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ABSTRACT

The *luecky mumbers” and their genersting sleve considered
in this paper are a varistion of those first defined by 5. Ulam
and further considered by P, Erdds end E. Jabotinsky.

In Chapter I, basic sleving processes~-gieve of Eratosthe-
neas, a random sieve and e general sieving process-—are discuased
as 2 basis Por the introduction of the "lucky nmumbser” sieve in
the same chepter,

In Chapter I1, genersl formmlse are derived for the "lucky
mmber” sieve and certain asymptotic spproximations are listed
ag did Erd8&s and Jabotinsly.

In Chapter III, the experimental information obtained by
the use of the 7094 snd 1520 IBM computers is discussed,

The Appsndices contain information concerning the computer
program for the generation of the “lucky numbers” as well as
graphleal and tabular ropresentations of the experimentel re-

sults obtained,
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O THE SEQUENCE OF “LUUKY WMASERS"



INTRODUCTION

Sieving processes sre used considerably in number theory.
The prime numbere are obtained by the sieve of Ersthosthenes,
which wes devised more then two thousand years ago and is still
esgentially unaltered. The study of prime numbers has been an
experimentzl as well as o theoretical investigation. Many of
the facts thet have been proved begen as conjectures, based on
inspection of an sctual series of primes., Therefore to attempt
to clarify properties of the primes that are consequences of the
sieving process, David Hawkins /7 / considered a random sieve
and noted that a theorem analagous to the Prime Humber Theorem
is =& conmmon feature of sequences of mmbers genersted by sieves
of & certain type. It should be noted that the random sieve
preserves only the general features of the sleve of Iratosthe-
nes, Thus it has been hypothesized that there must exist other
sleves, having the same genersl characteristics as those of the
sieve of Eratosthenes butl differing in the detalls of sleving,
This iag not to say the yield will be the prime mmbers, but the
sequence of numbers so obtained would have some distinetive
property. It is conjectured that suech studies would be indice-
tive of the properties of prime mumbers vhich are a result of
the definition of the sieve of iratosthenes ss opposed to those
resulting from the definition of a prime rumber, It is further
theorized that other sieves may indicste whether some problems

eoncerning the primes are undecidable, Thus in 1956, Stanislaw



Mo Ulem 45”7 and his associstes et the Los Aslamos Secientific Lab-
oratory published limited resulis of yet another sieving process.
Ulem termed the resulte of this sieving procsss "lucky numbere’,

Experimental information was obtained for the "lucky mumm
bers” less than 48,500 and excerpts wers published by Ulam and
others as well as some conjectures concerning the similerity of
the properties of the "lucky mmbers® as compared with those of
the prime numbers, In the publication by Ulsm and others, it
was noted that this particular sleving process haed been discussed
some years ago with Peul Erdés.

In 1957, Poul Erdds and Eri Jebotinsky Z§;7 considered a
varietion of the "lueky mumber" slieving process, that is, the
seme definition for the sieving procese but omitiing the integer
one from the initial segquence and foreing the integsr two to be
the first "lucky mumber”, This increased the similarity between
the “lucky mmbers” and the prime numbers and rendered the ex-
perimental information obitasined by Ulam incorreet insofar as
the sctusl values of the "lucky numbers” and only indicative of
the other properties, Irdda and Jabotinsky conjectured and veri-
fied several agymptotic spproximations for the nth "lucky nume-
ber”; specifically verifying that as the prime mmber, p,, is
agymptotic to kelog k so is the "lucky mumber", a,, asymptotic
to kelog k¥, The more precise approximations obtained by Hrdés
end Jabotinsky showed that for large k" the "lucky mumber”™,

21y is strictly grester than the corresponding prime number,



xi

. T. Brigge /1 _/ investigeted the veriatione which cen be
produced in the asymptotie approximations for the nth term by
varying the "lueky rmumber® sieve, Thus this investigetion is
not 2 dirsct continuation of the properties of the "luely nume-
bers” as reformulated in the publication by Frdfas end Jadbotinsky,

We will use the warietion of the "lucky rumbersleve used
by Trdde end Jabotineky. In Chapter 11 some ssymptotic approx-
imations due to Irdés and Jabolinsly will bs derived and others
will be liegted, In Chepter ITI the significence of the experi-
mental results obteined by high-speed compulers will bz inter-
preted, In Appendir A information obisined by use of the 7094
and 1520 IBM computers will be given in tebular snd graphiesl
form for the "lucky numbers” less than 131,000 which were com=
vuted by the use of the previocusly mentioned 7094 computer.

The informetion given will ineclude the density of the "lucky
rupbers” in speclific intervals, the frequency of gaps varying
in length from two unitz to ninety~two unite inclusive and the
arror which the assymptotic approximetions produce for known
*lueky rmumbers”,

In thies work it ie sosmumed the reader 1s familisr with the
notetionnl symbole "o, "0”, and "~" as defined in 2n Intro-

duction to the Theory of Numbers by Hardy snd ¥right.




CHAPTER 1
O BASIC SIEVING PROCZSBES

The sieve of Iratoesthenes, whish produces the prime mume
bers, is reletively simple, From its rigidly ordered proeedure
it would seem possible to find a formula for the exact mmber of
primes in sny given interval or a formula expressing = function
of "n" that would give a unique prime for every integral value
of "m", In sctuality mathematiclans have not been sble to do
either,

In the sieve of "ratosthenss we begin with the seguence of
netural numbers grester than one, that is:

Ay = {23 3y By B, 55 7y By 9, 10, 11, vn} .

Ve let &y = 2 erd form A, by removing all multiples of a, from
Ayy thus obteining: Ay = é:ﬁﬁ 5y Ty 95 11, ...} « The number

8, is called a sieving rumber., e now let 8, = 5 be the second

sieving mumber and form A§ by deleting all multiples of a, from
Any obtaining: AB = {:5, Ts 11, ....}. If we contimie in this
manner and construst A,, oY) &5, saey L qr WO then let the
{n-1)st sleving mumber be a,_;, the first mmber in 4 .. Ve
now eliminate all multiples of 8,.; from A, . and obtain L
Thuie the gequence of sieving mumbers:

ﬂ - {3«1’ ﬁ,a, &5’ [ XX Y] an“1, ."}
is the sequeonce of prime mummbers, ‘hen we actuelly use this

process a finite interval ig necessarily considered end the



procedure continues until the sieving number iz sc large that
no mltiples of it exist in the given finite asesquonce. The £i-
nite interval hes been extended so that at present the camputer
division at Los Alemos Selentific lLaboratory hes s magnetic tape
on which ninet; million prime numbers are recorded, Using the
above procedure and obtaining tables of prime mwmbers has en-
sbled mathematiciane to conjecture correctly the exietence of
the Prime Fumber Theorem which gtates thet 1f "n® ia 2 positive
mmber, thon the rumber of primes before it is asymptotie to n
divided by the natural logeritlm of ne This wae not proved for
approximately a ecentury following ite conjecture.

The difficulties of the Prime Mumber Theorem are related
to the irregular mammer in which the primes are distributed.
David Hawkins /7 /, noting that the Prime fumber Theorem does
no more than stete a statistical averagse, was led to consider
e "statistical” model of the prime number distribution. This
model ig termed hy Hewkdine s random sieve,

fandon 3leving Frocess

In e random sieve ag in the glove of Eratosthenes we begin
with the segquence of noturel musbers greater than one, that is:
By = Zj@, By by By, 3, T, 8 ..4} erd wa let by = 2 be the first
sleving mmber. Thon some random way is devised so that esch
number following two has e probability of one~hglf of being
omitied, Thus one-helf of the integers will be eliminated in
forming By from B; as occurred in the first eleving operation

of the sieve of Tratosthencs, ‘lowever, each time the above



operation is performed s different E& will be obtained, Now let
ha, the firet mmber in ﬁa, be the second sieving number, ¥e
will again devige some random way such that sach ramber follow-
ing bg in the segquencs 32 will have a probability of 7/!32 of bow
ing amitted, If we contiruwe in this manner we will construct

By» 32, B5, ey Ea~%‘ Then we define the {n~1)st sieving mu-
ber as by the first musber in Bﬁ“?, and we obtain B, from ﬁn”§
in the above mermer with a sicving probability of 3/Bn~§. Then
the sequence B = {bé, bz, hﬁ, ey bnm?, ...} of sleving nume
bers is tormed the "sequence of random primes" by Hewkins.

In both sileves previocusly mentioned, the first mumber, not
previcusly eliminated, in sach sequence beoocomes a sieving rumber
end eliminates & propertion of the remalning numbers egual to
ite reciproeml. However, the rondom sieve produces g different
got of mumbers each time it is used, while the set of prime mame
bers is invariant., Tewkins noted that the resembiasnce of the
tvo sieves tends %o intensify es they sre incressed in length,
but the randem eleve preserves only the general features of the
gsleve of iratosthencs, The sbnormalities of the latter arc aver-
aged out by rendamizing them. In the sieve produeing the prime
rnumbers svery sleving process except the first depends entirely
on the sequerces produced by the previous sieving processes snd
at every corresponding point the random sieve makes probability
cholees partislly determined by its emrlier statisgtical behavior.
Hawkine slso proved fairly readily that the Prime tumber Theorem

holde for "rendom primes’; thue showing how parallel the two



sieves are and impling that the random sieove c¢mn be taken as a
eriterion of normality., Hawkine further noted that the rondom
sieve serves as a "statistical model” for the "lucky mmber”
sieve, whieh at the time of the publiestion by Hawkine gensreted
"lucly numbere” according to the notation of Ulam, This does
not imply that the Prime Humber Theorem is true for the "lueky
rumbers®,

Genoral Sieving Procesgs

ip previously stated in the introduction we will use the
notetion of Erdés and Jabotinsky in our work with the "lucky
rumbers” and the sleve by which the "luckies” are gencrated.
Yo will first consider the general sleving process which with
cortain restrictions becomes the "“lucky rmmber® sieve, Ve bo-
gin with e sequence of natural mmbers:

AONS OO oD, weer al, L8

and sn integer b,. ¥e form
(2) {f 2 > 2
A = 5§ )' &égjg ﬂ§g>} sany ﬁ}i )y oq:}

by deleting all a§3> eram 40') where "1" is of form (1 + mb,)

with m « Oy 1y 2y ves « For exemple, if

*{‘:’ = {3:‘ Sy By By 7y 1y 15, 25, 30, 31, “.}
2
and b, = 4, then ﬁ( ) is formed by deleting the first «lement of
1 2
A(¥)and every fourth element thereafter, Thus ﬁ( ) ez obtained

from the above example would be:

s
”“{ }*’ {5; 2y by 1, 15, 2By 37, n.} .
Ye now consider the integer bp, which may be given initially or

A(E) or 5(23

be ealeulated from by some method glven originally.



Adgein 3(5) is formed from A( ) by deleting all &i ) where
1w 1 +mby (m=0, 1, 2, oss)s He continue this process and
obtain the resultant sequence

ce {a0D, 0020, 00, L, ), .
generated by the general sioving proecesa, Thus ths resultant
seguence ig composed of the first elements of each subsequent

( ) (i = 1, 2y 3 v;n)o Iin the }3!“%’6’16’&51}{ mentioned

sejuenee A
sxsmple we obtain 4 = {:a, D ..ﬁ} » The distinot difference
betwoen thie sieve and that of Eratosthenes ig that in the con-
struction of A‘n} from ﬁ(nyi) we remocve slementes with a specific
index rather ihan removing the multiples of the sieving mmmber,

iveley Wumber Sievine Process

We will obtain the "lucky rumber” sieve from the general
sleving process by first restricting the sequence éti}. The
aloments of A( ) will be defined by a( ) =1 4+ kE{l o 1, 25 seels
thet is the sequence of natural mumbers greeter thean one, Lot

(1) = 2. ¥e obtain

the firet sieving mumber, b,, be b, =2, = e,
2) 1 '
éi ) froem é( ) by deleting all terme from ﬁ{ ) of form &(«;h
1
1
{m = 05 1y 2, wes)e Thus we delete a{ }, E ), aé ), ess Bnd

then renoame the remelining terms to obtain

) {(2) o), o(2) 23

2 i
which is specifically ﬂ( ) s {%, He Ty Dy 11, 13, 15, 17, 19, "23’
Then let by = a, = aga) = 3 be the second sleving mmber and obe

2)
tain aiﬁ) from & by amitting all terme from A(a) of form

(2}

sb, m = 05 1, 2, 4es) 8nd rensming the remaining terms to

ob‘tain



RN {agm, o2, aém, &ias}, 3,

which ig specifically &(§j o {15, Ty 11y 13, 17, 19, ...} R
(1) (@) (3 (n)
» s &

We contimue this procees and consiruet 2 s ensy A

. e
- agn). Thue to obbain &i +1) from ﬁ(”)

(n) (n) g
lete all terms from of form & {m =0, 1y, 2, ¢0s) and
Tamb,, . e
i i
roname the remaining elements to form A + Hote at esch step

defining bn = e we do-

we have a, = b, . Thus the resultant sequence of sieving mumbers
ie:

(1) (2 % n 3
A w{&‘@.§9 Boy ﬁ§) saey ﬂna ooc} = {‘% ’ 9‘5 )s ﬂS")Q reny &g )’ vev) @

This is called the sequence of lucky mumbers, The restricliions

on the gereral sieving process necessery to produce the "lucky
mumber” sleve do not affect the distinct difference between this
end the prime number sieve, To genersts the "lucky mmbers® we
remove slements with en index dependent on the sleving mmber
and re-index each sequence rsther than removing terms which are
themselves multiples of the sleving number, Thus in the "lucky
munber” sileve the actual value of the term in the sequence is
not congidered., Ye comsider only the index. FHowever, ng in
the prime mumber sieve and in the rendom mumber sicve, we ro-
move from each secuence a proportion of the mmbers equel to
the resiprocal of the sioving mumber in obtelning the subse~
quent soguence,

It ghould be noted that although the firet eight "luely
rauthers” are also prime mumbers the two sleves are not con~

sistly the sare, The first sxception is 8y = 25 snd further



Pg = 19 is not one of the "lucky mmber® sequence, Thus we have
definite aimilarities in the sleving progsesses, but cach has its
own charasteristic yleld,



CTAPTER 1T
ON FORMULAE FOR "LUCKY NUMBERS®

Before investigating the eaymptotie properties of the "lueky
mmber” sieve, we will develop seversl less precise estimstes,
using a restricted general sieve, which formilate e, in terms
of by (i = 1y 24 vuss =1), Thus ve will not use the precise
“lucky mumber” sieve, that is &, = b, and && ) = 1 + k for the
inltisl esgtimetes, We will impose these restrictions: 1) bga-z
and 2) the sequenceo {b;% is a non~decreasing sequence of integers.

In the following we shall denote by / x / the smallest inw
teger pgreater than or equal to x. %e wish to first conslider tio
{1+1) ()

generation of the gequence 4 from the sequence 2 "o 1t

will be showun thot:

(i’m) (1) b
(1) e, ¥ore ¢ = 4,

It follows casily that if 2< k€ b, ~ 1 then fe;1/ = 1 &+ 1,

This end the use of induction imply /o;k/ = /fog(=1)7 + 1 for

o= 2) 35 seey by=1, then 2 = by we have fgihi7 = féwi(bla‘i)? + 2
since /Ci(bg=1)/ + 2 = by + 2 end by + 22 c4b; > by + 1. Thus

for k less than bi we would have decleted only o (i) {'rom A(i) and

(i+1) (1) ( ) (i+‘2} (i}
we have & = 8, / 17 followed by a 114;7 for

3

wom 2y F5 aweg by=l. Vhen ko= bi we have an incerease of two for

/g_ik;’ over the previous wvalue /Ei(élc~1)7 since a( ) and = (1) will

“1+b
(1) !

have been deleted from A" "« Similarly if by <1 <2bi - 1 we



9

have [oyk/ = /Ei(z»m)I’ + 1, vhile if & = 2b, = 1 then we have

/o3x/ = /o3 (k=1)7 + 2, Continuing in this menner it is emsy to

sec that if n is o positive integer and nby - (n=1) < k < (n+i)by = n
then /Eiﬁ = /Eﬂiwi)? + 1 while k = nby = (n-1) implies /Eilﬂ =
/eg(k=1)/ + 2. Thus in general for any l sush that nby; ~ (n-1)

< ¥ <(u+t)’ai - 1n, we have %Si.m) o a(i’) = a(i) . and
) s /55_(3%—?)7 + 1

for eny ¥ = nby ~ (n-1) we have the following:
aéiﬂ) . a.(:i) - a(i) .
* o foyle1)7 4 2
(1)

Therefore thls procese reindexes the remeining elements of A
(i+7)
to form 4 .
How we sec by repeating (1) i times we obtein:

141 1 . -
(2) 3{ ) = af,) with k! = /g/;e[c.n/ﬂ !{7..;777.
¥ I 1 i
The previous results are true provided ih% ig 2 non-decreasing
sequence and by 2 2. To obtain our initial or “zero-step" estimete

for 8, we now congider o sleve which has defining properties simi-

i i
izr to the "lucky mumber® sieve, noamely a; ) = A 4+ k and 8, = a§ ) »
Using (2) we sece that vhen 1 + 1 = k we have the following:

(1+1) (1) _ g g g .
a, =28, . =e =8, uhere k' = fefeoluiloy Jenil 77 o
The formula "a; = A + 1, a, = A 4+ 17" ig termed by Erdée and
Jabotinsky the "explicit formule for the perc-gtep”, By the nots-
tion /7 we know o 5 < /e jm] <1+ o and applying this to the

zero-step formula we obtain the following estimate for a (v22):

ke~ 1 Yo 1 s
(3} A s Q‘i g8 < A e é‘i(ﬁﬁi)a

k-2 B
since ¢y > 1 it follows by & simple induction that =, ( D e



10

k—1
(2«:-'3} . oy vhere when k = 2 the sum iz dofined to be zero,
=1 l{“‘! Yow 1
Then by (1) we see thet A 4 iz? ey S B < A1 Z-g&i#
km2 8 fgm 1 ' = kw1
51(§361)5h+?+ igci(’%+k~2}w A+ 14 (k=1) 7:3

¥e will call this the "zero-step estimate for a ° (k22).
Considerstion of the ectusl calculation of the value of k!

in the zero-step formuls showe an incrssse of one for successive

brackets, / /, and then increases of two end then more. ¥e wish

to formulete o more precise ostimate for a, s Thus for fixed Ik,
if a positive integer exlste such thet b _, - 1 <t we let Q be

the gmallest such integer t. The firsl Q-1 brackets give an in-

crease by one, that is /e, .7 = 2, /o, ,2/ = 3. Thus if no such

%t exists, sach bracket gives an inerease of one, The inductive

assumption becomes /Kk t/;.; t»ﬁ/: o/ 77 =t s+ 1e Then we see
- - i

— - - 7 - o R S > . 1
/ck”t“.éfzw__t/:../ 77 /gg;..t-g(t’”)7 = % : 2 since hkm(t,ﬂ}'— t o+

where {(t + 1) is a value less than or equal to (), For every <

wa have the following "explicit formule for ths one-step”:
8 = A s /é‘l[é‘a/:tu/ﬁg;{‘_ﬁ'qywav? 7 7 .
When g = 0 "the explieit formule for the one-step” lesds to the
second estimete for & , "the one-step estimate:
k*—‘:" k;:?
)] (.
(4) A+ i,. egsa, < Asi Mo .
Yo see thw second inequality of (4) follows from the ume of

w3 el
/Er’7<?¢cmw¥1ic‘sp‘xva$a <?'+?+£ 7%."1}*’:?[‘{“}1

3 - {=1 -
and from the fact thet ¢ -+ 521 (T‘ ci} < (k=0) iﬁ c;» e

state (4) in the more compemet form:

(5) 8 = + (b - (=) %" vhers 0< 8 £ 1,



We have considered the zero-step and the onew-step formulae,
Now we wish to consider an "mestep” (m = 1, 2, ..e) Oor "multi-

step formula”™ for 8. THe will define g, as the gmallest integer

for which m(bk_qm- 1) < ma,, iS gg vwhere g = O, Ve will show
by mathenctieal induction thei:

on A il [y By i} Tl 17

% l=

Note when m = 1 we have the explicit Pormuls for the one-~sgtep

with a, = Q, The inductive sssumption becomes:

-t .
&, = O\ + /h[’,)/vnn,/w nqn - i§0 Qiz 70»0??

bty

The inductive assunplion end the fact that ("E:r

i " Oy } is the

mamber of bracketa which give increases of ns+t imply the proof
when m = n + 1, sinee we will have (r* net ~ % }(n v 1) nq, - igb ay
(b. (‘S

faor the value of f f ..f {m wa }/ ...7 Thus
N4 n
o, = A [5 /5,00 ,./ak%_} (e - 2 153/...,7 7 7, which

&

o

conpletos the induction,

‘nalopous to the menncr of obialning the onc-atep estimete
for s, from the explicit one-step formule, we obiein the "m-step®
estimete from the explicit forrmila for the "m~step”; that ia:

T 1

A+ (T )y, - )= < A 7;\9; eg)lmay, - & 0g) + 1

Lm-m {«ﬁ
with 7 o= 1 4 £ ([‘ ey < (& "ﬁ) A% » Thus we have

=1 L i)
the following mawtem@nt of the mitl-step estimete for o :
? g
() 2, = A (VT e ) (mg, - 2 ag + 80 - q ) 7, 0<6 <1,

nother result which will be noecded in later worlk with the
“lucky mumber® sieve is one vhich holds under the rvesgtrictive ss-

suaption that lim wi}g» = ao. de will shoy that:
e 2V N



ro

k
(7 B = (1 4 0(1)) T\ .
T t=1 4
ii"“ié b
From ($) we have a = A s (k- a(l - ) oY Cie DNow ”m’“;{: = o

implies from b, . < 0+ 1t thet lim Jt = 0 =0, Thus 20 + 1
: s BT

3 «««««
How

implies k = § = o(1) and we have A 4+ &(k = 2) T‘ e, = o{1) TY Cye
x i k.
ke
Therefore "k = (1 + o{1)) [TV

¢4+ Tow to prove {(7) we need only
T

Lazd

prove ;{;m,,,'; ey = 1 + of(t). This follows by proving:
TR

k
(&) imiél:?ﬁ 4y = o(1) where dy = 1 _ .

bi e
ie prove (8) by first choosing € such that 0 < € < } and noting

Hor

i (373 i
i&@d 4y = 1&!4;-%4,1 dg + iﬂf.ﬁédﬁ di. e show that:
[fsk] exl
< 1 )
Lralpem 41 di— iﬁ§%+§ dkw;;’*«i = E(‘lili < \e}{ € < 2€ *
Lo w1 . ™ k.

The first inequality holds since O is the swallest integer such

that by~ 1< Q dmplying b_s= 1 >3 for §<Cand b, yn
2 0~ 1, JFromk=0=o0(1) we have k ~ 0 v 1 = o(1) and we lmow
%{ L

that for sufficiently lerge 5, & = 0 + 1< €k. This implies the
second insquelity. The third follows from the fact that 0<€ <%,

ey, h’;
fow lim "k =oqe implies lim [6 ) = 0, Thus i{;k}ul-

m

Ldow 7 .
> Bl "lex]
and ,L%ra% € =1 1?1 e - i« O dmplies lim _k = O.
€be) € b T bex]

Therefore this proves {8). fow Lo show i T& ey = 1o+ o)
el ) e

we define n = & ~ & + 1 and conslder T\' ¢y 88 8 aymmetrie funution

I ir

.‘2.7;": i‘”‘in“""d)atMtla‘



n
53{3 + di} =1+ (d, + ':11,&,H + oaee 4+ dk) + (dn&m—i + eas + dk_.gdk)

. 2
¥ ewe ¥ (d“ﬁg-p ”'&'k) =i 4 (dn + sae b ‘ikf} “+ dﬁ(&n»yﬁ + ;u;%:ﬁ dk)
" . . k~-n
+ eve 4 (dn} (1)< 4+ (dn + ems + dk)(s’ + dﬁdn + oeew * dﬂ } =

1 5 (d-n + wey + dk)m‘”i’mﬁm

1 = d

ie
=1+ ( & &) dn + Thersfore by
n -~

54
(8) we have 52;,°1 = 1+ o{1)e

The previous work gives an indication of the type of proof
required to obtein saymplotiec estimetes for the "luoky mumbers”,
Based on this work, Hrd8s end Jabotineky listed several ssymptotic
estimates, most of thom without proof, In addition, no informa-
tion is given to indicate how "good" the epproximations are for
gpecifie “lucky mmbers” or how rapidly the "o functions tend
toward zero.

The formulme listed by Erdds and Jabotinsky /&K 7 are:

{9) a, ~~ kelogk
(10) &, = irlogk + %%(}oglagk)z + (2 - ¥V )tlogloglk + ofkloglogk).
In the next ohepter we describe how theose estimstes compere

with the sectual values obteined from the "luecky mmber® sleve.


mailto:e@tiiaa.tes

CHAPTER 1I1
SIGUIFICANCE OF COMPUTER PROGRAM R¥SULTS

The "lueky mumbers® between 1 and 1%1,000 generated on the
7094 IBM computer were used in various other computer progroms
to obtain experimental information concerning the yield of the
"lucky musber® gieve in this given finite interwvel,

A eomparison between the mumber of prime numbers between 1
and 131,000 and the muber of "lueky numbers” showed the "lucky
nunbers” to be lesa dense than the primes, Ilowever, they varied
in the seme manner; that is, both were more dense in the initial
intervals considered and then declined in density in a similer
manner as shown by Table I, page 24,

4 yet unverified conjecture concerning the prime rumbers is
vhether the limit inferior of (pk¢1 - pk) is less then infinity.
It has been conjectured that a similar statement is true for the
"lucky mumbers”; that is, lim inf (ﬂk+i - ak)<:c,p . Thus we cone

gidered the velues of (av - & ). From Teble II, page 20, we

+1

seo Por the "lucky mumbers  between 1 and 131,000 that ak , - ak =
+

5 48 the most frequent difference and that 2, -8 = 92 is the
et ¥

largest difference for the "lucky mumbers” botween 1 and 131,000,
Further the majority of the differences computed were less than
5Ce Thus it would appear that the conjecture lim inf (ﬂk¢1 - &k)
<eo may be justified,



1%

Zxperimentel velues were slso obtained for ﬁ%ﬁim:wiﬁ since
log &

it has been shown for the prime numbers that lim sup fﬁﬁi,fwfk =

o2 gnd has been similarly conjectured for the "lucky iggbirs”.

However, in the experimental work the largest veluc sttalned by

ig%;jm is 9,8349%50, 4o is shown in Figure 4, page 37, the

og k

results, other than the exceptional one above, cbtained for

iﬁ»% " %% vary from 0.2 to 7.0 and develop no trend, Sinee the
log &

velue of ak+? " for the “lucky numbers® between 1 and 131,000
is leas thaiogai and no appearent trend developed, it would seem
to indicats that lim sup “kal ~ °k =oe may be unfounded,

The initial aaymptatialzgpiaximatiun, a, " i+logh, obtained
by trdés and Jabotinsky is consistently less then the correspond-
ing value of 8, for the "lucky rumbers” between 1 and 121,000,
However, the percentage of the difference between k+logk and 8,
though less initially, leveled to approximastely twenty-five per-
cent of the valus of a,, for the sample considered, Figure 2,
page 27, glves & graphiesl representation of this at indicative
indicen, However, this information was obtained for each "lucky
ramber ', Thus k*logk does not eppesr tc be 3 close epproximation
since it mainteins a constant deviation of approximetely twentyw
Pivs percent from the actual value of Ty e

Other asymptotic approximations were stated which incorporated

2 "o” term. ‘o eonecidered experimentally the cstimates from form—

a a
ulae (7) and {10): ,wméiwﬂmw - 1 = o(1) end L -  legk
¥ ey kloglogi loglogk

i1 %%



—alt
[N

- Hloglogk - (2 =~ ¥) = o{1). The later vas the refincrent stated
by Erdds and Jabotins!'y snd supposedly the better approximation,
However, it was stated with the detalls of proof suppressed and

as can be noted from Figure 3, page 33, it is very irreguler ini-
tially., 4Although & downward trend to zero develops, we find in
the interval investipmted that it remsine grester than 0.9, ‘Yow

it
e = 1 = 0(1) is regular imltially and begins st approx-
k ﬁ e

¢ i=1 &
imately 0.5, showing o definite dowmward trend to zero immedistely,

However, it levels to & value greater thmn 0.2 end lega than 0.2%
with a slight but very slow trend to zero, Thus the least re-
fined of the asymptotic approximations appears to be the better
of those investigated experimentally, st lesst on the interval

from 1 to 131,000,
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APPERDIX &

PROGRAM FOR THE COMPUTATION OF "LUCKY NUMBERS® THROUGH
ON THE 7094 IBM GOMPUTER

131,

XEQ
st 8
LABEL
0 LUCKY NUMBERS
DIMENSION WNN(10000), NF(1000), HC(1000)
HAX = 10000
MAXIA = 1000
M= 1
¢ GENERATE SHCORD BEQUENCE
DO 10 JA = 1, MAX
o= M+ 2
10 HH{JA) «
IA = 1
MPAC = (1)
IF (MFAC - MAX) 26, 36, 36
IF (NR(MPAC » 1)) 20, 30, 40
HP(IA) = MFAC

2§

g

IC = IA
ML = X4
BE{1) = O
HFIA = HPAC « 1
LBET = O



e

A

51

27
70
2

¢

ELIMIRATE NUMBERS

DO 60 JB = MFIA, MAX, MPAC
HR = JB

ir (mN(JB)) 20, 31, M
BR(MR) = O

MRET = ©

MR = MR + HFAC

OOUNT LEFT-OVERS

DO 70 K& = 1, MAX

MRES = MR - MFAC + ki

IF (MRES - MAX) 27, 27, 32
IF (Nn(MRES)) 20, 32, 70
CONTIRUE

BW(IC) = KA = 1

IP(MRET) 20, 244, 144
PACK THE 1LIST

244 IP(IRET) 20, 44, Shh
Bhs MS « MSLI

44

3#5%’5133&4-?

&3

DO 80 KB = MSI, MAX
IF {(Mu(xB)) 20, 80, 43
HS = B3 4 1

NE{HB) = MH{KB)



a1

Ir(«B - M8) 20, 80, B1
81 HN(XB) = O
80 CONTINUE
MRET » 1
144 IF(LRET) 20, 50, 155
50 IP(Ia - MAXIA) 31, 35, 36
51 18 = 1A » 1
GO TO 49
ADD MORE NUMBERS

&

30 MSJB = MS 4 1
D0 90 JC = MSJB, MaX
M = MQ + 2
IF (MQ - 131000) 90, 91, 91

90 1m(JC) = W

ELIMINATE UNLUCKY NUMBERS FROM NEW NUMBERS

o

91 LRET = 1
JD =0
MSLL = MS
155 JD = O
IF (D - ML) 157, 157, 156
157 MPAC = EF(JD)
IC = JD
MR = MSLI - NO(JD) + MHPAC
IF (MR - MAX) 193, 193, 31
19% IF {(NN(MR)) 20, %1, 95
9% WH(MR) =0
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MRET = O
MR o= MR + MPAC
IF(MR » MAX) 193, 193, 3t
156 IP(M - 131000) 49, 38, 36
20 WRITE OUTPUT T4PE 6, 98
o8 FORMAT {151, 1BH KEGATIVE VALUE)
56 MLL = ML 4 1
WRITE OUTPUT TAPL C, 101, 14,IC,I,JB,J0,JD,K4,5B, LALT,MRET
1MAXT A, MAX MFAC , MFL A, JLL,JM, ¥Q, MRES , MR, MSJTB, M5, M LI
101 PORMAT (181 / (iH, I11) )
WRITE CUTPUT TAPE &, 99, MQ,MS,ML,(I,¥N(I),RP(1),50(1),I=1,ML)
99  FORMAT (1:138351040=, 18, BX35HNS=, 18, 3X5HMle, 18//
18XBH(T YRS (1 ) X15Hr (1 )6XBuRC (T )/ (10, 4111) )
WRITE OUTPUT TAPE &6, 100, (I, BN(I), I=MLi, ¥8)

100 FORMAT (1H, 2I11)
97 GALL ¥XIT
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APPEFDIY. B

TABLE X

DENSITY OF "LUCKY HUMBEAS™ AND PRIMES IN CORRESPONDING IBTERVALS
THROUGH 151,000

LUCKIES IN INTERVAL N PRIMES IN INTZRVAL '

5 Ho. in intervael Jotal thyu N No. in Interval Total thru K
1=2,000 252 252 %05 203
2, 000-4,000 205 457 247 550
45 0005, 000 193 550 233 78%
54 000=8, 000 183 83% 224 1007
&,Qeew1o,aﬂo 181 1014 222 1229
10, 00012, 000 177 1191 209 1438
ia,aaewté 000 175 1358 214 1552
14, 00010, 000 174 1540 210 1862
zj,saon1a 000 171 1711 202 2084
18, 000=~20,000 168 1879 198 22652
20,000=22,000 162 2041 202 ahod
22,000-24,000 184 2207 204 2568
24, 0D0-25,000 159 2356 192 2850
24, 000-28,000 154 25350 195 BOSS
28, 000~30, 000 186 2095 190 B2l
30, 000-%2, 000 157 2857 187 4RD
§a,soo~§%,oao 163 %017 20¢ 3538
5&,900~§6, 150 2174 186 e
55y 00078, 000 152 %828 193 o7
}8, 000-410, 000 162 3400 186 5203
40,000-42,000 154 %ohdy 189 4592
&a,eﬁawﬁh,ﬁom 155 3799 187 579
by, 00046, 000 157 BOHE 182 761
46 4 O00= 48, 000 154 4110 185 hobs
48, 000-50, 000 158 4258 187 5183
50, 000=52, 000 151 hiig 186 5319
52, 000-54, 000 158 k877 181 B500
54, 000=-55, 000 152 4729 187 BEE3,
15, 000-58, 000 151 4880 160 5873
58, 000~70,000 149 5020 184 057
504 00002, 000 152 5181 175 5252
£2,000-04, 000 15% 5334 184 fﬁ15
5h, 000~ 56, 000 151 5485 178 5501
55 4 00038, 000 147 5471 183 577k
58, 000-70,000 154 5785 154 45935

ll’l. K Letmor, List of Prims Numbers from
saghington, 1914,




TABLE I (contimed)

i Be. in Intervael Total thru I 7o, in Interval Total thru ¥
70, 000=-72,000 148 BHEY 19% 7108
72 ,m&»?ia, 000 140 080 i7% 7301
74, 000~75,000 150 £230 183 7484
74 ,mcr_?&, 000 149 5X79 178 75682
78, 000-80, 000 147 5525 175 7837
80, 000-82, 000 149 A5T5 180 8117
82, 000-~84, 000 143 5825 17% 8190
B6,000-88, 000 152 7119 181 8543
88, 000-90,000 144 7245% 170 8713
90, 000=92,000 143 7406 175 8888
92,000-54,000 147 755% 183 9071
94, 000-96, 000 147 7700 182 9253
94, 000-98, D00 144 78445 155 9419
98,000-100,000 139 7985 173 9992
100, 000-102,000 147 8132 th 9755
104,000~108 ,000 144 8h27 177 10108
106, 000~ 108,000 145 8575 1568 10274
108, 000-110,000 158 &8711 179 10453
110,000-112,000 152 57 167 105620
112,000 114,000 155 £998 149 10789
114,000-~115,000 151 9149 175 10954
116,000-118,000 14 2205 7t 11135
118, 000-120,000 180 ohrl 185 11501
120, 000122, 000 1%8 9572 ;-;:, 11475
122,000-124, 000 149 o721 175 11651
124,000-124,000 138 9850 167 11818
124,000~ 128,000 145 10005 184 11979
128,000~ 130,000 145 10180 172 12151

130, 000~ 134,000 77 1020% 85 122%6
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TaBle 1IX

NUMBER OF CAPS OF LENGTH X BETWEEN SUCCESSIVE "LUCKY NUMBERS®

imugth (x) No. of Gape Length () Ko, of Gaps
of Gap of Length K _of Gep of Length K

1 1 82 o
2 1087 &4 0
4 1082 8 o]
& 1669 88 1
8 T49 90 0
10 598 92 1
12 1178

14 542

16 B

18 529

20 222

22 256

24 $18

26 159

- 2

20

32 66

34 71

36 97

3 P

r 42

42 &0

14 35

44 27

58 %0

50 16

52 15

5h 9

56 5

28 3

50 10

62 0

&k 4

46 7

58 3

70 3

72 2

T4 2

76 2

78 2

& 0
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TABLE III

LIST OF "LUCKY NUMBERS®" FOR INDICES 1-69

Index  lucky HNumber index lueley Mumber
1 2 43 227
2 3 L 233
3 5 45 235
4 7 1 259
5 11 47 247
& 13 48 257
7 17 49 265
8 23 50 217
9 25 1 283

10 29 52 287

11 37 53 301

12 §1 gg g?;

13 > : :

14 47 56 329

15 5% 51 331

16 81 58 357

17 87 =0 2h

18 71 60 355

19 77 61 359

20 83 62 B4

21 89 53 377

22 91 64 383

23 97 &%

24 107 &6 %97

25 115 87 7

28 119 &8 ks

27 121 &9 419

28 127

29 131

30 145

51 149

32 157

33 161

34 173

35 175

36 179

L7 181

38 193

39 209

211

41 221



TABLE IV

LIST OF “LUCKY NUMBERS" FOR INKDICES 5000~5070

Index Luslky Mamber Index Lucley Mumber
5000 59549 5043 50167
5001 5557 5044 30175
5002 59561 5045 50179
500% 50591 Bo4% 60181
5004 59597 5047 50187
5005 59505 50483 50203
5006 59609 5049 40233
5007 %61 1 5050 592:‘}%
5008 59617 5051 50239
59539 5052 50287
5010 59851 5053 50295
5011 59655 5054 50299
5012 50677 5055 50307
5013 59711 5055 03525
5014 59723 5057 50337
5015 59741 5058 50343
5016 59761 2059 COBHT
5017 59767 560 50351
5018 59785 5051 80%57
5019 59801 5062 SO377
5020 59857 5% 50397
5021 59853 5064 0421
5022 59905 3065 sohat
5023 59911 5065 Sobdss
5024 59955 8057 50457
5025 599 1 505 sl T
5025 59951 5069 50481
soar 59955 5070 GOhg1
5028 59955

5029 59969

B50%0 S0011

50%1 SO04R

50%2 0047

5035 50077

5034 50083

2035 60085

5035 60097

5057 80107

5038 G011%

5059 0121

5040 0137

5041 50149

5042 0157



Index

10150
10151
10152
1015%
10154
10155
10155
10157
10158
10159
10150
10151
10152
10163
10185
101464
10157
10148
10169
10170
10171
1072
10175
10174
10175
10178
10177
10178
10179
16160
10181
10182
10183
10184
10185
10185
10187
10188
10189
10190
10191
10192

TABLE ¥

(I8T OF "LUCKY HUMBERS' FOR INDIOES 10150-10223

tacky Humber

129977
o
1%

130045

150057
130093
130105
130109
130133
130157
130163
120193
13022%
130247
130233
130271
130273
150277
130291
120303
120333
130345
130351
130375
130381
i}o&%
13042%
30a20,
130447
130451
130465
130471
130487
150495
130499
150501
150511
130517
3305§5

130555
130567

Index

10193
10194
10195
10196
10197
10198
10199
10200
10201
10202
1020%
10204
10205
10205
10207
10208
10209
10210
10211
10212
10213
10214
0215
10216
10217
10218
10219
10220
10221
10222
1022%

iaeky Hhamber

130585
130569
130591
130603
130651
130663
130545
130549
130603
130675
130709
130721
130747
130753
130777
130795
150817
130823
130847
130855
130885
130903
150913
130931
1309353
130945
150041
130943
130975
130981
130991

22
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Figure 4 (Continved)
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