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ABSTRACT

This thesis develops several forecasting models for simultaneously predicting the
prices of d assets traded in financial markets, a most fundamental problem in the
emerging area of “FinTech”. The models are optimized to address three critical
challenges, C1. High-dimensional interactions between assets. Assets could interact
(e.g., Amazon’s disclosure of its revenue change in cloud services could indicate
that revenues also could change in other cloud providers). The number of possible
interactions is quadratic in d, and is often much larger than the number of observations.
C2. Non-linearity of the hypothesis class. Linear models are usually insufficient
to characterize the relationship between the labels (responses) and the available
information (features). C3. Data scarcity for each asset. The size of the data
associated with an individual asset could be small. For example, a typical daily
forecasting model based on technical factors uses three years (approx. 750 trading
days) of data. We collect one data point for each day so only 750 observations are
available for each asset. We develop the following works to address these challenges.
1. Adaptive reduced rank regression (addressing C1): We examine a linear regression
model y = Mx+ � that aims to directly capture the interactions between all features
from all assets and all the responses, by estimating d� !(d) entries in M using O(d)
observations. In this setting, existing low-rank regularization techniques such as
reduced rank regression or nuclear-norm based regularizations fail to work. Adaptive
Reduced Rank Regression is a new provable algorithm for estimating M under a
mild assumption on the spectrum of the covariance matrix of x.
2. On embedding stocks (addressing C1 & C2). We next propose a semi-parametric
model called the “additive influence model” that decomposes the inference problem
into two orthogonal subroutines. One subroutine is used to learn the high-dim
interactions between entities, and we solve the problem with techniques developed
for Adaptive-RRR. The other subroutine is used to learn the non-linear signals, and
we solve the problem with practical algorithms such as deep learning and ensemble
learning.
3. Equity2Vec: Interaction beyond return correlations (addressing C2 & C3). We
develop a specialized neural net model for each asset (e.g., train gi(�) for asset i) but
there is insufficient data to properly train gi with data only from i (because of C3).
Our idea is to shrink gi(�)’s toward one or more centroids to reduce model (sample)
complexities. Specifically, we train a neural net model g(xi; W; Wi), where W is
shared across all entities, Wi is entity-specific and is learned through embedding,
and gi(xi) = g(xi; W; Wi). When entities i and j are close, then Wi and Wj are close.
Consequently, gi and gj will be similar when entity i and entity j are similar.
The proposed algorithms/models are verified via extensive experiments based on
real-world equity datasets. Our forecasting models can also be applied to a wide
range of applications, such as identifying biomarkers, understanding risks associated
with various diseases, image recognition, and link prediction.
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Chapter 1

Introduction

Predicting the assets prices or return is of fundamental importance to the �nancial

technology community as the successful prediction of assets' future price could yield

signi�cant pro�t [ 71, 157, 103]. This thesis investigates using machine learning techniques

to simultaneously forecast the future return for a large number of stocks traded in a region.

For example, in the US market, we generally build models to predict the next 5-day returns

for the S&P 500 or the Russell 3000.

Forecasting future prices of equities has been extensively studied [165, 22, 60, 12, 81,

69, 21, 86, 46, 70, 62, 26, 155, 49, 73, 53, 68, 38, 51, 28, 64, 26, 39, 167, 72, 80, 92]. Most

have examined how the fundamental characteristics, such as the book/market ratio, capital,

and momentum of the issuing �rm could a�ect the price of the asset over the long term, or

how various events or macroeconomic factors could cause price changes [36, 127, 81]. The

studies have tended to use low-frequency models because the response horizon is in the

order of months (e.g., how a stocks price changes after 3 months). Linear statistical models

need to be used because the data sets are remarkably small, e.g., each asset is associated

with only a few data points (e.g., each month corresponds to a data point). \Mid-frequency"

models with one or multiple days of forecasting horizon had been studied more extensively

in the private sectors. It has been observed that trading activities (e.g., price/volume

changes) have a heavier impact on an equitys short term price movement than fundamental
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factors so signi�cant e�ort was devoted to understanding the prediction powers of technical

factors such as volatility or trading volume changes [155, 26, 49] for empirical asset pricing.

Because we can collect a more reasonable amount of data (e.g., one trading day results

in one data point), using machine learning techniques to extract interactions becomes

possible. Recent years have witnessed explosive development of mid-frequency ML models

from both �nance and computer science.

\High-frequency" models investigate price changes over an even shorter time horizon

(e.g., next 10-second return). The price changes in this horizon are usually driven by the

market microstructure (the dynamics of the bid-ask queues). Here, the modeling challenge

is more on the computational side. It is often remarkably to �t an ML model properly with

an abundant amount of data. So a signi�cant fraction of e�ort focuses on speeding up the

system, which resembles typical system and architecture research [160, 101, 75, 98, 94, 99].

Our works examine the mid-frequency models and focus on their statistical challenges,

and do not examine market microstructure. Under this setting, we focus on learning how

technical factors impact equities prices. We aim to tackle three key challenges that are not

properly addressed in prior works [155, 72, 167, 92, 20, 25, 84, 118, 73]:

C1. High-dimensional interactions between assets. The current state of one asset

could potentially impact the future state of another. For example, Amazon's disclosure

of its revenue change in cloud services could indicate that revenues also could change

in other cloud providers. The number of possible interactions is excessively large and

can be even signi�cantly larger than the number of observations. For example, in a

portfolio of 3,000 stocks, the total number of potential links between pairs of stocks is

3; 000� 3; 000� 107, whereas we typically have 10 years of daily data with only 2,500 data

points [124, 62, 81, 28]. This setting is also referred to as the high dimensional setting and

is prone to have severe over�tting issues. It requires careful analysis of a models theoretical

properties before �tting the data.

C2. Non-linearity of the hypothesis class. Linear models are usually insu�cient

3



to characterize the relationship between the response/label and the available information

(features), so techniques beyond simple linear regressions are heavily needed.

C3. Data scarcity for training individual asset model. While we usually have a

large volume of data, the size of the data associated with an individual asset could be

small and is insu�cient for properly train the model for the individual asset. For example,

a typical daily forecasting model based on technical factors uses 10 years (approx. 2500

trading days) of data. We collect one data point for each day so only 2500 observations

are available for each asset.

1.1 Overview of our contribution

We develop three works that are optimized to address one or more of these critical challenges.

Chapter 2: Adaptive reduced rank regression (address C1). We propose adaptive

reduced rank regression to address the high-dimensional interaction challenge. We assume

a total number of d2 stocks and we examine the regression model. The system proceeds in

rounds for a total of T rounds and regression problemy t = M x t + � . At round t, asseti is

associated with featuresx i;t 2 R k and a responseyi;t 2 R that needs to be predicted. We

use all x t 2 R d1 = f x i;t gi 2 d2 to predict all y t = f yi;t gi 2 [d2 ]. M 2 R d2 � d1 are the learnable

parameters. For example, we aim to predict the returns of a collection of �nancial stocks

in the S&P500. In round t, yi;t refers to the next period return of asseti , x i;t refers to the

features associated with stocki such as the technical factors (e.g., recent trading volumes

of i ), y t refers to the next period return of all the stocks andx t refers to the features from

all the stocks.

Recall that the regression is under high-dimension setting since the number of obser-

vations n is signi�cantly less than d1. Existing low-rank regularization techniques (e.g.,

[7, 76, 84, 118, 104] are not optimized for the large feature size setting. These results

assume that either the features possess the so-called restricted isometry property [23],

or their covariance matrix can be accurately estimated [118]. Therefore, their sample

complexity n depends on eitherd1 or the smallest eigenvalue value� min of x 's covariance

4



matrix. For example, a mean-squared error (MSE) result that appeared in [118] is of the

form O
�

r (d1+ d2 )
n� 2

min

�
. When n � d1=� 2

min , this result becomes trivial because the forecast

ŷ = 0 produces a comparable MSE. We design a new provable algorithm for estimatingM

called Adaptive Reduced Rank Regression (Adaptive-RRR). Our algorithm is a simple

two-stage algorithm. Let X 2 R n� d1 be a matrix that stacks together all features and

Y 2 R n� d2 be the one that stacks the responses. In the �rst stage, we run a principal

component analysis (PCA) onX to obtain a set of uncorrelated featuresẐ. In the second

stage, we run another PCA to obtain a low rank approximation of ẐT Y and use it to

construct an output.

While the algorithm is operationally simple, we show a powerful and generic result on

using PCA to process features, a widely used practice for \dimensionality reduction" [24,

58, 53]. PCA is known to be e�ective to orthogonalize features by keeping only the subspace

explaining large variations. But its performance can only be analyzed under the so-called

factor model [143, 142]. We show the e�cacy of PCA without the factor model assumption.

Instead, PCA should be interpreted as a robust estimator ofx 's covariance matrix. The

empirical estimator C = 1
n XX T in the high-dimensional setting cannot be directly used

becausen � d1 � d2, but it exhibits an interesting regularity: the leading eigenvectors of

C are closer to ground truth than the remaining ones. In addition, the number of reliable

eigenvectors grows as the sample size grows, so our PCA procedure projects the features

along reliable eigenvectors anddynamically adjusts Ẑ 's rank to maximally utilize the raw

features. Under mild conditions on the ground-truth covariance matrix C � of x, we show

that it is always possible to decomposex into a set of near-independent features and a set

of (discarded) features that have an inconsequential impact on a model's MSE.

When featuresx are transformed into uncorrelated onesz, our original problem becomes

y = N z + � , which can be reduced to a matrix denoising problem [41] and be solved by

the second stage. Our algorithm guarantees that we can recover all singular vectors ofN

whose associated singular values are larger than a certain threshold� . The performance

guarantee can be translated into MSE bounds parametrized by commonly used variables
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(though, these translations usually lead to looser bounds). For example, whenN 's rank is

r , our result reduces the MSE fromO(racr (d1 + d2)n� 2
min ) to O( rd 2

n + n� c) for a suitably

small constant c. The improvement is most pronounced whenn � d1.

We also provide a new matching lower bound. Our lower bound asserts thatno

algorithm can recover a fraction of singular vectors ofN whose associated singular values

are smaller than �� , where � is a \gap parameter". Our lower bound contribution is

twofold. First, we introduce a notion of \local minimax", which enables us to de�ne a

lower bound parametrized by the singular values ofN . This is a stronger lower bound

than those delivered by the standard minimax framework, which are often parametrized

by the rank r of N [84]. Second, we develop a new probabilistic technique for establishing

lower bounds under the new local minimax framework. Roughly speaking, our techniques

assemble a large collection of matrices that share the same singular values ofN but are far

from each other, so no algorithm can successfully distinguish these matrices with identical

spectra.

Adaptive reduced rank regression (Adaptive-RRR) is a new and provably optimal

algorithm for estimating M under a mild average case assumption over the features. Our

algorithm is a simple two-stage algorithm. Let X 2 R n� d1 be a matrix that stacks together

all features andY 2 R n� d2 be the one that stacks the responses. In the �rst stage, we run

a principal component analysis (PCA) on X to obtain a set of uncorrelated featuresẐ. In

the second stage, we run another PCA to obtain a low-rank approximation ofẐT Y and

use it to construct an output. We also provide an upper bound and a new matching lower

bound.

Chapter 3: On embedding stocks (addressing C1 & C2). This work describes

how we can decouple the learning of high-dimensional stock interactions (C1) and non-

linear learning of feature interactions (C2) so that the former problem is solvable by

provable algorithms and the latter is solvable by a wide range of practical machine

learning [155, 72, 100, 159] techniques such as deep learning, boosting tree, and non-
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parametric methods.

We propose a latent position model for equity returns, dubbed as the additive in
uence

model. Our model assumes that each stocki is associated with a vector representation

zi in a (latent) Euclidean space, and characterizes the interactions between stocks in the

form as

y t;i =
X

j 2 [d]

� (zi ; zj )g(x j;t ) + � t;i ; (1.1)

where y t;i 2 R is the next period return at time t for stock i , x t;j 2 R k are the features

associated with stockj at time t, � t;i is a noise term,g : R k ! R is an unknown function,

and � is a function that measures the interaction strength between stocks based on their

vector representations. Whenzi and zj are close,� (zi ; zj ) will be large, and thus the

variable g(x t;j ) from stock j 's has a stronger impact oni 's return.

Our proposed model allows for feature interactions throughg(�), and addresses the

over�tting problem arising from stock interactions because the distances (interaction

strength) between stocks are constrained by the latent Euclidean space: whenzi � zj and

zj � zk are small, zi � zk is also small, and thus the degree of freedom for stock interactions

becomes substantially smaller thanO(d2).

Our goal is to learn both the zi 's and g(�). We note that these two learning tasks can

be decoupled: high-dim methods can be developed toprovably estimate the zi 's without the

knowledge ofg(�), and when estimates ofzi 's are given, an experiment-driven process can

be used to learng(�) by examining prominent machine learning methods such as neural

nets and boosting. In other words, when we learn stock interactions, we do not need to be

troubled by the over�tting problem escalated by �ne-tuning g(�), and when we learn feature

interactions, the generalization error will not be jeopardized by the curse of dimensionality

from stock interactions.

To learn the zi 's, we design a simple algorithm that uses low-rank approximation of

y t 's covariance matrix to �nd the closeness of the stocks, and develop a novel theoretical

analysis based on recent techniques from high-dim and kernel learning [15, 147, 161].
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To learn g(�), we generalize major machine learning techniques, including neural nets,

non-parametric, and boosting methods, to the additive in
uence model when estimates

of zi 's are known. We speci�cally develop a moment-based algorithm for non-parametric

learning of g(�), and a computationally e�cient boosting algorithm based on linear learners

by using the domain knowledge of equity data sets.

Chapter 4: Equity2Vec (addressing C2 & C3).

We propose Equity2Vec to learn the stock embedding re
ects non-return interactions

and address the data scarcity challenge (C3) using neural net model (C2).

First, we examine how to learn the stock embeddings. Most research analyzed the

interactions between stocks by modeling their correlations over returns. However, the

stock interactions are beyond return correlations. For example, in early 2021, the AMC

theatres, GameStop, and BlackBerry suddenly show the co-movement. All of them show

the soaring stock price due to the investors formed on social media are buying up these

stocks. Thus, it is logical to ask how can we generalize the notion of correlation, or use

non-return information to analyze the interactions. We make two key observations by

analyzing news on stocks. When two stocks are frequently co-mentioned, 1) they are likely

to share common characteristics such as sector and supply-chain relation, 2) their prices

tend to have a similar trend. Based on our observations, we designed the graph-based

component and learned the stock embeddings that e�ectively capture both long-term and

evolving cross-sectional interactions using news co-mention.

To solve the data scarcity challenge, we develop a specialized neural net model for each

asset (e.g., traingi (�) for asset i ) but there is insu�cient data to properly train gi (�) with

data only from i (because of C3). Therefore, we use the data associated with other entities

for training. We aim to train a neural net model g(x i ; W; Wi ), where W is shared across all

assets,Wi is entity-speci�c and is learned through embedding, andgi (x i ) = g(x i ; W; Wi ).

When assetsi and j are close, thenWi and Wj are close. Consequently,gi and gj will be

similar when asseti and assetj are similar.
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All the proposed algorithms/models are veri�ed via extensive experiments based on

real-world equity datasets. Our forecasting models can also be applied to a wide range of

applications, such as identifying biomarkers, understanding risks associated with various

diseases, customer care [158], image recognition, and link prediction [96], topic modeling [].

1.2 Dissertation Organization

The rest of this dissertation is organized as follows. Chapter 2 discusses more details

about Adaptive-RRR, where we demonstrate our upper bound, new matching lower bound,

and the experiments. In Chapter 3, we demonstrate how we use high-dimensional kernel-

based techniques to design a provably correct algorithm for revealing stock latent position,

and how we integrate the algorithm with machine learning models including two new

algorithmic techniques (a statistically sound non-parametric method and an ensemble

learning algorithm optimized for vector regressions). In Chapter 4, we propose Equity2Vec,

where we use both static and dynamic non-return interactions to price the assets. In

Chapter 5, we summarize the contributions of our works and discuss the future research

directions.
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Chapter 2

Adaptive reduced rank regression

2.1 Introduction

We consider the regression problemy = M x + � in the high dimensional setting, where

x 2 R d1 is the vector of features,y 2 R d2 is a vector of responses,M 2 R d2 � d1 are the

learnable parameters, and� � N (0; � 2
� I d2 � d2 ) is a noise term. High-dimensional setting

refers to the case where the number of observationsn is insu�cient for recovery and hence

regularization for estimation is necessary [84, 118, 27]. This high-dimensional model is

widely used in practice, such as identifying biomarkers [170], understanding risks associated

with various diseases [52, 14], image recognition [129, 47], forecasting equity returns in

�nancial markets [124, 142, 107, 16], and analyzing social networks [163, 130].

We consider the \large feature size" setting, in which the number of featuresd1

is excessively large and can be even larger than the number of observationsn. This

setting frequently arises in practice because it is often straightforward to perform feature-

engineering and produce a large number of potentially useful features in many machine

learning problems. For example, in a typical equity forecasting model,n is around 3,000

(i.e., using 10 years of market data), whereas the number of potentially relevant features

can be in the order of thousands [124, 62, 81, 28]. In predicting the popularity of a user in

an online social network,n is in the order of hundreds (each day is an observation and a

typical dataset contains less than three years of data) whereas the feature size can easily
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be more than 10k [133, 13, 140].

Existing low-rank regularization techniques (e.g., [84, 118, 104] ) are not optimized for

the large feature size setting. These results assume that either the features possess the

so-called restricted isometry property [23], or their covariance matrix can be accurately

estimated [118]. Therefore, their sample complexity n depends on eitherd1 or the smallest

eigenvalue value� min of x 's covariance matrix. For example, a mean-squared error (MSE)

result that appeared in [118]is of the form O
�

r (d1+ d2 )
n� 2

min

�
. When n � d1=� 2

min , this result

becomes trivial because the forecast̂y = 0 produces a comparable MSE. We design an

e�cient algorithm for the large feature size setting. Our algorithm is a simple two-stage

algorithm. Let X 2 R n� d1 be a matrix that stacks together all features andY 2 R n� d2 be

the one that stacks the responses. In the �rst stage, we run a principal component analysis

(PCA) on X to obtain a set of uncorrelated featuresẐ. In the second stage, we run another

PCA to obtain a low rank approximation of ẐT Y and use it to construct an output.

While the algorithm is operationally simple, we show a powerful and generic result on

using PCA to process features, a widely used practice for \dimensionality reduction" [24,

58, 53]. PCA is known to be e�ective to orthogonalize features by keeping only the subspace

explaining large variations. But its performance can only be analyzed under the so-called

factor model [143, 142]. We show the e�cacy of PCA without the factor model assumption.

Instead, PCA should be interpreted as a robust estimator ofx 's covariance matrix. The

empirical estimator C = 1
n XX T in the high-dimensional setting cannot be directly used

becausen � d1 � d2, but it exhibits an interesting regularity: the leading eigenvectors of

C are closer to ground truth than the remaining ones. In addition, the number of reliable

eigenvectors grows as the sample size grows, so our PCA procedure projects the features

along reliable eigenvectors anddynamically adjusts Ẑ 's rank to maximally utilize the raw

features. Under mild conditions on the ground-truth covariance matrix C � of x, we show

that it is always possible to decomposex into a set of near-independent features and a set

of (discarded) features that have an inconsequential impact on a model's MSE.

When featuresx are transformed into uncorrelated onesz, our original problem becomes
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y = N z + � , which can be reduced to a matrix denoising problem [41] and be solved by

the second stage. Our algorithm guarantees that we can recover all singular vectors ofN

whose associated singular values are larger than a certain threshold� . The performance

guarantee can be translated into MSE bounds parametrized by commonly used variables

(though, these translations usually lead to looser bounds). For example, whenN 's rank

is r , our result reduces the MSE fromO( r (d1+ d2 )
n� 2

min
) to O( rd 2

n + n� c) for a suitably small

constant c. The improvement is most pronounced whenn � d1.

We also provide a new matching lower bound. Our lower bound asserts thatno

algorithm can recover a fraction of singular vectors ofN whose associated singular values

are smaller than �� , where � is a \gap parameter". Our lower bound contribution is

twofold. First, we introduce a notion of \local minimax", which enables us to de�ne a

lower bound parametrized by the singular values ofN . This is a stronger lower bound

than those delivered by the standard minimax framework, which are often parametrized

by the rank r of N [84]. Second, we develop a new probabilistic technique for establishing

lower bounds under the new local minimax framework. Roughly speaking, our techniques

assemble a large collection of matrices that share the same singular values ofN but are far

from each other, so no algorithm can successfully distinguish these matrices with identical

spectra.

2.2 Preliminaries

Notation. Let X 2 R n� d1 and Y 2 R n� d2 be data matrices with their i -th rows

representing thei -th observation. For matrix A, we denote its singular value decomposition

as A = UA � A (V A )T and P r (A) , UA
r � A

r V A
r

T is the rank r approximation obtained by

keeping the top r singular values and the corresponding singular vectors. When the context

is clear, we drop the superscriptA and useU; � ; and V (Ur , � r , and Vr ) instead. Both

� i (A) and � A
i are used to refer toi -th singular value of A. We use MATLAB notation when

we refer to a speci�c row or column, e.g.,V1;: is the �rst row of V and V:;1 is the �rst column.

kAkF , kAk2, and kAk� are Frobenius, spectral, and nuclear norms ofA. In general, we use
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boldface upper case (e.g.,X ) to denote data matrices and boldface lower case (e.g.,x) to

denote one sample. Regular fonts denote other matrices. LetC � = E[xx T ] and C = 1
n X T X

be the empirical estimate ofC � . Let C � = V � � � (V � )T be the eigen-decomposition of the

matrix C � , and � �
1 � � �

2; : : : ; � � �
d1

� 0 be the diagonal entries of �� . Let f u1; u2; : : : u `g

be an arbitrary set of column vectors, andSpan(f u1; u2; : : : ; u `g) be the subspace spanned

by it. An event happens with high probability means that it happens with probability

� 1 � n� 5, where 5 is an arbitrarily chosen large constant and is not optimized.

Step-1-PCA-X (X )

1 [U; � ; V ] = svd( X )
2 � = 1

n (� 2); � i = � i;i .
3 . Gap thresholding.
4 . � = n� O(1) is a tunable parameter.
5 k1 = max f k1 : � k1 � � k1+1 � � g,
6 � k1 : diagonal matrix comprised of f � i gi � k1 .
7 Uk1 ; Vk1 : k1 leading columns ofU and V .

8 �̂ = (� k1 ) � 1
2 V T

k1

9 Ẑ+ =
p

nUk1 (= X �̂ T ).
10 return f Ẑ+ ; �̂ g.

Step-2-PCA-Denoise (Ẑ+ ; Y )

1 N̂ T
+  1

n ẐT
+ Y .

2 . Absolute value thresholding.
3 . � is a suitable constant; � � is std. of the noise.

4 k2 = max
n

k2 : � k2 (N̂+ ) � �� �

q
d2
n

o
.

5 return P k2 (N̂+ )

Adaptive-RRR (X ; Y )

1 [Ẑ+ ; �̂] = Step-1-PCA-A (X ).
2 P k2 (N̂+ ) = Step-2-PCA-Denoise (Ẑ+ ; Y ).
3 return M̂ = P k2 (N̂+ )�̂

Figure 2.1: Our algorithm ( Adaptive-RRR ) for solving the regressiony = M x + � .

Our model. We consider the modely = M x + � , where x 2 R d1 is a multivariate
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Gaussian, y 2 R d2 , M 2 R d2 � d1 , and � � N (0; � 2
� I d2 � d2 ). We can relax the Gaussian

assumptions onx and � for most results we develop. We assume a PAC learning framework,

i.e., we observe a sequencef (x i ; y i )gi � n of independent samples and our goal is to �nd an

M̂ that minimizes the test error Ex ;y [kM̂ x � M xk2
2]. We are speci�cally interested in the

setting in which d2 � n � d1.

The key assumption we make to circumvent thed1 � n issue is that the features are

correlated. This assumption can be justi�ed for the following reasons:(i) In practice, it

is di�cult, if not impossible, to construct completely uncorrelated features. (ii) When

n � d1, it is not even possible to test whether the features are uncorrelated [11]. (iii)

When we indeed know that the features are independent, there are signi�cantly simpler

methods to design models. For example, we can build multiple models such that each model

regresses on an individual feature ofx, and then use a boosting/bagging method [53, 136]

to consolidate the predictions.

The correlatedness assumption implies that the eigenvalues ofC � decays. The only

(full rank) positive semide�nite matrices that have non-decaying (uniform) eigenvalues are

the identity matrix (up to some scaling). In other words, when C � has uniform eigenvalues,

x has to be uncorrelated.

We aim to design an algorithm that works even whenthe decay is slow, such as when

� i (C � ) has a heavy tail. Speci�cally, our algorithm assumes� i 's are bounded by a heavy-tail

power law series:

Assumption 2.2.1. The � i (C � ) series satis�es � i (C � ) � c � i � ! for a constant c and

! � 2.

We do not make functional form assumptions on� i 's. This assumption also covers many

benign cases, such as whenC � has low rank or its eigenvalues decay exponentially. Many

empirical studies report power law distributions of data covariance matrices [4, 120, 151, 33].

Next, we make standard normalization assumptions. E kxk2
2 = 1, kM k2 � � = O(1),

and � � � 1. Remark that we assume only the spectral norm ofM is bounded, while its
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Frobenius norm can be unbounded. Also, we assume the noise� � � 1 is su�ciently large,

which is more important in practice. The case when� � is small can be tackled in a similar

fashion. Finally, our studies avoid examining excessively unrealistic cases, so we assume

d1 � d3
2. We examine the setting where existing algorithms fail to deliver non-trivial MSE,

so we assume thatn � rd1 � d4
2.

2.3 Upper bound

Our algorithm (see Fig. 2.1) consists of two steps.Step 1. Producing uncorrelated

features. We run a PCA to obtain a total number of k1 orthogonalized features. See

Step-1-PCA-X in Fig. 2.1. Let the SVD of X be X = U�( V )T . Let k1 be a suitable

rank chosen by inspecting the gaps ofX 's singular values (Line 5 in Step-1-PCA-X ).

Ẑ+ =
p

nUk1 is the set of transformed features output by this step. The subscript + in

Ẑ+ re
ects that a dimension reduction happens so the number of columns in̂Z+ is smaller

than that in X . Compared to standard PCA dimension reduction, there are two di�erences:

(i) We use the left leading singular vectors ofX (with a re-scaling factor
p

n) as the output,

whereas the PCA reduction outputs P k1 (X ). (ii) We design a specialized rule to choosek1

whereas PCA usually uses a hard thresholding or other ad-hoc rules.Step 2. Matrix

denoising. We run a second PCA on the matrix (N̂+ )T , 1
n ẐT

+ Y . The rank k2 is chosen

by a hard thresholding rule (Line 4 in Step-2-PCA-Denoise ). Our �nal estimator is

P k2 (N̂+ )�̂, where �̂ = (� k1 ) � 1
2 V T

k1
is computed in Step-1-PCA-X (X ).

2.3.1 Intuition of the design

While the algorithm is operationally simple, its design is motivated by carefully unfolding

the statistical structure of the problem. We shall realize that applying PCA on the features

should not be viewed as removing noise from a factor model, or �nding subspaces that

maximize variations explained by the subspaces as suggested in the standard literature [53,

143, 144]. Instead, it implicitly implements a robust estimator for x 's precision matrix,

and the design of the estimator needs to be coupled with our objective of forecastingy ,

thus resulting in a new way of choosing the rank.

Design motivation: warm up. We �rst examine a simpli�ed problem y = N z + � ,

15



where variables inz are assumed to be uncorrelated. Assumed = d1 = d2 in this simpli�ed

setting. Observe that

1
n

ZT Y =
1
n

ZT (ZN T + E) = (
1
n

ZT Z)N T +
1
n

ZT E � I d1 � d1 N T +
1
n

ZT E = N T + E;

(2.1)

where E is the noise term and E can be approximated by a matrix with independent

zero-mean noises.

Solving the matrix denoising problem. Eq. 2.1 implies that when we computeZT Y , the

problem reduces to an extensively studied matrix denoising problem [41, 55]. We include

the intuition for solving this problem for completeness. The signalN T is overlaid with a

noise matrix E. E will elevate all the singular values ofN T by an order of � �
p

d=n. We

run a PCA to extract reliable signals: when the singular value of a subspace is� � �
p

d=n,

the subspace contains signi�cantly more signal than noise and thus we keep the subspace.

Similarly, a subspace associated a singular value. � �
p

d=n mostly contains noise. This

leads to a hard thresholding algorithm that sets N̂ T = P r (N T + E), where r is the

maximum index such that � r (N T + E) � c
p

d=n for some constantc. In the general setting

y = M x + � , x may not be uncorrelated. But when we setz = (� � ) � 1
2 (V � )T x, we see that

E[zzT ] = I . This means knowingC � su�ces to reduce the original problem to a simpli�ed

one. Therefore, our algorithm uses Step 1 to estimateC � and Z, and uses Step 2 to reduce

the problem to a matrix denoising one and solve it by standard thresholding techniques.

Relationship between PCA and precision matrix estimation. In step 1, while

we plan to estimate C � , our algorithm runs a PCA on X . We observe that empirical

covariance matrix C = 1
n X T X = 1

n V(�) 2(V )T , i.e., C's eigenvectors coincide withX 's

right singular vectors. When we use the empirical estimator to constructẑ, we obtain

ẑ =
p

n(�) � 1(V )T x. When we apply this map to every training point and assemble the

new feature matrix, we exactly get Ẑ =
p

nX V(�) � 1 =
p

nU. It means that using C to

construct ẑ is the same as running a PCA inStep-1-PCA-X with k1 = d1.

When k1 < d 1, PCA uses a low rank approximation ofC as an estimator for C � . We
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Figure 2.2: The angle matrix betweenC and C � .

now explain why this is e�ective. First, note that C is very far from C � when n � d1,

therefore it is dangerous to directly plug in C to �nd ẑ. Second, an interesting regularity

of C exists and can be best explained by a picture. In Fig. 2.2, we plot the pairwise angles

between eigenvectors ofC and those ofC � from a synthetic dataset. Columns are sorted

by the C � 's eigenvalues in decreasing order. WhenC � and C coincide, this plot would look

like an identity matrix. When C and C � are unrelated, then the plot behaves like a block of

white Gaussian noise. We observe a pronounced pattern: the angle matrix can be roughly

divided into two sub-blocks (see the red lines in Fig. 2.2). The upper left sub-block behaves

like an identity matrix, suggesting that the leading eigenvectors ofC are close to those of

C � . The lower right block behaves like a white noise matrix, suggesting that the \small"

eigenvectors ofC are far from those ofC � . When n grows, one can observe the upper

left block becomes larger and this the eigenvectors ofC will sequentially get stabilized.

Leading eigenvectors are �rst stabilized, followed by smaller ones. Our algorithm leverages

this regularity by keeping only a suitable number of reliable eigenvectors fromC while

ensuring not much information is lost when we throw away those \small" eigenvectors.

Implementing the rank selection. We rely on three interacting building blocks:

1. Dimension-free matrix concentration. First, we need to �nd a concentration behavior

of C for n � d1 to decoupled1 from the MSE bound. We utilize a dimension-free matrix
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concentration inequality [121](also replicated as Lemma 2.3.5) . Roughly speaking, the

concentration behaves askC � C � k2 � n� 1
2 . This guarantees that j� i (C) � � i (C � )j � n� 1

2

by standard matrix perturbation results [79].

2. Davis-Kahan perturbation result. However, the pairwise closeness of the� i 's does

not imply the eigenvectors are also close. When� i (C � ) and � i +1 (C � ) are close, the

corresponding eigenvectors inC can be \jammed" together. Thus, we need to identify an

index i , at which � i (C � ) � � i +1 (C � ) exhibits signi�cant gap, and use a Davis-Kahan result

to show that P i (C) is close toP i (C � ). On the other hand, the map � � (, (� � ) � 1
2 (V � )T )

we aim to �nd depends on the square root of inverse (�� ) � 1
2 , so we need additional

manipulation to argue our estimate is close to (� � ) � 1
2 (V � )T .

3. The connection between gap and tail. Finally, the performance of our procedure is also

characterized by the total volume of signals that are discarded, i.e.,
P

i>k 1
� i (C � ), where k1

is the location that exhibits the gap. The question becomes whether it is possible to identify

a k1 that simultaneously exhibits a large gap and ensures the tail after it is well-controlled,

e.g., the sum of the tail is O(n� c) for a constant c. We develop a combinatorial analysis

to show that it is always possibleto �nd such a gap under the assumption that � i (C � )

is bounded by a power law distribution with exponent ! � 2. Combining all these three

building blocks, we have:

Proposition 2.3.1. Let " and � be two tunable parameters such that" = ! (log3 n=
p

n) and

� 3 = ! (" ). Assume that � �
i � c � i � ! . Consider running Step-1-PCA-X in Fig. 2.1, with

high probability, we have (i) Leading eigenvectors/values are close:there exists a unitary

matrix W and a constantc1 such that kVk1 (� k1 ) � 1
2 � V �

k1
(� �

k1
)� 1

2 W k � c1"
� 3 : (ii) Small tail:

P
i � k1

� �
i � c2�

! � 1
! +1 for a constant c2.

Prop. 2.3.1 implies that our estimate ẑ+ = �̂ (x) is su�ciently close to z = � � (x), up

to a unitary transform. We then execute Step-2-PCA-Denoise to reduce the problem

to a matrix denoising one and solve it by hard-thresholding. Let us refer toy = N z + � ,

where z is a standard multivariate Gaussian andN = MV � (� � )
1
2 as the orthogonalized

form of the problem. While we do not directly observez, our performance is characterized
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by spectra structure of N .

Theorem 2.3.2. Consider running Adaptive-RRR in Fig. 2.1 on n independent samples

(x; y ) from the modely = M x + � , where x 2 R d1 and y 2 R d2 . Let C � = E[xx T ]. Assume

that (i) kM k2 � � = O(1), and (ii) x is a multivariate Gaussian with kxk2 = 1 . In

addition, � 1(C � ) < 1 and for all i , � i (C � ) � c=i! for a constant c, and (iii) � � N (0; � 2
� I d1 ),

where � � � minf � ; 1g.

Let " = ! (log3 n=
p

n), � 3 = ! (" ), and � be a suitably large constant. Lety = N z + � be

the orthogonalized form of the problem. Let̀ � be the largest index such that� N
` � > �� �

q
d2
n .

Let ŷ be our testing forecast. With high probability over the training data:

E[kŷ � yk2
2] �

X

i � ` �

(� N
i )2 + O

�
` � d2� 2� 2

�

n

�
+ O

� r
"
� 3

�
+ O

�
�

! � 1
4( ! +1)

�
(2.2)

The expectation is over the randomness of the test data.
Theorem 2.3.2 also implies that there exists a way to parametrize" and � such that

E[kŷ � yk2
2] �

P
i>` � (� N

i )2 + O
�

` � d2 � 2 � 2
�

n

�
+ O(n� c0 ) for some constant c0. We next

interpret each term in (2.2).

Terms
P

i>` � (� N
i )2 + O

�
` � d2 � 2 � 2

�
n

�
are typical for solving a matrix denoising problem

N̂ T
+ + E(� N T + E): we can extract signals associated with̀ � leading singular vectors of

N , so
P

i>` � (� N
i )2 starts at i > ` � . For each direction we extract, we need to pay a noise

term of order � 2� 2
�

d2
n , leading to the term O

�
` � d2 � 2 � 2

�
n

�
. Terms O

� p "
� 3

�
+ O

�
�

! � 1
4( ! +1)

�

come from the estimations error of ẑ+ produced from Prop. 2.3.1, consisting of both

estimation errors of C � 's leading eigenvectors and the error of cutting out a tail. We pay

an exponent of 1
4 on both terms (e.g., �

! � 1
! +1 in Prop. 2.3.1 becomes�

! � 1
4( ! +1) ) because we

used Cauchy-Schwarz (CS) twice. One is used in running matrix denoising algorithm with

inaccurate z+ ; the other one is used to bound the impact of cutting a tail. It remains open

whether two CS is can be circumvented.

Sec. 2.4 explains how Thm 2.3.2 and the lower bound imply the algorithm is near-

optimal. Sec. 2.5 compares our result with existing ones under other parametrizations, e.g.
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Rank(M ).

2.3.2 Analysis

We now analyze our algorithm. Our analysis consists of three steps. In step 1, we prove

Proposition 2.3.1. In step 2, we relateZT Y with the product produced by our estimate

ẐT
+ Y . In step 3, we prove Theorem 2.3.2.

2.3.2.1 Step 1. PCA for the features (proof of Proposition 2.3.1)

This section proves Proposition 2.3.1. We shall �rst show that the algorithm always

terminates. We have the following lemma.

Lemma 2.3.3. Let f � i gi � d be a sequence such that
P

i � n � i = 1 , � i � ci � ! for some

constant c, ! � 2, and � 1 < 1. De�ne � i = � i � � i +1 for i � 1. Let `0 be a su�ciently

large number, andc1 and c2 are two suitable constants. Let` be any number such that

` � `0. Let � be any parameter such that� < � � 1. There exists an i � such that (i) Gap is

su�ciently large: � i � � c1 � ` � (� != (! � 1)+1) , and (ii) tail sum is small:
P

i � i � � i � c2=`� � .

We remark that Lemma 2.3.3 will also be able to show part (ii) of Proposition 2.3.1

(this will be explained below). This lemma also corresponds to the \connection between

gap and tail" building block referred in Section 2.3.1.

Proof of Lemma 2.3.3. De�ne the function h(t) =
P

i � t c=i! = c3+ o(1)
t ! � 1 (by EulerMaclaurin

formula), where o(1) is a function of t

Next, let us de�ne

i 1 = min

8
<

:
i � :

X

i � i �

� i � 1 � h(`
�

! � 1 )

9
=

;
� 1

i 2 = min

8
<

:
i � :

X

i � i �

� i � 1 �
1
2

� h(`
�

! � 1 )

9
=

;
� 1:

Roughly speaking, we want to identify an i 1 such that
P

i � i 1
� i is smaller than 1�

h
�

`
�

! � 1

�
but is as close to it as possible. We can interpreti 2 in a similar manner. i 1; i 2 � 1
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because of the assumption� 1 < 1.

We can verify that i 1 < `
�

! � 1 because
P

i � `
�

! � 1
� i � 1 � h

�
`

�
! � 1

�
. We can similarly

verify that i 2 < c 4`
�

! � 1 for some constantc4. Now using

X

i � i 2+1

� i � 1 �
(c3 + o(1)) ` � �

2

X

i � i 1

� i � 1 � (c3 + o(1)) ` � � :

We may use an averaging argement and show that there exists ani 3 2 [i 1 + 1 ; i 2 + 1] such

that

� i 3 �
(c3 + o(1)) ` � �

i 2 � i 1
�

(c3 + o(1)) ` � �

c4`
�

! � 1

� c5` � � � �
! � 1 = c5` � � !

! � 1 :

Note that c5` � � !
! � 1 � 2c`� ! because� < ! � 1. Next, using that � ` � c= !̀ , we have

� ` =

� c5 ` � � !
! � 1

z}|{
� i 3 +( � i 3+1 � � i 3 ) + � � � + ( � ` � � ` � 1) �

� c5
2 �` � � !

! � 1

z}| {
c= !̀ : (2.3)

This implies one of (� i 3 � � i 3+1 ); : : : ; (� ` � 1 � � ` ) is at least c5
2 � ` � � !

! � 1 =`. In other words,

there exists ani � 2 [i 3 + 1 ; `] such that � i � � � i � +1 � c5
2 `

�
�

� !
! � 1 +1

�

: Finally, we can check

that
X

i � i �

� i � �
X

i � i 1

� i � � h
�

`
�

! � 1

�
�

c2

` � : (2.4)

2

We apply Lemma 2.3.3 by setting � ! ! � 1. There is a parameter` that we can

tune, such that it is always possible to �nd an i � where � i � � c1` � (! +1) and
P

i � i � � i �

1 � c2` � (! � 1) . For any � = o(1) (a function of n), we can set` = �
� � 1

�

� 1
! +1

�
. In addition,

P
i � k1

� i = O
�

�
! � 1
! +1

�
. This also proves the second part of the Proposition.

It remains to prove part (i) of Proposition 2.3.1. It consists of three steps.
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Step 1. Dimension-free Cherno� bound for matrices. We �rst give a bound on kC � � Ck2,

which characterizes the tail probability by using the �rst and second moments of random

vectors. This is the key device enabling us to meaningfully recover signals even when

n � d1.

Lemma 2.3.4. Recall that C � = E[xx T ] and C = 1
n X T X . For any " > 0,

Pr[kC � � Ck2 � " ] � (2n2) exp(� n" 2=(log4 n)) + n� 10: (2.5)

The exponent 10 is chosen arbitrarily and is not optimized.

Proof of Lemma 2.3.4. We use the following speci�c form of Cherno� bound ([121])

Lemma 2.3.5. Let z1, z2; : : : ; zn be i.i.d. random vectors such thatkzi k � � a.s. and

k E[zi zT
i ]k � � . Then for any � > 0,

Pr

2

4














1
n

X

i � n

zi zT
i � E[zi zT

i ]














2

� "

3

5 � (2n2) exp
�

�
n" 2

16�� 2 + 8 � 2"

�
(2.6)

We aim to use Lemma 2.3.5 to show Lemma 2.3.4 and we setzi = x i . But the `2-norm

of zi 's are unbounded so we need to use a simple coupling technique to circumvent the

problem. Speci�cally, let c0 be a suitable constant and de�ne

~zi =
�

zi if jzi j � c0 log2 n
0 otherwise. (2.7)

By using a standard Cherno� bound, we have

Pr[9i : ~zi 6= zi ] �
1

n10 : (2.8)

Let us write ~C = 1
n

P
i � n ~zi ~zT

i . We set � = c0 log2 n and � = �(1) in Lemma 2.3.5. One
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can see that

Pr[kC � � Ck2 � " ] � Pr
h
(k ~C � Ck2 � " ) _ ( ~C 6= C)

i
� 2n2 exp

�
�

n" 2

log4 n

�
+

1
n10 : (2.9)

2

Step 2. Davis-Kahan bound. The above analysis gives us thatkC � � Ck2 � " . We next

show that the �rst a few eigenvectors of C are close to those ofC � .

Lemma 2.3.6. Let " = !
�

log3 np
n

�
and � 3 = ! (" ). Considering running Step-1-PCA-X

in Fig. 2.1. Let P � = V �
k1

(V �
k1

)T and P = Vk1 V T
k1

. When kC � � Ck2 � " , kP � � Pk 2 � 2"
� :

Proof. Recall that � �
1; � �

2; : : : ; � �
d1

are the eigenvalues ofC � . Let also � 1; � 2; : : : ; � d1 be the

eigenvalues ofC. De�ne

S1 = [ � k1 � �=10; 1 ] and S2 = [0 ; � k1+1 + �=10]: (2.10)

The constant 10 is chosen in an arbitrary manner. BecausekC � � Ck2 � " , we know that

S1 contains � �
1; : : : ; � �

k and that S2 contains � �
k1+1 ; : : : ; � �

d1
[79]. Using the Davis-Kahan

Theorem [37], we get

kP � � Pk 2 �
kC � � Ck2

0:8�
�

2�
�

(2.11)

2

We also need the following building block.

Lemma 2.3.7. [147] Let A and B be n � n positive semide�nite matrices with the same

rank of d. Let X and Y be of full column rank such thatXX T = A and Y YT = B . Let �

be the smallest non-zero eigenvalue ofB . Then there exists a unitary matrix W 2 R d� d

such that

kXW � Yk2 �
kA � B k2(

p
kAk2 +

p
kB k2)

�
:
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Step 3. Commuting the unitary matrix. Roughly speaking, Lemma 2.3.6 and Lemma 2.3.7

show that there exists a unitary matrix W such that kVk1 W � V �
k1

k2 is close to 0. Standard

matrix perturbation result also shows that � k1 and � �
k1

are close. This gives us that

Vk1 W �
� 1

2
k1

and V �
k1

(� �
k1

) � 1
2 are close, whereas we need thatVk1 �

� 1
2

k1
W and V �

k1
(� �

k1
) � 1

2 are

close. The unitary matrix W is not in the right place. This is a standard technical obstacle

for analyzing PCA based techniques [147, 48, 90]. We develop the following lemma to

address the issue.

Lemma 2.3.8. Let U1; U2 be n � d matrices such that U>
1 U1 = U>

2 U2 = I . Let S1, S2

be diagonal matrices with strictly positive entries, and letW 2 R d� d be a unitary matrix.

Then,

kU1S� 1
1 W � U2S� 1

2 k �
kU1S1W � U2S2k

minf (S1) ii g � minf (S2) ii g
+

kU1U>
1 � U2U>

2 k
minf (S2) ii g

Proof. Observe that,

U1S� 1
1 W � U2S� 1

2 = U1S� 1
1 W (S2U>

2 � W > S1U>
1 )U2S� 1

2 + U1U>
1 U2S� 1

2 � U2U>
2 U2S� 1

2 :

The result then follows by taking spectral norms of both sides, the triangle inequality and

the sub-multiplicativity of the spectral norm. 2

Results from Step 1 to Step 3 su�ce to prove the �rst part of Proposition 2.3.1. First,

we use Lemma 2.3.6 and Lemma 2.3.7 (adopted from [147]) to get that

kV �
k1

(� �
k1

)
1
2 W � Vk1 (� k1 )

1
2 k2 �

c0"
� 2 : (2.12)

Next, observe that � k1 ; � �
k1

= 
( � ). By applying Lemma 2.3.8, with U1 = V �
k1

and

S1 = (� �
k1

)
1
2 , U2 = Vk1 and S2 = (� k1 )

1
2 , we obtain
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kVk1
�

� 1
2

k1
W � V �

k1
�

� � 1
2

k1
k2 �

kV �
k1

�
� 1

2
k1

W � Vk1
�

1
2
k1

k2

�
+

kP � � Pk 2

�
�

c1"
� 3

This completes the proof of Proposition 2.3.1.

2.3.2.2 Step 2. Analysis of Z T Y

Proposition 2.3.9. Consider running Adaptive-RRR in Fig. 2.1 to solve the regression

problem y = M x + � . Let Ẑ+ be the output of the �rst stageStep-1-PCA-X . Let W

be the unitary matrix speci�ed in Proposition 2.3.1. Let N̂+ = ẐT
+ Y . We have with high

probability (over the training data),

N̂ T
+ = W T N T + EL + ET ;

where

kEL k2 � 2:2� �

r
d2

n
and kET kF = O(�=� 3):

The rest of this Section proves Proposition 2.3.9. Recall thatY = ZN T + E is the

orthogonalized form of our problem. Let us split N = [ N+ ; N � ], where N+ 2 R d2 � k1

consists of thek1 leading columns ofN and N � 2 R d2 � (d1 � k1 ) consists of the remaining

columns. Similarly, let z = [ z+ ; z� ], where z+ 2 R n� k1 and z� 2 R n� (d1 � k1 ) . Let

Z = [ Z+ ; Z � ], where Z+ 2 R n� k1 and Z � 2 R n� (d1 � k1 ) . Finally, when we refer to

estimated features of an individual instance produced from Step 1, we usêz+ .

We have Y = Z+ N T
+ + Z � N T

� + E. We let

� + = ẑ+ � W T z+

� + = Ẑ+ � Z+ W;
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where k� + k2 = O(�=� 3) and k� + k2 = O(
p

n�=� 3). We have

1
n

ẐT
+ Y =

1
n

(� + + Z+ W )T (Z+ N T
+ + Z � N T

� + E)

= W T N T
+ + W T

�
1
n

ZT
+ Z+ � I k1 � k1

�
N T

+ +
1
n

W T ZT
+ Z � N T

� +
1
n

W T ZT
+ E

+
1
n

� T
+ (Z+ N T

+ + Z � N T
� + E):

We shall let

N̂ T
+ = W T N T + E; (2.13)

where

E = E1 + E2 + E3 + E4 + E5

E1 = W T
�

1
n

ZT
+ Z+ � I k1 � k1

�
N T

+

E2 =
1
n

W T ZT
+ Z � N T

E3 =
1
n

W T ZT
+ E

E4 =
1
n

� T
+ E

E5 =
1
n

� T
+ (Z+ N T

+ + Z � N T
� ):

We next analyze each term. We aim to �nd bounds in either spectral norm or Frobenius

norm. In some cases, it su�ces to usekEi k2 � Rank(Ei ) to upper bound kEi kF . So we bound

only Ei 's spectral norm. On the other hand, in the case of analyzingE5, we can get a tight

Frobenius norm bound but we cannot get a non-trivial spectral bound.

From time to time, we will label the dimension of matrices in complex multiplication

operations to enable readers to do sanity checks.

Bounding E1. We use the following Lemmas.

Lemma 2.3.10. Let Z 2 R n� k1 , where k1 < n . Let each entry of Z be an independent
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standard Gaussian. We have










1
n

ZT Z � I








 � max

(
10 log2 n

p
n

; 4

r
k1

n

)

(2.14)

Proof of Lemma 2.3.10. We rely on the Lemma [134]:

Lemma 2.3.11. Let S 2 R n� k (n > k ) be a random matrix so that eachSi;j is an

independent standard Gaussian random variable. Let� max (S) be the maximum singular

value of S and � min (S) be the minimum singular value of it. We have

Pr[
p

n �
p

k � t � � min (S) � � max (S) �
p

n +
p

k + t] � 1 � 2 � exp(� t2=2): (2.15)

We set t = max
n p

k1
10 ; log2 n

o
. Let us start with considering the case

p
k1

10 > log2 n. We

have

� min (ZT Z) � n � 2:2
p

nk1 + 1 :21k1 � n � 2:2
p

nk1: (2.16)

and

� max (ZT Z) � n + 2 :2
p

nk1 + 1 :21k1 � n + 4
p

nk1: (2.17)

The case
p

k1
10 � log2 n can be analyzed in a similar fashion so that we can get










1
n

ZT Z � I








 � max

(
10 log2 n

p
n

; 4

r
k1

n

)

: (2.18)

2

Therefore, we have

kE1k2 � max

(
10 log2 n

p
n

; 4

r
k1

n

)

kN T
+ k2 = � max

(
10 log2 n

p
n

; 4

r
k1

n

)

:
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Bounding E2. Observe that E[kZ � N T
� k2

F ] = nkN T
� k2

F . Also,

E[k ZT
+|{z}

k1 � n

Z �|{z}
n� (d1 � k1 )

N T
�|{z}

(d1 � k1 )� d2

k2
F j Z � N T

� ] = k1kZ � N T
� k2

F :

Therefore,

E[ZT
+ Z � N T

� ] = k1nkN T
� kF : (2.19)

We next bound kN � kF .

Lemma 2.3.12. Let N be the learnable parameter in normalized formN = [ N+ ; N � ],

where N+ 2 R d2 � k1 and N � 2 R d2 � (d1 � k1 ) , and k1 is determined byStep-1-PCA-X . We

havekN � kF = O
�

�
! � 1
! +1

�
= o(1).

Proof of Lemma 2.3.12. Recall that

N = M|{z}
d2 � d1

V �
|{z}
d1 � d1

(� � )
1
2

| {z }
d1 � d1

:

We let � � = [� �
+ ; � �

� ], where � �
+ 2 R d1 � k1 and � �

� 2 R d1 � (d1 � k1 ) . We have N � =

MV � (� �
� )

1
2 . Therefore,

kN � k2
F � k M k2

2kV � k2
2






 (� � )

1
2








2

F
= O

�
� �

! � 1
! +1

�
= o(1): (2.20)

Here, we used the assumptionkM k2 = O(1) and the last equation holds because of

Proposition 2.3.1. 2

By (2.19), (2.20), and a standard Cherno� bound, we have whp

kE2k2 � kE 2kF � 2

r
k1

n
kN � kF = o

 r
k1

n

!

:

Bounding E3. We have the following Lemma.
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Lemma 2.3.13. Let Z 2 R n� k1 so that each entry in Z is an independent standard

Gaussian andE 2 R n� d2 so that each entry in E is an independent GaussianN (0; � 2
� ).

For su�ciently large n, k1, and d2, where k1 � d2, we have










1
n

ZT E








 �

1:1� �p
n

(
p

k1 +
p

d2):

Proof of Lemma 2.3.13. Let t = max
�

10 log2 np
n ; 4

q
k1
n

�
. By Lemma 2.3.10, with high

probability k 1
n ZT Z � I k � t. This implies that the eigenvalues ofZT Z are all within the

range n(1 � t). Note that for 0 < � < 1=3, if � 2 [1 � �; 1 + � ], then
p

� 2 [1 � 2�; 1 + 2� ].

This implies that the singular values of Z are within the range
p

n(1 � 2t).

Let � Z =
p

n = I + � Z , where k� Z k � 2t. We have

1
n

ZT E = V Z
�

� Z
p

n

�
(UZ )T E

p
n

= V Z (I + � Z )(UZ )T E
p

n

= V Z
|{z}
k1 � k1

(UZ )T

| {z }
k1 � n

E
p

n
|{z}
n� d2

+ V Z � Z (UZ )T E
p

n
: (2.21)

Using the fact that the columns of UZ are orthonormal vectors, V Z is a unitary matrix,

and k1 � d2, we see thatV Z (UZ )T E=
p

n is a matrix with i.i.d. Gaussian entries with

standard deviation � � =
p

n.

Let B = V Z (UZ )T E=� � and ~B = ( UZ )T E=� � . Then, from (2.21), we have

1
n

ZT E =
� �p

n

�
B + V Z � Z ~B

�
: (2.22)

The entries in B ( ~B ) are all i.i.d Gaussian. By Marchenko-Pastar's law (and the �nite

sample bound of it [134]), we have with high probability k ~B k; kB k =
p

k1 +
p

d2 + o(
p

k1 +
p

d2). Therefore, with high probability:










1
n

ZT E










2
�

1:1� �p
n

(
p

k1 +
p

d2):
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2

Lemma 2.3.13 implies that

kE3k2 �
1:1� �p

n
(
p

k1 +
p

d2):

Bounding E4. We have

E[kE4k2
F ] =

1
n2 E[k� T

+ Ek2
F ] =

d2

n
k� + k2

F = O
�

d2�
n� 3

�
= o

�
d2

n

�
:

Using a Cherno� bound, we have whpkE4kF = o
�

d2
n

�
.

Bounding E5. BecauseE5 = 1
n � T

+ (ZN T ), we have

kE5k2
F �

1
n2 k� T

+ k2
2kZN T k2

F :

Using a simple Cherno� bound, we have whp,

kZN T k2
F � 2nkM xk2

2 � 2nkM k2
2kxk2

2 � 2� n:

This implies kE5k2
F � O

�
� 2

n2 � 6 n2� 2
�

= O
�

� 2

� 6

�
:

We may let

EL = E1 + E2 + E3 + E4

ET = E5:
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We can check that

kEL k2 � kE 1k2 + kE2k2 + kE3k2 + kE4k2

� � max
�

10 log2 n
p

n
; 4

k1

n

�
+ o

 r
k1

n

!

+
1:1� �p

n
(
p

k1 +
p

d2) + o
�

d2

n

�

� 2:2� � �

r
d2

n

Also, we can see thatkET kF = kE5kF = O(�=� 3). This completes the proof for

Proposition 2.3.9.

2.3.2.3 Step 3. Analysis of our algorithm's MSE

Let us recall our notation:

1. z = (� � ) � 1
2 (V � )T x and � + = ẑ+ � W T z+ .

2. We let N̂ T
+ = ẐT

+ Y be the output of Step-1-PCA-X in Fig. 2.1.

3. All singular vectors in N̂+ whose associated singular values� �� �

q
d2
n are kept.

Let ` be the largest index such that � N+
` � �� �

q
d2
n . One can see that our testing

forecast isP k2 (N̂+ )ẑ+ . Therefore, we need to boundEz[kP k2 (N̂+ )ẑ+ � N zk2].

By Proposition 2.3.9, we haveN̂+ = ( W T N T
+ + EL + ET )T ; where kEL k2 � 2:2� "

q
d2
n

and kET kF = O("=� 3) whp. Let E , EL + ET . We have

P k2 (N+ W + ET )ẑ+ = P k2 (N+ W + ET )(W T z+ + � + )

= P k2 (N+ W + ET )W T W (W T z+ + � + )

= P k2 (( N+|{z}
d2 � k1

W|{z}
k1 � k1

+ ET
|{z}
d2 � k1

) W T
|{z}
k1 � k1

)(WW T
| {z }
k1 � k1

z+|{z}
k1 � 1

+ W|{z}
k1 � k1

� +|{z}
k1 � 1

)

= P k2

�
N+ + ( W E)T �

(z+ + W� + ):

Let E0 = ( W E)T , E0
L = ( W EL )T , E0

T = ( W ET )T , and � 0
+ = W� + . We still have

kE0
L k2 � 2:2� �

q
d2
n , and kE0

T kF = O(�=� 3).
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We next have

E
z

h
kP k2 (N̂+ )ẑ+ � N zk2

2

i

= E
z

h


 (P k2 (N+ + E0)z+ � N+ z+ ) + P k2 (N+ + E0)� 0

+ � N � z�



 2

2

i

� E
z

h


 (P k2 (N+ + E0)z+ � N+ z+ )




 2

2

i

| {z }
, � 1

+ E
z

h


 P k2 (N+ + E0)� 0

+ � N � z�



 2

2

i

| {z }
, � 2

+ 2

r

E
z

h


 (P k2 (N+ + E0)z+ � N+ z+ )




 2

2

i
� E

z

h


 P k2 (N+ + E0)� 0

+ � N � z�



 2

2

i

(Cauchy Schwarz for random variables)

= � 1 + � 2 + 2
p

� 1� 2:

We �rst bound � 2 (the easier term). We have

� 2 = E
z

h


 P k2 (N+ + E0)� 0

+ � N � z�



 2

2

i

� 2E
z

h


 P k2 (N+ + E0)� 0

+




 2

2

i
+ 2 E

h


 N � z�




 2

2

i

We �rst bound Ez

h


 P k2 (N+ + E0)� 0

+




 2

2

i
. We consider two cases.

Case 1. � max (N+ ) > �
2 � �

q
d2
n . In this case, we observe thatkEk2 � 2:2� �

q
d2
n + o(1).

This implies that kN+ + E0k2 = O(kN+ k2) = O(1). Therefore, Ez

h


 P k2 (N+ + E0)� 0

+




 2

2

i
�

k(N+ + E0)� 0
+ k2

2 = O(k� 0
+ k2

2).

Case 2. � max (N+ ) � �
2 � �

q
d2
n . In this case, kN+ + E0k2 � ��

q
d2
n . This implies

P k2 (N+ + E0)� 0
+ = 0 (i.e., the projection P k2 (�) will not keep any subspace).

This case also impliesEz

h


 P k2 (N+ + E0)� 0

+




 2

2

i
= 0 = O(k� 0

+ k2
2)

Next, we haveE[kN � z� k2
2] = kN � k2

F = O
�

�
! � 1
! +1

�
.

Therefore,

� 2 = O
�

� 2

� 6 + �
! � 1
! +1

�
:
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Next, we move to bound

E
z

h


 (P k2 (N+ + E0)z+ � N+ z+ )




 2

2

i
:

We shall construct an orthonormal basis onR d2 and use the basis to \measure the

mass". Let us describe this simple idea at high-level �rst. Let v1; v2; � � � ; vd2 be a basis

for R d2 and let A 2 R d2 � k1 be an arbitrary matrix. We have kAk2
F =

P
i � d2

kv T
i Ak2

2. The

meaning of this equality is that we may apply a change of basis on the columns ofA and

the \total mass" of A should remain unchanged after the basis change. Our orthonormal

basis consists of three groups of vectors.

Group 1. f UN+
:;i g for i � `, where ` is the number of � i (N + ) such that � i (N + ) � �� �

q
d2
n .

Group 2. The subspace in Span(f UN̂
:;i gi � k2 ) that is orthogonal to f UN+

:;i gi � ` . Let us refer

to these vectors asû1; : : : ; ûs and Û[s] = [ û1; : : : ûs].

Group 3. An arbitrary basis that is orthogonal to vectors in group 1 and group 2. Let us

refer to them as r 1; : : : ; r t .

We have

kP k2 (N+ + E0) � N+ k2
F

=
X

i � `










�
UN+

:;i

� T �
P k2 (N+ + E0) � N+

�









2

2
Term 1

+
X

i � s

kûT
i

�
P k2 (N+ + E0) � N+

�
k2

2 Term 2

+
X

i � r

kr T
i

�
P k2 (N+ + E0) � N+

�
k2

2 Term 3

To understand the reason we perform such grouping, we can imagine making a decision

for an (overly) simpli�ed problem for each direction in the basis: consider a univariate

estimation problem y = � + � with � being the signal, � � N (0; � 2) being the noise, andy

being the observation. Let us consider the case we observe only one sample. Now when
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y � � , we can usey as the estimator and E[(y � � )2] = � 2. This high signal-to-noise

setting corresponds to the vectors in Group 1.

When y � 3� , we have � 2 = E[(y � � )2] � (3 � 1)2� 2 = 4 � 2. On the other hand,

E[(y � � )2] = � 2. This means if we usey as the estimator, the forecast is at least better

than trivial. The median signal-to-noise setting corresponds to the vectors in group 2.

When y � � , we can simply useŷ = 0 as the estimator. This low signal-to-noise setting

corresponds to vectors in group 3.

In other words, we expect: (i) In term 1, signals along each direction of vectors in group

1 can be extracted. Each direction also pays a� 2 term, which in our setting corresponds

to �� �

q
d2
n . Therefore, the MSE can be bounded byO(`� 2� 2

� d2=n). (ii) In terms 2 and

3, we do at least (almost) as well as the \trivial forecast" (ŷ = 0). There is also an error

produced by the estimator error from ẑ+ , and the tail error produced from cutting out

features in Step-1-PCA-X in Fig. 2.1.

Now we proceed to execute this idea.

Term 1.
P

i � `










�
UN+

:;i

� T
(P k2 (N+ + E0) � N+ )










2

2
. Let Û 2 R d2 � d2 be the left singular

vector of N+ + E0. We let Û have d2 columns to include those vectors whose corresponding
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singular values are 0 for the ease of calculation. We have

X

i � `










�
UN+

:;i

� T �
P k2 (N+ + E0) � N+

�









2

2

=
X

i � `










�
UN+

:;i

� T �
Û:;1:k2 ÛT

:;1:k2
(N+ + E0) � N+

� 








2

2

=
X

i � `










�
UN+

:;i

� T ��
ÛÛT � Û:;k2+1: d2 ÛT

:;k2+1: d2

�
(N+ + E0) � N+

� 








2

2

=
X

i � `










�
UN+

:;i

� T �
E0� Û:;k2+1: d2 ÛT

:;k2+1: d2
(N+ + E0)

� 








2

2

� 2

8
<

:

X

i � t










�
UN+

:;i

� T
E0










2

2
+

X

i � `










�
UN+

:;i

� T
Û:;k2+1: d2 ÛT

:;k2+1: d2
(N+ + E0)










2

2

9
=

;

� O

0

B
B
B
B
@

`kE0
L k2

2 + kE0
T k2

F +
X

i � `










�
UN+

:;i

� T









2

2






 Û:;k2+1: d2








2

2






 ÛT

:;k2+1: d2
(N+ + E0)








2

2| {z }
� � 2 � 2

� d2
n by the de�nition of k2 .

1

C
C
C
C
A

= O
�

`kE0
L k2

2 + kE0
T k2

F +
`d2� 2� 2

�

n

�

= O
�

`d2� 2� 2
�

n
+ + kE0

T k2
F

�

Term 2.
P

i � s kûT
i (P k2 (N+ + E0) � N+ ) k2

2. We have

X

i � s

kûT
i

�
P k2 (N+ + E0) � N+

�
k2

2 =
X

i � s

kûT
i

�
P k2 (N+ + E0) � (N+ + E0) + E0� k2

2

=
X

i � s

kûT
i E0k2

2
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On the other hand, note that

X

i � s

kûT
i N+ k2

2

=
X

i � s




 ûT

i (N+ + E0) � ûT
i E0




 2

2

=
X

i � s

� 


 ûT

i (N+ + E0)



 2

2 + kûT
i E0k2

2 � 2


ûT

i (N+ + E0); ûT
i (E0

L + E0
T )

� �

=
X

i � s

� 


 ûT

i (N+ + E0)



 2

2 � 2ĥuT
i (N+ + E0); ûT

i E0
L i

�
+

X

i � s

kûT
i E0k2

2

| {z }
= Term 2.

� 2
X

i � s

ĥuT
i (N+ + E0); ûT

i E0
T i

(2.23)

Note that

X

i � s

� 


 ûT

i (N+ + E0)



 2

2 � 2ĥuT
i (N+ + E0); ûT

i E0
L i

�

�
X

i � s

kûT
i (N+ + E0)k2

�
kûT

i (N+ + E0)k2| {z }
� �� �

q
d2
n

� 2 kûT
i E0

L k2| {z }
� 2:2� �

q
d2
n

�

� 0 (using the fact that � is su�ciently large). (2.24)

Next, we examine the term � 2
P

i � sĥuT
i (N+ + E0); ûT

i E0
T i .
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� 2
X

i � s

ĥuT
i (N+ + E0); ûT

i E0
T i

= � 2hÛT
[s](N+ + E0); ÛT

[s]E
0
T i

= � 2trace
�

ÛT
[s]E

0
T (N+ + E0)T Û[s]

�

� � 2



 trace(E0

T (N+ + E0)T





2






 ÛT

[s]Û[s]








2

= � 2
�
�h(E0

T )T ; N+ + E0i
�
�

� � 2kE0
T kF kN+ + E0kF (Cauchy Schwarz)

� � 2kE0
T kF (kN+ kF + kE0kF ))

� � O(kE0
T kF ) (kN+ k2

F � k N k2
F = E[kN zk2 ] = E[kM xk2 ] = O(1))

(2.25)

(2.23), (2.24), and (2.25) imply that

X

i � s




 P k2 (N+ + E0) � N+




 2

2 �
X

i � s






 ÛT N+








2

2
+ O(kE0

T kF ):

Term 3. We have

X

i � r

kr T
i

�
P k2 (N+ + E0) � N+

�
k2

2 =
X

i � r

kr T
i N+ k2

2:

This is becauser i 's are orthogonal to the �rst k2 left singular vectors of N+ + E0.

We sum together all the terms:




 P k2 (N+ + E0) � N+




 2

F � O
�

`d2� 2� 2
�

n

�
+

X

i � s






 ÛT

i N+








2

2

| {z }
(� )

+
X

i � t

kr T
i N+ k2

2

| {z }
(�� )

+ O
�
kE0

T kF
�

:

= O
�

`d2� 2� 2
�

n

�
+ kN+ k2

F �
X

i � `

�
� N+

i

� 2
+ O

�
kE0

T kF
�

(2.26)
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In the above analysis, we usedSpan(f û i gi � s; f r i gi � t ) is orthogonal to Span(f UN+
:;i gi � ` ).

Therefore, we can collect (*) and (**) and obtain

X

i � s






 ÛT

i N+








2

2
+

X

i � t

kr T
i N+ k2

2 = kN+ k2
F �

X

i � `

(� N+
i )2:

Now the MSE is in terms of � N+
i . We aim to bound the MSE in � N

i . So we next

relate
P

i � ` (�
N+
i )2 with

P
i � ` (�

N
i )2. Recall that ~N+ = [ N+ ; 0], where 0 2 R d2 � (d1 � k1 ) .

The singular values of ~N+ are the same as those ofN+ . By using a standard matrix

perturbation result, we have

X

i � `

�
� N+

i � � N
i

� 2
=

X

i � `

�
�

~N+
i � � N

i

� 2
� k N � k2

F = c�
! � 1
! +1 (2.27)

for some constantc. We may think (2.27) as a constraint and maximize the di�erence
P

i � ` (�
N
i )2 �

P
i � ` (�

N+
i )2. This is maximized when � N

1 = � N+
1 +

q

c�
! � 1
! +1 and � N

i = � N+
i

for i > 1.

Therefore,

X

i � `

�
� N

i

� 2
�

X

1� i � `

�
� N+

i

� 2
+

 

� N+
1 +

q

c�
! � 1
! +1

! 2

=
X

1� i � `

�
� N+

i

� 2
+ O

 q

�
! � 1
! +1

!

: (2.28)

Now (2.26) becomes

(2:26) � k N+ k2
F �

X

i � `

(� N
i )2 + O

�
`d2� 2� 2

�

n

�
+ O("=� 3) + O

 q

�
! � 1
! +1

!

: (2.29)

Next, we assert that ` � ` � . Recall that k� N+
i � � N

i k2
2 = kN � k2

F = o(1). This implies
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� N+
i > �� �

q
d2
n for i � ` � , i.e., ` � ` � . So we have

� 1 = kP k2 (N+ + E0)� N+ k2
F � k N k2

F �
X

i � ` �

(� N
i )2+ O

�
` � d2� 2� 2

�

n

�
+ O("=� 3)+ O

 q

�
! � 1
! +1

!

:

(2.30)

Finally, we obtain the bound for � 1 + � 2 + 2
p

� 1� 2. Note that

� 2

� 1
�

O
�

" 2

� 6 + �
! � 1
! +1

�

O
�

"
� 3 +

q

�
! � 1
! +1

� � min

(
"
� 3 ;

q

�
! � 1
! +1

)

(= o(1)) :

We have

� 1 + � 2 + 2
p

� 1� 2

= � 1(1 + 2

r
� 2

� 1
) + � 2

=

2

4kN k2
F �

X

i � ` �

(� N
i )2 + O

�
` � d2� 2� 2

�

n

�
+ O("=� 3) + O

 q

�
! � 1
! +1

! 3

5

�
�

1 + min
� r

"
� 3 +

�
�

! � 1
! +1

� 1
4

��
+ O

�
"2

� 6

�
+ O

�
�

! � 1
! +1

�

� k N k2
F �

X

i � ` �

(� N
i )2 + O

�
` � d2� 2� 2

�

n

�
+ O

� r
"
� 3

�
+ O

�
�

! � 1
4( ! +1)

�
: (2.31)

This completes the proof of Theorem 2.3.2.

2.4 Lower bound

Our algorithm accurately estimates the singular vectors ofN that correspond to singular

values above the threshold� = �� �

q
d2
n . However, it may well happen that most of the

spectral `mass' ofN lies only slightly below this threshold � . In this section, we establish

that no algorithm can do better than us, in a bi-criteria sense, i.e. we show that any

algorithm that has a slightly smaller sample than ours can only minimally outperform ours

in terms of MSE.

We establish `instance dependent' lower bounds: When there is more `spectral mass'

39



Figure 2.3: (a) Major result: signals in N are partitioned into four blocks. All signals in block
1 can be estimated (Thm 2.3.2). All signals in block 3 cannot be estimated (Prop 2.4.2). Our lower
bound techniques does not handle a small tail in Block 4. A gap in block 2 exists between upper
and lower bounds. (b)-(d) Constructing N: Step 1 and 2 belong to the �rst stage; step 3 belongs
to the second stage. (b) Step 1. Generate a random subsetD( i ) for each row i , representing its
non-zero positions. (c) Step 2. Randomly sample fromD, where D is the Cartesian product of D( i ) .
(d) Step 3. Fill in non-zero entries sequentially from left to right.

below the threshold, the performance of our algorithm will be worse, and we will need to

establish that no algorithm can do much better. This departs from the standard minimax

framework, in which one examines the entire parameter space ofN , e.g. all rank r matrices,

and produces a large set of statistically indistinguishable `bad' instances [150]. These lower

bounds are not sensitive to instance-speci�c quantities such as the spectrum ofN , and in

particular, if prior knowledge suggests that the unknown parameterN is far from these

bad instances, the minimax lower bound cannot be applied.

We introduce the notion of local minimax. We partition the space into parts so that

similar matrices are together. Similar matrices are thoseN that have the same singular

values and right singular vectors; we establish strong lower bounds even against algorithms

that know the singular values and right singular vectors ofN . An equivalent view is to

assume that the algorithm has oracle access toC � , M 's singular values, andM 's right

singular vectors. This algorithm can solve the orthogonalized form asN 's singular values

and right singular vectors can easily be deduced. Thus, the only reason why the algorithm

needs data is tolearn the left singular vectors of N . The lower bound we establish is the

minimax bound for this `unfair' comparison, where the competing algorithm is given more

information. In fact, this can be reduced further, i.e., even if the algorithm `knows' that
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the left singular vectors of N are sparse, identifying the locations of the non-zero entries is

the key di�culty that leads to the lower bound.

De�nition 2.4.1 (Local minimax bound). Consider a modely = M x + � , where x is a

random vector, soC � (x) = E[xx T ] represents the co-variance matrix of the data distribution,

and M = UM � M (V M )T . The relation (M; x) � (M 0; x0) , (� M = � M 0
^ V M =

V M 0
^ C � (x) = C � (x0)) is an equivalence relation and let the equivalence class of(M; x) be

R(M; x) = f (M 0; x0) : � M 0
= � M ; V M 0

= V M ; and C � (x0) = C � (x)g: (2.32)

The local minimax bound fory = M x + � with n independent samples and� � N (0; � 2
� I d2 � d2 )

is

r (x ; M; n; � � ) = min
M̂

max
(M 0;x 0)2R (M; x )

E
X ; Y from
y � M 0x 0+ �

[E
x 0

[kM̂ (X ; Y )x0� M 0x0k2
2 j X ; Y ]]: (2.33)

It is worth interpreting (2.33) in some detail. For any two (M; x), (M 0; x0) in R(M; x),

the algorithm has the same `prior knowledge', so it can only distinguish between the two

instances by using theobserved data, in particular M̂ is a function only of X and Y , and we

denote it as M̂ (X ; Y ) to emphasize this. Thus, we can evaluate the performance of̂M by

looking at the worst possible (M 0; x0) and considering the MSEE kM̂ (X ; Y )x0� M 0x0k2.

Proposition 2.4.2. Consider the problemy = M x + � with normalized form y = N z +

� . Let " be a su�cient small constant. There exists a su�ciently small constant � 0

(that depends on") and a constant c such that for any � � � 0, r (x ; M; n; � � ) � (1 �

c�
1
2 � " )

P
i � t (�

N
i )2 � O

�
�

1
2 � "

d! � 1
2

�
; where t is the smallest index such that� N

t � �� �

q
d2
n .

Proposition 2.4.2 gives the lower bound on the MSE in expectation; it can be turned

into a high probability result with suitable modi�cations. The proof of the lower bound

uses a similar `trick' to the one used in the analysis of the upper bound analysis to cut the

tail. This results in an additional term O
�

�
1
2 � "

d! � 1
2

�
which is generally smaller than then� c0

tail term in Theorem 2.3.2 and does not dominate the gap.
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Gap requirement and bi-criteria approximation algorithms. Let � = � �

q
d2
n .

Theorem 2.3.2 asserts that any signal above the threshold�� can be detected, i.e., the MSE

is at most
P

� N
i >�� � 2

i (N ) (plus inevitable noise), whereas Proposition 2.4.2 asserts that

any signal below the threshold�� cannot be detected, i.e., the MSE is approximately at

least
P

� N
i � �� (1 � poly(� )) � 2

i (N ). There is a `gap' between�� and �� , as � > 1 and � < 1.

See Fig. 2.3(a). This kind of gap is inevitable because both bounds are `high probability'

statements. This gap phenomenon appears naturally when the sample size is small as can

be illustrated by this simple example. Consider the problem of estimating� when we see

one sample fromN (�; � 2). Roughly speaking, when� � � , the estimation is feasible, and

whereas� � � , the estimation is impossible. For the region� � � , algorithms fail with

constant probability and we cannot prove a high probability lower bound either.

While many of the signals can `hide' in the gap, the inability to detect signals in the

gap is a transient phenomenon. When the number of samplesn is modestly increased, our

detection threshold � = �� �

q
d2
n shrinks, and this hidden signal can be fully recovered.

This observation naturally leads to a notion of bi-criteria optimization that frequently

arises in approximation algorithms.

De�nition 2.4.3. An algorithm for solving the y = M x + � problem is (�; � )-optimal if,

when given an i.i.d. sample of size�n as input, it outputs an estimator whose MSE is at

most � worse than the local minimax bound, i.e.,E[kŷ � yk2
2] � r (x ; M; n; � � ) + �:

Corollary 2.4.4. Let " and c0 be small constants and� be a tunable parameter. Our

algorithm is (�; � )-optimal for

� =
� 2

�
5
2

� = O(�
1
2 � " )kM xk2

2 + O(n� c0 )

The error term � consists of�
1
2 � � kM xk2

2 that is directly characterized by the signal

strength and an additive term O(n� c0 ) = o(1). Assuming that kM xk = 
(1), i.e., the signal

is not too weak, the term � becomes a single multiplicative boundO(�
1
2 � " + n� c0 )kM xk2

2.
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This gives an easily interpretable result. For example, when our data size isn logn, the

performance gap between our algorithm andany algorithm that uses n samples is at

most o(kM xk2
2). The improvement is signi�cant when other baselines deliver MSE in the

additive form that could be larger than kM xk2
2 in the regime n � d1.

Preview of techniques. Let N = UN � N (V N )T be the instance (in orthogonalized

form). Our goal is to construct a collection N = f N1; : : : ; NK g of K matrices so that (i)

For any N i 2 N , � N i = � N and V N i = V N . (ii) For any two N i ; N j 2 N , kN � N 0kF is

large, and (iii) K = exp(
(poly( � )d2)) (cf. [150, Chap. 2]).

Condition (i) ensures that it su�ces to construct unitary matrices UN i 's for N , and

that the resulting instances will be in the same equivalence class. Conditions (ii) and

(iii) resemble standard construction of codes in information theory: we need a large `code

rate', corresponding to requiring a largeK as well as large distances between codewords,

corresponding to requiring that kUi � Uj kF be large. Standard approaches for constructing

such collections run into di�culties. Getting a su�ciently tight concentration bound on

the distance between two random unitary matrices is di�cult as the matrix entries, by

necessity, are correlated. On the other hand, starting with a large collection of random

unit vectors and using its Cartesian product to build matrices does not necessarily yield

unitary matrices.

We design a two-stage approach to decouple condition (iii) from (i) and (ii) by only

generating sparse matricesUN i . See Fig. 2.3(b)-(d). In the �rst stage (Steps 1 & 2 in

Fig. 2.3(b)-(c)), we only specify the non-zero positions (sparsity pattern) in eachUN i . It

su�ces to guarantee that the sparsity patterns of the matrices UN i and UN j have little

overlap. The existence of such objects can easily be proved using the probabilistic method.

Thus, in the �rst stage, we can build up a large number of sparsity patterns. In the

second stage (Step 3 in Fig. 2.3(d)), we carefully �ll in values in the non-zero positions for

eachUN i . When the number of non-zero entries is not too small, satisfying the unitary

constraint is feasible. As the overlap of sparsity patterns of any two matrices is small,

we can argue the distance between them is large. By carefully trading o� the number
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of non-zero positions and the portion of overlap, we can simultaneously satisfy all three

conditions.

2.4.1 Roadmap

This section describes the roadmap for executing the above idea.

Normalized form. Recall that d2 � d1, we have

M x = UM
|{z}
d2 � d2

� M
|{z}
d2 � d2

(V M )T

| {z }
d2 � d1

V �
|{z}
d1 � d1

(� � )
1
2

| {z }
d1 � d1

z|{z}
d1 � 1

(2.34)

We may perform an SVD on � M (V M )T V � (� � )
1
2 = A|{z}

d2 � d2

L y
|{z}
d2 � d2

B T
|{z}
d2 � d1

. We may also set

zy = B T z, which is a standard multi-variate Gaussian in R d2 . Then we have

M x = UM AL yB T z = ( UM A)L yzy: (2.35)

Let N y = ( UM A)L y. The SVD of N y is exactly (UM )AL yI d2 � d2 becauseUM A is unitary.

The normalized form of our problem is

y = N yzy + �: (2.36)

Recall our local minimax has an oracle access interpretation. An algorithm with the

oracle can reduce a problem into the normalized form on its own, and the algorithm knows

L y. But the oracle still does not have any information on N y's left singular vectors because

being able to manipulate UM is the same as being able to manipulateUM A. Therefore,

we can analyze the lower bound in normalized form, with the assumption that the SVD of

N y = UyL yI d2 � d2 , in which L y is known to the algorithm. We shall also let � y
i = L y

i;i = � N y

i .

BecauseN y is square, we letd = d2 in the analysis below.

We make two remarks in comparison to the orthogonalized formy = N z + � . (i)

zy 2 R d2 , whereasz 2 R d1 . zy's dimension is smaller because the knowledge of �M and
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V M enable us to remove the directions fromx that are orthogonal to M 's row space.(ii)

� N
i = � N y

i for i � d2.

We rely on the following theorem (Chapter 2 in [150]) to construct the lower bound.

Theorem 2.4.5. Let Ny = f N y
1 ; N y

2 ; : : : ; N y
K g, where K � 2. Let Pi be distribution of the

training data produced from the modely = N y
i zy + � . Assume that

ˆ kN y
i � N y

j k2
F � 2s > 0 for any 0 � j � k � K .

ˆ For any j = 1 ; : : : K and

1
K

KX

j =1

KL( Pj ; P1) � � logK (2.37)

with 0 � � � 1
8 .

Then

inf
N̂ y

sup
N y2 Ny

Pr
N y

(kN̂ y; N yk � s) �

p
K

1 +
p

K
(1 � 2� �

r
2�

logK
): (2.38)

BecauseL y is �xed, this problem boils down to �nding a collection Uy of unitary

matrices in R d� d such that any two elements in Uy are su�ciently far. Then we can

construct Ny = f UyL y : Uy 2 Ug.

We next reiterate (with elaboration) the challenge we face when using existing techniques.

Then we describe our approach. We shall �rst examine a simple case, in which we need

only design vectors for one column. Then we explain the di�culties of using an existing

technique to generalize the design. Finally, we explain our solution.

Recall that (Zy)T Y = ( N y)T + E, where we can roughly viewE as a matrix that consists

of independent Gaussian (0; � � =
p

n). For the sake of discussion, we assume� � = 1 in our

discussion below.

Warmup: one colume case. The problem of packing one column roughly corresponds

to establishing a lower bound on the estimation problemy = u + � , where y ; u; � 2 R d.

� corresponds to a column inE and consists ofd independent GaussianN (0; 1=
p

n). u

correpsonds to a column inUy and we requirekuk2 � �
p

d=n. To apply Theorem 2.4.5,

45



we shall construct aD = f u1; : : : ; uK g such that ku i � u j k is large for eachf i; j g pair and

K is also large. Speci�cally, we requireku i � u j k2
2 � 2� 2 d

n (large distance requirement)

and K = exp(�(
p

�d )) (large set requirement).
p

� is carefully optimized and we will

defer the reasoning to the full analysis below. A standard tool to constructD is to use a

probabilistic method. We sample u i independently from the same distribution and argue

that with high probability ku i � u j k2
2 is su�ciently large. Then a union bound can be used

to derive K . For example, we may setu i � N (0; �
q

d
n I d� d) for all i , and the concentration

quality su�ces for us to sample K vectors.

Multiple column case. We now move to the problem of packing multiple columns in

U together. K is required to be much larger, e.g.,K = exp(�(
p

�d 2)) for certain problem

instances. A natural generalization of one-column case is to build our parameter set by

taking the Cartesian product of multiple copies of D. This gives us a largeK for free

but the key issue is that vectors in D are generated independently. So there is no way to

guarantee they are independent to each other. In fact, it is straightforward to show that

many elements in the Cartesian product are far from unitary. One may also directly sample

random unitary matrices and argue that they are far from each other. But there seems to

exist no tool that enables us to build up a concentration ofexp(� �(
p

�d 2)) between two

random unitary matrices.

Therefore, a fundamental problem is that we need independence to build up a large set

but the unitary constraint limits the independence. So we either cannot satisfy the unitary

requirement (Cartesian product approach) or cannot properly use the independence to

build concentrations (random unitary matrix approach).

Our approach. We develop a technique that decouples the three requirements (unitary

matrices, large distance, and largeK ). Let us re-examine the Cartesian product approach.

When the vectors for each column are completely determined, then it is remarkably di�cult

to build a Cartesian product that guarantees orthogonality between columns. To address

this issue, our approach only \partially" specify vectors in each column. Then we take
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a Cartesian product of these partial speci�cations. So the size of the Cartesian product

is su�ciently large; meanwhile an element in the product does not fully specify Uy so we

still have room to make them unitary. Thus, our �nal step is to transform each partial

speci�cation in the Cartesian product into a unitary matrix. Speci�cally, it consists of

three steps (See Fig. 2.3)

Step 1. Partial speci�cation of each column. For each columni of interest, we build

up a collection D(i ) = f R(i; 1) ; : : : ; R(i;K )g. Each R(i;j ) � [d] speci�es only the positions of

non-zero entire for a vector prepared for �lling in U:;i .

Step 2. Cartesian product. Then we randomly sample elements from the Cartesian

product D ,
N

i D(i ) . Each element in the product speci�es the non-zero entries ofUy. We

need to do another random sampling instead of using the full Cartesian product because

we need to guarantee that any two matrices share a small number of non-zero entries. For

example, (R(1;1) ; R(2;1) ; R(3;1)) and (R(1;1) ; R(2;1) ; R(3;2)) are two elements in
N

i D(i ) but

they specify two matrices with the same locations of non-zero entries for the �rst two

columns.

Step 3. Building up unitary matrices. Finally, for each element ~R 2 D (that specify

positions of non-zero entries), we carefully �ll in the values of the non-zero entries so that

all our matrices are unitary and far from each other. We shall show that it is always

possible to construct unitary matrices that \comply with" ~R. In addition, our unitary

matrices have few entries with large magnitude so when two matrices share few positions

of non-zero entries, they are far.

2.4.2 Analysis

We now execute the plan outlined in the roadmap. LetK and � be tunable parameters.

For the purpose of getting intuition, K is related to the size ofUy so it can be thought as

being exponential in d, whereas� is a constant and we use� � to control the density of

non-zero entries in eachUy 2 Uy.

Let D(i ) = f R(i; 1) ; R(i; 2) ; � � � ; R(i;K )g be a collection of random subsets in [d], in which
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each R(i;j ) is of size � � d. We sample the subsets without replacement. Recall thatt

is the smallest index such that � y
t � �� �

q
d
n and let us also de�ne t = b� � d

2 c. We let


 = t � t + 1. We assume that t � t; otherwise Proposition 2.4.2 becomes trivial. LetD be

the Cartesian product of D(i ) for integers i 2 [t; t]. We use ~R to denote an element inD.

~R = ( ~Rt ; ~Rt+1 ; � � � ; ~Rt ) is a 
 -tuple so that each element ~Ri corresponds to an element in

D(i ) . There are two ways to represent~R. Both are found useful in our analysis.

1. Set representation. We treat ~Ri as a set inD(i ) .

2. Index representation. We treat ~Ri as an index from [K ] that speci�es the index of

the set that ~Ri refers to.

Note that the subscript i of ~Ri starts at t (instead of 1 or 0) for convenience.

Example 2.4.1. The index of Di starts at t. Assume that t = t + 1. Let D(t ) =
�
f 2; 3g; f 1; 4g; f 1; 2g

�
and D(t+1) =

�
f 1; 3g; f 2; 4g; f 3; 4g

�
. The element

�
f 1; 2g; f 2; 4g

�
2

D(t ) 
 D(t+1) . There are two ways to represent this element. (i) Set representation.

~R =
�
f 1; 2g; f 2; 4g

�
, in which ~Rt = f 1; 2g and ~Rt+1 = f 2; 4g. (ii) Index representation.

~R = (3 ; 2). ~Rt = 3 refers to that the third element f 1; 2g in D(t ) is selected.

We now describe our proof in detail. We remark that throughout our analysis, constants

are re-used in di�erent proofs.

2.4.2.1 Step 1. Partial speci�cation for each column

This step needs only characterize the behavior of an individualD(i ) .

Lemma 2.4.6. Let � < 1 be a su�ciently small variable, � be a tunable parameter and let

D(i ) = f R(i; 1) ; R(i; 2) ; � � � ; R(i;K )g be a collection of random subsets in[d] (sampled without

replacement) such thatjR(i;j ) j = � � d for all j . There exist constantsc0, c1, and c2 such

that when K = exp(c0� 2� d), with probability 1 � exp(� c1� 2� d), for any two distinct R(i )

and R(j ) , jR(i;j ) \ R(i;k ) j � c2� 2� d.

Proof of Lemma 2.4.6. This can be proved by a standard probabilistic argument. Let

R(i;j ) be an arbitrary subset such that jR(i;j ) j = � � d. Let R(i;k ) be a random subset of size
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� � d. We compute the probability that jR(i;j ) \ R(i;k ) j � c2� 2� d for a �xed R(i;j ) .

Let us sequentially sample elements fromR(i;k ) (without replacement). Let I t be an

indicator random variable that sets to 1 if and only if the t-th random element in R(i;k )

hits an element in R(i;j ) . We have

Pr[I t = 1] �
� � d

(1 � � � )d
�

� �

2
: (2.39)

By using a Cherno� bound, we have

Pr

2

4j
� � dX

i =1

I t j �
c2� 2� d

2

3

5 � exp(� 
( � 2� d)) : (2.40)

By using a union bound, we have

Pr[9i; j : jR(i;j ) \ R(i;k ) j �
c2� 2� d

2
] �

�
K
2

�
exp(� 
( � 2� d)) � exp(� 
( � 2� d) + 2 log K ):

(2.41)

Therefore, when we setK = exp(c0� 2� d), the failure probability is 1 � exp(� �( � 2� d)). 2

2.4.2.2 Step 2. Random samples from the Cartesian product

We let D =
N

i 2 [t ;t ] D(i ) . Note that each D(i ) is sampled independently. We de�neS be

a random subset ofD. We next explain the reason we need to sample random subsets.

Recall that for each ~R 2 S, we aim to construct a unitary matrix Uy (to be discussed in

Step 3) such that the positions of non-zero entries inUy
:;i are speci�ed by ~Ri (i.e., Uy

j;i 6= 0

only when j 2 ~Ri ).

Let ~R and ~R0 be two distinct elements in D. Let Uy and ~Uy be two unitary matrices

generated by ~R and ~R0. We ultimately aim to have that kUyL y � ~UyL yk2
F being large. We

shall make sure(i) Uy and ~Uy share few non-zero positions (Step 2; this step), and(ii)

few entries in Uy and ~Uy have excessive magnitude (Step 3). These two conditions will

imply that Uy and ~Uy are far, which then implies a lower bound onUyL y and ~UyL y.

Because we do not wantUy and ~Uy share non-zero positions, we want to maximize the
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Hamming distance (in index representation) between~R and ~R0 (i.e., ~Ri = ~R0
i implies Uy

:;i

and ~Uy
:;i share all non-zero positions, which is a bad event). We sampleS randomly from D

because random sample is a known procedure that generates \code" with large Hamming

distance [106].

Before proceeding, we note one catch in the above explanation, i.e., di�erent columns

are of di�erent importance. Speci�cally, kUyL y � ~UyL yk2
F =

P
i 2 [d](�

y
i )2kUy

:;i � ~Uy
:;i k

2. When

~Ri and ~R0
i collide for a large (� y

i )2, it makes more impact to the Frobenius norm. Thus, we

de�ne a weighted cost function that resembles the structure of Hamming distance.

c( ~R; ~R0) =
X

i 2 [t ;t ]

(� y
i )2I ( ~Ri = ~R0

i ): (2.42)

Note that the direction we need for c( ~R; ~R0) is opposite to Hamming distance. One

usually maximizes Hamming distance whereas we need to minimize the weighted cost.

We need to develop a specialized technique to produce concentration behavior forS

becausec( ~R; ~R0) is weighted.

Lemma 2.4.7. Let � and � be the parameters for productingD(i ) . Let � < 1 be a tunable

parameter. Let S be a random subset ofD of D ,
N

i 2 [t ;t ] D(i ) such that

jSj = exp

0

@c3
n� 2� + �

� 2� 2
�

0

@
X

i 2 [t ;t ]

(� y
i )2

1

A

1

A (2.43)

for some constantc3. With high probability at least 1 � exp(� c4� 2� d) (c4 a constant), for

any ~R and ~R0 in S, c( ~R; ~R0) � � � (
P

i 2 [t ;t ](�
y
i )2).

Proof. Let 	 =
P

i 2 [t ;t ](�
y
i )2. Let ~R and ~R0 be two di�erent random elements in D. We

shall �rst compute that Pr
h
c( ~R; ~R0) � � � 	

i
. Here, we assume that~R is an arbitrary �xed

element and ~R0 is random.

Recall that � y
i 2 [0; �� �

p n
d ] for i 2 [t; t]. We shall partition [0 ; �� �

p n
d ] into subintervals

and group � y
i by these intervals. Let I t be the set of� y

i that are in [2 � t � 1�� �
p n

d ; 2� t �� �
p n

d ]
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(t � 0). Let T be the largest integer such that I T is not empty. Let L t = jI t j and

` t =
P

i 2I t
I ( ~Ri = ~R0

i ). We call f ` t gt � T the overlapping coe�cients between ~R and ~R0.

Note that c( ~R; ~R0) �
P

t � T ` t 2� 2t � 2� 2
� d=n. Therefore, a necessary condition for

c( ~R; ~R0) � � � 	 is
P

t � T
` t 2� 2t � 2 � 2

� d
n � � � 	. Together with the requirement that

P
t � T ` t �

1, we need
X

t � T

` t � max
�

n� � 	
d� 2� 2

�
; 1

�
(2.44)

Recall that we assume that ~R is �xed and ~R0 is random. When c( ~R; ~R0) � � � 	, we say

~R0 is bad. We next partition all bad ~R0 into sets indexed byf ` t gt � T . Let C(f ` t gt � T ) be all

the bad ~R0 such that the overlapping coe�cients between ~R and ~R0 are f ` t gt � T . We have

Pr[c( ~R; ~R0) � � � 	] = Pr[ ~R0 is bad ] = Pr

2

4 ~R0 2
[

f ` t gt � T

C(f ` t gt � T )

3

5 =
X

k � 1

X

all C( f ` i g)
s.t.

P
t ` t = k

Pr[ ~R0 2 C(f ` t gt � T )]

Next also note that

Pr[ ~R0 2 C(f ` t gt � T )] �
Y

t � T

�
L t

` t

� �
1
K

� P
t � T ` t

;

where K is the size of eachD(i ) .
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The number of possiblef ` i gt � T such that
P

t � T ` i = k is at most
� d+ k

k

�
. Therefore,

X

k� 1

X

all C( f ` i g)
s.t.

P
t ` t = k

Pr
h

~R0 2 C(f ` i gi � T )
i

�
X

k� 1

X

all C( f ` i g)
s.t.

P
t ` t = k

Y

t � T

�
L t

` t

� �
1
K

� ` t

�
X

k� 1

X

all C( f ` i g)
s.t.

P
t ` t = k

Y

t � T

�
eLt

K

� ` t

(using
� L t

` t

�
�

�
eL t
` t

� ` t
� (eLi )` i )

�
X

k� 1

�
d + k

k

� Y

t � T

�
eLt

K

� ` t

� d max
k s.t.P
t ` t = k

�
d + k

k

� Y

i � T

�
eLi

K

� ` t

� d
�

e(d + k)
k

� k Y

t � T

�
eLt

K

� ` t

(where k =
P

t � T ` t from the previous line)

� d(2ed)k
Y

t � T

�
eLt

K

� ` t

� d
Y

t � T

�
2e2d2

K

� ` t

� exp

0

@� c� 2� d(
X

t � T

` t )

1

A (c is a suitable constant;)

� exp
�

� c� 2� dmax
�

n� � 	
d� 2� 2

�
; 1

��

By using a union bound on all pairs of ~R and ~R0 in S, we have for su�ciently small c3,

there exists ac4 such that

Pr
h
9 ~R; ~R0 2 S : c( ~R; ~R0) � � � 	

i
� exp

�
� c4� 2� dmax

�
n� � 	
d� 2� 2

�
; 1

��
� exp(� c4� 2� d):

2
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2.4.2.3 Step 3. Building up unitary matrices

We next construct a set of unitary matrices in R d� d based on elements inS. We shall refer

to the procedure to generate a unitaryU from an element ~R 2 S as q( ~R).

Procedure q( ~R): Let U 2 R d� d be the matrix q( ~R) aims to �ll in.

Let v (1) ; v (2) ; : : : ; v (t � 1) 2 R d be an arbitrary set of orthonormal vectors. q( ~R) partitions

the matrix U into three regions of columns and it �lls di�erent regions with di�erent

strategies. See also three regions illustrated by matrices in Fig. 2.3.

Region 1: U:;i for i < t . We set U:;i = v (i ) when i < t . This means all the unitary matrices

we construct share the �rst t � 1 columns.

Region 2: U:;i for i 2 [t; t]. We next �ll in non-zero entries of each U:;i by ~Ri for i 2 [t; t].

We �ll in each U:;i sequentially from left to right (from small i to large i ). We need to make

sure that (i) it is feasible to construct U:;i that is orthogonal to all U::j (j < i ) by using

only entries speci�ed by Ri . (ii) there is a way to �ll in U:;i so that not too many entries

are excessively large. (ii) is needed because for any~R and ~R0, ~Ri and ~R0
i still share a small

number of non-zero positions (whpj ~Ri \ ~R0
i j = O(� 2� d), according to Lemma 2.4.6). When

the mass in j ~Ri \ ~R0
i j is large, the distance betweenU and U0 is harder to control.

Region 3: U:;i for i > t. q( ~R) �lls in the rest of the vectors arbitrarily so long as U is

unitary. Unlike the �rst t � 1 columns, these columns depend on~R so eachU 2 U has a

di�erent set of ending column vectors.

Analysis for region 2. Our analysis focuses on two asserted properties for Region 2

are true. We �rst show (i) is true and describe a procedure to make sure (ii) happens.

For j � i � 1, let w (j ) 2 R � � d be the projection of U:;j onto the coordinates speci�ed

by ~Ri . See Fig. 2.3(d) for an illustration. Note that t = � � d
2 , the dimension of the subspace

spanned byw (1) ; : : : w (i � 1) is at most � � d=2. Therefore, we can �nd a set of orthonormal

vectors f u (1) ; : : : u (� )g � R � � d (� � � � d
2 ) that are orthogonal to w (j ) (j � i � 1). To build

a U:;i that's orthogonal to all U:;j (j � i � 1), we can �rst �nd a u 2 R � � d that is a

linear combination of f u (j )gj � � , and then \in
ate" u back to R d, i.e., the k-th non-zero
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coordinate of U:;i is uk . One can see that

hU:;j ; U:;i i = hw (j ) ; ui = 0

for any j < i .

We now make sure (ii) happens. We have the following Lemma.

Lemma 2.4.8. Let f u (1) ; : : : ; u (� )g (� � � � d=2) be a collection of orthonormal vectors in

R � � d. Let � be a small tunable parameter. There exists a set of coe�cients� 1; : : : ; � � such

that u =
P �

i =1 � i u (i ) is a unit vector and there exist constantc5, c6, and c7 such that

X

i � � � d

u2
i I

 

u i �
c5p

� � + � d

!

� c7"; (2.45)

where " = exp( � c6
� � ).

Proof of Lemma 2.4.8. We use a probabilistic method to �nd u. Let zi � N (0; 1=
p

� � d)

for i 2 [� � d]. Let S =
q P

i � � � d z2
i . We shall set � i = zi =S. One can check that

u =
P

i 2 [� � d] � i u (i ) is a unit vector. We then examine whether (2.45) is satis�ed for these

� i 's we created. If not, we re-generate a new set ofzi 's and � i 's. We repeat this process

until (2.45) is satis�ed.

Because� i 's are normalized, setting the standard deviation ofzi is unnecessary. We

nevertheless do so becauseS will be approximately a constant, which helps us simplify the

calculation.

We claim that there exists a constant c such that for any `,

E

"

u2
` I

 

u ` �
c5p

� � + � d

!#

�
c"

� � d
: (2.46)

We �rst show that (2.46) implies Lemma 2.4.8. Then we will show (2.46).
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By linearity of expectation, (2.46) implies

E

2

4
X

` � � � d

u2
` I

 

u ` �
c5p

� � + � d

! 3

5 � c":

Then we use a Markov inequality and obtain

Pr

2

4

0

@
X

` � � � d

u2
` I

 

u ` �
c5p

� � + � d

! 1

A � 2c"

3

5 �
1
2

So our probabilistic method described above is guaranteed to �nd au that satis�es

(2.45)

We next move to showing (2.46). Recall that

u ` =
1
S

(
X

i � �

zi u
(i )
` ):

We also let Z` =
P

i � � zi u
(i )
` . We can see thatZ` is a Gaussian random variable with

a standard deviation
q

1
� � d

P
i � � (u (i )

` )2 �
q

1
� � d . The inequality uses the fact that u (i ) 's

are orthonormal to each other and therefore
P

i � � (u (i )
` )2 � 1.

On the other hand, one can see that

E[S] = E[
X

i � �

z2
i ] =

 
1

p
� � d

! 2

� � �
1
2

:

Therefore, by a standard Cherno� bound, Pr
�
S � 1

4

�
� exp(� �( � )).

Next, becausef zi gi � � collectively form a spherical distribution, we have
� zi

S

	
i � � is

independent to S. Therefore,

E

"

u2
` I

 

u ` �
c5p

� � + � d

!#

= E

"

u2
` I

 

u ` �
c5p

� � + � d

!

j S �
1
4

#

(2.47)
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Conditioned on S � 1
4 , we use the fact that u ` = Z`=S to get u ` � 4Z` and

I

 

u ` �
c5p

� � + � d

!

= I

 

Z` �
c5p

� � + � d
S

!

� I

 

Z` �
c5

4
p

� � + � d

!

: (2.48)

Therefore,

(2:47)

� 16E

"

Z 2
` I

 

Z` �
c5

4
p

� � + � d

!

j S �
1
4

#

=
16

Pr
�
S � 1

4

�

 

E

"

Z 2
` I

 

Z` �
c5

4
p

� � + � d

!#

� E

"

Z 2
` I

 

Z` �
c5

4
p

� � + � d

!

j S <
1
4

#

Pr
�
S �

1
4

� !

� 16(1 + exp(� �( � )))

 

E

"

Z 2
` I

 

Z` �
c5

4
p

� � + � d

!#!

� 16(1 + exp(� �( � ))) E

"

Z 2
` I

 

Z` �
2c5p
� � + � d

!#

�
16(1 + exp(� �( � )))

p
2�� Z `

Z 1

2c5q
� � + � d

z2 exp

 
z2

� 2
Z `

!

dz

�
c

� � + � d
exp

�
� �( � � � )

�
(using � Z ` �

q
1

� � d )

� O(
"

� � d
)

2

2.4.2.4 Proof of Proposition 2.4.2

Now we are ready to use Theorem 2.4.5 to prove Proposition 2.4.2. LetS be the set

constructed from Step 1 andUy = f Uy : Uy = q( ~R); ~R 2 Sg. Let Ny = f UyL y : Uy 2 Uyg.

Let also PN y be the distribution of ( y ; zy) generated from the modely = N yzy + � . Let

PN y jzy be the distribution of y from the normalized model whenzy is given. Let PN y ;n be

the product distribution when we observe n samples from the modely = N yzy + � . Let

f N y (y ; zy) be the pdf of for PN y , f N y (y j zy) be the pdf of y given zy, and f (zy) be the
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pdf of zy.

We need to show that for any N y; ~N y 2 N (i) kN y � ~N ykF is large, and (ii) the

KL-divergence betweenPN y ;n and PN y ;n is bounded.

Lemma 2.4.9. Let S, Uy, and Ny be generated by the parameters�; � , and � (see Steps 1

to 3). For any N y and ~N y in N, we have

kN y � ~N yk2
F �

X

i 2 [t ;t ]

� y
i (2 � c8� � � � � c9� � ) (2.49)

for some constantc8 and c9.

Proof. Let Uy; ~Uy 2 Uy such that N y = UyL y and ~N y = ~UyL y; let ~R; ~R0 2 S be that

Uy = q( ~R) and ~Uy = q( ~R0). Also, recall that we let 	 =
P

i 2 [t ;t ](�
y
i )2.

We have

kN y � ~N yk2
F =

X

i 2 [d]

k(Uy
:;i � ~Uy

:;i )�
y
i k2

2 �
X

i 2 [t ;t ]

k(Uy
:;i � ~Uy

:;i )�
y
i k2

2

Let also H = f ~Ri = ~R0
i ; i 2 [t; t]g, i.e., the set of coordinates that ~R and ~R0 agree. Whp,

we have

	 =
X

i 2 H

(� y
i )2 +

X

i 2 [t ; t ]
i =2 H

(� y
i )2 = c( ~R; ~R0) +

X

i 2 [t ; t ]
i =2 H

(� y
i )2 � � � 	 +

X

i 2 [t ; t ]
i =2 H

(� y
i )2 (2.50)

The last inequality holds because of Lemma 2.4.7. Therefore, we have
P

i 2 [t ; t ]
i =2 H

(� y
i )2 �

(1 � � � )	.

Now we have

X

i 2 [t ;t ]

k(Uy
:;i � ~Uy

:;i )�
y
i k2

2 �
X

i 2 [t ; t ]
i =2 H

k(Uy
:;i � ~Uy

:;i k
2
2(� y

i )2:
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Next we bound kUy
:;i � ~Uy

:;i k
2
2 when ~Ri 6= ~R0

i . We have

kUy
:;i � ~Uy

:;i k
2
2 � 2 �

X

j 2 ~R i \ ~R0
i

�
(Uy

j;i )2 + ( ~Uy
j;i )2

�
: (2.51)

By Lemma 2.4.6, whpj ~Ri \ ~R0
i j � c2� 2� d. Next, we give a bound for

P
j 2 ~R i \ ~R0

i
(Uy

j;i )2. The

bound for
P

j 2 ~R i \ ~R0
i
( ~Uy

j;i )2 can be derived in a similar manner.

For each j 2 j ~Ri \ ~R0
i j, we check whetherUy

j;i � c5p
� � + � d

:

X

j 2 ~R i \ ~R0
i

(Uy
j;i )2 =

X

j 2 ~R i \ ~R0
i

"

(Uy
j;i )2I (Uy

j;i �
c5p

� � + � d
) + ( Uy

j;i )2I (Uy
j;i >

c5p
� � + � d

)

#

� O
�

� 2� d
� � + � d

+ exp( � �(1 =� � ))
�

= O(� � � � ):

Therefore,

X

i 2 [t ;t ]

k(Uy
:;i � ~Uy

:;i )( � y
i )2k2

2 �
X

i 2 [t ;t ]

(� y
i )2(2 � O(� � � � )(1 � � � )) �

X

i 2 [t ;t ]

(� y
i )2(2 � c8� � � � � c9� � ):

2

We need two additional building blocks.

Lemma 2.4.10. Consider the regression problemy = M x + � , where kM k � � = O(1)

and the eigenvalues� i (E[xx T )] of the features follow a power law distribution with exponent

! . Consider the problemy = N z + � in orthogonalized form. Let � N
i be thei -th singular

value of N . Let t be an arbitrary value in [0; minf d1; d2g]. There exists a constantc10 such

that
X

i � t

� 2
i (N ) �

c10

t ! � 1 :

Proof of Lemma 2.4.10. Without loss of generality, assume that d1 � d2. We �rst split

the columns of N into two parts, N = [ N+ ; N � ], in which N+ 2 R d2 � t consists of the �rst

t columns of N and N � 2 R d2 � (d1 � t ) consists of the remaining columns. Let0 be a zero
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matrix in R d2 � (d1 � t ) . [N+ ; 0] is a matrix of rank at most t.

Let us split other matrices in a similar manner.

ˆ M = [ M + ; M � ], where M + 2 R d2 � t and M � 2 R d2 � (d1 � t ) ,

ˆ V � = [ V �
+ ; V �

� ], where V �
+ 2 R d1 � t , and V �

� 2 R d1 � (d1 � t ) , and

ˆ � � = [� �
+ ; � �

� ], where � �
+ 2 R d1 � t and � �

� 2 R d1 � (d1 � t ) .

We have

X

i � t

(� N
i )2 = kN � P t (N )k2

F

� k N � [N+ ; 0]k2
F (P t (N ) gives an optimal rank-t approximation of N ).

= kN � k2
F � k M � V �

� k2k(� �
� )

1
2 k2

F �
c10

t ! � 1

2

We next move to our second building block.

Fact 2.4.1.

KL( PN y ;n ; P ~N y ;n ) =
nkN y � ~N yk2

F

2� 2
�

: (2.52)

Proof of Fact 2.4.1.

KL( PN y ;n ; P ~N y ;n )

= nKL( PN y ; P ~N y )

= n E
y = N yzy+ �

�
log

�
f N y (y ; zy)
f ~N y (y ; zy)

��

= n E
zy

�
E

y = N yzy+ �

�
log

�
f N y (y ; zy)
f ~N y (y ; zy)

�
j zy

��

= n E
zy

�
E

y = N yzy+ �

�
log

�
f N y (y j zy)f (zy)
f ~N y (y j zy)f (zy)

�
j zy

��

= n E
z

E
y = N yzy+ �

��
log

�
f N y (y j zy)
f ~N y (y j zy)

�
j zy

��

= n E
z

h
KL( PN y jzy ; P ~N y jzy )

i
=

nkN y � ~N yk2
F

2� 2
�
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2

We now complete the proof for Proposition 2.4.2. First, de�ne  ,
P

i � t +1 (� y
i )2

P
i 2 [t ; t ] (�

y
i )2

. For

any N y and ~N y in N, we have

kN y � ~N yk2
F =

X

i � t

(� y
i )2 = (1 +  )	 ;

where recall that 	 =
P

i 2 [t ;t ](�
y
i )2. Using Lemma 2.4.9, we haveKL (PN y ;n ; P ~N y ;n ) =

n(1 +  )	.

Next, we �nd a smallest � such that

max
N y ; ~N y

KL( PN y ;n ; P ~N y ;n ) � � log jNj: (2.53)

By Lemma 2.4.7, we havejNj = exp( c3
n� 2� + � � 2

� 2
�

	). (2.53) is equivalent to requiring

n(1 +  )	
2� 2

�
�

�c 3n� 2� + � � 2	
� 2

�
:

We may thus set � = O(� 2� 2� + � (1 +  )). Now we may invoke Theorem 2.4.5 and get

r (x ; M; n; � � ) � 	

 

1 �
1

p
jNj

!

(2 � c8� � � � � c9� � )
| {z }

Lemma 2.4.9

�
1 � O(� 2� 2� � � )(1 +  )

�

� 	(1 � O(� � � � + � � + � 2� 2� � � )) � 	  
|{z}

=
P

i> t (� y
i )2

� 2� 2� � �

� 	(1 � O(� � � � + � � + � 2� 2� � � )) � O
�

1
(� � d)! � 1

�
� 2� 2� � �

(Use Lemma 2.4.10 to bound
P

i> t (�
y
i )2 )

We shall set " = � be a small constant (say 0:001), � = 1
2 + " , and � = 1

2 . This gives us

r (x; M; n; � � ) � 	(1 � O(�
1
2 + �

1
2 � 2" )) �

�
1
2 � 2" � (! � 1)( 1

2 + " )

d! � 1
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Together with the fact that
P

i> t (�
y
i )2 = O

�
1

(� � ! ) ! � 1

�
, we complete the proof of Proposi-

tion 2.4.2.

2.5 Related work and comparison

In this section, we compare our results to other regression algorithms that make low rank

constraints on M . Most existing MSE results are parametrized by the rank or spectral

properties of M , e.g. [118]de�ned a generalized notion of rank

Bq(RA
q ) 2

�
A 2 R d2 � d1 :

min f d1 ;d2gX

i =1

j� A
i jq � Rq

	
; q 2 [0; 1]; A 2 f N; M g; (2.54)

i.e. RN
q characterizes the generalized rank ofN whereasRM

q characterizes that ofM . When

q = 0, RN
q = RM

q is the rank of the N becauseRank(N ) = Rank(M ) in our setting. In their

setting, the MSE is parametrized by RM and is shown to beO
�

RM
q

�
� 2

� � �
1 (d1+ d2 )

(� �
min )2n

� 1� q=2�
.

In the special case whenq = 0, this reduces to O
�

� 2
� � �

1 Rank( M )( d1+ d2 )
(� �

min )2 �n

�
. On the other

hand, the MSE in our case is bounded by (cf. Thm. 2.3.2). We haveE[kŷ � yk2
2] =

O
�
RN

q ( � 2
� d2
n )1� q=2 + n� c0

�
: When q = 0, this becomesO

� � 2
� Rank( M )d2

n + n� c0
�
.

The improvement here is twofold. First, our bound is directly characterized by N in

orthogonalized form, whereas result of [118]needs to examine the interaction betweenM

and C � , so their MSE depends on bothRM
q and � �

min . Second, our bound no longer depends

on d1 and pays only an additive factor n� c0 , thus, when n < d 1, our result is signi�cantly

better. Other works have di�erent parameters in the upper bounds, but all of these existing

results require that n > d 1 to obtain non-trivial upper bounds [ 84, 20, 27, 84]. Unlike these

prior work, we require a stochastic assumption onX (the rows are i.i.d.) to ensure that the

model is identi�able when n < d 1, e.g. there could be two sets of disjoint features that �t

the training data equally well. Our algorithm produces an adaptive model whose complexity

is controlled by k1 and k2, which are adjusted dynamically depending on the sample size

and noise level. [20] and [27] also point out the need for adaptivity; however they still

require n > d 1 and make some strong assumptions. For instance, [20]assumes that there is a
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gap between� i (X M T ) and � i +1 (X M T ) for somei . In comparison, our su�cient condition,

the decay of � �
i , is more natural. Our work is not directly comparable to standard variable

selection techniques such as LASSO [148] because they handle univariatey . Column

selection algorithms [35] generalize variable selection methods for vector responses, but

they cannot address the identi�ability concern.

2.5.1 Missing proof in comparison

This section proves the following corollary.

Corollary 2.5.1. Use the notation appeared in Theorem 2.3.2. Let the ground-truth matrix

N 2 Bq(RN
q ) for q 2 [0; 1]. We have whp

E[kŷ � yk2
2] = O

 

RN
q

�
� 2

� d2

n

� 1� q=2

+ n� c0

!

: (2.55)

Proof. We �rst prove the case q = 0 as a warmup. Observe that

kN k2
F �

X

i � ` �

(� N
i )2 =

X

` � <i � r

(� N
i )2 �

� 2� 2
� d2(r � `)

n
:

The last inequality uses � N
i � �� �

q
d2
n for i > ` � . Therefore, we have

E[kŷ � yk2)2] � O
�

(r � ` � )� 2� 2
� d2

n
+

` � d2� 2� 2
�

n
+ n� c0

�
= O

�
r� 2� 2

� d2

n
+ n� c0

�
:

Next, we prove the general caseq 2 (0; 1]. We can again use an optimization view to

give an upper bound of the MSE. We view
P

i � d2
(� N

i )q � Rq as a constraint. We aim to

maximize the uncaptured signals, i.e., solve the following optimization problem
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maximize:
X

i>` �

(� N
i )2

subject to:
X

i>`

(� N
i )q � R� ; where R� = Rq �

P
i � ` � (� N

i )q

� N
i �

� 2� 2
� d2

n
; for i � ` � .

The optimal solution is achieved when (� N
i )2 = � 2 � 2

� d2
n for ` � < i � ` � + k, where

k = R �
�

� 2 � 2
� d2

n

� q
2

, and � N
i = 0 for i > ` � + k. We have

E[kŷ � yk2
2]

�
X

i>` �

(� N
i )2 + O

�
` � d2� 2� 2

�

n
+ n� c0

�

=

0

@Rq �
X

i � ` �

(� N
i )q

1

A
�

� 2� 2
� d2

n

� 1� q=2

+ O
�

` � d2� 2� 2
�

n
+ n� c0

�
(2.56)

We can also see that

X

i � ` �

(� N
i )q

�
� 2� 2

� d2

n

� 1� q=2

�
X

i � ` �

�
� 2� 2

� d2

n

� q=2 �
� 2� 2

� d2

n

� 1� q=2

= ` �
�

� 2� 2
� d2

n

�
:

Therefore,

(2:56) � O

 

Rq

�
� 2� 2

� d2

n

� 1� q=2

+ n� c0

!

:

2

2.6 Experiments

We apply our algorithm on an equity market and a social network dataset to predict equity

returns and user popularity respectively. Our baselines include ridge regression (\Ridge"),

reduced rank ridge regression [114] (\Reduced ridge"), LASSO (\Lasso"), nuclear norm
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Model MSEout MSEin MSEout � in R2
out (bps) R2

in (bps) Sharpe t-statistic
ARRR, N= 983 0.9935 1.0140 -0.0205 46.3761 158.2564 2.4350 8.3268
Lasso 1.1158 0.3953 0.7205 6.6049 7147.0116 2.1462 0.0601
Ridge 1.2158 0.1667 1.0491 9.8596 8511.9076 0.6603 -0.0497
Reduced ridge 1.0900 0.8687 0.2213 13.0321 1555.5136 0.3065 -0.3275
RRR 1.2200 0.5867 0.6332 7.0830 4121.2548 0.3647 -0.6626
Nuclear norm 1.2995 0.12078 1.1787 4.7297 8789.0625 0.6710 0.2340
PCR 1.0259 0.8456 0.1802 1.1278 1544.7258 1.8070 0.3947
ARRR, N= 2838 1.0056 0.9050 0.1006 18.5761 689.0625 1.6239 15.4134
Lasso 1.0625 0.5286 0.5339 1.1236 6029.5225 0.5954 0.0179
Ridge 1.0289 0.6741 0.3548 0.2116 5342.1481 0.5739 0.0670
Reduced ridge 1.9722 0.7373 1.2349 1.0816 2416.7056 1.5482 0.0619
RRR 1.0873 0.61376 0.4735 4.5795 3844.124 -0.477 0.6399
Nuclear norm 1.1086 0.15346 0.9551 2.2097 8461.2402 -0.3698 -0.8986
PCR 1.0263 0.5336 0.4927 5.233 4653.9684 1.2799 0.6990

Table 2.1: Summary of results for equity return forecasts. R2 are measured by basis
points (bps). 1bps = 10� 4. Bold font denotes the bestout-of-sample results and

smallest gap.

Model MSEin MSEout MSEout � in Corr in Corrout

ARRR 5.0104� 0.38 9.4276 � 2.31 4.4172 0.7425� 0.07 0.6730 � 0.13
Lasso 2.3755� 1.95 14.8279� 4.81 12.4524 0.9171� 0.09 0.4754� 0.15
Ridge 1.3974� 0.53 13.6244� 4.39 12.2270 0.9555� 0.04 0.4742� 0.17
Reduced ridge 4.5260� 1.93 12.2339� 2.70 7.7079 0.7905� 0.09 0.4972� 0.18
RRR 4.3456� 0.47 13.0768� 2.63 8.7313 0.7725� 0.12 0.3820� 0.22
Nuclear norm 4.9190� 2.04 13.0532� 4.38 8.6677 0.7872� 0.10 0.4869� 0.16
PCR 6.4037� 1.99 13.0847� 4.19 8.8892 0.7199� 0.05 0.4861� 0.15

Table 2.2: Average results for Twitter dataset from 10 random samples. Bold font
denotes the bestout-of-sample results and smallest gap

regularized regression (\Nuclear norm"), and reduced rank regression [153] (\RRR"), and

principal component regression [3] (\PCR").

Predicting equity returns. We use a stock market dataset from an emerging market

that consists of approximately 3600 stocks between 2011 and 2018. We focus on predicting

the next 5-day returns. For each asset in the universe, we compute its past 1-day, past 5-day

and past 10-day returns as features. We use a standard approach to translate forecasts into

positions [8, 169]. We examine two universes in this market: (i) Universe 1 is equivalent

to S&P 500 and consists of 983 stocks, and (ii)Full universe consists of all stocks except

for illiquid ones.

Results. Table 2.1 reports the forecasting power and portfolio return forout-of-sample

periods in two universes. We observe that(i) The data has a low signal-to-noise ratio.
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The out-of-sample R2 values of all the methods are close to 0.(ii) Adaptive-RRR

has the highest forecasting power.(iii) Adaptive-RRR has the smallest in-sample and

out-of-sample gap (see column MSEout � in ), suggesting that our model is better at avoiding

spurious signals.

Predicting user popularity in social networks. We collected tweet data on political

topics from October 2016 to December 2017. Our goal is to predict a user'snext 1-day

popularity, which is de�ned as the sum of retweets, quotes, and replies received by the

user. There are a total of 19 million distinct users, and due to the huge size, we extract

the subset of 2000 users with the most interactions for evaluation. For each user in the

2000-user set, we use its past 5 days' popularity as features. We further randomly sample

200 users and make predictions for them, i.e., settingd2 = 200 to make d2 of the same

magnitude asn.

Results. We randomly sample users for 10 times and report the average MSE and correla-

tion (with standard deviations) for both in-sample and out-of-sample data. In Table 2.2

we can see results consistent with the equity returns experiment:(i) Adaptive-RRR

yields the best performance in out-of-sample MSE and correlation.(ii) Adaptive-RRR

achieves the best generalization error by having a much smaller gap between training and

test metrics.

2.6.1 Setup of experiments

2.6.1.1 Equity returns

We use daily historical stock prices and volumes from an emerging market to build our

model. Our license agreement prohibits us to redistribute the data so we include only a

subset of samples. Full datasets can be purchased by standard vendors such as quandl or

algoseek. Our dataset consists of approximately 3,600 stocks between 2011 and 2018.

Universes. We examine two di�erent universes in this market (i) Universe 1 is equivalent

to S&P 500. It consists of 800 stocks at any moment. Similar to S&P 500, the list of
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stocks appeared in universe 1 is updated every 6 months. A total number of 983 stocks

have appeared in universe 1 at least once.(ii) Universe 2 consists of all stocks except for

illiquid ones. This excludes the smallest 5% stocks in capital and the smallest 5% stocks

in trading volume. Standard procedure is used to avoid universe look-ahead and survival

bias [169].

Returns. We use return information to produce both features and responses. Our returns

are the \log-transform" of all open-to-open returns [169]. For example, the next 5-day

return of stock i is log(pi;t +5 =pi;t ), where pi;t is the open price for stocki on trading day t.

Note that all non-trading days need to be removed from the time seriespi;t . Similarly, the

past 1-day return is log(pi;t =pi;t � 1).

Model. We focus on predicting the next 5-day returns for di�erent universes. Let

r t = ( r1;t ; r2;t ; : : : ; rd2 ;t ), where r i;t is the next 5-day return of stock i on day t. Our

regression model is

r t+1 = M x t + �: (2.57)

The features consist of the past 1-day, past 5-day, and past 10-day returns of all the

stocks in the same universe. For example, inUniverse 1, the number of responses is

d2 = 800. The number of features isd1 = 800 � 3 = 2; 400. We further optimize the

hyperparametersk1 and k2 by using a validation set because our theoretical results are

asymptotic ones (with unoptimized constants). Baseline models use the same set of features

and the same hyper-parameter tuning procedure.

We use three years of data for training, one year for validation, and one year for testing.

The model is re-trained every test year. For example, the �rst training period is May

1, 2011 to May 1, 2014. The corresponding validation period is from June 1, 2014 to

June 1, 2015. We use the validation set to determine the hyperparameters and build

the model, and then we use the trained model to forecast returns of equity in the same

universe from July 1, 2015 to July 1, 2016. Then the model is retrained by using data in
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the second training period (May 1, 2012 to May 1, 2015). This work
ow repeats. To avoid

looking-ahead, there is a gap of one month between training and validation periods, and

between validation and test periods.

We use standard approach to translate forecasts into positions [60, 126, 8, 169]. Roughly

speaking, the position is proportional to the product of forecasts and a function of average

dollar volume. We allow short-selling. We do not consider transaction cost and market

impact. We use Newey-West estimator to producet-statistics of our forecasts.

2.6.1.2 User popularity

We use Twitter dataset to build models for predicting a user'snext 1-day popularity, which

is de�ned as the sum of retweets, quotes, and replies received by the user.

Data collection. We collected 15 months Twitter data from October 01, 2016 to

December 31, 2017, using the Twitter streaming API. We tracked the tweets with topics

related to politics with keywords \trump, \clinton, \kaine, \pence, and \election2016.

There are a total of 804 million tweets and 19 million distinct users. Useru has one

interaction if and only if he or she is retweeted/replied/quoted by another user v. Due to

the huge size, we extract the subset of 2000 users with the most interactions for evaluation.

Model. Our goal is to forecast the popularity of a random subset of 200 users. Let

y t = ( y1;t ; : : : ; yd2 ;t ), where d2 = 200 and yi;t is the popularity of user i at time t. Our

regression model is

y t+1 = M x t + �: (2.58)

Features. For each user, we compute his/her daily popularity for 5 days prior to day t.

Therefore, the total number of features isd1 = 2000 � 5 = 10; 000.

We remark that there are n = 240 observations. This setup follows our assumption

d1 � d2 � n.

Training and hyper-parameters. We use the period from October 01, 2016 to June

30, 2017 as the training dataset, the period from July 01, 2017 to October 30 as validation

67



dataset to optimize the hyper-parameters, and the rest of the period, from September 10,

2017 to December 31, 2017, is used for the performance evaluation.

2.7 Conclusion

This paper examines the low-rank regression problem under the high-dimensional setting.

We design the �rst learning algorithm with provable statistical guarantees under a mild

condition on the features' covariance matrix. Our algorithm is simple and computationally

more e�cient than low rank methods based on optimizing nuclear norms. Our theoretical

analysis of the upper bound and lower bound can be of independent interest. Our

preliminary experimental results demonstrate the e�cacy of our algorithm. The full version

explains why our (algorithm) result is unlikely to be known or trivial.
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Chapter 3

On Embedding Stocks:

Orchestrating High-dimensional

Techniques for Financial Machine

Learning Models

3.1 Introduction

We study the problem of forecasting equity (stock) returns as there is a direct link between

a portfolio's pro�tability and its forecasting quality. Our proposed forecasting model uses

information available up to time t to predict p t+1 ;i , the price of stock i at time t + 1, for a

total number of d stocks in the �nancial market. While there has been extensive research

concerning the predictability of stock prices [43, 113, 139], many anomalies have been

discovered and recent studies suggest that machine learning (ML) techniques can also be

e�ective in forecasting returns [155, 26, 72, 166, 161]. The relevant learning models can be

categorized into two groups:

Univariate models (UM) to learn feature interactions. Univariate models �t a function

p t+1 ;i = f (x t;i ) + � t;i to forecast one stock's future price (return) by using features
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constructed from that stock's historical data. Univariate models primarily learn interactions

between features by using o�-the-shelf ML techniques. See e.g., [51, 62, 28].

Cross-asset models (CAM) to learn stock interactions. Cross-asset models solve a vector

regression problemp t+1 = f (x t )+ � t , to forecast the future prices of all stocks in a universe,

wherep t+1 , (p t+1 ;1; : : : ; p t+1 ;d), and x t denotes the features of all stocks, constructed from

their historical data. Since the features of one stock can be used to predict the future prices

of another (such as co-movement, lead-lag relation etc.), CAMs have stronger expressive

and predictive power. CAMs are both computationally and statistically challenging because

we need to solve the \high-dimensional" (overparametrized) problem, i.e., the total number

of learnable parameters far exceeds the number of observations. Consider, for example, a

vector auto-regressive modely t = M y t � 1 + � t for predicting next-day returns of d = 3 ; 000

stocks in Russell 3000 using their past 1-day returns. There ared2 � 10 million learnable

parameters in M , but there are usually less thann = 3 ; 000 observations (using 10 years of

approximately 3,000 trading days of training data). The model can exactly �t the training

data, but may not deliver predictive power. Extensive research has been undertaken

to design regularization techniques to address the issue, most of which focus on linear

models [118, 161].

In this paper, we design models that are expressive enough to capture interactions

between features and between stocks, and develop new learning methodologies that can

easily leverage modern ML algorithms and are less prone to over�tting issues. Our major

challenge is to integrate two seemingly incompatible modeling processes (i.e., UM and

CAM) with di�erent design philosophies, which we brie
y discuss below.

In high-dim models for stock interactions, because �tting is straightforward and pro-

ducing meaningful generalization errors is challenging, theoretical tools are used to develop

algorithms with provable guarantee, to alleviate the data scarcity problems. In univariate

models for feature interactions, �tting is typically non-trivial, but since the generalization

errors are usually manageable, anexperiment-driven process is used to �t the model.
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Here, the theoretical analysis is more di�cult, but also less important, because the model

performance can be assessed by using standard (cross)-validation methods. It remains

unclear how we can reconcile a design process that promotes theoretical analysis and

down-weighs the role of �tting, with an experiment-driven one that relies heavily on �tting

and has a lower demand on theoretical guarantees.

Our approach & contribution. We propose a latent position model for equity returns,

dubbed as theadditive in
uence model, that enables us to orchestrate mathematically

rigorous high-dim techniques with practically e�ective machine learning algorithms. Our

model assumes that each stocki is associated with a vector representationzi in a (latent)

Euclidean space, and characterizes the interactions between stocks in the form ofy t;i =
P

j 2 [d] � (zi ; zj )g(x j;t ) + � t;i , where y t;i 2 R is the next period return at time t for stock i ,

x t;j 2 R k are the features associated with stockj at time t, � t;i is a noise term,g : R k ! R

is an unknown function, and � is a function that measures the interaction strength between

stocks based on their vector representations. Whenzi and zj are close,� (zi ; zj ) will be

large, and thus the variable g(x t;j ) from stock j 's has a stronger impact oni 's return.

Our proposed model allows for feature interactions throughg(�), and addresses the

over�tting problem arising from stock interactions because the distances (interaction

strength) between stocks are constrained by the latent Euclidean space: whenzi � zj and

zj � zk are small, zi � zk is also small, and thus the degree of freedom for stock interactions

becomes substantially smaller thanO(d2).

Our goal is to learn both the zi 's and g(�). We note that these two learning tasks can

be decoupled: high-dim methods can be developed toprovably estimate the zi 's without the

knowledge ofg(�), and when estimates ofzi 's are given, an experiment-driven process can

be used to learng(�) by examining prominent machine learning methods such as neural

nets and boosting. In other words, when we learn stock interactions, we do not need to be

troubled by the over�tting problem escalated by �ne-tuning g(�), and when we learn feature

interactions, the generalization error will not be jeopardized by the curse of dimensionality
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from stock interactions.

To learn the zi 's, we design a simple algorithm that uses low-rank approximation of

y t 's covariance matrix to �nd the closeness of the stocks, and develop a novel theoretical

analysis based on recent techniques from high-dim and kernel learning [15, 147, 161].

To learn g(�), we generalize major machine learning techniques, including neural nets,

non-parametric, and boosting methods, to the additive in
uence model when estimates

of zi 's are known. We speci�cally develop a moment-based algorithm for non-parametric

learning of g(�), and a computationally e�cient boosting algorithm based on linear learners

by using the domain knowledge of equity data sets.

Finally, we perform extensive experiments on data sets from a major equity market to

con�rm the e�cacy of our modeling approaches and analysis.

3.2 Problem de�nition

Notations. For a matrix A, Pr (A) denotes its rank-r approximation obtained by keeping

the top r singular values and the corresponding singular vectors.� i (A) (resp. � i (A)) is

the i -th singular value (resp. eigenvalue) ofA. We use Python/MATLAB notation when

we refer to a speci�c row or column. For example,A1;: is the �rst row of A, and A :;1 is the

�rst column. kAkF and kAk2 denote the Frobenius and spectral norms, respectively, of

A. In general, we use boldface upper case (e.g.,X ) to denote data matrices and boldface

lower case (e.g.,x) to denote one sample. x t;i , which refers to the features associated

with stock i at time t, can be one or multi-dimensional. Let (x t;i ) j be the j -th coordinate

(feature) of x t;i . An event occurring with high probability (whp) means that it happens

with probability � 1 � n10, where 10 is an arbitrarily chosen large constant and is not

optimized. A bivariate function is a Gaussian kernel if � (x ; x0) = exp(�k x � x0k2=� 2), an

inverse multi-quadratic (IMQ) kernel if � (x ; x0) = ( c2 + kx � x0k2) � � (� > 0), and an inner

product kernel if � (x ; x0) = hx; x0i .

A function g(�) is Lipschitz-continuous if jg(x1) � g(x2)j � ckx1 � x2k for a constant c.

A distribution D with bounded domain and probability density function f D is near-uniform
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if sup f D (x )
inf f D (x ) = O(1).

The forecasting problem. Let d denote the total number of stocks in our universe of

interest. Our model assumes that the equity market proceeds in rounds. Lety t;i 2 R be

the next-period return of stock i at the t-th round, and y t = ( y t;1; : : : ; y t;d ) 2 R d. Our

goal is to forecasty t based on all information available up to round t. We are primarily

interested in forecasting the next 5-day return (i.e., each round consists of 5 days) and using

only technical factors as features because our forecasting horizon is short and unsuitable

for fundamental factors [38]. In practice, we use standard overlapping techniques to train

the model [169]. See also App. 3.13.1.

Model Assumptions. Under the additive in
uence model

y t;i =
X

j � d

� (zi ; zj )g(x t;j ) + � t;i ; (3.1)

our goal is to learn g(�) and zi 's with a total number of n observations. Let alsoK 2 R d� d

such that K i;j = � (zi ; zj ). Here, we assume that� (A.1) vector representationszi 's of the

stocks and featuresx t;i are i.i.d. samples from (two di�erent) near-uniform distributions

on bounded supports, � (A.2) x t;i 2 [� 1; 1] and E[g(x t;i )] = 0, � (A.3) g(�) is Lipschitz-

continous, and � (A.4) � t;i 's are zero-mean i.i.d. Gaussian random variables with standard

deviation � � .

(A.1) is standard in the literature [ 2, 146, 147, 90, 131]. Assuming (A.2) simpli�es the

calculation and is without loss of generality, and (A.4) can also be relaxed to settings in

which � t;i are sub-Gaussian. See App. 3.7 for more discussion of the assumptions.

3.3 Our algorithms

Sec. 3.3.1 describes an algorithm for learning the embedding without knowingg(�), and

Sec. 3.3.2 explains estimation ofg(�) using machine learning techniques. Due to the space

limit, detailed proofs of all the Props can be found in App. 3.8.
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(a) (b)
Figure 3.1: (a) We use the square root ofPi � (Y T Y ) to approximate K so that we pay a
factor of 1=� i � (K ), instead of 1=� min (K ). (b) Three key requirements for i � : � i � (K ) is large
(R1), Pi � (K 2) is close toK 2 (R2), and � i � (K ) � � i � +1 (K ) is large (R3).

3.3.1 Learning vector representation provably

This section presents a provable algorithm to estimate the kernel matrixK and the

embeddingzi 's. Our algorithm does not need to knowg(�), thus it provides a conceptually

new approach to construct CAMs: high-dim learning of stock interactions can be decoupled

from using ML techniques to �t the features. Because learning stock-interactions could

be a major source for causing over�tting, disentangling it from the downstream task of

learning g(�) enables us to leverage the function-�tting power of ML techniques without

the cost of amplifying generalization errors.

We next walk through our design intuition. We �rst need to introduce additional

notations. Let Y 2 R n� d be such that Y t;i = y t;i (Y is a matrix and y a random variable),

S 2 R n� d with St;i = st;i , g(x t;i ), and E 2 R n� d with E t;i = � t;i . Recall that K 2 R d� d

s.t. K i;j = � (zi ; zj ), and Pr (A) denotesA's rank-r approximation obtained by keeping the

top r singular values and vectors. Finally, for any PSD matrix A with SVD A = U� UT ,

let
p

A , U�
1
2 UT .

Eq. (3.1) can be re-written as Y = SK + E, in which we need to infer K using

only Y . We �rst observe that while none of the entries in S are known, St;i 's are i.i.d.

random variables (becausex t;i 's are i.i.d.); therefore, our problem resembles a dictionary

learning problem, in which K can be viewed as the dictionary to be learned, andS is the

measurement matrix (see e.g., [9]). However, in our case,K is neither low-rank nor sparse,

we cannot use standard dictionary learning techniques.
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First, we observe that if we have in�nitely many samples, Y T Y =n approaches toK 2.

Hence, intuitively we could use
p

Y T Y =n to approximate
p

K 2 = K . However, existing

matrix square root result has the notorious \1=� min -blowup" problem, i.e., it gives us

only k
p

Y T Y =n � KW kF / 1=� min (K ) (W a unitary matrix), where typically � min (K ) is

extremely small, so the bound is too loose to be useful [18].

To tackle the problem, our algorithm uses
p

Pi � (Y T Y )=n to approximate K for a

carefully choseni � so that we pay a factor of � i � (K ), instead of � min (K ), to substantially

tighten the error. See Alg. 2 in App. 3.8.2 and Fig. 3.1(a). To implement this idea, we need

to show that there always exists ani � such that � (R1): � i � (K ) is su�ciently large, � (R2):

Pi � (K 2) is close toK 2, and � (R3): the spectral gap� i � (K ) � � i � +1 (K ) is su�ciently large

so that we can use the Davis-Kahan theorem to prove thatPi � (K 2) / P i � (Y T Y) [141].

See also Fig. 3.1(b).

These three requirements may not always be met simultaneously. For example, when

� i (K 2) / 1
i , the gap is insu�cient and the tail diverges (R2 and R3 are violated). Therefore,

we integrate the following two results. � (i) The eigenvalues decay fast. This stems from

two classical results from thekernel learning literature. First, when � (�; �) is su�ciently

smooth (such as the Gaussian, IMQ, or inner product kernels), the eigenvalues of the

kernel operator K associated with � (�; �) decay exponentially (e.g., � i (K) � exp(� Ci
1
r )

for Gaussian kernels [15]). Second, it holds true that
P

i � 1 j� i (K) � � i (K=d)j2F / 1
n , a

convergence result under the PAC setting [147]. Therefore, � i (K ) also approximately

decays exponentially. � (ii) Combinatorial analysis between gaps and tails. We then

leverage a recent analysis [161] showing that when � i (K ) decays fast, it is always possible

to �nd an i � such that � i � (K) � � i � +1 (K) is su�ciently large (R1 & R3 are satis�ed) and
P

j � i � � 2
j (K) = o(1) (R2 is satis�ed). We have

Proposition 3.3.1. Consider the additive in
uence model. Let � (zi ; zj ) be a Gaussian,

inverse multi-quadratic (IMQ) or inner product kernel. Let n � d be the number of

observations and� = c0 log3 dp
d

. Assume that the noise level� � = O(
p

d). Let � be a tunable
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parameter (also appeared in Alg. 2 in App. 3.8.2) such that� 3 = ! (� 2). There exists an

e�cient algorithm that outputs K̂ such that 1
d2 kK̂ � K k2

F = O( � 2

� 3 + �
4
5 )(= ~O(d� �(1) )) .

We remark that (i) the algorithm does not need to know the exact form of� , so long

as it is one of Gaussian, IMQ, or inner product kernels,(ii) once K is estimated, an

Isomap-
avored algorithm may be used to estimatezi 's [90], and (iii) knowing K̂ (without

reconstructing zi 's) is su�cient for the downstream g(�)-learners we consider in this work.

Generalization. Our algorithm needs only the covariance matrix of returns (aka the

\risk" of the assets [45]). We polish the risk model by exploiting the equity market speci�c

structure (e.g., the returns' volatility possesses a momentum property [19]) and use an

enhanced risk model to improve the estimation ofK . We may also use news data to

estimate the risk matrix under other suitable assumptions [162]. See App. 3.8.3.

3.3.2 Learning g(�)

Here, we explain how prominent machine learning techniques, including neural nets (deep

learning), non-parametric methods, and boosting, can be used to learng(�). These

techniques make di�erent functional form assumptions ofg(�), and possess di�erent \iconic"

properties: deep learning assumes thatg(�) can be represented by a possibly sophisticated

neural net and uses stochastic gradient descent to train the model; non-parametric methods

learn a Lipschitz-continuous g(�) with statistical guarantees; boosting consolidates forecasts

produced from computationally e�cient weak learners.

The cost structure in our setting is di�erent: in univariate models, g(x t;j ) controls

only one responsêy t;j , whereas here,g(x t;j ) impacts all responseŝy t;i for i 2 [d] because

ŷ t;i =
P

j K i;j g(x t;j ). We aim to generalize ML techniques under the new cost functions,

while retaining the iconic properties of each technique.

Technique 1. Learn g(�) using neural nets. When an estimate K̂ is given, the

training cost is
P

t;i (y t;i �
P

j 2 [d] K̂ i;j g(x t;j ))2 and we can use stochastic gradient descent

when g(�) is a neural net.

Technique 2. Learn g(�) using non-parametric methods. When the response is
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univariate, e.g., y t;i = g(x t;i ) + � t;i , we can use a neighbor-based approach to estimate

g(x) for a new x: we �nd one or multiple x t;i 's in the training set that are close to x, and

output y t;i or their averages when multiplex t;i are chosen, usingg(x) � g(x t;i ) when x is

close tox t;i .
Algorithm 1 nparam-gEST:

Input X , Y , K̂ ; Output � 1 (estimating other � i 's is similar)

1: procedure nparam-gEST (K̂; X ; Y )

2: for all t  1 to n do

3: qt = Rand( d)

4: L ( t;q t ) ;j = Map-Regress (qt ; K̂; X t; : )

5: end for

6: return � 1  FlipSign (qt ; f y t ; L ( t;q t ) ;j gt � n )

7: end procedure

8: procedure Map-Regress (qt ; K̂; x t )

9: Let L ( t;q t ) ;j = 0

10: for all k  1 to d do

11: L ( t;q t ) ;j + = K̂ qt ;k with j s.t. x t;k 2 
 j .

12: end for

13: return L ( t;q t ) ;j

14: end procedure

15: procedure FlipSign (qt ; f y t ; L ( t;q t ) ;j gt � n )

16: for all t  1 to n do

17: �̂ ( qt )
1 (t) , L ( t;q t ) ;1 � 1

` � 1

� P
j 6=1 L ( t;q t ) ;j

�

18: ~bt;q t =

8
>>><

>>>:

1 if �̂ ( qt )
1 (t) � c

log d

q
d
`

� 1 if �̂ ( qt )
1 (t) < � c

log d

q
d
`

0 otherwise
19: end for

20: return � 1 =
P

t � n
~bt;q t y t;q t

P
t � n

~bt;q t �̂ ( qt )
1 ( t )

21: end procedure

Here, we do not directly observe the values of individualg(x t;i )'s. Instead, each

response is a linear combination of multipleg(�)'s evaluated at di�erent points, e.g.,

y t;1 = K i; 1 � g(x t;1) + � � � + K i;d � g(x t;d ) + � t;i . We show that �nding neighbors reduces

to solving a linear system. Furthermore, we design a moment-based algorithm, namely
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\nparam-gEST", which estimates g(�) with provable guarantees.

Proposition 3.3.2. Consider the problem of learning additive in
uence model with the

same setup/parameters as in Prop. 3.3.1. Assume thatx t;i 2 R O(1) . Let ` be a tunable

parameter. There exists an e�cient algorithm to compute ĝ(�), based onK̂ such that

supx jĝ(x) � g(x)j � (log6 n)
� p


 +
q

`
n + 1

`

�
= ~O(d� c) for suitable parameters, where


 , � 2

� 3 + �
4
5 .

Our algorithm (Alg. 1) consists of the following 3 steps:

Step 1. Approximation of g(�). Partition 
 = [ � 1; 1]k into subsets f 
 j gj � ` , and use

piece-wise constant function to approximateg(�), i.e., ~g(x t;i ) take the same value for all

x t;i in the same 
 j . We partition f 
 j gj � ` in a way such that Pr[x t;i 2 
 j ] are the same

for all j .

Step 2. Reduction to linear regression. Each observation can be construed as a linear

combination of � j 's (j 2 [`]), where � j = E[g(x t;i ) j x t;i 2 
 j ]. For example, y t;1 =
P

i � d K 1;i � j i + � t;1 + o(1), where x t;i 2 
 j i , and in general, we have

y t;i =
X

j � `

L (t;i );j � j + � t;i + o(1); (3.2)

where L (t;i );j =
X

m2L t;j

K i;m and L t;j = f m : x t;m 2 
 j g:

Therefore, our learning problem reduces to a linear regression problem, in which the

L (t;i );j 's are features and thef � j gj � ` are coe�cients to be learned.

Step 3. Moment-based estimation. An MSE-based estimator is consistent but �nding its

con�dence interval (error bound) requires knowing the spectrum of the features' covariance

matrix, which is remarkably di�cult in our setting. Therefore, we propose a moment-based

algorithm with provable performance (FlipSign in Alg. 1).

We illustrate each steps above through a toy example, in which we assumeK i;j = 1 for

all i and j so the model simpli�es to y t;1 =
P

j � d g(x t;j ) + � t;1. See Fig. 3.2.
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Figure 3.2: A toy example of nparam-gEST whenK i;j = 1 for all i and j and 
 = [ � 1; 1] and
is uniformly partitioned into 10 pieces. Sampling ag(x t;i ) corresponds to randomly placing
a ball into a total number of 10 bins. For example, x t; 2 falls into the 8-th interval so � 8 is
used to approximate g(x t; 2), which may be viewed as a new ball of type� 8 (or in 8-th bin) is
created. The mean load for each bin isd=` = d=10. We calculate

P
i � d g(x t;i ) by counting the

balls in each bin: y t; 1 = 5 � � 1 + 1 � � 2 + ::: + 6 � � 8 + 3 � � 9 + 1 � � 10 + � t; 1.

First, we view the generation of samples as a balls-and-bins process so that theg(�)-

estimation problem reduces to a regression problem (Steps 1 & 2). Speci�cally, we generate

(y t;1; f x t;i gi � d) as �rst sequentially sampling f x t;i gi � d and computing the corresponding

g(x t;i ), then summing each term up together with � t;1 to produce y t;1. When an x t;i is

sampled, it falls into one of 
 i 's with uniform probability. Let j i be the bin that x t;i

falls into. Then g(x t;i ) is approximated by � j i according to Step 1. Thus, we may view

a ball of \type � j i " (or in j i -th bin) is created. For example, in Fig. 3.2, x t;2 falls into

the 8-th interval so a ball is added in the 8-th bin. After all x t;i 's are sampled, compute

y t;1 by counting the numbers of balls in di�erent bins. Recalling that the load of j -th bin

is L (t;1);j , we havey t;1 �
P

j � d L (t;1);j � � j + � t;1. Let � t;j = L (t;1);j � d=` and using that

E[L (t;1);j ] = d=` and
P

j � d � j = 0, we have

y t;1 = � t;1� 1 + � � � + � t;` � ` + � t;1: (3.3)

Eq. (3.3) is a standard (univariate) regression: for eacht, we know y t;1, and know all � t;j 's

because allx t;j 's are observed so the number of balls in each bin can be calculated. We

need to estimate the unknown� j 's. Note that E[� t;j ] = 0.
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Next, we solve the regression (Step 3). Our algorithm \tweaks" the observations so

that the features associated with � 1 are always positive: let bt;1 = 1 if � t;1 > 0 and � 1

otherwise. Multiply bt;1 to both sides of Eq. (3.3) for eacht:

bt; 1y t; 1 = j� t; 1j� 1 + � � � + bt; 1 � � t;` � � ` + bt; 1� t; 1 (3.4)

We sum up lhs and rhs of (3.4) and obtain

X

t � n

bt; 1y t; 1 =
� X

t � n

j� t; 1 j
�
� 1 + � � � +

� X

t � n

bt; 1 � � t;`
�
� ` +

X

t � n

bt; 1 � t; 1 (3.5)

Next, we have
P

t � n j� t;1j = �( n) whp. Also, we can see thatbt;1 and � t;j are \roughly"

independent for j 6= 1 (careful analysis will make it rigorous). Therefore, for any j 6= 1,

E[bt;1�� t;j ] = 0, and thus
P

t � n bt;1�� t;j = O(
p

n) whp. Now (3.5) becomes
P

t � n bt;1�y t;1 =
� P

t j� t;1j
�
� 1+ O(` �

p
n). So our estimator is �̂ 1 ,

P
t bt; 1 �y t; 1� P

t j � t; 1 j
� = � 1+ O(`�

p
n)

�( n) = � 1+ O
� `p

n

�
.

Here analysis of covariance for �t;j 's is circumvented because �t;j 's interactions are

compressed into the termO
� `p

n

�
. We remark that the analysis contains some crude steps

and can be tightened up (App. 3.9.2).

Technique 3. Learn g(�) using boosting. In the univariate setting, we have y t;i =
P

m� b gm (x t;i )+ � t;i , in which eachgm (x t;i ) is a weak learner. Standard boosting algorithms

[128, 29] assume that eachgm (�) is represented by a regression tree and constructed

sequentially. A greedy strategy is used to build a new tree e.g., iteratively splitting a

node in a tree by choosing a variable that optimizes prediction improvement. In our

setting, y t;i depends on evaluatinggm (�) at d di�erent locations x t;1; : : : ; x t;d , so the

splitting procedure either is d (3000) times slower in a standard implementation, or requires

excessive engineering tweak of existing systems.

Here, we propose a simple and e�ective weak learner based on intuition of the tree

structure and equity data. Let

(x t ) i =
�
(x t; 1) i ; (x t; 2) i ; : : : ; (x t;d ) i

�
2 R d;

(x t ) i;j =
�
(x t; 1) i � (x t; 1) j ; : : : ; (x t;d ) i � (x t;d ) j

�
2 R d;
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and (x t ) i;j;k can be de�ned in a similar manner. We observe that regression trees used in

GBRT models for equity return are usually shallow and can belinearized (See Fig. 3.3): we

may unfold a tree into disjunctive normal form (DNF) [ 1], and approximate the DNF by a

sum of multiple interaction terms, e.g., I ((x t;i )1 > 0) � I ((x t;i )2 > 0) can be approximated

by (x t;i )1 � (x t;i )2.

Our algorithm, namely Lin-PVEL (linear projected vector ensemble learner), consists

of weak learners in linear forms. Each linear learner consists of a subset of features and

their interactions. The number of features included and the depth of their interactions are

hyper-parameters corresponding to the depth of the decision tree. For example, if the �rst

three features are included in the learner, we then need to �ty t;i �

X

j 2 [d]

K̂ i;j|{z}
given

�
h

� 1(x t;j )1 + : : :
| {z }
linear terms

+ � 4(x t;j )1;2 + � � � + � 7(x t;j )1;2;3| {z }
interaction terms

i
; (3.6)

by MSE. Conceptually, although we use linearized models to approximate the trees, the

\target" trees are unavailable (for the computational e�ciency reasons above). We need a

new procedure to select features for each learner. Our intuition is that, in equity data sets,

if an interaction term could have predictive power, each feature involved in the interaction

should also have predictive power. Our procedure is simply to select a �xed number ofi 's

with the largest corr(( yRes)t ; K̂ (x t ) i ), where (yRes)t is the residual error. See Table. 3.1.

Domain knowledge of the equity data sets is used in our design. First, using feature

interactions to approximate DNF ( I ((x t;i )1 > 0) � I ((x t;i )2 > 0) � (x t;i )1 � (x t;i )2 may not

always be accurate). In our setting, however, linear interaction models often outperform

decision trees or DNFs. We believe this occurs because interaction terms are continuous

(whereas DNFs are discrete functions), and thus they are more suitable to model smooth

price changes. Second, we use the predictive power of linear terms to select the variables,

which is e�ective for equity return models because, in part, the features are constructed

from trading activity data (i.e., technical factors) and have economics interpretation, and

81



may not remain valid for generic machine learning problems.

Steps GBRT Lin-PVEL

1. Approximation Multiple trees
Linear model
with interaction terms

2. Choose variables Split algorithm
to determine
variable selections
and trees.

Choose threei 's with
largest corr((yRes)t ; K (x t ) i )
AssumeK (x t ) i;j is predictive,
then either K (x t ) i or
K (x t ) j is predictive.

3. Determine the model
Fit a linear model with
interaction terms (Eq. 3.6)

4. Find residual errors Y Res  Y Res � � (Ŷ )k Same as GBRT.

Table 3.1: Comparison between GBRT andLin-PVEL .

Figure 3.3: An example of representing trees as a DNF formula.

Universe 800 Full universe Backtesting
Models Our CAMs corr w corr t-stat w t-stat corr w corr t-stat w t-stat PnL Sharpe
Lin-PVEL Opt. 0.0764 0.0936 6.7939 6.3362 0.0944 0.1009 8.2607 6.4435 0.5261 10.97

DD 0.0692 0.0874 6.3141 5.8140 0.0934 0.1000 9.0551 6.9076 0.5181 11.80
nparam-gEST Opt. 0.0446 0.0320 3.2961 1.5753 0.0618 0.0553 5.7327 3.5212 0.3386 7.59

DD 0.0445 0.0307 3.2781 1.5399 0.0603 0.0507 5.0648 3.0551 0.3330 7.04
MLP Opt. 0.0550 0.0567 6.4782 5.0172 0.0738 0.0692 9.2034 6.4151 0.4202 9.43

DD 0.0540 0.0562 6.4396 4.9953 0.0671 0.0640 8.9526 6.1564 0.3493 8.16
LSTM Opt. 0.0286 0.0347 3.4517 3.0261 0.0473 0.0491 6.3615 4.2385 0.2487 7.10

DD 0.0231 0.0352 2.6108 2.9779 0.0415 0.0429 6.0979 4.0582 0.2012 5.62
Linear Opt. 0.0449 0.0517 4.802 4.5514 0.0548 0.056 6.3589 4.9856 0.3218 6.47
UM: poor man Lin-PVEL 0.0674 0.0866 6.0947 5.7312 0.0827 0.0884 7.4297 5.6659 0.4565 9.76
UM: poor man nparam-gEST 0.0432 0.0309 3.1505 1.4912 0.0584 0.0509 5.0098 3.0844 0.3070 6.59
UM: MLP 0.0507 0.5050 6.0234 4.4966 0.0606 0.0467 8.2857 4.4555 0.2782 6.38
UM: LSTM 0.0178 0.0200 2.2136 1.8077 0.0352 0.0297 4.0602 2.3619 0.175 4.33
UM: Lasso 0.0106 0.0192 1.6471 2.3030 0.0290 0.0251 4.4711 2.6010 0.1888 4.79
UM: Ridge 0.0247 0.0246 2.3553 1.9628 0.0358 0.0406 4.5172 3.6941 0.1839 3.98
UM: GBRT 0.0516 0.0591 7.5739 5.6310 0.0673 0.0747 9.3379 7.8931 0.3858 4.45
UM: SFM 0.0027 0.0032 0.4688 0.4050 0.0147 0.0051 1.2683 0.3892 0.0169 0.54
Existing CAM: VR 0.0156 0.0159 2.4997 1.7046 0.0041 -0.0025 0.8847 -0.3021 0.0430 1.20
Existing CAM: ARRR 0.0314 0.0382 2.5336 2.4213 0.0222 0.0273 1.8557 1.8968 0.1674 3.24
Existing CAM: AlphaStock 0.0085 0.0063 2.1045 1.2516 0.0027 0.0032 0.4688 0.4050 0.0045 0.10
Existing CAM: HAN 0.0105 0.0081 1.7992 1.0017 0.0080 0.0050 1.5716 0.7340 0.0570 2.02
Consolidated: all 0.0775 0.0950 6.8687 6.4108 0.0958 0.1025 8.5703 6.6487 0.5346 11.30

Table 3.2: Summary of results for equity raw return forecasts. Lin-PVEL is the gradient boosting
method with linear learner. Bold face denotes the best performance in each group. DD denotes the
method using Alg. 2. Opt. denotes the optimal results from di�erent estimators of K (App. 3.8.3).
Backtesting results pertain to the Full universe. See App. 4.6.
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3.4 Related work and comparison

Recent ML works. Univariate machine learning models for handling feature-interactions

include [165, 39, 167, 51, 68, 62, 28, 81, 80, 26, 92]. The models mostly rely on deep learning,

and some use transfer learning techniques (i.e., use one stock's data to build a model for

another stock) [26, 92] but they are not CAMs (cannot use one stock's features to predict

another's return). Recent cross-asset models are mostly linear models [20, 84, 118, 161, 73]

that have theoretical guarantees, but they cannot automatically extract signals from feature

interactions. E�orts for building non-linear CAMs include [ 155, 49, 72] but [72, 155] have

reproducibility issues (see Sec. 3.5) whereas [49] uses non-market information.

Serial correlations and risk. We do not consider serial correlation in modeling, even

though it is considered in somelinear CAMs [67, 97]. We remark that � (i) the standard

tools used to \de-serialize" data (e.g., using residuals of AR as response) do not help in

our settings, and � (ii) it remains an open problem to design a model that simultaneously

leverages stock-interactions, feature-interactions, and serial correlations.

Our algorithm relies on Y T Y (i.e., the risk matrix [ 88]) for learning the embedding.

While the risk matrix was extensively studied and sometimes used to produce forecasting

models [19, 88]), our model is conceptually new: aprovableembedding can be learned from

the risk matrix, and it can be supplied to downstream ML g(�)-learners to build CAMs.

3.5 Evaluation

Experimental setup. We use 10 years of equity data from the Chinese market to

evaluate our algorithms and focus on predicting the next 5-day returns, in which the last

three years are out-of-sample. The test period is substantially longer than those in recent

works [167, 72, 92]. We constructed 337 standard technical factors to serve as a feature

database for all models (App. 3.15). We consider two universes: (i)Universe 800 can be

construed as an equivalence to the S&P 500 in the US, and consists of 800 stocks, and

(ii) Full universe consists of all stocks except for the very illiquid ones. Visualizations are
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shown in App. 4.6.

We next explain our metrics and argue why they are di�erent from those for standard

ML problems (see App. 3.13.2)� (i) Correlation vs MSE. While the MSE is a standard

metric for regression problems, correlations are better suited metrics for our setting [169].

� (ii) Signi�cance testing. The use oft-statistics estimators [119] can account for the serial

and cross-sectional correlations (App. 3.13.2)� (iii) Stock capacity/liquidity considerations.

Predicting illiquid stocks is less valuable compared to predicting liquid ones because they

cannot be used to build large portfolios. We use a standard approach to weight correlations

(w corr) and t-statistics by a function of historical notional (dollar) traded volume to re
ect

the capacity of the signals.

New CAMs from our model. We estimate K and g(�) separately. To estimate K , we

use both the algorithm discussed in Sec. 3.3.1 and other re�nements discussed in App. 3.8.3.

To estimate g(�), we use SGD-based algorithms (MLP, LSTM, and linear), nparam-gEST,

and Lin-PVEL .

Baselines. (i) The UMs include linear, MLP, LSTM, GBRT, and SFM [ 167]. We also

implement a \poor man's version" of both Lin-PVEL and nparam-gEST for UM, which

assumes that in
uences from other stocks are 0;(ii) The CAMs include a standard linear

VAR [118], ARRR [161], AlphaStock [155], and HAN [72].

Results. See Table 3.2 for the results and Fig. 3.4 for the simulated Pro�t & Loss

(PnL). App. 3.13 describes additional details and experiments. The experiments con�rm

that � (i) generic ML techniques are e�ective for UMs but ine�ective for CAMs; � (ii)

CAMs produced out of our model consistently outperform prior works. In addition, our

Lin-PVEL model has the best performance;� (iii) By using a simple consolidation

algorithm, the aggregated signal outperforms all individual ones. Our new models pick up

signals that are orthogonal to existing ones because we rely on a new mechanism to use

stock and feature interactions.

Discussion about prior evaluations. SFM ([167]) is open-sourced, and other studies

reported similar performance of SFM. SFM, HAN, and AlphaStock did not compute
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Figure 3.4: Cumulative PnL (Pro�t and Loss) curves of the top quintile portfolio from Full
universe (i.e., on any given day, we consider a portfolio with only the top 20% strongest predictions
in magnitude, against future market excess returns). See App. 4.6

t-statistics. HAN's PnL is positive, but its signal is not signi�cant. AlphaStock cannot

beat the market and generates negative PnL returns since 2010.

3.6 Conclusion

This paper proposes an additive in
uence model for equity returns that enables us to

decouple the learning of stock-interactions from the learning of feature-interactions. Our

upstream stock-interaction learner has provable performance guarantees, thanks to the

deployment of high-dim and kernel learning techniques, whereas our downstreamg(�)-

learners can leverage a wide set of e�ective ML techniques. Our algorithms are proven to

be superior to the existing baselines, especially those CAMs developed recently. App. 3.14

gives the answers to commonly asked questions (e.g., \why don't we trade ourselves").
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3.7 Additional notes on problem de�nition

Independence of x t;i . Our analysis assumes thatx t;i are independent acrosst's and

i 's. Our discussion assumes thatx t;i 2 R . The arguments can easily generalize to multi-

dimensional x t;i . When x t;i are correlated across stocks, we can apply a factor model to

obtain

x t = Lf t + ~x t ; (3.7)

where x t = ( x t;1; x t;2; : : : ; x t;d ) 2 R d, f t is a low-dimensional vector that explains the co-

moving (correlated) components,L is the factor loading matrix, and ~x t = ( ~x t;1; : : : ; ~x t;d ) 2

R d is the idiosyncratic component. There exists a rich literature on algorithms that

identify latent factors [ 34, 45, 74, 78]. The shared factors driving the co-movements of

the features can be utilized in other ways to forecast equity returns [111]. We can use the

idiosyncratic component ~x t as input features in our model, since the coordinates in~x t are

independent. In the setting where serial correlation is presented in~x t , one can use the

standard di�erencing operator for decorrelating purposes [66].

3.8 Estimation of K

We prove Proposition 3.3.1 and explain other variations of estimatingK . For exposition

purposes, our analysis focuses on the case where� is Gaussian kernel or IMQ. The case for

� being an inner product function can be analyzed in a similar manner. See also Remark

at the end of this section.

In Sec. 3.8.1, we �rst describe the background (e.g., notation and building blocks)

needed. In Sec. 3.8.1, we present our proof for Prop 3.3.1. Our analysis assumes that

n � d2 to simplify calculations and ease the exposition. The casen � d2 corresponds to

the scenario when abundant samples are available, and is easier to analyze. In Sec. 3.8, we

explain additional algorithms for estimating K .

86



3.8.1 Background

Notation. Let A = 1
d2 K T K and B = 1

d2n Y T Y. Let V A
k be the �rst k eigenvectors

associated withA and V B
k be the �rst k eigenvectors associated withB . Note that A and

B are symmetric. Let PA = V A
i � (V A

i � )T and PB = V B
i � (V B

i � )T , where i � is de�ned in Alg. 2.

Distance between matrices. For any positive-de�nite matrix A, there could be

multiple square roots ofA (the square root is de�ned as any matrix B such that BB T = A).

Any pair of square roots of the same matrix di�er only by a unitary matrix and should

be considered as \the same" in most of our analysis. We adopt the following (standard)

de�nition to measure the di�erence between two matrices.

De�nition 3.8.1. (Distance between two matrices) LetX; Y 2 R d1 � d2 . The distance

betweenX and Y is de�ned as

Dist2(X; Y ) = min
W unitary

kXW � Yk2
F : (3.8)

Building blocks related to distances.

Lemma 3.8.2. (From [18]) For any two rank- r matrices U and X , we have

Dist2(U; X ) �
1

2(
p

2 � 1)� 2
r (X )

kUUT � XX T k2
F :

Lemma 3.8.3. (From [56]) Let M 1 and M 2 be two matrices such that

M 1 = U1D1V T
1 and M 2 = U2D2V T

2 : (3.9)

It holds true that

kU1D1UT
1 � U2D2UT

2 k2
F + kV1D1V T

1 � V2D2V T
2 k2

F � 2kM 1 � M 2k2
F : (3.10)

Building block related to gap vs. tail.

Lemma 3.8.4. Let f � i gi � 1 be a sequence such that
P

i � 1 � i = 1 , � i � ci � ! for some

constant c and ! � 2. Assume also that� 1 < 1. De�ne � i = � i � � i +1 , for i � 1. Let � 0 be

a su�ciently small number, and c1 and c2 be two suitable constants. For any� < � 0, there

exists an i � such that � i � � � and
P

j � i � � j = O
�

�
4
5

�
.
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Kernel learning. Let � (x ; x0) be a smooth radial basis function, i.e., � (x ; x0) =

� (kx � x0k), and use the notation f (�) = � (
p

�). We assume that jf (` ) (r )j � `!M ` , for all `

su�ciently large and r > 0 . Note that both Gaussian kernels and inverse multi-quadratic

kernels satisfy this property.

De�ne an integral operator K as

Kf (x) =
Z

� (x ; x0)f (x0)dF (x0); (3.11)

whereF (�) is the cumulative probability function over the support of x . Let H be the rank of

K, which can be either �nite or countably in�nite. Let  1;  2; : : : ;  H be the eigenfunctions

of K, and � 1; � 2; : : : ; � H be the corresponding eigenvalues such that� 1 � � 2 � : : : . Let

K 2 R d� d be the Gram matrix such that K i;j = � (kzi � zj k).

Our analysis relies on the following two key building blocks.

Lemma 3.8.5. ([15]) Let � �
i be thei -th eigenvalue ofK. There exist constantsC and C0

such that

� �
i � C0exp(� Ci

1
r ): (3.12)

Lemma 3.8.6. Let � �
i be thei -th eigenvalue ofK. Let � i (K ) be thei -th eigenvalue of

K . Let �̂ j = � j (K )=d. Let � > 0 be a tunable parameter. With probability at least

1 � exp(� c0� ) for some constantc0, it holds true that
0

@
X

j � 1

(� �
j � �̂ j )2

1

A

1
2

� 2

r
�
d

: (3.13)

In addition, with probability at least 1 � exp(� c0� ),
0

@
X

j � 1

�
(� �

j )2 � (�̂ j )2
� 2

1

A

1
2

� c

r
�
d

(3.14)

for some constantc.

Proof of Lemma 3.8.6. Eq. 3.13 is from Theorem B.2 from [147]. Now to prove Eq. 3.14,

we have
0

@
X

j � 1

�
(� �

j )2 � (�̂ j )2
� 2

1

A

1
2

=

0

@
X

j � 1

(� �
j � �̂ j )2(� �

j + �̂ j )2

1

A

1
2

� c
0

0

@
X

j � 1

(� �
j � � j )2

1

A

1
2

� c

r
�
d

:

2
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3.8.2 Proof for Prop 3.3.1

Algorithm 2 Data-driven (DD) estimation of K
Input X ; Y ; Output K̂

1: [V; � ; V T ] = svd
�

1
n Y T Y

�

2: Let � i = � i;i

3: i � = max f i : � i � � � i � +1 � �d 2g . � is tunable

4: return K̂ = P i � (V �
1
2 V T )

Our analysis consists of four steps:

ˆ Step 1. Show that 1
n Y T Y � K T K is su�ciently small.

ˆ Step 2. Show that a low rank approximation of Y T Y is su�ciently close to Y T Y .

ˆ Step 3. Show that Pi � ( 1
n Y T Y ) is close toPi � (K T K ).

ˆ Step 4. Use results from the �rst three steps, together with Lemma 3.8.4, to prove

the �rst part of Theorem 3.3.1.

Step 1. 1
n Y T Y and K T K are close. To formally prove this step, we rely on the

following proposition.

Proposition 3.8.7. Consider the problem of learning the stock latent embedding model.

Let n be the number of observations. LetY 2 R n� d be such thatY i; : contains the i -th

observation. Assume thatn � d2 and � � = O(
p

d). With overwhelming probability, it holds

true that









1
n

Y T Y � K T K










F
= O

�
d2 log3 n

p
n

�
: (3.15)

Proving Proposition 3.8.7 requires a standard manipulation of concentration inequalities

for matrices. See the proof in App. 3.12.1.

Step 2. Pi � (K T K ) is close to K T K .

Lemma 3.8.8. There exists a su�ciently large d0 so that whend � d0, Algorithm 2 always

terminates. In addition, it holds true that
X

i � i �

� 2
i

�
K
d

�
= O(�

4
5 ):
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Proof. Let ~� = 10� � c log3 dp
d

for a suitably large c. By Lemma 3.8.4, we have that there

exists an~i such that

1. (� �
~i
)2 � (� �

~i +1
)2 � ~� .

2.
P

i � ~i (�
�
i )2 �

�
~�
� 4

5 .

We �rst show that the algorithm terminates. We have that
�
�(� �

i )2 � � 2
i (K=d)

�
� = O (j� �

i � � i (K=d)j) = O

 r
logd

d

!

The last equality uses Proposition 3.8.7. Next, by using Lemma 3.8.4, we have
�
�
�
� � i

�
1

nd2 Y T Y
�

� � i

�
K 2

d2

� �
�
�
� = O

�
log3 n
p

n

�
:

Therefore, we can also see that

� ~i

�
1

nd2 Y T Y
�

� � ~i +1

�
1

nd2 Y T Y
�

� �:

Our algorithm always terminates. In addition, we have i � � ~i . Finally, we have
X

i � i �

� 2
i

�
K
d

�
�

X

i � ~i

� 2
i

�
K
d

�

� 2

0

@
X

i � ~i

(� �
~i )2 +

�
� �

~i � � i (K=d)
� 2

1

A

= O
�

~�
4
5

�
= O

�
�

4
5

�
:

2

Step 3. Analysis of the projection. To show that Pi �
� 1

n Y T Y
�

and Pi � (K T K ) are

close. We have the following lemma.

Lemma 3.8.9. Consider running Algorithm Estimate-K in Alg. 2 for estimating K . Let

A = 1
d2 K T K and B = 1

d2n Y T Y . Let PA and PB be de�ned as above. Let� � c0 log3 dp
d

for

some constantc0, and � be the gap parameter in Alg. 2 such that� 3 = ! (� 2). With high

probability, we have

kPA � P B k2 = O
�

kA � B k2

�

�
: (3.16)

Proof of Lemma 3.8.9. De�ne S1 = [ � i � (A) � �=10; 1 ) and S2 = [0 ; � i � (A) + �=10]. By

Lemma 3.8.7, we have



 1

nd2 Y T Y � 1
d2 K T K






F = O
�

log2 np
n

�
. Also using that � � c log3 np

n ,
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we have that S1 contains the �rst i � eigenvalues ofA and B , whereasS2 contains the rest

of eigenvalues. We may then use a variant of the Davis-Kahan [141] theorem to show that

kPA � P B k2 �
kA � B k2

0:8�
�

2�
�

:

2

Step 4. Gluing everything. Recall that A = 1
d2 K T K and B = 1

d2n Y T Y. Let

A i � = PA (A)(= Pi � (A)) and B i � = Pi � (B ). By Lemma 3.8.9, we have

kA i � � B i � kF = kPA (A) � P B (B )kF ;

= kPA (A) � P B (A) + PB (A) � P B (B )kF ;

�kP A � P B k2kAkF + kA � B kF ;

� �
� �

�
+ �

�
= �( �=� ):

Next, we de�ne the following matrix notation

A
1
2
i � = UA

i � (� A
i � )

1
2 and B

1
2
i � = UB

i � (� B
i � )

1
2 :

By Lemma 3.8.2, there exists a unitary matrix W such that





 UA

i � (� A
i � )

1
2 W � UB

i � (� B
i � )

1
2








2

F
= O

�
� 2

� 3

�
: (3.17)

By Lemma 3.8.3, we obtain

kUA
i � (� A

i � )
1
2 UA

i � � UB
i � (� B

i � )
1
2 UB

i � k2
F =








 UA

i � (� A
i � )

1
2 W � P i �

�
K
d

� 








2

F
= O

�
� 2

� 3

�
:

Together with kPi � (K=d) � K=dk2
F = O

�
�

4
5

�
, we have










1
d2 K̂ �

1
d2 K










F
=








 UA

i � (� A
i � )

1
2 W �

K
d










F
=








 UA

i � (� A
i � )

1
2 W � P i �

�
K
d

� 








F
+








 Pi �

�
K
d

�
+

K
d










= O

 r
� 2

� 3 +

q

�
4
5

!

:

Remark. Our analysis relies only on the eigenvalues ofK decaying su�ciently fast.

Many other kernels, such as inner product kernels with points on the surface of a unit

ball [65, 10], also exhibit this property. In conclusion, our algorithms for estimating K can
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be generalized to these� (�; �) functions.

3.8.3 Additional estimators for K

This section explains additional possible ways to estimateK . Our intuition is that

estimations of K e�ectively rely only on 1
n Y T Y , which is the empirical covariance (aka

risk) of the equities' returns. There are multiple ways to enhance the estimation of returns'

covariance matrix such as using third-party risk models.

Estimation based on dynamically evolving hints. Here, we focus on describing the

estimation algorithm that is most e�ective in practice. Speci�cally, we assume that the

latent positions evolve. Let K t be the Gram matrix at round t. BecauseK t is evolving, we

may not have su�cient data to track K̂ . Therefore, we derive a new algorithm to estimate

K̂ using the so-called \hint" matrices, based on two observations:(i) Y T Y is e�ectively

the covariance matrix of the returns. Third-party risk models such as Barra provide a more

accurate estimation of the covariance matrix in practice. Thus, we may directly use the risk

matrix produced by Barra as our estimation for K . (ii) The movements of two stocks are

related because they are economically linked. It is possible to estimate these links by using

fundamental and news data. Speci�cally, we assume thatK t = exp(� 1K (1)
t + � � � + � cK

(c)
t ),

where K (i )
t (i � c) can be observed. We then need only tune� i 's to determine K̂ . Each of

K (i )
t is considered as our \hint". We use a hint matrix K (1)

t constructed from Barra factor

loading and a hint matrix K (2) constructed from news so thatK̂ t = exp(� 1K (1)
t + � 2K (2) ).

The hint matrices are constructed as follows.

K (1)
t from Barra loading. Let Ft;i 2 R 10 be the factor exposure of thei -th stock on day t.

Construct K̂ (1)
t using two standard methods.

ˆ Inner product. (K̂ (1)
t ) i;j = hFt;i ; Ft;j i .

ˆ Distance. (K̂ (1)
t ) i;j = exp( � � jFt;i � Ft;j j2), where � is a hyperparameter

K (2)
t from News Data. We next build K (2)

t from the news using two steps. Step 1.

Construct ~K (2)
t 2 R d� d such that ( ~K (2)

t ) i;j represents the number of news articles that

mention both stock i and stock j between dayt � k and day t (i.e., we maintain a sliding
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window of k days and k is a hyper parameter). Step 2. Then construct K̂ (2)
t by taking a

moving average of ~K (2)
t .

Construction of K̂ t . K̂ t be constructed from K̂ (1)
t (produced from Barra data) or K̂ (2)

t

(constructed from news data set), or a consolidation ofK̂ (1)
t and K̂ (2)

t . We shall examine

the following consolidation algorithm. Speci�cally, we let K̂ t = exp(� K̂ (1)
t + (1 � � )K̂ (2)

t ),

where � 2 [0; 1] and � is a hyperparameter.

3.9 Estimating g(�) with non-parametric methods

This section proves Proposition 3.3.2, i.e., we describe our non-parametric algorithm

(nparam-gEST) for x t;i 2 R O(i ) and analyze its performance. Assume that the probability

cumulative density function Fx (�) of x t;i is known. In practice, this can be substituted by

standard non-parametric density estimation methods [150].

We �rst describe a high-level roadmap of our algorithm analysis and then proceed to

present the full analysis.

3.9.1 Overview of our algorithms

As shown in Alg. 1, our algorithm consists of three steps.

� Step 1. Partition the feature space [� 1; 1]k into f 
 j gj � ` so that Pr[x t;i 2 
 j ] are

equal for all j .

� Step 2. Reduce the original problem to a linear regression problem.

� Step 3. Implement the FlipSign algorithm for the scenario when only an estimated

K̂ available.

We �rst comment on Steps 1 and 2. Then we explain the challenges in implementing

the FlipSign idea, as well as our solution.

Step 1. Construction of f 
 j gj � ` . We use a simple algorithm to �nd axis-parallel 
 j 's

so that Pr[x t;i 2 
 j ] is uniform for all j . Recall that we assume that the cumulative

probability function of x t;i is known (denoted asFx (�)).
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We describe the method for the casek = 1 ; 2 (recall that k is the dimension of the

feature x t;i ). Extensions to the case wherek � 3 can be easily generalized. Whenk = 1,

each 
 j is simply an interval, and thus we only need to �nd f x1 = � 1; x2; : : : ; x `+1 = 1 g

such that Fx (x t+1 ) � Fx (x t ) = 1 =` for all 1 � t � `. For example, note that in the k = 1

case, for l = 4, the recovered valuesf x1; : : : ; x5g are simply identi�ed with the usual

quantiles of the distribution.

When k = 2, we can �nd 
 i 's recursively. Speci�cally, we �rst \chop" along the x-axis

into
p

` pieces so that each piece has uniform probability mass. Then we chop each of the
p

` \bars" into smaller rectangles so that each rectangle has probability mass 1=`. See

Fig. 3.5. This procedure can be generalized for anyk = O(1).

Figure 3.5: Example of a two-dimensional scenario for the construction off 
 j gj � ` . Each
rectangle in the graph has the same probability mass.

Step 2. We next explain how the original problem can be reduced to a set of regression

problems. Using MAP-REGRESS (line 8 in Alg. 1). Recalling that for any y t;i =
P

j � d K i;j g(x t;j )+ � t;i (with �xed i and t), we can approximate it asy t;i =
P

j � d K i;j ~g(x t;j )+

� t;i . We may then re-arrange the terms and obtain

y t;i �
X

j � `

L (t;i );j � j + � t;i ; where L (t;i );j =
X

m2L t;j

K i;m and L t;j = f m : x t;m 2 
 j g: (3.18)

Here, f � j gj � ` are unknown coe�cients whereasy t;i and L (t;i );j are observable.

Note that for any �xed t, there is a total number of d observations (i.e.,f (y t;i ; f L (t;i );j gi � d)gi � d
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and these observations are all correlated:L (t;i );j and L (t;i 0);j depend on the same setL t;j .

So our algorithm chooses only onei for each �xed t.

Sec 3.3.2 asserts that we can use the samei for di�erent t when we have accurate

information on K . In practice, we have only an estimateK̂ of K . In addition, the

estimation quality for any �xed i depends onkK i; : � K̂ i; :k2
F . We do not know a priori

which row of K̂ is more accurate, although we know that on average,̂K is su�ciently close

to K (i.e., 1
d2 kK � K̂ k2

F = o(1) from Proposition 3.3.1). To avoid the same \bad" i being

picked up repeatedly, we run a randomized procedure: letqt be a random number from [d].

We use the observationsf (y t;qt ; fL (t;qt );1ggt � n to learn the variables � 1.

3.9.2 Implementing the FlipSign algorithm

Building a robust estimator. We focus on estimating� 1 (See Line 15 in Algorithm 1).

The estimations for other � i 's are the same. Letbt;qt be the sign ofL (t;qt );1 � d=` but we

only observe an estimate ofL (t;qt );1 (referred to as L̂ (t;qt );1 in the forthcoming discussion).

A major error source is that when L (t;qt );1 gets too close tod=`, the sign of L̂ (t;qt );1 can

be di�erent from L (t;qt );1 (i.e., bt;qt is calculated incorrectly). We slove this problem by

keeping only the observations whenjL̂ (t;qt );1 � d= j̀ is large. Speci�cally, let

� (qt )
1 (t) ,

X

k2L t; 1

K qt ;k �

0

@
X

k =2L t; 1

K qt ;k

1

A 1
` � 1

; (3.19)

and let �̂ (qt )
1 (t) be computed using the estimateK̂ . We now de�ne a robust variable ~bt;qt

to control the estimator

~bt;qt =

8
>><

>>:

1 if � (qt )
1 (t) � c

log d

q
d
`

� 1 if � (qt )
1 (t) < � c

log d

q
d
`

0 otherwise:

(3.20)

In this case, the chance of obtaining an incorrect~bt;qt (i.e., �̂ qt
1 (t) > c

log d

q
d
` but

� (qt )
1 � � c

log d

q
d
` or vice verse) is signi�cantly reduced (see line 19 in Alg. 1).

Analysis of the estimator. Recall that f 
 j gj � ` is a partition such that Pr[x t;i 2 
 j ] is
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uniform for all j . We �rst formalize the \ideal" � j that we want to track. Speci�cally, let

� j = E[g(x t;i ) j x t;i 2 
 j ]. Our error analysis aims to track f � j gj � ` (i.e., we aim to �nd

(�̂ j � � j )2). We then articulate ~g(x) as

~g(x) = � j ; where x 2 
 j :

Our analysis consists of two parts.

Part 1. Analysis of a stylized model. We analyze a model in which the observations are

assumed to be generated from

y t;i =
X

j � d

K i;j ~g(x t;j ) + � t;i ; (3.21)

where K i;j is assumed to be known.

Next, we analyze Alg. 1 when it is executed over this stylized model with the assumption

that K is given.

Part 2. Analysis of the original problem with g(�) and unknownK . When we run Alg. 1

over the original process, we need to analyze two perturbations (deviations):

1. y t;i is generated throughg(�), instead of ~g(�).

2. Our algorithm uses only an estimate ofK .

Warm-up and notation. Before proceeding, let us introduce additional notation. Recall

that L t;j = f k : x t;k 2 
 j g, i.e., the set of x t;k that falls into the j -th bin 
 j on time t.

Also, recall that

L (t;i );j =
X

k2L t;j

K i;k :

We have

y t;i =
X

j � d

L (t;i );j � j + � t;i =

0

@
X

k2L t; 1

K i;k

1

A � 1 +
X

k =2L t; 1

K i;k ~g(x t;k j x t;k =2 
 1) + � t;i :

We interpret the meaning of the above equation. We treatx t;k and L t;j as random

variables and theL t;j 's are measurable byx t;i . We imagine that an observation is generated

by using the following procedure:

ˆ Step 1. GenerateL t;1. That is, we determine the subset of \balls" (those x t;i for a

�xed t) that fall into 
 1.
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ˆ Step 2. Generate the rest ofx t;k for k =2 L t;1 sequentially. This corresponds to

the terms
P

k =2L t; 1
K i;k ~g(x t;k j x t;k =2 
 1). x t;k is sampled from the conditional

distribution x t;k j x t;k =2 
 1. This explains why we write ~g(x t;k j x t;k =2 
 1).

ˆ Step 3. After L t;1 and x t;k j x t;k =2 
 1 are �xed, we generatey t;i using the stylized

model.

Let

~gj (x t;i ) = ~g(x t;i ) � E[~g(x t;i ) j x t;i =2 
 j ] = ~g(x t;i ) +
� j

` � 1
:

We have

y t;i =

0

@
X

k2L t; 1

K i;k �

0

@
X

k =2L t; 1

K i;k

1

A 1
` � 1

1

A

| {z }
� ( i )

1 (t )

� 1 +
X

k2L t; 1

K i;k ~gj (x t;i j x t;i =2 
 1)

| {z }
� ( i )

2 (t )

+ � t;i (3.22)

= � (i )
1 (t)� 1 + � (i )

2 (t) + � t;i :

We use the following abbreviation.

ˆ b̂t is an abbreviation for b̂t;qt .

ˆ � 1(t) is an abbreviation for � (qt )
1 (t).

ˆ � 2(t) is an abbreviation for � (qt )
2 (t).

Let � = K̂ � K 2 R d� d and � 2(qt ) =
P

i � d � 2
qt ;i . Let B̂ = f t 2 [n] : b̂t;qt = 1 g. Also,

let

st =
�

1 if � 1(t) > 0
� 1 otherwise. (3.23)

3.9.2.1 Part 1. Analysis of the stylized model

Our main lemma in this section is an anti-concentration result on � (i )
1 (t) for any i and t.

Lemma 3.9.1. Let ` = O(d=log2 d). There exist constantsc0 and c1 such that

Pr

"

j� (i )
1 (t)j �

c0

logd

r
d
`

#

� c1

The probability is over the random tosses off x t;i gi � d.

Proof. We use a random-walk interpretation of � (i )
1 . For each k 2 [d], with probability

1=`, it (i.e., x t;k ) falls into L t;j . When this happens, � (i )
1 (t) is incremented by K i;k . With
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probability 1 � 1=`, it does not fall into L t;j . In this case, � (i )
1 (t) is decremented by

K i;t =(` � 1).

We de�ne a sequencef Zkgk� d to clarify the random-walk interpretation.

Zk =

(
K i;k with probability 1

` :
� K i;k

` � 1 with probability 1 � 1
` :

We couple � (i )
1 (t) with f Z i gi � d such that � (i )

1 (t) =
P

k� d Zk . Apply Lemma 3.12.4 (a

folklore that generalizes Littlewood-O�ord-Erd}os) to prove our Lemma. 2

3.9.2.2 Part 2. Analysis of the original problem with g(�) and unknown K

Our analysis consists of three components.

Part 2.1. Building blocks. We develop the essential building blocks needed in our analysis.

Part 2.2. Using K̂ . We show that when K is substituted by K̂ , the error of the estimator

is well-managed.

Part 2.3. Using g(�). We show that when ~g(�) is substituted by g(�), not much additional

error is introduced.

Part 2.1. Building blocks. We start with a variance-based Cherno� bound [32].

Theorem 3.9.2. Suppose thatX i are independent random variables satisfyingX i � M

for 1 � i � n. Let X =
P n

i =1 X i and kX k =
q P n

i =1 E[X 2
i ]. Then we have

Pr[X � E[X ] + � ] � exp
�

�
� 2

2(kX k2 + M�= 3

�
: (3.24)

Lemma 3.9.3. Consider running Alg. 1 to learn the stylized model. LetK̂ be such that

jK̂ � K j2F � 
d 2, for 
 = o(1). Let � (i )
1 (t) and �̂ (i )

1 (t) be those de�ned around Eq. 3.19.

Let � = K̂ � K 2 R d� d and � 2(qt ) =
P

i � d � 2
qt ;t . Let � t be any random variable that is

measurable byqt . With high probability we have

Pr
h�
�
� �̂ (qt )

1 (t) � � (qt )
1 (t)

�
�
� � � t j qt

i
� exp

�
�

� 2
t

� 2(qt )=` + � t =3

�
;

and
X

t � n

�
�
� �̂ (qt )

1 (t) � � (qt )
1 (t)

�
�
� = O

 

n logn

r

d
`

!

:
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Proof. We shall again use random-walk techniques to analyze
�
�
� �̂ (qt )

i (t) � � (qt )
i (t)

�
�
� . Let

Z i =

(
� qt ;i with probability 1

`

� � qt ;i

` � 1 with probability 1 � 1
` :

We have E[Z 2
i ] = O

�
� 2

qt ;i

`

�
, which implies that

q P
i � d E[Z 2

i ] =
q P

i � d � 2
qt ;i

` . Also, we

can use a standard way to coupleZ i 's with �̂ (qt )
1 (t) and � (qt )

1 (t) such that�
�
�
�
�
�

X

i � d

Z i

�
�
�
�
�
�

=
�
�
� �̂ (qt )

i (t) � � (qt )
i (t)

�
�
� :

By using a Cherno� bound from Theorem 3.9.2, we have

Pr

2

4

�
�
�
�
�
�

X

i � d

Z i

�
�
�
�
�
�

� � t j qt

3

5 � exp

0

@�
� 2

t

1
`

� P
i � d � 2

qt ;i

�
+ �

3

1

A = exp
�

�
� 2

t

� 2(qt )=` + � t =3

�
:

This proves the �rst part of the Lemma. Next, we set � t = c0(logd)
q

� 2 (qt )
` . Then we

obtain Pr
h�
�
�
P

i � d Z i

�
�
� � � t j qt

i
= exp(� �( log2 d)). Now, conditioned on knowing f qt gt � n ,

with high probability, we have
X

t � n

�
�
� �̂ (i )

1 (t) � � (i )
1 (t)

�
�
� �

X

t � n

� t =
logd
p

`

X

t � n

p
� 2(qt ):

Next, we give a concentration bound for
P

t � n

p
� 2(qt ). Let v2

i = kK i; : � K̂ i; :k2. We know

that � 2(qt ) can only take values fromv2
1; : : : ; v2

d with
P

i � d v2
i = kK̂ � K k2

F � 
d 2. We

have
p

� 2(qt ) �
p


d .

Again using the condition that kK̂ � K k2
2 � 
d 2 and Jensen's inequality, we have

E[
p

� 2(qt )] �
p


d .

Use the Cherno� bound, we have

Pr

2

4
X

t � n

p
� 2(qt ) � E

2

4
X

t � n

p
� 2(qt )

3

5 + �

3

5 � exp
�

�
� 2


dn +
p


d�= 3

�
:

We set � =
p


dn
log2 d

such that the right hand side is negligible. Now with high probability we

have
X

t � n

�
�
� �̂ (i )

1 (t) � �̂ (i )
1 (t)

�
�
� �

logd
p

`

X

t � n

p
� 2(qt ) = O

 

n logn

r

d
`

!

:

2
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Fact 3.9.1. For any j ,

E[g(x t;k ) j x t;k =2 
 j ] = E[~g(x t;k ) j x t;k =2 
 j ] = �
� j

` � 1

Proof. By our model assumption,

E[st;k ] = E[g(x t;k )] = � 1 + � � � + � ` = 0 : (3.25)

On the other hand,

E[g(x t;k ) j x t;k =2 
 j ] =
� 1 + � � � + � j � 1 + � j +1 + � � � + � `

` � 1
= �

� j

` � 1
:

Similarly, we prove that E[g(x t;k ) j x t;k =2 
 j ] = E[~g(x t;k ) j x t;k =2 
 j ]. 2

Lemma 3.9.4. Let B̂ = f t 2 [n] : b̂t;qt = 0g, where b̂t;qt is de�ned in Sec 3.9.2. With high

probability we havejB̂j = 
( n).

This can be shown by Lemma 3.9.1 and a Cherno� bound.

Lemma 3.9.5. Let st be de�ned in Eq. 3.23. Recall thatB̂ = f t 2 [n] : b̂t;qt = 1 g. We

have
X

t2 B̂

� 2(t)st =
X

t2 B̂

st

0

@
X

k =2L t; 1

K qt ;k ~g1(x t;k j x t;k =2 
 1)

1

A = O(
p

nd):

Proof. Our key observation is that conditioned on t 2 B̂ and x t;k =2 
 1, ~g1(x t;k )'s are

bounded independent zero-mean random variables. AlsojB̂j = 
( n) (Lemma 3.9.1).

Therefore, a standard Cherno� bound gives
P

t2 B̂ st � 2(t) = O(
p

nd). 2

Lemma 3.9.6. Recall that B̂ = f t 2 [n] : b̂t;qt = 1g, we have�
�
�
�
�
�

X

t2 B̂

b̂t � 1(t) �
X

t2 B̂

j� 1(t)j

�
�
�
�
�
�

� 2n log5 d

r
d
`




Proof. Recall that

st =
�

1 if � 1(t) > 0
� 1 otherwise.

We have 












X

t2 B̂

b̂t � 1(t) �
X

t2 B̂

j� 1(t)j














� 2
X

t2 B̂

j� 1(t)jI (b̂t 6= st );

where I (�) is an indicator function that sets to 1 if and only if its argument evaluates to

true. Note that I (b̂t 6= st )'s are i.i.d. random variables for di�erent t 's. We compute
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Pr[I (b̂t 6= st )]

� Pr[st = � 1 ^ b̂t = 1] + Pr[ st = 1 ^ b̂t = � 1]

= Pr

"

� 1(t) < 0 ^ �̂ 1(t) >
c0

logd

r
d
`

#

+ Pr

"

� 1(t) > 0 ^ �̂ 1(t) < �
c0

logd

r
d
`

#

� Pr

" �
�
� � 1(t) � �̂ 1(t)

�
�
� >

c0

logd

r
d
`

#

� Pr

" 

j� 1(t) � �̂ 1(t)j > logd

r
� 2(qt )

`

!

_

 

logd �

r
� 2(qt )

`
�

r
d
`

c0

logd

!#

�
1

n10 + Pr

"

logd �

r
� 2(qt )

`
�

r
d
`

c0

logd

#

(by Lemma 3.9.3)

= Pr
�
(log4 d)� 2(qt ) � d

�
+ n� 10:

Note that E[� 2(qt )] = 
d . Using a Markov inequality, we have

Pr
�
log4 d� 2(qt ) > d

�
� 
 log4 d: (3.26)

Using the fact that I (b̂t 6= st ) are independent acrosst, with high probability we have

�
�
�
�
�
�

X

t2 B̂

b̂t � 1(t) �
X

t2 B̂

j� 1(t)j

�
�
�
�
�
�

� 2n log5 d

r
d
`




2

Part 2.2. When K is substituted by K̂ . When K is substituted by K̂ , our estimator

becomes

�̂ 1 =

� P
t2 B̂ b̂t � 1(t)

�
+

P
t2 B̂

�
b̂t � 2(t) + b̂t � t;qt

�

P
t2 B̂ b̂t �̂ 1(t):

=

P
t2 B̂ b̂t � 1(t)

P
t2 B̂ �̂ 1(t)

� 1 +

P
t2 B̂

�
b̂t � 2(t) + b̂t � t;qt

�

P
t2 B̂ b̂t �̂ 1(t)

:

We note that�
�
�
�
�
�

X

t2 B̂

b̂t �̂ 1(t) �
X

t2 B̂

b̂t � 1(t)

�
�
�
�
�
�

�
X

t2 B̂

�
�
� �̂ 1(t) � � 1(t)

�
�
� �

X

t � n

�
�
� �̂ 1(t) � � 1(t)

�
�
� � n

r

d
`

logd (Lemma 3.9.3).
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Also, we can see that (Lemma 3.9.6)�
�
�
�
�
�

X

t2 B̂

b̂t � 1(t) �
X

t2 B̂

j� 1(t)j

�
�
�
�
�
�

� c0n log5 d

r
d
`


:

Both of the inequalities above imply that with high probability, the following holds true�
�
�
�
�
�

X

t2 B̂

b̂t �̂ 1(t) �
X

t2 B̂

j� 1(t)j

�
�
�
�
�
�

= O

 

n log5 d

r
d
`

p



!

:

Next, by Lemma 3.9.4 and Lemma 3.9.1, we have
X

t2 B̂

j� 1(t)j = 


 
n

logn

r
`
d

!

:

Therefore,
X

t2 B̂

b̂t � 1(t) = (1 + � 1)
X

t2 B̂

j� 1(t)j

X

t2 B̂

b̂t �̂ 1(t) = (1 + � 2)
X

t2 B̂

j� 1(t)j;

where j� 1j; j� 2j = O
�
log6 n

p



�
. This implies that

�
�
�
�
�

P
t2 B̂ b̂t � 1(t)

P
t2 B̂ b̂t �̂ 1(t)

� 1

�
�
�
�
�

= O(� 1):

Now we analyze the second term. By Lemma 3.9.4 and Lemma 3.9.1, we have
P

t2 B̂ b̂t �̂ 1(t) = 

�

n
log d

q
d
`

�
. By Lemma 3.9.5, we have

P
t2 B̂

�
b̂t � 2(t) + b̂t � t;qt

�
=

O(
p

nd), which implies
P

t2 B̂

�
b̂t � 2(t) + b̂t � t;qt

�

P
t2 B̂ b̂t �̂ 1(t)

= O

 

logd

r
`
n

!

:

Therefore,

�̂ 1 = (1 + O(� )) � 1 + O

 

logd

r
`
n

!

;

where � = log 6 n
p


 .

Part 2.3. Analysis when observations are from g(�). We assume that the process

is generated byg(�) instead of ~g(�). We aim to understand how the estimator changes. To

distinguish the observations produced from two \worlds", we let
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y (1)
t;i =

X

j � d

K i;j ~g(x t;j ) + � t;i ;

y (2)
t;i =

X

j � d

K i;j g(x t;j ) + � t;i :

Let their corresponding estimators be� (1)
1 and � (2)

1 . We next bound the di�erence

between these two estimators. Our crucial observation is that each~g(x t;i ) � g(x t;i ) are

bounded zero mean independent random variables. Seeing thatj�̂ (1)
1 � �̂ (2)

1 j = O(
p

nd).

Therefore, we still have

�̂ (2)
1 =

�
1 + O(

p

 log6 n)

�
� 1 + O

 

logd

r
`
n

!

:

This proves the second part of the theorem.

Remark. We use only 1 observation for each day because our analysis relies on di�erent

� (i )
1 (t) and � (i )

2 (t) are being independent. The FlipSign algorithm does not need more

samples becauseK is near low-rank (Theorem 3.8.5).

3.10 Estimating g(�) with boosting

As shown in Alg. 3 and Fig. 3.6, Lin-PVEL 's weak learner �rst performs a variable

selection (i.e., selects the 3 features that correlate the most with the residual returns), and

then �ts a linear model with both linear and quadratic interaction terms over the selected

variables. The �nal model is a linear one with features and their interactions terms.
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Algorithm 3 Lin-PVEL
Input X , Y , K̂ , � , b

Output f gm (�)gm � b

1: procedure Boosting-Algorithm (Y , X , K̂ , � , b)

2: Y Res  Y . � is the learning rate

3: for all m  1 to b do

4: gm  Linear-Fit (Y Res ; X ; K̂ )

5: (Ŷ )m  K̂g m (X ).

6: Y Res  Y Res � � (Ŷ )m

7: end for

8: return f gm (�)gm � b

9: end procedure

10: procedure Linear-Fit (Y , X , K̂ ) . x t;i 2 R k and F ( t ) 2 R k � d

11: for all i  1 to d do

12: F ( t )
:;i =

P
j 2 [d] K̂ i;j x t;j

13: end for

14: for all j  1 to k do

15: r j =
P

t � n corr( F ( t )
j; : ; y t ).

16: end for

17: Let j 1 ; j 2 ; j 3 be the indices with the largest r j .

18: g(�) = arg min � 1 ;:::;� 6

P
t � n
i 2 [d]

(y t;i �
P

j 2 [d]

K̂ i;j (� 1 (x t;j ) j 1 + � � � + � 6 (x t;j ) j 2 � (x t;j ) j 3 ))) 2 . . Fits a linear model with linear and

quadratic interaction terms.

19: return g(�)

20: end procedure

Figure 3.6: Left: training one weak learner. We �rst choose three features that are the most
correlated with the residualized response. Then we run a linear regression using linear and interaction
terms. Right: boosting. When we train learners sequentially, we can controlgm (�) but not the
neighbors' structure.
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3.11 Consolidation/Ensemble model

We next describe how we consolidate forecasts generated by multiple models. We do not

intend to design a new consolidation algorithm. Instead, we use a \folklore" algorithm

that weighs each model forecast by its recent historical performance. Speci�cally, we let

C = f ŷ1; : : : ; ŷm g be the set of models to be consolidated. Our consolidated forecast is a

linear combination of all forecastsŷ =
P m

j =1 wj ŷ j , wherewj is simply the t-statistics of the

j -th model computed through the Newey-West estimation algorithm from the in-sample

data. For example, whenm = 2 and the t-statistics for ŷ1 and ŷ2 are 3 and 5 respectively,

we set the consolidated forecast be proportional to 3� ŷ1+5 � ŷ2. The consolidated forecast

needs to be properly re-scaled (e.g., set the daily standard deviation to be constant). In

the forecasting models, correlation with the ground-truth is more important than MSE.

Therefore, the scale of a forecast is less important than its direction. Thist-statistics based

consolidation algorithm is used in the following two situations.

Allowing nparam-gEST to use all factors. Our theoretically sound algorithm in

Sec. 3.3 allows us to use only a small number of features. Now we may use a two-step

procedure to let this algorithm simultaneously use hundreds of technical factors constructed

in-house. Step 1. For each improvable factor, we build a model that uses only this factor

as the feature. Step 2. After we obtain multiple models (the number of models is the same

as the number of improvable factors), we use the above consolidation algorithm to produce

the �nal forecast.

Consolidating multiple models. We also use the consolidation trick to aggregate the

forecasts of all our models (Lin-PVEL , nparam-gEST, MLP). The result in Table 3.2

(last line) shows that the consolidated signal is stronger than any individual signal. Even

if a model may not have the best out-of-sample performance, it may still be useful for

constructing consolidated signals.
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3.12 Additional proofs and calculations

In this section we give some additional proofs and calculations for App. 3.8 and App. 3.9.

3.12.1 Proof of Proposition 3.8.7

We can see that

1
n

Y T Y =
1
n

�
K T ST SK + K T ST E + E T SK + E T E

�
(3.27)

= K T K + E1 + E2 + E3 + E4; (3.28)

where E1 = K T
�

ST S
n � I

�
K , E2 = K T ST E

n , E3 = E T SK
n , and E4 = E T E

n

We next show that eachEi (i � 4) is small.

Bounding E1. We need the following lemma.

Lemma 3.12.1. Let S 2 R n� d be such that each rowSi; : is an i.i.d. random vector

kSi; :k1 � 1 and E[ST
i; :Si; :] = I . We have

Pr
� 








ST S
n

� I d� d










2
� �

�
� 2n2 exp

�
�

n� 2

log4 n

�
; (3.29)

where � is a tunable parameter.

Here, we shall set� = log3 np
n . This implies that with high probability






 ST S

n � I d� d








2
=

O
�

log3 np
n

�
. On the other hand, we can see thatkK k2

F = �( d2) and kK kF = �( d). This

implies

kE1kF =








 K T

�
ST S

n
� I d� d

�
K










F
�










ST S
n

� I d� d










2
kK k2

F = �
�

d2 logn
p

n

�
(3.30)

Bounding E2 and E3. Recall that E2 = K T ST E
n and E3 = E T SK

n . We have the following

lemma.

Lemma 3.12.2. Let S 2 R n� d be such that each rowSi; : is an i.i.d. random vector with

kSi; :k1 � 1 and E[ST
i; :Si; :] = I . Let E 2 R n� d be such thatE i;j are i.i.d. Gaussian with

standard deviation � � . We have with overwhelming probability

kST Ek2
F � c0� � d2n (3.31)
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for some constantc0.

Proof of Lemma 3.12.2. First, note that

E[kST E :;i k2
F j S] = � 2

� kSk2
F :

Therefore, we haveE[kST E :;i k2
F ] = � 2

� dn. This also implies that

E[kST Ek2
F ] =

X

i � d

E[kST E :;i k2] = � 2
� d2n:

By a standard Cherno� bound, we have whp

kST Ek2
F � c0� 2

� d2n (3.32)

for some constantc0, i.e., whp kST EkF = O(� � d
p

n). 2

We next use Lemma 3.12.2 to boundE2 and E3:

kE2kF = kE3kF =
1
n

kK T ST EkF =
1
n

kK k2kSEkF : (3.33)

Now we havekK k2 = O(d) and kSEkF = O(d
p

n) whp. Therefore, with high probabil-

ity

kE2kF = kE3kF = O
�

d2
p

n

�
:

Bounding E4. With the assumption that d = O(n), we have









E T E
n










2

F
�

Rank(E T E)kEk2
2

n
= O

 
� 2

� dn

n

!

= O(� 2
� d): (3.34)

Above, we used a �nite sample version of semi-circle law (i.e.,kEk2
2 = O(n) whp [134]).

Summing up above and using thatn < d 2 and � � = O(
p

d), we have



 1

n Y T Y � K T K





F =

O
�

d2 log3 np
n

�
:

3.12.2 Anti-concentrations

Theorem 3.12.3. (Littlewood-O�ord-Erdos; e.g., [ 87]) Let L 1; : : : ; L d � 1. Let � 1; : : : � n

be independent Bernoulli� 1 unbiased random variables such thatPr[� i = 1] = 1
2 . Let

S =
P

i � n � i L i . For any open interval I of length 2, we have

Pr[S 2 I ] = O(n� 1
2 ): (3.35)
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Lemma 3.12.4. Let ` � d=log2 d. Let L 1; L 2; : : : ; L d be positive numbers such that

L i = 
(1) . De�ne a random variable

Z i =
�

L i with probability 1
`

� L i
` � 1 with probability 1 � 1

` :

There exist constantsc0 and c1 such that

Pr

2

4
X

i � d

Z i �
c0

logd

r
d
`

3

5 � c1

Proof. We shall use Theorem 3.12.3 to prove Lemma 3.12.4. Theorem 3.12.3 requires that

random variables � i (or Z i in our setting) to be symmetric, which is violated in our setting.

Our goal is to reduce our problem to the original setting.

We now show that this can be done through \debiasing" the walk. We �rst de�ne

f B i gi 2 [d] such that B i is a random binary indicator variable with Pr[B i = 1] = ` � 2
` and

Pr[B i = 0] = 2
` .

We may generateZ i by using B i , i.e., when B i = 1, we set Z i = � L i
` � 1 , and when

B i = 0, we set Z i = L i with half of the probability and Z i = � L i
` � 1 with the other half of

the probability. Note that when B i = 0, the probability that Z i takes one of the possible

values in 1
2 (thus is uniform).

Next, let B = f B i : B i = 1g and �B = f B i : B i = 0g. Let also that T = j �Bj. One can see

that E[T] = 2d
` . In addition, becaused = ! (` log `), with overwhelming probability that

T � d
` .

We now can see that

E

"
X

i 2B

Z i

#

= �

0

@
X

i � d

L i

1

A ` � 2
`(` � 1)

In addition, E[Z i j i 2 �B] = L i

�
1 � 1

`� 1

�
1
2 for any i 2 �B. Next, we de�ne a random

variable to \debias" Z i , conditioned on i =2 B , i.e., for any i 2 �B

~Z i =

8
<

:

L i � L i

�
1 � 1

`� 1

�
1
2 with probability 1

2

� L i
` � 1 � L i

�
1 � 1

`� 1

�
1
2 with probability 1

2 .
(3.36)
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Note that E[ ~Z i ] = 0 and L i � L i

�
1 � 1

`� 1

�
1
2 = L i

` � 1 + L i

�
1 � 1

`� 1

�
1
2 . Next, we have

X

i � d

Z i =
X

i 2B

�
�

L i

` � 1

�
+

X

i 2 �B

�
~Z i + L i

�
1 �

1
` � 1

�
1
2

�

=

 
X

i 2B

�
�

L i

(` � 1)

�
+

X

i=2B

L i

�
1 �

1
` � 1

�
1
2

!

| {z }
	 1

+

 
X

i=2B

~Z i

!

| {z }
	 2

:

One can see that(i) the sign of 	 2 is independent of the sign of 	 1, and (ii) one of

Pr[	 1 � 0] � 1
2 and Pr[	 1 � 0] � 1

2 must hold. Wlog, assume that Pr[	 1 � 0] � 1
2 . By

Theorem 3.12.3, we have Pr
h
	 2 � c1

log d

p
T

i
= 
(1).

Finally, we have

Pr

"

	 1 + 	 2 �
c1

logd

r
d
`

#

� Pr[	 1 � 0] Pr
�
	 2 �

c2

logd

p
T j 	 1 � 0

�

� Pr[	 � 0] Pr

"

	 2 �
c1

logd

r
d
`

j 	 1 � 0

#

= 
(1) :

The second inequality usesT � d
` whp. 2

3.13 Experiments

We evaluate our algorithms on the Chinese market, the second largest market in the world

(by value). We describe the dataset collection and setup of experiments in Sec. 4.5.2,

and the evaluation metrics and additional explanation of baselines in Sec. 3.13.2. This

is followed by the improvement over individual factors, analysis for our performance and

trading simulation results, and visualization for our learned latent space and the importance

of factors in Sec. 4.6.

3.13.1 Datasets collection and experimental setup

Datasets collection. The speci�c description of the used dataset is as follows:

(1) Chinese stock data: Our data set consists of daily prices and trading volumes of

approximately 3,600 stocks between 2009 and 2018. We use open prices to compute the
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returns and we aim to predict the next 5-day returns, in which the last three years are

out-of-sample. We examine two universes. (i)Universe 800 is equivalent to the S&P 500

and consists of 800 stocks, and (ii)Full universe consists of all stocks except for illiquid

ones. The average \size" (in either capital or trading volume) in Universe 800 is larger

than the average \size" of the Full universe.

(2) Technical factors: We manually build 337 technical factors based on previous

studies [63, 34, 78, 6, 125]. All these factors are derived from price and dollar volume. See

also App. 3.15.

(3) Barra factor dataset: We use a third-party risk model known as the Barra factor

model [122]. The model uses 10 real-valued factors and 1 categorical variable to characterize

a stock. The real-valued factors known as \style factors" include beta, momentum, size,

earnings yield, residual volatility, growth, book-to-price, leverage, liquidity, and non-linear

size. The categorical variable represents the industrial sector the stock is in. We do not

use the categorical variable in our experiments. Table 3.3 de�nes the style factors.

Barra factors name Beta Momentum Size Earnings Yield Residual Volatility

Description
Measure of
volatility.

Rate of acceleration of
a security's price or volume.

Total equity
value in market.

The percentage of how much
a company earned per share.

The volatility of daily
excess returns.

Barra factors name Growth Book-to-Price Leverage Liquidity Non-linear Size

Description
Measure of
the growth rate.

�rm's book value to its
market capitalization.

Measure of a �rm's
leverage rate.

Measure of a �rm's liquidity.
Non-linear transformation
of size factor.

Table 3.3: Barra style factors from [122].

(4) News dataset: We crawled �nancial news between 2012 and 2018 from a major

Chinese news website Sina. We collected a total number of 2.6 million news articles. Each

article can refer to one or multiple stocks. On average, a piece of news refers to 2.94 stocks.

We remark that our way to use news data sets deviates from standard news-based models

for predicting equity returns [ 39, 72]. Most news-based models aim to extract sentiments

and events that could directly impact one or more related stocks' prices. Rather than

building links between events and the stock 
uctuation, we use news dataset to identify

similarities between stocks. i.e., when two stocks are mentioned often, they are more likely

to be similar. This is orthogonal to how the news itself impacts the movement of stock
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prices.

Model and training. We use three years of data for training, 10 months of data for

validation and one year of data for testing. We re-train the model every testing year. For

example, the training set starts from Jan. 1, 2012, to Dec. 31, 2014. The corresponding

validation period is from Jan. 15, 2015, to Dec. 16, 2015. We use the validation set to

select the hyperparameters and build the model. Then we use the trained model to forecast

returns of equity in the same universe from Jan. 1, 2016, to Dec. 31, 2016, where we set

10 trading days as the \gap". Then we re-train the model by using data in the second

training period (Jan. 1, 2013, to Dec. 17, 2015). We set a \gap" between the training and

validation periods, and the validation periods testing dataset to avoid looking-ahead issues.

3.13.2 Additional explanation about evaluation matrices and baselines

Computing t-statistics. Recall that y t 2 R d is a vector of responses and̂y t 2 R d is

the forecast of a model to be evaluated. We examine whether the signals are correlated

with the responses, i.e., for eacht we run the regression modely t = � t ŷ t + � and test

whether we can reject the null hypothesis that the series� t = 0 for all t. Note that the

noises in the regression model are serially correlated so we use Newey-West [119] estimator

to adjust serial correlation issues. Consider, for example, a coin-tossing game, in which

we make one dollar if our prediction of a coin toss is correct or lose one dollar otherwise.

When our forecast has 51% accuracy, we are guaranteed to generate positive returns in the

long run by standard concentration results. Testing whether our forecast has better than

51% accuracy needs many trials because, e.g., when there are only 100 tosses, there is a

� 40% probability that a random forecast has a� 51% accuracy rate.

An example of compare correlation vs MSE. Consider a case where the true returns

of Google and Facebook are +2% and +4%, respectively. Let forecast A be -1% (Google)

and -1% (Facebook), and let forecast B be +20% (Google) and +40% (Facebook). While

forecast A has a smaller MSE, forecast B is more accurate and more pro�table (e.g., the

directions of the returns are predicted correctly).
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Sharpe Ratio. The popular Sharpe Ratio measures the performance of an investment

by adjusting for its risk.

Sharpe Ratio =
Rp � Rf

� p
; (3.37)

where Rp is the return of the portfolio, Rf is the risk-free rate, and � p is the standard

deviation of the portfolio's excess return.

PnL. Pro�t & Loss (PnL) is a standard performance measure used in trading and captures

the total pro�t or loss of a portfolio over a speci�ed period. The PnL of all forecasts made

on day t is given by

PnL =
1
d

dX

i

sign(ŷ t;i ) � y t;i ; t = 1 ; : : : ; n; (3.38)

Additional explanation for recent CAMs

� SFM [167]. SFM decomposes the hidden states of an LSTM [132] network into

multiple frequencies by using Discrete Fourier Transform (DFT) so the model can capture

signals at di�erent horizons.

� HAN [72]. This work introduces a so-called hybrid attention technique that translates

news into signals.

� AlphaStock [155]. This work is proposed by [155]. AlphaStock integrates deep

attention networks reinforcement learning with the optimization of the Sharpe Ratio. For

each stock, AlphaStock uses LSTM [135] with attention on hidden states to extract the

stock representation. Then AlphaStock uses CAAN, which is a self-attention layer, to

capture the interrelations among stocks. Speci�cally, CAAN takes the stock representations

as inputs to generate the stock's winning score. We implement LSTM with basic CAAN

and change the forecast into return instead of winning scores.

� ARRR ARRR [161] is a new regularization technique designed to address the over�tting

issue in vector regression under the high-dimensional setting. Speci�cally, ARRR involves

two SVD, the �rst SVD is for estimating the precision matrix of the features, and the

second SVD is for solving the matrix denoising problem.
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Figure 3.7: Improving factor level forecasting power by the nparam-gEST algorithm.

3.13.3 Experiment evaluation

Improvement over individual factors We �t the nparam-gEST model, where x t;i is

a stand-alone technical factor to understand whether a technical factor's forecasting power

can be improved by using neighborhood information (see App. 3.15). We say a factor is

\improvable" when its forecasting power in the in-sample data is better by a certain margin

(in correlation). We examine the behaviors of these improvable factors. Fig. 3.7 shows that

the average (out-of-sample) improvement in correlation is 17:27% for Universe 800, and

35:46% for Full universe.

Detailed results for each testing year Tables 3.4 and 3.5 list the results for each

testing year in Universe 800 and Full universe. The bold fonts denote the best performance

in each group. The results are consistent with the Table 3.2. Note that we also report

weighted correlation and weighted t-statistic. The weights are determined by the historical

dollar volume of the asset. These statistics are useful because the positions taken by the

optimizer are sensitive to historical dollar volumes.
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