transition operators shown in Appendix

D for (G9), The equations of motion are

—3 + -
{-V-L + JM:-}-— Wl\ 4) = ﬂ_’l’.‘ V- (‘LA S 3"!’”) (G11)
A lM-rr
— + =
(-7 uee -w™) b = faas Vo[ 4, 51,,7:/;‘u (G12)
A M"lr— S

Naturallyl since these are non-relativistic,we may think
of the right hand side of the two equations as a uniform

transition spin-isospin and spin-isospin density, having



the same spatial distribution as (G4).

the resultant pion fields to (G8).
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It is easy to compare

We will summarize all

the fields using the more convenient pseudoscalar coupling

constants. The coupling constants are defined as follows

ﬂ"TIWV = ‘p-nlv.u
2 Mu W
ﬂ‘nNA = 'ﬁ“n’JVA
(Wapt Wen ) e
Qmas = ifﬂA
_Z.MA hd-rr-
The fields are
o e
b = =g (o) T 5F =
g M -
4’ R =y
v = "“5"N6{W1r \TJ‘Y < (H
A ———— A —
4 My+Ma r
— A = Wy
¢AA = T jmaa {i‘.‘_"’\ I3/z S?,,"' pl (l+
g1 Ma r

(G13)

(G14)

(G15)

{G16)

(G17)

(G18)



APPENDIX H

NUMERICAL AND ANALYTICAL INTEGRALS

1. Integrals Used in Magnetic Moments Calculation
There were needed several integrals involving
just spherical Bessel functions. These were done analytically

and checked on a computer. They were

P

[ 1.0, X da = lLouss (H1)
/]

P | ! y

j (303, =3,%0 Yx'dae = - 7918 (H2)
o |

{ (0,00 =323, ) x%dse = 1594 (H3)

)
In addition integrals :Ig' and :[?) were calculated. 1In

the following
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Iél] = [ (J,’K‘I + Jo %3)043ﬂ(k = __A_/_(.Hll} (H4)

4
(3} . .
Ig; = J ( Jo /k\q + Jy (k\z.) ’)<3 A« = _‘}/'{-T (".1_‘1‘[14) (H5)

4

\ (z)
We shall first calculate ]:ﬂ

Recall Eg. (C2)
4
. L3 . . |
K = N 7_{ Jo(,ﬂ [ “'Fl(."]DJi'}"'I,Jo‘JF
f _

/ am Wo
+‘10[”/ 2H‘0'3Jo:1,c1{9’ }

*""’[ﬁful—f’—&” i *4.] (86)

91 Wo°

{
/K\g = M 2 { J){z\j Hf"gl"lo:’l""’h:}o) AP'

e {
+ !IH 'SJ‘oJ‘ dp!
Wi([) f 1 Af
] 1 3
+ Jl(}l( ”“_ﬁu__z‘)llflr H‘ + A‘g] (H7)
Irrwe
Break ]:?l into two parts. The first part will contain

the pieces of K; and K5 involving integrals. The last
part will have jo(?)[ 1 and jl(/)[ ] terms., The first

part sans a factor of N P is

——

Q‘H'Woz
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£ f
T, = J (a,u”s.,;,,\ﬂ%j (yed, +u,do) B 22 dz

p * .
*[ L3|v,p+JoL,,)%?AeJ LHY 9 od, d2 (H8)

o

We need the indefinite integrals of the outer nested integrands

in order to integrate by parts. They are

f A2 2060, 2 = —2siugz +3% -2 siwzz  (H9)
¢ 1

. - * ‘2
JA*(lea+Jo%;)%3 = 2 (o8 SiL % ~_?_L_sm& (H10)

Integrate I, by parts, getting

P L} . N .
r, = J [—%:m-?_- +1z —% ""”]L/Hw, +L1.J{I Ha2dz
]
2 P T -
+ [f»:iufuo;f: —_‘;‘: ffhfjfl H2 dod, 4%
f

- J [—Z—lu% sive -2 :Itf%j 2 B2 0.0, A= (H11)
o]

This is easy to integrate numerically provided we know
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The answer is

(H13)
I_‘ = - ,9942]
R]—
Now work I,
N QAT TP T \) )e %7 dx
T. = qu ¢ A J I, Je
. 3 A P. . 3
+ -~ J"'lIFH' + 3 J e X AIY (H14)
I Wy
]
We need the following constants
~1
A = & [;.zq:xw-. (H15)
o qm
-
Ag = M [7.5'8"7)(10 ] (H16)
am
hip) = .3034 (H17)
R'I.-—
which together with (H14), give
T, = % [ .379) (H18)
qTr
Now multiply Ij; by WV and add to I,
?#Lu-:'
s w T, 4T,
‘?TTWo
)
- 1421
/AN BT H19
g L) o
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Next perform Ig(3)
(3 P . (H20)
Ij = j ( Jblk'-; +J|,l¢7.)’x30{‘x

-4

This requires K, and K4. Recall Eg. (C2)

. P 3
R, = X { ulpy L [ll':lo"l'[—;_:)j\r'“‘!fl

W e

! 3
+ ’;z[}]j(:h:lo“:lzjn\fJH:(f’

-}

ol £ Hedep o4 AT) 2

9 Wo

It o

f
!

4 s
t ‘];//}j (Jl:l;—'&,:!o) # r! ‘{FI

2]

"_:’l{(l[?%;.quifg}‘ll ‘iLA‘/? } (H22)
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As before, break Ig(3) into two parts. The first part

contains the pieces of Ky, K, involving integrals, The

second part will contain jz(/)[ ] and jl(f)[

The first part sans _M _ is
qIrve

f

4

4 ¢
+/ 3,27 Az [ (%IJv-wzJ:)/?MF'
o 2
p * .
+ j 3191531% ] {MJO"LJV\W #dﬂ

Again we need some indefinite integrals ;

] terms.

(H23a)

(H23b)

(H23c)

(H234)
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J .'Jo\:h?.?o(% = -2 e +2 F ~3 STl ® (H24)
= “ i
J :1011 24z = oositzr 4 25 — 4 2sinz -wesaz (H25)
{ P - - —a
4 i 11
[ Ji1.2 dz = siul-l-(__%, —;) 4 sivziesz  +3 2 (H26)
: - : 3
[ Uy Y, zdz = —Jp%_}?’ + j Joy, T A+ (227)

Now integrate (H23a) and (H23c) by parts to get

[ [—%siu’*z- +37 = -3 Sikx (vS%j‘
Y 4

X [-:-’2|1| _'10‘}]] EB”"J{%

f
+ J [Sihzi-(_%_—_?_) + 4 siux (osz +3 2
2 % 4 4

°

X [ hydo - 111::,] 24 de (H28)

The numerical evaluation of this gives
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gm N [—.05*117 (H29)
2 Wwo

Next, integrate (H23b) and (H23d) by parts to get

4
:10111_()?” {:Jz\:l;":lt\]o\”?iafii

e
. - .o ..
—fdoqz% {Jz..l.-dl,jo\ H'Z'-;A'E’ (H30)
»
which is
ir p* 1 ~.oeq;\} (H31)
3 wo

Now add (H29) and (H31), remembering to multiply by

N _,to get
ITwe

I, = ~ —.o‘m]
I Py [ (H32)

Finally, work I,

f .
T, = Eh‘nfu,& o dy o2 o+ Aq f Jod, X dx

¢
+ [11{ llelop’# -I—Al][ b1 X da (H33)

g1 W &
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We need A, and Ag. See Eq, (B38)

¢
:Aq = N {l“,;bp#]lz‘ —i (f[z“h [{.J,Jo J,uzl-EHd?;
1{’o {dz'l"d;)

- -V :
-7—;{[1""“{)”22 —"ﬂ; lfz'}'l’ll\/‘ [JIJD"\J“})_)?:H‘JE

We (J>+.),)
(H34)

This gives

P 4
T,= & (new) [(a.;a_;,;,\a‘mfla,:,.-3,31)1?4%,‘*‘35’

q'ﬂ'WD (\JZ*J]\

which is
T, = & [—-.loo’/j (H36)

Finally add (H32) to (H36) giving

(31
Iﬂ = A [—.1411:] (H37)
97T ’



APPENDIX I
VIOLATION OF ANGULAR MOMENTUM CONSERVATION

Qur deformed bag model and models like it have an
important deficiency. They violate conservation of angular
momentum. This is apparent from the Dirac wave function in
(3.10). These wave functions conserve J, but violate total
J conservation. The violation arises from the perturbative
nature of our calculation. We have minimized the energy
via the NLC and then chosen the SU(6) spinors germane to
the nucleon or A . 1In principge one should project out
of the system of quarks, gluons and pions those states
which have the correct quantum numbers of the nucleon or

A ., Only after this step shouid the energy of the system
be minimized. Unfortunately it is not clear how one could

implement this technique perturbatively.
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