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Sum of Hermitian Matrices with Given
Eigenvalues: Inertia, Rank, and
Multiple Eigenvalues

Chi-Kwong Li and Yiu-Tung Poon

Abstract. Let A and B be n X n complex Hermitian (or real symmetric) matrices with eigenvalues
ap > -+ > agand by > --- > b,. All possible inertia values, ranks, and multiple eigenvalues of
A + B are determined. Extension of the results to the sum of k matrices with k > 2 and connections of
the results to other subjects such as algebraic combinatorics are also discussed.

1 Introduction

Let 3, be the real linear space of n X n complex Hermitian (or real symmetric)
matrices. For a real vectora = (ay,...,a,) witha; > --- > a,, let

H,(a) = {A € H, : Ahaseigenvaluesay,...,a,}.
Motivated by problems in pure and applied subjects, there has been much research
on the relation between the eigenvalues of A, B € I, and those of A + B [3-5,7-9,
11,12]. In particular, for given real vectorsa = (ay,...,a,), b = (by,...,b,), and
c¢= (c,-..,c,) with entries arranged in descending order, a necessary and sufficient

condition for the existence of (A, B) € H,(a) x H,(b) such that A + B € H,(c), or
equivalently,

(1.1) Hu(c) € FHu(a) + H, (b)),

can be completely described in terms of the equality
(1.2) Z(aj+bj—cj):0
j=1

and a collection of inequalities in the form

(1.3) dYoatd b>) q
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for certain m element subsets R, S, T C {1,...,n} with 1 < m < n determined by
the Littlewood—Richardson rules; see [5,7] for details. Using (L2]) and (L3)), we can
also deduce the inequalities

(1.4) da+y b<Y a,

reRre sese teTe

where R¢ denotes the complement of Rin {1, 2, ..., n}. The study has connections to
many different areas such as representation theory, algebraic geometry, and algebraic
combinatorics.

The set of inequalities in grows exponentially with n. Therefore, in spite of
the existence of a complete description of the eigenvalues of A+ B in terms of those of
A and B in H,,, it is sometimes difficult to answer some basic questions related to the
eigenvalues of the matrices A, B, and A + B. For example, as pointed out by Fulton
[7, p.215], given a proper subset K of {1,2, ..., n} and real numbers {7 : k € K}, it
is not easy to use the inequalities in to determine if there exists ¢ with ¢, =
for all k € K such that (L) holds. In particular, the inequalities in (L3]) with T C K
together with those in (I.4) with T° C K are necessary, but not sufficient, for (L)) in
general.

If K = {k} is a singleton, then inequalities in and reduce to Weyl’s
inequalities [13], implying that c; € [Lg, Ry], where

Ly=max{a; +bj:i+j=n+k} and Ry=min{a;+bj:i+j=k+1}.
Conversely, one can check that for every ¢ € [L, Ri], there exists
(A,B) € H,(a) x H,(b)
satisfying A + B € H,(c) with ¢, = ¢. So, in this case, the inequalities in (L.3) with
T C K and ¢ = v for k € K are also sufficient.

In this paper, we show that if 4 € [Lg,Lyk—1) N (Rgr41.Rer], then there exists
(A, B) € H,(a) x H,(b) such that C = A + B has a vector of eigenvalues ¢ with

Ch—1 < P =Ck = Cpg1 = ==+ = Ck/ < Ck/+1-

This will follow from a consequence (Corollary [5.7) of the solution of the following
problem.

Problem 1 Suppose (A, B) € H,(a) x H,(b). Can a given x1 € R be an eigenvalue
of A+ B with a specific multiplicity? Equivalently, can A + B — pI have a specific rank?

We will study the following more difficult problem.

Problem 2 Suppose (A, B) € H,(a) x H,(b). Can a given y € R be an eigenvalue
of A + B so that p other eigenvalues are larger than u, and g other eigenvalues are
smaller than p? Equivalently, can A + B — ul have inertia (p,q,n — p — q), i.e, p
positive eigenvalues, g negative eigenvalues, and n — p — g zero eigenvalues?
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Clearly, one can replace (A, B) by (A — ul, B) and replace a = (ay,...,4a,) by
(ay — py ..., a, — p) so as to focus on the case for ;4 = 0 in the study.
For two nonnegative integers p and g with p + g < n, let

H,.(p,q) = {X € H, : X has p positive eigenvalues and g negative eigenvalues}.

In Section 2, we determine a necessary and sufficient condition on (p, q) for the
existence of (A,B) € H,(a) x H,(b) so that A+ B € H,(p,q). In addition, we
give a global description of the set of integer pairs (p, q) satisfying these conditions
in Section 3. Moreover, we determine those integer pairs (p, q) for the existence of
diagonal matrices A € 3, (a) and B € JH,,(b) such that A+B € J,(p, q) in Section 4.
Then the results are used to determine all the possible ranks of matrices of the form
A + B with (A,B) € H,(a) x H,(b) in Section 5. We also determine the function
f: R — Z such that f(u) is the minimum rank of a matrix of the form A + B — ul
with (A, B) € H,(a) x H,(b). Additional remarks and problems are mentioned in
Section 6.

Alternatively, one can describe the results as follows. For (A, B) € 3, (a) x 3, (b),
we determine the condition on (p, q) such that U*AU + V*BV € H,(p, q) for some
unitary matrices U and V, and use the result to determine all possible ranks and
multiplicities of eigenvalues of all matrices of the form U*AU + V*BV.

It turns out that it is more convenient to state and prove the results for A — B. We
will do this in our discussion and focus on the set

In(a,b) = {(p,q) € ZxZ: I (A,B) € H,(a) x H,(b) such that A—B € H,(p,q)}.

We always assume that a = (ay,...,4,),b = (by,...,b,), and ¢ = (cy,...,c,) are
real vectors with entries arranged in descending order unless specified otherwise.

2 Characterization of Elements in In(a, b)

First, we obtain an easy to check necessary and sufficient condition for (p,q) €
In(a, b).

Theorem 2.1 Leta = (aj,...,a,) andb = (by,...,b,) be real vectors with en-
tries arranged in descending order. Suppose p and q are nonnegative integers satisfying
p+q<n Then(p,q) € In(a,b) if and only if

1) (ar,...,a0—g) — (bgt1,...,by) is a nonnegative vector with at least p positive
entries, and

(it) (b1,...,bup) — (aps1,...,a,) is a nonnegative vector with at least q positive
entries.

Moreover, if (i) and (@) hold, then there exist block diagonal matrices
A=A1® - ®Apq€H,(a) and B=DB ® - @ Byiy € Hy(b)

with the same block sizes such that A — Bj; is rank one positive definite for j = 1,...,p
and A; — B; is rank one negative semi-definite for j=p+1,...,p +q.
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Remark 2.2 Forfixed p,q > Owithp+q <n,letK={p+1,...,n—q}. The ne-
cessity of condition (i) and (i) in Theorem 2.1] can be deduced from the inequalities
in (L3) with T C K and ¢, = 0 for k € K. We will give a direct proof of this result
for completeness.

It is convenient to use the following notation in our discussion. Suppose u =
(u1,...,uy) and v = (v1,...,v,) are real vectors with entries arranged in descend-
ing order. Write u > v (respectively, u > v) if u — v is a nonnegative vector with at
least (respectively, exactly) k positive entries. We will useu > vandu > vforu >y v
and u > v, respectively. Fora = (a;,...,a,) and 1 < m < n,leta” = (ay,...,an)
and a,, = (a,_m+1, - - - , an). One can use these notations to restate conditions (i) and
(ii) in Theorem2.T]as

a"1>,b,, and b7 >, a, ,.

The following lemmas are needed to prove Theorem[2.1] The first one was proved
in [6].

Lemma 2.3 Leta = (dj,...,a4,) anda = (ay,...,a,) be real vectors with entries
arranged in descending order, where 1 < m < n. Then thereis (A, A) € H,(a) x H,,(a)
with A as the leading principal submatrix of A if and only if a; > d; > ay—m+;j for
j=1,...,m

Lemma 2.4 Let (A, B) € H,(a) x H,(b). If A — B is a rank k positive semi-definite
matrix, then a > b.

Proof Applying a suitable unitary similarity to A — B, we may assume that A — B =
diag(dl,...,dk,o,...,()) withd; > --- > diy > 0. Let C = B+ di Iy ® 0,,_ have
eigenvalues ¢; > - - - > ¢,. Then using the positive semi-definite ordering, we have

A>C and B+di>C>B.
By Weyl’s inequalities (see [13]), we have
a;j>c; and b;+dp>c; > b, i=1,...
Since

kdy =tr (C—B) = (cj — b)),
j=1

and each of the summands on the right side is bounded by dy, we see that at least k
of the summands are positive. It follows that there are at least k indices j such that
aj > b]'. |

Lemma 2.5 Letaandb be real vectors. Suppose{ay,ay, ...,a,} and {by, by, ..., b,}
can be partitioned as

{ar,a5,.. . a0} = U{aja, ... a5} and {by,by,..., by} = U{bj1,...bju}
j=1 j=1
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such that foreach 1 < j <,
aj1 > bj1 >aj, >bjp > >aj, > bjy

with aj; > b;; for at least k; i’s and 23:1 k; > m. Then there exist block diagonal
matrices A=A D--- DA, € H,(a)and B= B, ®--- D B,, € H,(b) with the same
block sizes such that A;— B; is rank one positive definite for j = 1,. .., m. Consequently,
(m,0) € In(a, b).

Proof Suppose r = 1. We prove the statement by induction on m. When m = 1 we
have

(2.5) a>bh>a>by>--->a,2>0b,

and a; > b; for at least one i. If b, > 0, then by Lemma 2.4 there is A € H,4,
with eigenvalues a; > --- > a, > a,+1 = 0 such that the leading #n x n submatrix
has eigenvalues b; > --- > b,. Since Ais singular, there is R € M, andv € C"
such that A = [R|v]*[R|v]. Note that B = RR* and R*R have the same eigenvalues
by > -+ > b,, and the eigenvalues of A = [R|v][R|v]* = RR* + vv* are the same as
the n largest of A and equalto a; > --- > a,. Thus, there exists unitary A — B = vv*
is rank one positive semi-definite. If b, < 0, apply the argument to A — b,I and
B — b,I to get the conclusion.

Suppose the result holds for some m > 1, and (Z.5)) holds with a; > b; for at least
m+1i’s. Lets = min{i : ¢; > b;}. Then by induction assumption, there exist

Ay, By € H; with eigenvalues a1, ..., d; and by, . . ., b; and block diagonal matrices
Ay @ B Apy and B, @ -+ @ By € H,—; with eigenvalues agyq, .. ., 4, and
bsi1,. .., by, such that A; — B; is rank one positive definite for j = 1,...,m + 1.

Thus, A=A, DA, D - DA € fJ-Cn(a) andB=B  ®B,®--- DB,y € ﬂfn(b)
satisfy the requirement.

Now, suppose r > 1. Choose non-negative numbers £; with min{1, k]-} << kj
for1 < j < msuchthatl,+---+£, = m. By the result when r = 1, there exist block

diagonal matrices Aj and B; € H,,, with eigenvalues a;,...,a;,; and bj1,...bjn;
such that A; — B is positive semi-definite with rank £;. Thus, forA = A; ©--- © A,
and B=B; @ - - - & By, A — B is positive semi-definite with rank m. ]

We are now ready to present the proof.

Proof of Theorem[2.1] Suppose (A, B) € H,(a) x H,(b) satisfies A — B € H,,(p, q).
Applying a unitary similarity to A — B, we may assume that A — B = diag (cy, ..., ¢)
suchthatc; > - > ¢, >0=cpp1 = =g =0>Cpyr1 = -+ > cp. Let

A11 A12 Bll B12
A= and B=
(AZI A22> <Bz1 Bzz)
with A1, Biy € H(,—,4. Then A;; — By is positive semi-definite with p positive eigen-

values. Suppose A and By have eigenvalues oy > -+ - > ayy—gand 3, > -+ - > (B,_,
respectively. By Lemmas[2.3]and 2.4} we have

(a1, ... an—q) = (o1, ... 0m—q) Z2p (B1s- -5 Bu—gq) = (bger, - -, bu).
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This proves (). Similarly, we can prove condition ().

To prove the converse, given real vectors a and b, we first show that for every n,
the result holds if pg = 0 or p +q = n. If (p, q) = (0,0), then we have a = b and the
result follows.

Suppose p > Oandg = 0. Letn = rp +s, withr > 0and 1 < s < p (not
0 <'s < p as given by the Euclidean algorithm). Then (i) and (ii) imply that

a; > b > apyi > -0 2 Arpri 2> brpy for1 <i<s,

a; >bj>ap; > > ae—1)prj = be—1)p+j fors+1<j<p,

with a; > b; for at least p i’s. Therefore the result follows from Lemma 2.5
Similarly, the result holds for p = 0 and q > 0. Hence, the result holds if pg = 0.
Forp+q =mn,letA = diag(ay,...,a,) and B = diag (bgs1,. .., b, b1, ..., bu_yp).

Then it follows from (i) and (ii) that A — B € H,,(p, q).

We complete the proof of the converse by induction on #n. The result is clear for

n < 2.

Assume that the result is valid for all real vectors of lengths less than n. Suppose

(p,q) > (1,1), p + g < n, and the inequalities in (i) and (ii) hold. Then we have

(2.6) a,-ZbW for 1<i<n—gq
and
(2.7) b,-Zap+,- for 1<i<n—p

with at least p strict inequalities holding in and at least g strict inequalities
holding in (2.7).

If a; = byy; for some 1 < i < n — g, then letting a’' = (ay,...,a;i_1,8;41,...,4,)
andb’ = (by,...,bgsi—1,bgsis1; - - -, bu), we have

1<j<i=aj=a;>byj=0b

(28) j qt+jo
igjgn—l—qéa;:ﬂ]#lquJerrl:béJrja
. . ! !
1§]<l—p:>bj:bj2ap+j:ap+j7
(2.9) i—p<j<itq=bj=0bj>ap;>apjn =a,,

/

i+qgj§”—1—l7éb;:bj+lZap+j+1:ap+]'a

with at least p strict inequalities holding in (2.8) and at least g strict inequal-
ities holding in (29). By the induction hypothesis, there exist A’, B’ € H,_;
with eigenvaluesay, ..., ai_1,ai41,...,a,and by, . .., bgyi—1, bgyit1, - - ., by such that
A" — B’ € H,—1(p,q). Hence, [a;] ® A" — [bgsi] ® B' € Hy,(p, q).

Similarly, the result holds if b; = a,4; forsome 1 <i <#n — p.

So, we may assume that all inequalities are strict in (2.6]) and (27). By symmetry,
we may assume that g < p. Sincen > p +q,letn = r(p + q) + s, where r > 0 and
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1 <s< p+q. Wewillarrange a, . ..,a,and by, . .., b, in p+q chains of inequalities
so that Lemma[2.5] can be applied. To this end, define m = min{s, q, p + q — s},

iy = max{l,s — g+ 1}, i, = min{s, p}, j1 = max{l,s— p+1}, j, = min{s, q}.

We have
1<s<g|q<s<p|p<s<p+tgqg
ip = max{l,s —q+1} 1 s—qg+1 s—qg+1
i, = min{s, p} s s p
j1 = max{l,s—p+1} 1 1 s—p+1
j» = min{s, q} s q q
m = min{s, g, p+q— s} s q p+q—s

Then i, — iy = j, — j1 = m — 1. By conditions (i) and (ii), we can list all the entries
of aand b in the following p + g chains of interlacing inequalities:

a > bq+1 > Apigtl > e > b(rfl)(p+q)+q+l > Ar(prq)+1 > by(p+q)+q+1
Aiy—1 > bgriy—1 > Aprgri—1 > -0 > De—n)(proigrii—1 > Gpraprii—1 > Dr(pra)yrgrii—1
aiy > by > apigris > 0 > benprgagrin > Grprgiy
ai, > bariy > Aprgriy, > 0 > Du—Dprgrraqrin > Ar(prgiis
Aiyr1 > bgriye1 > Gpigripr1 > 0 > D 1)(prqrgriatl
ap > bgp > dpigrp > 0 > biprg),

and

b > dapr1 > bpigr > > A —1)(prg)tprl > bi(prgrr1 > Ar(prg)+p+l

bjl—l > Aprj—1 > bp+q+j1—1 > 0 > A(r—1)(prg)tprii —1 > br(p+q)+j171 > Ar(prq)+p+ji —1
by > apejy > bpegeii > 0 > Ae—nrpeprin > brpraei
by > aprjy > bpegrin > > Ae—Dpriprin > brprgti

\%
\%

bj2+1 > Apijprl > bp+q+j2+1 A(r—1)(p+q)+p+ja+1

by > apgq > bpigrg > 0 > Grprg)s

where a; and b; would not appear ifi < 0 ori > n.

In fact, it is easy to construct the p chains of inequalities in the first list and g chains
of inequalities in the second list as follows. Put the first p entries of a vertically in the
first column of the first list, the next g entries of a vertically in the second column of
the second list, then the next p entries of a in the third column of first list, and so
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forth. Similarly, put the first q entries of b in the first column of the second list, the
next p entries of b in the second column of the first list, then the next g entries of b
in the third column of the second list, and so forth.

For the application of Lemma 2.5 the chains of inequalities with starting terms
a; for iy < i < i, are not acceptable because the first and last terms are entries of
a. Similarly, the chains of inequalities with starting terms b; for j; < j < j, are
not acceptable. Since i, — i1 = j, — j;, we can amend the situations as follows. For
iy <i<iyleti’ = j;+i—i;. Then j; < i’ < j, and we can replace the pair of
interlacing inequalities

a; > bq+i > Apigri > > b(rfl)(p+q)+q+i > Ar(p+q)+is
b > Apyi’ > bp+q+i’ > s > Ar—1)(prq)+pHi! > br(p+q)+i’7

by one of the following pairs:

ai > bgri > Aprgri > 0 > be—nprgrgri > Ar(prgri > Dr(prgp+iv
bir > aprir > bpigrir > 0 > A1) (pro)pi’
ifar(p+q)+i > br(p+q)+i’) or
ai > bgri > prgri > 0 > bpo1)(prgregrs
bir > aprir > bpigric > 0 > Ao prgiprit > brprgris 2 Grproei

if @r(pig)ri < br(prgy+ir. After the above modification, we can apply Lemma [2.5] to
the eigenvalues in the interlacing inequalities with starting terms a; to get a rank p
positive semi-definite matrix, and then apply Lemma 2.5 to the eigenvalues in the
interlacing inequalities with starting terms b; to get a rank q semi-definite matrix.
The result follows.

Following our proof, one can construct the matrices A and B in block diagonal

forms as asserted in the last statement of the theorem. [ |

It is easy to use Theorem 2] to test whether a given pair of integers (p, q) belongs
to In(a, b). Here is an example.

Example 2.6 leta = (6,6,4,3,3,2,1)and b = (5,4,3,3,1,1,1). Then the fol-
lowing hold.

(i) (1,1) ¢ In(a,b) as
(bh <. '7b7—1) - (a1+1, .. '7[17) = (57473737 17 1) - (6747373727 1)

has a negative entry.
(ii)) (2,0) € In(a,b) as
(ala s 7a7—0) - (b1+07 .. '7b7) = (676747373727 1) - (57473737 17 17 1)
=(1,2,1,0,2,1,0)
(bb o 'ab772) - (a2+1; s ,617) = (55473537 1) - (47353725 1) = (15 1705 170)
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In fact, if A = diag (6,4, 6,2,3,3,1) and B = B, @® B, with

_ (72 V152 (72 V5)2 ,
Bl‘(m/z 5/2) - Bz_(ﬁ/z 3/2)@@%(373’1%

then (A, B) € H;(a) x H;(b) such that

€ H7(2,0).

We can also test every (p, q) pair of nonnegative integers with p + g < 7 and
depict the set In(a, b) as points in R? as follows.

q

4 °

3+ e o o

2+ e o o o

1+ e o o o o
+—F—o—o—o—o—1+—

Corollary 2.7 Suppose (p1,q1), (p2,92) € In(a,b). Let p = min{p;, po} and
q = min{qi, q:}. Then (p,q) € In(a,b).

Proof Suppose p = p; and q = q;. Since (p1, q1), (P2, q2) € In(a, b), we have
a" > byg = a1 >, by,
b" P 2q An—p;, = b"F Zq An—p-

Hence, by Theorem[2.1] (p,q) € In(a,b). ]

3 A Global Description of In(a, b)

While Theorem 2.]allows us to test if a pair of nonnegative integers lies in In(a, b),
it would be nice to have a global description of the region for all integer pairs in
In(a, b). The objective of this section is to obtain such a description.

Note that if a and b have a common entry with multiplicities #; and n, in the two
vectors such that n; + n, > n, then for any (A, B) € J,(a) x IH,(b), the null space
of A — B has dimension at least n; + n, — m, and a reduction of the vectors a and b is
possible in the problem of describing In(a, b) as shown in the following proposition.
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Proposition 3.1 Leta = (ay,...,a,) andb = (by,...,b,) be two real vectors with
entries arranged in descending order. Suppose

i = Gip1 =+ = Qivg—1 = bj = bj1 =+ = bjap, 1,

for some i, j,ny,ny; > 1such thatny +ny > n. Lets = ny +n, — nand a’, b’ be
obtained by deleting s a; from each of a and b. Then (p,q) € In(a,b) if and only if
(p,q) € In(a’,b").

Proof Suppose A and B have eigenvalues ay, . .., a, and by, ..., b,. Then the inter-
section of the eigenspaces of A and B associated with g; has dimension > s. So there
exists a unitary U such that U*AU = A’ @ g;I; and U*BU = B’ @ a;1;. Therefore,
(p,q) € In(a,b) ifand only if (p, q) € In(a’,b’). [ ]

By the above lemma, to describe In(a, b), we can focus on the (a, b) pair such that
a and b do not have a common entry whose multiplicities in the two vectors have
sum exceeding n. To describe the main result in this section, we need the following
definition.

Definition 3.2 Supposea = (ai,...,a,) andb = (by,..., b,) are real vectors with
entries arranged in descending order. Let
n if by < ay,
(31) Po = . s ! . "
min{t:0 <t <n, b"'>a,,} otherwise;
n ifa; < by,
(3.2) =3 . . Lo
min{t: 0 <t <n, a" ' >b,_;} otherwise.
Suppose
(3.3) (ar,...,an, by,...,b,) has no entry with multiplicity larger than n.
Let
K — n— po lfbl S[ln,
C | min{t:0<t<n—py, b >a, , ,} otherwise;

PR R’ ifa; < b,,
min{t: 0 <t <n—gqp,a" *">b,_4_} otherwise.
Furthermore, for 0 <i <n— (po+qo+¥¢)and 0 < j < n — (po + qo + k), let

Q; be the number of positive entries in b" " — a,_,, with p; = po +1,

P; be the number of positive entries in a"~% — b, with g; = go + ;.
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In Example[2.6] we have (k, ¢) = (1,1),

(Po;Qo) = (270)7 (p()u QO) = (273)7 (P07q0) = (570)7
(p1,Q1) = (3,4) = (P4,q4), (p2,Q2) = (4,3) = (P3,q3),
(p3,Q3) = (5,2) = (P2,q2), (ps,Qq) = (6,1) = (P1,q1).

In general, we will show in Lemma[3.IT]that py < Pyand p; + Q; = n = P; + g; for
allk <i<n—(po+qo+¥)and? < j < n—(po+qo+k). Therefore, the points in

{(pi, Q) :k<i<n—(po+qo+OYU{(Pj,q;): £<j<n—(po+qo+k}

lie on the line segment joining (px, Q) and (Py, q¢).

Theorem 3.3 Let a and b be real vectors satisfying condition (3.3)). Use the notation
in Definition The following conditions hold.

(1)  The polygon P obtained by joining the points

(Po, q0), (o, Qo), (p1,Q1)s -+, (Prs Qi) (Pesqe), (Pe—1,q¢—1), - - -, (Po, o), (Pos o)

is convex.
(ii) In(a,b) consists of all the integer pairs (p, q) in P.

In Example P is obtained by joining (2,0), (2, 3), (3,4), (6,1), (5,0), (2,0).
Before presenting the proof of the theorem, we illustrate how to use the theorem in
the following corollaries.

Corollary 3.4 Let aandb be real vectors with no common entries. Using the notation

in (B.1) and (B.2), we have

In(a,b) = {(p,q) : p > po, > qo, p+q < n}.

Proof Since a and b have no common entries, we see that for each i € {1,...,k},
the vector b"~#" —a,_ . is positive, and hence p; + Q; = n. Similarly, P; + q; = n for
each j € {1,...,£}. By Theorem[3.3] the result follows. [ |

Corollary 3.5 Suppose there are u > v and 0 < u,v < n such that
p=a=--=a,=by=---=byandv=ay, =--=a,=byy = =b,.
Then
In(a,b) = {(u — w,v —w) : max{0, u +v — n} <w < min{u,v}}.
Proof Without loss of generality, we may assume that u > v, 4 = 1 and v = 0.
Furthermore, by Proposition 3.1} we may assume that 4 + v = n. Then (po, qo) =

(u — v,0). Moreover, (p;i, Q;) = (po +1,i) = (P;,q;) fori = 1,...,v. By Theorem
the result follows. [ ]
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We establish some lemmas to prove Theorem The first three lemmas give
additional properties of pq, qo, P;, Q;, and confirm that (po, qo), (pi, Qi), (Pj,q;) €
In(a, b).

Lemma 3.6 Suppose a,b are two real vectors, and po, qo are defined by (B.1)) and
B.2). Then the following conditions hold.

(i)  po=min{p: (p,q) € In(a,b) for some q > 0}, and a?* —b,, is a positive vector
ifpo > 0.

(i) go =min{q: (p,q) € In(a,b) for some p > 0}, and b — a, is a positive vector
ifgo > 0.

(iii) (po,qo) € In(a,b).

Proof (i) Suppose p is given by (BI). If py = n, then b; < a, and In(a,b) =
{(n,0)}. If py < n, then we have b; > a,yjforalll < j < n — po. Let
A = diag(ay,...,a,) and B = diag (b,—pys1,-..,b0,b1,...,b4_p,). Then A — B
has at most p, positive eigenvalues. Therefore,

po > min{p : (p,q) € In(a,b) for some q > 0}.

On the other hand, suppose (p,q) € In(a,b) for some g > 0. Then there exists
(A,B) € H,(a) x 3, (b) such that A — B € H,(p, q). By Theorem 1] we have
b"~? > a,_,. Therefore, p > p,. Hence,

po < min{p : (p,q) € In(a,b) for some g > 0}.

If po > 0, then there exists 1 < i < n — (po — 1) such that ap,_14; > b;. So for all
1 < j< powehavea; > ay_14i > bj > by_p1j, ie, a? — b, is positive. This
proves (i). The proof of (ii) is similar.

(iii) By the results in (i) and (ii), we can choose p > po and g > qo such that
(p,q0) and (po, q) € In(a,b). Hence, by CorollaryR2.7 (po, q0) € In(a,b). [ |

Note that assumption (3.3)) is not needed in Lemma[3.6

Lemma 3.7 Suppose a and b are real vectors satisfying condition B3). Let s €
{0,...,n — 1} be such that b"~* — a,_ has a non-positive entry. Then a**! — by,
is positive.

Proof Suppose the conclusion is not true. Then a**! — by, is not positive. Hence
thereisi € {1,...,s+ 1} such that a; < b,_;_14;. Since the vectorb”™* —a,_; hasa
non-positive entry, b; < ag,j for some j € {1,...,n — s}. Hence

bj=auj<asuj 1< <a <byg14i <o < by
Consequently, all the inequalities become equalities, and the multiplicity of a; = b;

in the vector (ay,...,a,,b1,...,by)equals s+ j—i+1)+(n—s+i—j)=n+1,
contradicting assumption (33). [ |
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By Lemma[3.7]and the definition of £ and k, we see that
(n—qo—¥€,q0+¢€),(n— po—k, po+k) €In(a,b)

if a and b satisfy (3.3)).

Lemma 3.8 Let a and b be real vectors satisfying (3.3). Use the notation in Defi-
nitionB2 For0 < i < n—(po+qo+4£)and0 < j < n— (po+qo+k), we
have

(i) ab* > by, and boti > a1 ;.

(i) (pi, Qi) (Pj,q;) € In(a,b).

(ili) Qi = max{q: (po+i,q) € In(a,b)} and P; = max{p : (p,qo + j) € In(a,b)}.
(iv) po+qo+k+¢<mn

Proof If p or gy = n, then k = ¢ = 0, and the results follow. Therefore, in the rest
of the proof, we assume that py, g0 < n.

(i) It follows from the definitions of £ and k thata” % —¢ > b,_4—¢and bk >
a,_p,— For0 < i < n— (po+qo+£) wehave pg +i < n— go — £. Therefore,
a?" > by ;. Similarly, b%*7 > a, ;i for 0 < n — (po +qo + k).

(ii) Since, diag(ai, ..., a,) — diag (by—p;+15 .-+, bu, b1, ..., bup,) € Hyu(pi, Qi),
we have (p;, Q;) € In(a, b). Similarly, (P;,q;) € In(a,b).

(iii) Suppose (pi,q) € In(a,b). Then b"~?" >, a,_,.. So, q < Q;. Hence,

Q; = max{q: (po+1i,q) € In(a,b)}.

Similarly, we have
Pj = max{p: (p,qo+ j) € In(a,b)}.

(iv) Since (n — qo — £, qo + £) € In(a, b), we have n — g9 — £ > po by Lemma[3.6l
From the definition of kand a"~*~* > b,_, _, we have n — go — ¢ > po + k. Thus,
pot+qo+k+{<n. [}

Clearly, P; is equal to n — g; minus the number of zero entries in a"~% —b,_, .
Therefore, in order to study the relationship between P; and Pj;;, we need to keep
track of the zero entries in the vector a"~% —b,_, and investigate how they are
related to the entries ofa” % ~1—b,,_ q;—1- For this reason, we introduce the following
definition.

Definition 3.9 Forl <i < j<m<mn,wesaythat[i,jl={t:i<t < j}isa
maximal interval of (a™,b,,) if

Ai—1 > 04; = Qjy) = - =4aj = bp—mii = by—priny = - = bn—m+j > bn—m+j+l'

The length of a maximal interval [i, j] is given by j — i + 1. The set of all maximal
intervals of (a™, b,,) will be denoted by S(a”,b,,). Let T = T(a™,b,,) be the maxi-
mum length of a maximal interval of (a™,b,,). For 1 <t < T, let 5; be the number
of maximal intervals of (a”,b,,) with length ¢. The sequence (s, 52, . ..,sr) will be
denoted by s(a”, b,,).
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Lemma 3.10 Suppose a™ > by, for some 1 < m < n. Then the following conditions
hold.

(i) a"™ >4 b, whereq =m — Zthl ts.

(i) [i,j] € S@™ 1, b,_1) ifand only if [i, j + 1] € S(a™, b,,).
(ii) a™ ! >, by, whereqi =q— 1+ Zthl St

(iv) Ifa™ %>, by thengy —q1 < q1 — q.

Here, we assume that m > 1 for (ii)—(iii) and m > 2 for (iv).

Proof Condition (i) holds because Zthl t s, is the number of zero entries in a” —b,,.
To prove (ii), suppose [i, j] € S(a”~!,b,,_1). Then we have

(34) a1 > a; =ajy = - = aj
= bu—(m—134i = ba—(m—tptiv1 = =+ = bu—(m-1)+j > bu—(m-1)+j1-
Since

ai—1>a; 2 by_pii > by_myin = ai,

a; > ajr1 > by jn = aj > by (m_1)+j1,
we have a; = b,_4i = bp_mriv1 and aj = aji1 = by_ s ji1. This gives

(3.5) a;_1 > a; = aj; = -+ = ajy

=bymi = bp_myir1 = = bn—m+j+l > bn—m+j+2-
Thus, [i, j+1] € S(a™,b,,). Conversely, if [i, j+ 1] € S(@”,b,,) for some j > i, then
(B3 holds. Thus (3.4) follows and [i, j] € S(@”~ !, b,,_1).

To prove (iii), let s(a™,b,,) = (s1,5,...,57). Then it follows from (ii) that
s(@™ !, b,,_1) = (s,53,...,sr). Hence,

T T T T
q1:m—1—Z(t—l)st:m—l—Zts,+Zst:q—1+Zst.
t=2 t=1 t=1 t=1

From (iii) we have g, — q; = ZtT:Z s—1< Z;l ss — 1 = q1 — q. This proves
(iv). [ |

Applying Lemma to the quantities in Definition we readily deduce the
following.

Lemma 3.11 Using the notation in Definitions 3.2l and B9l the following conditions
hold.

(1) k= T(bnfpov ay—p, )) {= T(anfqov bn*l][])'
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(ii)  Suppose s(b,_p,, an—p,) = (51,52, ...,5) and s(a,—g,, bu—g,) = (51,55, ...,5)).
Then

k
Qi+1:Qi_1+ZSt for0 <i <k,
t=i+1
k
Pj+1:Pj—l+Zst' foro < j <.

t=j+1
(iii) Fork<i<n—(po+qo+¥)andl < j<n—(po+qo+k), wehave
Q+1=Q —1 and Pj =P;—1.
Moreover, fork <i <n—(po+qo+¥)and{ < j < n— (po+qo+k), we have
pi+Qi=n=Pj+gq;.
(iv) ForO<i<n—(po+qo+{)andl < j<n—(po+qo+k), wehave
Q —Qi-12Qis1 —Q and Pj—Pj > Pjy >Pj —P;j

Proof of Theorem[3.3] (i) From (py, qo) to (po, Qo), we have a vertical straight line
segment. Note that the slope of the line segment from (p;_1, Q;—1) to (pi, Q;) equals
Qi — Q;_1, and the slope of the line segment from (p;, Q;) to (pi+1, Qi+1) is Qiv1 — Q.
By Lemma [3.11{iv), we see that Q; — Qi1 > Qi1 — Q;. Thus, the polygonal curve
joining the points (po, Qo), (p1, Q1) - - -, (Pr, Q) is convex. The line segment joining
(px, Qi) and (Py, q¢) is a line segment with negative slope. Finally, the polygonal curve
joining the points (po, qo), (Po, qo), - - -, (P¢, q¢) is concave by Lemma [B.11Kiv). Thus
P is a convex subset contained in the set

{(p.@):po<p<n—qu q <q<n—py and p+q<n}.

(ii) Suppose (p,q) € P. Let p = p;jand g = g forsome 0 < i < n— (py +qo +)
and 0 < j < n—(po +4qo +k). Then p; < P;and q; < Q;. Since (p;, Q;) and
(Pj,q;) € In(a,b). By CorollaryR2.7, (p;, q;) € In(a,b).

Conversely, suppose (p,q) € In(a,b). By Theorem 3.6 we have p > po, g > qo
and p+q < n. Let p = p;and q = g; for some i, j > 0. If i > n — (po + qo + £),
then we have

gi<n—pi<g+f = pi<Pi<n—q = i<n—(po+tqo+l),

which is a contradiction. Therefore, 0 < i < n — (po + qo + £). Similarly, we have
0<j<n—(po+qo+k). Since (p;,q;) € In(a,b), we have p; < P;and q; < Q;
by Lemma[3.8] If either p; = P; or q; = Q;, then (p, q) € P. So we may assume that
pi < Pjand q; < Q;. Consider the positive numbers

=P —p), L=iQ—q) and t=(P;=p)Q -4
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Then by direct computation we have

t1(pi, Qi) + ta(Pj, qj) + t3(po, q0)  (t1pi + 2Pj + t3po, 1 Q; + 129 + t390)
Hh+th+1ts fy+i+ 13

= (pi, q;)-

Thus, (p, g) lies in P. ]

4 Elements in In(a, b) Attainable by Diagonal Matrices

In this section, we determine those elements in In(a, b) that are attainable by diag-
onal matrices. Clearly, if A and B are diagonal matrices with eigenvalues so that the
eigenvalues of A and those of B are mutually distinct, then A — B is invertible. If
A and B have m common eigenvalues (counting multiplicities), then A — B has at
most m zero eigenvalues. It turns out that this is the only additional restriction on
(p,q) € In(a, b) to be attainable by diagonal matrices.

Theorem 4.1 Suppose a and b have m common entries counting multiplicities. Then
there are diagonal matrices A € H,(a) and B € H,,(b) such that A — B € H,(p,q) if
and only if (p,q) € In(a,b)and p+ g > n —m.

To prove Theorem [4.1]we need the following.

Lemma 4.2 Leta= (a,az,...,a,) andb = (by,b,,...,b,) € R" with
a>ay>--->a, and by >by>--->b,.

Givenl < j; < iy < n, letédand b be obtained from a and b by deleting a; and b,
from a and b, respectively. Supposea >, b for some 0 < p < n. We have

(i) a>b.
(ii) If1<p<mn,thenda >, b )
(iii) Ifa; = b; for some j; < i <1y, thenda >, b.
Proof Since
. a; if1 <i<iy, j b; ifl1 <j<j,
4 — -
e ifi<i<n—1, 7 b ifj<j<n-—1,
we have
1§i<j1 = di=a; >
h<i<ii = d=a>b>by =b

i <i<n = & =ay >by=b

and (i) holds.
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Note that every strict inequality a; > b; for 1 < i < i; (ori; < i < n) gives a
strict inequality d4; > l;i (ord;_; > l;i,l). This proves (ii) and the case when i = 7;
or j; in (iii).

For (iii), we may assume that a;, > b;, and i; > j,. Note that

(41,8,...,45,-1) = (a1,a2,...,4j,_1),
(Bl,i?z,---,ﬁjﬁl) = (b1, by,...,bj,-1),
(Qj, dj41, .., di-1) = (aj,, 45,41, .-, 45, 1),
(bjy,bjet, - bi—1) = (bjier, bjpaa, .., by),
(dz Aiyi1s - - S ay_1) = (ai1+l7ai1+27 ceeyn),

(l; blﬁ-lv---vl;nfl) :(bi1+17bi1+27"'7an)'

Apply Lemma[3.10] (iii) to (aj,, aj,+1, . . . ,ai,) and (b, bj 42, . . ., b;, ); by the fact that
at least one s; is positive, we can conclude that the number of strict inequalities in
(4j,,dj,+1, ..., di,—1) — (bj,, bj 11, ..., bi,_1) is no less than that of

(@j, 85,41, .,a,) — (bj,, bji42, ..., bi)).

Therefore, the number of entries in 4 — b is no less than that of a — b. |

Proof of Theorem[4.1] Suppose A and B are diagonal matrices with eigenvalues
a,...,apand by, ..., b, suchthat A— B € H,(p,q). So, (p,q) € In(a,b). Also, the
number of zero diagonal entries is at most m. Therefore, m > n — p — q. Hence,
ptq>n—m.

We prove the converse by induction on m. Let (p, q) € In(a,b) and p+q > n—m.
If p+q = n. Then the result follows from Theorem[2.1] So the result holds for m = 0
and we may assume that n > p +q.

Let m > 0. Assume the result holds whenever a and b have m — 1 entries in
common. Suppose a and b have m common entries and (p,q) € In(a,b), with
p+q > n— m. By Theorem[2.1} we have a" 1 >, b,_, and b"~* >, a,_,. We may
assume thatn > p +q > n — m. We are going to show that we can delete common
entries from a and b to obtain vectors 4 and b € R"~! so that 4"~ !4 > bn 1—q
and b 1-F >4 4,_1—p. Since & and b have only m — 1 entries in common and
p+qg>(n—1)— (m— 1), the result will follow.

Consider the following cases:

Casel: a" 91>, b, jandb"? >, 2, ,.

Since m > 0, we can choose i; = min{i : a; = b; for some j} and j; = min{;j :
bj =a;}. Letaand b be obtained from a and b by deleting a;, and b;, respectively.

Ifiy > n—q,thena"~'~7 = a"~!~4. Therefore, 8" '~ >, Bn_l_q.

Ifi; <n—gq,thenbj | > bj, = a;, > by, and we have g +i; > j;. By Lemma
E2Ai), "~ 171 >, b,y

Similarly, we have b" 177 > 4, _;_,.
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Case2: a"1>,b,_,.

Sincen —q > p,letiy =min{t: 1 <t <n—qanda, = by} < p+1. Leta
and b be obtained from a and b by deleting a;, and by+i,» respectively. Then 4 and b
have m — 1 entries in common. By Lemma[@.2}(iii), 4"~ > f)n_l_q. Consider the
following cases.

Subcase 2a: 1fb"~P >, a,_, then it follow from Lemma [£.2(ii) that pr-1-p >4
a1,

Subcase2b: 1fb""? >, a,_,, then
min{s: 1 <s<n—pandb; =a,} <q+1<g+i;.

It follows from Lemma &.2(iii) that b"—1—? >, 81y ]

5 Ranks and Multiple Eigenvalues

By Theorem[3.3] we can determine the set R(a, b) of all possible ranks for a matrix of
the form A — B with (A, B) € H,(a) x 3{,(b). Evidently, we have

R(a,b) ={p+4q:(p,q) € In(a,b)}.

Nevertheless, it is interesting that the result can be put into the following simple form.

Theorem 5.1 Let a,b be real vectors, and define py and qo as in and (3.2)).
Let m be the largest multiplicity of an entry in (ay,...,a,,b1,...,b,) and let r =
min{2n — m, n}. Suppose R(a, b) is the set of rank values of matrices of the form A — B,
where (A, B) € H,(a) x I, (b). Then one of the following holds.

(i)  There exist real numbers > v and u,v € {0, ..., n} such that

a:(ﬂa"-aﬂayu"'vy)u b:(Mu'-'auuya"-ay)a
——— ——

and
R(a,b) = {u+v —2j: max{0,u+v —n} < j < min{u,v}}.

(ii) Condition (i) does not hold, a = b, and R(a,b) = {0} U {2,...,r}.
(iii) Conditions (i) and (ii) do not hold, and R(a,b) = {po + qo,...,1}.

Moreover, ift € R(a, b), then there are block diagonal matrices
A=A ---®A €H,(a) and B=B & - B, € H,(b)

with the same block sizes such that A; — B; has rank one for j = 1,...,t.

Note that in the theorem, we include the case when (ay, ..., a,, by, ..., b,) hasan
entry with multiplicity larger than n .
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Proof (1) Suppose a, b satisfy the condition in (i). The result follows from Corollary
B3

(2) Suppose condition (i) does not hold and a = b. If A = B = diag(ay, ..., a,),
then A — B € H,,(0,0). Since A and B have the same trace, we see that A — B cannot
have rank 1.

Without loss of generality, we may assume that r = n. We prove the following
claim by induction on n:

There are matrices A, B € H,,(a) such that A—B € IH{,(p, q) whenever2 < p+q <
nwithp =qorp=q+1.

The claim is clear if n = 3,4. Supposen > 5and2 < p+q < nwithp =g
or p = q+ 1. Since a has at least three distinct entries, each entry has multiplicity
at most n/2. Suppose a, > as, where a,, a; have the two largest multiplicities in the
vector a.

For2 < p+q < 3, choose a,, ¢ {a,,a,} andlet A, = diag (a,, a,, a,,). Then there
exists a diagonal matrix B; with the same eigenvalues as A; and A; — B; € H;(p, g).
Remove a,, a,, a,, from a to geta’. Then A, ¢ diag(a’) — B; ¢ diag(a’) € H,(p, q).

For4 < p+q < n,wehave p,q > 1. Therefore,2 < (p—1)+(q—1) < n—2and
p—1l=g—lorp—1=(q—1)+1. Let A, = diag(ay,a,) and B, = diag(a,, a,);
we have A; — B, € In(1, 1). Remove 4,, a; from a to geta’. Since n > 5, there are at
least three distinct entries in a’ and each has multiplicity at most (n — 2)/2. By the
induction assumption, there are A,, B, both with vector of eigenvalues a’ such that
Ay — B, € g{n—Z(p —-1,9— 1). Thus,A; @A, — By ® B, € fH:n(p,q)

(3) Suppose conditions (i) and (ii) do not hold. Using the notation in Theo-
rem[3.3] we see that (p, q) € In(a,b) for

(p,@) € {(pj,90) : 0< j <k} U{(pr.q;): 1 < j < Qi}.

Thus, we have the desired rank values.
By Theorem 2.1} we can construct matrices A and B with the asserted block struc-
ture. |

Itis clear that X, Y € J{, have the same eigenvalues if and only if X —pul and Y — pul
have the same inertia (or rank) for all eigenvalues 1 of Y. Thus, we can describe the
eigenvalues of A — B in terms of the inertia of A — B — I for different real numbers
. In particular, we have the following necessary condition for ¢; > --- > ¢, to be
the eigenvalues of A — B with (A, B) € H,(a) x H,(b).

Proposition 5.2 Leta = (a,...,a,), b = (by,...,by), and c = (c1,...,¢,) be
real vectors with entries arranged in descending order. Suppose ¢ has distinct entries
a > -+ > ¢ with multiplicities my, ..., my, respectively, and suppose there exists
(A,B) € H,(a) x Hy(b) such that A— B € H,(c). Setug = 0, uj = my+---+mj_,
forje{l,.. . t},vi=mj+---+mforje{l,...,t — 1} and v, = 0. Then for

jed{l,...,t},

@ (a1 —cj,... s Qn—y; — ¢j) — (bvjﬂ, ..., by) is nonnegative with at least u; positive
entries.

(i) (b1, bu—u;) = (Aue1 —Cj; - - -, A — ¢}) is nonnegative with at least v; positive

entries.
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Remark 5.3 Leta = (ay,...,a,) and b = (by,...,b,) with entries arranged in
descending order. Then there exist A,B € J{, with vector of eigenvalues a and b
such that A — B has an eigenvalue ;¢ with multiplicity ¢ if and only if there is a matrix
of the form A — B with rank n — ¢, where A + I € 3, (a) and B € H,,(b). Hence,
we can use Theorem[5.1]to determine whether there is (A, B) € H,(a) x H,(b) such
that A — B has an eigenvalue p with multiplicity ¢. In Corollaries [5.6] and [5.7} we
will apply Theorem[21]to give a more precise location of the multiple eigenvalue .
As a byproduct, we determine the function f(u) defined as the minimum rank of a
matrix of the form A — B — ul with (A, B) € H,(a) x J,(b) for given real vectors a
and b.

The following notation will be used for the rest of this section.

Notation 5.4 leta = (aj,...,a,),b = (by,...,b,) be real vectors with entries
arranged in descending order. For0 <t < n — 1, let

ap =max{aj, —bj:1<j<n—t} and B =min{a;—bj,:1<j<n—t}
For p1 € R, let po(p) and go (1) be defined as in (3.1]), with a; replaced by a; — pu.

Note that po(p) + go(p) will be the minimum rank of a matrix of the form
A — B — pl with (A, B) € H,(a) x H,(b).

Proposition 5.5 Letaandb be real vectors with entries arranged in descending order.
We have

a1 Lo < <ag and B <G << B

Moreover, the following conditions hold for the functions po(p), qo(p), and po(p) +

qo(p).

(1) po(u) is a decreasing step function in p € R such that po(p) = n for p < an_1,
po(p) = 0 for pp > v, and po(p) =t if p in the interval [ay, oy—1) for1 <t <
n—1;

(1) qo(p) is an increasing step function in i € R such that qo(p) = 0 for . < By,
qo(p) = n for > Bu_1, and qo(p) = t if p is in the interval (B,_1, 5] for
1<t<n—1.

(iii) If as = B for some 0 < s;t < n — 1, then there exists § > 0 such that
po(p) + qo(p) > polas) + golas) forall 0 < |p — | < 6.

(iv) Ifp # ay, B forall0 <t < n—1, then po(-) + qo(-) is locally constant at pu.

Proof Forl <t <n—1landl < j <n-—twehaveaj, —b; < aju_1)—bj.
Therefore, oy < ay—. Similarly, 5, > 3.

By (B.1) and (3.2)), we have

n if u < a, — by,
po(p) = . .
min{¢ : 4 > a;} otherwise,

n ifa, — b, < u,
qo(p) =9 . .
min{t : p < B;} otherwise,
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which implies (i) and (ii).
For (iii), suppose a; = (3 for some 0 < s,t < n — 1. By taking o, = ay—1 — 1,
a1 =ap+1,6-1 =0 —1,and 8, = B,—1 + 1, we may assume that

Qsp] < Qs = Q51 =« ° = Qr < Qg7 1,
5t—1 < Bt = 5t+1 == ﬁt’ < 6t’+1'

Let § = min{ay — a1, Q-1 — a5, By — Bi—1, Byrv1 — By} > 0. We have

s+t+1 if0<as—pu<d,

+ p—
Po() + qo(p) {5/+t/+1 ifo<pu—a,<6

> 5"+t = polas) +qo(Br) = polas) + qola)

(iv) follows from (i) and (ii). |

Note that the function g(4) defined as the maximum rank of a matrix of the form
A — B — pl with (A, B) € H,(a) x H,(b) is easy to determine, namely, it is equal
to g(u) = min{n, 2n — m(u)} with m(u) equal to the maximum multiplicity of an
entry in the vector (a; — 4, ..., a, — 4, b1,...,by).

Similarly, one can consider Py(x) and Qx(pt) defined as the maximum number of
positive and negative eigenvalues of a matrix of the form A — B — pul with (A, B) €
H,(a) x H(b). We omit their discussion.

The following corollary concerns the possible multiplicities for ;4 € R to be an
eigenvalue of A — B with (A, B) € H,(a) x H,(b).

Corollary 5.6 Let a and b be real vectors with entries arranged in descending order.
Suppose a, — by < p < ay — by,. Then there exist s,t € {0,...,n — 1} such that
w € [as, as—1) N (Bi—1, Bt], where we take a—y > (,—1 and B_1 < ay,—1.

(1)  Suppose (A,B) € FH,(a) x F,(b) and u is an eigenvalue of A — B. Then the
multiplicity of p is at most n — s — t. Furthermore, A — B has at least s eigenvalue
greater than p and at least t eigenvalues less than .

(ii) There exists (A, B) € H,(a) x H,(b) such that A — B has an eigenvalue 1, with
multiplicity n — s — t, s eigenvalues greater than i, and t eigenvalues less than (.

To facilitate the comparison of our results and those in the literature, we present
the next corollary in terms of A + B with (A,B) € J,(a) x H,(b). We use the
following notation. Leta = (ai,...,a,),b = (b1,...,b,), and ¢ = (cy, .. ., c,) with
entries arranged in descending order. For each 1 < k < n, let

Ly =max{a; +bj:i+j=n+k} and Ry=min{a;+bj:i+j=k+1}.

Suppose A, B € H,, and C = A + B have eigenvalues a, b, and ¢. Then it follows
from Weyl’s inequalities [13] that Ly < ¢x < Ry. Conversely, for every 1 < k < n
and ¢ € [Ly, Rg], there exist A, B € H,, and C = A + B with eigenvalues a, b, and
¢ such that ¢ = ¢. However, for two distinct 1 < k < k' < nand ¢ € [Li, Ry],
¢’ € [Lis, Ri], there may not exist A, B € 3, and C = A + B with eigenvalues a, b,
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and c such that ¢, = cand ¢;r = ¢’; see the example in [7, p. 215]. Nevertheless, by
replacing b; with —b,;1_; and puttings = k — 1 and t = n — k’, the second part of
Corollary[5.6]can be rephrased in the following form.

Corollary 5.7 Leta = (ay,...,a,) and b = (by,...,b,) with entries arranged
in descending order and (1 € [Lg, Ly—1) N (Rgr41, Rir]. Then there exists (A, B) €
H,.(a,b) such that C = A + B has a vector of eigenvalues ¢ with

Ch—1 <= C = Cpy1 = = = Gr < Ckryl-

We remark that Corollary[5.7]can also be deduced from the results in [1].

6 Additional Results and Remarks

Proposition 6.1 Let a,b be given. There are 1 X n vectors a’ and b’ with integral
entries arranged in descending order such that In(a,b) = In(a’,b’). Moreover, for each
(p,q) € In(a,b) thereis A € H,(a’) and B € H,(b’) such that A — B € In(a’,b’)
has integer eigenvalues.

Proof We can construct a’ and b’ as follows. Use the entries of a and b to form
a vector v = (7v1,...,%n) with entries in descending order. We always put the
entries of a first if an entry appears in both vectors. Suppose v has m distinct en-
tries 43 > - -+ > pm. Then replace the entries p; in a and b by the integer i for each
i € {1,...,m} to get the vectors a’ and b’. By Theorem 2.Iland the construction of
a’ and b’, we see that (p,q) € In(a,b) ifand onlyif (p,q) € In(a’,b’). Moreover, by
Theorem[2.1] for each (p, q) € In(a’,b’) we can construct

A=A1® - BApg e H(a") and B=B; & ® By € Hy(b')

such that A; — B, is a rank one positive semi-definite fori = 1,...,p,and A; — B isa
rank one negative semi-definite fori = p+1, ..., p+4q. Since A; and B; have integral
eigenvalues, the only nonzero eigenvalue of A; — B;, which equals tr (A; — B;), is again
an integer. So, the last assertion holds. |

Suppose a, b, ¢ have nonnegative integral entries. It is known that there exist
(A,B) € H,(a) x H,(b) such that A — B € H,(c) if and only if one can obtain
the Young diagram associated with (ay, . .., a,) from the Young diagrams associated
with (by,...,b,) and (a1, . .., ¢,) according to the Little—Richardson rules; see [7].
Thus, we have the following result.

Proposition 6.2 Leta = (aj,...,a,)andb = (by,...,b,) have positive integral en-
tries arranged in descending order. Then there is a vector ¢ = (ci, . . ., ¢,) with positive
integral entries arranged in descending order and ¢, = - -+ = ¢4—gqy1 = [ for a given
integer  such that one can obtain the Young diagram associated with a from the Young
diagrams associated with b and c according to the Little—Richardson rules if and only if

(ay =iy san—q — p) =p (bger, ..., by)

and
By bup) g (@ges — s,y — ).
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In connection with our discussion, it would be interesting to solve the following.

Problem 3 Deduce and extend Proposition[6.2Jusing the theory of algebraic combi-
natorics. In particular, for given real vectors a and b with integral entries, determine
the conditions for the existence of an integral vector ¢ with certain prescribed entries
such that the Young diagram corresponding to a can be obtained from those of b and
c according to the Littlewood—Richardson rules.

Problem 4 Extend our results to the sum of k Hermitian matrices for k > 2.
In other words, determine all possible inertia values and ranks of matrices in
FHa(a)) + - - - + H,(ag) for given 1 X n real vectors ay, . . ., a; with entries arranged in
descending order.

Note that the problem of finding the relation between the eigenvalues of A;,
..., A and those of Ay = A; + --- + Ay can be reformulated as the problem of
finding the necessary and sufficient conditions for the existence of Hermitian matri-

ces A, Ay, ..., Ax with prescribed eigenvalues such that Ay — Zl;:l Aj; has rank 0.
Thus, it can be viewed as a special case of Problemdl To determine whether there
are Ay, ..., Ar € J, with prescribed eigenvalues such that A; + - - - + Ay has rank
one, one may reduce the problem to the study of the existence of A;, ..., Ay € H,
with prescribed eigenvalues such that A; + - - - + Ay has eigenvalue 1,0, ..., 0 with
@ = tr(A; + --- + Ay). Then the results in [7] can be used to solve the problem.
In general, it seems difficult to determine if there exist A;, ..., A with prescribed
eigenvalues such that Ay + - - - + Ay has rank r with r € {2,..., n}.

Note added in proof We thank Professor Wing Suet Li for some helpful dicussions
about the connection between the interesting preprint [1] and our work. In [1, Pro-
position 5.1], the authors determined the conditions on 1 X n vectors ag, a, ..., a;
with some of the their entries specified so that one can fill in the missing entries to get
vectors 4y, . . . , 4, with entries arranged in descending order and Hermitian matrices
A; € H,(a;) for j = 0,1,...,k satisfying Ag = A; + --- + A;. Evidently, there
exists Ag € H(a;) + - - - + FH(ay) with inertia (p,q,n — p — q) for given 1 X n real
vectors ay, . .., ay if and only if there exist 6, > 0 and Ay € H(a;) + - - - + H(ay)
with eigenvalues iy > --- > pu, such that (pp, ..., tu—gr1) = (4,0,...,0,—¢).
Using the result in [1], one can determine whether the positive numbers 9, € exist by
checking whether a polytope defined a large number of inequalities in terms of entries
ofay, ..., a; has non-empty interior; see also Buch [2]. For k = 2, our Theorem 2.T]
shows that the very involved conditions can be reduced to (i) and (ii).
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