Chapter 1

Arithmetic

Arithmetic introduces the elementary mathematical operators (addition, subtraction, multiplica- °

tion, and division), along with more advanced notions such as exponents, decimal notation, and

percentages. Operations such as the absolute value and factorial are also defined here.
e Whole numbers

— The whole numbers are created using the digits 0, 1, 2, 3,4,5,6,7,8,9

— Place value is used to represent whole numbers exceeding nine. Reading from right to  *

left, the meaning of the digits are ones, tens, hundreds, thousands, etc., for example,
0876 =9-1000+8-100+7-10+6-1

~ which is read as “nine thousand, eight hundred, seventy-six.”

~ For readability, commas are used to place digits into groups of three proceeding from
right to left for whole numbers containing four or more digits, for example, the speed
of light is approximately : \

299,792,458

meters per second
e Number lines

— A number line typically places negative numbers to the left of O and positive numbers
to the right of 0

=T | | | T ] | B =
—4 -3 -2 -1 0 1 2 3 4

— The point on a number line at 0 is known as the origin

— The + sign is generally dropped for brevity, for example, +4 is usually written as
simply 4
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— Two different numbers that are equal distance from the origin (for example, —3 and 3)
are known as opposites

— The < symbol is read “is less than,” for example, 1 < 4 means 1 lies to the left of 4 on
the number line :

— The > symbol is read “is greater than,” for example, —2 > —4 means that —2 lies to
the right of —4 on the number line

- o Common mathematical symbols
| — The = symbol is read “equals” or “is equal to.” Two quantities on either side of an
equals sign have the same value.
— The # symbol is read “is not equal to,” for example, 3 # 7.
— The = symbol is read “plus or minus,” for example, x = +3 means that x is equal to 3
or x is equal to —3 W
e Sets | »
| — A set is a collection of objects
~ The objects that comprise a set are often known as elements of the set
— Uppercase letters are typically used to denote sets
— Sets are typically defined by placing their elements in curly braces, for example,

A = {Cubs, Sox, Mets} B=1{1,3,5,7} C={=%1, £3, £5,...}

where the ellipsis (.. .) indicates repetition (etc. or “and so on”)

— The number of elements in a set is known as its cardinality, for example, N(A) = 3,
N(B) = 4, and N(C) is “countably infinite” '

— If every element of a set B is also an element of a set C, as is true for the sets B and C
defined above, then B is called a subset of C. This is denoted by: BCC.

— The symbol € is read as “is an element of ” for example, 3 € C

— The ordering of elements in a set is not significant, for example, {2,4,6} ={6,2,4}
— Two sets that have no elements in common are called disjoint or mutually exclusive
~ The empty set or null set 0 is a set that contains no elements

— Venn diagrams can be used to visualize the relationship between sets

A B
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— Operations on sets

* Union: AUB is read “A union B and is the set of all elements in either A or B
A _—~——~_B

* Intersection: AN B is read “A intersect B” and is the set of all elements in both A
and B

{0 A

B

+ Complement: A’ is read “A complement” and is the set of all elements not in A
A ;

e The integers and some special subsets of the integers

Integers: Z={...,-2,-1,0,1,2,...}
Natural numbers (positive integers): N =Z7={1,2,...}
Whole numbers (nonnegative integers): {0,1,2,...}
Negative integers: Z~ ={-1,-2,...}
Even integers: {0, £2, +4,...}
Odd integers: {+£1,+3,+5,...}

e Basic arithmetic operations
— Addition: “Two plus three equals five” is written as
243=5

where 2 and 3 are the addends and 5 is the sum. The number line interpretation of
this addition problem is “beginning at 2 and moving 3 units to the right results in 5.”
Addition can be commuted, for example,2+3=5and 3+2=35.

— Subtraction: “Five minus three equals two” is written as

5-3=2
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where 5 is the minuend, 3 is the subtrahend, and 2 is the difference. The number line
interpretation of this subtraction problem is “beginning at 5 and moving 3 units to the
left results in 2.”

— Multiplication: “Five times three equals fifteen” is written as
5.3=15 or 5x3=15 or - (5)(3) =15

where 5 and 3 are the factors and 15 is the product. The interpretation of multiplication
is repeated addition (5+5+4+5=150r3+3+3+3 43 = 15). Multiplication can be
commuted, for example, 5-3 = 15 and 35 = 15. The product of two negative numbers
is a positive number, for example, (—5)(—3) = 15. The product of a positive number
and a negative number is a negative number, for example, (5)(—3) = (-5)(3) =—15.

- Division: “Fifteen divided by three equals five” is written as

15+3=5 or 15/3=5 -+  or -1375=5

where 15 is the numerator and 3 is the denominator and 5 is the quotient (or ratio).
The interpretation of division is dividing the number in the numerator into the number
of equal parts indicated by the denominator, then noting the size of the parts. Division
by zero is not permitted. The quotient of two negative numbers is a positive number,
for example,

—15
-3
The quotient of a positive number and a negative number is a negative number, for
example,
-15 15
=-5
3 3

The remainder is the amount remaining after the division of two integers, for example,
when 17 is divided by 3, the remainder is 2. ‘

e Multiples

— A multiple is the result of multiplying a number by an integer

~ The multiples of 7 are 7, 14, 21, 28, 35, .

— The least common multiple (LCM) of two or more natural numbers is the smallest
common multiple, for example, LCM(4, 6) = 12

e Factors

— A factor is a natural number that can be evenly divided (divided with a remainder of
zero) into another natural number. The factors of 24, for example are 1, 2, 3, 4, 6, 8,
12, and 24

— The greatest common factor (GCF) is the largest factor common to two or more num-
bers, for example, GCF(24, 36) = 12



Chapter 1. Arithmetic 5

e Prime numbers

— Prime numbers have exactly two distinct factors, for example, 17 has factors 1 and 17
— The first ten primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29
- — There is no largest prime number

— The prime factorization of an integer writes it as a product of primes, for example,
120=2.2.2.3.5
— Composite numbers are positive integers greater than 1 that are not prime

— The first ten composite numbers are 4, 6, 8, 9, 10, 12, 14, 15, 16, 18

e Factorial: for a whole number 7, the product of the consecutive integers from 1 to # is known
as “n factorial” and is denoted by

nl=n-(n-1)-n—2)-...-3.2-1
for example, 4! =4.3-.2.1 = 24, By definition, 0! = 1.

e Modulo: the modulo operator returns the remainder when the second 1nteger is divided into
the first integer, for example,

57 mod 10 =7
48 mod 8 =0
225 mod 2 =1

e Fractions

— The fraction a/b is defined for any a and any b 5 0

— The fraction a/b is sometimes referred to as the ratio of a to b

— If a > b then the fraction a/b is an improper fraction, for example, 17/3

—~ A mixed number is the sum of an integer and a fraction, for example, 2% =2+ %

— To convert an improper fraction to a mixed number, divide the numerator by the denom-
inator, which gives the whole number; the remainder in this division is the numerator
of the fractional portion of the mixed number, and the denominator is the same as in
the original improper fraction, for example,

20 18 2 2
—_—=— == 6—
3 8 3 3

~ To convert a mixed number to an improper fraction, multiply the denominator by the
whole number, then add the numerator, which gives the numerator of the improper
fraction. The denominator stays the same, for example,

2 3-6+2 20

03=73 =3
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— Basic arithmetic operations

* Addition (identical denominators)

a n c_ a+c
b b b
* Addition (different denominators)
a ¢ ad+bc
5Td" bd
* Subtraction'(identical denominators)

b b b
x Subtraction (different denominators)
a_ ¢ ad — bc
b d  bd
* Multiplication
ac_a
b d bd
* Division (“invert and multiply”)
a, c_ad _ad
b'd b c b
or, equivalently
5 ad_ ad
5 b oc. b

~ A fraction can be expressed in lowest terms by writing the prime factorization of the
numerator and denominator and canceling equal factors, for example,

24 2223 2
36 2233 3

— Fractions can also be reduced to lowest terms by dividing the numerator and the deno™”
inator by the greatest common factor of the numerator and denominator, for examplé

24 2412 2

36 36+12 3

— The least common denominator (LCD) is the smallest positive integer divisible by each
of the denominators of a group of fractions, for example, the least common denomi??®

tor of the fractions 5

5
6’9
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