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Factoring a Quadratic Operator as a
Product of Two Positive Contractions

Chi-Kwong Li and Ming-Cheng Tsai

Abstract. Let T be a quadratic operator on a complex Hilbert space H. We show that T can be
written as a product of two positive contractions if and only if T is of the form

al P
0 bI

for some a, b € [0,1] and strictly positive operator P with | P| < |\/a - v/bl\/(1-a)(1- b). Also,
we give a necessary condition for a bounded linear operator T with operator matrix ( {)‘ % ) on
H @ K that can be written as a product of two positive contractions.

aIeahIea( ) on H;® H,; ® (Hs ® H3)

Introduction

There has been considerable interest in studying the factorization of bounded linear
operators (see [2-5,15]). For example, a 2 x 2 matrix C can be written as a product of
two orthogonal projections if and only if C is the identity operator or C is unitarily
similar to ( av “(01‘“) ) for some a € [0,1]. For more results about products of orthog-
onal projections, one may consult [1,7,8,11]. Note that one can write an # x n matrix
C as a product of two positive (semi-definite) operators exactly when C is similar to a
positive operator (see [14, Theorem 2.2]). However, in the infinite-dimensional case,
the product of two positive operators may not be similar to a positive operator (see
[12], [15, Example 2.11]). For more development in this direction, one may consult
[12,14,15].

In this paper, we study the problem when a bounded linear operator T on a com-
plex Hilbert space H can be written as a product of two positive contractions. In this
case, T must be a contraction, and we have that

-I/8<ReT and -I/4<ImT<I/4

(see [10, Theorem 1.1 and Corollary 4.3]). In Proposition 2.4, we give a necessary
condition for this problem when T has operator matrix

i T
(0 Tz) on HeK.

In such a case, T; and T, must also be products of two positive contractions. This is an
extension of the result of Wu in [14, Corollary 2.3] concerning the finite dimensional
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case. However, even for a 2 x 2 matrix C, it is not easy to determine when it is the
product of two positive contractions. For example, consider

1(9 3
=2 (0 16) '
The diagonalizable contraction C is similar to a positive operator. Thus, it is a product
of two positive operators. Moreover, C satisfies —I/8 < ReC and -I/4 <Im C < /4.
However, we will see that C cannot be written as a product of two positive contractions
by Lemma 2.1.

Let B(H) be the algebra of bounded linear operators acting on a complex Hilbert
space H. We identify B(H) with M, the algebra of n x n complex matrices, if H has
finite dimension 7. Recall that a bounded linear operator T € B(H) is positive (resp.,
strictly positive) if (Th, h) > 0 (resp., (Th, h) > 0) for every h # 0 in H. As usual, we
write T > 0 (resp., T > 0) when T is positive (resp., strictly positive).

We call T € B(H) a quadratic operator if (T — al)(T — bI) = 0 for some scalars a,
b € C. Every quadratic operator T € B(H) is unitarily similar to

al P

aIeBbIEB(O bl

) on H; @ H,® (Hs;® H;)
for some a, b € C, P > 0 (see [13]). In this paper, we prove the following theorem.

Theorem 1.1 A quadratic operator T € B(H) with operator matrix

al P

aIGBbIGB(O bI

) on H]@Hz@(H3®H3)

for some a, b € C and P > 0, can be written as a product of two positive contractions if
and only if a, b € [0,1] and

IP| < [Va-Vol/(1-a)(1-b).

2 Proof
First we consider the 2 x 2 case so that we can identify B(H) = M, and H = C?.

Lemma 2.1 Suppose C = ( 0 Z) with z > 0. Then C is a product of two positive
contractions if and only if a, b € [0,1] and

zeS={c:0<c< \\/_—\/E|\/(l—a)(1—b)}.
If the above equivalent conditions hold, then there are continuous maps a;;(z), b;j(z)
for1<i,j<2with

0<aii(z), an(z)=an(z) 20, 0<(aii(z)) <1,
0

.1 bi(z) <1, bu(z) =bnu(z) <0, 0<(bij(z)) <1

such that

22 @) -(5 7). =
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Proof We first prove the sufficiency. Without loss of generality, we can assume that
0<a<bglIfa=borb=1thenz=0andC = diag(a,1) diag(1,b). In the sequel,
we may assume 0 < a < b <1, and consider two cases.

Casel. 0 = a < b < 1. For z € S, we have that z> < b(1 - b), and hence (z2/b) + b <
(1-b) + b =1. Consider

an(z) an(z) 2/b z bu(z) bp(z) 00
A = = d B = = s
(a21(z) azz(Z) z b an bzl(Z) bgz(Z) 0 1
Then A is rank 1 with eigenvalue (z*/b) + b, and C = AB. Evidently, a;;(z) and b;;(z)

are continuous maps for 1 < i, j < 2 and satisfy (2.1) and (2.2).

Case2.0<a<b<1l ForzesS, wehave
2

z
b- ———— b- -Vb)*=2Vab.
a+ (l—a)(l—b)2a+ (Va-b) a
Let 1;(2) > A,(z) be roots of the equation
2
Y-(a+b-———Jd+ab-o.
(a+ (1—a)(1—b)) +a

Then a < 1,(z) < AM(z) < b and A (z), A,(z) are continuous maps on z € S. Note

that
2

M) b, h(E) Ao =t b e
We have
o) ZZJ O—aﬂl—way—axb—kﬂ, -1,
J

We will construct
(111( ) ﬂ12( ) ay a2 bu( ) b12( ) as  —dz
A= (021(2) azz(z)) - (az a3) and B= (bz](i) bzz(i)) - y (—az ay )

such that A has eigenvalues 1, A;, B has eigenvalues 1, A,, and C = AB. First, we set

Az a

2.4 =22 -2 .
24 T NS
Becausel-b -y +by=(1-b)(1-y) >0, we can let

e e b-a <b—a_1

3_1+by—)/—o1 b-a
so that by (2.4),

(b-a) a yb-ya-a-yab+ya+a*

613—/\1:——72
(I+by-y-a) y y(l+by-y-a)

yb-a)(1-a)  (b-1)(1-a) >0
T (by-y-a)  (eby-y-a)

Thenwe canleta; =1+ A; —az >0sothata; +as; =1+ 1;,and

a) = \/611613 - /11 = \/(1+ /11 — a3)a3 —Al = \/(1— a3)(a3 —Al)
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so that ajas — a3 = M. Asaresult, @) + a3 = 1+ Ay, det(A) = A, and hence A has
eigenvalues 1, A;. Further, let

a4:al3(/;§+a§),

so that y*(azas — a3) = A,. Then by (2.4),
_ Y(ra 2\ _ Y (h _
y(as +aq) = yas + 173(? +a2) = a3(F +(as - N4 +/\1a3))

:l(&—h) +y(1+)t1):lM+y(1+)t1)
y? y

as as
=l+by—-y—a+y+yl=1+2A,.

Asaresult, tr B=1+ A, and det(B) = A,. Therefore, B has eigenvalues 1, A,. Denote
by (AB);; the (i, j) entry of AB. By (2.4),
(AB)u = y(mas —a3) =yl =a, (AB)x =y(asas—a3) = y(a/y*) = b.

Clearly, (AB)21 = y(a2a3 - a3a2) =0. BY (24) and (23),

(AB)1; = yay(as — ay) :y\/(l—a3)(a3—)Ll)((a3+a4)—(a3+a1))
(A= b-y+by)(b-L)(1-a), (1+1,)
- Tihyv—2) ( —(1+/11))
_Va-b)a-y)a-a)(b- A1)
(1+by-y-yh)

e N Y (U RN

(1+A2—)/—)//\1)

For the converse, since A and B are positive contractions with ¢(C) = o(AB) =
o(BY2ABY?) c [0, 00), we have 0 < a,b < 1. Without loss of generality, we may
assume a < b. First, consider |A| = | B| = 1. Then the assumption C = AB implies C

is unitarily similar to
[24] 0 b] bz Y bl [24] b2
0 1J\by bs) \ba by )

where ( 2; Zj) is unitarily similar to ( 5 (1]) forsome 0 < o,y <1, ap < by, by <1

and b, > 0. Thus, we have 1+a, = by +by, a+b = a;by+by, ab = qyay = ay(b1by—b3),
and a® + b2 + 2% = a? (b} + b3) + b3 + b2. These imply that

22 = [af (b + b3) + b3 + b3 ] — [ (auby + bs)® —2emaz] = (1 - a1)?b3.
Hence we may assume «; < 1. In addition, we also obtain that

a+b:0c1b1+b4:oc1b1+1+(x2—b1:1+(x2—(1—0¢1)b1
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and hence

1_1“1(1+oc2—a—b):ﬁ[(l—a)(l—b)—abﬂxz]

[(xz(l —o)+(1-a)(1- b)] ,
1- o
where the last equality follows from ab = aya,. Let ¢ = (1-a)(1-b)/(1 - 7). Then
by = ay + cand by =1 - ¢. By a direct computation, we see that
Z2 = (1 - 0(1)2173 = (1 - (Xl)z(blb4 - (Xz)

=(1- ocl)z[ (az+c)(1-¢)- ocz] (because a, = byby — b3)

=c(1- ocl)[ (I-a))(A-ay) —c(1- ocl)]

= (1—a)(1—b)[(a+b) - ((x1+oc2)],

where the last equality follows from ¢ = (1-a)(1-b)/(1- o) and ab = o ;. Since
ab = aay, we have oy + a; > 2/, = 23/ ab. This implies that

z<|Va-Vbl\/(-a)(1-b).

In general, since C = a( */* Z;Z) = (x(”:%”)(”:%”), where 0 < a = |A[|B] <1,

the scalars a, b, z in the above can be replaced by a/a, b/a, z/«a, respectively, to get
0<aja,b/a <land

S0 0-0) [Vi-vh

This shows that0 < a, b < a <land

zS|\/E—\/E|\/(oc—a)(1—§) S|\/E—\/E|\/(l—a)(1—b).

This proves the necessity. u

b =

In order to prove Theorem 1.1, we need the following fact; see, for example, [9,
p. 547).

Lemma 2.2 Let A be a bounded linear operator of the form
Aun  Ap
,, onHo K,
(Alz Az

where H and K are Hilbert spaces. Then A is positive if and only if Ay and Ay, are both
positive and there exists a contraction D mapping K into H satisfying Ay, = Ai{zDAlz/zz.

Lemma 2.3  Suppose ai1(z), ax(z),a12(z) = ax(z) are continuous real-valued
functions defined on S ¢ [0, 0o) such that

[an(z) an(z)
A= (1121(2) azz(z)) 20
forallz €S. Then

an(P) alz(P)
(azl(P) azz(P)) ZO
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on H @ H for all positive operators P € B(H) with spectrum in S.

Proof Since A > 0, we have a;1(z), ax(z) > 0, and
0< alz(z)a21(z) < au(Z)azz(Z), zeS.
Define h(z) by
a; (z)ay, (2)
0 if a;(z) = 0.
Then h(z) is a bounded Borel function on S with |h(z)]| < 1 that satisfies
an(2) = @)’ (2) h(2)a);’(2).

By the spectral theorem, for all positive operators P € B(H) with spectrum in S, we
have a;1(P) > 0, ax(P) >0, a2 (P) = ay (P) >0, and

ain(P) = a))(P)h(P)ay, (P)

for the contraction h(P) € B(H). Our assertion follows from Lemma 2.2. ]

&) f 0
- [ Kol

In the finite dimensional case, Wu [14, Corollary 2.3] has shown thatif C = ( ! g; )
is a product of two positive operators, then so are C; and C,. Proposition 2.4 gives
another proof, which holds for both finite and infinite dimensional Hilbert spaces. In
fact, it is also true that positive operators are replaced by positive contractions.

Proposition 2.4 Let T be a bounded linear operator of the form

T Tz
(0 Tz) onHo K,

where H and K are both Hilbert spaces. If T is a product of two positive contractions,
then so are T and T,.

Proof By our assumption and Lemma 2.2, we may assume that T = AB, where A
and B are of the form
A AY2D, Al B, BY*D,BY?
1/2 s 41/2 and 1/2 s pl/2
AY?Dr Al A, BY*D;B) B,
respectively, such that 0 < A; < Iy, 0< A; <Ix,0< B; <Iy,0< B; < Ik, Djand D,
are contractions from K into H. From T = AB, we obtain that

) on Heo K,

(2.5) Ty = A, B, + AY?D,(AY?BY* D3 BY/?),
(2.6) AL (DrAY?B?) B = -4 (4Y?B)D;) B,

T, = (AY2D; AY?BY*)D,BY? + A,B,.

Let E; be the restriction ofAlz/2 to (ker Alz/z)l; then E; is injective. Since 0 < Alz/2 < Ik,
so we can consider the (possibly unbounded) inverse

E:= El_lzlranAlz/2 — (keerlz/z)l
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such that EA12/ * = Py, where P, is the orthogonal projection from K onto ran AIZ/ 2,
Hence by (2.6), we derive that
AL*BI*D; B = Po(A)*B)*D; B)*) = ~Po (D} A" By).
Moreover, substitute this into (2.5) to get
Ty =AB; - A11/2D1( Po(DfAl/zBl)) = [AII/Z(IH - D1P0Df)A11/2] B,
= [AY* (1 - (PyD})* (Py D} )) AY?] By.
Note that | Py Dy | < 1implies that
0 < (In - (PoD{)*(PoDy)) < I
Therefore, Ty = [(AII/ZPI*)PIAII/Z]BI, where PP, = Iy — (PoDy)*(PyDy) for some
positive contraction P; on H. This shows that Tj is a product of two positive contrac-

tions. Similarly, we can show that T} is a product of two positive contractions, and
hence so is T,. This completes our proof. ]

Now we are ready to give the proof of Theorem L.1.

Proof of Theorem 1.1 We first prove the necessity. By assumption, we can focus on
the part

al P
(0 bI)GB(Hg,@Hg;)

for some P > 0 . Now, consider a 2 x 2 matrix ( 0% ) with a, b € [0,1] and

zeS::{c:OScS|\/E—\/E|\/(1—a)(1—b)}.

Then by Lemma 2.1, there are continuous maps a;;(z), bij(z) for 1 < i,j < 2 with
a12(z) = an(z) 20, bz (z) = by (z) < 0 and satisfying

0% (ay(@) < 05 (@) s b (anEN(by(eN = (5 7). e
By Lemma 2.3,
OS(aij(P))SI and OS(bU(P))SI
By the spectral theorem on positive operators,

(ai;(P))(bij(P)):(aoI 51)

To prove the converse, suppose there is a factorization of the quadratic operator
T e B(H) with operator matrix al ® bl & ( al 15)1) for some P > 0 as the product of
two positive contractions. By Proposition 2.4, we know that

le(c:)[ ZZ)ZAB for some 0<A,B<I, A,BeB(H;® Hj).

We may use the Berberian construction (see [6]) to embed Hj into a larger Hilbert
space K3, B(H3) into B(K3). Suppose

A= (Aijh<ij<2» B =(Bij)i<i,j<2 € B(H; ® H3).



Factoring a Quadratic Operator as a Product of Two Positive Contractions 361

Then P, A, and B are extended to P € B(K3), A= (Xij)lgi)jsz € B(K; @ K3), and
B=(B; i)1<i,j<2 € B(K3 @ K3), respectively, such that the following conditions hold:

(a) P> 0with |P| = |P| such that all the elements in o(P) are eigenvalues of P.

(b) 0< A B<Isuchthat Ty = (4 ) = AB.

Since P > 0 and o(P) are eigenvalues of P, the quadratic operator T, is unitarily
similar to ( o Hi I ) @ T, admitting a factorization as the product of two positive con-
tractions. By Proposition 2.4, we see that ( g HIZ I ) is a product of two positive con-
tractions. Thus,

IP| < [Va-Vol/(1-a)(1-b). u

Remark 2.5 Inspired by a comment of the referee, we see that if one considers the

set of operators of the form ( al b 1) with respect to a fixed orthonormal basis, then

our proof of Theorem 1.1 shows that the decomposition depends continuously on P,
and therefore continuously on T.
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