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1. Introduction

Fora € N =1{1,2,...,n}and A € M,(C) let A[] denote the principal submatrix of A lying in
the rows and columns indexed by « and let A(«) denote the complementary principal submatrix, i.e.,
the submatrix resulting from the deletion of the rows and the columns indexed by «. Similarly, let v[«]
denote the subvector of v € C" containing the components of v indexed by « and let v(«) denote the
complementary subvector. Let o (A) denote the set of all eigenvalues of A, and for A € o (A) denote
the geometric multiplicity of A in A by g (A).
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Given a vector u € R?", the principal minor assignment problem asks when is there an n x n
matrix having its 2" principal minors given by u. This problem was introduced in [4] and treated
in several papers since [3,5,8]. Inverse principal rank characteristic problem, defined and treated in
[2], is a subproblem of the principal minor assignment problem. It explores possible arrangements of
the presence or absence of a nonzero principal minor of each possible size. More precisely, given a
sequencery, 1, . .., 'y of Os and 1s, the problem is to determine if there exist an n x n real symmetric
matrix that has a principal submatrix of rank k if and only if r, = 1, forall 0 < k < n.

In [6] the very general related question of the possible arrangement of multiplicities, of a given
eigenvalue, among principal submatrices of a complex Hermitian (real symmetric) matrix is raised. One
restriction on this hierarchy of multiplicities is claimed in [1] (and reported in [6]), based upon matroid
theory, the so-called symmetric exchange axiom (SEA). The result uses the symmetric difference, ¢ A 3,
which is the set of elements in either of the sets « or 8, but not in both.

Theorem 1 (SEA). Suppose that A € M, (C) is a Hermitian matrix and let o1, ay < {1, 2,3, ..., n} be
such that g, (Ala;]) = 0 fori = 1, 2. Then for everyj € a1 A, thereis a k € aq Ay such that

g (Alar Afj, k}]) = 0.

In this note we address a question that was raised in [6] of finding a matrix theoretical proof of this
result. Here we give a generalization of the SEA and a brief matricial proof that is valid for principal
submatrices of a complex Hermitian matrix.

2. Background

In [7] dimensions of special subspaces of the eigenspaces associated with A of a general matrix A,
were considered. Here we will use a result for complex Hermitian matrices. As in [7] we define these
special spaces as follows:

REL(A) = {x € C"; Ax = Ax, x(a) = 0}.

When A = 0, we denote RN, (A) = REg (A).

In [7] the following result is given.

Theorem 2 ([7], Corollary 2). Let A € M, (C) be Hermitian. For « € N with || = n — k

a(A) + g (Ala]) — k

dim(REX (A)) > 5

From Theorem 2 we can deduce the following two lemmas.

Lemma 3. Let A in M,(C) be a Hermitian matrix with g, (A) = t, and let vq, vo, ..., v; be linearly
independent eigenvectors of A associated with the eigenvalue A. Let v = {k; g; (A(k)) > t}. Then

vilvl]=0fori=1,2,...,t,

andt < n— |v|.

Proof. Using translation we can assume that A = 0. Take k € v. By Theorem 2

. go(A) + go(A(k)) — 1 1
dim(RNn\ (k) (A)) > 5 >t— .
It follows that dim(RNn\(x}(A)) > t, and since go(A) = t this implies that v; € RNn\(k}(A) for
i=1,...,t. This proves that vi[k] = Ofori =1, 2, ..., t. We repeat this argument for every k € v

to show thatvj[v] =0fori=1,2,...,t. O
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Lemma 4. Let Alx] be a submatrix of a Hermitian matrix A in M,(C) with g; (Ala]) = t and let
V1, Va, ..., V¢ be linearly independent eigenvectors of Al ] associated with A. Let

p={keN\a g @aUkl >t}

Define vectors wj in the following way: wila] = v; and wi[u] = 0, fori =1, 2, ..., t. Then w; are the
eigenvectors of Al U ] corresponding to A.

Proof. Again we can assume that A = 0 using translation. Take k € . Then

) Aloe U {k}]) + go(Alar]) — 1 1
dim(RN, (Aler U (K}])) > go(Ala U { }])2 Zo(Ala]) St :
and
dim(RN, (Al U {k}])) > t.
This proves that Ala U {k}] has eigenvectors Wf‘ with Wf‘[k] =0fori=1,2,...,t Butthen wlk [o]
have to be the eigenvectors of A[«] corresponding to 0 and w;‘[a] = v;. Repeating this argument for
every k € u proves the vectors w;, defined by wi[o] = v; and wi[u] = 0, fori =1, 2, ..., t, are the

eigenvectors of Al U 1] corresponding to A. O

3. Main result
Now we give our main result which, in the special case when s = 0, reduces to the SEA.

Theorem 5. Let A in M,(C) be Hermitian, o1,y € N and 0 < s < n an integer. Assume that
&.Alai]) <sfori=1,2.
Then for every j € oy Ay there exists a k € a1 Aay such that
&.(AlarAj, k}]) <'s

and thereis a k' € a1 Aary such that
o.(AlaAf, K'}]) < s.

Proof. It suffices to prove the conclusion for j and k. Using translation we can assume that A = 0.
Choose j € a1Aw; and assume that gg(Ala1 A{j, k}]) = s + 1 for every k € a1 Aay. In particular,
suppose, without loss of generality, that go(A[a1 A{j}]) = s + 1. Let vy, va, ..., veyq be linearly
independent eigenvectors of Al A{j}] associated with 0.

We define the following sets:

y1 = (o1 \ ap) Afj}
and

v2 = (2 \ 1) Afj}.
Choose k € y1, k # j. Then a1 A{j, k} = (a1 A{j}) \ {k} and go(Ala1 A{j, k}]) = s + 1 by our
assumption. Now Lemma 3 tells us that v;[y1] = 0 and

s+ 1< e A} — Il = lar Nagl.

Choose k € y,. Then a1 A{j, k} = (a1 A{j}) U {k} and go (A1 A{j, k}]) = s + 1 by our assumption.
Now (a1 A{j}) U y» = a1 U ap and Lemma 4 tells us that the matrix Aoy U a2] has eigenvectors
Wi, Wa, ..., Wspq of the form wilo; A{j}] = v; and wi[y»] = 0.
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Since wi[o; \ a2] = 0, we conclude thatw;, i = 1, ..., s + 1, are the eigenvectors of the matrix
Ala;] associated with zero. This gives us a contradiction to the assumption that go(A[a2]) <s. O

If we take s = 0 in the previous theorem we get the SEA. Taking A = 0 gives us the following
corollary, which is a special case of the SEA, and it is given in [1] and in [6].

Corollary 6. Let A in M,(C) be Hermitian. For any two nonsingular matrices Alc1] and Ao, ] and for
eachj € aq Aay thereis a k € ag Ay such that the matrix Aloq A{j, k}] is also nonsingular.

References

[1] A. Bouchet, Representability of §-matroids, Colloq. Math. Soc. Janos Bolyai 52 (1987) 167-182.

[2] RA. Brualdi, L. Deaett, D.D. Olesky, P. van den Driessche, The principal rank characteristic sequence of a real symmetric matrix,
Linear Algebra Appl. 436 (7) (2012) 2137-2155, http://dx.doi.org/10.1016/j.1aa.2011.11.013.

[3] K. Griffin, MJ. Tsatsomeros, Principal minors. II. The principal minor assignment problem, Linear Algebra Appl. 419 (1) (2006)
125-171, http://dx.doi.org/10.1016/j.1aa.2006.04.009.

[4] O. Holtz, H. Schneider, Open problems on GKK t-matrices, Linear Algebra Appl. 345 (2002) 263-267, http://dx.doi.org/10.1016/
S0024-3795(01)00492-X.

[5] O. Holtz, B. Sturmfels, Hyperdeterminantal relations among symmetric principal minors, J. Algebra 316 (2) (2007) 634-648,
http://dx.doi.org/10.1016/j.jalgebra.2007.01.039.

[6] C.R.Johnson, B. Kroschel, M. Omladic, Eigenvalue multiplicities in principal submatrices, Linear Algebra Appl. 390 (2004) 111-120.

[7] CR. Johnson, B.K. Kroschel, Principal submatrices, geometric multiplicities, and structured eigenvectors, SIAM J. Matrix Anal.
Appl. 16 (3) (1995) 1004-1012.

[8] S. Lin, B. Sturmfels, Polynomial relations among principal minors of a 4x 4-matrix, J. Algebra 322 (11) (2009) 4121-4131,
http://dx.doi.org/10.1016/j.jalgebra.2009.06.026.



	A matricial proof of the symmetric exchangeaxiom for eigenvalues of principal submatricesof a complex Hermitian matrix
	1 Introduction
	2 Background
	3 Main result
	References


