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ABSTRACT

This thesis develops several forecasting models for simultaneously predicting the
prices of d assets traded in financial markets, a most fundamental problem in the
emerging area of “FinTech”. The models are optimized to address three critical
challenges, C1. High-dimensional interactions between assets. Assets could interact
(e.g., Amazon’s disclosure of its revenue change in cloud services could indicate
that revenues also could change in other cloud providers). The number of possible
interactions is quadratic in d, and is often much larger than the number of observations.
C2. Non-linearity of the hypothesis class. Linear models are usually insufficient
to characterize the relationship between the labels (responses) and the available
information (features). C3. Data scarcity for each asset. The size of the data
associated with an individual asset could be small. For example, a typical daily
forecasting model based on technical factors uses three years (approx. 750 trading
days) of data. We collect one data point for each day so only 750 observations are
available for each asset. We develop the following works to address these challenges.
1. Adaptive reduced rank regression (addressing C1): We examine a linear regression
model y = MX+ that aims to directly capture the interactions between all features
from all assets and all the responses, by estimating d  1(d) entries in M using O(d)
observations. In this setting, existing low-rank regularization techniques such as
reduced rank regression or nuclear-norm based regularizations fail to work. Adaptive
Reduced Rank Regression is a new provable algorithm for estimating M under a
mild assumption on the spectrum of the covariance matrix of X.

2. On embedding stocks (addressing C1 & C2). We next propose a semi-parametric
model called the “additive influence model” that decomposes the inference problem
into two orthogonal subroutines. One subroutine is used to learn the high-dim
interactions between entities, and we solve the problem with techniques developed
for Adaptive-RRR. The other subroutine is used to learn the non-linear signals, and
we solve the problem with practical algorithms such as deep learning and ensemble
learning.

3. Equity2Vec: Interaction beyond return correlations (addressing C2 & C3). We
develop a specialized neural net model for each asset (e.g., train g;( ) for asset i) but
there is insufficient data to properly train g with data only from i (because of C3).
Our idea is to shrink gi( )’s toward one or more centroids to reduce model (sample)
complexities. Specifically, we train a neural net model g(Xi; W; W;), where W is
shared across all entities, W;j is entity-specific and is learned through embedding,
and gi(Xi) = 9(Xi; W; W;). When entities i and j are close, then W; and Wj are close.
Consequently, g; and g; will be similar when entity 1 and entity j are similar.

The proposed algorithms/models are verified via extensive experiments based on
real-world equity datasets. Our forecasting models can also be applied to a wide
range of applications, such as identifying biomarkers, understanding risks associated
with various diseases, image recognition, and link prediction.
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Chapter 1

Introduction

Predicting the assets prices or return is of fundamental importance to the nancial
technology community as the successful prediction of assets' future price could yield
signicant prot [ 71, 157 103. This thesis investigates using machine learning techniques
to simultaneously forecast the future return for a large number of stocks traded in a region.
For example, in the US market, we generally build models to predict the next 5-day returns
for the S&P 500 or the Russell 3000.

Forecasting future prices of equities has been extensively studied 5, 22, 60, 12, 81,
69, 21, 86, 46, 70, 62, 26, 155 49, 73, 53, 68, 38, 51, 28, 64, 26, 39, 167, 72, 80, 92. Most
have examined how the fundamental characteristics, such as the book/market ratio, capital,
and momentum of the issuing rm could a ect the price of the asset over the long term, or
how various events or macroeconomic factors could cause price chang8&$,[127, 81]. The
studies have tended to use low-frequency models because the response horizon is in the
order of months (e.g., how a stocks price changes after 3 months). Linear statistical models
need to be used because the data sets are remarkably small, e.g., each asset is associated
with only a few data points (e.g., each month corresponds to a data point). \Mid-frequency"
models with one or multiple days of forecasting horizon had been studied more extensively
in the private sectors. It has been observed that trading activities (e.g., price/volume

changes) have a heavier impact on an equitys short term price movement than fundamental



factors so signi cant e ort was devoted to understanding the prediction powers of technical
factors such as volatility or trading volume changes 155 26, 49 for empirical asset pricing.
Because we can collect a more reasonable amount of data (e.g., one trading day results
in one data point), using machine learning techniques to extract interactions becomes
possible. Recent years have witnessed explosive development of mid-frequency ML models
from both nance and computer science.

\High-frequency" models investigate price changes over an even shorter time horizon
(e.g., next 10-second return). The price changes in this horizon are usually driven by the
market microstructure (the dynamics of the bid-ask queues). Here, the modeling challenge
is more on the computational side. It is often remarkably to t an ML model properly with
an abundant amount of data. So a signi cant fraction of e ort focuses on speeding up the
system, which resembles typical system and architecture researci$0, 101, 75, 98, 94, 99].

Our works examine the mid-frequency models and focus on their statistical challenges,
and do not examine market microstructure. Under this setting, we focus on learning how
technical factors impact equities prices. We aim to tackle three key challenges that are not

properly addressed in prior works [155, 72, 167, 92, 20, 25, 84, 118, 73]

C1. High-dimensional interactions between assets. The current state of one asset
could potentially impact the future state of another. For example, Amazon's disclosure
of its revenue change in cloud services could indicate that revenues also could change
in other cloud providers. The number of possible interactions is excessively large and
can be even signi cantly larger than the number of observations. For example, in a
portfolio of 3,000 stocks, the total number of potential links between pairs of stocks is
3;000 3;000 10/, whereas we typically have 10 years of daily data with only 2,500 data
points [124, 62, 81, 28]. This setting is also referred to as the high dimensional setting and

is prone to have severe over tting issues. It requires careful analysis of a models theoretical

properties before tting the data.

C2. Non-linearity of the hypothesis class. Linear models are usually insu cient



to characterize the relationship between the response/label and the available information

(features), so techniques beyond simple linear regressions are heavily needed.

C3. Data scarcity for training individual asset model. While we usually have a
large volume of data, the size of the data associated with an individual asset could be
small and is insu cient for properly train the model for the individual asset. For example,

a typical daily forecasting model based on technical factors uses 10 years (approx. 2500
trading days) of data. We collect one data point for each day so only 2500 observations

are available for each asset.

1.1 Overview of our contribution

We develop three works that are optimized to address one or more of these critical challenges.

Chapter 2: Adaptive reduced rank regression (address C1). We propose adaptive
reduced rank regression to address the high-dimensional interaction challenge. We assume
a total number of d, stocks and we examine the regression model. The system proceeds in
rounds for a total of T rounds and regression probleny; = M x;+ . Atround t, asseti is
associated with featuresx;y 2 R¥ and a responsey;; 2 R that needs to be predicted. We
use allx; 2 R% = fXj;gi2q, to predict all y; = fyi1Giz,- M 2 R% 9% are the learnable
parameters. For example, we aim to predict the returns of a collection of nancial stocks
in the S&P500. In round t, y; refers to the next period return of asseti, x; refers to the
features associated with stocki such as the technical factors (e.g., recent trading volumes
of i), y: refers to the next period return of all the stocks andx; refers to the features from
all the stocks.

Recall that the regression is under high-dimension setting since the number of obser-
vations n is signi cantly less than d;. Existing low-rank regularization techniques (e.qg.,
[7, 76, 84, 118 104 are not optimized for the large feature size setting. These results
assume that either the features possess the so-called restricted isometry propert2,
or their covariance matrix can be accurately estimated 11§. Therefore, their sample

complexity n depends on eitherd; or the smallest eigenvalue value ,;, of x's covariance

4



matrix. For example, a mean-squared error (MSE) result that appeared in 11§ is of the

form O %ﬂ . Whenn di= 2, , this result becomes trivial because the forecast

¢ = 0 produces a comparable MSE. We design a new provable algorithm for estimatiniyl
called Adaptive Reduced Rank Regression (Adaptive-RRR). Our algorithm is a simple
two-stage algorithm. Let X 2 R" % be a matrix that stacks together all features and
Y 2 R" % pe the one that stacks the responses. In the rst stage, we run a principal
component analysis (PCA) onX to obtain a set of uncorrelated features2. In the second
stage, we run another PCA to obtain a low rank approximation of 2TY and use it to
construct an output.

While the algorithm is operationally simple, we show a powerful and generic result on
using PCA to process features, a widely used practice for \dimensionality reduction” [24,
58, 53. PCA is known to be e ective to orthogonalize features by keeping only the subspace
explaining large variations. But its performance can only be analyzed under the so-called
factor model [143 142. We show the e cacy of PCA without the factor model assumption.
Instead, PCA should be interpreted as a robust estimator ofx's covariance matrix. The
empirical estimator C = %XX T in the high-dimensional setting cannot be directly used
becausen d; dy, but it exhibits an interesting regularity: the leading eigenvectors of
C are closer to ground truth than the remaining ones. In addition, the number of reliable
eigenvectors grows as the sample size grows, so our PCA procedure projects the features
along reliable eigenvectors anddynamically adjusts 2's rank to maximally utilize the raw
features. Under mild conditions on the ground-truth covariance matrix C of x, we show
that it is always possible to decomposex into a set of near-independent features and a set
of (discarded) features that have an inconsequential impact on a model's MSE.

When featuresx are transformed into uncorrelated onesz, our original problem becomes
y = Nz+ , which can be reduced to a matrix denoising problem41] and be solved by
the second stage. Our algorithm guarantees that we can recover all singular vectors &f
whose associated singular values are larger than a certain threshold The performance

guarantee can be translated into MSE bounds parametrized by commonly used variables

5



(though, these translations usually lead to looser bounds). For example, whelN's rank is
r, our result reduces the MSE fromO(racr (di + d2)n rznm) to O(“]'T2 + n ©) for a suitably
small constant c. The improvement is most pronounced whenmn  ds.

We also provide a new matching lower bound. Our lower bound asserts thaho
algorithm can recover a fraction of singular vectors oN whose associated singular values
are smaller than , where is a \gap parameter". Our lower bound contribution is
twofold. First, we introduce a notion of \local minimax", which enables us to de ne a
lower bound parametrized by the singular values ofN. This is a stronger lower bound
than those delivered by the standard minimax framework, which are often parametrized
by the rank r of N [84]. Second, we develop a new probabilistic technique for establishing
lower bounds under the new local minimax framework. Roughly speaking, our techniques
assemble a large collection of matrices that share the same singular values Nf but are far
from each other, so no algorithm can successfully distinguish these matrices with identical
spectra.

Adaptive reduced rank regression (Adaptive-RRR) is a new and provably optimal
algorithm for estimating M under a mild average case assumption over the features. Our
algorithm is a simple two-stage algorithm. LetX 2 R™ % be a matrix that stacks together
all features andY 2 R"™ % pe the one that stacks the responses. In the rst stage, we run
a principal component analysis (PCA) on X to obtain a set of uncorrelated features2. In
the second stage, we run another PCA to obtain a low-rank approximation of2TY and
use it to construct an output. We also provide an upper bound and a new matching lower

bound.

Chapter 3: On embedding stocks (addressing C1 & C2). This work describes
how we can decouple the learning of high-dimensional stock interactions (C1) and non-
linear learning of feature interactions (C2) so that the former problem is solvable by
provable algorithms and the latter is solvable by a wide range of practical machine

learning [155 72, 100 159 techniques such as deep learning, boosting tree, and non-



parametric methods.

We propose a latent position model for equity returns, dubbed as the additive in uence
model. Our model assumes that each stock is associated with a vector representation
z; in a (latent) Euclidean space, and characterizes the interactions between stocks in the
form as

X

Yti = (zi;Z))9(Xjt )+ is (1.1)

j2[d]
whereyi 2 R is the next period return at time t for stock i, x¢j 2 RK are the features
associated with stockj at time t, ¢; is a noise term,g: Rk 1 R is an unknown function,
and is a function that measures the interaction strength between stocks based on their
vector representations. Whenz; and z; are close, (z;;z;) will be large, and thus the
variable g(x¢; ) from stock j's has a stronger impact oni's return.

Our proposed model allows for feature interactions throughg( ), and addresses the
over tting problem arising from stock interactions because the distances (interaction
strength) between stocks are constrained by the latent Euclidean space: when  z; and
zj zyx are small,z; 2z is also small, and thus the degree of freedom for stock interactions
becomes substantially smaller thanO(d?).

Our goal is to learn both the z;'s and g( ). We note that these two learning tasks can
be decoupled high-dim methods can be developed tgrovably estimate the z;'s without the
knowledge ofg( ), and when estimates ofz;'s are given, an experiment-driven process can
be used to learng( ) by examining prominent machine learning methods such as neural
nets and boosting. In other words, when we learn stock interactions, we do not need to be
troubled by the over tting problem escalated by ne-tuning g( ), and when we learn feature
interactions, the generalization error will not be jeopardized by the curse of dimensionality
from stock interactions.

To learn the z;'s, we design a simple algorithm that uses low-rank approximation of
yi's covariance matrix to nd the closeness of the stocks, and develop a novel theoretical

analysis based on recent techniques from high-dim and kernel learning [15, 147, 161].



To learn g( ), we generalize major machine learning techniques, including neural nets,
non-parametric, and boosting methods, to the additive in uence model when estimates
of zi's are known. We speci cally develop a moment-based algorithm for non-parametric
learning of g( ), and a computationally e cient boosting algorithm based on linear learners

by using the domain knowledge of equity data sets.

Chapter 4: Equity2Vec (addressing C2 & C3).

We propose Equity2Vec to learn the stock embedding re ects non-return interactions
and address the data scarcity challenge (C3) using neural net model (C2).

First, we examine how to learn the stock embeddings. Most research analyzed the
interactions between stocks by modeling their correlations over returns. However, the
stock interactions are beyond return correlations. For example, in early 2021, the AMC
theatres, GameStop, and BlackBerry suddenly show the co-movement. All of them show
the soaring stock price due to the investors formed on social media are buying up these
stocks. Thus, it is logical to ask how can we generalize the notion of correlation, or use
non-return information to analyze the interactions. We make two key observations by
analyzing news on stocks. When two stocks are frequently co-mentioned, 1) they are likely
to share common characteristics such as sector and supply-chain relation, 2) their prices
tend to have a similar trend. Based on our observations, we designed the graph-based
component and learned the stock embeddings that e ectively capture both long-term and
evolving cross-sectional interactions using news co-mention.

To solve the data scarcity challenge, we develop a specialized neural net model for each
asset (e.g., traing;( ) for asseti ) but there is insu cient data to properly train  gj() with
data only from i (because of C3). Therefore, we use the data associated with other entities
for training. We aim to train a neural net model g(x;; W;W;), where W is shared across all
assets,W; is entity-speci ¢ and is learned through embedding, andg;(x;) = g(xi; W;W;).
When assetsi and j are close, thenw; and W; are close. Consequentlyg, and g; will be

similar when asseti and assetj are similar.



All the proposed algorithms/models are veri ed via extensive experiments based on
real-world equity datasets. Our forecasting models can also be applied to a wide range of
applications, such as identifying biomarkers, understanding risks associated with various

diseases, customer carelpg, image recognition, and link prediction [96], topic modeling [].

1.2 Dissertation Organization

The rest of this dissertation is organized as follows. Chapter 2 discusses more details
about Adaptive-RRR, where we demonstrate our upper bound, new matching lower bound,
and the experiments. In Chapter 3, we demonstrate how we use high-dimensional kernel-
based techniques to design a provably correct algorithm for revealing stock latent position,
and how we integrate the algorithm with machine learning models including two new
algorithmic techniques (a statistically sound non-parametric method and an ensemble
learning algorithm optimized for vector regressions). In Chapter 4, we propose Equity2Vec,
where we use both static and dynamic non-return interactions to price the assets. In
Chapter 5, we summarize the contributions of our works and discuss the future research

directions.



Chapter 2

Adaptive reduced rank regression

2.1 Introduction

We consider the regression probleny = M x + in the high dimensional setting, where
x 2 R% is the vector of features,y 2 R% is a vector of responsesM 2 R% % are the
learnable parameters, and N (0; 214, 4,) is a noise term. High-dimensional setting
refers to the case where the number of observations is insu cient for recovery and hence
regularization for estimation is necessary 84, 118 27]. This high-dimensional model is
widely used in practice, such as identifying biomarkers 170, understanding risks associated
with various diseases $2, 14], image recognition [L29, 47], forecasting equity returns in
nancial markets [124, 142, 107, 16], and analyzing social networks [163, 130].

We consider the \large feature size" setting, in which the number of featuresd;
is excessively large and can be even larger than the number of observatioms This
setting frequently arises in practice because it is often straightforward to perform feature-
engineering and produce a large number of potentially useful features in many machine
learning problems. For example, in a typical equity forecasting modeln is around 3,000
(i.e., using 10 years of market data), whereas the number of potentially relevant features
can be in the order of thousands 124, 62, 81, 28]. In predicting the popularity of a user in
an online social network,n is in the order of hundreds (each day is an observation and a

typical dataset contains less than three years of data) whereas the feature size can easily
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be more than 10k [133, 13, 140].

Existing low-rank regularization techniques (e.g., B4, 118 104 ) are not optimized for
the large feature size setting. These results assume that either the features possess the
so-called restricted isometry property R3], or their covariance matrix can be accurately
estimated [L18. Therefore, their sample complexityn depends on eitherd; or the smallest
eigenvalue value mj, of x's covariance matrix. For example, a mean-squared error (MSE)
result that appeared in [118is of the form O W . Whenn di= 2., this result
becomes trivial because the forecasg = 0 produces a comparable MSE. We design an
e cient algorithm for the large feature size setting. Our algorithm is a simple two-stage
algorithm. Let X 2 R" % be a matrix that stacks together all features andY 2 R" % be
the one that stacks the responses. In the rst stage, we run a principal component analysis
(PCA) on X to obtain a set of uncorrelated features?. In the second stage, we run another
PCA to obtain a low rank approximation of 2TY and use it to construct an output.

While the algorithm is operationally simple, we show a powerful and generic result on
using PCA to process features, a widely used practice for \dimensionality reduction” [24,
58, 53. PCA is known to be e ective to orthogonalize features by keeping only the subspace
explaining large variations. But its performance can only be analyzed under the so-called
factor model [143 142. We show the e cacy of PCA without the factor model assumption.
Instead, PCA should be interpreted as a robust estimator ofx's covariance matrix. The
empirical estimator C = %XX T in the high-dimensional setting cannot be directly used
becausen d; dy, but it exhibits an interesting regularity: the leading eigenvectors of
C are closer to ground truth than the remaining ones. In addition, the number of reliable
eigenvectors grows as the sample size grows, so our PCA procedure projects the features
along reliable eigenvectors anddynamically adjusts 2's rank to maximally utilize the raw
features. Under mild conditions on the ground-truth covariance matrix C of x, we show
that it is always possible to decomposex into a set of near-independent features and a set
of (discarded) features that have an inconsequential impact on a model's MSE.

When featuresx are transformed into uncorrelated onesz, our original problem becomes

11



y = Nz+ , which can be reduced to a matrix denoising problem41] and be solved by
the second stage. Our algorithm guarantees that we can recover all singular vectors of
whose associated singular values are larger than a certain threshold The performance
guarantee can be translated into MSE bounds parametrized by commonly used variables
(though, these translations usually lead to looser bounds). For example, whel 's rank
is r, our result reduces the MSE fromO(%) to O(“‘T2 + n ©) for a suitably small
constant c. The improvement is most pronounced whemn  dj.

We also provide a new matching lower bound. Our lower bound asserts thaho
algorithm can recover a fraction of singular vectors ofN whose associated singular values
are smaller than , where s a \gap parameter". Our lower bound contribution is
twofold. First, we introduce a notion of \local minimax", which enables us to de ne a
lower bound parametrized by the singular values ofN. This is a stronger lower bound
than those delivered by the standard minimax framework, which are often parametrized
by the rank r of N [84]. Second, we develop a new probabilistic technique for establishing
lower bounds under the new local minimax framework. Roughly speaking, our techniques
assemble a large collection of matrices that share the same singular values Nf but are far

from each other, so no algorithm can successfully distinguish these matrices with identical

spectra.

2.2 Preliminaries

Notation. Let X 2 R" % and Y 2 R" % be data matrices with their i-th rows
representing thei-th observation. For matrix A, we denote its singular value decomposition
asA = UA A(VAT and P,(A), UA AVAT is the rank r approximation obtained by
keeping the topr singular values and the corresponding singular vectors. When the context
is clear, we drop the superscriptA and useU; ;andV (U;, ., andV;) instead. Both
i(A)and A are used to refer toi-th singular value of A. We use MATLAB notation when
we refer to a speci ¢ row or column, e.g.,Vs.. is the rstrow of V and V. is the rst column.

kAkg, kAky, and KAk are Frobenius, spectral, and nuclear norms oA. In general, we use
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boldface upper case (e.g.X) to denote data matrices and boldface lower case (e.gx) to
denote one sample. Regular fonts denote other matrices. L& = E[xx "] and C = %X X
be the empirical estimate ofC . Let C =V (V)T be the eigen-decomposition of the

matrix C , and IR g O be the diagonal entries of . Let fuj;us;:::u-g

by it. An event happens with high probability means that it happens with probability

1 n ° where 5 is an arbitrarily chosen large constant and is not optimized.

Step-1-PCA-X  (X)

1 [U; ;V]=svd(X)

2 = 12 = .

3 . Gap thresholding.

4 =n °W js a tunable parameter.

5 ky=maxfky: «, k41 g

6 k,. diagonal matrix comprised off g «,.
7 Uy, Vi, kg leading columns ofU and V.

8 "=( ) TV

9 2, ="nU,E X"T).

return f2,;"g.

=
o

Step-2-PCA-Denoise  (2+;Y)

1 N7 127v.

2 . Absolute value thresholding.

3 . isa sqjltable constant; is sdd. o(t)the noise.

4 ky=max ky: g, (Ny) &
5 return P, (N)

Adaptive-RRR (X;Y)

1 [Z+;7= Step-1-PCA-A (X).

2 Py, (N.)= Step-2-PCA-Denoise (Z+;Y).
3 return M = Py, ()"

Figure 2.1: Our algorithm (Adaptive-RRR ) for solving the regressiony = M x +

Our model. We consider the modely = Mx + , wherex 2 R% is a multivariate
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Gaussian,y 2 R%, M 2 R% % and N(0; 214, 4,). We can relax the Gaussian
assumptions onx and for most results we develop. We assume a PAC learning framework,
i.e., we observe a sequendgX;yi)g n of independent samples and our goal is to nd an
M that minimizes the test error Ex.y[kM x M xk3]. We are speci cally interested in the
setting in which d, n  dj.

The key assumption we make to circumvent thed; n issue is that the features are
correlated. This assumption can be justi ed for the following reasons:(i) In practice, it
is di cult, if not impossible, to construct completely uncorrelated features. (i) When
n di, it is not even possible totest whether the features are uncorrelated 11]. (iii)
When we indeed know that the features are independent, there are signi cantly simpler
methods to design models. For example, we can build multiple models such that each model
regresses on an individual feature ok, and then use a boosting/bagging method $3, 136
to consolidate the predictions.

The correlatedness assumption implies that the eigenvalues ¢f decays The only
(full rank) positive semide nite matrices that have non-decaying (uniform) eigenvalues are
the identity matrix (up to some scaling). In other words, when C has uniform eigenvalues,
x has to be uncorrelated.

We aim to design an algorithm that works even whenthe decay is slow, such as when

i(C ) has a heavy tail. Speci cally, our algorithm assumes ;'s are bounded by a heavy-tail

power law series:

Assumption 2.2.1. The ;(C ) series satises ;{(C) c¢ i ' for a constant ¢ and

o2

We do not make functional form assumptions on ;'s. This assumption also covers many
benign cases, such as whe@ has low rank or its eigenvalues decay exponentially. Many
empirical studies report power law distributions of data covariance matrices 4, 120, 151, 33].
Next, we make standard normalization assumptions. Ekxk% =1, kMk; = 0,

and 1. Remark that we assume only the spectral norm oM is bounded, while its
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Frobenius norm can be unbounded. Also, we assume the noise 1 is su ciently large,
which is more important in practice. The case when is small can be tackled in a similar
fashion. Finally, our studies avoid examining excessively unrealistic cases, so we assume
di d%. We examine the setting where existing algorithms fail to deliver non-trivial MSE,

so we assume than  rd;  di.

2.3 Upper bound

Our algorithm (see Fig. 2.1) consists of two steps.Step 1. Producing uncorrelated

features. We run a PCA to obtain a total number of k; orthogonalized features. See
Step-1-PCA-X in Fig. 2.1. Let the SVD of X be X = U ( V)'. Let k; be a suitable
rank chosen by inspecting the gaps oK's singular values (Line 5 in Step-1-PCA-X ).
2+ = P nUy, is the set of transformed features output by this step. The subscript + in
2. re ects that a dimension reduction happens so the number of columns 2, is smaller
than that in X . Compared to standard PCA dimension reduction, there are two di erences:

() We use the left leading singular vectors oX (with a re-scaling factor P

n) as the output,
whereas the PCA reduction outputs Py, (X). (i) We design a specialized rule to choosk;
whereas PCA usually uses a hard thresholding or other ad-hoc rulesStep 2. Matrix
denoising.  We run a second PCA on the matrix (\+ )T, 12TY. The rank k, is chosen
by a hard thresholding rule (Line 4 in Step-2-PCA-Denoise ). Our nal estimator is
P,(Ny) where "=( ) %Vle is computed in Step-1-PCA-X  (X).

2.3.1 Intuition of the design

While the algorithm is operationally simple, its design is motivated by carefully unfolding
the statistical structure of the problem. We shall realize that applying PCA on the features
should not be viewed as removing noise from a factor model, or nding subspaces that
maximize variations explained by the subspaces as suggested in the standard literatur&3,
143 144). Instead, it implicitly implements a robust estimator for x's precision matrix,

and the design of the estimator needs to be coupled with our objective of forecasting,

thus resulting in a new way of choosing the rank.
Design motivation: warm up. We rst examine a simplied problem y = Nz+ |,
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where variables inz are assumed to be uncorrelated. Assumd = d; = d; in this simpli ed
setting. Observe that

1

1 1 1 1
HZTY = HzT(ZNT + E):(HZTZ)NT + ﬁzTE lg, a,NT + ﬁzTE =N" + E

2.1)

where E is the noise term andE can be approximated by a matrix with independent

Zero-mean noises.

Solving the matrix denoising problem. Eq. 2.1 implies that when we computeZTY , the
problem reduces to an extensively studied matrix denoising problem [41, 55]. We include
the intuition for solving this problem for completeness. The signalN T is overlaid with a
noise matrix E. E will elevate all the singular values of N T by an order of P d=n. We
run a PCA to extract reliable signals: when the singular value of a subspace is P d=n,
the subspace contains signi cantly more signal than noise and thus we keep the subspace.
Similarly, a subspace associated a singular value P d=n mostly contains noise. This
leads to a hard thresholding algorithm that sets N7 = P,(NT + E), where r is the
maximum index such that (N T + E) cp d=n for some constantc. In the general setting
y = Mx + , x may not be uncorrelated. But when we setz=( ) %(V )Tx, we see that
E[zz"] = I. This means knowingC su ces to reduce the original problem to a simpli ed
one. Therefore, our algorithm uses Step 1 to estimat€ and Z, and uses Step 2 to reduce

the problem to a matrix denoising one and solve it by standard thresholding techniques.
Relationship between PCA and precision matrix estimation. In step 1, while
we plan to estimate C , our algorithm runs a PCA on X. We observe that empirical
covariance matrix C = IXTX = v () 2(V)T, i.e,, C's eigenvectors coincide withX's
right singular vectors. When we use the empirical estimator to construct2, we obtain
2= P n() V)"x. When we apply this map to every training point and assemble the
new feature matrix, we exactly get2 = P nXv() 1= P nU. It means that using C to

construct 2 is the same as running a PCA inStep-1-PCA-X  with k; = dj.

When k; <dj, PCA uses a low rank approximation of C as an estimator forC . We

16



Figure 2.2: The angle matrix betweenC and C .

now explain why this is e ective. First, note that C is very far from C whenn  dj,
therefore it is dangerous to directly plug in C to nd 2. Second, an interesting regularity
of C exists and can be best explained by a picture. In Fig. 2.2, we plot the pairwise angles
between eigenvectors oL and those ofC from a synthetic dataset. Columns are sorted
by the C 's eigenvalues in decreasing order. Whe& and C coincide, this plot would look
like an identity matrix. When C and C are unrelated, then the plot behaves like a block of
white Gaussian noise. We observe a pronounced pattern: the angle matrix can be roughly
divided into two sub-blocks (see the red lines in Fig. 2.2). The upper left sub-block behaves
like an identity matrix, suggesting that the leading eigenvectors ofC are close to those of
C . The lower right block behaves like a white noise matrix, suggesting that the \small"
eigenvectors ofC are far from those of C . When n grows, one can observe the upper
left block becomes larger and this the eigenvectors of will sequentially get stabilized.
Leading eigenvectors are rst stabilized, followed by smaller ones. Our algorithm leverages
this regularity by keeping only a suitable number of reliable eigenvectors fromC while

ensuring not much information is lost when we throw away those \small" eigenvectors.
Implementing the rank selection. We rely on three interacting building blocks:

1. Dimension-free matrix concentration. First, we need to nd a concentration behavior

of C forn d; to decoupled; from the MSE bound. We utilize a dimension-free matrix

17



concentration inequality [12]](also replicated as Lemma 2.3.5) . Roughly speaking, the

N

concentration behaves akC C ko n 2. This guarantees thatj ;(C) i(C)j n 2

by standard matrix perturbation results [79].

2. Davis-Kahan perturbation result. However, the pairwise closeness of the;'s does
not imply the eigenvectors are also close. When(C ) and +1(C ) are close, the
corresponding eigenvectors inC can be \jammed" together. Thus, we need to identify an
index i, at which {(C ) +1(C ) exhibits signi cant gap, and use a Davis-Kahan result
to show that P;(C) is close toP;(C ). On the other hand, the map (, ( ) %(V ')
we aim to nd depends on the square root of inverse ( ) %, so we need additional

manipulation to argue our estimate is close to ( ) %(V ).

3. The connection between gap and tail. Finally, the performance of our procedure is also
characterized by the total volume of signals that are discarded, i.e.!D ik, 1(C ), wherek;

is the location that exhibits the gap. The question becomes whether it is possible to identify
a ky that simultaneously exhibits a large gap and ensures the tail after it is well-controlled,
e.g., the sum of the tail isO(n ©) for a constant c. We develop a combinatorial analysis
to show that it is always possibleto nd such a gap under the assumption that ;(C )

is bounded by a power law distribution with exponent! 2. Combining all these three

building blocks, we have:

Proposition 2.3.1. Let" and be two tunable parameters such that = ! (log® n=p n) and

8=1("). Assume that c i '. Consider running Step-1-PCA-X in Fig. 2.1, with

i
high probability, we have (i) Leading eigenvectors/values are closethere exists a unitary
matrix W and a constantc; such thatkVy, ( ;) 2 Vi, € ) Wk S’: (i) Small tail:
i ik i C2 i for a constant c.

Prop. 2.3.1 implies that our estimate 2, = "(x) is su ciently closeto z=  (x), up
to a unitary transform. We then execute Step-2-PCA-Denoise to reduce the problem
to a matrix denoising one and solve it by hard-thresholding. Let us refertoy = Nz+ ,
where z is a standard multivariate Gaussian andN = MV ( )% as the orthogonalized

form of the problem. While we do not directly observez, our performance is characterized
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by spectra structure of N .

Theorem 2.3.2. Consider running Adaptive-RRR in Fig. 2.1 on n independent samples

(x;y) from the modely = Mx+ , wherex 2 R% andy 2 R%. Let C = E[xxT]. Assume

that (i) kM k> = 0O(1), and (i) x is a multivariate Gaussian with kxk, = 1. In
addition, 1(C )< l1andforalli, ;(C) c=i' fora constantc, and (iii) N(0; 2lg,),
where minf ; 1g.

Let " = I (log® n:IO n), 3=1("), and be a suitably large constant. Lety = Nz+ be
the orthogonalized form of the problem. Let be the largest index such thatN > ‘:]z
Let ¢ be our testing forecast. With high probability over the training data:

X “dy 22 - N
Elkg yk3] (M?+0 —— +0 5 +0 T 2.2)

The expectation is over the randomness of the test data.
Theorem 2.3.2 also implies that there exists a way to parametrizé and such that

2 P N2 T dp 22
Eky  yk3] > (7)7+ 0 —%— + O(n %) for some constantcy. We next
interpret each term in (2.2).

P N
Terms . ( M)2+ 0O dZT“ are typical for solving a matrix denoising problem

KT+ E( NT + E): we can extract signals associated with leading singular vectors of

P L. N .
N,so . ( N)?startsati>" . For each direction we extract, we need to pay a noise

1

. 2 2 . ]
term of order 2 2% |eading to the term O —%2—~ . Terms O P vo ar

come from the estimations error of2, produced from Prop. 2.3.1, consisting of both
estimation errors of C 's leading eigenvectors and the error of cutting out a tail. We pay
an exponent of% on both terms (e.qg., iy in Prop. 2.3.1 becomes ﬁ) because we
used Cauchy-Schwarz (CS) twice. One is used in running matrix denoising algorithm with
inaccurate z. ; the other one is used to bound the impact of cutting a tail. It remains open
whether two CS is can be circumvented.

Sec. 2.4 explains how Thm 2.3.2 and the lower bound imply the algorithm is near-

optimal. Sec. 2.5 compares our result with existing ones under other parametrizations, e.g.
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Rank(M).
2.3.2 Analysis

We now analyze our algorithm. Our analysis consists of three steps. In step 1, we prove
Proposition 2.3.1. In step 2, we relateZTY with the product produced by our estimate

2TY . In step 3, we prove Theorem 2.3.2.
2.3.2.1 Step 1. PCA for the features (proof of Proposition 2.3.1)

This section proves Proposition 2.3.1. We shall rst show that the algorithm always

terminates. We have the following lemma.

Lemma 2.3.3. Letf ;g 4 be a sequence such thaFt) o i =1, ci ' for some

constant c, ! 2,and 1< 1 Dene = i+1 fori 1. Let "o be a su ciently

large number, andc; and ¢, are two suitable constants. Let' be any number such that
“0. Let be any parameter such that < 1. There exists ani such that (i) Gap is

P
suciently large: ;¢ ~ (= DD “and (i) tail sumissmall: ;i =

We remark that Lemma 2.3.3 will also be able to show part (ii) of Proposition 2.3.1
(this will be explained below). This lemma also corresponds to the \connection between

gap and tail" building block referred in Section 2.3.1.

P
Proof of Lemma 2.3.3. De ne the function h(t) = tc:i’ = % (by EulerMaclaurin

formula), where o(1) is a function of t

Next, let us de ne

8 9

< X =
ip=min i : i 1 h(rI) 1

g g
p=min i 0 1 5 hCTT) L

P
Roughly speaking, we want to identify ani; such that ; ; i is smaller than 1

h “T 1 butis as close to it as possible. We can interpret, in a similar manner. ig;io 1
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because of the assumption ; < 1.

=]
We can verify that i; <~ 7 T because 1 h T 1 . We can similarly

L

verify that i, <c4 T T for some constantcs. Now using

X (c3+ o(1))°
i1 5
i i+l
X

i 1 (cz3+o0(1)

i1

We may use an averaging argement and show that there exists a3 2 [i; +1;i, + 1] such

that
~ (cst o1)) (cs+ o(1))"
‘s 2 i1 c T T
05‘ T1z=cg r 1
Note that cs° ™ T 2¢’ ! because <! 1. Next, using that - c¢=", we have
pall 2} {
‘= i t(ie i)t H( ) c=" (2.3)
This implies one of ( i, ig+1);::5;( > 1 )isatleast $ T I=". In other words,
there exists ani 2 [iz+1;7] such that i 41 %5 it Finally, we can check
that
X X c
i S T S (2.4)
i i1
2
We apply Lemma 2.3.3 by setting ! ! 1. There is a parameter’ that we can
P
tune, such that it is always possible to nd an i where ; c” ¢*D and D
1
1 ¢ (¢ D Forany = o(1) (afunction of n), we can set’ = 1 7T In addition,
P !
ik =0 = . This also proves the second part of the Proposition.

It remains to prove part (i) of Proposition 2.3.1. It consists of three steps.
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Step 1. Dimension-free Cherno bound for matrices. We rst give a bound on kC  Cka,
which characterizes the tail probability by using the rst and second moments of random
vectors. This is the key device enabling us to meaningfully recover signals even when

n dl.

Lemma 2.3.4. Recall thatC = E[xx "] and C = IXTX. For any "> 0,
PrlkC Ckx "] (2n?)exp( n"?=(log*n))+ n 1°; (2.5)

The exponent 10 is chosen arbitrarily and is not optimized.

Proof of Lemma 2.3.4. We use the following speci ¢ form of Cherno bound ([121])

Lemma 2.3.5. Let z1, z5;:::;z, be i.i.d. random vectors such thatkz;k a.s. and
kE[zizT]k . Then for any > 0,

2 3

1 X
Pré - zizl  Elziz]] "S5  (2n?)exp

in

nu 2

% 248 & 9

2
We aim to use Lemma 2.3.5 to show Lemma 2.3.4 and we set = x;. But the “>-norm
of z;'s are unbounded so we need to use a simple coupling technique to circumvent the

problem. Speci cally, let ¢y be a suitable constant and de ne

_ zi ifjzij colog®n
Z= 0 otherwise. 2.7)

By using a standard Cherno bound, we have

HE 1 .
i _ 1P T - 2 - i
Letuswrite C= ~ ; %% . Weset = clog"nand = (1)inLemma 2.3.5. One
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can see that

h | n2
Prl[kC Ck, "] Pr (kC Ck, ")_(C86C) 2n? exp n4 + ios (2.9)
log®n nl

Step 2. Davis-Kahan bound. The above analysis gives us thakC  Ck, ". We next

show that the rst a few eigenvectors of C are close to those ofC .

Lemma 2.3.6. Let" = 'gg% and 3= 1("). Considering running Step-1-PCA-X
in Fig. 2.1. Let P =V, (V)" andP = V,,|[. WhenkC  Ck, ", kP Pk Z:

Proof. Recall that ; 5;:::; 4, are the eigenvalues ofC . Letalso 1; 2;:::; ¢, be the

eigenvalues ofC. De ne

S = [ k1 =101 ] and S;= [0; ki+1 T :10]Z (210)

The constant 10 is chosen in an arbitrary manner. Becaus&«C  Ck, ", we know that

S; contains 4;:::;  and that S; contains K+100 0 dy [79]. Using the Davis-Kahan
Theorem [37], we get

kC Cky 2

kP Pk _ — 2.11

2 0:8 (2.11)

2

We also need the following building block.

Lemma 2.3.7. [147] Let A and B ben n positive semide nite matrices with the same
rank of d. Let X and Y be of full column rank such thatXX T = A and Y YT = B. Let
be the smallest non-zero eigenvalue &. Then there exists a unitary matrix W 2 R9 d

such that

p p
oW vk, KA Ble( KAkt kBky).
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Step 3. Commuting the unitary matrix. Roughly speaking, Lemma 2.3.6 and Lemma 2.3.7
show that there exists a unitary matrix W such that kVy, W Vkl ks is close to 0. Standard
matrix perturbation result also shows that , and  are close. This gives us that
Vi, W kl% and Vi, ( ,) z are close, whereas we need that), kl%W and Vi, ( ,) z are
close. The unitary matrix W is not in the right place. This is a standard technical obstacle
for analyzing PCA based techniques 147, 48, 90]. We develop the following lemma to

address the issue.

Lemma 2.3.8. Let Uj;Up ben d matrices such thatU; U; = U7 U, = |. Let S, S
be diagonal matrices with strictly positive entries, and letwW 2 R9 9 be a unitary matrix.

Then,

KUISIW Sk KUIUZ  UpUsk

kU:S, W UsS, tk _ : .
=1 222 minf (S1)ig minf(Sy)ii g minf (Sz)ii g

Proof. Observe that,
UiS; 'W  UpS, 1= UsS W (SU; W2 SiUT)ULS, H+ UiUT UpS, T UaUs UsS,

The result then follows by taking spectral norms of both sides, the triangle inequality and

the sub-multiplicativity of the spectral norm. 2

Results from Step 1 to Step 3 su ce to prove the rst part of Proposition 2.3.1. First,

we use Lemma 2.3.6 and Lemma 2.3.7 (adopted from [147]) to get that

KVi, ( 1) W Vig (k) 2ke (2.12)

Next, observe that ,; , = ( ). By applying Lemma 2.3.8, with U; =V, and

S1=( )7 U2= Vi, and S, = ( «,)?, we obtain
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1

1 kV, WV, ik kP Pk c"
W Vi, ke ki ki ki ki 2 2 %

NI
N[

kal kl

This completes the proof of Proposition 2.3.1.
2.3.2.2 Step 2. Analysisof Z TY

Proposition 2.3.9.  Consider running Adaptive-RRR  in Fig. 2.1 to solve the regression
problemy = Mx + . Let 2, be the output of the rst stageStep-1-PCA-X . Let W
be the unitary matrix speci ed in Proposition 2.3.1. Let N, = 2TY . We have with high

probability (over the training data),
NI =WTNT + B + Ey;

where
r
d>

kE ky 2:2 and kErkg = O(= 3):

The rest of this Section proves Proposition 2.3.9. Recall thaty = ZNT + E is the
orthogonalized form of our problem. Let us splitN = [N+;N ], where N, 2 R% ki
consists of thek; leading columns ofN and N 2 R9 (d ki) consists of the remaining
columns. Similarly, let z = [z+;z ], wherez, 2 R" K andz 2 R" (& ki) et
Z =[Z+;Z ], whereZ, 2 R" ki and Zz 2 R" (& ki) Finally, when we refer to
estimated features of an individual instance produced from Step 1, we usg, .

We haveY = Z,NJ +Z NT + E. We let

2, W'z,

+
1

2. Z.W:

+
1
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wherek +ko = O(= 3)andk k= 0(°n= 3). We have

1 1
ﬁziv = s+ ZeW)T(ZeNT +Z NT+E)

1 1 1
WINT +wWT ﬁzIz+ I, K, NJ+ HWTzIz NT + ﬁWTZIE

1
= T@zeN] +Z NT+ E):

We shall let
NI =W'NT + E (2.13)

where

E=bB+B+EB+E+E
1
E = wT EZIZ.'. Ik, K NI

1
= -wTzlz NT
n

1
E3=HWTZIE
1+
== TE
E4 o
1
== T@«NT+2z NT):

We next analyze each term. We aim to nd bounds in either spectral norm or Frobenius
norm. In some cases, it su ces to usekEk, Rank(E) to upper bound kEke. So we bound
only E's spectral norm. On the other hand, in the case of analyzingss, we can get a tight
Frobenius norm bound but we cannot get a non-trivial spectral bound.

From time to time, we will label the dimension of matrices in complex multiplication

operations to enable readers to do sanity checks.

Bounding E;. We use the following Lemmas.

Lemma 2.3.10. Let Z 2 R" ki, wherek; < n. Let each entry of Z be an independent
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standard Gaussian. We have

r_)
1 101 K
=277 1 max ﬁr_.>°§’2—'”;4 “ (2.14)

Proof of Lemma 2.3.10. We rely on the Lemma [134]:

Lemma 2.3.11. Let S 2 R" K (n > k) be a random matrix so that eachS;; is an
independent standard Gaussian random variable. Let nax(S) be the maximum singular

value of S and pin (S) be the minimum singular value of it. We have

R o — P-
PIPA Tkt mn(S)  ma(S) TR+ K+t] 1 2 exp( t222); (2.15)
Np__ (0] _
We sett = max %; log?n . Let us start with considering the case% > log?n. We
have
T p— P —
mn(Z'Z) n 22 nky+1:2%k; n 22 nki: (2.16)
and
T P— P—
max(Z'Z) n+2:2 nky+1:21k; n+4 nkq: (2.17)

p_—
The case% log? n can be analyzed in a similar fashion so that we can get

( r_)
%sz | max 10lgn., % : (2.18)
2
Therefore, we have
( r_) ( r_)
kE ko max E|!90g2—n;4 % kNIkZ: max %‘?;4 %
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Bounding E,. Observe that E[kZ NTk2]= nkNTk2. Also,

T T 2 Ty — TL2.
E[klé} ra Ilflz} k2jZ NT]= kikz NTKZ:

ki nn (di ki) (d; ki) d2

Therefore,

E[ZIZ NT]= kinkN Tkg: (2.19)
We next bound kN kg.

Lemma 2.3.12. Let N be the learnable parameter in normalized formN =[N, ;N ],
whereN, 2 R% k1 and N 2 R% (& ki) gnd k; is determined byStep-1-PCA-X . We
havekN ke = O ™ = o(l).

Proof of Lemma 2.3.12. Recall that

N= Mo (D

dz dl dl d1 dl dl
We let =[ ,; ] where , 2 R% ki and 2 R4 (4 ki) \We have N =
MV ( )%. Therefore,
2 2 2 12 L
KN ki k MkskV k5 ()2 . 0] 1 = o(1): (2.20)
Here, we used the assumptiorkM ko, = O(1) and the last equation holds because of
Proposition 2.3.1. 2

By (2.19), (2.20), and a standard Cherno bound, we have whp

r r_ !
kEko KE okg 2 %kN ke =0 %

Bounding Es.  We have the following Lemma.
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Lemma 2.3.13. Let Z 2 R" K1 g0 that each entry inZ is an independent standard
Gaussian andE 2 R" 9% so that each entry inE is an independent GaussiarN (0; 2).
For su ciently large n, ki, and dp, wherek;  d,, we have

: pP— P —
%ZTE }p%( ki +  do):

q_
Proof of Lemma 2.3.13. Let t = max %;4 kn—l . By Lemma 2.3.10, with high

probability ktzTz 1k t. This implies that the eigenvalues ofZTZ are all within the
rangen(l t). Note thatfor0 < < 1=3,if 2[1 ; 1+ ], then IO72 1 2;1+2].
This implies that the singular values of Z are within the range P n@a 2t).

Let Z:Ioﬁ=I+ Z wherek %k 2t. We have

11 z z z\T,E z ZN)ZN\T o
—Z'E=V" p= (U) p==Vo(+ “)U%) p=
n n n n
E E
— vZ (1)1Z\T Z ZZ\T o -
= +
IYZ} fg{z_}h Vv (u”) % (2.21)
ki ki, n 2
nd2

Using the fact that the columns of UZ are orthonormal vectors, VZ is a unitary matrix,

p

and k;  do, we see thatV4(U%4)TE="n is a matrix with i.i.d. Gaussian entries with

standard deviation P n.

Let B = VZ(U%)TE= and B =(U?%)TE= . Then, from (2.21), we have
11 _ Z g .
“ZTE= p= B+V? 7B : (2.22)

The entries in B (B) are all i.i.d Gaussian. By Marchenko-Pastar's law (and the nite
sample bound of it [134]), we have with high probability kBk;kBk = P ki + P dp + o(IO ki +

P d;). Therefore, with high probability:

1.1

P— p_—
%ZTE %( ke + db):

2
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Lemma 2.3.13 implies that

12 P — P —
KEsko 497( ki+ d):

Bounding E;. We have

1 d
E[KEsk2] = 5 Elk TEK2] = sz k=0 %

Using a Cherno bound, we have whpkEske = 0 dn—z .

Bounding Es. BecauseBs= = I(ZNT), we have

KEsk2 n—lzk TKokzZN TKE:
Using a simple Cherno bound, we have whp,

kZNTkZ  2nkM xk3  2nkM k3kxk3

This implies kEsk& O —sn? 2 =0

We may let

E=ht+bB+tEBt+EK
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We can check that

kB ko KE 1ko + kBEoky + kEsky + kEsko

10| K ki, 11 P— P_—
max ﬁoeogz—n%—l + 0 e + Pp—( ki+ dr)+o0 %
n n n n n
r _
2.2 %
n

Also, we can see thatkErke = kEske = O(= 2). This completes the proof for

Proposition 2.3.9.
2.3.2.3 Step 3. Analysis of our algorithm's MSE

Let us recall our notation:
1.z=( ) 2(V)'xand . =2, WTz.

2. We let N7 = 2TY be the output of Step-1-PCA-X in Fig. 2.1.
q__
3. All singular vectors in N» whose associated singular values dn—z are kept.
q__

Let * be the largest index such that N« %2 One can see that our testing

forecast isPy, (N )2, . Therefore, we need to boundE, [kP,(N+)2:  Nzk2.
q
By Proposition 2.3.9, we haveN, = (WTN] + B + Er)T; wherekE k, 22« %

o

and kErkg = O("= 3) whp. Let E, B + Er. We have

P ,(N«W + ET)2, = P, (N.W + EN(WTz4 + )

P ,(NsW + ENWTWMW Tz, + )

Py 1+ 1B ) W8 1 )

dy kyKi ki d2 ki ki ki ki ki g, 1 ki Kk, 1

=Py, Nie +(WE)T (z+ + W 4):

Let EC = (WE)T, E = (WE)T, E2 = (WE)T, and ¢ = W .. We still have
kECk, 2:2 d2 , and kE2ke = O( = 9).
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We next have

h
kP, (N )2,
h

NIT]

h
E

(sz(N+ + Ecbz+

i
N zk3

E (P,(N+ + E9z+ Nizi)+ P,(N+ +EY ¢ N z
z .

i h
N+z:) +|IZ£ Piy(N+ + E9 O
}

I —h

{z

1

{z

2

+2 g (sz(N+ + E%Z+

p
2+2

We rst bound

N+ z4) ;

I
E
z

I
I

sz(N+ + E(b 9

N z

2

(Cauchy Schwarz for random variables)

1 2:

2 (the easier term). We have

h
2= E Pio(N+ + E9 2
h

2E P, (N++E9) % 2 +2E N z
z

h [

N z
i

2

h

2
2

We rst bound E; Py, (N+ + EY 9 ; . We consider two cases.

Case 1.

max(N+) > 5

q

%2. In this case, we observe thatkEkg

2:2

& + of1).

i

This implies that kN + E%, = O(kN+ ko) = O(1). Therefore, E; Py, (N+ + E) ¢ ;

k(N+ + E9 9k% = O(k 2k3).
q

Case 2. max (N+)

5 % In this case, kN, + Ek;

q

o

oA
n -

This implies

Pw,(N+ + E9 9 =0 (e, thehprojection P, () will not keep any subspace).
i

This case also impliesE, Py, (N+ + E9 2 ; =0= O(k 2k3)

Next, we have E[KN z k3] = kN kZ = O

Therefore,

2=0 -t
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Next, we move to bound
h 2i
E (Pio(N+ + E9z:  Nizy) 5

We shall construct an orthonormal basis onR% and use the basis to \measure the

mass". Let us describe this simple idea at high-level rst. Letvi;vy; Vg, be a basis
P

for R% and let A 2 R% X be an arbitrary matrix. We have kAkZ =~ | , kvl Ak3. The
meaning of this equality is that we may apply a change of basis on the columns & and
the \total mass" of A should remain unchanged after the basis change. Our orthonormal

basis consists of three groups of vectors.
q__
Group 1. fU:';\i'* gfori °, where" is the number of j(N*) suchthat j(N*) %2.

Group 2. The subspace in Span‘(U:’;\? g «,) that is orthogonal to fU:';\i|+ g -. Let us refer

We have

kPi,(N+ + EY  N.Kk2

X N, T 2
= UL"  Pi(N+ +E) N Term 1

N 2

|
X

+ kO] P, (N++E9) Ni k3 Term 2
i s
X

+ kil Pr,(N+ +E% N. K3 Term 3

ir

To understand the reason we perform such grouping, we can imagine making a decision
for an (overly) simpli ed problem for each direction in the basis: consider a univariate
estimation problemy = + with  being the signal, N (0; ?) being the noise, andy

being the observation. Let us consider the case we observe only one sample. Now when

33



y , We can usey as the estimator andE[(y  )?] = 2. This high signal-to-noise
setting corresponds to the vectors in Group 1.

Wheny 3 ,wehave 2= E[(y )? (3 1) 2=4 2. On the other hand,
E[(y )%= 2. This means if we usey as the estimator, the forecast is at least better
than trivial. The median signal-to-noise setting corresponds to the vectors in group 2.

Wheny , we can simply usef = 0 as the estimator. This low signal-to-noise setting
corresponds to vectors in group 3.

In other words, we expect: (i) Interm 1, signals along each direction of vectors in group
1 can be extracted. Each direction also pays a2 term, which in our setting corresponds
to A ?]z Therefore, the MSE can be bounded byO(" 2 2d,=n). (ii) In terms 2 and
3, we do at least (almost) as well as the \trivial forecast" (¢ = 0). There is also an error
produced by the estimator error from 2, , and the tail error produced from cutting out

features in Step-1-PCA-X in Fig. 2.1.

Now we proceed to execute this idea.
P N, T 2 -
Term 1. o UL (P(Ns +E9 Ni) . Let 02 R% % pe the left singular

2
vector of N, + E9 We let O have d, columns to include those vectors whose corresponding
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singular values are O for the ease of calculation. We have

X T 2
U:’:\:+ sz(N+ + E% N+
N 2
|
X T 2
= U:,;\:+ l/J2;12|<20:-;r1:k2(|\|+ + EC) N.
N 5
i
X N. T - T 2
= Ui 007 O.p41:0,00,42:0, (N+ +E)  Na
i 2
|
X T 2
= U:’;\:+ E° 02:k2+12dz l/):-;rk2+1: dz(N+ + Ec)
. 5
i 8 9
<X T 2 X T 2=
2. U:I;\il+ EO + U;';\:+ LI):;k2+12 dz LI):-;rk2+1: dz(N+ + E%
0 1
02 op2 , X N, T2 2 - 2
OB KEk; + KETkg + U:;i 02;k2+12 d2 2 | l/-):;k2+1:d2§N+ + E(b
i 2 Z
ZTzdzby the de nition of k».
‘d2 2 2
= O "KE’K3 + KEPKZ +
s 2 2
- o % ++ KE2KZ
P T 2
Term 2. - kOl (Pi,(N+ + E9  N.)K3. We have

X
ko] Pi,(N+ +E9) Ni. k3= ko] Py, (N+ + E9

i s i s

X
= koJE%3

i s
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S

On the other hand, note that

ko N4 K2

of (N+ +E) o] E®>

S

0F (N+ + E) 2+ kaTEXS 2 of (N, + E9; 0] (B0 + E?)

X
of (N + E9 > 2m0f (N, + E9; 0] EXi +

Note that

|2 {z—1}

= Term 2.

2 .
0f (N« + EY 5 2] (N+ + E); 0] i

i s

2
n

0 (using the fact that is su ciently large).

P
Next, we examine the term 2

SOT (N, + E9; 0T EDi.

36

X
kol E%3 2

T T TEO
kol (N+ + E9kz |<o, (N,{Z+ E%kf 2 ﬁ{%_kj
22 @

22
n

S

hoT (N + E9; 0 EDi

(2.23)

(2.24)



X
2 (N, + EY; 0 E2i
i s

2005 (N+ + EY; O ER

2trace OGER(N+ + E9)T Oy
2 trace(B}(N+ + E9T , 05,0 ,
= 2NHEYHT;N, + ES

2kE?kr kN4 + E%g (Cauchy Schwarz)
2kE?kr (kN+ ke + KE%E))
O(KEZkg)

(kN+ k# k NkZ = E[KN zk?] = E[kM xk?] = O(1))

(2.25)
(2.23), (2.24), and (2.25) imply that

Pi(N+ +E) N, >

i s i s

2
OTN. ,* O(KEYKE ):

Term 3. We have

X
kri Pr,(N++EY) Ny k3=

ir ir

krT N4 K3:

This is becauser;'s are orthogonal to the rst ks left singular vectors of N + E°.

We sum together all the terms:

2 dp 22 X 2 X
P,,(N+ +E) N+ = O . + 07N, L krTN4 K3 +0 KEOKe
. -
[——3 [—z—
0 ()
-0 & + KN+ kZ N Tr 0 KBk (2.26)
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In the above analysis, we usedSpan(fa;g s;frig ) is orthogonal to Span(f U:';\:* g ).

Therefore, we can collect (*) and (**) and obtain

T 2 X . 2 . X 2
0N, ot KriNGkG = kN kg ()%
i s it i
Now the MSE is in terms of iN*. We aim to bound the MSE in N. So we next
P P
relate ; -( "*)2with ; -( V)2 Recall that N = [N4;0], where0 2 R% (di ki),
The singular values of Ny are the same as those oN.. By using a standard matrix
perturbation result, we have
X 2 X 2 [
Mo N T Fo N kN K=cm™ (2.27)
- s

for some constantc. We may think (2.27) as a constraint and raaximize the di erence

P !
(M2 T (N2 This is maximized when N = N+ ¢ oand N= N
fori> 1.
Therefore,
q .
X X 2 1
N2 e e iy
i 1 |
X N, 2 a 1
= Ny fio (2.28)

Now (2.26) becomes

q__!

~ 2 2 !
d, + O("= 3)+ o) e : (2.29)

X
(2:26) k N, k2 N2+ 0

Next, we assert that> . Recallthatk '*  NkZ= kN kZ = o(1). This implies
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q_—

N> % fori °,ie, . Sowe have
q |
X . d22 2 )
1= kP, (N++E9) NikZ k NK2 (M2+0 ——— +0("=3+0 =3
-
(2.30)
Finally, we obtain the bound for 1+ 2+2p 1 2. Note that
0 L+ i Coa)
—= e min  —; T (= 0o(1)):
1 " L1
O *3+ P+l
We have
p
1t 2+2 12
r—
= 11+2 D)+ 2
2 ! 13
X Cdy 2 2 1
= 4KkN K2 M2+ 0 —— *O(= %+ o0 [
O
rT T 1 n2 L1
. = 4 =
1+ min —t 1 +0 - +0 ™1
r__
X N 2 2 0 |
k NKk2 NY24 0 d+ +0 - +0 W (2.31)

This completes the proof of Theorem 2.3.2.

2.4 Lower bound

Our algorithm accurately estimates the singular vectors ofN that correspond to singular

values above the threshold = ) ‘ﬂ]z However, it may well happen that most of the

spectral ‘'mass' ofN lies only slightly below this threshold . In this section, we establish

that no algorithm can do better than us, in a bi-criteria sense, i.e. we show that any
algorithm that has a slightly smaller sample than ours can only minimally outperform ours

in terms of MSE.

We establish “instance dependent' lower bounds: When there is more "spectral mass'
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Figure 2.3: (a) Major result:  signals inN are partitioned into four blocks. All signals in block

1 can be estimated (Thm 2.3.2). All signals in block 3 cannot be estimated (Prop 2.4.2). Our lower
bound techniques does not handle a small tail in Block 4. A gap in block 2 exists between upper
and lower bounds. (b)-(d) Constructing N: Step 1 and 2 belong to the rst stage; step 3 belongs
to the second stage. (b) Step 1. Generate a random subs&!) for each rowi, representing its
non-zero positions. (c) Step 2. Randomly sample fronD, where D is the Cartesian product of D().
(d) Step 3. Fill in non-zero entries sequentially from left to right.

below the threshold, the performance of our algorithm will be worse, and we will need to
establish that no algorithm can do much better. This departs from the standard minimax
framework, in which one examines the entire parameter space &, e.g. all rankr matrices,
and produces a large set of statistically indistinguishable "bad' instanceslp(. These lower
bounds are not sensitive to instance-speci ¢ quantities such as the spectrum dfl, and in
particular, if prior knowledge suggests that the unknown parameterN is far from these
bad instances, the minimax lower bound cannot be applied.

We introduce the notion of local minimax. We patrtition the space into parts so that
similar matrices are together. Similar matrices are thoseN that have the same singular
values and right singular vectors; we establish strong lower bounds even against algorithms
that know the singular values and right singular vectors of N. An equivalent view is to
assume that the algorithm has oracle access t€ , M's singular values, andM 's right
singular vectors. This algorithm can solve the orthogonalized form asN 's singular values
and right singular vectors can easily be deduced. Thus, the only reason why the algorithm
needs data is tolearn the left singular vectors of N. The lower bound we establish is the
minimax bound for this “unfair' comparison, where the competing algorithm is given more

information. In fact, this can be reduced further, i.e., even if the algorithm “knows' that
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the left singular vectors of N are sparse, identifying the locations of the non-zero entries is

the key di culty that leads to the lower bound.

De nition 2.4.1  (Local minimax bound). Consider a modely = Mx + , wherex is a
random vector, soC (x) = E[xx '] represents the co-variance matrix of the data distribution,
and M = UM M(yM)T  The relaton (M;x) (M%x9 , (M = M°ayM -

vMoA C (x) = C (x9) is an equivalence relation and let the equivalence class (¥1; x) be
RM;x)= f(M%x9: M°= M.yM°= yM. gndC (x9= C (x)g: (2.32)

The local minimax bound fory = M x+ with n independent samples and N (0; 2lg, 4,)
is

rOGMIN: ) =M o E_[ERMEGY)X® MXIG)X; YT (233
( ) M (MOXO2R (M;x) X: ¥ fom [XO[ ( ) 2] 1l ( )

It is worth interpreting (2.33) in some detail. For any two (M; x), (M %x9 in R(M; x),
the algorithm has the same “prior knowledge', so it can only distinguish between the two
instances by using theobserved datain particular M is a function only of X and Y, and we
denote it asM (X ;Y ) to emphasize this. Thus, we can evaluate the performance dft by

looking at the worst possible (M ¢ x9 and considering the MSEE kM (X ;Y )x® M &%2.

Proposition 2.4.2.  Consider the problemy = M x + with normalized formy = Nz +
Let " be a sucient small constant. There exists a su ciently small constant ¢

(that depends on") and a constant ¢ such that for any o rx;M;n; ) (2
q
1 »

c? )P (N2 o : . wheret is the smallest index such that M &
i tli dl2 T L t n-

Proposition 2.4.2 gives the lower bound on the MSE in expectation; it can be turned
into a high probability result with suitable modi cations. The proof of the lower bound

uses a similar “trick' to the one used in the analysis of the upper bound analysis to cut the
1

tail. This results in an additional term O f—l which is generally smaller than then
2

tail term in Theorem 2.3.2 and does not dominate the gap.
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Gap requirement and bi-criteria approximation algorithms. Let =
Theorem 2.3.2 asserts that any signal above the threshold can be detected, i.e., the MSE
is at most P N> iZ(N) (plus inevitable noise), whereas Proposition 2.4.2 asserts that
any signal below the threshold cannot be detected, i.e., the MSE is approximately at
least P N (2 poly()) i2(N ). There is a ‘gap' between and ,as > land < 1.
See Fig. 2.3(a). This kind of gap is inevitable because both bounds are “high probability’
statements. This gap phenomenon appears naturally when the sample size is small as can
be illustrated by this simple example. Consider the problem of estimating when we see
one sample fromN (; 2). Roughly speaking, when , the estimation is feasible, and
whereas , the estimation is impossible. For the region , algorithms fail with
constant probability and we cannot prove a high probability lower bound either.

While many of the signals can “hide' in the gap, the inability to detect signals in the
gap is a transient phenomenon. When the number of samples is modestly increased, our
detection threshold = | c:}: shrinks, and this hidden signal can be fully recovered.

This observation naturally leads to a notion of bi-criteria optimization that frequently

arises in approximation algorithms.

De nition 2.4.3.  An algorithm for solving they = Mx + problemis(; )-optimal if,
when given an i.i.d. sample of sizen as input, it outputs an estimator whose MSE is at

most  worse than the local minimax bound, i.e..E[k§ yk3] r(x;M;n; )+

Corollary 2.4.4. Let " and ¢y be small constants and be a tunable parameter. Our

algorithm is (; )-optimal for

|
N\m‘ N

O( 2 "kMxkZ+ O(n @)

The error term  consists of 2 kM xk3 that is directly characterized by the signal
strength and an additive term O(n ) = o(1). Assuming that kM xk = (1), i.e., the signal
is not too weak, the term becomes a single multiplicative boundO( "+ %)kM xK3.
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This gives an easily interpretable result. For example, when our data size is logn, the
performance gap between our algorithm andany algorithm that uses n samples is at
most o(kM xk3). The improvement is signi cant when other baselines deliver MSE in the

additive form that could be larger than kM xk3 in the regime n  d;.
Preview of techniques. Let N = UN N(vM)T pe the instance (in orthogonalized

Forany N; 2N, Ni= NandvNi = vN_ (i) Foranytwo Ni;Nj 2N, kN N%g is
large, and (i) K =exp( (poly( )d?)) (cf. [150, Chap. 2]).

Condition (i) ensures that it su ces to construct unitary matrices UNi's for N, and
that the resulting instances will be in the same equivalence class. Conditions (ii) and
(i) resemble standard construction of codes in information theory: we need a large “code
rate’, corresponding to requiring a largeK as well as large distances between codewords,
corresponding to requiring that kU;  U; ke be large. Standard approaches for constructing
such collections run into di culties. Getting a su ciently tight concentration bound on
the distance between two random unitary matrices is di cult as the matrix entries, by
necessity, are correlated. On the other hand, starting with a large collection of random
unit vectors and using its Cartesian product to build matrices does not necessarily yield
unitary matrices.

We design a two-stage approach to decouple condition (iii) from (i) and (ii) by only
generating sparse matricedJNi. See Fig. 2.3(b)-(d). In the rst stage (Steps 1 & 2 in
Fig. 2.3(b)-(c)), we only specify the non-zero positions (sparsity pattern) in eachUNi . It
su ces to guarantee that the sparsity patterns of the matrices UNi and UNi have little
overlap. The existence of such objects can easily be proved using the probabilistic method.
Thus, in the rst stage, we can build up a large number of sparsity patterns. In the
second stage (Step 3 in Fig. 2.3(d)), we carefully Il in values in the non-zero positions for
eachUNi. When the number of non-zero entries is not too small, satisfying the unitary
constraint is feasible. As the overlap of sparsity patterns of any two matrices is small,

we can argue the distance between them is large. By carefully trading o the number
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of non-zero positions and the portion of overlap, we can simultaneously satisfy all three

conditions.
2.4.1 Roadmap

This section describes the roadmap for executing the above idea.

Normalized form. Recall that d, di, we have

Mx= 13 12 (V) 1 (423 & (2.34)

dy dydy da dy dp di dp dp dq d1

We may perform an SVD on M (VM)Tv ( )3 = 5y |{Z¥ @E . We may also set
dz dz dz dz dz d1
z¥Y = BTz, which is a standard multi-variate Gaussian in R%. Then we have

Mx = UMALYBTz=(UMA)LYZ: (2.35)

Let NY = (UMA)LY. The SVD of NV is exactly (UM)ALYlq4, 4, becauseUM A is unitary.

The normalized form of our problem is
y = NYZY+ : (2.36)

Recall our local minimax has an oracle access interpretation. An algorithm with the
oracle can reduce a problem into the normalized form on its own, and the algorithm knows
LY. But the oracle still does not have any information on N¥'s left singular vectors because
being able to manipulate UM is the same as being able to manipulat&JM A. Therefore,
we can analyze the lower bound in normalized form, with the assumption that the SVD of
NY = UYLYlg, g,, inwhich LY is known to the algorithm. We shall also let Y= LY, = N’
BecauseNY is square, we letd = d, in the analysis below.

We make two remarks in comparison to the orthogonalized formy = Nz + . (i)

2Y 2 R%, whereasz 2 R%. z¥'s dimension is smaller because the knowledge of¥ and
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VM enable us to remove the directions fromx that are orthogonal to M 's row space. (ii)
N= Nfori dy.

We rely on the following theorem (Chapter 2 in [150]) to construct the lower bound.

Theorem 2.4.5. Let NY=fN;NJ;:::;NY g, whereK 2. Let P; be distribution of the
training data produced from the modely = Niyzy + . Assume that
" kNY N/kg 2s>0forany0 | k K.

" Foranyj =1;:::K and

1 X
= KL(P;P)  logK (2.37)
j=1
with 0 z.
Then D - ; .
inf sup Pr(klY;NYk s) —p—(1 : 2.38
Ky NyzﬁyNy( ) 1+ K( IogK) (2.38)

Becausel? is xed, this problem boils down to nding a collection UY of unitary
matrices in RY 9 such that any two elements in UY are su ciently far. Then we can
construct NY = fUYLY : UY 2 Ug.

We next reiterate (with elaboration) the challenge we face when using existing techniques.
Then we describe our approach. We shall rst examine a simple case, in which we need
only design vectors for one column. Then we explain the di culties of using an existing
technique to generalize the design. Finally, we explain our solution.

Recall that (ZY)TY = (NY)T + E, where we can roughly viewE as a matrix that consists

of independent Gaussian (0 P n). For the sake of discussion, we assume =1 in our
discussion below.
Warmup: one colume case. The problem of packing one column roughly corresponds

to establishing a lower bound on the estimation problemy = u + , wherey;u; 2 RY.
corresponds to a column inE and consists ofd independent GaussianN (0O; 1=p n). u

correpsonds to a column inUY and we requirekuk; P d=n. To apply Theorem 2.4.5,
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we shall construct aD = fuq;:::;ux g such that ku; ujk is large for eachfi;j g pair and
K is also large. Speci cally, we requireku; u; k3 2 2% (large distance requirement)
and K = exp( ( P d)) (large set requirement). P- is carefully optimized and we will
defer the reasoning to the full analysis below. A standard tool to constructD is to use a
probabilistic method. We sample u; independently from the same distribution and argue
that with high probability ku; u; k3 is su ciently large. Then a union bound can be used
to derive K. For example, we may setu; N (0O; gl 4 q) forall i, and the concentration

quality su ces for us to sample K vectors.

Multiple column case. We now move to the problem of packing multiple columns in
U together. K is required to be much larger, e.g.K = exp( ( P d 2)) for certain problem
instances. A natural generalization of one-column case is to build our parameter set by
taking the Cartesian product of multiple copies of D. This gives us a largeK for free
but the key issue is that vectors inD are generated independently. So there is no way to
guarantee they are independent to each other. In fact, it is straightforward to show that
many elements in the Cartesian product are far from unitary. One may also directly sample
random unitary matrices and argue that they are far from each other. But there seems to
exist no tool that enables us to build up a concentration ofexp( ( P d2)) between two
random unitary matrices.

Therefore, a fundamental problem is that we need independence to build up a large set
but the unitary constraint limits the independence. So we either cannot satisfy the unitary
requirement (Cartesian product approach) or cannot properly use the independence to

build concentrations (random unitary matrix approach).

Our approach.  We develop a technique that decouples the three requirements (unitary
matrices, large distance, and largeK ). Let us re-examine the Cartesian product approach.
When the vectors for each column are completely determined, then it is remarkably di cult

to build a Cartesian product that guarantees orthogonality between columns. To address

this issue, our approach only \partially" specify vectors in each column. Then we take
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a Cartesian product of these partial speci cations. So the size of the Cartesian product
is su ciently large; meanwhile an element in the product does not fully specify UY so we
still have room to make them unitary. Thus, our nal step is to transform each partial
speci cation in the Cartesian product into a unitary matrix. Speci cally, it consists of

three steps (See Fig. 2.3)

Step 1. Partial speci cation of each column. For each columni of interest, we build
up a collection D) = fRGED: .- R(IK)g Each R(GI)  [d] speci es only the positions of
non-zero entire for a vector prepared for lling in U.;.

Step 2. Cartesian product. Then we randomly sample elements from the Cartesian
product D , N i D). Each element in the product speci es the non-zero entries ob)Y. We
need to do another random sampling instead of using the full Cartesian product because
we need to guarantee that any two matrices share a small number of non-zero entries. For
example, R®D: R@D: RE:DY) gand (RAD; RE:1D:; REG:2) are two elements inN DO put
they specify two matrices with the same locations of non-zero entries for the rst two

columns.

Step 3. Building up unitary matrices. Finally, for each elementR 2 D (that specify
positions of non-zero entries), we carefully Il in the values of the non-zero entries so that
all our matrices are unitary and far from each other. We shall show that it is always
possible to construct unitary matrices that \comply with" R. In addition, our unitary
matrices have few entries with large magnitude so when two matrices share few positions

of non-zero entries, they are far.
2.4.2 Analysis

We now execute the plan outlined in the roadmap. LetK and be tunable parameters.
For the purpose of getting intuition, K is related to the size ofUY so it can be thought as
being exponential ind, whereas is a constant and we use to control the density of

non-zero entries in eachuY 2 UY.

Let DO = fRGD; R, -R(EK)g pe a collection of random subsets ind], in which
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eachR(1) is of size d. We sample the subsets without replacement. Recall thatt
q_

is the smallest index such that { and let us also de net = b-%c. We let

Sla

=t t+1. We assume thatt t; otherwise Proposition 2.4.2 becomes trivial. LetD be
the Cartesian product of D() for integersi 2 [t;T]. We useR to denote an element inD.
R=(Rt;Ri+1; Ry isa -tuple so that each elementR; corresponds to an element in
D®. There are two ways to representR. Both are found useful in our analysis.
1. Set representation. We treat R; as a set inD("),
2. Index representation. We treat R; as an index from K] that speci es the index of
the set that R; refers to.

Note that the subscript i of R; starts at t (instead of 1 or 0) for convenience.

Example 2.4.1. The index of D; starts at t. Assume thatt = t+1. Let DU =
£2,3g;f1;4g;f1;2g and DD = §1:3g;f2;4g;f3;4g . The element f1;2g;f2;4g 2
DO DD There are two ways to represent this element. (i) Set representation.
R = f1,29,f2;4g , in which Ry = f1;2g and Rt+1 = f2;4g. (ii) Index representation.
R =(3;2). Ry = 3 refers to that the third element f1;2gin DY is selected.

We now describe our proof in detail. We remark that throughout our analysis, constants

are re-used in di erent proofs.
2.4.2.1 Step 1. Partial speci cation for each column

This step needs only characterize the behavior of an individuaD(.

Lemma 2.4.6. Let < 1 be a suciently small variable, be a tunable parameter and let
DO = fRED: RG22 - REK)g be a collection of random subsets ifid] (sampled without
replacement) such thatjR(")j = d for all j. There exist constantscy, ¢;, and ¢, such

that when K = exp(cy 2 d), with probability 1 exp( c; 2 d), for any two distinct R()

and R0) | jRGI)\ RGEK)j ¢, 2 g,

Proof of Lemma 2.4.6. This can be proved by a standard probabilistic argument. Let

R(1) be an arbitrary subset such thatjR#)j =  d. Let R(*K) be a random subset of size
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d. We compute the probability that jR()\ RGK)j ¢, 2 dfora xed R,
Let us sequentially sample elements fronR(*K) (without replacement). Let |; be an

indicator random variable that sets to 1 if and only if the t-th random element in R()

hits an element in R(). We have
Pl =1 9 . (2.39)
v @ H)d 2 '
By using a Cherno bound, we have
2 . 3
X 2
Pra;” 1 295 exp( (2 ) (2.40)

i=1
By using a union bound, we have

24 K exp( ((Zd) exp( (2 d)+2logK):

(2.41)

Pri9i;j :jRII\ REK);

Therefore, when we setk = exp(cy 2 d), the failure probability is 1 exp( ( 2 d)). 2

2.4.2.2 Step 2. Random samples from the Cartesian product

WeletD = " 21y D" Note that each DO is sampled independently. We de neS be

a random subset ofD. We next explain the reason we need to sample random subsets.
Recall that for each R 2 S, we aim to construct a unitary matrix UY (to be discussed in
Step 3) such that the positions of non-zero entries irU};’i are speci ed by R; (i.e., Uﬁ’i 60
only whenj 2 R;j).

Let R and R%be two distinct elements in D. Let UY and UY be two unitary matrices
generated byR and R% We ultimately aim to have that kUYLY OYLYkZ being large. We
shall make sure(i) UY and UY share few non-zero positions (Step 2; this step), andii)
few entries in UY and UY have excessive magnitude (Step 3). These two conditions will
imply that UY and UY are far, which then implies a lower bound onUYLY and OYLY.

Because we do not wantUY and UY share non-zero positions, we want to maximize the
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Hamming distance (in index representation) betweenR and R°(i.e., R; = R{ implies U,
and L“JyI share all non-zero positions, which is a bad event). We sampl& randomly from D
because random sample is a known procedure that generates \code" with large Hamming
distance [106].

Before proceeding, we note one catch in the above explanation, i.e., di erent columns
are of di erent importance. Speci cally, KUYLY OYLYkZ = i (KUY, 0% k% When
Ri and R? collide for a large ( {)?, it makes more impact to the Frobenius norm. Thus, we

de ne a weighted cost function that resembles the structure of Hamming distance.

X
c(R;RY = ( D% (Ri = RY: (2.42)
i2[t;t]
Note that the direction we need for c(R; R9 is opposite to Hamming distance. One
usually maximizes Hamming distance whereas we need to minimize the weighted cost.

We need to develop a specialized technique to produce concentration behavior f&

becausec(R; RY is weighted.

Lemma 2.4.7. Let and be the parameters for productingD(). Let < 1 be a tunable

N ,
parameter. Let S be a random subset oD of D, ;, D! such that

0 0 11
n2+ _X
jS=exp@;z—— @  (})?AA (2.43)
i2[t;t]
for some constantcs. With high probability at least 1  exp( ¢4 2 d) (¢4 a constant), for
0; . P oo (N2
any R and R%in S, ¢(R;RY C 2pgl D
=]
Proof. Let = = ,uq( ?’?12 Let R and R%be two di erent random elements in D. We
' I

shall rst compute that Pr c(R;R9 . Here, we assume thatR is an arbitrary xed
element andRYis random.

Recall that Y 2 [0; P Gl fori 2 [t;t]. We shall partition [0; P 41 into subintervals

and group iyby these intervals. Letl be the set of iythat arein[2 t1 P o2 v P By
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(t 0). Let T be the largest integer such thatl  is not empty. Let L; = jlj and

= g J(Ri= R9. We call ftg: 1 the overlapping coe cients betweenR and R°
Note that c(R;R9 . 7 12 & 2 2d=n. Therefore, a necessary condition for
) P “oo2t 22y . . .
c(R;R9Y is . Together with the requirement that | ¢
1, we need
X n
t max 1 (2.44)
dz2 2
t T
Recall that we assume thatR is xed and RCis random. When ¢(R; R9 , We say

ROis bad. We next partition all bad RCinto sets indexed byf g T. Let C(f g T) be all

the bad R°such that the overlapping coe cients between R and R%are f *yg; 1. We have

2 3
[ X X
Pric(R; RY ]=Pr[ R%sbad]=Pr4Rr°2 C(f g 7)° = Pr{R%2 C(f tqt 1)]
flege 7 k 1 allpe(tig)
s.t. l‘t =k
Next also note that

Y i ’

. L 1 t Tt

PIIR®2 C(f 1gt 7)] : < :

t T

where K is the size of eactD(®.
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P
The number of possiblef "jg: T such that |, i = Kk is at most df(k . Therefore,

X X h i
Pr R%2 C(f*igi 1)
k 1 allpc(:ig)
s.t. t‘l =k
X X Y L 1
\t K
k 1 allpc(ijg) t T
s.t. t‘tz k
X X Y oL ‘ ‘
—- using et (el
k 1 alpc(igy t T
s.t. t\t: k
X odek Yooel o
k 1 K cr K
d+k Y el !
d max —
pk Sit. k K
t=k i T
+ k k Y L t P . .
d e(dk ) et (wherek =, ;"¢ from the previous line)
t T
Y o oeL
d(2ed)¥ =t
(2e cr K
0 1
Yo 2R X . :
d < exp@ c2d( “)A (cis a suitable constant;)
t T t T
exp ¢ 2 dmax 771

By using a union bound on all pairs of R and R%in S, we have for su ciently small cz,

there exists acs such that

h
Pr 9R;R°2 S: ¢c(R;R9 exp ¢4 2 dmax 1 exp( ¢4 2 d):

n
d2 2
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2.4.2.3 Step 3. Building up unitary matrices

We next construct a set of unitary matrices in R% ¢ based on elements irS. We shall refer

to the procedure to generate a unitaryU from an elementR 2 S asq(R).

Procedure q(R): Let U2 RY 9 pe the matrix g(R) aims to Il in.

the matrix U into three regions of columns and it lls di erent regions with di erent

strategies. See also three regions illustrated by matrices in Fig. 2.3.

Region 1: U.; for i<t. We setU.; = v{) wheni<t_. This means all the unitary matrices
we construct share the rstt 1 columns.

Region 2: U.;; for i 2 [t;t]. We next Il in non-zero entries of each U.; by R; fori 2 [t;t].
We Il in each U.; sequentially from left to right (from small i to large i). We need to make
sure that (i) it is feasible to construct U.;; that is orthogonal to all U.; (j <i ) by using
only entries speci ed by R;. (ii) there is a way to Il in U.; so that not too many entries
are excessively large. (i) is needed because for afy and R® R; and R still share a small
number of non-zero positions (WhpjR;\ RY = O( 2 d), according to Lemma 2.4.6). When

the mass injR; \ Rﬁ is large, the distance betweerJ and U%is harder to control.

Region 3: U for i > t. q(R) lIs in the rest of the vectors arbitrarily so long as U is
unitary. Unlike the rst t 1 columns, these columns depend oR so eachU 2 U has a

di erent set of ending column vectors.

Analysis for region 2. Our analysis focuses on two asserted properties for Region 2

are true. We rst show (i) is true and describe a procedure to make sure (ii) happens.
Forj i 1,letw0)2 R dpe the projection of U.; onto the coordinates speci ed

by Ri. See Fig. 2.3(d) for an illustration. Note that t = Td the dimension of the subspace

spanned byw®;:::w( 1 is at most d=2. Therefore, we can nd a set of orthonormal

vectorsfu®;:::ul)g R 9 ( 9 that are orthogonal to w@) (j i 1). To build

a U.; that's orthogonal to all U.; (] i 1), wecan rst nda u2 R 9thatis a

linear combination of ful)g, , and then \in ate" u back to RY, i.e., the k-th non-zero
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coordinate of U-; is ux. One can see that

forany j<i .

We now make sure (ii) happens. We have the following Lemma.

Lemma 2.4.8. Let fu®;::::ul)g( d=2) be a collection of orthonormal vectors in
R 9. Let be asmall tunable parameter. There exists a set of coe cients 1;:::;  such
that u = P =1 iu) is a unit vector and there exist constantcs, cs, and ¢; such that
!
A Cs ;

where" =exp( %).

p
Proof of Lemma 2.4.8. We use a probabilistic method to nd u. Let zz N (0; 1= d)

_ ap—

fori 2 [ d. Let S = . gZ?. We shall set | = z=S. One can check that
P .

U= 50 g iu() is a unit vector. We then examine whether (2.45) is satis ed for these

i's we created. If not, we re-generate a new set dfi's and ;'s. We repeat this process
until (2.45) is satis ed.
Because i's are normalized, setting the standard deviation ofz; is unnecessary. We
nevertheless do so becaus® will be approximately a constant, which helps us simplify the
calculation.

We claim that there exists a constant ¢ such that for any

" I#

E ull u p%d C—d: (2.46)

We rst show that (2.46) implies Lemma 2.4.8. Then we will show (2.46).
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By linearity of expectation, (2.46) implies

2 13
X
E4 u?l u B% c":

Then we use a Markov inequality and obtain

20 |1 3

X 1
Pr4@ u?l  u- p%?d A 2¢"5 5

d
So our probabilistic method described above is guaranteed to nd au that satis es
(2.45)

We next move to showing (2.46). Recall that

1 X .
u- = §( ziu™):

P .
We also letZ- = ziug'). We can see thatZ- is a Gaussian random variable with

P - 0 p— )
a standard deviation - (u)2 -L;. The inequality uses the fact that u()'s

P .
are orthonormal to each other and therefore | (ug'))2 1.

On the other hand, one can see that

X 1 1
E[S]= E[ Z]= p=— =

Therefore, by a standard Cherno bound, Pr S % exp( ().

Next, becausefzjg; collectively form a spherical distribution, we have Z§' ;s

independent to S. Therefore,

" 1% " ! #
E ull u 9057+d =E u?l u p% iS %1 (2.47)
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Conditioned on S %1, we use the fact thatu- = Z-=Sto get u:

| v p—— =1 Z+ p——35 |z =
*d *d 4  +d
Therefore,
(2:47)
n I #
Cs 1
16E Z2| p—=— jS =
P 4
" I# " !
= 1 Ezy 7z p% . Bz 7z p%
Pr S i 4 +d +
" I#1
16(L+exp( ( ) E z4 z 4905?
] 4 !#d
2 205
16(1+exp( ( ) E zg1 2z p—
z ¢
1 2
16(1 +peﬁ)( ( )) 22 exp ZT dz
2 2 425 z.
td
q_—
C .
+ g &P () (using z )
O( d)

2.4.2.4 Proof of Proposition 2.4.2

47- and

(2.48)

Now we are ready to use Theorem 2.4.5 to prove Proposition 2.4.2. Le$ be the set

constructed from Step 1 andUY = fUY : UY = q(R);R 2 Sg. Let NY = fUYLY : UY 2 UYg.

Let also Py be the distribution of (y;zY) generated from the modely = NYz¥+ . Let

P nyjzy be the distribution of y from the normalized model whenz is given. Let Pyy., be

the product distribution when we observe n samples from the modely = NYzY+ . Let

fny(Y;ZY) be the pdf of for Py, fyy(Y j 2¥) be the pdf of y given z¥, and f (z¥) be the
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pdf of zV.
We need to show that for any NY;NY 2 N (i) kNY NYkg is large, and (i) the

KL-divergence betweenP ., and Pyy., is bounded.

Lemma 2.4.9. Let S, UY, and NY be generated by the parameters , and (see Steps 1

to 3). For any NY and NY in N, we have
) X
kKNY  NYkg Y2 g Cg ) (2.49)
i2[t;t]
for some constantcg and cg.

Proof. Let UY;JY 2 UY such that NY = UYLY and N'Y = OYLY; let R;R?2 S be that
P
UY = q(R) and 0Y = q(RY. Also, recall that we let = gl 2

We have

X X
NY RS KU, O e KUY o) NG
i2[d] i2[t:1]

LetalsoH = fR; = Rio;i 2 [t:t]g, i.e., the set of coordinates thatR and R®agree. Whp,

we have
X X X X
= (NP (DP=cRRY+  (}) + ()2 (2.50)
i2H i2[t;t] i2[t;t] i2[t;t]
i2H i2H i2H

P
The last inequality holds because of Lemma 2.4.7. Therefore, we have i, .q( iy)2
i2H
a .

Now we have

X
k(L% 0% Vi3 k(U%  O%KS( )2
i2[t;t] i |22[LHH
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Next we bound kUY, 0% k5 whenR; 6 R{. We have

KUY,

X
oYks 2 (UN)2+(0))? - (2.51)
i2Ri\ R?

P
By Lemma 2.4.6, whpjR;\ Ry ¢, 2 d. Next, we give a bound for (2R R,io(Uj‘;’i )?. The
P
bound for =, R?(Uﬁ’i )2 can be derived in a similar manner.

For eachj 2jRi\ R{}, we check whetherU?;  p—S—:

*d
" #
Y 2 X Y21 (1Y Cs Y \2p (1Y Cs
(Ui )" = U)W p==) + (U) (Ui > p==)
j2Ri\ R? j2Ri\ R?
2d
O ——g+exp( (L=)) =0( )
Therefore,
y Yy Y22 X ¥)2 X ¥y2
k(UZ  02)( 7)ks (D@ o€ Ha ) ()2 cs Co ):
i2[t;f] i2[t;f] i2[t;f]
2
We need two additional building blocks.
Lemma 2.4.10. Consider the regression probleny = M x + , where kM k = 0(1)

and the eigenvalues ; (E[xx T)] of the features follow a power law distribution with exponent
I . Consider the problemy = Nz + in orthogonalized form. Let N be thei-th singular
value of N. Let t be an arbitrary value in [0; minf dy; d>g]. There exists a constantc;g such

that

Cio .
it
Proof of Lemma 2.4.10. Without loss of generality, assume thatd; d,. We rst split
the columns ofN into two parts, N =[N+ ;N ], in which N4 2 Rd2 t consists of the rst

t columns of N and N 2 R% (%1 Y consists of the remaining columns. Let0 be a zero
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matrix in R9% (4 9 [N, ;0] is a matrix of rank at most t.
Let us split other matrices in a similar manner.
"M =[M+;M ], whereM; 2 R% tandM 2 R9% (d O
~V =[V,;V ],whereV, 2 R% t andVv 2 R% (& U gnd
" =[ ,; ], where ,2R% tgnd 2 R% (O,

We have

X
(M)2=KkN  Py(N)kZ
t

[
k N [N ;O]k% (P¢(N) gives an optimal rank-t approximation of N).

Ci0

=kN k2 kM V K%k( )zk2 T

We next move to our second building block.

Fact 2.4.1.
nkNY NVk2

KI—(PNV;n;pN)’;n)= 5 2

(2.52)

Proof of Fact 2.4.1.

KL( PNy;n; Pny;n)

= nKL(PNy;PNy)

fny(y:2)
= n E lo CNYAY 27T
y=NYzZV+ 9 f,\Ty(y;zV)

24
= nE E |Og M jzy

zy y=Nyzy+ fy(Y:2Y)

24 y

2 y=NYzy+ frv (Y 1 29)F (29)
fav(yi?z’) .
= nE E log N°L 22 Y
Zy=Nvzy+ 9 fNy(yj zY) :
" nkNY NG

|
= nIZE KL(PNyjzy;P[\Tyjzy) = 2 2
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P Yy2
Pi f+1(i) . For

We now complete the proof for Proposition 2.4.2. First, dene L
[FAIHIA

any NY and N'Y in N, we have

KNY NRE = (D)= )
it

P
where recall that i2ieg( 1% Using Lemma 2.4.9, we haveKL (P yy.n; P gy.,) =

nlal+ ).

Next, we nd a smallest such that

max KL(Pny:ni Pgyn) logjN;j: (2.53)
NY;NY ’

n 2 + 2 . . ..
— ). (2.53) is equivalent to requiring

By Lemma 2.4.7, we havelNj = exp(cs

n(l+ ) csn 2t 2
5 2 2

We may thus set = O( 2 2* (1+ )). Now we may invoke Theorem 2.4.5 and get
|
rex;M;n; ) 1 ! 2 ¢
’ IRLRY] pj F 8 {Z

— cgglo(“xu)
INj
Lemma 2.4.9
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(Use Lemma 2.4.10 to bound , :( ?)?)

We shall set" = be a small constant (say 0001), = 3+ ",and = 3. This gives us
M- 101 3 2 ¢ DG
rc;M;n; ) (1 O(z2+ 2 7)) g 1
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P
Together with the fact that . ( iy)2 =0 ﬁ , we complete the proof of Proposi-

tion 2.4.2.

2.5 Related work and comparison

In this section, we compare our results to other regression algorithms that make low rank
constraints on M. Most existing MSE results are parametrized by the rank or spectral

properties of M, e.g. [118]de ned a generalized notion of rank
By(RR) 2 A2R% & i 89 Rq; q2[01A2fN;Mg; (2.54)

ie. Rg‘ characterizes the generalized rank oN whereasR'Q"' characterizes that ofM . When

q=0, R} = Ry isthe rank of the N becauseRank(N) = Rank(M ) in our setting. In their

. . . M . M 2 (d1+d2) 1 q=2

setting, the MSE is parametrized by R™ and is shown to beO Ry ﬁnﬁ .

2 Rank(M )(d1+ dp)
( min )2 n

hand, the MSE in our case is bounded by (cf. Thm. 2.3.2). We haveE[k§ yk3] =

In the special case wherg = 0, this reduces to O . On the other
O RN(=%)1 a2+ n @ :When g=0, this becomesO —akM)dz 4y o

The improvement here is twofold. First, our bound is directly characterized by N in
orthogonalized form, whereas result of 118needs to examine the interaction betweerM

and C , so their MSE depends on bothRL\]’I and .,- Second, our bound no longer depends

m
on d; and pays only an additive factorn ©, thus, whenn < d 4, our result is signi cantly
better. Other works have di erent parameters in the upper bounds, but all of these existing
results require that n > d 1 to obtain non-trivial upper bounds [84, 20, 27, 84]. Unlike these
prior work, we require a stochastic assumption onX (the rows are i.i.d.) to ensure that the
model is identi able when n <d, e.g. there could be two sets of disjoint features that t
the training data equally well. Our algorithm produces an adaptive model whose complexity
is controlled by k; and kz, which are adjusted dynamically depending on the sample size

and noise level. 0] and [27] also point out the need for adaptivity; however they still

require n > d 1 and make some strong assumptions. For instance2{jassumes that there is a
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gap between (XM T)and i+ (XM T) for somei. In comparison, our su cient condition,
the decay of ;, is more natural. Our work is not directly comparable to standard variable
selection techniques such as LASSOL{§ because they handle univariatey. Column
selection algorithms B5] generalize variable selection methods for vector responses, but

they cannot address the identi ability concern.
2.5.1 Missing proof in comparison

This section proves the following corollary.

Corollary 2.5.1.  Use the notation appeared in Theorem 2.3.2. Let the ground-truth matrix

N 2 Bq(RY') for g2 [0;1]. We have whp

2d2 1 g=2
Ekg ykil= O Ry . +n % (2.55)

Proof. We rst prove the case q= 0 as a warmup. Observe that

X X 2 2d2 r N
L 1) R U
i <o
The last inequality uses iN ?1: fori>" . Therefore, we have
s 2 2 s 2 2 2 2
ey k21 o LT, @0 e 2o TRy e

Next, we prove the general case 2 (0; 1]. We can again use an optimization view to
P
give an upper bound of the MSE. We view ; 4 ( i'\')q Rq as a constraint. We aim to

maximize the uncaptured signals, i.e., solve the following optimization problem
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X
maximize: Ny2

i>

P
subject to: (M)® R ; whereR =Rq C (M
i>
2 2
N OI2; for i
n
The optimal solution is achieved when ( N)? = # for ° < © + k, where
k= —R — and N=0fori>" +k.We have
2 2d2 2
Eky yki]
. 2 2
(Mp+o “Ean
i} 1
X 2 29, 102 dr 2 2
= @R, ( NHYaA TZ +0 ZTJ’ n (2.56)

i
We can also see that

1 g=2 q=2 1 g=2
,N)q 2 2d2 X 2 2d2 2 2d2 . 2 2d2
[

P n P n n n

Therefore, [
2 24 1 g=2
2 +n Co

(256) O Rq —

2.6 Experiments
We apply our algorithm on an equity market and a social network dataset to predict equity
returns and user popularity respectively. Our baselines include ridge regression (\Ridge"),

reduced rank ridge regression]14 (\Reduced ridge"), LASSO (\Lasso"), nuclear norm
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Model MSEout | MSEin | MSEout in | R2,(bps) | RZ (bps) | Sharpe | t-statistic
ARRR, N= 983 0.9935 | 1.0140 | -0.0205 46.3761 158.2564 | 2.4350 | 8.3268
Lasso 1.1158 | 0.3953 | 0.7205 6.6049 7147.0116| 2.1462 | 0.0601
Ridge 1.2158 | 0.1667 | 1.0491 9.8596 8511.9076| 0.6603 | -0.0497
Reduced ridge 1.0900 | 0.8687 | 0.2213 13.0321 1555.5136| 0.3065 | -0.3275
RRR 1.2200 | 0.5867 | 0.6332 7.0830 4121.2548| 0.3647 | -0.6626
Nuclear norm 1.2995 | 0.12078| 1.1787 4.7297 8789.0625| 0.6710 | 0.2340
PCR 1.0259 | 0.8456 | 0.1802 1.1278 1544.7258| 1.8070 | 0.3947
ARRR, N= 2838 | 1.0056 | 0.9050 | 0.1006 18.5761 689.0625 | 1.6239 | 15.4134
Lasso 1.0625 | 0.5286 | 0.5339 1.1236 6029.5225| 0.5954 | 0.0179
Ridge 1.0289 | 0.6741 | 0.3548 0.2116 5342.1481| 0.5739 | 0.0670
Reduced ridge 1.9722 | 0.7373 | 1.2349 1.0816 2416.7056| 1.5482 | 0.0619
RRR 1.0873 | 0.61376| 0.4735 4.5795 3844.124 | -0.477 | 0.6399
Nuclear norm 1.1086 | 0.15346| 0.9551 2.2097 8461.2402| -0.3698 | -0.8986
PCR 1.0263 | 0.5336 | 0.4927 5.233 4653.9684| 1.2799 | 0.6990

Table 2.1: Summary of results for equity return forecasts. R? are measured by basis
points (bps). 1bps =10 “. Bold font denotes the bestout-of-sample results and

smallest gap.

Model MSEi, MSEqut MSEout in | CoOrfin Corroyt

ARRR 5.0104 0.38| 9.4276 2.31| 4.4172 0.7425 0.07| 0.6730 0.13
Lasso 2.3755 1.95| 14.8279 4.81| 12.4524 0.9171 0.09| 0.4754 0.15
Ridge 1.3974 0.53 | 13.6244 4.39| 12.2270 0.9555 0.04| 0.4742 0.17
Reduced ridge| 4.5260 1.93| 12.2339 2.70| 7.7079 0.7905 0.09| 0.4972 0.18
RRR 4.3456 0.47 | 13.0768 2.63| 8.7313 0.7725 0.12| 0.3820 0.22
Nuclear norm | 49190 2.04 | 13.0532 4.38| 8.6677 0.7872 0.10| 0.4869 0.16
PCR 6.4037 1.99| 13.0847 4.19 | 8.8892 0.7199 0.05| 0.4861 0.15

Table 2.2: Average results for Twitter dataset from 10 random samples. Bold font
denotes the bestout-of-sample results and smallest gap
regularized regression (\Nuclear norm"), and reduced rank regressionlp3 (\RRR"), and

principal component regression [3] \PCR").

Predicting equity returns. We use a stock market dataset from an emerging market
that consists of approximately 3600 stocks between 2011 and 2018. We focus on predicting
the next 5-day returns For each asset in the universe, we compute its past 1-day, past 5-day
and past 10-day returns as features. We use a standard approach to translate forecasts into
positions [8, 169. We examine two universes in this market: (i) Universe 1 is equivalent
to S&P 500 and consists of 983 stocks, and (iifull universe consists of all stocks except

for illiquid ones.

Results. Table 2.1 reports the forecasting power and portfolio return forout-of-sample

periods in two universes. We observe thaf(i) The data has a low signal-to-noise ratio.
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The out-of-sample R? values of all the methods are close to 0.(ii) Adaptive-RRR
has the highest forecasting power(iii) Adaptive-RRR  has the smallest in-sample and
out-of-sample gap (see column MSEy; in), suggesting that our model is better at avoiding

spurious signals.

Predicting user popularity in social networks. We collected tweet data on political
topics from October 2016 to December 2017. Our goal is to predict a userisext 1-day
popularity, which is de ned as the sum of retweets, quotes, and replies received by the
user. There are a total of 19 million distinct users, and due to the huge size, we extract
the subset of 2000 users with the most interactions for evaluation. For each user in the
2000-user set, we use its past 5 days' popularity as features. We further randomly sample
200 users and make predictions for them, i.e., settingl, = 200 to make d, of the same

magnitude asn.

Results. We randomly sample users for 10 times and report the average MSE and correla-
tion (with standard deviations) for both in-sample and out-of-sample data. In Table 2.2
we can see results consistent with the equity returns experiment(i) Adaptive-RRR
yields the best performance in out-of-sample MSE and correlation(ii) Adaptive-RRR
achieves the best generalization error by having a much smaller gap between training and

test metrics.
2.6.1 Setup of experiments

2.6.1.1 Equity returns

We use daily historical stock prices and volumes from an emerging market to build our
model. Our license agreement prohibits us to redistribute the data so we include only a
subset of samples. Full datasets can be purchased by standard vendors such as quandl or

algoseek. Our dataset consists of approximately 3,600 stocks between 2011 and 2018.

Universes. We examine two di erent universes in this market (i) Universe 1 is equivalent

to S&P 500. It consists of 800 stocks at any moment. Similar to S&P 500, the list of
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stocks appeared in universe 1 is updated every 6 months. A total number of 983 stocks
have appeared in universe 1 at least once(ii) Universe 2 consists of all stocks except for
illiquid ones. This excludes the smallest 5% stocks in capital and the smallest 5% stocks
in trading volume. Standard procedure is used to avoid universe look-ahead and survival
bias [169].

Returns.  We use return information to produce both features and responses. Our returns
are the \log-transform” of all open-to-open returns [169. For example, the next 5-day
return of stock i is log(pi:t+5 =p:t), where p; is the open price for stocki on trading day t.
Note that all non-trading days need to be removed from the time serieg;:. Similarly, the

past 1-day return is log(Pit =p:t 1)

Model. We focus on predicting the next 5-day returns for di erent universes. Let

regression model is

ree1 = Mx¢ + (2.57)

The features consist of the past 1-day, past 5-day, and past 10-day returns of all the
stocks in the same universe. For example, irUniverse 1, the number of responses is
d> = 800. The number of features isd; = 800 3 = 2;400. We further optimize the
hyperparametersk; and k, by using a validation set because our theoretical results are
asymptotic ones (with unoptimized constants). Baseline models use the same set of features
and the same hyper-parameter tuning procedure.

We use three years of data for training, one year for validation, and one year for testing.
The model is re-trained every test year. For example, the rst training period is May
1, 2011 to May 1, 2014. The corresponding validation period is from June 1, 2014 to
June 1, 2015. We use the validation set to determine the hyperparameters and build
the model, and then we use the trained model to forecast returns of equity in the same

universe from July 1, 2015 to July 1, 2016. Then the model is retrained by using data in
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the second training period (May 1, 2012 to May 1, 2015). This work ow repeats. To avoid
looking-ahead, there is a gap of one month between training and validation periods, and
between validation and test periods.

We use standard approach to translate forecasts into positionsg0, 126, 8, 169. Roughly
speaking, the position is proportional to the product of forecasts and a function of average
dollar volume. We allow short-selling. We do not consider transaction cost and market

impact. We use Newey-West estimator to producet-statistics of our forecasts.
2.6.1.2 User popularity

We use Twitter dataset to build models for predicting a user'snext 1-day popularity, which

is de ned as the sum of retweets, quotes, and replies received by the user.

Data collection. We collected 15 months Twitter data from October 01, 2016 to
December 31, 2017, using the Twitter streaming API. We tracked the tweets with topics
related to politics with keywords \trump, \clinton, \kaine, \pence, and \election2016.

There are a total of 804 million tweets and 19 million distinct users. Useru has one
interaction if and only if he or she is retweeted/replied/quoted by another userv. Due to

the huge size, we extract the subset of 2000 users with the most interactions for evaluation.

Model.  Our goal is to forecast the popularity of a random subset of 200 users. Let

regression model is

Vislr = M Xt + (2.58)

Features. For each user, we compute his/her daily popularity for 5 days prior to dayt.
Therefore, the total number of features isd; = 2000 5 = 10; 000.

We remark that there are n = 240 observations. This setup follows our assumption
d d» n.
Training and hyper-parameters. We use the period from October 01, 2016 to June

30, 2017 as the training dataset, the period from July 01, 2017 to October 30 as validation
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dataset to optimize the hyper-parameters, and the rest of the period, from September 10,

2017 to December 31, 2017, is used for the performance evaluation.

2.7 Conclusion

This paper examines the low-rank regression problem under the high-dimensional setting.
We design the rst learning algorithm with provable statistical guarantees under a mild
condition on the features' covariance matrix. Our algorithm is simple and computationally
more e cient than low rank methods based on optimizing nuclear norms. Our theoretical
analysis of the upper bound and lower bound can be of independent interest. Our
preliminary experimental results demonstrate the e cacy of our algorithm. The full version

explains why our (algorithm) result is unlikely to be known or trivial.
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Chapter 3

On Embedding Stocks:
Orchestrating High-dimensional
Techniques for Financial Machine

Learning Models

3.1 Introduction

We study the problem of forecasting equity (stock) returns as there is a direct link between
a portfolio's pro tability and its forecasting quality. Our proposed forecasting model uses
information available up to time t to predict pt+1:, the price of stocki at time t + 1, for a
total number of d stocks in the nancial market. While there has been extensive research
concerning the predictability of stock prices B3, 113 139, many anomalies have been
discovered and recent studies suggest that machine learning (ML) techniques can also be
e ective in forecasting returns [155 26, 72, 166, 161]. The relevant learning models can be

categorized into two groups:

Univariate models (UM) to learn feature interactions. Univariate models t a function

pi+1:i = f(Xti) + i to forecast one stock's future price (return) by using features
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constructed from that stock's historical data. Univariate models primarily learn interactions

between features by using o -the-shelf ML techniques. See e.g., [51, 62, 28].

Cross-asset models (CAM) to learn stock interactions. Cross-asset models solve a vector

regression problemp+1 = f (X¢)+ ¢, to forecast the future prices of all stocks in a universe,

their historical data. Since the features of one stock can be used to predict the future prices
of another (such as co-movement, lead-lag relation etc.), CAMs have stronger expressive
and predictive power. CAMs are both computationally and statistically challenging because
we need to solve the \high-dimensional" (overparametrized) problem, i.e., the total number
of learnable parameters far exceeds the number of observations. Consider, for example, a
vector auto-regressive model; = My, 1+  for predicting next-day returns of d = 3;000
stocks in Russell 3000 using their past 1-day returns. There ard® 10 million learnable
parameters in M, but there are usually less thann = 3; 000 observations (using 10 years of
approximately 3,000 trading days of training data). The model can exactly t the training
data, but may not deliver predictive power. Extensive research has been undertaken
to design regularization techniques to address the issue, most of which focus on linear
models [118, 161].

In this paper, we design models that are expressive enough to capture interactions
between features and between stocks, and develop new learning methodologies that can
easily leverage modern ML algorithms and are less prone to over tting issues. Our major
challenge is to integrate two seemingly incompatible modeling processes (i.e., UM and
CAM) with di erent design philosophies, which we brie y discuss below.

In high-dim models for stock interactions, because tting is straightforward and pro-
ducing meaningful generalization errors is challenging, theoretical tools are used to develop
algorithms with provable guaranteeto alleviate the data scarcity problems. In univariate
models for feature interactions, tting is typically non-trivial, but since the generalization

errors are usually manageable, arexperiment-driven process is used to t the model.
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Here, the theoretical analysis is more di cult, but also less important, because the model
performance can be assessed by using standard (cross)-validation methods. It remains
unclear how we can reconcile a design process that promotes theoretical analysis and
down-weighs the role of tting, with an experiment-driven one that relies heavily on tting

and has a lower demand on theoretical guarantees.

Our approach & contribution. We propose a latent position model for equity returns,
dubbed as theadditive in uence model, that enables us to orchestrate mathematically
rigorous high-dim techniques with practically e ective machine learning algorithms. Our
model assumes that each stock is associated with a vector representatiorg; in a (latent)
Euclidean space, and characterizes the interactions between stocks in the form gf; =
i20d] (zi;zj)a(Xjt ) + i, whereyy; 2 R is the next period return at time t for stock i,
xtj 2 R¥ are the features associated with stock at time t, ; is a noise term,g: RX! R
is an unknown function, and is a function that measures the interaction strength between
stocks based on their vector representations. Whemz; and z; are close, (z;;z;) will be
large, and thus the variable g(x¢; ) from stock j's has a stronger impact oni's return.

Our proposed model allows for feature interactions throughg( ), and addresses the
over tting problem arising from stock interactions because the distances (interaction
strength) between stocks are constrained by the latent Euclidean space: when  z; and
zj zyx are small,z; 2z is also small, and thus the degree of freedom for stock interactions
becomes substantially smaller thanO(d?).

Our goal is to learn both the zi's and g( ). We note that these two learning tasks can
be decoupled high-dim methods can be developed tgrovably estimate the z;'s without the
knowledge ofg( ), and when estimates ofz;'s are given, an experiment-driven process can
be used to learng( ) by examining prominent machine learning methods such as neural
nets and boosting. In other words, when we learn stock interactions, we do not need to be
troubled by the over tting problem escalated by ne-tuning g( ), and when we learn feature

interactions, the generalization error will not be jeopardized by the curse of dimensionality
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from stock interactions.

To learn the z;'s, we design a simple algorithm that uses low-rank approximation of
yi's covariance matrix to nd the closeness of the stocks, and develop a novel theoretical
analysis based on recent techniques from high-dim and kernel learning [15, 147, 161].

To learn g( ), we generalize major machine learning techniques, including neural nets,
non-parametric, and boosting methods, to the additive in uence model when estimates
of zi's are known. We speci cally develop a moment-based algorithm for non-parametric
learning of g( ), and a computationally e cient boosting algorithm based on linear learners
by using the domain knowledge of equity data sets.

Finally, we perform extensive experiments on data sets from a major equity market to

con rm the e cacy of our modeling approaches and analysis.

3.2 Problem de nition

Notations.  For a matrix A, P,(A) denotes its rank+ approximation obtained by keeping
the top r singular values and the corresponding singular vectors. ;(A) (resp. i(A)) is
the i-th singular value (resp. eigenvalue) ofA. We use Python/MATLAB notation when
we refer to a speci c row or column. For example,A1.. is the rstrow of A, and A..; is the
rst column. kAkg and kAk, denote the Frobenius and spectral norms, respectively, of
A. In general, we use boldface upper case (e.g«,) to denote data matrices and boldface
lower case (e.g.x) to denote one sample. x;, which refers to the features associated
with stock i at time t, can be one or multi-dimensional. Let k¢j); be thej-th coordinate
(feature) of xt;j. An event occurring with high probability (whp) means that it happens
with probability 1 n°, where 10 is an arbitrarily chosen large constant and is not
optimized. A bivariate function is a Gaussian kernel if (x;x9 = exp(k x x%?= ?), an
inverse multi-quadratic (IMQ) kernel if (x;x9=(c2+ kx x%?) ( > 0), and an inner
product kernel if (x;x% = hx;x9.

A function g( ) is Lipschitz-continuous if jg(x1) g(x2)] ckx1 X2k for a constantc.

A distribution D with bounded domain and probability density function fp is near-uniform
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e supfp(x) —
if inff;’(x) = O(2).
The forecasting problem. Let d denote the total number of stocks in our universe of

interest. Our model assumes that the equity market proceeds in rounds. Leyyi 2 R be

goal is to forecasty; based on all information available up to roundt. We are primarily
interested in forecasting the next 5-day return (i.e., each round consists of 5 days) and using
only technical factors as features because our forecasting horizon is short and unsuitable
for fundamental factors [38]. In practice, we use standard overlapping technigues to train

the model [169]. See also App. 3.13.1.

Model Assumptions. Under the additive in uence model

X
Yti = (zi;Z))9(Xe) )+ tis (3.1)
jd

our goal is to learng( ) and z;'s with a total number of n observations. Let alsoK 2 R9 d
such that Ki; = (zi;z;). Here, we assume that (A.1) vector representationsz;'s of the
stocks and featuresx; are i.i.d. samples from (two di erent) near-uniform distributions
on bounded supports, (A.2) X 2 [ 1,1] and E[g(Xti)] =0, (A.3) g() is Lipschitz-
continous, and (A.4) i's are zero-mean i.i.d. Gaussian random variables with standard
deviation

(A.1) is standard in the literature [ 2, 146, 147, 90, 131]. Assuming (A.2) simpli es the
calculation and is without loss of generality, and (A.4) can also be relaxed to settings in

which ; are sub-Gaussian. See App. 3.7 for more discussion of the assumptions.

3.3 Our algorithms

Sec. 3.3.1 describes an algorithm for learning the embedding without knowing( ), and
Sec. 3.3.2 explains estimation ofy( ) using machine learning techniques. Due to the space

limit, detailed proofs of all the Props can be found in App. 3.8.
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Figure 3.1. (a) We uséaihe square root ofP; (YTY) to appréi)imate K so that we pay a
factor of 1= ; (K), instead of 1= i, (K). (b) Three key requirements fori : ; (K) is large
(R1), P; (K?)is close toK? (R2),and ; (K) i +1 (K)is large (R3).
3.3.1 Learning vector representation provably
This section presents a provable algorithm to estimate the kernel matrixK and the
embeddingz;'s. Our algorithm does not need to knowg( ), thus it provides a conceptually
new approach to construct CAMs: high-dim learning of stock interactions can be decoupled
from using ML techniques to t the features. Because learning stock-interactions could
be a major source for causing over tting, disentangling it from the downstream task of
learning g( ) enables us to leverage the function- tting power of ML techniques without
the cost of amplifying generalization errors.

We next walk through our design intuition. We rst need to introduce additional
notations. Let Y 2 R" 9 be such thatY i = yti (Y is a matrix and y a random variable),
S2 R" dwith Si = s, 9(Xii), and E 2 R™ 9 with E¢j = ;. Recall that K 2 RY d
s.t. Kij = (zi;z), and P, (A) denotesA's rank-r approximation obtained by keeping the
top r singular values and vectors. Finally, for any PSD matrix A with SVD A= U UT,
et"A, U Ut

Eqg. (3.1) can be re-written asY = SK + E, in which we need to infer K using
only Y. We rst observe that while none of the entries in S are known, S;;'s are i.i.d.
random variables (becausex;'s are i.i.d.); therefore, our problem resembles a dictionary
learning problem, in which K can be viewed as the dictionary to be learned, and is the
measurement matrix (see e.g.,9]). However, in our case,K is neither low-rank nor sparse,

we cannot use standard dictionary learning techniques.
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First, we observe that if we have in nitely many samples, Y TY =n approaches toK 2.
Hence, intuitively we could usep Y TY =n to approximate p@ = K. However, existing
matrix square root result has the notorious \1= ,, -blowup" problem, i.e., it gives us
only kp YTY=n KWKkg/ 1= min(K) (W a unitary matrix), where typically — min (K) is
extremely small, so the bound is too loose to be useful [18].

To tackle the problem, our algorithm usesp Pi (YTY)=n to approximate K for a
carefully choseni so that we pay a factor of ; (K), instead of min (K), to substantially
tighten the error. See Alg. 2 in App. 3.8.2 and Fig. 3.1(a). To implement this idea, we need
to show that there always exists ani such that (R1): ; (K) is suciently large, (R2):
Pi (K?)isclose toK 2, and (R3): the spectralgap ; (K) ; +1(K) is su ciently large
so that we can use the Davis-Kahan theorem to prove thatP; (K?2) /P ; (YTY) [141].
See also Fig. 3.1(b).

These three requirements may not always be met simultaneously. For example, when
i(K2)/ Il the gap is insu cient and the tail diverges (R2 and R3 are violated). Therefore,
we integrate the following two results. (i) The eigenvalues decay fast. This stems from

two classical results from thekernel learning literature. First, when (; ) is su ciently
smooth (such as the Gaussian, IMQ, or inner product kernels), the eigenvalues of the
kernel operator K associated with (; ) decay exponentially (e.g., i(K) exp( Cirl)
for Gaussian kernels 15]). Second, it holds true that P i 1) i(K) i(K=d)j§ / % a
convergence result under the PAC setting 147. Therefore, (K) also approximately
decays exponentially.  (ii) Combinatorial analysis between gaps and tails. We then
leverage a recent analysisl61] showing that when (K) decays fast, it is always possible

to nd an i suchthat ; (K) i +1(K) is su ciently large (R1 & R3 are satis ed) and
P

i i f(K)= o(1) (R2 s satis ed). We have

Proposition 3.3.1.  Consider the additive in uence model. Let (zj;zj) be a Gaussian,
inverse multi-quadratic (IMQ) or inner product kernel. Let n  d be the number of

. . P
observations and = %% Assume that the noise level = O( d). Let be a tunable
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parameter (also appeared in Alg. 2 in App. 3.8.2) such that 3= ! ( 2). There exists an

. . 4
e cient algorithm that outputs K such that 5kk  Kk2 = O(5 + 5)(= O(d @ )).

We remark that (i) the algorithm does not need to know the exact form of , so long
as it is one of Gaussian, IMQ, or inner product kernels,(ii) onceK is estimated, an
Isomap- avored algorithm may be used to estimatez;'s [90], and (i) knowing K (without

reconstructing z;'s) is su cient for the downstream g( )-learners we consider in this work.

Generalization. Our algorithm needs only the covariance matrix of returns (aka the
\risk" of the assets [45]). We polish the risk model by exploiting the equity market speci c

structure (e.g., the returns' volatility possesses a momentum property 19]) and use an
enhanced risk model to improve the estimation ofK. We may also use news data to

estimate the risk matrix under other suitable assumptions [162]. See App. 3.8.3.
3.3.2 Learning g()

Here, we explain how prominent machine learning techniques, including neural nets (deep
learning), non-parametric methods, and boosting, can be used to learm(). These
technigues make di erent functional form assumptions ofg( ), and possess di erent \iconic"
properties: deep learning assumes thag( ) can be represented by a possibly sophisticated
neural net and uses stochastic gradient descent to train the model; non-parametric methods
learn a Lipschitz-continuous g( ) with statistical guarantees; boosting consolidates forecasts
produced from computationally e cient weak learners.

The cost structure in our setting is di erent: in univariate models, g(xt;) controls
only one response}; , whereas hereg(X; ) impacts all responsesf; for i 2 [d] because
Yei = P i Ki g(xtj )- We aim to generalize ML techniques under the new cost functions,
while retaining the iconic properties of each technique.

Technique 1. Learn g() using neural nets. When an estimate K is given, the
training cost is P ei (Vi P i 20d] Ki;j o(X¢; ))2 and we can use stochastic gradient descent

when g( ) is a neural net.

Technique 2. Learn ¢g() using non-parametric methods. When the response is
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univariate, e.g., Y¥ti = 9(Xti)+ ti, we can use a neighbor-based approach to estimate
g(x) for a new x: we nd one or multiple xt;'s in the training set that are close to x, and
output y¢; or their averages when multiplex; are chosen, usingg(x)  g(Xti) when x is

close toX¢; .

Algorithm 1 nparam-gEST:

Input X ,Y, I€; Output 1 (estimating other  ;'s is similar)
: procedure nparam-gEST (K; X;Y)
forall t 1to ndo
g = Rand( d)
Lq)j = Map-Regress (q;K; X )

1

2

3

4

5: end for
6 return 1 FlipSign  (a;fye;Litge); O n)
7: end procedure

8: procedure Map-Regress (q;K\; Xt)

9 Let Lgqy; =0

10: forall k 1to ddo

11: Ligani += Ko with | stoxge 2.
12: end for
13: return  Lgqo);

14: end procedure
15: procedure FlipSign (a;fyt;L(tq)j 9t n)

16: for all t 1to ndo
P

17: A(lq‘)(t)B, Liaor <1 jer Liaoi
31 i losdqq“
18: Bg, = § 1 if A(lqt)(t) < Iogcd (‘jj
0 otherwise
19: end for
n Btg (Ve
200 return ;= e tn nt;q“j ‘qu[?)‘(t)

21: end procedure

Here, we do not directly observe the values of individualg(xt;)'s. Instead, each
response is a linear combination of multipleg( )'s evaluated at di erent points, e.g.,
Ye1 = Ki1 9g(Xe1)+  + Kig 9(Xtd) + ti. We show that nding neighbors reduces

to solving a linear system. Furthermore, we design a moment-based algorithm, namely
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\nparam-gEST", which estimates g( ) with provable guarantees.

Proposition 3.3.2. Consider the problem of learning additive in uence model with the
same setup/parameters as in Prop. 3.3.1. Assume thaky; 2 RO, Let ~ be a tunable
parameter. There exists an e cient algorithm to compute §( ), based onK such that

sup, jo(x) g(x)j (log®n) P— —+ 1 = 0(d © for suitable parameters, where

4

2 4
=+ 5.

Our algorithm (Alg. 1) consists of the following 3 steps:

Step 1. Approximation of g(). Partiion =] 1;1] into subsetsf ig -, and use
piece-wise constant function to approximateg( ), i.e., &(Xti) take the same value for all
Xti in the same ;. We partition f ;g - in a way such that Pr[xyj 2 ;] are the same
for all j.

Step 2. Reduction to linear regression. Each observation can be construed as a linear

combination of j's (j 2 [']), where ; = E[g(Xti) | Xti 2 j]. For example, yy1 =
P
i ¢Kui ji + g1+ 0o(1), wherexy 2 j;, and in general, we have
X
Yii = Lewig §+ i +o(1); (3.2)
P
X
where Ly = Kim andLyp = fm:ixgm 2 0
m2L tj

Therefore, our learning problem reduces to a linear regression problem, in which the
Li);'s are features and thef ;g; - are coe cients to be learned.
Step 3. Moment-based estimation. An MSE-based estimator is consistent but nding its
con dence interval (error bound) requires knowing the spectrum of the features' covariance
matrix, which is remarkably di cult in our setting. Therefore, we propose a moment-based
algorithm with provable performance (FlipSign in Alg. 1).

We illustrate each steps above through a toy example, in which we assumi¢;; =1 for

P
all i andj so the model simplies to yt.1 = j 49Xy )+ 1. See Fig. 3.2.
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Figure 3.2: A toy example of nparam-gEST whenK;; =1forall i andj and =[ 1;1]and
is uniformly partitioned into 10 pieces. Sampling ag(Xt; ) corresponds to randomly placing
a ball into a total number of 10 bins. For example, X, falls into the 8-th interval so g is
used to approximate g(Xt.2), which may be viewed as a new balbof type g (or in 8-th bin) is
created. The mean load for each bin igl=" = d=10. We calculate ;, ,9(xi ) by counting the
balls in each bin:y.; =5 1+1 o+ i+ 6 g +3 g+1 10+ 1.

First, we view the generation of samples as a balls-and-bins process so that thg )-
estimation problem reduces to a regression problem (Steps 1 & 2). Speci cally, we generate
(Yt1;TXti G q) as rst sequentially sampling fxi g ¢ and computing the corresponding
o(Xti), then summing each term up together with 1 to produce yi1. When an xi; is
sampled, it falls into one of ;'s with uniform probability. Let j; be the bin that X¢;

falls into. Then g(xt;) is approximated by j, according to Step 1. Thus, we may view

a ball of \type ;" (or in j;-th bin) is created. For example, in Fig. 3.2, x;.» falls into
the 8-th interval so a ball is added in the 8-th bin. After all xt;'s are sampled, compute

Yt.1 by counting the numbers of balls in di erent bins. Recalling that the load of j-th bin

=)
IS Ly, we haveyy: i al@yy j+ g1 Let ¢ =Ly d= and using that
P
E[L(t1);]= d="and i d¢ i=0,we have
Yer= 11t o ot g (3.3)

Eqg. (3.3) is a standard (univariate) regression: for eacht, we knowyy 1, and know all ¢ 's
because allx; 's are observed so the number of balls in each bin can be calculated. We

need to estimate the unknown j's. Note that E[ ;] =0.
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Next, we solve the regression (Step 3). Our algorithm \tweaks" the observations so
that the features associated with ; are always positive: leth.1 =1if ;> 0and 1

otherwise. Multiply h.1 to both sides of Eq. (3.3) for eacht:

b1y =] g1 1+ +h v g (3.4)

We sum up lhs and rhs of (3.4) and obtain

X X ) X X
b a1ye1 = ] 1) 1t + b1 [ b1 (3.5

t n t n t n t n

P
Next, we have ; j t1j = ( n) whp. Also, we can see thath,; and ¢; are \roughly
independent forj 6 1 (careful analysis will make it rigorous). Therefore, for any j 6 1,

P _ P
Ely ¢]=0,andthus | b1 ¢ = O(p n) whp. Now (3.5) becomes , , b.1Yyy1=
P P \ ‘
v 1+0( pm. So our estimatorisy, —pXLYel = 4 O(( n)”) = 1+0 p= .
t) g1l
Here analysis of covariance for j's is circumvented because ¢;'s interactions are

compressed into the termO ppﬁ . We remark that the analysis contains some crude steps

and can be tightened up (App. 3.9.2).

Technique 3. Learn ¢g() using boosting. In the univariate setting, we have y; =

m b9m(Xti)+ i, in which eachgm(Xti) is a weak learner. Standard boosting algorithms
[128 29] assume that eachgm () is represented by a regression tree and constructed
sequentially. A greedy strategy is used to build a new tree e.g., iteratively splitting a

node in a tree by choosing a variable that optimizes prediction improvement. In our

splitting procedure either is d (3000) times slower in a standard implementation, or requires

excessive engineering tweak of existing systems.
Here, we propose a simple and e ective weak learner based on intuition of the tree

structure and equity data. Let

(X)i = v (Xea) 2RY

ey = i (Xea)i (Xea)] 2 RYG

|
—~
x
ot
=
=~
—~
x
ot
N
=

|
~—~~
x
Eyd
[N
o —
~—~
X
End
=
=
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and (Xt)ijx can be de ned in a similar manner. We observe that regression trees used in
GBRT models for equity return are usually shallow and can belinearized (See Fig. 3.3): we
may unfold a tree into disjunctive normal form (DNF) [ 1], and approximate the DNF by a
sum of multiple interaction terms, e.g., | (Xt )1 > 0) |((Xti)2 > 0) can be approximated
by (Xti)1 (Xgi)2.

Our algorithm, namely Lin-PVEL (linear projected vector ensemble learner), consists
of weak learners in linear forms. Each linear learner consists of a subset of features and
their interactions. The number of features included and the depth of their interactions are
hyper-parameters corresponding to the depth of the decision tree. For example, if the rst
three features are included in the learner, we then need to tyq;

h i
|$z'} | 1(Xt;j{;1 + }|+ a(Xgj )12 + i + 7(Xy )1;2;? ; (3.6)

given linear terms interaction terms

X
j2[d]

by MSE. Conceptually, although we use linearized models to approximate the trees, the
\target" trees are unavailable (for the computational e ciency reasons above). We need a
new procedure to select features for each learner. Our intuition is that, in equity data sets,
if an interaction term could have predictive power, each feature involved in the interaction
should also have predictive power. Our procedure is simply to select a xed number ofs
with the largest corr((Yres)t; K (Xt)i), Where (Yres): is the residual error. See Table. 3.1.
Domain knowledge of the equity data sets is used in our design. First, using feature
interactions to approximate DNF (I ((Xti)1> 0) I((Xti)2> 0)  (Xti)1 (Xti)2 may not
always be accurate). In our setting, however, linear interaction models often outperform
decision trees or DNFs. We believe this occurs because interaction terms are continuous
(whereas DNFs are discrete functions), and thus they are more suitable to model smooth
price changes. Second, we use the predictive power of linear terms to select the variables,
which is e ective for equity return models because, in part, the features are constructed

from trading activity data (i.e., technical factors) and have economics interpretation, and
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may not remain valid for generic machine learning problems.

Steps GBRT Lin-PVEL

Linear model

with interaction terms
Choose thred's with
largest corr((/res):; K (X0)i)

1. Approximation Multiple trees

2. Choose variables Split algorithm AssumeK (x);; is predictive,
to determine then either K (x¢); or
variable selections K (x1); is predictive.
and trees. Fit a linear model with

3. Determine the model interaction terms (Eq. 3.6)

4. Find residual errors | Yres Y Res (9)k Same as GBRT.
Table 3.1: Comparison between GBRT andLin-PVEL

Figure 3.3: An example of representing trees as a DNF formula.

Universe 800 Full universe Backtesting
Models Our CAMs corr w_corr t-stat w _t-stat | corr w_corr t-stat w _t-stat | PnL Sharpe
Lin-PVEL Opt. 0.0764 0.0936 6.7939 6.3362 | 0.0944 0.1009 8.2607 6.4435 | 0.5261 10.97
DD 0.0692 0.0874 6.3141 5.8140 0.0934 0.1000 9.0551  6.9076 0.5181 11.80
nparam-gEST | Opt. 0.0446 0.0320 3.2961 1.5753 | 0.0618 0.0553 5.7327 3.5212 | 0.3386 7.59
DD 0.0445 0.0307 3.2781  1.5399 0.0603 0.0507 5.0648  3.0551 0.3330 7.04
MLP Opt. 0.0550 0.0567 6.4782 5.0172 | 0.0738 0.0692 9.2034 6.4151 | 0.4202 9.43
DD 0.0540 0.0562 6.4396  4.9953 0.0671 0.0640 8.9526  6.1564 0.3493 8.16
LST™M Opt. 0.0286 0.0347 3.4517 3.0261 | 0.0473 0.0491 6.3615 4.2385 | 0.2487 7.10
DD 0.0231 0.0352 2.6108 2.9779 0.0415 0.0429 6.0979  4.0582 0.2012 5.62
Linear Opt. 0.0449 0.0517 4.802 4.5514 | 0.0548 0.056 6.3589 4.9856 | 0.3218 6.47
UM: poor man Lin-PVEL 0.0674 0.0866 6.0947 5.7312 0.0827 0.0884 7.4297 5.6659 0.4565 9.76
UM: poor man nparam-gEST | 0.0432 0.0309 3.1505 1.4912 0.0584 0.0509 5.0098  3.0844 0.3070 6.59
UM: MLP 0.0507 0.5050 6.0234  4.4966 0.0606 0.0467 8.2857  4.4555 0.2782 6.38
UM: LSTM 0.0178 0.0200 2.2136  1.8077 0.0352 0.0297 4.0602 2.3619 0.175 4.33
UM: Lasso 0.0106 0.0192 1.6471  2.3030 0.0290 0.0251 4.4711  2.6010 0.1888 4.79
UM: Ridge 0.0247 0.0246 2.3553  1.9628 0.0358 0.0406 4.5172  3.6941 0.1839 3.98
UM: GBRT 0.0516 0.0591 7.5739 5.6310 0.0673 0.0747 9.3379  7.8931 0.3858 4.45
UM: SFM 0.0027 0.0032 0.4688  0.4050 0.0147 0.0051 1.2683  0.3892 0.0169 0.54
Existing CAM: VR 0.0156 0.0159 2.4997 1.7046 0.0041 -0.0025 0.8847 -0.3021 0.0430 1.20
Existing CAM: ARRR 0.0314 0.0382 2.5336 24213 0.0222 0.0273 1.8557 1.8968 0.1674 3.24
Existing CAM: AlphaStock 0.0085 0.0063 2.1045 1.2516 0.0027 0.0032 0.4688  0.4050 0.0045 0.10
Existing CAM: HAN 0.0105 0.0081 1.7992  1.0017 0.0080 0.0050 1.5716  0.7340 0.0570 2.02
Consolidated: all 0.0775 0.0950 6.8687 6.4108 | 0.0958 0.1025 8.5703 6.6487 | 0.5346 11.30

Table 3.2:  Summary of results for equity raw return forecasts. Lin-PVEL is the gradient boosting
method with linear learner. Bold face denotes the best performance in each group. DD denotes the
method using Alg. 2. Opt. denotes the optimal results from di erent estimators of K (App. 3.8.3).
Backtesting results pertain to the Full universe. See App. 4.6.
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3.4 Related work and comparison

Recent ML works. Univariate machine learning models for handling feature-interactions
include [165, 39, 167, 51, 68, 62, 28, 81, 80, 26, 92]. The models mostly rely on deep learning,
and some use transfer learning techniques (i.e., use one stock's data to build a model for
another stock) [26, 92] but they are not CAMs (cannot use one stock's features to predict
another's return). Recent cross-asset models are mostly linear model2(, 84, 118 161, 73]
that have theoretical guarantees, but they cannot automatically extract signals from feature
interactions. E orts for building non-linear CAMs include [ 155 49, 72] but [72, 155 have

reproducibility issues (see Sec. 3.5) whereas [49] uses non-market information.

Serial correlations and risk. We do not consider serial correlation in modeling, even
though it is considered in somelinear CAMs [67, 97]. We remark that (i) the standard
tools used to \de-serialize" data (e.g., using residuals of AR as response) do not help in
our settings, and (i) it remains an open problem to design a model that simultaneously
leverages stock-interactions, feature-interactions, and serial correlations.

Our algorithm relies on YTY (i.e., the risk matrix [ 88]) for learning the embedding.
While the risk matrix was extensively studied and sometimes used to produce forecasting
models [L9, 88]), our model is conceptually new: aprovableembedding can be learned from

the risk matrix, and it can be supplied to downstream ML g( )-learners to build CAMs.

3.5 Evaluation

Experimental setup. We use 10 years of equity data from the Chinese market to
evaluate our algorithms and focus on predicting the next 5-day returns, in which the last
three years are out-of-sample. The test period is substantially longer than those in recent
works [167, 72, 92]. We constructed 337 standard technical factors to serve as a feature
database for all models (App. 3.15). We consider two universes: (iJniverse 800 can be
construed as an equivalence to the S&P 500 in the US, and consists of 800 stocks, and

(i) Full universe consists of all stocks except for the very illiquid ones. Visualizations are
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shown in App. 4.6.

We next explain our metrics and argue why they are di erent from those for standard
ML problems (see App. 3.13.2) (i) Correlation vs MSE. While the MSE is a standard
metric for regression problems, correlations are better suited metrics for our setting169.

(i) Signi cance testing. The use oft-statistics estimators [119 can account for the serial
and cross-sectional correlations (App. 3.13.2) (iii) Stock capacity/liquidity considerations.
Predicting illiquid stocks is less valuable compared to predicting liquid ones because they
cannot be used to build large portfolios. We use a standard approach to weight correlations
(w_corr) and t-statistics by a function of historical notional (dollar) traded volume to re ect
the capacity of the signals.

New CAMs from our model. We estimate K and g( ) separately. To estimate K, we
use both the algorithm discussed in Sec. 3.3.1 and other re nements discussed in App. 3.8.3.
To estimate g( ), we use SGD-based algorithms (MLP, LSTM, and linear), nparam-gEST,
and Lin-PVEL .

Baselines. (i) The UMs include linear, MLP, LSTM, GBRT, and SFM [ 167. We also
implement a \poor man's version" of both Lin-PVEL and nparam-gEST for UM, which
assumes that in uences from other stocks are 0(ii) The CAMs include a standard linear
VAR [118], ARRR [161], AlphaStock [155], and HAN [72].

Results. See Table 3.2 for the results and Fig. 3.4 for the simulated Prot & Loss
(PnL). App. 3.13 describes additional details and experiments. The experiments con rm
that (i) generic ML techniques are e ective for UMs but ine ective for CAMs; (i)
CAMs produced out of our model consistently outperform prior works. In addition, our
Lin-PVEL model has the best performance; (iii) By using a simple consolidation
algorithm, the aggregated signal outperforms all individual ones. Our new models pick up
signals that are orthogonal to existing ones because we rely on a new mechanism to use

stock and feature interactions.
Discussion about prior evaluations. SFM ([167]) is open-sourced, and other studies

reported similar performance of SFM. SFM, HAN, and AlphaStock did not compute
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Figure 3.4: Cumulative PnL (Prot and Loss) curves of the top quintile portfolio from Full
universe (i.e., on any given day, we consider a portfolio with only the top 20% strongest predictions
in magnitude, against future market excess return3. See App. 4.6

t-statistics. HAN's PnL is positive, but its signal is not signi cant. AlphaStock cannot

beat the market and generates negative PnL returns since 2010.

3.6 Conclusion

This paper proposes an additive in uence model for equity returns that enables us to
decouple the learning of stock-interactions from the learning of feature-interactions. Our
upstream stock-interaction learner has provable performance guarantees, thanks to the
deployment of high-dim and kernel learning techniques, whereas our downstrearg( )-
learners can leverage a wide set of e ective ML techniques. Our algorithms are proven to
be superior to the existing baselines, especially those CAMs developed recently. App. 3.14

gives the answers to commonly asked questions (e.g., \why don't we trade ourselves").
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3.7 Additional notes on problem de nition

Independence of x ;. Our analysis assumes thatx; are independent acrosg's and
i's. Our discussion assumes thak; 2 R. The arguments can easily generalize to multi-
dimensional xti . When X¢; are correlated across stocks, we can apply a factor model to
obtain

Xt = LTt + x; (37)

RY is the idiosyncratic component. There exists a rich literature on algorithms that
identify latent factors [ 34, 45, 74, 78]. The shared factors driving the co-movements of
the features can be utilized in other ways to forecast equity returns J11]. We can use the
idiosyncratic component x; as input features in our model, since the coordinates in¢; are
independent. In the setting where serial correlation is presented ink;, one can use the

standard di erencing operator for decorrelating purposes [66].

3.8 Estimation of K

We prove Proposition 3.3.1 and explain other variations of estimatingK . For exposition
purposes, our analysis focuses on the case wherds Gaussian kernel or IMQ. The case for

being an inner product function can be analyzed in a similar manner. See also Remark
at the end of this section.

In Sec. 3.8.1, we rst describe the background (e.g., notation and building blocks)
needed. In Sec. 3.8.1, we present our proof for Prop 3.3.1. Our analysis assumes that
n d? to simplify calculations and ease the exposition. The case d? corresponds to
the scenario when abundant samples are available, and is easier to analyze. In Sec. 3.8, we

explain additional algorithms for estimating K.
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3.8.1 Background

Notation.  Let A= LKTK andB = ZYTY. Let V2 be the rst k eigenvectors
associated withA and V2 be the rst k eigenvectors associated witlB. Note that A and
B are symmetric. Let P = VA(VA)T and Pg = VB(VB)T, wherei is de ned in Alg. 2.
Distance between matrices. For any positive-de nite matrix A, there could be
multiple square roots of A (the square root is de ned as any matrix B such that BB T = A).
Any pair of square roots of the same matrix di er only by a unitary matrix and should
be considered as \the same" in most of our analysis. We adopt the following (standard)

de nition to measure the di erence between two matrices.

De nition 3.8.1. (Distance between two matrices) LetX;Y 2 R9% 9%  The distance

betweenX and Y is de ned as

Dist?2(X;Y)= min kXW YKkZ: (3.8)
w unitary

Building blocks related to distances.
Lemma 3.8.2. (From [18]) For any two rank-r matrices U and X, we have

o 1
22 1) AX)

Dist?(U; X) kUUT XX Tk2:

Lemma 3.8.3. (From [56]) Let M; and M, be two matrices such that
Mi= UDiV,| and Mjz= UDyV, : (3.9)
It holds true that

kUiD1UJ  UsDoUJ K2 + kviD1V]T  VoDoV, k2 2kMp  Mok2: (3.10)

Building block related to gap vs. tail.

P
Lemma 3.8.4. Letf ;g 1 be a sequence such that; ; i =1, ; ci ! for some

constant c and ! 2. Assume alsothat 1< 1. Dene = | i+1,fori 1. Let g be
a su ciently small number, and ¢; and ¢, be two suitable constants. For any < ¢, there
i=0 s .

exists ani such that ; and |
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Kernel learning. Let (x;x% be a smooth radial basis function, i.e., (x;x9 =
(kx  x%), and use the notationf () = (Io ). We assume thatjf ()(r)j “IM , for all
su ciently large and r > 0. Note that both Gaussian kernels and inverse multi-quadratic

kernels satisfy this property.
De ne an integral operator K as
Kf (x) = (x;x%f (x9dF (x9; (3.11)

whereF () is the cumulative probability function over the support of x. Let H be the rank of

K, which can be either nite or countably in nite. Let  1; »2;:::; n be the eigenfunctions
of K,and 1; 2;:::; n be the corresponding eigenvalues such that; > i1 Let
K 2 RY9 9 pe the Gram matrix such that Ki; = (kzi  zk).

Our analysis relies on the following two key building blocks.

Lemma 3.8.5. ([15]) Let ; be thei-th eigenvalue ofK. There exist constantsC and co

such that

. CP%xp( Cir): (3.12)

Lemma 3.8.6. Let ; be thei-th eigenvalue ofK. Let ;(K) be thei-th eigenvalue of

N

K. Let " = j(K)=d Let > 0 be a tunable parameter. With probability at least

1 exp( ¢ ) for some constaontco, it holds true that
1

X 2 r_
@ (; A2
i1
In addition, with probability St least 1 exp( cp )1,
1

it (3.13)

N
]

@X 2 N2 2A — 14
(i) () c d (3.14)
i1
for some constantc.

Proof of Lemma 3.8.6. Eq. 3.13 is from Theorem B.2 from [L47]. Now to prove Eq. 3.14,

v(\sehave 1. 0 1. 0 1. r
@X 2 N2 2A2 @X N N2 A 2A2 O@X zA2 7.
() ) = ( i)Ci+75) c (] i) St
i1 i1 i1
2
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3.8.2 Proof for Prop 3.3.1

Algorithm 2 Data-driven (DD) estimation of K
Input X ;Y; Output K

1:[V; ;VT]=svd 1YTY

2: Let =

30 =maxfi: ; i dig . is tunable
4 retun K = P (V 2VT)

Our analysis consists of four steps:

" Step 1. Showthat 2YTY KTK is su ciently small.

"~ Step 2. Show that a low rank approximation of Y TY is su ciently closeto YTY.
" Step 3. Show that P; (2Y TY) is close toP; (K TK).

~ Step 4. Use results from the rst three steps, together with Lemma 3.8.4, to prove

the rst part of Theorem 3.3.1.

Step 1. %YTY and KTK are close. To formally prove this step, we rely on the

following proposition.

Proposition 3.8.7. Consider the problem of learning the stock latent embedding model.

Let n be the number of observations. LetY 2 R" 9 be such thatY i.- contains thei-th

observation. Assume thatn d? and = O(p d). With overwhelming probability, it holds
true that
2 1003
vy kTk =o 49N (3.15)
n F n

Proving Proposition 3.8.7 requires a standard manipulation of concentration inequalities

for matrices. See the proof in App. 3.12.1.

Step 2. P; (KTK) is close to KTK.

Lemma 3.8.8. There exists a su ciently large dp so that whend  dp, Algorithm 2 always

terminates. In addition, it holds true that
X ) ﬁ
d

= O( )
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Proof. Let “=10 %gas—d for a suitably large c. By Lemma 3.8.4, we have that there

exists anf such that

1P () "

P 4
2. )2 T
We rst show that the algorithm terminates. We have that ] |
. : log
(1) Pk=d) =0G,; (k=d))=0 =
The last equality uses Proposition 3.8.7. Next, by using Lemma 3.8.4, we have
11 K2 log®n
Y @ o Pro
Therefore, we can also see that
1 7 1 7
foag’ Y mopget Y
Our algorithm always terminates. In addition, we have i T. Finally, we have
X K X , K
o d ' d
11 i d‘ 1
X 2
2@ ()%+ L i(K=d) A
i T
-0 % =0 s
2
Step 3. Analysis of the projection. To show that P; 3YTY andP; (KTK) are

close. We have the following lemma.

Lemma 3.8.9. Consider running Algorithm Estimate-K in Alg. 2 for estimating K . Let

= #KTK andB = Y TY. Let P5 and Pg be de ned as above. Let %% for
some constantcy, and be the gap parameter in Alg. 2 such that3 = ! ( 2). With high
probability, we have

kPr P gkp= 0 A Bk (3.16)

Proof of Lemma 3.8.9. Dene S; =[ ; (A) =10,1)and S, =[0; ; (A)+ =10]. By

Lemma 3.8.7, we have -LYTY LKTK _=0 '%% . Also using that %gﬁg—”

F
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we have that S; contains the rst i eigenvalues ofA and B, whereasS; contains the rest

of eigenvalues. We may then use a variant of the Davis-Kahanl41] theorem to show that

kKA Bk, 2
kPa P gky ——— —:
A B K2 08
2
Step 4. Gluing everything. Recall that A = LKTK and B = - YTY. Let
Ai = Pa(A)(= P; (A)) and B; = P; (B). By Lemma 3.8.9, we have
KAi  Bij kp =kPa(A) P B(B)kF;
=kPa(A) P g(A)+ Pg(A) P g(B)kr;
kP o P gkokAkg + kKA Bkg;
-+ =( =)
Next, we de ne the following matrix notation
1 1
AZ=UAMZ and BZ=UB( B)i:
By Lemma 3.8.2, there exists a unitary matrix W such that
1 1 2 2
UA(C Mew UP( P)z =0 - (3.17)
By Lemma 3.8.3, we obtain
2 2
1 1 1 K
KUPCR)ZUR PO P)2uPke = UACREwW P 5 =0
Together with kP; (K=d) K=dkZ = O 5 ,we have
@K‘ 72X = UA( A)zw q . Ut Mew P S F+ Pi g tg
r q :

o |

=0

2
—+

Remark. Our analysis relies only on the eigenvalues oK decaying su ciently fast.
Many other kernels, such as inner product kernels with points on the surface of a unit

ball [65, 10], also exhibit this property. In conclusion, our algorithms for estimating K can
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be generalized to these ( ; ) functions.
3.8.3 Additional estimators for K

This section explains additional possible ways to estimateK . Our intuition is that
estimations of K e ectively rely only on %Y TY , which is the empirical covariance (aka
risk) of the equities' returns. There are multiple ways to enhance the estimation of returns'

covariance matrix such as using third-party risk models.

Estimation based on dynamically evolving hints. Here, we focus on describing the
estimation algorithm that is most e ective in practice. Speci cally, we assume that the
latent positions evolve. Let K; be the Gram matrix at round t. BecauseK is evolving, we
may not have su cient data to track K. Therefore, we derive a new algorithm to estimate
K using the so-called \hint" matrices, based on two observations:(i) YTY is e ectively
the covariance matrix of the returns. Third-party risk models such as Barra provide a more
accurate estimation of the covariance matrix in practice. Thus, we may directly use the risk
matrix produced by Barra as our estimation for K. (i) The movements of two stocks are
related because they are economically linked. It is possible to estimate these links by using
fundamental and news data. Speci cally, we assume thaK; = exp( 1Kt(1) + o+ CKt(c)),
where Kt(i) (i c) can be observed. We then need only tune;'s to determine K. Each of
Kt(i) is considered as our \hint". We use a hint matrix Kt(l) constructed from Barra factor
loading and a hint matrix K @ constructed from news so thatk; = exp( 1KY + ,K @).

The hint matrices are constructed as follows.

K from Barra loading. Let Fy; 2 R0 be the factor exposure of thei-th stock on day t.
Construct K\t(l) using two standard methods.
~ Inner product. (RM)ij = hyi;Fyi.
" Distance. (I@t(l))i;j =exp( jFti Fjj%), where is a hyperparameter
Kt(z) from News Data. We next build Kt(z) from the news using two steps. Step 1.

Construct K“t(z) 2 RY 9 suych that (K“t(z))i;j represents the number of news articles that

mention both stock i and stockj between dayt k and dayt (i.e., we maintain a sliding
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window of k days andk is a hyper parameter). Step 2. Then construct I@t(z) by taking a
moving average ofK“t(z).

Construction of K. K, be constructed fromK ™ (produced from Barra data) or K
(constructed from news data set), or a consolidation ofr@t(l) and l@t(z). We shall examine
the following consolidation algorithm. Speci cally, we let K = exp( KM +@ )R,

where 2 [0;1] and is a hyperparameter.

3.9 Estimating g() with non-parametric methods

This section proves Proposition 3.3.2, i.e., we describe our non-parametric algorithm
(nparam-gEST) for x¢; 2 ROU) and analyze its performance. Assume that the probability
cumulative density function Fy( ) of Xt is known. In practice, this can be substituted by
standard non-parametric density estimation methods [150].

We rst describe a high-level roadmap of our algorithm analysis and then proceed to

present the full analysis.
3.9.1 Overview of our algorithms
As shown in Alg. 1, our algorithm consists of three steps.
Step 1. Partition the feature space [ 1;1]¢ into f jg -~ sothatPrxy 2 j]are
equal for all j.
Step 2. Reduce the original problem to a linear regression problem.
Step 3. Implement the FlipSign algorithm for the scenario when only an estimated

K available.
We rst comment on Steps 1 and 2. Then we explain the challenges in implementing

the FlipSign idea, as well as our solution.

Step 1. Construction of f jg; . We use a simple algorithm to nd axis-parallel ;'s
so that Pr[xy 2 ] is uniform for all j. Recall that we assume that the cumulative

probability function of xi; is known (denoted asFx()).
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We describe the method for the casék = 1;2 (recall that k is the dimension of the

feature Xt ). Extensions to the case where&k 3 can be easily generalized. Whek =1,

each ; is simply an interval, and thus we only need to nd fx; = 1;X;:::;X+1 =19
such that Fy(Xt+1) Fx(Xy)=1=foralll t . For example, note that inthe k=1
case, forl = 4, the recovered valuesfxi;:::;xsg are simply identi ed with the usual

guantiles of the distribution.

When k =2, we can nd i's recursively. Speci cally, we rst \chop" along the x-axis
into Ps pieces so that each piece has uniform probability mass. Then we chop each of the
Ps \bars" into smaller rectangles so that each rectangle has probability mass 2. See

Fig. 3.5. This procedure can be generalized for anik = O(1).

Figure 3.5: Example of a two-dimensional scenario for the construction of ;g -. Each
rectangle in the graph has the same probability mass.

Step 2. We next explain how the original problem can be reduced to a set of regression
problems. Using MAP-REGRESS (line 8 in Alg. 1). Recalling that for any yi; =
P
i aKij9(xgj )+ i (with xed iandt), we can approximateitasyi = 4 Kij &(X¢j )+
ti - We may then re-arrange the terms and obtain
X X
Yti Leiyy j+ tis whereLyy = Kim andLgj = fm:x¢m 2 00 (3.18)

i m2L ¢
Here,f jg; - are unknown coe cients whereasyt; and L ;); are observable.

Note that for any xed t, there is a total number ofd observations (i.e.,f (yi; fL(ti); 9 ¢)9i d
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and these observations are all correlatedL (y;; and Lo depend on the same seLy; .
So our algorithm chooses only one for each xed t.

Sec 3.3.2 asserts that we can use the saniefor di erent t when we have accurate
information on K. In practice, we have only an estimateK of K. In addition, the
estimation quality for any xed i depends onkK;.. Ki;;ké. We do not know a priori
which row of K is more accurate, although we know that on averageK is su ciently close
to K (i.e., disz K‘kﬁ = o(1) from Proposition 3.3.1). To avoid the same \bad" i being
picked up repeatedly, we run a randomized procedure: lety be a random number from f].

We use the observationsf (Ytq,; fL (1,q,);:19% n to learn the variables ;.

3.9.2 Implementing the FlipSign algorithm

Building a robust estimator. We focus on estimating 1 (See Line 15 in Algorithm 1).
The estimations for other i's are the same. Leth.q, be the sign ofL q,).1 d="but we
only observe an estimate ofL .q,).1 (referred to as l'_‘(t;qt);l in the forthcoming discussion).
A major error source is that when L q,).1 gets too close tod=", the sign of C(t;ql);l can
be dierent from L q,.1 (i.e., by is calculated incorrectly). We slove this problem by

keeping only the observations wherjﬁ(t;qt);l 0d=‘j is Iarge1 Speci cally, let

X X 1
PO, Kex @ Kguh g (319)
k2L ¢ 1 k2L 1

and let A(lq‘)(t) be computed using the estimate . We now de ne a robust variable B,

to control the estimator

8 q_

21 it W) o q9
— . q 3.20
B s 1 if W< g ¢ (3-20)

0 otherwise

q_—
e, "F(t) > &g ¢ but

In this case, the chance of obtaining an incorrectty.q, (
q_
(@) meg ¢ or vice verse) is signi cantly reduced (see line 19 in Alg. 1).

Analysis of the estimator. Recall that f jg; - is a partition such that Pr[x¢i 2 j]is
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uniform for all j. We rst formalize the \ideal" ; that we want to track. Speci cally, let
i = E[0(X¢ti) ] Xt 2 j]. Our error analysis aims to trackf ;g - (i.e., we aim to nd
(" ). We then articulate g(x) as
&#(x)= j, wherex 2 j:
Our analysis consists of two parts.
Part 1. Analysis of a stylized model. We analyze a model in which the observations are

assumed to be generated from
Yii = 5 Kij o(Xtj) + ti; (3.21)
whereK; is assumed to be known. H e
Next, we analyze Alg. 1 when it is executed over this stylized model with the assumption

that K is given.

Part 2. Analysis of the original problem with g() and unknownK . When we run Alg. 1
over the original process, we need to analyze two perturbations (deviations):
1. yti is generated throughg( ), instead of g( ).

2. Our algorithm uses only an estimate ofK .
Warm-up and notation. Before proceeding, let us introduce additional notation. Recall
that Ly; = fk: X¢k 2 0, i.e., the set ofx¢ that falls into the j-th bin j on time t.

Also, recall that

X
Ly = Kik -
k2L
We have 0 1
X X X
Vi = Leiyg j+ 6 = @ KikA 1+ Kik Xtk ] Xex 2 1)+ s
j d k2L ¢4 k2L ¢ 1

We interpret the meaning of the above equation. We treatx¢x and L; as random
variables and theL ; 's are measurable byx;. We imagine that an observation is generated
by using the following procedure:

Step 1. Generatel 1. That is, we determine the subset of \balls" (those xt; for a

xed t) that fall into 1.
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" Step 2. Generate the rest ofxyx for k 2 L1 sequentially. This corresponds to
P
the terms |5 o Kik 8(Xtk ] Xek & 1). Xek IS sampled from the conditional
distribution Xk j Xtk 2 1. This explains why we write &(Xik j Xtk 2 1).

" Step 3. After Lt1 and Xtk J Xtk 2 1 are xed, we generateyy; using the stylized

model.
Let
g (xii) = 9(xui)  Elg0x) i Xui 2 1= 90xei)+
We pave 0 1 1
X X 1 X _
yii = @ Kixk @ Kix A ﬁA 1+ Kikg (Xti JXei 2 1)+ i (3.22)
| k2L ¢ 1 lﬁLt;l } rZL t1 {Z }

P 9w
= P 1+ Yo+ w:
We use the following abbreviation.
* B is an abbreviation for B.q, .
1(t) is an abbreviation for {*)(t).

5(t) is an abbreviation for ) (t).

P
let = K K2R%%and %(q)= ;4 2, LetB=ft2[n]:fg =10 Also,
let
1 i )0
St= 1 otherwise. (3.23)

3.9.2.1 Part 1. Analysis of the stylized model

Our main lemma in this section is an anti-concentration result on (1i)(t) forany i andt.

Lemma 3.9.1. Let = O(d=log?d). There existrconﬁtantsco and c; such that

Co d
m <
The probability is over the random tosses of Xt gi .

Prj Dwi ¢

Proof. We use a random-walk interpretation of (1”. For eachk 2 [d], with probability

1=", it (i.e., Xyx) falls into L. When this happens, (1i)(t) is incremented by K. . With
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probability 1 1=", it does not fall into L¢;. In this case, (1i)(t) is decremented by
We de ne a sequence Zk% d to clarify the random-walk interpretation.

5 - Kik  with probability 1:
k= K with probability 1 :
‘ . P
We couple (1')(t) with fZ;g; 4 such that <1')(t) =« 4¢Zk- Apply Lemma 3.12.4 (a

folklore that generalizes Littlewood-O ord-Erd)s) to prove our Lemma. 2

3.9.2.2 Part 2. Analysis of the original problem with g() and unknown K

Our analysis consists of three components.

Part 2.1. Building blocks. We develop the essential building blocks needed in our analysis.
Part 2.2. Using K. We show that whenK is substituted by K, the error of the estimator
is well-managed.

Part 2.3. Using g(). We show that when ¢( ) is substituted by g( ), not much additional
error is introduced.

Part 2.1. Building blocks. We start with a variance-based Cherno bound [32].

Theorem 3.9.2. Suppose thatX; are independent random variables satisfyingk; M
_ P, q P
forl i n.letX = .; XjandkXk= ", E[X?]. Then we have

2
2(kXK2+ M = 3

Pr[X E[X]+ ] exp (3.24)

Lemma 3.9.3. Consider running Alg. 1 to learn the stylized model. Let® be such that

jR K2 d2for = o). Let {'(t) and “{’(t) be those de ned around Eg. 3.19.

P . .
let = K K2RY%and %(q)= ;4 2, Let { be any random variable that is
measurable byg,. With high probability we have

h [ 2
A (o) (a) ; t .
Pr "3 (1) 1 (1) t] & exp Q)=+ (=3 '

and |
r __ .

My @) = 0 nlogn d
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Proof. We shall again use random-walk techniques to analyze’\i(q‘)(t) i(q‘)(t) . Let

_ q:i  with probability *

Zi = ~ai  with probability 1 L
5 2 e ap—0 D q 2.
We have E[Z7] = O —= | which implies that . gE[Zz?1= %L Also, we

can use a standard way to coupleZ;'s with A(lq‘)(t) and (1q‘)(t) such that
X zi = "Wy W
i d
By, using a Cherno Jound fgom Theorem 3.9.2, we have
X 2 2
Pré  Zi  (jad> exp@ —p— A =exp t

2 _~ —
i d g 2 ()="+ =3

3

q__
This proves the rst part of the Lemma. Next, we set = co(logd) @) Then we
[

P
obtain Pr A tjaq = exp( ( log®d). Now, conditioned on knowing f qg; n,
with high probability, we have
A(i) (1 X
1 () 17 t
tn tn tn

) . P P —— 2 2
Next, we give a concentration bound for , 2(q). Let v = kK. I@i;;k . We know

logd X P ——
= ¢ 2(q):

P
that 2(q) can only take values fromv?;:::;v3 with | 4v2 = kK Kk& d2 We
have P 2(qr) P4,

Again using the condition that kK Kk3  d? and Jensen's inequality, we have

e @) "

d.
Use the £herno bound, wg have 3 3
4Py ga” P agse 5 ;
r (@) (@) exp P
t n t n
We set = m—djnd such that the right hand side is negligible. Now with high probability we
have I
- - logd X P iy
Mo Po o e 2@)= O nlogn — :
t n t n
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Fact 3.9.1. For any j,

Elg(Xek) i Xek 2 1= El6(Xek) i Xex 2 1=

1
Proof. By our model assumption,
Elstk] = E[g(xtk)]= 1+ + - =0 (3.25)
On the other hand,
i + + i o1+ 4+ + - i
Elg(xu)  xex 2 1= — e =
Similarly, we prove that E[g(Xtx) j Xtk 2 j]1= E[6(Xek) ] Xexk 2 ] 2

Lemma 3.9.4. Let B=ft2 [n]: B =0g, whereb.q, is de ned in Sec 3.9.2. With high

probability we havejBj = ( n).
This can be shown by Lemma 3.9.1 and a Cherno bound.

Lemma 3.9.5. Let s; be de ned in Eq. 3.23. Recall thatB = ft 2 [n] : B,q, = 19. We

have 0 1

X X X _ p__
2(t)sy = s @ Kak@(Xek j Xex 2 1)A = O( nd):

t28 28 k2L ¢ 1

Proof. Our key observation is that conditioned ont 2 B and Xtk 2 1, th(Xek)'s are
bounded independent zero-mean random variables. AlsgBj = ( n) (Lemma 3.9.1).

P _
Therefore, a standard Cherno bound gives ,gst 2(t) = O(p nd). 2

Lemma 3.9.6. Recall that B = ft 2 [n] : fiq, = 19, we have
ro_

X
B 1) i 1(t)i  2nlog®d
t2B t2B
Proof. Recall that
1 if (t)>0

St = 1 otherwise.
We have
X X X
B a(t) i 2 aithoe sy);
t2B 2B t2B

where | () is an indicator function that sets to 1 if and only if its argument evaluates to

true. Note that I(ﬁ 6 s;)'s are i.i.d. random variables for di erent t's. We compute
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Pril (B 6 st)]

Priss= 1B =1]+Prfs=172H = 1]
> g .

_ ro#
N d A d
=Pra(t) < 0™ "a(t) > Iocg;)d - +Pr g (t)> 07 "y(t) < Iocgd °
" r 7#
A Co d
Pr 1(t) 1(t) > @ <
) r! U
. A en d
Proj 1(t) “a(t)j > logd \(qt) _ logd \(qQ ‘Iocgd
" r ) r 5 #
1 G Co
W+Pr logd <

~

“jogd (by Lemma 3.9.3)
=Pr (log*d) ?(q) d +n 1

Note that E[ 2(q)]= d. Using a Markov inequality, we have

Pr log*d 2(q)>d

log* d: (3.26)
Using the fact that | (B 6 s;) are independent acrosg, with high probability we have
ro_
X X d
B 1(0) i 1()j 2nlog®d =
t28 28
2
Part 2.2. When K is substituted by K. When K is substituted by K, our estimator
becomes
P P
. oeb 1)+ Lg B2+ B
1= P
tz@ﬁ/\l(t):
P P
tZB\ﬁ 1(t) t2B B‘ 2(t)+ ﬁ t;qt
=P N 1t P n
28 1(1) 2eB 1)
We note that .
X N X N X N ?
Bt B () (b () 1(b) n —Ilogd (Lemma 3.9.3
28 28 t28 tn
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Also, we can see that (Lemma 3.9.6)
r_

X X
B i conlogid O
28 t28
Both of the inequalities above imply that with high probaPiIity, th'e following holds true
X _
B () 1 =0 nlogPd 2P
28 28
Next, by Lemma 3.9.4 and Lemma 3.9.1, we have .
X : n
j 1(t)j= @ d
t28
Therefore,
X X
B ot)=@+ 1) j )
;gé ;g@
B =@+ 2 j 10i
t28 t28
wherej 1j:j 2j = O log®nP — . This implies that
t2§ﬁ 1(t) 1 = O( .
x = O( 1):
tzﬁﬁt 1(t)

Now we analyze the second term. By Lemma 3.9.4 and Lemma 3.9.1, we have
P q9- P
eeb’i(t) = g ¢ . By Lemma 395, we have s B o)+ B g =
O(p nd), which implies
P
e B 2t)+ B g
tzé‘ﬁ/\l(t)

r!

= O logd o
Therefore, .
"=+ 0O()) 1+ 0O logd n ;
where =log®nP .

Part 2.3. Analysis when observations are from g(). We assume that the process
is generated byg( ) instead of g( ). We aim to understand how the estimator changes. To

distinguish the observations produced from two \worlds", we let
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X
yﬁi) = Kije(Xg)+ i
j d
X
2 .
yt(;i) = Kij o(Xej )+ it
i d
Let their corresponding estimators be (11) and (12). We next bound the di erence
between these two estimators. Our crucial observation is that eacl®(xti) 9g(Xti) are
: : : . . P—
bounded zero mean independent random variables. Seeing th ,[\(11) ’\(12)1 = O( nd).
Therefore, we still have .
"= 1+0(° TlogPn) 1+ 0 logd -
This proves the second part of the theorem.

Remark. We use only 1 observation for each day because our analysis relies on di erent
(li)(t) and (zi)(t) are being independent. The FlipSign algorithm does not need more

samples becaus& is near low-rank (Theorem 3.8.5).

3.10 Estimating g() with boosting

As shown in Alg. 3 and Fig. 3.6, Lin-PVEL 's weak learner rst performs a variable
selection (i.e., selects the 3 features that correlate the most with the residual returns), and
then ts a linear model with both linear and quadratic interaction terms over the selected

variables. The nal model is a linear one with features and their interactions terms.
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Algorithm 3  Lin-PVEL
Input X ,Y,K, ,b

Output  fgm ()9m b
procedure Boosting-Algorithm (Y, X, R, ,b

Y Res Y . Is the learning rate

forall m 1to bdo

1
2:
3
4: gm  Linear-Fit (Y ges;X;K)
5 M)m  Kgm (X).

6 YRes Yres (¥)m

7 end for

8

return  fgm()9m b

9: end procedure

10: procedure Linear-Fit (Y, X, K) . Xti 2 RK and F() 2 Rk d
11: forall i 1to ddo
P
. t) _
12: F:(;i) = j2rd K\i;j Xt
13: end for
14: for all j 1to k do
P
15: = ¢ n corr(Fj(:t:);yt).
16: end for
17: Let j1;j2;j3 be the indices with the largest rj.
] _ P P
18: g()=argmin .. o ¢ (Vi i21d]
i21[d]
Rij (10 )i, +  + s(Xej )i, (Xej )jg)) 2. . Fits a linear model with linear and

quadratic interaction terms.
19: return g()

20: end procedure

Figure 3.6: Left: training one weak learner. We rst choose three features that are the most
correlated with the residualized response. Then we run a linear regression using linear and interaction
terms. Right: boosting. When we train learners sequentially, we can controlg, () but not the
neighbors' structure.

104



3.11 Consolidation/Ensemble model

We next describe how we consolidate forecasts generated by multiple models. We do not
intend to design a new consolidation algorithm. Instead, we use a \folklore" algorithm

that weighs each model forecast by its recent historical performance. Speci cally, we let

linear combination of all forecastsy = i j"‘:l w; ¥, wherew; is simply the t-statistics of the
j -th model computed through the Newey-West estimation algorithm from the in-sample
data. For example, whenm = 2 and the t-statistics for §; and ¥, are 3 and 5 respectively,
we set the consolidated forecast be proportionalto 3 $1+5 ¢». The consolidated forecast
needs to be properly re-scaled (e.g., set the daily standard deviation to be constant). In
the forecasting models, correlation with the ground-truth is more important than MSE.

Therefore, the scale of a forecast is less important than its direction. Thig-statistics based

consolidation algorithm is used in the following two situations.

Allowing nparam-gEST to use all factors. Our theoretically sound algorithm in
Sec. 3.3 allows us to use only a small number of features. Now we may use a two-step
procedure to let this algorithm simultaneously use hundreds of technical factors constructed
in-house. Step 1. For each improvable factor, we build a model that uses only this factor
as the feature. Step 2. After we obtain multiple models (the number of models is the same
as the number of improvable factors), we use the above consolidation algorithm to produce

the nal forecast.

Consolidating multiple models. We also use the consolidation trick to aggregate the
forecasts of all our models (in-PVEL , nparam-gEST, MLP). The result in Table 3.2

(last line) shows that the consolidated signal is stronger than any individual signal. Even
if a model may not have the best out-of-sample performance, it may still be useful for

constructing consolidated signals.
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3.12 Additional proofs and calculations
In this section we give some additional proofs and calculations for App. 3.8 and App. 3.9.
3.12.1 Proof of Proposition 3.8.7

We can see that

1 1
EYTY == KTSTSK + KTSTE+ ETSK + ETE (3.27)
=KTK+E+ B+ E+ E; (3.28)
whereE = KT S8 | K,E= K'S'TE g = ETSK gngf, = ELE

We next show that eachEg (i 4) is small.

Bounding E;. We need the following lemma.

Lemma 3.12.1. Let S 2 R" 9 be such that each rows; . is an i.i.d. random vector

kSi:ky  1andE[S].S;:.] = |. We have
T 2
pr 5 lg d 2n? exp n4 ;
n 5 log™n

where is a tunable parameter.

(3.29)

_ log® .. . . . .. T _
Here, we shall set = “¥-". This implies that with high probability 52 14 4 ,=

o) 'gg% . On the other hand, we can see thatkK k2 = ( d?) and kK ke = ( d). This
implies
S's S's

kEtke = KT == 144 K 7 lg4q kKKE=
n F n 2

Bounding E, and Es;. Recall that B = % and E; = ET% We have the following

2
d%'f? (3.30)

lemma.

Lemma 3.12.2. Let S2 R" 9 be such that each rows;.. is an i.i.d. random vector with
kS;. -k1 1 and E[Sﬂzsi;:] =|. Let E 2 R" 9 be such thatE;; are i.i.d. Gaussian with
standard deviation . We have with overwhelming probability

kSTEKZ ¢o d®n (3.31)
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for some constantcy.

Proof of Lemma 3.12.2. First, note that
E[KSTE.ikZ j S]= 2kSk2:

Therefore, we haveE[KSTE.ik2] = 2dn. This also implies that
E[kSTEKZ] = * E[KSTE.ik’] = 2d°n:
By a standard Cherno bound, we havle \Ollvhp
kSTEKZ ¢ 2d?n (3.32)

for some constantcy, i.e., whp kSTEkg = O( dp n). 2

We next use Lemma 3.12.2 to bounds, and Es:
1
n

Now we havekK k, = O(d) and kSEkg = O(dp n) whp. Therefore, with high probabil-
ity

1

kE2k|: = kE3k|: = kKTSTEkF = ﬁkK kszEkFI (333)

2
kE2k|: = kE3k|: =0 pdﬁ

Bounding E;. With the assumption that d = O(n), we ha}ve

T 2 T 2 2dn
ETE Rank(E"E)KEKS _ O — =0( 2): (3.34)
n e n n

Above, we used a nite sample version of semi-circle law (i.e KEk3 = O(n) whp [134).

Summing up above and usingthatn <d?and = O(p d),wehave YTy KTK _=

3

o Ehy

n

n

3.12.2 Anti-concentrations

Theorem 3.12.3. (Littlewood-O ord-Erdos; e.g., [ 87]) Let Lj;:::;Lg 1 Let 1;::: q
be independent Bernoulli 1 unbiased random variables such thaPr[ ; = 1] = % Let
S= , , iLi. Forany open interval | of length 2, we have

Pr[S21]= O(n 2): (3.35)
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Lemma 3.12.4. Let d=|og2 d. Let Lq;Lo;:::;Lg be positive numbers such that

Li = (1) . De ne a random variable
Li with probability 1

Zi = iz with probability 1 &
There exist constantscy and ¢; SECh that 3
r_
X
Co d
Préd z; —— O
' ' logd ° @

id
Proof. We shall use Theorem 3.12.3 to prove Lemma 3.12.4. Theorem 3.12.3 requires that
random variables ; (or Z; in our setting) to be symmetric, which is violated in our setting.
Our goal is to reduce our problem to the original setting.

We now show that this can be done through \debiasing" the walk. We rst de ne

fBigi2[q) such that B; is a random binary indicator variable with Pr[B; = 1] = —2 and
Pr[B; =0] = 2.

We may generateZ; by using Bj, i.e., whenB; = 1, we set Z; = '-—'1 and when
Bi =0, we set Z; = L; with half of the probability and Z; = L—'l with the other half of

the probability. Note that when B; = 0, the probability that Z; takes one of the possible
values in 3 (thus is uniform).

Next, let B= fB; :B;j=1gand B = fB; : B; =0g. Let also that T = jBj. One can see
that E[T] = &. In addition, becaused = ! (" log"), with overwhelming probability that
T 4

We now can see that 4 0 1

X X A
E Zi = @ LA
' CC D)

i2B i d
In addition, E[Z; ji 2 B]=L; 1 <& 1foranyi2 B. Next, we de ne a random

variable to \debias" Z;, conditioned oni 2 B, i.e., foranyi 2 B

8
<L L1 &3 with probability

Zi= N _ N (3.36)
: = L with probability

[y
=

[N

NI

NI NI
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Note that E[Zi]=0and L; L; 1 & 1= Lo+ 1 L 1 Next, we have

X X L X 1 1
Zi = — + Zi+Li 1 -
. i . 1 | i i 1 2

i d i2B i2B | |

X L X 1 1' X
= o+ L1 — 4+ Zi
C 1 ! 1 2 !

|2 A b 12—
One can see that(i) the sign of , is independent of the sign of i and (ii)) one of
Prl 1+ 0] }andPr[ ; hO] I must ihoId. Wlog, assume thatPr[ ; 0] 3. By
Theorem 3.12.3, we have Pr » locﬁp T = ().

Finally, we have

11} r 7#
C1 d Co p_—.
P + — = P P — T
ra1+ 2 logd 1 OJPr iog j 1 0
n r . #
C1 d.
P P — =
f OPr > iogd <j 1 0
=@ :
The second inequality usesT ¢ whp. 2

3.13 Experiments

We evaluate our algorithms on the Chinese market, the second largest market in the world
(by value). We describe the dataset collection and setup of experiments in Sec. 4.5.2,
and the evaluation metrics and additional explanation of baselines in Sec. 3.13.2. This
is followed by the improvement over individual factors, analysis for our performance and
trading simulation results, and visualization for our learned latent space and the importance

of factors in Sec. 4.6.

3.13.1 Datasets collection and experimental setup

Datasets collection.  The speci ¢ description of the used dataset is as follows:

(1) Chinese stock data: Our data set consists of daily prices and trading volumes of

approximately 3,600 stocks between 2009 and 2018. We use open prices to compute the
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returns and we aim to predict the next 5-day returns, in which the last three years are
out-of-sample. We examine two universes. (i)Universe 800 is equivalent to the S&P 500
and consists of 800 stocks, and (iifull universe consists of all stocks except for illiquid
ones. The average \size" (in either capital or trading volume) in Universe 800 is larger

than the average \size" of the Full universe.

(2) Technical factors: We manually build 337 technical factors based on previous
studies [63, 34, 78, 6, 125. All these factors are derived from price and dollar volume. See

also App. 3.15.

(3) Barra factor dataset: We use a third-party risk model known as the Barra factor
model [122. The model uses 10 real-valued factors and 1 categorical variable to characterize
a stock. The real-valued factors known as \style factors" include beta, momentum, size,
earnings yield, residual volatility, growth, book-to-price, leverage, liquidity, and non-linear
size. The categorical variable represents the industrial sector the stock is in. We do not

use the categorical variable in our experiments. Table 3.3 de nes the style factors.

Barra factors name | Beta Momentum Size Earnings Yield Residual Volatility
i Measure of Rate of acceleration of Total equity The percentage of how much| The volatility of daily
Description i s X
volatility. a security's price or volume. | value in market. a company earned per share| excess returns.
Barra factors name | Growth Book-to-Price Leverage Liquidity Non-linear Size
Descrintion Measure of rm's book value to its Measure of a rm's Measure of a_rm's liquidity. Non-linear transformation
P the growth rate. | market capitalization. leverage rate. q " | of size factor.

Table 3.3: Barra style factors from [122].

(4) News dataset: We crawled nancial news between 2012 and 2018 from a major
Chinese news website Sina. We collected a total number of 2.6 million news articles. Each
article can refer to one or multiple stocks. On average, a piece of news refers to 2.94 stocks.
We remark that our way to use news data sets deviates from standard news-based models
for predicting equity returns [39, 72]. Most news-based models aim to extract sentiments
and events that could directly impact one or more related stocks' prices. Rather than
building links between events and the stock uctuation, we use news dataset to identify
similarities between stocks. i.e., when two stocks are mentioned often, they are more likely

to be similar. This is orthogonal to how the news itself impacts the movement of stock
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prices.

Model and training. We use three years of data for training, 10 months of data for
validation and one year of data for testing. We re-train the model every testing year. For
example, the training set starts from Jan. 1, 2012, to Dec. 31, 2014. The corresponding
validation period is from Jan. 15, 2015, to Dec. 16, 2015. We use the validation set to
select the hyperparameters and build the model. Then we use the trained model to forecast
returns of equity in the same universe from Jan. 1, 2016, to Dec. 31, 2016, where we set
10 trading days as the \gap". Then we re-train the model by using data in the second
training period (Jan. 1, 2013, to Dec. 17, 2015). We set a \gap" between the training and

validation periods, and the validation periods testing dataset to avoid looking-ahead issues.

3.13.2 Additional explanation about evaluation matrices and baselines

Computing t-statistics.  Recall that y; 2 RY is a vector of responses ang; 2 R is

the forecast of a model to be evaluated. We examine whether the signals are correlated
with the responses, i.e., for eachlt we run the regression modely; = $;+ and test
whether we can reject the null hypothesis that the series = 0 for all t. Note that the
noises in the regression model are serially correlated so we use Newey-Wekt 9 estimator

to adjust serial correlation issues. Consider, for example, a coin-tossing game, in which
we make one dollar if our prediction of a coin toss is correct or lose one dollar otherwise.
When our forecast has 51% accuracy, we are guaranteed to generate positive returns in the
long run by standard concentration results. Testing whether our forecast has better than
51% accuracy needs many trials because, e.g., when there are only 100 tosses, there is a

40% probability that a random forecast has a 51% accuracy rate.

An example of compare correlation vs MSE. Consider a case where the true returns
of Google and Facebook are +2% and +4%, respectively. Let forecast A be -1% (Google)
and -1% (Facebook), and let forecast B be +20% (Google) and +40% (Facebook). While
forecast A has a smaller MSE, forecast B is more accurate and more pro table (e.g., the

directions of the returns are predicted correctly).
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Sharpe Ratio. The popular Sharpe Ratio measures the performance of an investment
by adjusting for its risk.

R R
Sharpe Ratio = P ", (3.37)
p

where R, is the return of the portfolio, Ry is the risk-free rate, and | is the standard

deviation of the portfolio's excess return.

PnL. Prot& Loss (PnL) is a standard performance measure used in trading and captures
the total pro t or loss of a portfolio over a speci ed period. The PnL of all forecasts made

on day t is given by

1 X
PaL=o  sign(fei) yu: t=1iom (3.38)

i
Additional explanation for recent CAMs

SFM [167]. SFM decomposes the hidden states of an LSTM1BZ network into
multiple frequencies by using Discrete Fourier Transform (DFT) so the model can capture
signals at di erent horizons.

HAN [72].  This work introduces a so-called hybrid attention technique that translates

news into signals.

AlphaStock [155]. This work is proposed by [L59. AlphaStock integrates deep
attention networks reinforcement learning with the optimization of the Sharpe Ratio. For
each stock, AlphaStock uses LSTM 135 with attention on hidden states to extract the
stock representation. Then AlphaStock uses CAAN, which is a self-attention layer, to
capture the interrelations among stocks. Speci cally, CAAN takes the stock representations
as inputs to generate the stock's winning score. We implement LSTM with basic CAAN

and change the forecast into return instead of winning scores.

ARRR ARRR [16]] is a new regularization technique designed to address the over tting
issue in vector regression under the high-dimensional setting. Speci cally, ARRR involves
two SVD, the rst SVD is for estimating the precision matrix of the features, and the

second SVD is for solving the matrix denoising problem.

112



Figure 3.7: Improving factor level forecasting power by the nparam-gEST algorithm.

3.13.3 Experiment evaluation

Improvement over individual factors We t the nparam-gEST model, where Xt is
a stand-alone technical factor to understand whether a technical factor's forecasting power
can be improved by using neighborhood information (see App. 3.15). We say a factor is
\improvable" when its forecasting power in the in-sample data is better by a certain margin
(in correlation). We examine the behaviors of these improvable factors. Fig. 3.7 shows that

the average (out-of-sample) improvement in correlation is 1727% for Universe 80Q and

35:46% for Full universe.

Detailed results for each testing year Tables 3.4 and 3.5 list the results for each
testing year in Universe 800 and Full universe. The bold fonts denote the best performance
in each group. The results are consistent with the Table 3.2. Note that we also report
weighted correlation and weighted t-statistic. The weights are determined by the historical
dollar volume of the asset. These statistics are useful because the positions taken by the

optimizer are sensitive to historical dollar volumes.
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