INFORMATION TO USERS

This material was produced from a microfilm copy of the original documant. Whils
the moat advanced technological means to photograph and reproduce this document
have besn uted, the guality it heavily dependent upon the quality of tha original
submitted.

The following explanation of techniques is providad to help you understand
markings or patterns which may appesr on this reproduction.

1. The sign or “target” for pages apparsntly lacking from ths document
photographed is “Mising Pagais)’". If it was possible to obtain the missing
pageis) or saction, thay are spliced into the film along with sdjacent pages.
This may have necassitatad cutting thru an image and duplicating adjscent
pagit to insure you complets continuity.

2. When an imags on the film is obliterated with a large round black mark, it
is an indication that the photographer suspactad that the copy may have
moved during exposurs and thus cause a blurred image. You will find a
geod image o, the page in the adjscent frame.

3. When a mep, drawing or chart, aic., was part of the material being
photographed ths photographer followed & definiss mathod in
“sactioning’’ the matsrial. [t is customary to begin photoing at the upper
left hand corner of s large sheet and to continue photoing from lft to
right in egual sections with 8 sma)l overlap. |f necessary, sactioning is
continued agsin — beginning below the first row and continuing oh until
complets.

4. Tha majority of uters indicats that tha textual content is of greatest value,
howaver, a somawhat higher quality mproduction could bs made from
“phatographs” if sstential to the understanding of tha dissertation. Silver
prints of “‘photographs™ may be ordersd at additional charge by writing
the Order Depertmnt, giving tha catslog nuomber, title, suthor snd
specific pages you wish mproduced.

B. PLEASE NOTE: Some pages may hawe indistinct print. Filmad =
received.

University Microfilms International
300 Morh Zeab Aoad

Ann Arbor, Mhchigan 48108 UEA

51 Johr's Aoad, Tyler's Grean

High Wycombe. Bucks, England HP10 BHA



1904 TH

SWIMM, RANDALL THOMAS
SEMICLASSICAL CALCULATION OF VIBRATLIINAL
EMERGY LEVELS FIR NORSEPARABLE SYSLTiML.

THE COLLEGE OF WILLIAM AND HMARY K VIrLIN]A,
PH.D.s 1970

N chims.

Iternadioral Jouh SR HOE anb A HEGH M 4E



SEMICLASSICAL CALCULATION OF VYIBRATIONAL ENERGY LEVELS

FOR NONSEPARABLE SYSTEMS

A Dissertation
Presented to
The ¥aculty of the Department of Physics

The College of William and Mary in Vireginia

In Partial Fulfillment
Of the Requirements for the Degree of

Doctor of Philosaphy

by
Randsll Thomas Swimm

Auguat 1978



AFPFPROVAL SHEET

This dissertation is submitted in partisl fulfillment of

the requirements for the degree of

Doctor of Philosophy

Jlomdaltl TS

Randall Thomsas Swimm

approved, July 1978

John B. Dele

f"":r Crn, 'f?a-ggb

Hane C. von Baayar

Uuen Lhan

Arden Sher

II J
Lr'[m»— R K e
dbh1?.me
|

et 0 P uid.

Donald W. HNeld
Oak Rldge National Laboratory




TABLE OF CONTENTS

Page
ACKNOWLEDOMENTE . . . . & . & & 4 4 v = 4 s a2 a x a0 a v
LIST OF TABLES . & & & & . v 4 + s 4 4 = & + o & o & « =« vi
LIBT OF FIGUREE . . . . v v v = v v 0 v = s v s e o s vij
ABETRACT . . & & 4 v 4 i b i h s h h e e e e e e wiii
INTRODUCTION . v & & & v v v s s s 4 v a e e 0 a0 n s 2
RBeader's Gulde . . . . . . . . & o . v 4 i e e e e 9
FOUNDATIONS AND HISTORICAL BACKGROWND ., . ., . . . ., &
A. Quasiperiocdic and Ergodic Motion in Classical

Mechanies . . . & o v . v o v v i e v e e e e e e s £
1. BSepareble Classieal Systems . . . .« « + .+ . . A
2. HNonseparsble Cleasical Systems . . . . . . . . . 17
B. The NHature of Guantum Stetes . . ., . . . . . . . . . oh
C. Semiclapeiral Methods for the Quasiperlodie Case . . 29
1. Review of One-Dimensional WKB Method . . . . . . o0
2. Multidimeneional Semliclassical Quantization . . 39
3. Calculational Methods . . . . . + + + & & + & & b7
a. HNumerical Trajlectory Caleculatlons . . . . . 48

b. Method for Transformation to Angle=Actlon
Yeriables . . . . . . « v v v 0 0 4 a0 e e a7
¢, Guantlzation for Irregular Classical Orbits &3
d. Celeulation of Inveriant Torpids . . . . . . &l

1ii



III. THE BIRKHOUFF-GUSTAVSON NOFMAL FORM .

Transformation to Normal Form
IY, QUANTIZING THE NORMAL FORM ., , ., .,
A. The Incommensursble Case .
B. The Commensurable CaBe ,
¥. CONCLUSION ., . . + & & o o v & &
A, Bummary . . . . . . .
B. Comparisons . . . .
C. Extensions and Limitations . .
D. Appliecaticons . . . .
Appendix I,
Appendix I1.
Double Well . . .
Appendix III.
Equation . . . . . .
Appendix IV.

REFERENCES , . ., . . .

iv

Review of Hamilton-Jocobi Theory

*

-

+

-

Example for Calculation of Normal Form .

+

Energy Levels for Symnetri¢ One-Dimenslonal

Semiclassical Scluticn of the Schrodinger

-

%
Ta
Bs
86
ol
109
1049
110
11%
117

119

126

131

138

141



ACKNOWLEDGMENTS

T wish to thank the feollowlng perssonz: my advisor John Delos
for the great time and effort he hos contributed to this work;

John Kane and Arden Sher lor serving on my thesls committee;

Hens von Baeyer for his frequent help and cooperation during
his term as chalrman, snd for serving on my thesls committee,

Don Hoid for generpusly performing meny computer computations
used 1n this resemarch, apd for serving on my theals commltiee;

Carl Andersen for his assistance during the writing of the
MACSYMA progrema uged for our calculations.

I at especially grateful to Ed Remler for his encouragement
and for sharing his thoughts with me.

I wish to thank Sylvla Stout for her dedication above and
beyand the esll of duty during my time at Willlam and Mary.

Finally, T wish to thank my wife, Kathy, for being there when

I needed her.



LIST OF TABLES

Table Page
IV.2 Energy Levela for an Incommensurable Ceae . . . . . . . a0
Iv.z Energy lLevels for s Commensurable Case . . . . . . . . 1ca

vl



Figure

IT.1la
II.1lb
11.2
11.3
II.h
11.5
I1.6
I1.7
I1.8
I1.9
1I.10
II.11
11,12
IV.1
IV.?
1v.3

Iv.h

Ag.1

A3.1

LIST OF FIGURES

Page
Quasiperiodic Trajectory . + . + - + « v ¢ & 0 . 7
"Ergodic'" Trajectory . . . . . - + + « - 4 v . . . . 7
TrajJectory 1n Angle-Variable Space . . . . . . . . . 11
Vizuesl AId . . & 4 4 v v h s e e e e e s 16
Surface of Section at Low Enevrgy .« . . . . . . - . . an
Surface of Section at High Energy . . . . .+ . . . . el
One«Dimenaicnal Single Well ., . . . . . .« . « . & 35
One-Dimensional Double Well . . . . . . . . . . . . 38
Integration Patha in Configuration Spaece . . . . . . hl
Integration Patha in Phase 3pace . « « « + + « 4 1 « 43
Idbration Trajectory . . + « .« o v v o 0 L0 71
Rotatlion Trajectory . . . . . - + « « 4 « v & = + = 51
Trajectories for the Unperturbed System , . ., . . . 53
Rotation TraJectory . + - o « + = + = o & « o & + = 96
Libretion Traejectary . . . & + « «+ v &« o 0« s & » s a7
Ronte for a Rotation Cese . . v v &+ & o & v & o & . a9
Boote for m Ldbration Case . . . . . . . . & . - . . o9
SBchematic Comparieon . . & « . + « =+ o & o 4 . . s 112
One-Dimenslonel Double Well . . . . . . . . . . . . 126
Tralectories Turning st & Caustic . . . . . . . . . 132

vidi



ABSTHACT

We present a semiclaszsicenl method of calculating vibretional
ehnergy levels for a ayztiem of nongeparable coupled ozelllators. For a
Hemiltonian written as a power series 1n which the leerding terme are
glven by n sum of one-dimensicnn]l harmonic oscilletor Hamiltonlans
repregenting an wperturbed limit of the full Hamiltenlan, the methed
involves tranaforming the original classical Mamiltonien vie & sucres-
Blion of canonical tranaformations into a normal form, which is a power
series originally deflned by Birkhoff and leter generallzed by Guatavaon.
Two cmses are distinguished. If the harmonic oscillator frequencles in
the unparturbed Hamiltonlan Aare incommensurable then the normal form 1s
a power series whose terms are products of one-dimensicnal harmonle
pscilletor Hamilteniansy if the frequencies in the unperturbed lamlltonian
are commensurable then gdditional terms which cannot be written as pro=-
ducts of one-dimenalional harmonlc oacillator Hamlltonlana enter into the
normal form, Once the noermal form 1ls obteined, Bemiclassical guapntiza-
tion of metlion varigbles is gtraightforward. The incommensurable cage
¥ields a formule for the energy spectrum which is s power series in the
quantum numbers. Thue commensgurable cese 1s more complicated, and ylelds
a form from which energy levels may be obtained indlvidually by numericml
caleculation and quantization of a one-dimenslional phese integral. HNon-
geparable two-dimepnsional examplea are treated for each case. The results
ohtained for both caees show excellent agreement with quantum mechenical
caleulations.
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SEMICLASSTCAL CALCULATION OF VIBRATIONAL ENERGY LEVELS

FOR NONSEFARABLE SYSTEMG



I. INTRODUCTION

This thesls presents a semlclessical method of calculating
the vibrational energy levels of a ayvetem of nonSeparaeble coupled oscil-
lators such ag might be encountered 1in the study of vibrational energy
levels of polyatomle malecules. The semiclassical method hes long besn
recognized as a powerful method of findine approximate solutions to the
Schrddinger equation, However, until recently the semiclassical method
has been applied primarily to cne-dimensional systems, or to seperable
miltidimensional systema which may be written as B set of uncoupled one-
dimensional aystema. Recently Marcusl end Gthersg-6 have develuped
techniques for treating non-separable bound systems uslng semiclasaical
methoda, Unfortunately, these techniques are somewhalt cumbersome to
apply sinre they reauire a fairly lengthy ifterative numerleel calcula-
ticn to be made in order to obtein each energy level. One af the main
motivations for thiz research was to provide an efficlent analytical
method for treating noneeparable systems using semiclassical methods.
By cerrying cut the calculation analytically, it has been possible In
sgme ceses to obtaln the entire energy spectrum with roughly the same
elffort that numerical methods require in order to obtrin a single energy
level.

Semiclansicel methods of caleulsting bound state elgenvalues

require two stepe. Filret the classical equatlons of motion must be



solved, and then the classicsl solutions must be quantized. We there-
fore begin by presenting a detalled description of the nature of the
classical systems which we are studying. It happens that nonseparsble
classical systems can display a behaviar which 1s emazingly d4different

fram that af separable systemse. We {irst revlew the behavior of separable
¢lasaical aystems, in order to establish traditionml concepts, and then

we dlscuss the behavior of nonsepareble systems, and show how 1t differs
from that of separable systems,

After treating classical asystems, we discuss semiclassical
quantization methods, As mentioned earlier, one-dimensional methods sre
well established, and we therefore begin by consldering these., We then
describe ¢urrent methods of treating nonseparable systems semiclassically,
and show how the one-dimensional concepts must be generalized,

After we have reviewed the nature of nonseparable clazzical
pystems, End discussed the generel theory of semiclassicel quantization,
we then preasent the speclfic method that we have developed. Agein this
muat be done in two steps. We begin by degeribing the method which we
use to provide the sojution to the clagsical equations of motlion. This

T

method was developed fifty years ego by Birkhoff, and more recently
generalized by Guatausan.a In order to spply this method, the clasaicel
Hamiltonian must be written as & power series in which the leading terma
are given by s sum of one-dimenslonal harmonie csclllator Hamiltonians

repreasnting an unperturbed 1limlt of the full Hamiltonlan. Birkhoff's

original method applles 1if the harmonic oselllator frequencies which



appear in the unperturbed Hamiltonian are incommensurable {iI.e. their
ratios are not rationsl numbers), In that cese he showed thet the
Hamiltonien could be transformed into o normel form which is a power
series whose terms are products of cne-dlmensional hermonic nselllator
HJamlltonians. If any commensurability relations exist among the har-
monic oscillator fregquencies whiceh appear in the unperturbed Hamiltonian,
then Guatavson's generalization oF Biprkhoff's original method applies.
In this raee additional termas which cannot be writteng as products of one-
dimensional harmonic oscillator Hamlltonlans appear in the normal form.
Onece we have presented Birkhoff's method of solving the clas-
giesl eguations of motlen, Wwe pracesd to guontize the ncrmal Farm using
the semlclessicel preseription. In the incommensurable case we obtein
a formula which provides the epergy spectrum 1ln the form of & power
geriea in the Qquantum numbers. In the comusneurable case, Wwe obtein A
form from which energy levels can be obtained {ndividumlly by satiafying
a semlclassical guantizetion condition numericrlly., Specific two-
dimensionel examples are treated for both lncommensurable and commensur-
able cage2. In an incommensurable case we abtrin 83 energy levels up to
the sacape energy with excellent accurecy, In a commensurable case we
obtain 42 energy levels {the highest of which is within 2% of the escape
energy ), which while not 3o aceurate as the results for the incommensur-

able crse, do verify the applicability of cur semiclmssical method for

the commensurable case.
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Regder's Guide

Chapter II provides s general beckground and foundation for
our work, and rontains three gections, The flrst section reviews the
clonzglcal hehavior of syatems of interest. The second section contains
a discuselon of the nature of quentum mechanical systems and attempts
to show how the nature of the ecleasicrl system might be reflected in
the quantum mechenical behavior. The third section reviews current
semiclassical metheds for obtaining eigenvalues of & bound system.

Chapter 11I contains all of the classical considerstions which
are directly related to our semiclaszien] guantization method, The
Birkhoff-Gustavson normal form is derived, end the classical form is
presented for two=dimensional examples of both the Ineosmensurable and
commensurahle cages. 1t 18 shown that the normal form for the incom-
menzurable cmse may be expressed completely 1n terma of action variables,
while the normal form for the commensurable case may be expressed in
terms of one action warisble and a canonicnl cocrdlnate and momentum.

Chapter IV contmins p description of the method used to quan-
tize the normal form. Alsno shown Are the gqueantized regults for the two
examples treated in Chapter I1II.

Chapter ¥ 1a the coneclusion. In this chapter the majlor ideas
involved in our method are summarized, and limitationa and possible ex-
tengions of our method are discusged. Our method I3 compared to recent
numerical semiclassicel methods for treating nonsepeRreble systems, and
to guantum mechenical methods. Possihle applicaticonsg of our methods are

discussed. Fipnally, indireect contributions of cur work are discussed,



II. FOUNDATIONS AND HISTORICAL BACKGROUND

A, Guaslperiodiec and Ergodic Motion in Classical Mechanices

Let us conslder the cleasical behavior of nonseparable mylti-
dimensional oscillators. The work presented here deals primarily with
two degrees of freedom, ahd therefore forms a basic model for the longl-
tudinal vilbrations of ma linear triestomic molecule. The method should
alao be applicable to systems of more than two degrees of freedom.

A5 thila thesis will disgeuss, the motion for a system of coupled
osclllatars can be very complicated., Ip order to Illustrate this,

Fig., II-la,b show examples of motion for a gystem of two degrees of free-
dom. The figures show the trajectory generated by a polint moving on a
potential surface, The axes may be taken to represent the x-y coor-
dinates of the point as it moves in A two=-dimensional well, or equiva-
lently mas the amplitudes of the symmetric and antigymmetric stretch of

g linear triatomic moleculs, As 12 clearly evident, two distinet types
of behavior appear.

In Fig, IT-1n iz a plat of a typlcal trelectory having a amall
amplitude of vibration; thls trejlectory forms a somewhat distorted
Lisarjous figure. HNotice that sdiscent segmenta of the tralectory form
an orderly famlly. The moticn is confined to & box-llke reglaon, and will
not f£ill the entlre energetically allowed region; only the corners of the

box touch the energy boundary. This motlon {s eelled guesiperiodic.
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In Fig, II«lb 15 & typicel tralectory having & large amplitude
of vitration {(the acales of these two figures are different). The
motion, though £t1l1ll deterministie, i% much leas grderly, end no regular
pattern is evident. After sufficient time, the motion will fill the
energeticelly allowed region. This motion is commonly referred Lo as
ergodle, although as will be dlecussed later, thies term iz somawhet
looeely applied. The important point for now is that the motion is
rether cheoctic Iin eppeatrance.

The remainder of this section 1s devoted to s discussion of
the clasaical behavior of systeme of coupled cacillators. The concepts
invelved mre first {llustrated by considering separable systems {which
are exclusively quasipericdic}. Honseparsble systems are then discussed,
using an understanding of the seperable system as 8 pulde. Only after
the ¢lassical mechanical nature of the nonseperable syatem s dieplayed
can the considerations Involved in applying semiclessical gquantization

methade be underatood.

1. Separable Clmsslecal Syetems

Most of the roncepts requlred to treat nonsepareble multi-
dimensional systems are generalizatlons of methodse used for separsble
systema, In order to develeop these ldeas, we begln By treating e
separable system uaing Hamilton-Jacobi theory {hereafter referred to as
Hed theory). The reader is referred to Appendix I for a review of H-J

theory; only the relevant results are repeated here.



We begin by considering & system deseribed by A time {indepen-
dent Hamilionlian H{q.p}, where q are coogrdlnates, p are momenta, and
{q,p) s & shorthend notation for qu, c e Oy Py e e pn]. We

would like to solve the time {ndependent H-J eguatien

H(?’%E) - x, = 0 (II.1)

{where W is a type-2 generating Functinng and b{' ig the energy) to
obtain a generating function which will allow a canonical transformatlon
from the original variables {q,p) to new variables (Q,P) such that the
hew cancnical motienta P oare constant as a function of time., 11 the
nature of the system is such that the generating function W may be writ-

ten as n separable sum
W = Ei‘wi(girP-:---:P“) (11.2)

then the H-J equation mey be solved in a stralghtforward manner, For
separable bound problems, mll moticn ig of the class shown in Fig. I1-le -
namely quasiperiodie, For such systems, 1t 1s possible to choose the
angle-action variables {w,J} as the new canonienl coordinates and momenta.
This is = particularly useful choice,

The getion variables J mey be defined by

Y X

(na Eum )
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where the integral is taken cver one cycle of motlon for the eoordlnate
ay with mll other coordinetes esither held fixed, or if allowed ta vary,
then returned to thelr orlginal values without having passed through &
full eycle. The integral in the definition of the actlon varlable 1is
aften referred to a3 the phase integral:; its path independence is en-
sured here by the geparable farm aof W,

The angle varlebles w increase linearly with time;
wi=Vi(J—'i"'J ) (11.b)

wilere lii is 2 constant szince the J are constant. The angle varisbles
have the further property that if the original coordinate |:1:| passes through
one eycle, with all other coordinates elther held fixed, or mllowed to
vary, but being brought back to thelr originel wvalues without hoving

passed through s full oycle, then the angle variable w, wlll change by

&N t
the amount ﬁ-HJi given by

ff]
Fay W'l - (gé) . {I7.5)

In ather wards, L will inerease by unlty if q, passes through cne oycle

i
{with other ecordinates restricted as mbove), but will be unchanged after

ay {) # 1} passes through one cycle. (This completes the information re-

pested from Appendix I.)
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This property of w i used to provide a mathematical deflni-
tion of the term gquasiperiodic, which hes been ueed only in an lntoltive

fashicn up to thls peint. COonsider the coordinates q{wl, C s g Fn], and

let w, incresse by 1, holding the other w's fixed. g will go through

k k

one cycle; the pther q9's may elso depend on w , but they return to their

ki
initial values without passing through a complete cycle {(otherwise
other w's would also increase by one}. We may therefore express the q
in terms of a Fourler serles {n the w's
() A {f, W, + o Jy Wy )
¢ = . &, . e (11.6}
I T L
J‘,.:"‘Jirn :

Motion for whieh the coordinates may be cxpressed in terms of a conver-

pent Fourler series with s finite number of besic frequencies 1a ecalled

quasiperiodic.lﬂ&

In order ta illustrate ancther property of this type of motion,
for which action and angle varisbles mey be defined, conslder a two-
dimensional crze for the moment. If we plot the tralectory Iin w-Bpace,

we obtain the diagram of Fig., IT.Z2.
q—
-

el

I
Z./

Fig., II.2

Tralectory in Angle-Variable Space
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Uging the property that w, inereases by one when qi pagses through cne

1

cycle, we can divide the W s W, Bpace into unit cells in which congruent
points correspond to the sBame polnt in phase space.

We can follow a trelectory ab vy and WE incrense linearly
with time. 8Since the cellsz are g1l equivalent, we can concentrate on a
gingle cell and tranafer the segment of the trajectory in any other cell
hack to the rongruent segment in the standard cell. HNotice that the
2lope of the trajectory is jﬁffiﬂ . If thls retic is ratlional, the
treJectory will ultimately be mapped onto itself, and the motion will
he periodic, If the ratic i1s irrationel, the tralectory will i1l the
standard cell densely, and will not be periodic,

The property that congruent paints in every cell correspond
to eguivalent polnts in phese spece, and the consequent property that
#ll moticn can be mapped beck onto o siegle cell shows that the motion is
topologleally equivelent to flow on a tnrus.ll 2 Ui can be thought
of a5 an angle varieble on the torus. In the two degree of freedom ex-
ample shown here, there are two angle variables, and consequently B two-
dimensional torcidal surface; in the case of n degress of freedom there
will be n angle wvarlables, and the moticon will be a flow on an n-torus,

This torus ia sometimes referred to a2 an invariant toruslﬂu‘c‘lE

he-
zauge the trajectory always remalns on the torus., Recalling that as the
coordineta q, passes through one ecycle, the angle varlahble vy increases
by cne, we zee that evaluating the phase integral {T1I.3) corresponds to

Integrating around the invariant torus. Theres are n independent phase

integrals, and n topologically independent paths around an n-torus.
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The parallel segments of the trej]ectory which are plotted on
the unit cell {(Fig. II.2} will form a family. Thie family is called &
menifold, and iz in analogy to streamlines as defined in hydrodynamic
theory, or rays az defined In geometrical optics. Buch a menifold will
also ke found on the invarlant torus; a2 the trajectory winds around
the surface, It will ultimately either fill the surface with paralilel
threads (irrantional frequency ratle ;iffli } or will close on iteelf
(raticnal frequency ratic}. The orderly nature of the manifold will
alsg be geen if the n-tcorus is mapped onto configuration space. This
effect 1s evident in Fig. II.la.

One additlonal concept must be introduced - that of an 1so-
lating integr&l.la In general, there exist 2n-1 independent functions
which are constant along & trajectory generated in 2n-dimensional phase
space, These functions are called integrals of the metion, or simply
integrals. In effect, we pay think of the integrals as defining sur-
faces whose Intersection defines the tralectory of the system point 1o
phase Bpace.

It may happen that the tra)ectory does not have access to a
full 2n-dimensionsal region of phase space., For example, 1T the energy
is conserved, then the trajlectory is constrained to remaln on the "energy
ahell” in phase space - a {2n-l)-dimensional surface in n-dimensicnal
phase space. If the energy is given by the Hamiltonian, then this
Hamiltonian may be chosen as one of the integrals of the motion, since

its walue 1s constant mlong the trajlectory. Oueh an integral, which
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ceuses the tralectory to be reetricted to a reglon of phase space
reduced Ino dimenslon by one 13 referred to a2 an lsclating integral.
An integral which does2 not so restrict the tre]ectory is referred to as
& non-lsclating integrel. Only isolating integrals are of phyelesal in-
tereszt, nnd ere usually simply referred to a3 integrals.

Ap Bn example of a system whiech possesses more than one 1so-
lating integrel, congider a two-dimeneional harmonle oacillater. This
ig equivalent to B system af two unceupled hermenie oscillators. The

Hamiltonian For such a aystem 18

4 2 )
A TE C AR
- H: r Hr (II.Tb)

In this case, the energy of each mode ia conserved,

The one-dimensionml hermenle oBclllotor Hemlltonians Hx, l-[:IIr may be taken
a3 two independent izolating integrala., The trejectory would conge=
gquently be restricted to a two-dimenszlonel surface in four-dimenzional
phase spaAce,

Slnee we know thet an n degree of freedom aystem ponasegses

Z2n-1 lndependent integrals in general, we know that there must be three
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integrals for thie problem. The third integral may be taken to be the
relative phase of the x and y cascillators {l;é x ¢'3}’ where @ is

defined by

X - Ajsin(u.?;t-* ? )

and similarly for Q£ .

If the ozclllator frequencies are incommensurable then the
trajectory will never close on itzelf, and the motion will 1111 2 two-
dimenzional gurface, as mentloned above., In this cese the phase dif-
ference is a non-1solnting integrel. However, 1f the nacillator fre-
quencles are commensurable then the trejectory will be periodic, end the
mation will not £111 & two-dimensicnal surface, but will be confined to
a line {a c¢losed Lissajous figure). The phase difference will therefore
he gn isolating inteeral, mnd will specify the exact conflguration of
the Lissajous figure. ({For example, if the frequencles “}F and u}y are
egual, then the Lissmjous figure will be sn ellipse, If the two ozeilla-
tors are out of phase of /2 radians, then (if the amplitudes Ax' Ay
are equal) the ellipse will be m circle; if the osclllators are in
pPhase then the ellipse will degenerate into a straight line.)

The connhection of these ifdens with those previcusly discussed
is that 1f the motion iz gquasiperlodie, then it 12 tnpologically equive-
lent to flow on Bn n~dimensionel torus in 2n-dimenslonal phase space,

The n-fold reduction in dimensicnelity of the region of phase spece to

whichk the trejlectory has mccess Implies that n independent isolating
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integrals exiat If the motion 13 quasipericdle, These n isolating in=-
tegrala may be taken to be the action varisbles,

The case treated in thils section is separable, and 1s meant
ohly to illustrate the concepts {nveolwed. For nonseparsble cases, it
iz usunlly not possible to proceed mnalytically, although as will he
shown later, progress can be mede numericelly.

A number of concapts can now he gathered together, If the
nature of the n-degree of freedom problem ia such that actlon and angle
variables can he found, the moticon will be quesiperiodic. This motlon
will be topeologleally equivelent to flow on an n-torus. The asngle
variebled can be releted Lo angles on the torus, Since the phase space
is Zn-dimepsional, and the motion {4 conflned to an n-dimensiocnal mani-
fold, it follows that there are n independent actlon varlables. BSince
the n independent isolating integrals determine the n-dimensional sur-
face in phase space to whilich the trajectory 18 confined, we may say
that the n action varlables parameterize the n-torua, All separsable
syatems have all of these properties, In Fig, II.3 is s visual aid
which is intended to zchematically illustrate that if one of the proper-

ties shown exists, then the others follow,

Huaniperiodicity

/

Invariant Toroids -t  Tcolating Integreis

Fig, IT.3

Visual Aid
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2. Honeeparable Classical Syatems

Now that the concepts of quaslperlodicity, invarlent tori,
and isclating integrals have been introduced, we are prepared to con-
sider nonseparable systems, We will begin by dlecussing the work done
by Hé&non andHeileslh{hereafter referred to as H & HJ).

H & H considered a system of two harmonlc oscillators coupled
by 2 nonlinear forece. They wWished to flnd out whether the system pos-
sassed a second isoleting integral, independent of the energy. In
order to deteect the exlstence of this integrel, they uged a mathematical

7,12 The usefulness of

device known a3 s Poincare surface of section.
this technique stems from the fact that an isclating integral restricls
the dimensionallity of the reglon of phase space to which a tra)ectory
haes Access.

In order to define a surface of section, let us conslder m
ayatem in whirh the Hamiltonian ie an integral of the motion {1.e. ron=
diasipative system}. The motion in n-dimensionsl phase sparce will then
be confined to the "energy shell" - an {n-1}-dimensional volume in phase
apace, The Poincaré purface of section is B cross sectional dieplaey of
this volume.

In order to more clearly illustrate the nature of & surface of
gsectlon, let us consider a two degree of freedom system. For such 8

system, phase space ls Mour-dimensicnal, and the motion ies confined to

a three-dimensional energy surface {or volume]. Poszible cholees for s
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surfrece of section are the X-p, plane {[with ¥y = 0} or the y-p? plane
{with x = 0}. For example, in order to displey the intersection of the
"energy shell" with the ;,,r-p:|Jr plane {with % = 0}, the trajectory is Inte-
grated until the x coordinate passes through zero. At that polnt, the
valuee of PF and ¥ are recorded. The moticn 1s then continued, re-
cording B end ¥ each time the trelectory pierces the x = O plane. (The
trajectory eould pass through x = 0 with elther positive or negative

px; these croseings are recorded for only one cholce, say px = 0,
Hotice also that walues of Pps ¥s and x (= O here} along with the condi-
tion P, 7 0 specily the position in phase space slnce p can be ob-
teined from the energy equation. )

fig an I1llustratien, consider a two-dimensleonal harmonic os-

elllator,
L g
= f_“q.-'_mwux - ,&_-r-—'mwry
o 2™

If the y-py plane with x = 0 is teken for a surface of section, suc-
cegslve intersections of the trajectory will lile on an ellipee. Bimi-
larly, if the i plane with ¥y = 0 is taken, the genernted Intersec-~
tions will again lie on an ellipse. The two elllpees which are obtained
will each contaln independent information., In this case, the asize of
sach ellipse will depend on the energy in the corresponding mode, or
gscillator,

The use of & Poincarf surfece of section in detecting the

existence of an additional isclating integral independent of the energy
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can be seen from the two~ddmensional case. If no laclating Integral
independent of the energy exlste, then the trelectory will have access
to a three-dimensionnl region of phaRe space, and will therefore gener-
ate & sequence of Intersectlons with the aurface of section which will
fi11! a two-dimensional reglon. However, 1f a second lndependent Iec-
lating integrsal exists, then by definiticn, the trajectory will have
access to only & two-dimenzional reglon of phase space, Gince the inter-
section of this two-dimensional region with the surface of sectlon will
be a line, 1t Ffollows that the traelectory will generate s gequence of
intersections with the surface of section which form a curve. It is
therefore posgsaible to detect the presence of a second independent iso-
lating integral simply by finding out whether succesgive points on the
surface of section f£111 an area or line on & line. (It must be polnted
out that if the Poincar€ surface of section plot is generated using
numerical methods, then the existence of a second lscolating integral is
only suggested to within numericel accuracy, not prnven.}

The potentiml which H & H studied 1s given by
| Z 2 | 3
U = e y) v Xy- 357 (11.8)

It is elear that for low energies (small amplitudes] the potential
des¢ribes weaokly coupled harmeonle caclllators, while s the znergy
{or amplitude} increases, the cublc terms grow more rapidly than the

quedratic termz, and the effect of the coupling increases.
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A Binearé surface of section which Nl & H observed for mn
energy E = 08333 ia shown in Fig. II.L. Each set of points lying on
a curve corresponds to a single tralectory. If the x = 0 plane 13

used for a surfaoce of section, we have (Bince pxg 2 0)
Le ¢« Utxso y) & E
3 L y ¥ = {17.9)

The outer contour Iin the diagrem is given by the 1imit of this inequelity.

o4}

Flg. TI.4

Surface of Bection at Low Energy
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In Fig. II.5 i3 shown a surface af sectlon far E = .16667.

All ot the iscleted points correspond to a alngle tralectory,

Surface ol Sectlion at High Energy

Pig, II.5

Clearly, the behavior of this trejJectory differs from that shown in
Fig. II1.4. It is apparently more or less randomly filling &n aree
inatesd of generating a curve,

Conelusions must be drawn carefully from the results pub-
lished by H & H. The conclusicna which they drew are that the motion
at low energies 1s charecterized by the existence of two independent
isclating Integrals, while the motlion at high energles is characterized

by the existence of only one isclating integral. In other words, they
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eoncluded that motion at low energles, near the separsble limit, is
quasiperiodic, whereas motion at high energies is primerily "ergodic”.
{They used this term loosely, as will be discussed shortly. Let us
refer to such trajectories as irregular.} H & H fountd that the tran-
sition from quasiperiocdic behavior began at en energy of approximately
E =0.11, and that the {fraction of gquealpericdic tralectoriea fell
essentinlly linearly to approximetely zerc at the eacape energy for the
potential E = 0.16667.

Buch computer experiments necessarily give an overaimplified
view of the situmrtion, however, The full complexlty of non-separahble
dynamical systems Is revealed by the theorems of Kolmogorov, Arnol'd

10,15,16 10c,d,17

and Moser [(KAM), the stuldy of area-preserving mappings,

and further numerical experiments, all of which have been reviewed by

Furd.lT
The KAM theorem establishes the preservation of queaeiperiocdic

mation under smell perturbations. KAM Begin from unperturbed Hemiltonlans

that have only gquasiperlodic trajectories, mnd they mssume that the

frequencies for these tralectorles vary continucuszly ne a function of

the amplitudes. Hence as the smplitudes vary, the freguencles sweep

through ratinonal and lrraticonal ratios; zailnece the rational numbers form

a set of measure zero among the reals, we mey say that "moat" of the

unperturbed trajectories have ipreticnel frequency ratios. Thelr theorem

appliea aonly to this subeet of all the tralectoaries; sbout each un-

perturbed trajectory that has & retiocnal frequency ratlc {these trajlectorles
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are dense) they delete a space that has & small but finite messure,
They then can prove that the rest of the unperturbed trajectorles -
those with freguency ratlos that are not rational and not sufflclently
elose to A rational - remain guasiperiodic under certain small! pertur-
bBationa. KAM heve shown that these preserved torl domipate for amall
perturbations.

What happens to the tralectories with nearly rational fre-
gquency ratins depends upon the nature of the perturbation, There may
exist non-separable systemz that have only guasliperiodic trajectories,
but if they do exist, they are the exceptional cases. Though little i=s
known exactly, for the general non-separable Hamiltonmien, It eppears thaet
those tralectories that are not rovered by the KAM theosrem tend to have
ao~called irregular behavicor. The regions that can support irregular
motion are dense, and of finite megsure.

{With regard to referring to the irregular trajectories as
ergodic, It must be pointed cut that the existence of quasiperiodic
traJectories of non-zeroc meaaure ls inconsistent with ergodie behavior,
83 traditionally defined. This is because sn ensemble average over
phase space would Include a aet of posltive measure of trajectories

1T

vhich remaln forever on invariant torl. Ford suggests that Tor three
or more dagrees of freedom, cases may exist {(commenzursble zeron-order
frequencles) in which the volume of phase space occupled by quasi-

perliodic trajlectories may be 8o small as to be physically insignificant,

in which case he suggeata that the motion may be ergodic "for all practical
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purpoees”". The two degree of freedom case is unlique in that Irregular
trajectories muet remaln trapped between inveriant toroids. In that
case a Blngle ergodic tralectory cannot have sccese to even the entire
irregular region, let alone to the quasiperlodic reglons.)

These conelderations permit a more complete interpretation
of the H & H canlculations. The limitations of computer accuracy meake
it appesar that the low eneregy trajectorles are entirely gquasipericdle,
but in general we must expect the exlstence of Irregular trelectories
oecupying very small but finite regions even arbltrarily close to E = O,
The quasiperiodic tralectories will dominate, howewver, Furthermore,
an irregular trejectory may appear to be guasipericdic within computer
accuracy because it 13 trapped between two quasipericdic tralectaries.
At high energies, however, the effects of the non-separable perturhation

are larger, apd irregular trajectories dominete,

B. The Heture af GQuantum States

Thig thesis is primarily concerned with quantizing nonseparsable
multidimensional systems using semiclassical methods. Ouch methods use
knowledge of the clasaical mechanical behavior of & system ln order to
obtaln loformation about quapntum mechanical behavlor of the system.

Until recently only one-dimenslional aystems, or separable multldimen-
sional systems have been treated using semlclassical methode {Bohr-
Sommerfeld guentizetion, WKB metheds), Such systems alwaya display

gquasiperiodic classical behavior, end semiclassical methods devised to
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date have relled on this property. If nonseparable systems are to be
treated semicleasically, then the extremely rcomplicated classical be-
havigr dlecusaed 1n the previcus sectlon must be consldered. Einsteinl
appearse to be one of the firet to congider the quantization of non-
geparable oystems.

18,ha pointed out that if the tralectory is plotted

Einatein
in eonfiguration space (i.e. in the space defined by the coordinates ql,
and If one looks At an element et , then each pe3sage of the ftralectory
willl give riee to s momentum vector Py, - Two poaslblllities arise: eilther
the vectors P, repeat, so that only = finite number belong to each 4t
ao that pk can be written as A single- or wany-valued functlon of qk, or
an inflnite number of p, Ppass through dv ., B0 that P eannot be written
as a function of q - The former case applies to a gquasiperleodic tralec-
tory such B the one shown in Fig. I1.7a, and the latter case apparently
gpplies to the "ergodile" trajectory shown in Fig. II.Zb, 8Since all
present semiclassical methods are besed in one way or ancother on evalusting
phase integrals, the question of whether the momentium can be expressed
as n Tunctlon of the coordinates is of the utmost impartance,

Perciva.lh hes apeculsated on the conseguances of the tranaition
from dominantly regular to domipantly irregulsar motion in clesasical
mechaniles, He postuletes that there wlll exist some corresponding tran-
gition in guantum mechanlca, and he refers to the quantum mechanical
energy levels which are characterized by predominantly gquasiperiodice
motlion in the c¢lasslicel limit s2 forming the regular spectrum; the levels

characterized by predominently "ergodiec" motion in the clasaical limit

he cells the irregular spectrum.
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Perzlival comparea the properties of the regular spectrum, and
his postulated irregular spectrum. For the regular spectrum, he writes:hd
Rl. A quantal state may be labeled by the vector quantum number

n o= {n, oy )
R2. A state with duantum number n corresponds to those phase-
apace trajectories of the corresponding cilassieal system that

lie in an N-dimenszional invariant torold with action constants
Ikgiven by quantum conditions
Ih i ("ﬂni— utl/dl)ﬂ
R3. The quantal state must rescnate at frequencies close to
those of the veorresponding classicel motlon., Given two gquan-
tal states wlth one ny differing by unlty and the others the
same, the Planck relation for thelr energy difference is
aE, = o,
where nOk is a Fundamental frequency on the corresponding
toraid,
R4, A "neighboring state” to a state nﬂ with energy EC is a
state with veetor gquantum number n close to nD, with energy
difference no more than a small multiple of the maximum
JaE,] .
R5, We now use the correspondence principle for weak per-
turbations, whase most well-Known form 13 the correspondence

principle for intensity of rediatlon. Under weak externsal
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perturbations the state nﬂ la much more strongly coupled
to neighboring states than to other states, with the

roupling tending to decrease rapidly with l - nﬂl .

For the iprregulapr spectrum he postuletes:
The gorrespangence princlple predicts properties of an
irreguinr spectrum 1In striking contrast to those of B
regular apectrum:
Tl. There is no unambigusus gasignment of & vector gquantum
numober to 8 Btate ﬁPL .
I2. The discrete bound state guantal spectrum must tend to a
continuous clesslerl spectrum in the clasaical limit. The

rrequencies

[e (¥ - E(V)]) /4% = w

for fixed statlonary state qE: and varylng 'ir form a dlecrete
distribution that tends to the continugus distribuetion in & .
The distribution of lewels of the irregular spectrum comld
take on the appearance of & random distribution.

13. By applying the correspondence principle Tor wesk per-
turbaticne, there are no nelghboring stetes 1in the senee of
{AL) and (R3)., Except for selection rules and mccidents, a
gtate of an irreguler gpectrum is coupled by 8 weak perturba-
tion with intenaities of similar magnitude te sll those states

of a sgimiler energy that correspond to the same irregular
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reglon of rlamsszical phase apace. The number of such atates

is very large, of order
ﬂN-—I
J

where ny is a typleel quentum number.
I4. The ensrgies of the lrregular spectrum are more sensitive
to s alowly changling or Tixed perturbation then those of the

regular spectium,

In order to test Percival's hypothesis about the irregular
spectrum, Pcrmphrey‘he performed some numerical sxperiments an the system
ccnsidered by Hénon and Helles. Having added s parameter o&f to adjust
the strength of the perturbation, he considered a8 Hamiltonian of the

form
Lol Yo b (e y Yy - 3)
He LR )+ s (xryy +alxy-37 "} {11.10)

He caliculeted energy levels quantum mechaniecnlly by choosing a beails aet
and dlagonplizing A matrix. In order to determine the sensitivity of
the energy levels to varistiong in the potential parameters, he varied
o alightly, calculating a spectrum with ©f varying from 0.90 to 0.8€
in ateps of .001. The sensitivity t0 & wasz measured by cansldering

pecond differencea defined by

'&t = \ [Ei(x-hlnt\) - Ei{u'ﬂ—l Eifﬂ) - Ei[l&— d.ll)]l (17.11)



where 1 denctes the particular eigenvelue under investigation. FPomphrey
found that of the geventy states inveatigated, twelve were substantially
more senzitive to variations, and possessed second differences which
were about an order of magnitude greater than those for the less senai-
tive states.

Though these resulte provide some evidence favorable to
Percivel's hypothesls, thia evidence is not yet conclusive, Haidla has
repeated thie ealeuletion, but dividing the second differences by the
energy; he could find no abrupt change that would suggest o qualitative
rhenge in the nature of the spectrum. In addition, he noted that zome
al' the rather convoluted gquaslpericdic tralectorles that exist at high
energles are very sensitive to perturbatlons, zo any quantum states that
are based op such trelectories must alsc be very aensitive,

It the next section, we will investlgate current semiclmasical
methods. The clessleal mechanicel nature of nonseparable systems, and
the consequent effect on traditional quantization technlgues and the
quaentum mechanical spectrum, a2 investigated by Eineteln and Perciwval,
should e kept in mind. Except for the method of Gutzwillers, all preaent
methods of semiclassical gquantization are limited in thelr applicebility

to systema that have dominently or entirely quesiperiodic elasszical

behavior.

C. BSemiclpsslral Methods for the Quasiperiodic Came

Aa discussed earlier, semlclassical methads use knowledge of

the classlical mechanical behavicr of a system in order to obtailn
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information ebout the quantum mechanicsl state of the system. Semi-
clansical methods can be espplied to bath spattering end bound stuetes,
but we will only use it to calculate energy levels, As this section
will show, the action variables introduced in the last section have a
centtal role in semiclassicel gquantization metheds, In order to illus-

trate this role, let us begin by reviewing the one-dimensionsl WKB

methed.

1. EHeview of (ne-Dimensionel WKB methaod

Given the time Independent Schrodinger eguetion

{__W + om - \(x = (II.12)
é ?(1 jﬁi; [EE R{ }]IH*J C) L

let us write the wavefunction iP ]
;

8
V= Ae

{Since we will later need “P for reglons ineccessible to classicel
particlea, £ is not restricted to be real. Requiving & mnd In#Ato be
even functions of % will ensure uniqueness of & and A.} If this form

ia substituted into the Schrddinger equation, the following exsoct equa-

tions for 5 and A are o‘btained:lgl

41
(d8) - am(E-V) = o a5
% A

{11.13)

dx dx d o* (II.1%4)



31

The centinuity equation (II.1I} can be integrated to yield

A = eonst ( }S{TA | {IT.15)

If the expression for A and ita gecond derivative sre now

substituted into (I1.13), the following egquation for 2 is obtained

o5 ’s
ds ? 2! 3 x* jl n ( o x3
(iﬁ) = am(Eg-V) -’lr‘t., E( 5 - 3 .--————I:L-g (11.16)
oy d% .

Sc far, no approximetions heve been made, and eqns. I11.15 and IT.16 are
rigorously equivalent to the fSchrodinger equation. Let us now expand

S5 In powers of 1"12:
2
S = Sﬁ"' t\‘S{J' (11.17)

and substitute inte (II.16). The WKE approximatien consiste of retaining

only zero-order terms In %; the following equation results:
T
do \" o (‘E‘—Sﬂ) = am]E - V(o
(d'y_) ax [ 1 ) (IT.18)

Inspection of {II.16) shows that terms of higher order in fi my be neg-
lected only where E - ¥ 3# 0O, and furthermore only where V dces not wvary

so rapidly that higher derivatives of 5 become important. Equation {1I1.18)
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is recognized a5 the time independent Hamilton-Jecobi equation (II.1)
where ®, = E and W = SD' We see therefore that in the claessical 1limit
of A — 0 the guantum mechanics 13 approximated by clmesical mechanlcs.
The differential equation (II.18) may be integrated for two
regions - that where F > V(x}, and that where T & V{x). ZLet us use

the definitions

R(X) = Jam [i,‘lwﬂ]— b E > WO {17.19)

and

'Kfl}’f[w“-E.] for B VM  (11.20)

Using these mnbbreviations we see that the WKB solutlon to the Schrodinger

gequation ls a linear comblnation of szlutions

e
’\.‘/(ﬂ= o ﬂ_gﬂ( Skmd! + ‘P) for  E > Vim (I7.21}
{keo

and [ ¥
Stmdx _ [wnl dy
Yoo = L )¥et . Se* fr E<VI®

where ﬂtjﬂr};s are ccnstanta, and wherse Xy is mny constant for which

the integral 1ls convergent.
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Notice that Iin the classlcally allowed reglon the wavefunstion
1s ovsecilletory, but has a varying wavelength. In the classically for-
bidden region, the wavefunction is a comblnation of exponentially in-
creaslng or decreasing functions, but with varying growth or decay rates.
If the potential were s conatant, then the Sehrddinger equation would
have been exactly sclvable, and would have yielded sines and cosines in
the sllowed regions, and increasing or decreaping exponentisls in the
forbidden regiona. It is reasonable to expect that if the potentlal
is allowed to vary slowly, the resulting wavefunction would be sines and
cosines (or expanEntiala} but with slowly wvarylng srguments, The con-
dition for validity of the WKE approximation iz therefore emsily under-
stood to be that the potential not vary significantly over the distance
of one wavelength or deecsy length.

A diffleulty mrises Iin employing the WKB approximation when
Joining solutions defined in reglons separated by & classicel turning
point {i.e. where E - ¥ = D}. In the reglon of the turning point, the
Hamilton-Jacobl egquation doea not approximate the Schridinger equation,
goc the latter must be Bolwved directly. As pointed out by Lﬂ.nger,gg it
ia not necespary to solve the Schridinger egquation for the exact poten-—
tial ¥({x), but merely to approximate the potential by a linear function
in the vicinity of the turning peint. If thie is done, the solutlon can
be expresged directly 1n terms of Airy functionme, or in terus of Bessel
functicns of order 1/3. Airy functlons have the property of being
ogseillatory in the classically allowed region, and exponential in the

classlically forbidden reglon. By employing the asymptotic representation
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of the Alry function in the regions awsy from the turning point, the WKR
solutions of the clsssleally rllowed region may be Joined smoothiy to the
WEKB solutione of the classicelly forbidden reglon.

If thege Btaps are cerrled out, the following connectlon

Formules resul‘t:l9
k X
| - s
L expl- Ixdx) —a= 2 g -_)
'F.Ff.u} P( ) ) WCGT( kd.x 4 {II.23)
b barriev
on ieff
i . T m
Xixt X R b {r1.24)
where b is the twning point with barrier to the left,
2 ¢ r fed
— _T — —
ﬁ,tcs( Ltdx :> = = "4([’( ["‘? ") (I1.25)
barrier
o, x d on rfjllf“
L] —'
..-I_.Sm(glld?f 'I) -'—_3"__"“?(51(' t)
= ) A Jx - (IT.26)

where a lg the turning point with barrier to the right. These connec-
tion formulas may be gafely used only in the direction cof the arrows,
If they are employed Iin the opposite direction, great care must be
taken.

The WEKB soclution can be used in conJuncilon with the require=-
ment of s single-valued wavefunction in order to quantize the energy

levele for a one-dimensisnal potentiaml well.
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One-Dimenslonal Single Well

Flg. I1.6

Region 2 is the classically allowed regioni regions 1 and 3 are classi-
cally forbidden. a and b are the clessical turnine points.
Boundary condltions require that the wavefunction in region 1

decrease exponentially A X —w - od

b
“{’l(n = r__L-_;} ug(-imn dx) | (1127}

The connection formula (I1I1.23) can be used to connect the wavefunction
in this region to the wavefunction in region 2. “k; will then he ex-
preseed in terms of an integral taken with reference to the left turning
point.

’\])éﬂ-\‘%m(fhmdx-z>

b {11.28)

Uaing the fact that
x a, o
(dx = fudx - ka'x’
b

b X

(1I1.29)
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f*ilcan be reexpressed In terms of en Integral taken with reference to

the right hand turning polot:

a ) a
by = —2 5 Shdx 5 hdx - =
’\~|-"wr. mqtu (h m(i +)
o {I1.30)

+
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Now boundary conditions rleo reguire that 1% be a decreasging exponen-

tial: w
- S‘Km dx

'.\J’/g;("""\]I - € . (II.31)

K0

If the connection formula (11.25) 1= used, an mlternative expression for

'\'P?_ ia gbtained

a
f‘d(‘l - X t‘.ns( Shdx - 1{"\ | (11.32)

F TE ) x

Single valuedness of the wavefunction requires that the two expressions

for ﬂ+i be the same. 'This will oceur only if the following copndition

iz antisfied:

A,
Shm ci::( ={n+ A)N (11.33)
1 .

This is the semiclassical quantization condition. Noting that the momen-

tum p = ik, and requiring k (or p) to be positive a3 x Iin inerecasing, and
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negative Bé ¥ 1g decremsing, the guentieemtion conditlon can be written

as

:[- = §ﬁi’d7{ == LWW‘+ ?H_} L\

{II,34}

We now see the speclal role wf the sction verisble, which was mentioned
earlier. The phase integral is taken over one cyecle of clasaieal motion,
botween 1ibration limits (turning points) aa reguired in the defini-
tion {II.3).

The fact that half integral quantizetion iz obtalned is directly
related to the presence of the W/ term in the connection formulas. This
/4 phase shift entered In the asymptotie form for the Airy function,

It is customary to interpret this ag the phase shift which appears after
the trajfectory hes passed through the caustle,

It is often incorrectly assumed that the correct guantization

within the zemiclpsslcal scheme is always glven by
— ™
J =(mrE\h (11.35)

where m 1s the pwmber of turning polnte epcountered in a cyele of the
motion (m = 2 here]. The correct quantization is obteined from the
gquantum mechanical boundary conditions. The above expression is obtelned
1f the wavefunction ie exponentially decreasing on both aides of the
nllowed region., tlowever, if the wavefunction is not purely & decremsing
funetion in the forbldden region, & modified quentum conditlon is ob-

talned. Appendlx II treats the case of A one-dimensional symmetric
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double well ms an example. The potential for this case la shown in

Figl II!-T—

(me=Dimenslonal Doubie Well

Fig, I1.7

Although region 3 18 c¢lessically forbidden, the wavefunction
there may contain both increasing end decreasing exponentlsel terms. As
shown 1n Appendix IT, if the WKB romnection formulae are applied (they
muet be applied in the wrong direction at one point] the following

transcendental quantization condition results

b
twn( (kdx )= =2 e ( S}( I ) (11.36)

L
.r
d-»C
where the + sign leads to a symmetric state, and the - aign leads tao an
antisymmetric state. Notlce that the integral inslde the exponsntial
ia over the forbldden reglon 3. If it ls assumed that the barrler
between the two wells 1g wide, the gquantizetlon eopnditicn may be expanded

to yleld
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b
a
Jkd‘x v ()T ® '35 ""P(* ik(’ﬁ) (11.37)
1 .

Comparison with equation {I1.33) shows that the double well problem re-
quires a correction to the usual half-1integral guantlzatlon. Thls cel-
culation mlsoc shows that the aplitting between the two previously
degenerate Blpgle-well states can be found without golng ocutside the WKE

formaliam.

2. Multidimensional Semiclassircal Quantizatian

This thesls 1s primarily concerned with quantizing multidi-
mensional nonseparable problems. As & step toward this end, let us
coneider a system of two uncoupled harmonice osclllatora, Let the

Hemiltonian be given by

T3t x 1ot
H“*ij;‘(ﬂ +wtx)+‘—?_(p,r+w,,y ) {T1.38)

If we plot the motion of this system in x-y space, the trajectory will
form a Lissajous flgure similar to that of Fig. II.Z2a, However, in this
pesa the motion will be confined to a rectangular region., The four
corners of the rectangle touch an elilipse which represents the 1limit

wf the energetically allowed reglon. Since two independent lsclating
integrals exlst {for example, the energy of each oscillator), the motion

doez not fill the energetically acceasible region. The lines which
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bound the motion mre called causticz, The organized nature of the mani-
fold to which the trajectory belongs 1s evident., In thls cmae, the
menifold will have four sheets everywhere, which are Joined slong the
ceustics.

For this separable problem, we can treat the tywoe degresas of
freedom separately. Let us write the Hamiltonien for one degree of

fresedom ao
s z .t
| .

H .

3 {11.39)
The potential la a perebole, and we Bre solving for the motlon of the
prarticle in a well. Splving the clesaical problem in terma of acticon-
angle variablea, we find thet the energy is given a8

E:l = \T-. :ii (II.40)

where

{II.h1)

J, = é’?idxi
€4

The integral is taken over a path ¢, between libratlon limits (turning

i
polnte). Sinee the motion i3 that of a particle in a single well, half-
integral guantization follows, as 1n equation {II.734].

\T:lr:(ﬂ.i* Vz)h (IT.h2)
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Therefore

EEi = ('Y‘i*'PQ ) i;it}i

(TI.%3)

The total energy of a guantum state 18 therefore given by

F—m=(“x*yz)t'ﬂ*(ﬂy+ '/,L)‘hw}, | (IT.k4)

Thare are several points to notice for thia case. First of
all, two indepenident phaee integrals must be quantized Tor this two
degree of freedom problem. Secondly, by plotting the integration paths

nf eguation (II.41) on the trajiectory dimgram shown in Fig., I11.8,

i
L

Integration Paths Iin Configuratlion 3pace

Flg. II.8

wa cap see thet the integrations for the individus! one-dimensicnal
problems corresapond to celeulsting path lntegrals aver two topologically

independent paths in the two-dimensional problem, (If mapped onto the
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invariant torus the paths would be topologierally independent. By this
ve meen that one path cannot be topologleally defarmed intoc the other

on the torocidel surface. See Filg. IT1.9. This topologlical independence
menlfests 1tself in configuration space in that topologicslly indepens
dnet paths will touch n dirfferent palr of caustice.) 3Since thls problem
wes separable, we pald no attentlon to the y motion when we Were cal-
culating the x phase Integral, snd vice wversa. Therefore, we aes that
the Integration paths deo not lls on the actual trajectory, but are
merely arbltrary paths connecting opposite caustics. (As in the casze
treated In Appendix I, the integral is path independent because the
argunent of the integral 13 an exact differentlal; in particulsar becmuse
the generating function 1la separable,}

The final polnt to notice is that the path Integrals each
touched exactly two caustics end were guantized using half-integral
quantization, As we wWill discuss, the proper quantization for m given
integration path depends on how meny caustics that path touched.

We would finally Ilke to consider semiclagsical]l guantization
methods for nonseparable multlidimenslonal emses. These methoda in ef-
fert overlook any lrregular orbite present, and seekh Lo gquantlrze the
quesiperiodic motion. A nonsepareble system wlth n degrees of freedom
regqulres n gquantlzation conditione, Just as a separable n degree of
freedom problem would, Sipnce the classical motion Iz treated as quasi-
periodic, we asgsume the existence of n independent lsclating integrals,

which we willl choose to be the action veriablea, Because of the



Fig. IT.%.

Integraticon Peaths 1n Phace Space.

b3
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nonsaeparability, however, we must modify our deflnltion of the action

varlable, Reecall our earlier definition:
= do.
le @ ﬁj'l: %1 {11.3)

vhere the lntegral 1s teken ower one eycle of ;- There are two prob-
lems here, First of all, the motlon which we will c¢onsider does not
lead to straight line ceustiecs epelosing rectangular regions. The
caustics may be distorted, 2o much so in fmet, that & stralght line
may not pass through oppoeite caustics without having to leave the al-
lowed manlfold. Quantization will ztill require phase integrals to be
avaluated along n topologieslly indepepndent paths, but it might not be
pessible to choose stralght line paths.

Sacondly, and more importantly, the action wvariable defined
in {IT.3) 18 nc longer path independent. This i3 becsuse the generating
function W is not separable (by assumption}. The resclution of this

problen 1s found by notlng that

2 o d
2 B Axg (11.45)

LY

ia an exact differentisl and will therefore iead to & path independent

Integral. Therefore let us define the action variable as

T, = @p’*- dx (12.46)
Ch
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where n independent mction varlebles are defined by integrels taken over

1,1 {As before this will ensure that

n topologlically independent paths.l
we are integrating sround the inveriant torus in n independent ways. !}
This definiticon reduces to the previous one in the seperable case pro-
vided that the integration paths are chosen such that qi pasBes through
one cycle, while the other coordlnates are elther held constant, or at
lenst prevented from paseing through a Tull cycle,

The only point which remains to be zettled for the non-
separable case 13 the guantization of the action. Should the guantlza-
tion be half-lntegral, integral, or possible something else? The answer

is that it depends on the paths ¢, chosen for the phase integrals.

k
Becnll thet for the separable case the guantization was halfl
integral if the phase integral was done over one cy¢le between libration

limits

T =+ %) h

{TI.34)

If for exmample, the path were chosen to cover two cycles 1lnstead of one,

the result fFrom the phase lntegrel would he doubled

T

2 ¢ el = {(awn+l)h

(II.LT)
= wh

where m = Zn + 1 equalis an odd integer., If the path chosen were such

that both the x motion apnd the ¥y motlion pasaed through a full cycle,
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the resultant phase integral would he the sum of the phase integrals for

gseparate X and y cyclen

:run -:(“&"*yl,)h + (“Y+ yl.) h

3
{I1.hB)

=wm h

where m' = n + ny + 1 equals en integer, Until now, we have considered on-
ly simple paths in order to guentize, However, 1t is clear that more
conpllceted paths, chosen as comblnaticns of simple pathe, cen be
queptlzed as Jlong as n topelogically independent paths are chosen.

Heller21 has written down quentizaticn condltions for non-
separable problems. The key to obtaining the eorrect guantizetion is to
count how many times the integratlon path came in contact with a ceustic.

Keller's quantum conditlon 1s:
— L]
:]ME @Z?xdgt - [“ + I ] I'\ {T1I.49)
1

where m i3 the total number of times the Integretlon path touches n
caustic. (Keller's quantizetion condition ile actually more general than
this. It also ellows for the posslbility of the integratlon path pas-
ging through a focus, or through the Intersection of two or more chus-
tica,}

Keller's result is obtalped by requlring the weve-function to

be gingle valued, and by including a N/ L phase delay each time the
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integration path touches 2 csustic., Appendix IIT contalns a discuesion
of the method of constructing & semiclassicrl wevefunction for s non-
separable system. The source of the Tr/) phase delay at a caustic is
shown.

{Just ap we found for the one-dimenaional case that helf-
fntegral guantization was correet only for single well problems, Keller's
gquantization is correct only for moltidimepnsionel generelizations of
the single well problem. If the clagalerl system should possess dynami-
cal or other barriera which result In two or more wells, then the correat
procedure within the WKB formalism requires that phase integrale over
the classically forbidden reglon be emlculated, as in Appendix II. As
yet, no one has tried to inelude such effects in ecases treated,)

By quantizing the actlon varlables defined in equation (II,h&),
uaing Keller's quantizstion condition, multidimensional nonseparable sys-
tems may in principle be quantlzed. In the next sectlon we review the
methods which have been used to date in order to carry out the guanti-

zatlon.

3. Caleulational Methods

Msat methods for semiclassical quantizetion of non-separable
miltidimensionrl systems have used one of two main approeches. The
first approech is to gquantize phase integrals calculated Iin the original
epordinates. The second approsach is to seek & canonleal transformation

from the action=-angle varlables of an unperturbed separable case to the
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proper actlon-mngle variablee of the perturbed case, Methods which use
¢lther of theae approaches are of necessity limited to treating quasi-
periocdic motlon, Bince only then does the invarlant torus exist on which

rhase intepgrals cen be definad and action wvariables calculated.

g, Humerical Trajectory Camlculantlons

Several papers on semiclassical quantization have been pub-
lished by Marcus and co-workers. The firat which I will discuss wae
written by Enastez and Marcus.la The Hamllionlan which they consldered

is giwven by

T 2 Tt ozt K -t
Ho= §lpt 0t Xrwyy } X (v Fnx ) (1I.50)

and the procedure which they used 1z as follows. PFParameters ti;} HJF’
% . f, For the Hamlltonlan were chosen. This speclfied the exact system
to e quantized. The eclasaical trajectory was then generated numerically
by Iintegrating Hamllton's equatlions of motien using a predietor-
corrector method, After a sufflelent number of steps, the tralectory
when plotted formed a slightly disterted Lisaalous figure, similar to
that shown in ¥Flg. 1I.2a.

The phase integrals were then caleuleted numerlcally from the
trajectory Information. The two topologleally independent patha alang

which the phase integrals were evaluated were chosen for convenience to

be aleong caustlice. The path integrals were ralculated using as the value
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for the momentum in the integral the value provided from the trajectory
Py the tangential component of the momentum at that polnt. An interpola-
tion scheme was used to search for inltisl conditions which led to
correctly aquantlzed phase integrals., Convergence was rapld; s total of
four to five trajectorieas had to be generated and quantlzed for eech
energy level in order to provide five slgnificant digits accuracy in

the energy. The agreement with gquantum mechanicel methods was excellent.

Since the method involved integrating slong a caustic, it wae
possible to treat only aystems whieh produced fairly simple causties.
For this reason, Hamiltonlans wilth frequencies related by the retin of
small integers could not be treated {sBuch systems can leed to very com-
plicated caugtics). Purthermore, ag the effeet of the perturbation
inereased for hilgher energles, the shepe of the region bounded by caus-
tics changed from a slightly distorted box to a grestly distorted box
ultimately bounded by falded caustiecs, meking it inconvenlent to apply
the method.

A modified veraion of this theory, which overcame some of the
difficulties assoclated with integrating along caustice, wae presented
in a paper by Hoid snd Harr:us.lb In this method, the tra)ectory wasd
generated numericelly as before, but the integratlon patha for the phase
integrals were not choeen to be along the canstica, but aleng the llnes
x =0, and ¥y = 0. In practice, thelr method was to quantize acticon
varlables calculasted by integrating around two topologleally independent

Invariant curves of separate Poincar® aurfaces of section.
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The phase integrels were gquantized uging the same iteratlive
2cheme a3 the previous method used, Again, & totel of four to five
tra)ectories had tc be gehersted and quantized for each level 1n order
to provide five significent digit accuracy in the energy.

The method of Noid apnd Marcus is sble to treat more ceses than
that of Emstes mnd Matrcus; however the reatriction to Integrating along
the straight lines x = 0 and y = 0 atill prevent=s the method from
tresting some casea, As mentioned earlier, 1f the freguencies in the
unperturbed part of the Hamiltonian (II.50) are related by the ratio of
small integers {low order commensurabllity of the unperturbed freguencies}
the regsultant causticg may be very compllcated., For example, if u.}i=- wy'-" ] )
tralectories like those figures I1.10 end IT.11 can result.

In order to treat asuch cazes, Nold and Marcus elimineted the
restriction of generating the Poinecaré surface of secticn from inter-
sectlons of the tralectory with a straight line integration path.lc
Inetead the topologicelly independent integration paths were allowed to
be curved, giving a curvillinear Foincarf surface of section.

The detailed congiderations for the commensurable rage are
ag followz. The Hamiltonlan choesen Iz glven by

1 T 1 T Z ' 8
H'-‘-li(i’;"'?r*?*y]*lx(y'jr ) {IT.51}
where ‘L. 185 the anharmonic coupling constant. This is the Hemiltonian

which HEnon and Heiles used, aside from the parameter ;k . Expressed
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Libraticn Trajectory

. II.10.

Rotation Trajectory

Fig. II.1.
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in polar coordinates (with % = rcos 6 , ¥ = rain 9 }, the Hamiltonian

becomes

=L (o0 T Fo
z (g, +vr L fo )_,_'_ A\ v cos 36 (11.52)
f‘l 3

Examplesz of trajectorles generated by integrating Hamilton's equatlons
using this Hamjitonian are those shown in Fig. II.10 end II.11. Figure
11.10 has a low anguiar momentum, and Flg. I71.}1, B high angular motmentum.
A= can be seen, two glasses of trajectories have emerged. Noid and
Marcus referred to the moticn in Fig. I71.10 as a libretion, and that
of Fig. I1I1.11 & rotaticn.

If the internmal enguler momentum i5 nonzerdo, the tralectory
For the unperturbed Hamlltonien is an ellipse. A manifold is created
by rotating the =llipze arcund the origin. This corresponds to select-
ing the same energy and angular momentum, but selecting o d1fferent
starting directlon for the orblt. The loner and ocuter concentrie
cireles which bound the manifold are caustles. The phese integrals
are calculated by integrating over the manifold along two topelagically
independent paths and gquantizing using Keller's quantum condition. Two
pegsible paths are shown In Flg, I1.12. Path A, a circle concentric with
the center, touches no caustles, so the correct quantizetion for the

phase integral is

@fade = .;111'/@ (‘Kﬂl) (1I.13)
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vhere A ie an integer, Path B touches two caustics, so the correct

quantization la

@ﬂ-dr = JT(“H"}’;) (T1.54)

where n ig an integer. An alternative integration path would be along
ane of the ellipse tralectorleaz. BSuch a path would touch the outer and

inner coaustlcs each twice. Therefore the correct quantizetion would be

%J?:dx*'ﬁ’r‘!}’ - am(nel) (I1.55)
i}q]

where n is an integer, This integration path can be written in terma of

the previous two aa the sum of twa r-cycle phase integrels and a2 & -cyele

phase integral.

- de
{},pxrixq:vroly 2 §pdr+ @fg

1?1}
Therefore

Y= afi 4+ ‘Q

relatea the gquantum number=. Of course, there are only two independent
quantum numbers,

Using integration peths simllar to Path A and Path B of
Fig. II.12, Nold and Marcus quantized the Polncaré surfaces of sectlon
for perturbed rotation cases. The numerical procedure was the same as

discusged for their previous paper - namely generate a tralectory, use
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croesings to generate two independent Poinearé surfaces of gection, and
lterate to quantize,

The libration cases were a bilt more complicated to tremt, I
Wwilll review the procedure which Noid and Mercus used in detail since we
will later make compariscns to thia case,

Ae mentlioned earlier, the libration cases occured for law in-
ternal angular momentum, As inspection of the Hamlltonian IT1.5%2 shows,
the anharmonic part of the potential causes three troughs to exlst In
the potential. I the orhital energy is low enough, the itrajectory
wlll be trepped con one of these troughs, This behavlor is very similar
to that of the one~dimensional double well treated in Appendix IT. The
correct guantization procedure within the WKE formalism would be 2 twe
dimensional generalization in which phase Integrals were calrulated
over the clagsical forbidden region, In particular, simple half-integral
quantization of the trajectory trapped in one trough would nat be carrect.

Hold and Marcuz chose to ighore effects from tunnellng between
the troughs, end to simply evaluate a phase integrel along an A-type
path {Fig., 1I.12), including contribotions only from the claesically
allowed regionsa. In effect thls aszumea that tunneling 1e sco 3trong
that no phaze shlft oecure 1n passage through the forbidden reglon.

The contributions from the three troughs are identleal, so only
one was caleculated, The phase integral along path A over one trough 18
topologlienlly equivalent to & phase integral over a path x = 0 for that

trough., Therefore the gquantization formule la:
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SPadg = g’f’rd}’ = I‘3""‘W’Q (1I.56)

Nt X=0

1F¢u3L
Obeerve that for ﬂ = O, we heave é-,pgdﬂ" 0. This is actuslly the
condltion leaat likely to lead to strong tunnelling beecmuse such motion
must be confined to the narrowest possible region in the trough (so
that the phase integral will go to zero). However, they say that the
enerey ls very insensitive to JE 4 hopefully thils malkes the neglert of
correct tunneling effects lesa crlticsl.

The pther toplogically lndependent phefe integral was caelcu-
lates by integrating along one eycle of the trajectory [an "open" ellipse),
end Joinlng the ends Along 2 ¥ = O invariant curve.

The results found by Noid and Marcus with ‘A = .0125 for both
librations and rotations mre shown in Teble IV,Z (along with reaults from
our method, to be discussed in Chapter IV),

The percentage of disagreement {for rotaticns, as well as
librational with the guantum mechsnical calrulations 1s much larger for
this commensureble cape than for the incommensurable cases treated in
their earlier papers. This should not be teken as an indication of un-
guitebility of guantizing curvilinear Foincarf surfaces af section, but
merely as an indiecsation that the semiclaseiecal approximetion i=s leass
accurate for this case.

In summary , the method of Esstes, Nold snd Marcus is to

quantize topologlically independent phese integrals using numeriecal
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methoda, The practlical application of the method may be compllcated by
the difflculty of choosing en integration path which avolds folds in the
cauatice. The fact thet the integration path is pleotted is an advantsge
gince the proper quantization can bhe determined by counting how many
timez the integration path touches s caustie. [Later related work by

Marcus, et al, appears in 1ld.e.}

b. Methods Tor Traneformation to Angle-feotion Veriabhles

The next methods to be discussed take s very different ap-
prosch to quantlzation. Instead of numerically evaluating phase inte-
grels, these methods peek to transform directly to the proper angle-
action varlebles for the perturbed system,

Two methods will be discussed in this section. The first is
g method by EnrnEE. The second iz & method by Chepman, Garrett and
Hiller,la which 18 closely related to Born's method.

The essential procedure consists of three main steps. The
firet is to choome a separable Hamilteonlan which can be conaldered an
unperturbed limit of the complete Hamlltonlan. The second step ia to
salve the Heamilton=Jacobl equatlon for the unperturbed Hamiltonian in
order to obtailn angle-action wariables for the unperturbed problem.
The third step iz to seek a canonical transformatlon from engle-actlon
verlableg of the unperturbed problem ta the proper angle-action variables
for the complete Hamlltonian. It Is in the memsns of carryling out the

third atep that the two methoda differ, I wlll ocutline both methods

here.
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Born's procedure begins by expanding the Hamiltonlan in &

power Beries 1n m smell parameter A
T
= + + (11.57)
H Ha+ ;\H| 1 Hl

Angle-action variables fwﬁ, JO] gre abtained for the unperturbed

Hamiltonian HD'

The generating functlon S for transformation to new angle-

aotion variables {w,J) 13 expanded in A @

L
S=Sa1—13\+’}‘gz+"' ‘ (17.58)
Finally the new Hamiltonian K{J) 18 expanded in A

K = K,,"’}\K'."';CK";‘_'”_ {I1.59)

These power series are now substituted inte the Hamilton-Jacobi egquation

Hiwt, T ) = K(J3) (11.60)

and the result is separated by powers of A 1into an infinite set of
equations which are egquivalent to the original H=J eguation (II.60).

The flrat eguation is aimply the zero-grder approximation

Hd(J') = K (JT) | (11.61)
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A1l higher orders n mre of the form

oHo S, _
% 4Jp aw; - K‘n( J) - @h (11.62}

whera gij“ 1s a funetien of wD and .J.

The set of equatlone 12 solved successlvely. The procedure
involves expanding the Hamiltonlen terms HrI in 8 Fourier series with
known coefficients, and expanding the generstling function Sn in a
Fourler series with coefficients to be determined. The Fourjer ex-
penaions are substituted into the equation to be solved, end the unknown
Fourier poefficients for En are found by comparing terms. The Tunction

ii£‘1 depends only on resulta from previous steges.

While Born's procedure conalsts in aclving a perturbaticn ex-
pansion order by order, Miller's method attempte to carry out the trans-
formation to infinite order directly by seeking to sclve the problem

exactly by numerical methods. Miller writes the original Hamiltoolen as
ﬂ’1

H{x Y= — + V,(x) + v“‘ﬁ (I1.63)
} ;,ﬁ.

where [(x, p] = {xi, pi] i =1, f are Cartesian coordinatea and momenta,
and { i8 the number of degrees of freedeom. The unperturbed potential
Vﬂfx} is separsble, Miller then transforms to angle-mction variables
fgq, n) for the unperturbed motion, For the harmonic case,

= w- ' w; (n, + 7
HE“} {“+A)EZ:,_' A MED (T1.64)
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He then writea the H-J equation for transforming from (g, n) to angle-

action varlables of the complete Hamiltonien:

}
Ew) = H(aFr%’H) v { ‘BE%{@)

{I1.65)

where F 12 n type-? genereting functlon and the Hemiltonien E{H) is the
energy. Miller then notes that the zero-crder tranaformation would be
an ldentity trenaformetion, and therefore chooses to wrlte the generating

functisn F in terms of en identity generator plus a generating functien &
- N)
F{EJN) 4 N + O (EJ | (11.66)

With this change, the H-J eguation becomes with Hn taken to be a harmonic

ocillator Hamiltonien:

EN)y = wine )+ w 3&(g,N) +V(3 N+ M)) (11.67)
2% ‘ s/

Miller requires that G be a periodic function of . This follows by

asauming that the wevefunction can be expressed In the WKB approximation
1
'";)N{f,}f-'- <gIN> ~ "'—“’?I X Ffs,m] (11.68)

and requiring that the wavefunction te single-valued, Therefore G ran

be written as

ot iR
Gfslnu - 1% Bke 4 (11.69)
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where the prime indicates that the constent term is omitted from the

aum.

With the next step, Miller departs from Born's method. The

Fourler expansion for G 1s substituted into the H-J equation {II.6T),

-1k:q

and then the equation is multiplied by e , and lotegrated over g.

This results is an integral equation eguivalent to the H-J eguation,

E(N) Sk; w-(N+/h) 8, .~ k) By

an . {I11.70)

-§ ' ,
v i &My (g nogie B
a hf *

For k # 0, this eguation yields a set of coupled integral equations

for the unknown Fourier coefficients B

e
_f- a1 ";k‘ ’ -kf
BR" i—% gdg e gV(g\N“%h'E‘ EBE) (IT.71)
A .

For k = 0, the energy is given in terms of the B
Fr
E(u\ - m.(ﬂ;h] "(;]’) EdGV(SIH—E,H e
¥

k:

iRy
6*') {11.72)
Milier solves (II.71) for the Fourler coefflcients using a
numerical recursive iteration which Involver eyaluating the Fourier
integral on a grid of points. He states that after one iteratlion his
result agrees with Born's first order result, btut that after that the

methods are not eguivalent.,
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In summary, the method of Chapman, Garrett and Miller, 18 to
transform directly to the proper angle-sction variables for the romplete
Hamiltonlan by numerically solving a set of coupled integrel egquations
which are eguivalent to the Hamilton-Jacobi equmtion. {An application
of the method of Miller, et al. appears in 2c.)

It should be pointed out thet the methods of Born and of Miller,
et al, are bound to be divergent. The source of the divergence is due
al. leazt in part to the famous problem from astronomieal perturbation
theory known as the small divisor difficultr.lﬂc A manifestatlon of the
problem, for the case of a harmotile unperturbed Hamiltonlan can be seen
by inapecting eqn. (II.71)., The denrominator conteins the factor
%: “ﬁki = w-k. If the frequencies of the unperturbed mction are related
by the retio of integers {commensursbility condition} then the denomine-
tor for some terms will vanizh. Warse yet, even if the unperturbed
frequency-ratics are irrational, since these numbers can be approximated
to an arbltrary degree by rational numbers, a sufficlent nuwmber of de=-
nomlinators will come arbitrarily close to zero to ensure the dlvergence
of the sum. Born's method also suffers from the small divisor difficuity.

Another aspect of the divergence of both Born's and Miller's
method is that they are bound to fail for multidimensional ayetems
which poseess a dense pet of "ergodic" orbits embedded among the quasi-
rerliodie orblts., The reason is that the convergence of these methoda

would jmply that the motlon metuslly was purely guesiperiocdle. Far such

cases these methods would therefore be predicting behavior which violated
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the true behavior of the system. Therefore the methods must be diver-
gent In general,

The fact that the methods described here willl diverge does
not prevent them from predieting accurate energy levels. The key ins
to truncate the aerles calculated. These methods show & sort of falae
convergence such that if the series in them sre truncated, they are

still able to seccurately caleulate physically correct results.

. Guantizetion for Irreguler Clasaical Orbits

The only worker who has serloyaly Investigated gqueptum states

3 and

corresponding to irregular classicel orblte ia M. O. Gutazwiller,
the methods he has developed are entirely different {rom those discussed
ahoye, He sugpgests that preogrees cen be made more eansily by atudying
gemiclassical approximations to the OGreen's function instead of the in-
dividual atatea, The Green's function G{g, gq'; E} is in semiclassical

approximation related to the metlion integral evalusted on & ¢lassieal

path of epnergy E from g to gq':

Qe €y T AL |13k ]
E;::LI;A] (I1.73}

He shows that the "response function"

qe) = {6e,g58)dg (e
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1z determined primarily by the periodie orbits, and that it implieltly
contains the entlre energy spectrum,

|

S(E] = é(E‘Eﬂj | (TI.75)

This does not say that individual quantum states are asscciated with
Individual pericdic orbita, but only that the set of all periediec orbits
containg information sufficient to determine spproximately the set of
quantum states.

The methodz developed by Gutzwlller sre not easy to implement,
because of the difficulty of determining r sufficlentiy large zet of
periodic orbite, He carried out one {widely misunderstood) ealculmtion
on an anlsctropic Kepler problem, but the results muat be regarded ns
preliminary, and work on this problem is continuing.

Ho other methods have yet been proposed for this diffTicult

problem.

d, Calculation of Invariant Torolds

We have discussed earller the hypotheses advanced by Percival
on the general nature of vibrational spectra. Besldes this, Perciwval
end Pumphreyha‘b have suggeated seversl methods for computling elgenw
values of A regular apectrum, Two slgnificant general features of their
methods are: 1) they can all be derived from a very general classical
variational principle which is somewhat analogous to the standard guan-

tum variational prineciple; 2) they deliberately avold the calculation
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of generating functions which mey be complicated mutiple-valued fune-
tichs, and instesed calculate the invariant toroids directly.

One of thelr proposed methpda is as follows, Let us write
the vector eguatione of motlon for & two-dimensionel gscilletor in the

form

LAY

g = ng) (I1.76)

with F{'Ii:l consieting of Poth llnesr and non-linear terms,

anh

Fe3 = _i:,; + F o £ (TT.77)

How 4T el ,g‘_ are the two mngles that represent the position on
the toroid, then the mapplng from the forms into econfigurstion space

-Et{ 9, 5 911 can be expanded in a Fourier series as
; L
26,0 =3, ¢, (5.6+36) (11.78)
s s, '@
Since sach £ veriee linear with time,

&, = "‘-’it + 5r‘. (I1.79)

When the expansion (II.TB} is applied to the equation of motion {II.76)

we obtain a Bet of non-linear onlgebraie squations faor the coefflelents

qﬂlﬂ2 and the frequencies ), , @,
. wh
[1‘ = (‘5.*1-;), + S;MJ:_‘] ] x:,‘ll:: F;r,.st (I1.80)
anh

®
[1;'- (s, + 5w, Y ] )"5,5: F;s.s
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where

o L —on
= (aur)N gtx?[-i(stﬁgiﬁ,\] F(%fﬁ,,ﬁ,.)) dengl

The only remeining problew i the solution to theee algebraic
equations {II.80); Percivel and Pomphrey suggest several iteratlve methods

for acecmpllshinog thia, All of the ltermtive methods begin from the

solution to the harmonlc problem;

B
S=l S,=0 = A w K, avbileary
= = t lfblffﬂf
R . Y
In carrying cut the lteration, certain verisbles can be specifled ar-

bitrarily. In the aimplert method, we may hold Xi5 and Hﬂl fixed through-

out every step:; then the fregquencies and coefficients In each step are

glven by
. anh
wl i ?‘F - Elﬂ /xfﬂ
R Mh

1
11
™
r—
>
{
-

£
.t.,
%
T
| N
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Alternately, we may hold the frequencles fixed throughout every step,
or, for quantizatlion purposea, hold the mction vearlables fixed at half-
integers through every step. {This last method requires the relation-
ship between the mapping gqf éh . E}L] and the values of the action
variables,)

It would be expected that some of these {teration methods
would diverge 1in general, because of the presence of Irregular motion;
pome howevar may show a useful false convergence, and Percivel also aue-
gests that the convergent iteration scheme of Arnold may even be applied.

Accurate resultes for some simple model systems have bheen obftained.



IIT1. THE BIRKHOFF-GUSTAVSON NORMAL FORM

In this chapter we describe a method of treating nonseparsble

U end later

classical sysatema which was originally developed by Birkhoff
extended by Gustavﬂon.a Thilz method forms the central feature of our
semiclassical guantizetlon prescription since it provides the means of
golving for the classical motion in preparation to applying the semi-
classzical quantization conditions. Bilirkhaff's method provides a pro-
cedure to trenaform the original nonseparable oscillator Hamiltonlan
into & normal form (to be defined presently} via a successicn of
cancnical transformations. This oormal form conaista of B power
gerles In one-dimenaional harmonic oscillimtor Hemiltonlana, Because
of the partlicular gimplicity of this flnal form, the Hamiltonlan can
be easlly quantized, as we will diacuss in the next chapter. But firset,
let us examine the purely classical aspects - the generation of the
normal form.

The result ocbtained by Blrkhoff is thet, glven s Hamiltoanlan
Il which can be written ms s formml power series wlthout constant or
linear terms, and such that the quadratic terms may be written as s sum
of uncoupled harmonic oscilletor terme with incommensurable frequencies,
then there exlsts & Tormal real canonical transformation generated
by & power series, such that H iz transformed into s Hamiltonlan which

is & power serles In cne-dimensional uncoupled harmonic osciliater

Hamiltoniens, 1.e.

A8
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T T L
H— F(E,*fl. N ,E;M) (IIT.1)

where glt are canonical coordinates, r{\k are canonical momenta, and

[7 1s & formal pover series in Sifffh. . (The constant term cemn
Aalways be eliminated by shifting the zero of energy. Linear terms can
be eliminated in & nondisaipative system, The guedratic terms must be
poeitive definite in order to be written as harmonle ogclllator terms.
Formal power geries are considered 1n order to avoid convergence consid-
erations.] If the series ["' were to converge, the new equations could
be easily integrated, and the transformation to angle-action varlables
would be straightforward. {This i rarried cut in an example later in
this chapter.) Since the motion could be expressed 1n terms of angle-
action varisblea, n independent leclating integrals would exlst, and the
original ecoordinetes and momenta could be written as guaslperiodic
functions,

23,100 has shown that Blrkhoff's normal

Unfortunately, Siegel
form diverges in general. That this should be 3o follows from the he-
havior of nonseparable systems of osclllators, as discussed in Chap. 1I,
For cases in which irregular orbits can be found arbitrarily close to
quasipericodic orbits, the motlon cannot be described continucusly over
a range of energies in terms of purely guasipericdic solutions. But
thie 1s exactly what a convergent normal form would imply, since angle-

10
action veriables could be consztructed, As diecussed by Moser, v the
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numericel 4ifficulty which is responaible for the divergence of the
normal form is the small divisor problem of celesatlal perturbation theory,
which was mentiloned earlier. (It may be pointed out that according to

a result by Hﬁssman,zh‘IOb

Birkhof{'a normal form will converge for
quesiperiodic systems, such as completely separable systems for example. )

Birkhoff's method was applied by Gugtavscon In order to cbtain
power gerles expressions for isolating integrals, and to analytically
prediet the Poincaré surfaces of section which Hfnon and Heiles obtained.
Since the potential treated had commensureble frequencies (equal, in
fact), Gustaveson had to modify Birkhoff's method somewhat, in order to
obtain & kind of normal form. However, the 1sclating integrals which
Gustavson derived were sBuccessful in reproducing the Poincaré surfaces
of gection of the H & M system, at least for the guasziperlodic cases.
As expected, the method falled to prediet the "random" scatter of pointa
on the surface of section, which correspond to irregular orbits,

The procedure for transforming to Blrkhoff's normal form will

be deseribed here in detall lor completeness sake, although 1t i3 an

easentially unmodified form of the procedure presented in Gustavson's

B
paper.

Trensformaticon to Normal Form

Let uB coneider & system described by a Hamliltoniaen

(@) )
Hupy = H o cwvy « Hotw vy + o
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{8)

which is & power series In coordinatees u and moments v. H 12 taken

to be a homogeneous polynomlal of degres s,

(s) i)
H(u‘v) = 2. QU v
'ii-j:i
Lizo
(2)

For systems in which H is positive definlte (i.e. cases for which

Hi::-'}:J represent2 & harmonic oscillator) then there exists a canonical

(2)

transformatlion {u,v) —» {g,p) which trensforms H into the form

iz) "

Hig.p = > ‘i:h (8:* ﬁ?:) _ (11I.2}

Following Custavson, we now define & normal form. Let H{q,p)

(

bte 2 Hamiltonian with H E}M*p} as glven in Eq. III.2. Then we Bay

that Hi{q,p) is in normn] form if DH(g,p) = 0, vhere

D=_hz'wh(gk§__fk§_) {III.3)
- P TS
(2}

Thiz 18 equivalent to requiring that the Polseon bracket of H with

I vaniah, since D {3 given by

(2)
D'—'—"‘T_H ) ] , (III.L)
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{The minus sign is lncluded here to be consistent with the quantity he
calls D; apparently his equation 2.% should also have this minus sign.)

Using this definiticen for the normal form, we will now trent
the two dimensional case which we studied. In this rase HIE} 1s the
oenly nohizerc addition to the unperturbed Hamiltonlan. However, the
method can ke applied to cases in which the criginel Hamiltonian is a
power serles truncated st any deaired degres,

The Hamiltonian which we studied is given by

Ho= L (pha ?:- . m}ﬁum:’g:) + A 31(3:1:13:)

. {111.5)
_ HH PRTLY

{2}

where p is momentum, and g is coordinate. The unperturbed part H of

the Hamiltonian describes two uncoupled harmonic oscillators, while the

(3}

perturbed part H intreduces 8 non-lineer coupling. {This ia the same

la,b

Hamiltonian studied by Marcus, =t al. and Miller, et nl.Eaj

The second degree terms H(E1'| can he brought ioto Birkhoff's

hormel form by the treosformation

14
b “y B

{1II.56)
Q™ “n Bk
giving
{z) z z .2
H =31 (? + 2 ) w
k=1 - k ke k (III.7)
(3 A %
= 2 An 3
f* Ld;ﬂﬂ:ﬁ g} gi L :;1& 3]

1
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Thia Hamiltonian {(I1I.7} can now be transformed to normal form by =
sequence of canonical trensformations. Each transformation is defined

by mesns of & type-2 generating function ‘FP such that

{3)

E(Eg) = %Bkggw (E %) (111.8)

where P sere the new canonlecal moments and where the properties of W{S}
will be deaseribed presently. {Where the abbreviated notation P,Q,p, or
g 18 uged, i1t should be clenr that P means Pl‘ e vy Pn. ete.)] The
firat term on the right hand side of (TII.8) {3 an identity generator;
its purpose will be to leave the terms which are already in normel form
unchanged. The traneformatlion equatlons which result are
(s)
Q'—‘gf‘g—\i (III.9a)
at e

P = P+t {I1I.9b)
H'-'Plg‘i = r'ff,Gl) (ITT.9¢)

vhere § 15 the coordinate canconleally econjugate to F, and where f1 ia
the Hamiltonian in the new coordinates. Pegloning with 8 = 3, the trans-
formaticns sequentinslly normalize the terma of degree s in the Hamlitonian.

5
Az we will ahow, thiz can be achieved by taking HE ) ta e a homogeneous

polynomnial of degree =.
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Following the ususl procedure of Appendix I for obtalning an

equetion for W[B}, we pubstitute [III.%,b) ints (IIT.%9:} to obtain

(%) )
H(E*%l; ,8)= P(F,B*%g*) (111.10}

Following Custavaon, 1f we expand H and P in a Taylor series sbout
F and q, &nd then collect and eguate all terms of equal degree, the

following set of eguations, eguivelent to {IIT.10} reaults:

(1) () .
H (B¢} = T'Ce ) 1<3 (III.11a)

(s} (s) _
D'W’(fg‘,i = \_I(P.?J*Hfft‘ tx3 {IT1.11n)

] ; (&) .
My ~ Ht{‘Pﬁ)+Z'. [(a';)l‘;f:' (_!5)1 ] i>5

{IIT.11c)

,{-Ijq‘q-ljt{:-!)-‘i
| & 1§l « & <1
L2 323

where J! = Jll‘jel' In theee equatione

H(ﬂ(Plz'ﬁ - ‘.{m[h%;\ {TI1.12)
g=F
and u
l'_'(fg”u - l_'(EQ)l
Ol
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g9 ariges rfrom the Teylor expansion. Thus HEI}{P,q} effectively means
(1} i i
H'"'(p,a) with p replaced by P and f{Pyimesns T(EQ) with Q replaced by q.
In equation (ITII.11b}, the operater D is given by egn. (IIT.3).
Equation (1II.llm)shows that the transfarmation of degree s
leavers lower degree terma unaffected, {ITI.11b} iz the equatlon to be

(=)

aolved for W ., and when thisz iz done, fI1T.11e) givea the higher

degree terms 1o the new Hamiltonien., [(For an example which may clarify

the concise but somewhat opeque notlon of eqn. IIT.11le, Eee Appendix Iv.)

(5)

In order to scilve equation {IIT.11b} for W , we temporarily

meke & transformation to wariables in which D is dlagonel: deflne

¥ _
Eh= ] (ﬂk"' 1 §k> (1I1.13a)
g, =1 a (Vtk'- L §k) _ (1IT.13b)

Under thie transformation, 0 - B where

B = -n. 9.
D(n.;p 1%wh(5h%h r{k-)’lg . {IIT.1k}

It followe by lnspection that functlone of the form
£

d
are elgenfunctieona of D with elgenvalues

‘tl fl. -, ™Mo
-ﬂ;h.ﬁiﬁﬂ' " gt ?.. (1T1.15)
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1 i: ‘ijk (qVﬂhL-ai?h)
k

i.e
) = [i8 o m-20]
(ﬁilf;w.m'_[ k LI @*‘uf:"l"'*;_ {III.16n)
Consequently
o RRAAL RS 1]-' %
= 1 -
D é‘ﬂ'f'-“i“:. . k> TR 2 2 mom, {II1.16b}

Under the transformaticn discugsed here, eqn. {III.1lb]) becames

e w8 (3] --u{i]

DW = [" - # . {1T1.17)

E L
This equation may now be solved for H{ ) gperating with D 1 on both sldes

;j{!} B ,\,-1{ I_,..:'m’ ,.H...f.s]]

= D (IIT.18)
~ (8
ﬁ{E} iz & known funetion. But so far, rﬂ has been un-
"‘"{ﬂ ""{E.‘r:l
gpecified. r is now detertiined from the requlrement. that W be

e 15)

finlte., {Clearly, M must be chosen ae a8 to exactly cancel any terms
in ﬁEEJ which would glve & vanlghlng denominator in egn. (III.16b)., Sao
long aa the freqguencies are Ilncommensurable, the only terms that must

e 18]
appear in 1_1 are thoae for which m, = 'E'k for all k; those terms are
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" T

(3 (8] = [stean] seta] T

(I71.19)

L
Such terms are celled nuell space terms (because D operating on them glves

6 null result). The remaining terms are celled range apace terms.

w(g) ﬁ(s)
Therefore, if 1 ls separated into null space terms and range
gpace terms ﬁ{E},

.n--{’} HIS} m(ﬁ}

H = N+

(1TI.20)
s (%) ()
and 1f we require to cancel the null space terms in H'®', egn. (III.18)
resgults in:
{s) {s)

[T = N (1IT.21a)

W = St[_ 'ﬁ(‘?J | (III.21b)

B )
Having cobtalned ™ ana W , W& can use the inverse equations to
{3 o r_;i)
eqn. {IIT.13) to obtein [' ana wi®) will be compased only

of termz such a& in egn. {I11.19) (as mentioned, provided that the fre-
quenciesa bdl were incommensurable.) Note that arbitrary null space
terma could be added to W, but following Gustavson we omit such terms,

The above method for congtructing the normal form aimultanecusly satisfies
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our definition of e normal form (parsgraph conteining eqn, 111.3), mnd
(3]

gerves to eliminete exactly those terms in H which would cause di-

vergence of the equetion for H[E} {eqn. ITII.1A).

How that degrei-s terms In the Hamil<onien have been trensformed
into the normal form r1ﬁt H{S} must be used in eqn. {III.1le} to cal-
culate higher degree terms in the new Hemiltonien. The processa can then
be repegted to normalize terms of degree 3 + 1. It will te found that
the normal form will contaln only terms of even degree,

Az an example, the pormal form obtalined through degree four

terma for the Hamiltonlan {III.5), with

w = 1.3 A ==-0

w1= af? ft = ﬂ',l

is given by:

= %[Ls(eﬂaf} v o7 (2 Q1) ]
~Lserrsed [5(ehay T
) |.n13}23”51 [%(E:.qf)( gpg’: }] 1111.23)
- S8a99%15° [5 (£ O})]

Onee the tranaformation to Birkhoff'a normal form is made, the

harmonle osclllator terme cen be tranzformed to ectlon variables vim the

canonical transformation

T
£h= 7 CQos atwy, (11T.2ha)
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Q = Tk sia 2T W (I11.24b)
k > h

which results in
y L T Jh
> ( P,l" Qh) =z (111.25)

For the example Just glven, the normel form {eqn. III.23} be-

comes [through terms of degree four in [(Q,P}}:

[ = l.a(;%-,'.l+n,'?[.£3

T
- Lsergsxss? (Jn)

(ITI.26}
-1
=~ LoadVxie | 1'_;—1%-)
. g, 3t
~ & gorernrw { ;':,.',.]
As Chap. IT1 showed, once the classicel motion is expres: 3 terms of

actlon variables, semiclessieal gquantization 13 stralghtforward. This
ie carried cut in the next chapter. Howewver, we muet first deal with
commengurable frequencleg and their effeet on the pormal form.

So far, it hma been assumed that the frequencies W, sere
incommensurable. To see whet must be done In the commensurable cnse,

consider the followlng: Assune that t_.uI= 2“‘"1-' Conglder EQH{III.IEEJ

F 3
for (I)mn: "%,

] s
D.\l?: = [m' (-} + '-‘-’1(1)] 'l"f.l_ (1II.27)
= 0 '

ol
L
Therefore ﬁ " g would diverge.
U
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In order to avoid thils cecurence, t i must be chosen to

cancel such additional termsz in H{E} for the commensursble case, Aslide

from this change, the procedure is identical to that for the Income

menaurable caae.

The Hamiltonian which we treated 15 glven by
* 1 5 1 x L3 1
He 5 (O )+ 5080~ 2, (3,448,) ames
vhere A = J.oons

= -7

(Recsll that this is the same cmae as treated by Noid and Mareuslc

{Chap. II),} If the normal form is constructed, then through degree L

terms, the feollowlng result 1s found:
= LLP%aYY « (Bae O]

~ssom 15t (L (BT

14.1667 x 15[ S(E0 OB Q)] (111.29)

5083« et (5L o))"

-3 645915 [ (BP+0 )%~ (2,Q,-Q PJ'] _
Comparison with eqn. (I1I1.23) for an incommensureble case shows that
cross terms have entered for the commensurable case,

We now wish to expresas this normal form in terms of sngle-

action variables. If the transformation eqns. [II1I1.24) ere appllied to

this normal form, noting that
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EIPJQlQ‘ = Aos [JT(W,‘WI)] (TII.30)

P:GI'Q:E. = Sim [aw {ul-u-:)] (£17.31)

then the followine result is obtalned:

e (3R
- T,
-s.a0t3 0 { i)

- 5 J
+ 4. 1067 x jo¥ ( ;'?'L) {111.32)
=& Tyt
- §.aegaxio ('ﬁ.)

-3.6459%15 " (Z5) cos [47 (w00,)]

It can ke Been that while the unperturbed terms depend only on the J's,
the higher degree terms depend on the w's., Therefore eqns, I7T.24 do
not result in a transformation to angle-saction veriebles., However, the

additiocnal cenonleal transformatlion given by

Jz='li.(I*J,) W, * {“‘*UG
, {T17.33)
infJ'—J"} w, = (w-w)

will yield a form which is eyelic in w {i.e. w dees not eppear). Tt
folliows that the canonically conjugate momentum J is constant. This
two-atep proceas can be carried out in one atep ualng the canonicsal

transformatlon
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- I;:’F Cos [;11- { 2ar + 1...1"}] (ITI.3ka)

Q,= | J_E_:J‘ Sin {.ur {(wtuw) ] (111 2b)
- ,

Efﬁ:f cor [_ar(w-w' J] (11, %he)

OI‘ :!-J;T‘FT’ Sin I-‘I'IT { wr- 141',)]

{TII.3b4d)
It will be found that all orders of the normal forwm will Be cyelie in
the varishle % . The complete result, through degree 8 terms for the

case which we treated is shown In =qn. (I1I1.3%5}

{2} h
= ar (I1I.35a)
{4} 4 . '
- - _E”f::m (IE*J‘)EES{?'H'W}
-1%53;:&*\}_1 ?JM:MJ"LJJ-I- (1II.35b)
_"f.l."'-__ - ___T
(&) >
- 47X 7 a )
X r? ( T-JT )ceos (3mw)
(IIT.35e)

Y {
* Lrs—,ﬁ:ﬂ (TT-7T ) cos( Brw)

&

—— 3150 !’ﬂ- 3 f_ Ij?ﬁ. f&r 2
S L) A N
A -? ft' .—s'- '3
+ H7xi07 oy S AT

™5
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{l ': x F] r
r’L i-%%’- (I=-a7)" cos {16 w’)

- ,
gL LU SAPPEINE § Vo
1

-7
Faxig A _s2 ’
*:—-,T—i—;— JJ cos{grwh)

-7
“-J‘.J‘-xﬂi I'+ F
ema— J  eos (R W)

7
+ LRI 3 '3 ’
LI (T3-T77) cas { €rw) 111 30

-7
— .59 xjo < _1
B Za J T
.
~- 2. +3
_9-’.1!.11 7
e

+ t68up’ J.f'"

v?r.-!-

m
where [ ' corresponds to terms of degree 2 in [(P,Q) ete,

We can show that J is an action varliable by notlng that

égfhdat = J {111.36)

where the phage integral is evaluated over & path in {Q,P) - spece
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generated by letting w Increase by unity (bringing @,P through one cycle)

while holding [J',w') fixed. Thias follows by observing that

'-“Qa = %‘f Cos [ar [ 1+ w"j_] (.rn-du')

dQ, = 1}2';_1 ca;[.-rr (w-w) ] (ardw)

{II1.37)

and by replaclng P_, PE by expressions given in eqn. III,3La,c.

However, J' is not an action variable, since w' appemara in the
Hemiltonian. We therefore see that for the commensurable case we have
fiot been sble to convert the normal form analytlcelly into angle—action
variablea. Neverthelesa we have made an important accomplishment by
transforming one palr of the variables lnto angle-action form. In 30
dolng, we heave effectivaly reduced " toca Blngle degree of freedom,
aince the action J can be regarded as a fixed parameter, This will
ellow us to guantize J dlrectly, and satiafy the other quantization
condition by numerlcenlly quantlzing a one-dimensional phrae Integral.

There is cne edditionel note in regard to generating the
normal form, Although the method is stralghtforward in principle, even
for a relstively simple Hamiltonlan the slgebraic menipulatione involved
can rapidly get out of hand., (For example, expanded through Bth degree,
the many higher order terms of the Hamiltonlan generated whlle constructing
the normal form lead to Intermediste forms for the Hamlltonisn conteining
almost five hundred terms.) We found it most convenient to carry out

25

the sequence of canonleal transformatlions usling MACSYMA, & romputer
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language that permits mnalyticel calculations. The calculation of the
normal form for the incommensurable case required leas than M minutes
CFU time on s PDP 10 when done using single precision, and 2k minutes
CPU time when done using extended precision, Calculationz for the
commensurable case took slightly more CPU time.

In thils chapter we hove defined Birkhoff's normal form, shown
how it is genersted, snd demonatreted that it can be used to express
the clessical motion in terms of angle-action veriables, This procegs
completes the first (and more difficult) atep in the semiclassical
quentization prescription. The next chapter shows the pesults which
we have obteined by gquentizing the angle-action form of Birkhoff's

normal form,



I¥, QUANTIZING THE NORMAL FORM

In this chapter we wlll show the regulte gbtained by quantizing
Birkhotf's normal form., Thia method of semlclaszical quantlzation pra-
vides the energy spectrum in the form of a power series in the guantum
numbers.

Guantizing the 1ncommensureble casge 1 most stralightforward.
Since the normal form can be expressed entirely 1n terms of action
varighles, we merely have to replace those action variables by an ap-
propriate multiple of h (half- or full-integral quantization). The
result will be a power series In the gquantum numbers whlch provides an
energy velue for all quantum levels.

The ccmmensurable ceee Is much leas atrelghtforwerd to quantize.
Since we have been able to expresa the noermal form In terms of
one action wvardable, we cen agaln quantize that action variable by re-
placing it by the appropriate multiple of h. As will be discussed shartly,
the zecond quantiun condition 12 provided by numerically eveluating and
quantizing s phase integral.

Agaln it should be borne 1n mind that we are ifgnoring the full
complexity of clamgsiecal motion (i.e. the "ergodiec" trajectories embedded
ameng the guasiperiodic trajectories). Humerically speaking, we are
lgnoring the fact that the normal form does not converge., HNeverthelegrs,
by trunesating the normal form, we mre able to obtaln remarkesble ngree

ment with quantum mecheniecs, mg this chapter will show,

85
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A, The Incommensurable Case

liow that we have obtained the normal form, and can express it
in terms of actlon variables, quantizetion |8 straightforward for the In-

commensurable case, We merely have to make the following replacemsnt:

SR — 5{; ~ (gt Ak (1v.1)

where e la an integer, and is referred to a3 the quantum number.

Notice that half-integre]l gquantieation has been chagen here,

Reference to eqns. III.24a,b shows that Jk ig glven by

Jx = ‘?Euko (1v.2)

{no sum)

where the phese lntegral is evaluated ocver a path generated by allowing

the angle vgriable w, to increase by unity [bringing Qk, Pk through one

k

cyele) while holding w, , {k" # k) constant. In {Q,P}-space, the re-

kl
sultant path will have two turning points {zeros of PQ, and Qk' and
Pk' {k' # k} may vary, but must return to their origlnal values wilithout

passing through a full eycle [otherwlse w

! would heve increased by

unity). Half-integral gquantization therefore follows, Also in the
wiperturbed limlt, the aormal Form slmply describee two uncoupled har-
monic oacillators, for which helf-integral guesntization ls correct.
The quantization for the perturbed case therefore reduces unchanged to

the correct quantlization Iln the unperturbed limit.
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I will now speciallize to the case which we treated. For the

Hamiltonian (I11.5), with parametera

w = 1.3 l:‘ﬂ.l

1))

&

the quantized nermal form 1s {up to harmonic cecillator termg of degree 8y,

(M Ung + 3, (0, « 246) = 1300, + 5 ¢ 0.7, + 1)

1
1.2

- o015 4185 {n2 + 3
1 1

- .0102 3323 {n, + J}n, + 3}
- .0058 0199 (n, + 3)
- L0000 1092 {n., + =
- .D00L 7719 (n. + S)in, + %J
- .0oo2 7327 (n, + 3
- .0000 8625 (n, + =
- .0000 0013 (n, + 3
- .0000 0529 [n, + %}{nz ¢ L
- .0000 1183 (n, + L%n, +
- .0000 1071 (n, + 3} (n, +

- 0000 0229 {n, + = f1v.3)

where #i = 1 here.
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Tahle IV.l compares the energy levels predlcted by our method
against quantum mechanlecal values calculated with a 30 x 30 (900 function)

harmonlc oaciliator basis set. Two percentage errors are listed. The

first, A Ere]' 1s the percent error of the correction te the unperturbed
- E
energy {i.e. AE = EIMJ Thie error parameter 1= a useful
rel ED - EQM

megpsure of the improvement thet s semiclassical caleuletlon glves over e
zeroth order approximation which treats the sygatem as 8 g2t of uncoupled

harmonie oscillatorz. The second, A Eabﬂ’ is the percent error of the

Exnr ~ Eou
= J. As shown, A E i less than 2%
EQH rel

through level 42, and less than ebout 7% over the entire spectrum, A 2

energy value (A Eal:-a
is less than about .0B% through level L2, and less than about .5% over
the entire spectrum.

It will be seen that the abaolute error of the semiclassical
value is comparable to the spacing between levels for states near the
SSCAPE energy I[li:ef_m = 11.5). For this resson, the correspondence between
gemiclasalcal energy wvalues and quentum mechanlcal values ls uneertain

for some of the higher energy levels. Stetes have been matched in order

af sacending ensrgy in the tmeble.
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Table I¥.l. Energy Levels for an Incommensursble Case,

n o 0N EEE;F Eéﬁ} Eéc} ﬂEiii ﬂEiﬁi
1 0 0 L9955 .9955 1.0000 0% 0%

o 0 1 1.6870 1.6870 1.7 0% o) 4

3 1 0 2.2782 2,2781 2.3 5% .00LE
L 0 2 2.3750 2.3750 2.h 0% 0%

5 1 1 2.958L 2.9584 3.0 0% 0%

6 0 3 3.0595 3.0596 3.1 -.2% -.003%
T 2 0 3.5L80 3.5479 3.6 2% .003%
8 1 & 3.63hL8 3.6307 3.7 .o% 0032
9 0 L 3. 7hOb 3. 7LObL 3.8 0% oF
10 2 1 h.2164 h,z2162 L.3 .24 ,005%
11 1 3 L,30T1 L. 3069 L.k 2% L005%
12 0 5 L.4176 L k1T6 h.5 0% 0%
13 3 0 h.Boks h. 8043 h.9 2% LQ0L%
1k 2 2 4, 8803 L. 8799 5.0 . 3% . 0DBY
15 1 L b.9753 L.97Lg 5.1 .3% . 008%
16 0 6 5,0910 5.0909 5.2 1% .002%
17 3 1 5.4601 5.4597 5.6 3% L007%
18 2 3 5.5397 5.5390 5.7 A% .013%
19 1 5 5.6393 5.6385 5.8 5% L01L¥

20 1) T 5. 7605 5.T601 5.9 .35 onT7%
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21
22

°3

25
26
27
o
29
30
EH
32
33
3h
35
36
37
3f
39
Lo
L1
42

EBanr Eqm Eg Be1  AEgpg

£.0LEA 6.0463 6.2 3% .008%
6.1108 6.109% 6.3 5% .015%
6,154k 6.1931 6.4 6% 021 %
6.2089 £.2975 6.5 TR .022%
£.4260 6.4253 6.6 5% .012%
6. 6889 6.6878 6.9 5% L016%
6.756h4 6. 75h6 7.0 1% L02TR
6.8443 6,8419 7.1 .9% 035%
6.9540 £.9515 T.2 1.0% .036%
T.0873 T.0861 T.3 BF 017
T.2TL42 T.2730 T.5 . 5% L01T%
T.3255 T.323L T.6 TR .029%
T. 3967 T.3935 T.7 1.03 LOb3%
T.4851 7.4850 7.8 L.3% .055%
7.60kL T.6003 7.9 1.6% .05h%
T.Thus T.7423 B.0 9% .028%
T.9010 T.8996 8.2 .87 .029%
7.9%64 T.3524 8.3 1.2% .050%
B.0315 8.0259 8.4 1.5% L0T0%
B.1288 B.1220 8.5 1.8% .0BL%
8.2500 8.2435 8.6 1.B% L0T9%
8.3973 8,3939 8.7 1.1% LOL1%



3
L
b5
L6
LT
48
hg
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52
53
Sh
9%
5T
56
58
29
60
61
f2
63
£6
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1z

10
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1h
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1DI

BGNF

185s8
L5235
L5814
L660T
7632
L8o0d
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2001
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. 7038
JThTR2
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9012

L0152
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3285

Eom

84835
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B.5743
B,6513
B, 7524
£ . BAgs
9.0L03
9.093L
9.1305
9,182
9.2689
D.3752
9.5108
9. 6812
9.6762
9.6548
9.7331
9.7932
9. 8776
9.9895
10.1332

10.3161

10.

10,

10.

lﬂl

10.

B o o o

10. 4

14,

10.

10,

14,

=J ™ W

ﬁErEl

TE

2.1%
2.L%
2,5%
1.5%
1.2%
1.7%
2.3%
2.8%
3.2%
3.2¢
2.0%
1.0%

1.8%

3.2%
3.8%
L, 2%
h.1%

91

AE

abs

.060%
L053%
L083%
.109%
.123%
L1167
.D59%
.053%
. 090%
-130%
.163%
.1B0%
L16L%
. 085%
.OLB%E
L0G3%
L1458
L1973
ety
.06%
.23%

.120%
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65
67
6l
69
T0
Tl
T6
12
73
Th
75
1T
T8
[E
80
85
81
B2
83
AL

11

13

15

o Th

10
12
1L
16

EBGHF

10

10

10,

10,

10.

10,

1.

10,

10,

14,

10.

1Q

11

11

11.

11

11.

11

].ll

11.

11.

2760

3023

3489
4183
5121
6326
7819
9627
Bs82
Bksh
8933

Lok3h
L0172

L1166

2h 39

RN
5902°

L4369

LhEO
WTET

5305°

E

QM

10.

10.

10,

10,

10,

14,

2676
2861
3253
3BTT
L7158
5937

LTLE3
.9L39
L8478
L8493
L8657
9053
.9T00
L0612
L1856
. 3LBL
.532hf
‘h129
Lh1s58
Lh3es
Lb703

11i.

11.

11.

12,

1z,

ﬂErel

.T%
B
5%
.3%
0%
5%
R}
4
.9%
.5%
.B%
0%
TR
.6%
2%
1%

5k
9%
1%

o2

abs

091%
.157%
.23%
. 29%
. 357
3TE
. 337
L1T2R
L096%
L1LB%
.25%
.35%
L3k
50T
.52%
LTE

L21%
26T
.35%
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BE. The Commensurable Case

For the commengzursnble cese, we showed in the last chapter that
the normal form can be written in terms of one action variable (J] and =
canonicelly conjugete momentum and coordipate {J',w'). Therefore in order
to quantize the normal form given In eqn III.3% let us bhegin by quantizing

J. A eqn. IILI.36 states

J - ?% Eh ‘JQ& (111.36)

where the path ¢ is defined by letting the sngle variable w {ncrease by
unity, holding w' fixed. 1In thls cese there appears to be no obvious
argument telling how many caustiles such an integration path witl touch,
We therefore Tound 1t necessary to obtaln the correct quantization by
considering a specinl case, and numerically generating an ittegration
path usging eqns. IIX.34, ({This 1llustrates a problem with methods which
do not displsy integration paths; the proper guentization sometimes can
be determined only by actumslly counting the numbher of caustics touched
bty the iptegration path.} The commensurable case which we studied 1s
that described by the Hamiltonian in eqn, III.28, EHRecall that this is
the same commensurable cege ptudied by Nold and Marcua.lc Sinece the
arguments which we must upe %o describe our treatment of this case are
quite intricate, the reader will fipd it helpful to refer to the deserip-

tion of this case which wes presented in Chap. IT.
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Ag discussed there, two cladsea of motlon are found - rotations
and librations. Tor both clagses, for the half-dozen or so plots we
generated numerically, the integration path touched four caustlics.
Keller's quantization prescription therefore requires full integral

quantization.

T =(n+1)h (TV.4)

For an example of the integration path generated, see Fig, IV.la,b. Tt
will be noted that in the unperturbed limit, the normal form agaln rep-
regsents two uncoupled harmenic cscilletors (with egual frequencies in
this case). The correct quantization is half-integral for each oBcilw
lator; however, because the {reguencies mre equal, tha quantization
for each ocsclllator can be directly added, yielding e=qn. IV.h, We
therefore find that the quantization for the perturbed case again re-
duces unchanged to the correct guantization in the unperturbed limit,
S0 far, we have only one quantum condition, and we need &

second. We choose to quantize the phase integral
? .
4_7\]' dw’ = éz‘fﬁl@h (1V.5)
¢’ c’ k

where the path e¢' is defined by sallowing w' to vary over one cyele,
holding w fixed, Tn order to obtain the correct gquantization, we must

determine how many caustiecs the integration path touches,
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Rotation Trajectory

Iv.1l.

Fig.

Path A is genernted by varying w, hoelding w' fized
Fath B is pgpenerated by varying w', holding v fixed



T

Fig. I¥.2. Libretion Trajectory
Path A 18 genersted by verving w, holding «' fixed

FPath B 1e genersted by varylng w', holding w fixed
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In order to do thla, we agaln reszort to conaldering our speclal
cage, and ugse eqns, III.3L in order to generate an integration path in
{Q,P) - sprce m8 w' varles. The process is, however, complicated by the
fact that J' varles with w'. In order to find the dependence of J' on
w', we use the normsl form III.35. If the value of F‘ {(energy} mnd J
are chosen, =qn. II1I1.3% can be golved for J' ss a2 function of w',

Care must be taken at this polnt, Notice that if [@ were
approximated by including termes only through r-l {6}, then a cubie
equation for J' would result; if terma through i (8) were ipncluded,
then & quartrie equation would result, and so on. We expect that as
more terms of | are included, J' will be expressed more sccurately as
a function of w'. But mlso an additional root is introduced for each
addltionel degree we include In (T . Some roots will therefore be
non-physical. Ian order to generate cur integration path in (Q,P)-space,
we mugt be able to select the correct root. We are looking for the roots
whose wvalue we know approximately when only lower degree terms are ipcluded
in fﬂ , and whose accuracy lnereases as we inelude higher degree
terms in ("

It was found by inspection that if terma through M (6) are
included, the roots ta the resulting cuble egquatien for J', a3 a Tunetion
of w', have mn atructure such as that shown In Figures IV.3 and IV.h

{with w = 0},
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Repeats wlth

C) period of 1/b4

e — - . . ._._.. w-—
b
o % A
Flg. 1¥.3. BRoots for a RBotation Case
?
J
L 5"“&-__&__‘____/ o

Repeats with

CD pericd of 1/L

I B I
% o /%

Fig. IV.4, Roots for a Libration Case

It can be seen that for scme values of w' there {3 only one real root
J', while for other w' there are 3 real roots J'. (The root which is
shown as a wavy line in the dlagrams may appear above or Below the closed
loop. )

It was further found by investigation that if terms in
through r‘ (8) are included, then the roots lying on the closed loops
of Figa. IV¥.3 and IV.l only change slightly. The other root may change
conaiderably, and a fourth root 1s alsc introduced since the equatlon

for J' iB now quartic.
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Finally, when trajectorles in {P,Q)-space were generated, and
pointe on those tralectories were transformed inte {(J' ,w'} verisbles,
they were ealways found to lle on the loops shown in Fige. IV.3 and IV.L,
Therefore it was concluded that they were the physically meaningful roots.
The fact that the pogition of the closed loop changed only slightly when

" (8) terms were Iincluded was teken af an Indication that the series
rﬂ hed Talrly good convergence.

One Tinal point wez cbserved: tor the helf-doren or so cases
tested, rotation cazes always transformed onto m loop cehitered on
w' = 1/8 (Fig. IV.3), while libration cases always transformed onto s
loop centered on w' = 0 (Fig, IV.h}. Therefore integration patha in
(Q,Pl-space for retetion cases were genereted by varying w' over a loop
centered on w' = 1/8, while paths for libration cases were generated by
varying w' over s locop centered on w' = Q.

Having determined which root J' was the correct one to choose,
we proceeded to see how many caustlces were touched by the integration
path for the phage integral {IV.5}. 1.e. w' was veried over & c¢ycle, the
corresponding J' was calculated by choosing the correct root of M = E,
and the transformetion equations {(III.3h) were used to generate an inte-
gretion path, This path 1s shown (lebeled as Path B) lying on top of a
trajectory in Flgs. IV.1 mnd IV.2,

Using Mareus's notation, we see by referrineg to Figs., IV.1l and

IV.2 that integrating around & loop centered on w' = 1/8 for a rotation
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cage 13 topolopglically equivalent to caleulsting an r-cycle phase integral.

é‘Irc{w'= ﬁ)ﬂ_dr— = (“r"‘f"i\)h . (1v.6)

relation

Integrating around s loop centered on w' = 0 for a libretion case is

topologleally equivelent to celeulating a # -cycle phase integral

@J}]w’ = (E)P?‘d}' = -'5 ar Lk {1V, 7)

libratiss

{where we have used the same quantizatlion for the 6‘ -zy¥ycle phase In-
tegral as Marcus did, despite the feet that o proper treatment reguires
that tunneling be included - as disrussed earlier). WNotice that in ef-
fect, the integration gquantizes the sresn of the leoops shown in Figa. IV.3

and TV L,
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Let u2 now summarize the results which we have found so far for
the commensurable caze, We have shown that the physically mesningful
integration paths in (J',w')-space are the loops shown in Figs. IV.3 and
IV.4h., Loops centered on w' = 1/8 pap onto rotetion cases in {Q,F)-space,
and loops centered on w' = 0 map onto libration casesa. We have plotted
the integration paths in (Q,P}-space which are generated by the closed
loop paths in (J' ,w'}~-space. Finnlly, we have used this information to
determine an appropriate formula for quentizing the arem of the closed
loops,

With this preparatlon, the gquantizetion process is relatively
stralghtforward. Energy levels must be generated one at a time by numeri-
cally quantizing the phase Iintegral glven in egn. IV.%5. The process is
gimllar to that used by Eastes, Nold, and Marcus (Chap. II), except it
is prestly simplified because we have to satlsfy only one quantum condi-
tlon numerically. The other 13 satisfied analytically by quantizing the
actlion varisble J. Alsoc, they had to numerically integrate the trajec-
tory in order to generate two independent curvilinear surfaces of section
which provided integration paths for the evaluation of two phase inte-
grals., We eliminete the need to generate s tralectory, and we obtein an
integration path for the phase integral by loverting the equation for the
norngl form, yielding J' as a functicon of w', J, and E,

The energy levala were generated using a program written in APL,

The stepa invelved in calculating one energy level are:
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1} =et J by selecting & walue for the quantum number n in eqn. IV.h,

2} guess a value for the energy E (the energy of the unperturbed
level is a good Pflrst guess},

3} ealeulate the phase integral shown In eqn. IV.5 uumerleslly
uging velues for J' provided by inverting the equaetlon for rﬂ '

L} ftermte steps 2) through 4) untll the velue of the phase inte-
gral has converged wilth sufficient precision to the depired walue.
The successive guesses for energy ere made uzing e linear extrapolator,
Two passes tmuat be made initinlly in order to extrapolate. The procesases
converged feirly rapldly for the levels we celcouleted; a total of flve
te Blx peases were regquired for convergence,

Teble IV.2 liste the levels calculated using thls method for the

commensurable casge with Hamiltonismn III.2B (normal form {II1.39)).

le,1f

Comparlson is made with BEmiclassicallE and quuantum levels of Hold

and Marcus. The percentage error § Erel in the correction to the un-—
perturbed energy 1s in general somewhat higher than it wes for the pre-
vious lncommensurable cese, and for certain levels it 1s very large.

However, as lndicated by the percentage error ﬂ.Ei the absclute error

bs®

of theae levels is noe worse on the average than that af other lewvelsg
listed. Comparison with the resulte for the previcus incommensurable
case shows that A Egbs is roughly the same in both cases for the higher
energy levels, but thet & E_  is much lower in the incommensurable
cage for the lower energy levels.

We nlso aee in teble IV.Z2 that the present gemiclessical method

has succeeded in accurately predicting many energy levels well beyond
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the energy of trensition to predominantly lrregular behavlor {Etrans = 9},
These results are relevant to Percival's speculations on the existence
on an irregular epectrum. First, we see that of the 20 levels with
energies between the transition energy { «3.0) and escape energy {13,33)
1T are caleulated with reascnable sccuracy by the Lth degree normal form.

For certain stetes having low values of 1 {for example A = 1,
n=20, nr = L} the present method gives no guantum level, because no
conditicns were found for which the phase integral (IV.5) satisfied the
quantum condition (though in some such cases the quantum conditlon could
be approximately satiafied.) Two possible explenations are: (i) that
this results Trom errors intrinsic in the truncation af the normal form
or (1i] that this results from the use of improper quantization condi-
tiong (the conditions used do not properly account Tor tunneling, which
mey be important for librations.) It should not be suggested that theae
levels belong to the irregular spectrum, becouse they fall into the
pattern established by the regular spectrum.

There remaln ten quantum states '[“q,m = 90-99) for which the in-
terpretation is uncertain. Those are listed 1in order of increesing
energy, and gquantum numbers are tentatively as=signed to them by followling
the pettern of the lower states. (The mssignment of n, =13, £ = 23
to states 90 and 93 and n_ = 12, A = £12 to states 94 and 97 may appear
to violate the non-crossing rule; this i8 not in fact & vleolation,
however, because the ptetes which aveld crossing interchange thelr

character.] We cannot be sure that the assignments given are correct
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{or even that s unigque assignment is posaible), but on the other hand,
we have found oo stetes which definiltely fall cutslde of a regular
pattern.

Let us now compare the methods used for the incommensurable
case, and the commensurable case, In the incommensurable case, the
energy levelz are determined excluzlvely through anelytical methods.

4 single celculation of the normal form supplies a wvalue for all levels,
In the commensurable case, the energy levels are determined partially
through snalytical methods, and partially through oumerical methods.
The calculation of the normal farm is not enough; while ans gquantum
condition 1s supplied analytically, the other must be supplied by guan-
tizing a phase integral numerically. Once the correct root J' is de=
termined, the correct cycle for w' 1s determined, mnd the correct
quantization Is determined, the process of generating the energy spec-

trum is setraightforward.



V. CONCLUSTON

Inn this section, we summaerize the work accomplished here, com-
pare the methoade developed with others thaet are presently svailable, and

consider peoseible extenzions and applicatione of the theary.

A, Eumarg

We have presented s semiclassical method for approximating the
Schrodinger equation, primarily for nonseparable systems. As such, it
involves two Eteps - Aolving the classicnl problem, and quantizing. In
this case, we Bolve the claseleal problem through & sequence of canonlcal
tranaformatione which transform the Hamiltonian into Birkhofi'es normal
form. Twa cagses arlse. Taking the zero order sclution to bhe that of a
system of harmonic oscillators, we flod that if the freguencies of the zero-
order Hamilitonlan are incommensureble, then the normal form cen be writ-
ten aa a sum of products of one=dtimensicnal harmonle cscillaetor
Hamiltonians; if the freguencies of the zero-order Hamiltonisn ere come
mensurable, then sdditisnal terms which cannot be written as products of
cne~dimensional harmonle oscllletor Hamiltonians enter into the normal
form. The normal form 1n the locommensurable c¢ase can be gquantized
analytically to provide a simple formula for all the energy levels. 1In

the commensurable case, one degree of freedom can be quantized

1049
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analytically, and the other is guantlzed numerically by & one-dimensional
phage integraticn. Conseguently, a simple formula for the entire energy
spectrum 15 not obteined, and each energy level must be generated indlivid-
ually; the numerical effort invelvwed in typlcel of opne-dlmenaional WER
methods, though somewhat complicated by the feet that the new Hamiltonlan
r1 i3 not quedratie in the new momentum J'. Desplte the fact that the
method ignores any comsideration of irregular classical motion, it predicts

energy levels in excellent agreement with quantum mechanical calculations.

BE. Comparisonsa

Let us begin by comparing the present method egainet othar recently
developed semiclassical techniques. Mpst of these have been numerical in
natuyre, As surh, they have required thaet the energy levels be generated
one at & time, Thie usually lnvolves m succession of itepatione in order
to generate each level. The present method also requires s successzion of
operations, but they need only be done ohee. After that, the normal form
i3 known and, at lesst in the incommensurable case, the entire energy spec-
trun 15 known., Even in the commensurable cage, the normal form technlque
has advantagea, Although the levels must be calculated individuslly,
fewer guantum conditions must be satisfied numeriecally. This could be =
grest advantege.

If we compare the present method wlth that develeped by Born,

we find thet they have many things in common. Both are semiclassienl.
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Both supply the entire energy apectrum in the form of s simple formula,
and furthermore, that formula Is in the form of e power Zeries in the
gquantum nurbera in both cases,

Born's method 48 not limited to m harmonic cscillator Hemlltonlan
in zero order. But mlthough Birkhoff specifies that his method requires &
hermonle oseillator Namiltonian in zero order, we suspect that the method
could be generalized to include other cholcez - as long as the zero order
case is integreble. For example a Morse ocscillator might be a possible
cholice. The major step in the process of calculating the normal form Ie in
finding & transformation to varlables in which the operator D (egn, IIT.h)
i3 diagonal. This wes possible in cur case because of the special nature
of the zero order Hamiltonian. MNevertheless If thie step is acrompllshed,
perhaps an analogous normal form could be constructed.

Now that we have listed the similarltiea between Born's and the
present methad let us (ist the differences. In effect, the methods do
thinegs in n different arder. Both begin with the original cleesical
variables, but Born first traneforme to angle-actlon variables of the un-
perturbed problem, and then transforms to the proper angle-action wariables
for the perturbed problem via a succession of cancnlcal transformations.

In the present method, we transform {rom the priglnal variables vim 2 suc-
cegelon of canonlical transformations to Birkhoff's normal form. Then we
make n trivial transformation to the engle-actlon wvarisbles of the perturbed
problem.  Having reached the seme point, both methods guantize the actlon

variablea according to the semiclessical quantization prescriptien in
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arder to obtain & power serles In the quantum numbers. Thease steps are
shown schemetically in Flg., V.1. The individual steps in the Buccession
of canonicel transformations are guite different. Born celculates the
generating functien by expending it in s Fourler series and solving for the
coefficlents., In prectlce the Fourier series terminates efter a finite
number of terms, and the coefficients can be found without truncatlion or
approximation,

The principal difference between the methods is in the way the
terms of the power serles are collected., Born's method 1s a true perture
bation method, and as such collects terms by powers of a small parameter.
Our method lnvolves a power series, but terms are callected by powers of
the rnordinates mnd momente. I successive orders in the originel
Hemiltonian are not chosen to be of homogeneous degree 1n the coordinetes
and momenta, then the methods wlll certeinly produce a flnal result which
i summed differently (i.e. the power serieg in the quantum numbers will
not agres between the two methods.)] For the potentials we treated, hoth
methods yleld identleal results In their first correctlon to the unper-
turbed resault, Since Born only liste results through second order, it
1 not known if higher orders mgree:; Born's method is very tedlous to de-
rive to higher order and we have not carried it out any further than
second degree (which he iiste in his hcﬂkEE}.

As for a comparisch with other calculational technlques, such
ae quantum mechanical perturbetion theory, it should be borne in mind

that one of the main motivationa for carrying out the present worlk was to
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produce an efficient means for applying the semlelassicm]l method to non-
aeparable aystems analytically. Az such, the methed i3 one of many tools
which s physlelat has at his disposal, snd 13 not intended to entirely re-
place meny other methods.

It must be expected that In some rases the prezent method will
produce more aceurate answers for a given corder approximetion then quantum
mechenical perturbation theory, but such cages are probsbly not predictable,
Aa for s compariscon of sase of calculation, 1t should be poseible to
program gquantum mechanlical perturbation methods in MACSYMA, but the non-
commutative algebra required will cause calceulations to be much leas
efficient; furthermore, at preaent many powerful computationzl resources
are not readily available in MACSYMA if noncommutative algebrs ie requlred.
It may also be pointed out that in general, semiclassical methods offer
the best opportunity for a physlelst to apply his elmssical intuition In
order to "picture" what Is going on. Such methods therefore complement
the usual quantum mechanlcal methods.

Bince the present method {5 both semlelassical, and perturbational
in nature, it suffers from limitatione impozed by both approximations,
Therefore unlike most semiclasaical methods, it is expected that it will
produce progresslvely less accurate results as the quantum numbers grow,
it should produce the best results at low gquentum numbers becpuse the
unperturbed 1imit is a bharmonie gacillator, apd the harmonie escillator

happens to be pxactly solivable using semlclassical methods.,
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£, Extensiona and Limltations

The extension of these quantizatlion methods to more than two
degrees should be straightforward. The procedure for the lncommenaurable
cagse will be unchanged. As for the commensurable cese, it is bBelieved
that if there is only one independent commensurability condition on the
frequencies of the unperturbed harmonie osclllators, the normal form should
be reduceable to n form which 18 ecyelle in all but one canonical coordinate.
I that can be done, then the final guantum condition can be supplled by
treating the problem as a one-dimensional case, and numerically integrating
and quantizing 8 phase integral, o3 was done ln the commensurable case
treated here,

If there is more than one independent commensurability cenditicn
(say there are s such conditians, where 2 is less than the number of degrees
of freedom T) then it 1z believed that the normal form can be reduced to a
form which 18 eyeclic in all but s canonleal coordinates. This form would
correspond to & noneeparable system of B deprees of freedom. Although in
this way & set of (fwp} actlon variables could be gquantized anelytically,
and the dimengionality of the problem would be reduced, 1t is not clear
that the spectrum of the residusl Hamiltonian could he c¢aleulsted easily.

If 1t were to show gquasipericdic motlon, thett the remainling s action
variables could be calculated and quantized by, for example, the methods

1Th,e hes found casea in which systems with

of Hoid and Marcus, but Ford
two lndependent commensurebliity condlitions appemsr to dlsplay predominantly

ergodlc hehavior at all energles.
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A precticel conslderation in the generation of the Birkhoff
nermal form is the number of terms which & Hamiltonian will contain.
Higher degree terma generated while transforming lower degree terms lnto
normal form will be npnumercua., In general, the part of the Hamiltonian of

degree m, which hes not yet been placed in normal form, will contaln up to

__(_-?-l—w-r),l
G010 =

individual terms (where f = total number of cosrdinates end momenta). In

(V.1)

the cese which we treated {two degrees of freedom, terms through degree 8)
intermedlate forms of the Hamiltonian require that almost five hundred
terms be handled. If the csoleulation s done uslng MACEYMA, then storage
capacity for three five-hundred term polynomisls must be avallable (that
is, Tor the original Hamiltonian, the final Hamiltonian and the generating
function). Tresting three degrees of freedom would generate slx times as
many terms as did two degrees of freedom. If the calculation 1s deone

using extended prediclon for the numerical coefricients, then correspondingly
more core space must be available. We found that single precision rcaleu-
lations wauld fit in the available core space, but that when extendesd
precision calculations were made, core storage capacity wms exceedad, re-
quiring thet lptermediste regults be written onto disk storage. While thins
did not incremse the requlred CPU time, it did inecrease elapsed time for a

¢elculetion by a factar of three. Presently special LISF machlines are
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being developed which will have a suhstantially increased storage capaclty
{the primary limltstlion here is the number of address bits avallable in
the ourrent implementation of ACSYMA},

A further considerstion which must he diseussed 1s the rate of
convergence of the Birkhof{ normel form. As discussed in Chap. IV, the
Birkhoff normal form is known to diverge in general. Neverthelegs, as this
work and the work of Gustavson has shown, the normal form sometimes posses-
Be3 a sort of false convergence such that if it is trunceted, it can
accurately charmcterize a system. Beyond thig, however, we must deter-
mine whether the false convergence will be fast enocugh to make the series
useful., The cmses which we have dlacusaed so far have displayed a suf-
fleiently fast convergence, but we have found cases In which convergence
vaé not rapid. For example, if the parameters for eqn, (I1T.5)are chosen

AE

w, = 0.7 T T o

w;“ i. 3 D’L = o f

it i3 found that the coefficients of every arder through degree eight terms
in the normal form are of order unity. (Note that this corresponds to
simply interchanging the valuee of frequency {or the Incommensurable case

trested earlier.)

D, Applicetions

The first arese which suggests itself is certainly the study of

vibrational spectra of polyatomic molecules. HNo rotatlonal effects have
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been included here, but these effects have been studied extensively by
athare and methods for lncluding them have been developed. It should be
poasible to include sueh effects In cur calewlaticons,

Our method might also find mpplicaticon in the atudy of vibra-
tiongl effects superimposed on electronle transitions. In both this,
and the pure vlbration case, the method could be used either to calculate
energy levels from known potential surfaces, or to help it potentisl
purfaces to experimentally known spectra - the inverslon problem.

Other applications glso exlst. TFor example, the present methond
should be applicable to a semiclesasicel calculatlion of vibrational effects
in deformed nuelei. It may alsc have application to photodlseociation end
non~resonant absorption.

Finally, ancther significant aspect of this research is that it
thias provided an 11lustraticn of the usefulness of analytical computer mathods
such as MACSYMA., Such analytical computer methods can complement numerical
computer methods., Like all computer methods, these are meat essily edapted
to performing stralghtforward but tedicus jobs (such ms performing cenoni-
cal transformetions on Hamiltonians which contain seversl hundred terms
using generating functions which conteln several hundred terms.) Adventages
are that results may be calculated fagter, and that there are fewer ophora-
tunities for errocr. Beyohd auch applicationa, the interactive mode of

operation provides sn opportunity of great potentinl.



Appendix I, REVIEW OF HAMILTON-JACOBI THEROY

In thls appendix we beglin by reviewing the hasic gorl of Hemilton-
Jacobl theory = namely to find s treansformation to new varlables in which
Hamilton's equations are easler to solve. To 1llustrate the method, the
time~independent H-J equation is splved for the separable case. Finally
nction=angle variableg are defined, and theilr properties are digscussed.

Let us bvegin with a problem expressed in coordinates a, and
moments P, - Theae variables eatlefy Hemilton's equations of motlon,

dHig, P
fohe 2P, (A1.1)

JH( P
33;

where H is the Hemiltonlan, and where {(g,p} 1s a shorthand notaticn for

_i';.l. e

(h1.2)

(ql, S T pn]. We would like to perform & transformation
to new varisbles (Q,P) in which Hamilton's equations of motion are easier

to solve.

Let is loock for transformaticon equatlons in terms of a genersting
9

function F° whirh links cld and new coordinetes. Let
F = F;;_Lg}P) (A1.7?)
where [q,P) is s shorthand tiotation for I{ql, o oe Py .,Pn}. The

119
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transformation equationg for auch a generating function are

o Fa
. e 7" {a1.4)
Fl 33‘
.= _3_5 {ALl.5)
Ci‘ IF,
~ IF,
K - H + Jt {AL.6)

where FE i3 unknown and K is the Hamliltonian expreased in the new coordi-
nates and momenta. By substituting equations (Al.b} and (Al.5] into (Al.6)

we zan write a differvur equation whieh, if solved, would provlde FE'

——
hﬂLTI

B)=H(g, 5 3% (2.7

The trenaformation 1a net completely specified until we choose
conditions which we want the {inal varisblesa to aatisfy. For example, 1T
we requlire the final Hemiltonian K to be identically zero, then Hamilton's

equations in the new variehles
R, = o
P, =0
v

could be trivially soclved

{al.8)

Ql = conatant
{Al.9)

Pi = congtant
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For thle case, the equation for FE is the time dependent Hamilton-Jacobi

equaticn
H(Bi ) =0 (A1.10)

Alternatively, we ceould require that the new Hamiltonlan be

cyelie 1o all new rcoordinates

K(f,}...]P..) : {A1.11}

Then the equaticns of motion would become

@i =25 = 2. (8 .. P)

JP;
(A1.12)
EE, = O
L
which possess the lmmediate sclution
. .= 0t ;Tqu'f
Qi=wl+ B where g = con
{A1.13)

= {on stnnt

and

P,
K = o{' = CunsTa.u‘.l'

The equation for F, in this case iz the time Independent H-T equation

2

H(B,.ﬁ;l)-—b(' =0 | (AL.14)
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Taking K to vanish, or taking K to be cyclic in the new coor-
dinates, are only two possible conditlons to apply to the new Hamiltonlan
in egn. AL.T; many other cholces are also possible. The equation which
reculte from other choices s the equation for the generating function
which will provide the necessary trensformation equations.

The solutinn to the time independent H-J equation leads to the
concept of mction-angle varlables, and subseguently to s more precise
definition of quaaipericdic motion, If the Hemlltonlan has no explieit
time dependence then we may look for a genersting function with no explicit

time depsudence

2 5 (A1.15)
The complete zolution of Al.1h will contaln n arbitrary constantz of which
one will be purely ndditive (becesuse W entera only within derivatives),
Therefore there will be n~l nontriviel constants of Ilntegration which

{
new constant momenta can be rhosen az mny n independent functiona of the

together with o, form n independent constants 9{1,, . e Eﬂjt . The

n constants of integration. HNow, suppose that the generating functlon W

which solwves the H-J equation 15 separable, {i.e.:

{Al1.16)

W= Zwi{ﬂi}"‘*: 1“'3"{“)

Therefore

———

o < AW (355X ,%a)
l - . ——r
29 , {AL.17)
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How it can be shown that 1f the H-J equation has a soclution of
this type, snd if the motion 1z bounded, then the motlon of each coordiomte
can only be a libratlon or & rntatiun.g For the librations of auch a
separable system, - varies back and Torth between two fixed 1imits and we
tay consider the function

Ji = @Padﬁi

(a1.18)

integrated over cne cycle of Q5 where the qJ{j # [} are either held
constant, or 1f allowed to vary, then returned teo their original values

vithout having pessed through & Full cycle, i.e.

(A1.1G}

ahﬁ(%i'ﬂ|_..¢“} ,
I = g) ,__1__;311 AP N dgt |

{Becnuse W is assumed separmble, it can be seen that pidqi Ia an exact
differentinl. Thie ensures the path-independence of the integral.,) The

function Ji iz ¢alled the action variahkle., Since the 94 dependence has

been integrated out,

.= el ... Lof
J"l J_l (=, ) ) "‘> [Al.20)
Let us choose the action varlables ta be the new momente. Therefore

W = """"'(3;:"'13*5 J, ... }:rn)

1 {A1.21)

{A1.22)

K=« = K3 . J,)
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The cancnical coordinates conjugate to J, are known a3 the

i
angle variables v,. They are furnished from the transformation eqn. {AL.5):
s oW
1 A (AL.2
3T, 3)

The equations of motion provide the form

q;ff Y EJS.
K Ty
T (Al.2h}
= 1% {~JT, sy )
which has the immediste sclution
Wy = Vit + B, (A1.25)

Let ua find the chenge in Lf] due to the passing of qJ through
one ¢ycle, with other coordinates either held fixed, or allowed to vary,

but being brought back to thelr loltilal values wilthout having passed
through & full cycle.

A, = @3“?

1

H

ds no Fum

FAL.26)

L
"B"
2

Q.
=
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Thie showa that L will incr#ase by unlty if q; passes through one cyele
(with other coordinates restricted as sbove), but will be unchanged after
qJ{j #£ 1} pasges through one cycle.

This example was for motlon auch that the coordinates vary be-
tween fixed limlts (separseble libration case). Simller results are found
for motion such that the coordinates %y incresae monotonicelly, and the
momenta b, are perigdle functions of the coordinates e {rotation Ease]g.
The pheae integral which provides J 1s integrated over one oyele of the
moticn [which will no longer be between fixed 1imits as in the iibraticn
case ).

The sbove digcussion wae limited to the separsable cmse. This
{llustrated important properties of angle-sction variasbles, but serves
only as a beginning for nonseparable cases. Aa 1s discussed I{n Chap. II,
many of the conceptes introduced here must be generslized Iin order to

treat nonseparable aystems,
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Appendix II. ENERGY LEVELS FOR SYMMETRIC ONE-DIMENSIONAL

DOUBLE WELL

This appendix shows thet the usual hsif-integral WEB gquantizatlon
relation must be modified 1f there 18 more than one e¢lassically allowed
region. Energy levels are calculated semiclassically for the symmetric

one-dimengiconal double well shown in Fig. AZ2.1.

Cne=Dimenslonal Double Well

Fig. A2.1

We will make use of the connectlon relations shown in egne. II.23
through II.26, the wavenumber k defined in egn. II.19 for the allowed re-
gion, and ¥ =lk in the forbidden region.

Boundary condltions require that the wavefunetion in region 1

be a decreaBlng exponentisl

d
A0 Iﬁ P (- ék Jx) (A2.1)
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Using the connection formula given 1n egqn. I1.23 1t follows that the wave-

function 1n reglon 2 1s given by

x
’\-})-;Q__tns(jkd?(—%\
d

L .ﬁ‘" taz.2)
Using the fact that
x C C J
Skcfx - [k d‘x i Ik X (A2.3)
d d

ﬂf; can be reexpressed In terms of an Integral teken with reference

edx :nr(ikdx_'%_)
c

k SI-H ( ijI - 17,;_)
x

to the turning point at c,

r?%l = 24 Sen

{Az, L)
- 3— C.o‘j

.i
d
§
d
We would now like to continue this solution into reglon 3. This
requlires that the comnnectlon formule glven in eqn. II1.25 be used in the
vrong direction. We have warned that care must be taken If this {8 to
be done, We know that the WEB method provides wesvefunctions which are only
approximations, in general. In this sense, we may say that the connectlon

formuleg can never be used backwards. On the other hand, bowndary condi-

tions require that eqn. A2.4 be exact within the WKB formaliasm. In parti-

cular, we have introduced no further spproximationg beyond those already
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made in order to derive the WKB method {(such as would cccur for example, in
round off error if along the wey we had made floating polnt celeulations
on a computer)., We will therefore use the connection formulas in the
wrong direction; what we obtalp we will eimply call the WEB result,
Applying the connection formules of egns. I1.25 and II.76 we

cgbtain the wavefunction 1ln region 3

sin ( §kdx) rp (- tkax)

1
x d
: X
+ lf% cos( Ekd:)qr?( é}:d;{) (42.5)

Now, repeating the procedure from the opposite direction, we

wbeerve that boundary condltiong require fqgﬂ to e n decreasing ex-

’\l-/f-; j—_— -tncp( }'kc[ )

ponent.ial
{A2.6)

Applying the copnection formuls glven In egn. I1I1.25 we obtain

gl

y

Expressing thls with respect tn the turping puint at b, we abtain

¥, - —sm(ij ) eos ( IH* %)

- # cas( sk.jx\ s'm Sh dx - 2) {az.8)
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Finally, we cbitaln a second expression for “Hl by appl¥ing

eqn. I1.23 {in the wrong dlrection) and IT.24,

et o

"2 cos j:u-x) wp ( j:ﬂr) (#2.9)

If egna. AZ2.5 and A2.9 are to he consistent, then we must re-

guire that X
a ¢
.| ﬂ.ns( jhkdx) = Sin ( Lk:['x) AP (... !xdp() .
and LY € v
S in (Ehdﬁ)flcus([k'l:ﬂ')*{p‘ ( !Rdx)
L .[ {az.11)

For a symmetriec potentlal, these conditlons may be comblined to yield

b
tau(Jkdx) = tn“?(jtd’f) (az.12)
Y (o
dae

where the + sign 1a taken if k has the same Bign in reglon & and region 2
{gymmetric state), and the - sign is taken if k hes opposite signe in re-

glen L and region 2 (antlisymmetric state].
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If the tunneling is smgll, we may expand eqn, 42.12 ta obtain

Q.

b
Skd" 2 {(ns };)w = ”'5_ ““P(' )"KJI) (A2.13)
b L

Thus we see that the usual half-Iintegral quaptization formule is modifled

evern in the WEB formslism.



Appendix III, SEMICLASSICAL SOLUTION OF THE SCHRODINGER EQUATION

In thiz appendix we will investigate m methnd of constructing a
uniform semiclagsical sclution to the multidimensional Schrtdinger equa-
tlon. Thise method was used by Ludwiggﬁ to eonstruet approximate aolulions
to the Helmholtz egquation and also by KhudyakovET for the cese of varieble
index of refractlion, and it iz a generalization of a methed by LangerED
for treating one-dimensicnal aystems.

If the WHE method is used to solve the Schridinger equation,
one obtains an asymptotie solution of the form

—;‘Esl.[x}
VY~ ?a A;—“:’ < (43.1)

where the amplltude A, wvarles slowly with x, the phase 5, 18 & solution

J J

to the H-J equation given by mn actlon integral
’S-,' = SP' X (a3.2)

{x = {xl, C e w xn}, P = (Pl, v ey Pn]]‘ and the sum includes con-
tributions from a multiple valued solution to the H-J equatlon, This

approximation bresks down at a caustic since the A, go to infinity.

11
We treat here only the case of s 2ingle caustic heving no folds
or cuspa and wWe assume We are not too cloee to the cornera of the olassi-

cally allowed reglon. Then of the four terms in (43.1) we consider two

13l
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thet represent waves propagating toward sand awey from the cauastic as 1n

Fig. A3.1:

A wr[*(i-"-s;)]-r A+Hr["(%+§ij] (A3.3)

é is the {yet unknown! phase change that results from pesSeEsge through

the caustic, Assuming ﬁ+. S+ are glven, we wish to obtain an spproximation

to “P that remalns reguler at the ceustie, and use this to determine 5 .

Fig. A3.1

Tra)ectories Turning at a Ceustic
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To aceomplish this, Ludwiggs proposes en Ansatz of the form

Wix) ~ gui? [3{ ¢(K'§}] g(x,§) d g

{A3.h4)

with

Plx)= B « PO - -‘3 ‘5'}

(A3.3)

where 9 fx), P {x) and g(x), will be determined, mnd 5 is a aingle
varisble {not & vector).

Expanding glx, 5 } in & Taylor series

j(x'i) = jﬁ(ﬂ * ‘; 3'“] P (A3.6)

we obtain for 4P the expansion

,\P ~ ELE(I} {3‘{1) juPl_%(ij‘:‘i;))] dg
+3,['f) J; exp [_?i (f(,qg___ EE)J d;& (A3.7)

Then noting the integral representation of the Alry function
-

Yy = AjGt) = _-,"t;r }UF (t'!; )]JS (A3.8)

— ey
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we have i‘_ B{k)

’\P(K‘) “v JdT € " z{,{i 3'&:} V( F{”/‘%)

““”'%35‘} VEP(!}/{;;’!) *} | (43.9)

1/3

Higher terms in this zeries conteln successive powers of h , and we
wlll retaln only the firast two terms,

Before determlning & [x), P{x], gﬂf_x} and glfx] let us
examine the properties of {A3.9). For f< %  the Airy function is
decreasing, for P) & 1t 1s gsciliatory and P {x) = 0 marks the
transition between these two types of behavior. Accordingly, we must
choose P {x] such that the caustic, which iz already determined from
the clmzsicel trajectories, lies on P[x} = 0, The role of @ {x) i1
alesg clear: I1f a point 12 moved aleng the caustic the veriation in
phase of the wave functlon is glven exelusively by 9 {x).

The determination of the unknown functicns @ . F ’ EE}' gl
involves the comparison of {(A3.9) with {A3.3) and the verification that
the resulting form actually satisfliea the Schrodinger equeticon. Ueslng the
asymptotle form of the Alry function, which 185 obtalned by applyling the

method of stationary phese to the integral form A3.8, we obtain directly

W ox arE { 63 P g e [0 e3P - %]

fa3.10]

+ f-’&(Jn"IJIS')“P f[@‘%iﬁ)/ﬁ f%]}
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end to make this agree with (A3.3) we see that we should take
{A3.11]

HNow although the right-hand-side of fA3.11) is defined only in the clasei-
cally allowed reglen, near a simple caustic & P » £, and £y determined
from {A3.11} can be smoothly continued into the forbidden region., This
complates the determination of the unknowns in the ansatz.

It remeine to show that the resulting function defined by (A3.9)
and (A3.11) nectumlly satisfies the Schrédinger equation,

* 1

[_g: 7 +Vl{x]] Yix) = E "P(x) (43.12)
Substututing (A3.9) inte (A3.12], collecting in powers of #i, and equating
coafficients af different powers of % Beparately to zero, the following
equations result for € and P

(@' p (P~ 2m (E-V) =0

fA3.13a)

od V8 VP T 0 (A3.13b)

For 2 and El we obtain
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I
IV0 VY, + JoAB+IPVF VY ¢ Pj'dfi.(?fjj':czﬂj.lha}
29p- Vg, + Jo 0P *296-74, 4 9,40 = ©

(A3.1hp)

Equations A3.13 are equivalent to the eikonel equatlon as may be

shown by multiplying the first by JT::T and sdding the second; thus
¥
v(ex5f ) - am(e-V) =0

¥
which agsin ldentifies 9 4 % P * with S+, Similarly, fram egns. A3.1k,

L
we find that E' fjit ‘;Vlj,) obeys the same equation as A .. This completes

the proof that the ansatz approximately sgtisfies the Sehrbdingsr equation.
Finally, agsln comparing [(43.10) with (A3.3) we find S:-IE :

passage through the caustic causes a "non-classical" phase loss of W/2 .



Appendix I¥, EXAMFLE FOR CALCULATION OF NORMAL FORM

This appendix provides en example of how the notation used in

eqn. III.Bc should be interpretated.

. , G ) 5) . 141 _H)
(1) ) i iwmﬂﬂ_ﬂ._ W 3 M ] %5
Miep=He D 5 [(55) 55 (57 5 i
L414l4HI1(5-) =2 (IIT.8c)

16 41 « R €1

A22 523
This egquation allows us to calculate the new higher degree terms of degres
i which result due to the canonicm]l traneformatlon which econverted terms
of degree 8 into normal form. The egquaetion employe en abbreviated notation
for terms In a multldimenaional Taylor expanslon. The index ] i a wector
sbbrevistion with two elementa for a two degree of freedom problem, I.e.
J = Jl’ JE’ the notation |j| MEAns jl + JE' and ]! means Jl! JEI' Terms
In the aum are chosen sublect to the constreints listed on 1, =, &and 3.

A3 nn example, consider the cage when s = 3. Thias means that
a canonicel transformaticon has been used to trapsform third degree terms
{3)

intc normal form using the third degree generating functlon W . HNow we

must caelculate higher degree terms {i = 4,5,6,...) which result.

138
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In expanded notatlon, egqn. TII.8c ylelds

aw JH (au“’n( m“’-. > H
Hll!

me e ar,aff

Az

)
r‘{P*g‘l - Ht’f ot E.

= SI-‘HH.!HV' Sumy O l—l

5 1
By~ H(Zg) + T ,,“’" ot L (BY() 2K
P X g ’ J.F- JP

Wil

- Sim;lur Susl W r'

o2l
(6} ' ., 05} 1 woe o H
aw K Q_ .
”E;} = H [Pﬂ *'ZD ag Q.P H!ﬂ“l ! (;34 a‘ﬁi ?P:J‘P,
pra™
(;w"] (.avﬂ‘)n N bk
Yt
o az: af &P"
s -

— Similay Sums on !

Higher degree terme can be calculated, as desired.
Onee this process is completed, all of the changes to higher
terms resulting from the normalization of degree three terms have been

found. After fourth degree terms have been normelized an analcgous set of



1Lo

equations {with mppropriate modifications) gives the further modificmtions
to the higher degree terms.

Guztavson tabulates the genersting functions obtained for earh
degree for the H & H potentlal. These regsults may be used as & check of

cne's ecaleulations if desired.
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