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ABSTRACT

A study of multiple electron-phonon resonances is presented with
particular emphasis on electron-phonon scattering in polar semiconductors,
There are allowed transitions between a large number of states in these
systems for which the momentum and energy are simultaneously conserved,
This leads to a divergent two-phonon process contribution to the total
electron scattering rate if the transition T-operator is expanded in terms
of unperturbed Green's functions, ‘Sher and Thornber used a renormalized
Green's function to secure finite results but then found contributions
from two-phonon resonance processes comparable to one-phonon terms, a re-
sult at variance with low field mobility data, The purpose of this work
is to identify the source of this anomaly and to rectify it., A careful
reformulation of scattering theory turns out to be required to accomplish
this end, The mobility of slow electrons at low temperatures is first
obtained for weak coupling by an S-matrix reduction formula formalism
showing that the lowest order results are correctly described by the two-
phonon resonance process of absorption-emission, However, no one-phonon
processes exist in this formalism, and the answer agrees with published
results using a naive application of first order perturbation theory,

For the more general case, the total electron scattering rate is calcu-
lated in the framework of a unitarity condition, A slightly modified
unitarity condition emerges, Then it is found that there are no diver-
gences in the two-phonon process decay rate, Furthermore, the two-phonon
divergences in the total transition probability rate are exactly cancelled
by the divergences in the one- and three-phonon interference term, It is
shown that, above first order, the derivation of the standard transition
probability rate formula due to Heitler is invalid for the electron-phonon
system, thus the divergences that arise from its use are spurious, A
correct transition probability rate formula valid for times that are short
compared with the initial and final states lifetimes is deduced from the
Van Hove generalized master equation, This derivation avoids direct use
of the diagonal singularity condition, and has the advantage of yielding
explicit equations for transition rates rather than the implicit integral
equations reported previously, Again, one-phonon processes are the dom-
inant contributions and resonances do not exist, Expansions of the Green's
function are obtained by a projection operator formalism which is a re-
normalization such that the lifetimes of all the initial, final, and in-
termediate states appear explicitly, A transition amplitude formula
truncated to two-phonon processes is derived and resonances only arise
when the lifetimes of the intermediate states are short compared to those
of the initial and final states, e.g., the case of slow electrons at low
temperature, For finite temperature and/or electron energies that ex-
ceed the phonon frequency this is no longer the case and resonances are
not present, It is suggested that Alldredge and Blatt have used an in-
applicable probability rate formula in their studies of heated electrons
in n-type Ge which has resulted in an overestimate of the effect of a
two-acoustic-phonon process,

vi
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I, INTIRODUCTION

There are several approaches to studies of the nonthermodynamic
equilibrium time evolution of quantum many particle systems, Two of these
explicitly involve transition probabilities per unit time from one quantum
state or group of states to another, One method is based on the master
equation which has been theoretically justified under a variety of condi-
tions.1’2s3:4 Suppose that the isolated system of interest has a Hamil-
tonian’( that can be separated into an unperturbed part, H , and a per-
turbing part, V/ . The basis states are taken to be the set of eigenvec-
tors of the unperturbed Hamiltonian, i.e., K /MD> =£,|m> . The system
is prepared in some fashion at the initial time, t=o0 , and is described
by a density matrix operator, /o(o) , which may represent an average over
an ensemble of initially prepared systems, The physical measurement of
the dynamical variable is given by the average (6)t =7;F(f)0' . There
are some interesting physical properties of systems that have dynamical
variable operators which are diagonal in the unperturbed energy repre-
sentation, e.g., total particle momentum or current, For such systems it

follows that

6y = D Bm)Pmyg)

vhere fmy= Otm|m) and P(m,t):(mlp(t)lm) . Now Plmt) is the
probability of finding the system (or classically the probability aver-
aged over the ensemble of systems) in the state M? at time t. A knowl-

edge of FIm,t) can yield information about a number of properties of the
1
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system as long as they can be described by diagonal dynamical variables,

An incremental or macroscopic time derivative is defined as

APm, ¢ _ Pomtst)— Pme)
At a T

where Z‘-' is large but must be small compared to a characteristic energy

of the unperturbed system, e,g., the optical phonon energy for the system
of major interest in this paper, On the other hand T must be small com-
pared to some characteristic relaxation time of the system, Finally, the

master equation is given by

APimt)
P i Z [ Wimfn;2) Pne) —\Winjm; ) Pm, t)]

where

—i %T 2
W(M/nj'l‘) = |<m, ? ‘">' . (1)

The master equation has a gain-loss structure where W(”/mﬂ‘) plays the

part of a time dependent transition probability per unit time, This equa-
tion was first derived by Paulil using first order perturbation theory
for evaluating W("/MJT) and applying the random phase assumption at each
instant of time € « The rather unsatisfactory requirement of random
phases at each instant of time has been relaxed by Van Hove,2 Sher and
Primakoff,3 and others.4

Another method that explicitly involves transition probabilities per
unit time and is particularly useful in electrical transport problems
employs the Boltzmann transport equations.s 36 For a given type of par-
ticle or quasiparticle a distribution function is defined such that the
number of particles per unit volume in the momentum interval ‘é to‘é +d£

=3
at any instant of time is given by AN =(2m) f&,t) JS . The Boltzmann



equation is in general an integro-differential equation for the total

time rate of change of the distribution function given by

Ay _ efl + a‘/
At 2 |cal o lartst

where for simplicity a homogeneous system has been assumed, g—t/“"- is
af/

the rate of increase of f due to collisions, 3g drift is the rate of in-
crease of F due to acceleration of the particles by an external force
field f and

2f b

e -_— - F. Vk (.;é)

It lurits ~
For particles obeying Boltzmann statistics or a nondegenerate fermi gas

the collision term acquires the form

Qt lc° Z[’w-(f/bﬂ) 7((5,'(:) - w(ﬂ/};t)f‘(&t)]

where W(!/}.‘t‘) is the transition probability per unit time for a par-
ticle to be scattered from state f into state LO’ . The collision term
is usually deduced by using elementary considerations based on a combi-
nation of transition probability rates and particle statistics to achieve
the obvious gain-loss form, Presently, a connection between the transi-
tion probability rates VV(MIM'L') and ‘W(k/K;T) will be made,

At this time the physical models that are basic to the discussion of
this paper are introduced and a very brief sketch of some of the perti-
nent material is given, To be specific, consider a nondegenerate elec-
tron system interacting with the polarization electric field that arises
from the charge separation in the presence of longitudinally polarized

optical phonons in a polar crystal, e.g., the conduction electrons in the

central or satellite valleys of GaAs undergoing intravalley scattering



4
off longitudinal optical phonons, The unperturbed system Hamiltonian in

the second quantization representation is given by
k21 t
‘ch‘:&c‘& -+ wobg b1 p (2)
R % ~ ~

where M 1s the effective electron mass; cubic symmetry and box normali-
zation are assumed; ! is the electron wavevector; 4 =/ ; g spans the
first Brillouin zone; Cir and CZ are the electron creation and annihi-
lation operators, respectively, for plane wave single particle states;

é; and b! are the phonon creation and annihilation operators, respec-
tively; W), 1is the longitudinal optical phonon energy; and the zero
point energy for this lattice vibration mode is not shown since it is

simply a constant shift in the system energy, Direct electron-electron

and phonon-phonon interactions are neglected and the two systems interact

via the Frohlich interaction Hamiltonian7 stated here as
t t .+
= =il (6 G, - )
4 _()_'ILZ?- 2 Cieg Ca Lgcsg %) s (3)
ke

where -{2 is the total system volume; & and & are the high and low
frequency dielectric constants, respectively (relative to the nuclear

motion response); and the dimensionless coupling constant, & , is given by

III.
A= ((Z)w,)'/* » X = € zw.) (ea. 2'7.) ’ @

It will be seen that X is a useful measure of the strength of the inter-
action because &<¢ | establishes the validity of perturbation theory,
X has the physical interpretation of being the average number of phonons

dressing an electron, The total Hamiltonian can be written as
H = H+ Vv,

The set of basis states used as a representation are the eigenfunctions



of the unperturbed Hamiltonian, i,e.,
Him> = Epim> ,  min) = Gomn .

The eigenstates [M) can be built up from a vacuum (no particle) state,
[O), in the form
n +n
= n = e 6 :
> = [inhang}) = TIG[TY " (o>,

2 (ny1)

where some designated ordering of the electron momenta is assumed and
{"g} and {nz_} are the sets of electron and phonon occupation numbers,
respectively, If the electron-electron interaction via phonon exchange
is neglected, then the above reduces to one electron interacting with the

phonon system, where

Im> = [k, {0} >.

Returning to the commection between the transition probability rates
W(m/"ﬂ) and W{k[R5?) , it is assumed talthough this is not necessary
for many of the important conclusions of this paper) that the phonon
system remains close to thermal equilibrium throughout the time of inter-
est for the process, Thus, the probability of finding the phonon system
in a given state follows the canonical distribution law, It can be
shown3 that the collision integral in the Boltzmann transport equation
is related to the time derivative of the occupation probability of the

master equation by

¥ <AP(3,{n;w};t)> ,
2t coll, ﬂ 4

where < >‘- denotes the thermal average over the phonon canonical distri-

bution function and



<P(&{n%w};t)) Z’D{“"“"} ) ef = iy
‘ My}

Z = _%'w. Neto/kT
b "s‘i)} 6

wigr) = SWemilfsmgz)y . ©

Assume that the distribution function of the electron(s) has been
disturbed by means of the external force‘ér which is then removed, It
is expected that the collisions will thermalize the electron(s) and after
sufficient time the distribution function will return to its equilibrium
value, f, . In the relaxation time approximation, it is assumed that‘
the rate at which the perturbed distribution 7r returns to Jf is pro-
portional to the perturbation (f;7£) , After remoQaI of the perturbing
force, the transport equation may thus be written as

F _  _ f-A
ot T

where 27_’ is the constant of proportionality and

of| _ _ F-%

2t e, T
The solution is of course that of exponential decay and evidently T is a
measure of the rate at which the distribution function relaxes to its nor-

mal form, It can be shown5

that there are two types of collisions that
allow the collision integral to be of the form given by the relaxation
time approximation: (1) randomizing collisions for which the probabil-
ity of transition from.! tolé' is independent of the direction of

and (2) elastic collisions, It follows that



%/— = Z W‘(h /bl) (randomizing collisions and (6)
. )

relaxation time approximation)

/e
-i{- = kZ,-(I— -Ek-z?s_sa-e)w-(g/i) (elastic collisions), (7

where (€056 =,E; !S / FkR and cos@’= E ‘ﬁ’/ Fk' . TFor a homogeneous non-
degenerate semiconductor where Z‘(k )=T(hk) , it can be shown that in the

relaxation time approximation the dc mobility is given by

M= =T, ®

where

A Fa X

<T> = sz e” dx , Xséz/ZmI(T.

[ox”‘-e"‘alx
The relaxation time approximation is not applicable for collisions which
are neither elastic nor randomizing, Collisions with polar optical
phonons provide one example, In problems involving such collisions other
methods are required for the solution of the Boltzmann equation, However,
these (e.,g., the variational method) are quite involved and the relaxa-
tion time (Eq. (6)) for the randomizing collisions is often used as re-
presentative of the scattering,

8,9

The standard transition probability rate formula for transitioms

from state 4 —» £ is given by

Wekli) = l<"|§im“.>lz= ZTI'/(HT/)?/ZE(E/‘EI:);

and the transition matrix operator is shown to be

T = V+VeV,



where & is a Green's function operator defined by

G = L , €>0 (€-»o.

E,~H~V'+i€

Therefore, the matrix element {F[TIL) becomes

FITIS = FIVIED> + g(#wmxmlslmxm,w/)

_,LZ(,c/v/m)(m/&/an/wz) ,

mn
(men)

Next the total transition rate out of state .(: i8 written as

Z Wigie) = 2 ;— [T S (EED

where thermal averages over the initial state phonon distribution are

understood but the notation is suppressed in this and the following

paragraphs for brevity, A second order Born approximation follows from

the replacement G- —» 5; , where
G = /
PR—
Ei-H+ie

The total tramsition rate becomes then

)~ zn’Z (HVIA?I}(E,—E,)-I-ZTFZ /mz(gf’/gx'"“””/ﬂé‘ B,

where the systems of interest here are such that the cross terms have
mutually exclusive sets of final states, The first term on the right

hand side is the usual result8

from first order perturbation theory or
the first Born approximation, Now care must be exercised when E;.. =Em

in the second term on the right, In ordinary scattering theory,



e.g., electrons scattered by a fixed nucleus center, there is a con-
tinuum of intermediate states that includes some that conserve energy
between the initial and intermediate states, A density of states O(m)
is introduced such that in passing to a continuum (the energy levels of

the unperturbed system are quasi continuous)
] = %' Im)m| —> /Jm tm)mim| = 1

Therefore,

Elvimimiviy /’"’ Diwy LAV
m Ei—Eptic Ei=Emti¢

Next, it is convenient to define /O(E"') by

/O(Em)A’Em = J(f/V/m>(le/4’>D(m)dm ,

where K is the domain of states for which the eigenvalues of H 1ie
between Fm and Em-l-dEm . Therefore, the second term in the transi-

tion rate ﬁa is (suppressing limits of integration)

SAVIMMMIVIEY (A 0(Em)
- E;:-E, +i€ Ei=Em+ie

Provided that the matrix elements are well behaved (no highly singular

behavior) this integral exists; and consequently, the fourth order con-
tribution to the total tramsition rate exists,

On the other hand, in some field theoretic applications where V is
the interaction between two fields, the matrix elements are highly dis-
continuous, For example, in quantum electrodynamics (QED) (transverse
photons) the interaction V connects states that differ by one photon
(absorption or emission), Thus, for given initial and final states,

there are at most only two intermediate states, e,g,, the two-photon
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process of absorption-emission and emission-ahsorption giving

G\vimsmviy . (EIVimespmgelviiy | Givime)Xmmlvii>
™ E;-Emti€ Er "5,.. + 1€ E; ~Em, t i€

vhere Mg (£) and M, (f) correspond to intermediate states having one
less and one more photon, respectively, than the final state, There is
a one-to-one correspondence between M (f) and £ . One fourth order

(two-photon) contribution to the total transition rate is given by

2> Khvimea>amewnviol® cig £, .
f  (Ei-Eme)* + €2 .

There is another term corresponding to P (#/ and an interference term

which will be shown in the paper to be well behaved, Define

PlEme)dEm, = er/ [<FIVIme D> meetr) V1| HESE AF
R’ |

/
where X is the domain of final states f for which the energy of the

uniquely associated intermediate state Mg(f/ lies between E”'e and E"@‘JEE

The fourth order term is expressed as

4Em¢ p(Eme)
(Ei ~Eme) *+&
This integral clearly diverges as €—»0 if/o(Enh) is regular and non

vanishing when E,,,e=E;' . For QED, the matrix elements conserve the
total particle 3-momentum but cannot simultaneously conserve energy so
there are no intermediate states Eme=E,' ’ i.e.,/o(E”,‘:E‘-):_.-o 3 and
the integral exists, For the electron-phonon systems of interest in this
paper, the matrix elements of V conserve electron momentum and phonon
wave vector but may also conserve energy for a large number of intermed-

iate states, Therefore,/O(Eme=E:.)¢o and the integral diverges as é»o,
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Actual calculations show that the previously mentioned interferemce term
is finite as é-»© , This possibility of simultaneously conserving both
momentum (wave vector) and energy in the matrix elements of |4 is some-
what uniqué to the electron-phonon interaction for systems of interacting
fields,

Proceeding under the assumption that the standard tramsition proba-
bility rate formula is correct, it is logical to assume that the infini-
ties (divergent results) arise because of the particular way that the
Green's function & 1is expanded in terms of the unperturbed Green's
functions G , i.e,, the presence of the interaction is important to all
orders in a perturbation expansion of & = Go+@&G VGu+GlVGVEt~ . By
a projection operator formalism, partial infinite sums (a renormalization)
can be extracted from the expansion having the net effect of subtracting
out the infinities introduced (see Sec, III,C), It will be shown that

mlGim> = l
< 2 E; ~Em —Fo (Emtie)

where Rm (Emtre) 1is a complex function of Em+i€é and "_Z;,,Pm(Em*‘"") is
the width (decay rate) of the line or the reciprocal of the lifetime of
the intermediate state M ., To lowest order in the interactionm,
Pm(ﬁ,—h‘é) is of second order in a coupling comstant and it is expected
that for sufficiently weak interactions Pm is small, But most impor-
tantly it is finite as € % © , Calculations involving this renormalized
diagonal part of the Green's function and the standard transition proba-
bility rate formulal10 (see Sec, IV.A) give finite results for the previ-
ously divergent fourth order term, However, it will be shown that even
in the case of weak coupling, there are contributions to the total elec-

tron scattering rate from two-phonon (and higher) processes that are
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comparable to one-phonon processes (from first order perturbation
theory), In fact the lowest order contribution from the two-phonon pro-
cesses (fourth order) is identically equal to the total contribution
from one-phonon processes, Results of this nature are contrary to the

body of evidence in the literature11

and recognition of this anomaly
motivated much of this work,

One approach (Chap, II) that is helpful towards a resolution of
these difficulties takes advantage of quantum field theoretic techniques
that have existed for some time, The scope of the problem that can be
analyzed in the fashion to be described later is rather narrow (weak
coupling, electron energies & optical phonon energy, and low temper-
ature), but the method lends physical insight to the more general case,
An expression for the mobility of slow electrons at low temperature in a
polar crystal is obtained that agrees with previously qulished wdrk.12
A unique feature of the approach taken here is that transitionm probability
amplitudes are obtained from the matrix via a reduction formula formalism
that explicitly displays arbitrary phonon occupation number sets, The
method reveals that a resonance does exist, i,e,, the two-phonon process
corresponding to absorption and subsequent emission give a one-phonon
result, Simultaneously, there is no one-phonon process of phonon absorp-
tion to start with since the final state reached through that reaction
is not stable and is not included in the set of allowed final states, 1In
fact higher order terms have contributions of second order in the inter-
action but they are weighted by powers of M, , the Bose-Einstein factor,
and hence must be small at low temperature to get a convergent result,
This is caused by the fact that as the temperature increases an enormous

number of phonons collide with the electron so the incident scattering
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state is significantly depleated during the scattering process, 1Its
lifetime becomes comparable to the average collision time,

To study the more general case of finite temperatures and/or arbi-
trary electron energies, a theory of decaying states is developed in
Chap.‘ III, The Green's function defined as G-(E)= (£- %) is intro-
duced and the properties of 6(7 and a self-energy operator E(E)
(T"*F(E,"H‘O) , presented earlier in this chapter) are discussed in
Sec, III,B.2, The first signs of trouble are seen in the derivation of
a condition that is analogous to the unitarity condition or optical
theorem in scattering theory, i,e,, <3clkaﬂ?fi()/1;> has singularities
at & "E.p when an expansion for F(E) is truncated at second order cor-
responding to two-phonon processes, This results in divergent answers
as €0 in a manner similar to that already discussed, The structure
of the unitarity condition is an equality such that the left hand side
is associated with the decay rate or survival probability of the imitial
state (see Sec, III.D.l) and the right hand side is associated with the
total transition probability rate out of the initial state, The discus-
sion of Sec, IV,B .shows that the two-phonon process contributions to the
decay rate exist with no divergences and are small relative to the one-
phonon part, As noted before, divergences "seem" to appear in the total
transition rate on the right hand side, The crucial step toward a reso-
lution of this problem (see Sec, V,A) is the observation that the trunca-
tion used does not include all of the fourth order contributions, The
proper program should be to use a truncation to third order including
the interference term between the one- and three-phonon processes but
excluding the fifth and sixth order terms, Then it is also shown that

the divergences are cancelled out order by order and a slightly modified
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form of the unitarity condition emerges, 1In particular, the delta func-
tion that conserves energy between the initial and final states must be
(correctly) replaced by its representation as a function of € , i,e.,

/im €0 cannot be taken separately from the I(f/R(Efrs)I,i >I2
factor, Therefore, the motivation for the approach of Sher and
Thornber10 has been circumvented, For the total tramsition rate the sum
of the two-phonon and one- and three-phonon interference contributions
exists and is small relative to the contribution from ome-phonon processes
(which is nonvanishing in this formalism in contrast to the low tempera-
ture-slow electron field theory problem) and resonances do not arise,

The more interesting case of a weighted sum of tramnsition probability
rates cannot be resolved within the framework of the optical theorem, A
first step in this direction is a review of the derivation of the stand-

ard transition probability rate formula due to Heitler’

given in

Sec, III,C, The assumptions for which the relation is valid are to some
extent implicit in his treatment and a careful re-examination of them
point again to difficulties with the singular nature of (f/l?(E-l-fo)/[)
(the presence of poles for E=E;, E4 and elsewhere), The standard form-
ula is obtained by taking first the limit of small decay rate 2/:" of
the initial state and then the limit of large time interval, T . Such

a program yields a compact mathematical solution, Heitler states that
the requirements in practice are that LT »l, e | , and

/} <« E:; « His derivation rests on‘the existence of nonsingular analy-
tic properties of <-F/R(£'+f0)/4:> as a function of the real variable
E. Goldberger and Watson'sl3 treatment similarly rests on the assumed
analyticity of (f/R{E+,‘¢,/4'> and its analytic continuation, But these

matrix elements have singularities of pole strength when an expansion
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for P{E) is used, Therefore, a larger definition (see Sec, V,B,) of
smoothness or nonsingular behavior must be used in discussing the problem,
Define the function F(E,E%

FEey = (/[/ﬁff‘ff’-ﬂ'ﬂ)ai& RIE-ERio) [ 1>

E~E~H+io
Then the standard transition probability rate formula rests on the as-
sumption that quantities like f:ZELEﬁ) have no singularities of pole
strength in the real variables &£’ , where &= /- (P = pro-
jection operator for state A ) and C} is a dynamical variable operator
or weighting function, In QED this is precisely the case but in electron-
phonon problems a pole persists at £=0 Therefore, above first order,
the derivation of the standard transition probability rate formula due to
Heitler is invalid for the electron-phonon system, But after identifica-
tion of this pole the appropriate contour integrals can be evaluated,
The result is a time T proportional term that clearly diverges if the
/fmZ"’ﬁ is taken too soon, The Heitler program calls for taking the
/im /17"0 before taking /imz‘» o , the violation of which leads to
divergences, When the ordering of the limits is performed properly, it
is found that the two~phomon process terms are small relative to the one-
phonon process and resonances do not arise,

In Sec, III,D,1, a somewhat less formal procedure is used to study
transition probability rates, This is useful in obtaining practical es-
timates for the size of l? and T , the smoothness requirements on
ﬁ{E-H‘o) , and estimates of the errors of these approximations (see
Sec. ITI,A). Also it is seen that the condition £E¢C®» / simply does
not apply in the scattering of particles regime with large numbers of

particles in the initial state, Rather, it is a characteristic energy
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of the system FE (§E~ W, for the electron-phonon system) which is
also characteristic of the smoothness of A(E+r9 and must obey the rela-
tions FET» /| and /}«PE'. The result of central importance from this
section 1s the relation of the total transition probability rate to the
decay rate formula resulting from a law for exponential decay discussed
earlier in connection with the unitarity condition,

Expansions of the Green's function ((E) and the self-energy oper-
ator P(ﬂ are obtained by a projection operator formalism in Sec, III,B,3,
In this caée the projection operator will be used to project out single
states rather than their more customary use in separating resomances from
continuum states, The projection operator approach is a remormalization
such that the lifetimes (complex self-energy) of all the intermediate
states as well as the initial and final (only for &(€) ) states appear
explicitly, The renormalized expansion for e is developed further in
Sec, II1,B,3 and finally applied in Sec, IV,A to the electron-phonon
system, Introductory remarks about the anomalous results from this have
already been given, The expansion for G(E) is used in Sec, III,.B,3 to
find a "“correct" transition probability amplitude formula truncated to
second order in the interaction, This relation is useful for computing
transition probability rates other than the total transition rate which
can be found from the decay rate formula, The explicit presence of life-
times is crucial in describing the physical mechanisms involved in the
éh‘ w. low temperature electron mobility case first discussed in Chap, II,
In Sec, IVJCX2 it is shown that intermediate state lifetimes are short
compared to that of the initial state with the result that fourth order
interaction terms give rise to a secon& order contribution, This is a

resonance effect; but, simultaneously, the final states associated with
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the (one phonon process) second order term have short lifetimes and the
contribution from this term is small compared to the fourth order (two-
phonon) term, Therefore, the diminishing size of the second order inter-
action term prevents the anomalous results discussed earlier, and is in
agreement with both the decay rate formula and a naive application of
first order perturbation theory, The explanation given is that there
are so few incident phonons in the initial state that the scattering
rate for phonon absorption is small compared to the rate for spontaneous
emissions, i,e,, the over-all rate process is almost entirely controlled
by the process of absorption alone, The more general case for transition
rates at finite temperature amd/or ﬁ)(d, is treated in Sec., 1IV,C,3,
There it is found that the decay rates are all of the same order of mag-
nitude; and for times T that are short compared to the lifetime of the
initial state, the '"correct” formula gives results that are in accord
with standard second order perturbation theory, i.e,, there are mo
resonances,

Finally, many of the previous results are collected into a single
compact formalism, A transition probability rate formula valid for times
that are short compared with the initial and final states lifetimes is
deduced from the Van Hove generalized master équation2 (see Sec, V,C)

which avoids use of diagonal singularity conditions and is given by

Withi) = aiste€06[{v+ vt Vel (VL v w142

Z Wil O =2r Gl V+{.i—_,,%,.;t’+m) CHE KVt V) | " >,

(Fé&i)
where level shifts are neglected and again the weighting function o)

is used, Renormalization effects are included although level shifts
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are not written for the sake of brevity, The ,{K notation means that
the initial, final, and all intermediate states are never the same, The
standard transition probability rate formula written in the analogous

form is given by (dropping &) factors)
2 ;‘ —-—I———\/ (XX} & E"" V"'V-——I-— V"' st '(. .
T (VHyd— v ) Oteray (Ve Y i ) 145
The 44 notation rejects terms like

2
zrzﬁ(f) I(HVI%#:XW:HIVM)I F(Es~Ei) »
f (Ei‘Em.) + MNe

which is precisely one of the divergent terms ﬂ;e—’ é contained in the
standard formula and one of the resonance terms in the formulation of
Sher and Thornmber, Again, The one-phonon terms are the dominant contri-
butions at finite temperatures and resonances d6 not exist,

The relevance of the present work to a paper by Alldredge and

Blatt14

on the role of two-phonon process in the energy relaxation of a
heated-electron distribution is briefly sketched in Sec, VI,B, From the
viewpoint of energy loss mechanisms for heated electrons in, for example,
n-type germanium, they consider the relative importance of two-acoustic-
phonon processes to that of one-phonon processes and find that they are

of comparable magnitude, These authors use a standard form of the transi-
tion probability rate formula with a truncated -T' matrix operator given by

= /
T = V4 VeV,

where the self-energy /1 is taken to be an average (over the assumed
heated Maxwellian distribution and cold lattice) electron decay rate of
the initial state, The electron-acoustic phonon interaction has the same

important characteristics as the electron-optical phonon interactiom;
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and except for the details, their result is attributable to resonances,
However, for the same reasons as discussed previously in connection with
the electron-optical phonon problem, it is suggested that Alldredge and
Blatt have used an inapplicable transition probability formula which has

resulted in an overestimation of the effect of the two-phonon processes,



II, THE MOBILITY OF SLOW ELECTRONS AT LOW

TEMPERATURES IN POLAR CRYSTALS

A, S-Matrix Reduction Formula Formalism

The basic one-electron Hamiltonian is given by7

X = ng,é;(ﬁé!w +h’££12-i'-((,;w -:g-{'__l,é(ﬂégﬂt‘) _ 2%.1 , ©

where Me 1is the bare electron mass and I' is the electron coordinate,
Due to self-energy effects (virtual emission and absorption of phonons),
Mo (the bare mass) is not the observed (dressed) mass M , of a free
physical electron state, For simplicity, only electrons of low momenta
where the physical mass is independent of momentum are considered in the
initial and final scattering states, The above Hamiltonian is rearranged

as

t 2
?( = ;wobs(ﬂé_!(f/ —2% -+~ f(rt) — _zv_z(_”_:_’_# ,

where é(pﬁ) is a phonon field operator defined by

@-(!‘f) = ﬂ""’% Z ﬁ(é) e‘.g'! (11)
and where ~ M

r -——
452@ = byty+ é.z(t) s 9y 5 A/e .
In passing from Eq.(9) to Eq,(10) the transformation bg‘h'b! is made
f - ~
which does not alter the commutation rules é;, b.-!'].:o’[‘!ok’,-'} = © and
[-Lg,b',] = &3’ . Hence, the unperturbed phonon basis states can be built
up in terms of the new, transformed, creation operators. An electron

20
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field operator is defined by

ke
Yry = 27" RZ-Q:H'I e, (12)
ke
where the plane waves & are solutions of the new unperturbed

single electron operator "‘7zlinﬂ and C; is the destruction opera-

tor for the electron state of momentum‘£ o 1t will be shown later that

momentum states k > (meo)’h are dissipative (unstable) and states

k < (lmwg)”‘are stable, It is only for these latter states that one

may apply the following scattering theory, For transient or intermed-

iate states of the theory all the momentum states in Eq, (5) are used,
In second quantization notation, the Hamiltonian in the Heisenberg

picture is given by

H = H+ V,

where

H = ;w.églﬂla!(y + ;'é. GeGH
V = Ja} Yot gy —[aF irts Y51 Yre) + e

r
= 12.91 ﬁ_(ﬁ'/ C*;fg“/qf&/ -+ QZOQ C'g(ﬂ CB('H

€ 3 K/am , A= gz;,'z";',‘,)‘l' . ,

Clearly H plays the role of the unperturbed part of the Hamiltonian
and V is the perturbed part, The second term in V is analogous to
the mass renormalization counter term in QED and (¢ is a small constant
that changes the energy reference of the system giving rise to an unim-
portant phase factor, 6h is the single particle "physical' electron
energy for k < (me.)”."

The quantity of interest, the scattering matrix element, 5;»‘. , 18

the probability amplitude that a certain initial configuration of
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particles in a state { , in the remote past, ends up as a different con-
figuration of particles in a final state f , in the remote future, The

scattering matrix is given by

‘;4: = <E-(f-’f'°)l f-(t—»—«)> ) (13)

Equation (10) is expressed in the Heisenberg picture in which state

vectors are time independent, Physically, one might think that as
'f"'i‘m the states consist of noninteracting particles, However, this
is not precisely the case since the electron can never escape its inter-
action with the phonon system (virtual phonon emission and absorption)
which gives rise to a mass renormalization already considered and a
wavefunction renormalization to be considered, Thus, what is really
meant is that as T+ & the colliding particles (wavepackets) are
sufficiently isolated so they are noninteracting (no overlap between

the wavepackets),

In the usual manner, "in" and "out" free-particle creation, and
annihilation, operators can be introduced from which the initial and
final states /Sﬁ(i-’-")> and IZ(*-'+¢~)> , respectively, can be
constructed, These operators obey the same commutation relations as
the Cg, b.’.- introduced earlier, Therefore, the initial and final
states are given by

[Etes-2D> = ;72 n)["(m)] [O> (14)

(ngl)"

/%/f—u.,) ]7'C Iouf}[é-!',"'”-] /O> P

)'Ia. (15)
wher/ 97 /f_)+~)> ]7‘(‘ fout) [ééht'zj /O> spation numbers and
/O, e v v e e ——— . .,_)..:.- esee  =w. and "out'" electron

and phonon field operators in analogy to Eqs. (3) and (5) by
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Him (re) = fL""ZCa( Lt

""2 %[ by () + 5 (82)] & gt

Py €9
where it can be shown that

Ck(ouf = —Q” d" SDM)(C*/
i) = AL [p3 SEPtiwt =
L% (ou{-[ 2—‘;‘—-9; /d" e at @l.;:’ ((.'f)

= = > 2L 2f (¢
Flo, gt = fly 2% ~ g 2

=y -

(%) fywn = o

(%t*w:) @(&)(ﬂ) = O .

It may appear to be somewhat questionable to extend the (é«?e) electron
momenta for R >(2mw¢)lhsince these asymptotic states are not stable,
kHowever, a complete set of operators is needed to deal with the innards
of the problem (transient intermediate states); and since the physical

state initial and final electron momenta are restricted to small values

of K , the procedure is justified,

From Eqs, (14) and (15) the scattering matrix element is given by

Sgi

I

(n, ,)lh. & " ,)m.
= {&| Citosty Glimy | @; >

where léﬁ)and I@,i> are the phonon parts of the initial and final

<O l ]TM_ Ca'(M}C;(Iu)TT[b:!(“‘J IO>
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scattering states, From the identity

< f;, |GGl &> = < Pl Gy i/ Zi >
+ k é;. /Cé/(d]@f(m 1 Q;&) -<¢’f1‘ / Ct’(c‘ch (in) l f;c > s

it follows that
il GemGinlEa = Gue {EnlGHD
+_0 "'d'./e br[/m e <¢;/‘K{£‘UC§IM)/9‘;./.>

‘e

"/Im 46"’2@*/(’/ lmcg(m)/f,,}]

tr~c

The LSZ asymptotic conditions on the field operatorsls

Wrt) == Z"biry
Yit) 55> E2"Yartow

td+w
where Z is a wavefunction renormalization constant to be determined

are expressed as

later, For the lowest order results of interest in this paper 2= .
The probability amplitude, SF;, , becomes ( P t= X, k& = k s

X=gr-&t, Aidt = d% )

S;i = ?&((fp/ @} -+ é__{%’f [ -.‘,e’r.“é,, gj?{re')@fa‘m/ @;0]

and
"4kr+‘éh’t . VF: Wﬁg’[’-ﬁ[&lt’
Jt' € “am ©

Since the system is localizable, then spatial integration by parts

yields the result

= Gy I+ G te T E R,
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where the derivatives operate in the direction of the arrow.

It remains to dispose of the "in" operator in the above matrix

element, Consider the identity
¢ é,fal ‘P(x'/C;(iullé,‘L> = = (B, [GlawWon] S
+ (KB 1l >+ Byt Hieo] &>
Therefore, it follows that

(B ‘/’M({lh}/@}i) = 1™ Ar lin € e AT AL
e Pt 8]

= e [/ in ~ o 14 KB T hor Y111 855,

where T is the Dyson time ordering operator, ‘f<t in the first term

and €3¢’ in the second, Proceeding as before, one finds the result

Suo=  Sw<Bild
Yoo [t & [ ]@'/mw}g/g_[ 2]

Generalization to the case of more than one electron is straightforward,
The reduction procedure is next applied to the phonon parts of the

probability amplitude of Eq,(16). An occupation number notation is used

for the phonon vectors @A) /é,l, >
[ohy> = T T0  foney 2 T4 0>

(hgl)™ 2 (i)™
Consider the difference

Gl bytod T eyl -y = = Colftd T b bg i Mg -2
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— ";ﬁ d;" ~ e Hiue’ => {< "g" Ii"" )T[‘flx')VZI)]I"
=Gyt | Tty @l |-ng> 3

~ila .
— l.ﬂ 1_9 "ﬁz:e"l-iafl" ."ﬁ -fon, " r ) Y
27.32/41’32., € ;’ g1-| T[Yues ey ]| Wy >}’
where the phonon field asymptotic conditions are (,g,'r’s Y’ )

Pt = S, But) 5= E 4t

There is no phonon wavefunction renormalization constant (Z,,.al) since
the case of several electrons does not give rise to phonon self-energy
effects, The time derivatives are performed in the differences above

to give finally

m.p“’c’”f()”/( gt T Peer @0y Voo ] [-ng >

where -—_‘_.,
L) L (Z+ W)
zw'g’. s72 .

Using this result, it can be shown that

(@:/T[P(X')W}x)]/@,;> = 6“@"'/7’[%:’)‘/’7xl]/"'”£“>

(-uﬂ_!—l IT[y'M‘fa/Jbg(m)l V',

1)

= e

y I S
" 2oy Ay & L0 it - TG Wil ng>
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Repeating this process to remove all q-momentum phonons'from the final

state, one obtains

&[Tl V(w‘f‘w]/ﬂ) Z:—)"‘ f‘ {a“) f 4'9 € %';Z_p; %"

M‘!'—'

0| T svzxu(_sz(v,;;%,]é??:*/---t@~->
4=y )

Next, the q-momentum phonons are removed from the initial state to give

ot T Roglalons = (3o E% Zoy

-qef T[] BT By >

All other momenta are removed in a similar fashion, and the tramsition

amplitude :S;Z of Eq,(13) is found to be

<O/ r [65/"”] Q(ouf)d(tul”[ ‘f{w] I >

)l/l ~ ,‘ (n ,)’Ia
{Ag} zmyn,-n
= U Ny-ipem, / Nyl .
G+ ) (57 m,,)[ﬂ _*._)w}]
{m’_} [~ 1)‘

. fd'f(’d"xé P %jn-ﬁ‘ [2{‘76 dj";)]

9
4 ylzdy‘] Q*Vn (17)

ﬁ

G erf(f'y
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vhere U(X) =2( for X230 and Jlkj)=o0o for A<o and G is the

electron-many-phonon Green's function defined as

' e ngw _ My / )
GO ) = T Jeifl] ]I,

The first term in Eq, (17) specifying exact conservation of the initial
and final state particle momenta arises from the first term of Eq.(16).
There are no electrons in the initial or final states of the matrix
element (é:;,(@;k> . Since the phonons are noninteracting (they
only interact in this model through the presence of electrons), the
initial configuration of phonons relative to the matrix element

<é’i/@’: > will propagate unscattered through the entire process,
B, Diagram Rules and Transition Probability Rate Formula

Thus far the development of the reduction formula, Eq, (17), has
been exact, Now perturbation techniques are considered for approximating
the probability amplitude \S¥i . This may be done by rewriting the
Hamiltonian in terms of the "in" field operators (or equivalently, the
interaction picture) and following the usual QFT methods, Reference is

15,16

made to the published literature for discussion of the Feynman dia-

gram techniques used in this paper. Those given here differ from

Schultz16

in the addition of the mass renormalization counterterm and

a different coupling factor j& . The electron-phonon problem consti-
tutes a convergent field theory in contrast to QED where cut-off factors
are introduced in handling certain divergent integrals, It is also

necessarily a weak coupling problem since it is assumed that pertur-

bation theory works,
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The one-electron and one-~phonon Green's functions are defined by

~i oIty ¥ 10>
+i (ol T[ &ty $tyi]| o> .

Gx) =

)

Drly) =

The (A} factors are dropped from all higher order Green's functions
The one-particle unperturbed Green's functions are defined as

= —; <olT[kov¥] )] 10>
+ <eITL &utrs Bv)]lcD,

Gu(xix) = Gylx-x)

Dty)y) = Dityry) =
because there is no electron in the

where Dl}j’y/ = ~09 (y-y)
defining p(yf}’/ .

momentum representation defined by (k E!?JE'J- g;gp)

It is convenient to ex-

vacuum expectation value

press the problem in the

GV Y, XY oy /Jt’l"k A% 4%, . Jg.,,,{@, .
(0% Y 5 Xvea) Gm* (zm* mr/‘ (i " (zme (ame

4 (lrboxesirig pan Bogt-120, )

¢ G—(k!,-- ‘Ly; kg, .. q,) e

The one-particle unperturbed Green's functions in momentum space can be

shown to be given by
/ -29, o
(k) = D(y =
6‘ 4 E- R 0 ’ / Wi (Wo=s0)*

where
R (x ARyt YJ
Glr-n) = (" f ‘ ”é{ Lty /;’ .
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Rules for writing down the perturbation series via Feynman diagrams for

Gk'e . 4}, k4, ... 2n) are as follous:
e AGW 0 e S G (e, i Ga(e0)
——g- (-A)D,IU o -7 (-4')0./2}&7141) 77y D Y’—Y))

-

—— 2m?

. er .
- = —AX(k) O ["65("/31:“”(”,]
4-momentum is conserved at each vertex by 53"’(,@,-,@, +tq,)

Y
fd f;- over all internal momenta ,

As an example, consider the one-electron Green's function given by

- 3 —

= SN ""'.: - - -
=t = -+ L +_“_+.J—.l._._'n_+_g4_'\'_|..‘;_+.a._‘a.a..1_+-..
k h R ke k k
» )
'—-s ”:'-: . . " 5\
e W o et ——— +
—_ + all diagrams that all other diagrams )
= k k cannot be completely that one can write
severed by cutting dowmn
a single electron line L J
—4 — + —m .
k k k

Therefore, with =mgom —p 4 (~(k) , it follows that
Glh) = Glks+ Gl 2kiG k)

Gl = [Gle-Zw]™,

where Z(k} is the self-energy operator for the electron and

or

- »

/ I’~‘| I’,-~ s -‘! . -
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Later, the self-energy is approximated by the first two terms in the
above expression,

In that which follows, the set of external momenta, 4 , (see Eq.(17))
are each on their respective energy shells, i,e., §s{q,w)—> W= [TV
and £ = (KE), k'= (K,E)—> E=§, E’= &+ or equivalently,

4 = (&, W), k= (‘,S,ég), and k= (,.I,'; &) . The per-
turbation terms for the Green's functions are seen to fall into two
groups, Expressed in diagramatic language:

(1) The sum of diagrams having the electron and/or one or more

phonon lines passing through the interaction region with-
out scattering, and

(2) all other diagrams or terms,

It will be shown that the terms belonging to the first group do not con-
tribute to the transition probability amplitude, First, consider terms

of the second group in the momentum representation
I,
S' . 'k x’
i = G+ X ([ ”g"¢”a3) dsu% at'

{ms]=a
Tl gl T %, 8%
glegy % T G gty (7 et
( L ) iy akoox
.G ?PTKZISJQ &)]T[’Tf ()l,!)e 'xgdl);]-d +V]€ (18)

where

o (g = () 77-[ a‘9 ot )U ( "ﬂ'"v“‘z)( gl )’ :

==
” ("l'"g ‘ﬂﬂ‘)l '!'
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@)
It is evident that one can write for C; in momentum space

i;\\ c ’/’il

Here, the intersections of each line with the bubble are true vertices,
i.e,, no lines go straight through, Thus by the rules for diagrams one

. has the defining relation for (;; (the bubble) given by

G“(‘”qu»i’”ﬁ-@; ~46~(P)7727‘[ D/.l,‘)]

“ ha-He ity
G(r’lfﬂ:fz,; ﬂ{“ [<R3)< G tp)

l! ~ 21315

Examine the electron part of the probability amplitude, Eq,(18), defined

as ' ~ikx’ 27 14 44, . ':Yiif-x

A4 4* S+ r JN ) o

] d% e Jt et (mﬂé < GolpY

G(" P )460[’][:?+V0']eih'x.

Now

2 BN SO e pr) ST ~,  Aply

)t'+zm v)e (E-—LLM ) = Gl e
and

FREE) = ()= Gl ™
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The electron part above becomes ( k,k' are on the energy shell)

CII%) % (k" s3k )

Next, examine a typical phonon part of the probability amplitude

where

defined as

41:" =
ﬂvm dyXilk A%y, e, Jf , J«/I"hﬂx; )@ !: ‘z? 'g,,

(an*

(4D (8iny )] G- Do 5 bR ()] Z( Yag, )

where
Yy A + W, ]
4 —_ Fx 3
Z( X"z,-) = 2%9,, n
Therefore,
—> . l Y 1
4 »g.)’ g I Y,
Z gy ¥ “z»~—[w~,+wo €% glles, )
-ifng '){‘ ” )’
ST Ve Ly, = 9,,,1)1%26 i
and the typical phonon term becomes
2m)¥ (- "94; %, G (kg kD)
Repeating the above for all the phonons the probability amplitude of
Eq.(18) is i
Sp =+ T y ST 2
. = HgH oM 1 (19)
A q/érl”l !; Ig’l 5 12:’5 J
["{!}-—0
where
2‘"gm iz

(g = 7 TT{ (or ] f
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Now return to an evaluation of the terms belonging to the first
group of diagrams, ém. The subset of terms having the common pro-

perty of an electron propagating without interaction have the form

G-Ue’ = 6, (x'—x) {fhomm Par‘l'}

Pulling in the electron parts of the probability amplitude gives

Ly kXY I G e
[d hid% e ris ']G.,(x'-x)[:b—%—rggjf‘ .

But it can be shown that
Pz
éa (xlx) [:4'3% "‘2-;,?] = ?4[,{"-)() .

Therefore, the electron part becomes
/
_O_ d” ,-qu *_?cjakx’ ﬂﬁy ~Ne (l Zle) k)

and the subset of all terms having an unscattered electron line vanish,
All remaining terms of é(u have one or more phonon lines propagating
through the system without interaction, The electron parts and the
phonon lines that do not propagate unperturbed can be treated exactly
as before in the set é(‘) , thus giving rise to no special problems,
Extracting a typical phonon part yields a similarly vanishing result
and hence the diagrams 6-(" do not contribute to the probability
amplitude, 5;4' .

Equation (19) for .5;:,; is not yet in the desired form, It is
known from the perturbation expansion of G that the total over-all 4-

momentum is conserved for each diagram, Therefore, define 5 by the

reh./,-(k'mrs k7777' VY = G, m‘r ) SlE-E2),
~ 1— l &
(Rgél_la, k:’élalsl / = W/ //{L;{l/;; ) HEFTEL/,

I”

!

003‘!
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where

SEE:) = f(ék“én-*{-‘”’(ﬁé'”s) .

For -F*,c » it follows that
{ g} - |2
[ Secl™ = m* &g Z mq({"!"ﬁ‘“*}) Ge.--ef
{Mgj=0
Using the representation

T/
. 41‘(5;
SE-E:) = z('-f'l oy _fv{ Ut

then in a nonrigorous fashiom, which can be justified
. , o
X(E}-EJ = 5[5"51/1\/””' gﬁ./df' = FlE.-E7) lim C/2r;
o T2 A Y

and the tramsition probability per unit time can be obtained as

| Se: | . S |*
HL = 2T REE [¢e | TIE>17 . 1)
The following identification is made
{ﬁ%} ==
. A 3 —
FITli>=z 2 '_}_ %.”7 ((Tugighe,3) 6;-,,%-; ,  (@2)
{Mg} =0

where

0, —
(1) TT‘ = .1. J e 2 o

~
l!,’-"‘

(ii) U(”&-VTS +-“:%) = 1, if V’! > n ,! L
= O, vt na < -:!

(iii) 6.13 computed in the following fashiom:



36
(a) for a given Mq , N and Mg write down all possible
1,"'s 2

diagrams for 6- excluding the subset that contains
an electron line and/or one or more phonon lines
propagating through the system without interactionm,

(b) remove all the external electron and phonon lines and
the total energy conserving delta function leaving the

_—
incomplete vertices to be computed with G .
(iv) Assign the appropriate coefficient to each group of

diagrams from (iii) and sum over the set {Pﬁz}

(v) All the external momenta are on their respective energy

shells, i,e,, A= (k,€u) , 4= (8,ws) -
C., T-Matrix Element for Two-phonon Processes

Recall the restriction, the formalism developed in this chapter is
valid only for stable initial and final states (é!,ék’< W, ). Conse-
quently, the initial and final states must have the same total number of
phonons but there may be arbitrary rearrangement of the phonon momenta,
The present discussion will be limited to two-phonon processes, i.e,,

transitions in which only two phonons change their momentum states, so

~ o (12) (3w - =~
{7} "= Pna} T Ay =agn L By = -l

where 4, 2.’ are arbitrary (4 +4’ ). Higher order effects will be
commented on in Sec, II,E, From Eqs, (20) and (22), it follows that

x (hyiypiy}) = Z#nm{[ %] u(ﬁg) 7 )

L4

a 2_1-)_ - ‘?! d
[%LZ 94 (f*') UlHgi) | F_gf)g] " gl )Uﬁ URg) (g 4"
Mgr| 7= 7 : (rﬁ (g 41)!
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and

SFITID = i T Lt o>

~

= ‘gd‘m em* 9.:2:' Fge(g ,,] { &(/e 9/ kg) +
+@m [ Z n G:(lm, k12)+ 9, ('&'“')5(411,m'/+.9 %*VG( -'ffbk!!)]

(2”/ [ 29 3‘ V’g ”g Gk %1-,1212.1.)-2_‘94' Ay, “’4"’601 4%, k99,9,
zhH*

(;,#a,)

(23]
+ 9= 1(9'("3 ué(#ii’z,,bz&’!)-l—?'(" Hfé(k's&a.;bsu,))

+ 90 B D) Slksgparey + 9 (70 1o Srbaasnsses ]
2f JI

~+ o}

For .f)_—) a0 , the leading term in each bracket greatly dominates
over the remaining terms and similarly negligible error is introduced

by dropping the restrictions on ﬂ, 2_’ etc, in each sum to give

FITID = b ﬂﬂ 9, [y Gign] { Gk ks)

(23)

(zm* s = T . - =
+ e 9291, Y, Gk s,,bzz,)+( uy 9,"911",,@, Glei%9,;4342,)
4, [N

_./_.}



38
Without discussion at this time (see Sec, II,E), it is only suggested
that for sufficiently weak coupling (91. - 2/1—\. © ) and low tempera-
tures the first term in the bracket of Eq,(23) serves as a good approxi-

mation to the matrix element, Therefore, it is assumed that

CFITES> =4, G099 [Fe ] “Giasen) . a0

By the diagram rules one has

‘ /
‘\i la 1\ 2 \
/ 8 Phe ’
\ 4 ‘s ,’ \‘ /
/ Y \ », ~a /
G(kgjkl) — \ ll + _1' \\. R \\ P -+
k™ ke k k’ kg’ k (25)
\ N\ /
‘\ l/ \\\ // \\ I,
\ ’ \ / \ V4
) 3 4 + \_\/ L + T N L + soe
and partial infinite resummation yields
S 7 \ ’
\\ J/ \\ , \ p
1o \\ ’I \(’ \\ /
é(kﬁ,‘kg_):— =S =<,:*+=a;ﬂ=‘:=-
N / ~ .7 |

~
\\ ,/ »:
-+ # -+ === 4 e e ¢
- - 4

It is interesting to observe that if the first diagram in Eq, (25) is
taken as the approximation to 6‘(&'1’,';& g) , then one obtains a
divergent answer for the total transition rate, see Chap, I. But
clearly this neglects many other terms in the expansion, Fortunately
all these terms need not be included, for it is sufficient to include
only the two lowest order contributions to the self energy of the
electron to get finite and physical results, Vertex corrections and
other higher order terms only contribute small corrections to these

results and will not be computed, Similarly, the Z factors can be

chosen to be unity when calculating the lowest order nonvanishing
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results, but its evaluation is easily obtained later in any event,
Finally, the following approximation for Gtk kg) is used

1! g 1

/ ~ -1
\ ] ~ -

é(k'i.’ik.i): k / 4 e s
. B ke R L X

A Glk) —>

k

The first diagram in G(k_’gg g ) corresponds to the absorption of a

===, Glh= [-Gu-'lt} Z(U]-’ IZ(IC) T;.t-(.-:. .

phonon thus creating an excited virtual electron state that subsequently
decays with the emission of a phonon, The second diagram corresponds to
phonon emission with a subsequent absorption of a phonon,

The electron self-energy is given by the diagram rules as

A.—/'Z(E,E) = zrr) ﬁ%[é(k-ﬁ)j[ﬂpfﬁ)__] ~ A X(R)

_ - 2 ’ [ l /
Z-{k £)= + d [ W, -io w-ww;)-l-“ w.

it 37 il

The integration over (W is performed readily; and upon approximating
the first Brillouin zone by a sphere of radius ’(p (Debye wave-

vector), the self-energy is

_ A AK K by (E25)°
(k E) — 9\ ki k), k< Kp,
Z i | E-wo_i§”;+'° + %(kR), < Kp

Estimates can be given to justify allowing KD-—-)GU . The resulting

integral can be evaluated by contour integration (see Sec, V,A) and
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is found to be

ZQJE) = ;-"- [(Zin{w.-e))'l-]"' (—"'L )""'- , Es W,

= -2, K +¢.-—,:43”11/ {.*(Z:Z’i;,u < E<uel

= _k;.z L-1)e A .._4: 21»1 (M(E%))'{tk] "'.kt
2 o ”l} ‘f_ik— /09 (-__——M(E.%))”th J w, m(E—.

Thus far only the bare electron mass is known, To find the physical

mass, the renormalization counterterm and the constant &, are chosen so
2

that the self-energy evaluated on the energy shell E= /"sz vanishes

2
through order A in the coupling., For &(( OU, , it follows that

- =AM (1 L )4e,
Z (K,E) 2T (2w, )lla(l__ h?ﬂ-mw J ’l'-[I 3 (zmq,Xl k‘-KJ (mo “) .

= (- xwo) + ik;z I'"l:"i#(/‘*—;)] = Q.

This yields the standard result12

m=mo(l+9—z~) 9 , = W, P
where © is a dimensionless constant that characterizes the strenghth
of the interaction, o(<< [ implies weak coupling, defined by
Eq, (4) as
0< = (2mw.)ll32?.
4T el




4]
F— .
From earlier discussions, to get to & one must strip away the
lines from each side of every diagram and place the remainder on the

appropriate energy shell of the external electron line, For example,

on the right of the diagram for G-(R'2'; k2)

&7 = [6+6X6]167 = |+6.X .

Before evaluating this on the energy shell, the Taylor expansion of the

i 3
self-energy mnear E = k/lm is given as

SlkE) = —%(E-kVw).

]
G;(B’E) = E- ks + 0

and it follows that

(6&") ). e

It can be shown that this is identically the wavefunction renormaliza-

But

= [-

tion constant, i,e,,

(667 )y, = 2 = |- > -

Therefore, the result of stripping away the external & lines from the
diagrams is to introduce the factor Zz . The transition matrix element

of Eq, (24) is given by the diagram rules as

GTiy=g V2L ngiin] [ 4 Gtwns v cu-s],

-G- 99/

where

G/k +2) = I 5(/,_1, — / | .

2 nt
E+w- lm-!.l Z-(k* E-w'- g_’_i'_l_[(..ﬂ

€ Kfin
wz-k‘:ﬁm a; =2 W,



42
In all the computations that follow, the small level shifts are neglect-
ed, i,e,, only the imaginary part of the self-energy is retained, The
error caused by this simplification, in the total transitionm rate, is
something of order )l’ which is small relative to the lower grder re-
sult ( 7\1 ). Furthermore, in accordance with the desire for only low-
est order, 22 is taken to be unity, Finally, it is worthwhile to ob-
serve that for small self-energy the real part of the denominator of

gl

G(k~2') is alvays negative, i.e,, E~W,— /.Zim!;! < © since
€pcc W, . Again, it can be shown that the contribution of this emis-
sion and subsequent aﬁsorption term, and its interference with the ab-
sorption-emission term, is of order ;ﬂ« in the coupling and is conse-

quently small, Therefore, to lowest order it follows that

EitTleony = & Zlnngu] ___Ftae o
._+w,-l!£:%'z~_l i (Thes)

where

(s / - —
B3 = §ng3 % ity cngr, =gt

[lpa) = Am__ |/ //e+/z+.z//.
/ 41T le+a 2 R~ k+e]

D, Calculation of the Electron Mobility

As is evident from the diagram structure, the process of interest
in Eq,(26) corresponds to the elastic scattering of the electron by the

absorption of a phonon and a subsequent phonon emission, The imaginary
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part of the self-energy is expected to describe the decay of the excited
intermediate (virtual) electron state, When the phonon systems remain
close to thermal equilibrium during the over-all process of interest,
then the thermal distribution function is assumed and the electron

transition rate, Eq,(5), for f-'e' is given by

~Zw,hng [k

Wik'e) = Z WAk fein3) ’
{Rg}ing} 4

where
WAk T3 e ingg) = 2§66 )KE0 T &, :

{“Tz}@g): ;‘4}](23 h‘é':”‘zl+," ﬁ;t = /43"/ .

{

Since the 9/’=q term can be neglected ( ~ 7& ), the thermal average of

A ~

[n!.(myﬂ)] is Wy (Nott) (see Sec, V,A), where No 1is the Bose-
w, -

Einstein factor ( VI, = [e '/'rT-l ] f ). The thermally averaged

transition rate is found to be

/sz—ae (g) = ZTT al’no‘"oﬂ] f!' ,'!-r_g f(él'- €hJ

22 ‘2"1"[&‘ leeal' | = 2m~ Jop| kelhesi]®
o P NS ) e 09| LS
2!./ Lin % r—m ] [m,a/‘e’!ll ./5.‘2’]

The inverse relaxation time for this case of elastic collisions (see

Eq. (7)) is

Ny - Cos(kSF)
LR 2T, (1) 2wy /;1 2'4’/(0‘@'-6/ (l Cos (B, EJ_

Tir) (2m)é &k [hb=f1*  (K2kYH + ¥*

~

P [~ ]
= Aistnortk [ g FlE)
zr)s / (k*kz2)*+ O*
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where the electric field € is related to the force [ by f=-e& and

-

K2 = ktrzmw,

2
b/(K} M F'l-k

Flx) = K7 d@”’ﬂz (/- cotsit)
lhgi*lkk=k)? Cos (K, )

The transition to a continuum is made by
(27") 6{ X
_(L
&
F{K) is a smooth function of K except for a logarithmic singularity

at K=k , where
Flk) ~ K3/ k"K

The other factor in the integral over K is a sharply peaked function
near K= Ko . Therefore, the integral is positive definite and has
two sharp peaks at £ ’ /(, with heights of the same order of magni-
tude, The approximate half-width of the peak at R is of order é’ e
while that for the peak at A% is of order 4 A% , For sufficiently
small 7"' , there is negligible area under the peak at £ relative
to that under the peak at Ko, the resonance, It can also be shown
that F(K) and ¥T(Kk) are slowly varying functions of K (away
from K=k ) relative to the denominator factor for small 7\2' and
can be replaced by their values at K=Ko and finally removed from

under the integral, Therefore, to a good approximation

4 z‘n.m.ms«m’k,czk,/ A XX Yi ()
T(k) (2m)s (Kk)riey @MKo a1K,)
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Since Wo S k¥Y2m , then K, » k and hence

FIK) = 2 [dayday (|- )< Gr®

K7 Ewp ) kS

where the factor (OS5 (R}F) averages to zero over the solid angle of
4T . Thus, the relaxation time approximation, Eq. (6), yields the
same results for the Ko» k regime., Finally, the relaxation time for
slow electrons ( kzm(( o ) at low temperatures ( Me<c/ or
equivalently kl,g EW’/"T{([ ) is independent of k and is given by

?L = 2el), & T

For the rough inequality 6/!‘ (E)KT < W, ,‘ where = roughly ranges
between two and five, most of the contribution to the average in

Eq. (8) is constant, so <D = T . Hence, the electron mobility
becomes to lowest order in the coupling

I = E__ T

. (27)

This expression for the mobility is in agreement with that found
by Frohlich and Mottl7 using first order perturbation theory. Low and
Pine312 calculated the mobility of slow electrons at low temperature.
They use a variational principle and Lippmann—Swinger scattering theory
where the state vector contains at most only one more phonon than the
usual number of bound phonons dressing the electron. This is valid for
intermediate coupling, X /0. For weak coupling, & | , their result
agrees with Eq. (27). Frohlich18 refers to a British industrial report

19

by Zienau ~ where the scattering process is treated similarly to that of

the resonance scattering of light. Frohlich describes the resonance process in
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elementary, and physical, terms, The result Eq,(27) is the same as
would be obtained from a naive application of first order perturbation
theory, the physical reason being that after absorption of a phonon the
energy of the electron exceeds W, , a circumstance for which the pro-
bability of phonon emission is very large, Thus, since there are so few
incident phonons the scattering rate for phonon absorption is small com-
pared to the rate for spontaneous emission, i,e,, the over-all rate pro-

cess is almost entirely controlled by the process of absorption,
E, Higher Order Effects

Return now to a brief discussion of higher order phonon processes
discarded in Sec, II,C, First, it must be recognized that terms in
the calculation of the total tramsition rate of order A"‘ have been
discarded, e,g,, vertex corrections and wavefunction remormalization
factors, The neglect of these types of terms will continue, The search
here is for the existence of resonance effects from higher order terms
which are of order Zz in the coupling, Consider the first and second

terms in the bracket of Eq, (23)
== ¢ 2 - =
G (kaiug) + T2 Z A0y, G ke h2)
g

Approximation by the first term was used to obtain the slow electron-low
temperature mobility that is in agreement with other published values,
For simplicity, take only one contributing term to é(tfi,,-li!,). There~

fore, the T operator has contributions from the diagrams

9’ +9 9\ 194, 9, ’a
\




The absolute value squared of the term corresponding to the second

diagram is given by
At [Hal ™ 1wt
where the thermal average has been taken and K'= #+£2  and
Hik) = (er)"/d-;‘;' G(kta,) .
!

S
Recall that ’ Gk | has a resonance at K¥ K, , where

[Gle)|* = — (22;):” .

Similarly, /G{K}/* is a sharply peaked function near Kb and
H(K) is smoothly varying relative to /G (K}/“ . The contribution

to the inverse relaxation time is then

2% Mok Fue,) el 4K .
r)s / [(k'_,g.t)ﬁ,_(r:]"
But X"' 2‘ and
” dk o Lot

4
( 2 2 (4
() (Kiko'y 'fr:I )’ 2
The interference term can be treated similarly to give finally

_’Z{_ n (4.2%) + OP2%) + B(n’a?) .

Therefore, the higher order terms are of the same order in the coupling
+
y,| as the lowest order term but they are weighted by additional

factors of n, . These terms can be made small relative to the lowest

47
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order term by going to sufficiently low temperatures, M,&« | .
Similar considerations apply to other higher order terms that were dis-
carded at the beginning of Sec, II,C,

For finite temperature, Ve~ | , these higher order resonances
signal the breakdown of the quantum field theoretic approach (QFT),
Many scattering problems dealt with in QFT are such that there are only
a finite number of colliding particles, i,e., the number of colliding
particles in the incident state remains finite as the volume of the
system becomes large, It is then assured that the incident state is
not measurably depleated during the scattering process, For the example
of interest in this section the electron interacts with the phonon field
even in the remote past and future; but as these are stable physical
states the effect is seen oniy as a level shift or mass correction, and
wavefunction renormalization, Although for M, « | there are an enormous
number of incident phonons, their effect is such that the lifetime of
the incident state remains long compared to the average time over
which the colliding particles strongly interact, As the temperature
increases, however, the lifetime of the incident state becomes compar-
able to the average collision time and the scattering theory becomes

inapplicable,



III, TRANSITION AMPLITUDES AND PROBABILITIES (1)
A, Introduction

In the last chapter it was found that in addition to the restric-
tion of slow electrons ( éh << (WJo ) the QFT approach becomes inappli-
cable for finite temperature (N, ,~| ). This is evident when the life-
time of the incident state is no longer large compared to the average
time over which the colliding particles strongly interact, The program
of this chapter is the development of a theory of decaying states which
is valid at finite temperature but includes the €k< Wo, Nok | regime
as a special case, From time to time, the conditions under which time
proportional transitions are possible are discussed, It is for time
independent transition probabilities per unit time that the transport
equations are useful, 1In Sec,III,C and D the necessary condition is
found to be 2[IT <« | , i,e,, the time T is short relative to the
lifetime of the initial state, But many of the results of this chapter
are valid over much longer time intervals, e.g,, 2,:"[: ~ = .
These are times long enough that the initial state is for practical
purposes completely decayed,

Some background information is presented in Sec, 1II,B,1 and 2
along with a derivation of an analog to the unitarity conditiom or opti-
cal theorem in scattering theory, Development of renormalized Green's
functions and self-energy operators via a projection operator formalism

is given in Sec, III,B,3, The renormalized self-energy (or equivalently

49
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the 7 operator) expression, in which the lifetimes of the initial and
intermediate states appear explicitly, is used in Sec, IV.A to illus-
trate the anomalous result obtained in the framework of the standard
transition probability rate formula, The renormalized Green's function
expression, in which the lifetimes of the final, initial, and intermed-
iate states appear explicitly, is used via analytic continuation to
develop a "correct" probability amplitude formula in Sec, II1I,D,3,
This result is applied in Sec, IV,C illustrating the phenomenon of reso-
nance at low temperature and 6"_ ¢ W, , in agreement with conclusions
of Chap, II, and the absence of resonance for finite temperature and/or
Ex> W, .

In Sec, III.C a review of the Heitler derivatiom of the standard
transition probability rate formula is given which uses the program of
the limit of small initial state lifetimes /}-’0 after which the
limit of long times £-?e® is taken, Presented in Sec, III,D,1 and 2
is a somewhat less formal procedure based on smoothmess conditions of
A R (E) and (f/ﬁ(E)M) . The law of exponential decay is obtained
which is used in Sec, IV,B to relate the total tramsition probability
rate to the decay rate of the initial state, In addition, the standard
transition formula is found and practical estimates on the sizes of
A?,‘Z’ and f£ (interval of smoothness) evolve, The method of analyt~
ic continuation is applied to the contour integrals of the transition
amplitude formulas to yield the standard rate formula for finite [,{Z‘
in Sec, I1I,D,3 and a formula closely resembling that used by Alldredge
and Blatt}4 More importantly, the procedure established in this section
is then applied to obtain a ''correct" transition amplitude formula

(mentioned in the last paragraph) in Sec, III,D.4,
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Another chapter, entitled Transition Amplitudes and Probabilities (2),
presents further discussion related to the present chapter, A more de-
tailed analysis of the unitarity condition, Sec, V,A, resolves the anom-
alies that seem to arise when equating decay rates to total tramsition
rates as done in Sec, IV,B, Furthermore, a resolution of the diver-
gences (and resonances) in the standard transition probability rate
formula is obtained by a larger definition of smoothness and a more
careful derivation, Finally in Chap, V, a "correct" tramnsition proba-
bility rate formula is derived from the Van Hove master equatiomn that
predicts the absence of resonances at finite temperatures in agreement
with all previous conclusions of this paper. These general results are
better appreciated in light of the experience gained from the treatment
of the electron-phonon scattering in polar semiconductors contained

in Chaps, IV and V,

B, Transition Amplitudes

1., Use of the Green's Function

The time displacement operator can be expressed as

~iXT ~4ET /
< d E-9% "

¢ 2o, (28)

where the contour ;r in the complex E-plane encircles a sufficiently
large portion of the real axis in a counterclockwise direction, This
operator relation is verified by using the exact energy representation
and the residue theorem, An alternate approachl3 is by Laplace trans-
forms with a subsequent transformation that effects a 90o rotation in

the complex plane, The Greem's function, C;%E?, is defined by
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G(E) = E_/% ) 29

Again, using the exact energy representation, it can be shown that
C;(£5/ (or more precisely its matrix elements) is analytic off the real
axis since ¥ 1is Hermitian., The singularities of C;hfy are discrete
poles (zeros at the eigenvalues of € ) on the real axis that are
separated by distances proportional to .n.-’( ¥ o ) , where —Q
is the system volume, 1In all the contour integrations to follow, it is
understood that the contour always lies a distance from the real axis
that is large compared to the level spacing, The net appearance is the
same as if the system volume were allowed to be arbitrarily large re-
sulting in a continuum of poles and a branch cut, The branch cut covers
the real axis on the interval EMSE < o , where EM corresponds
to the system having a bounded minimum energy (ground state),

The transition amplitude of interest is given by
~iHT, . ~(ET .
(f/e 7{?/"> = E};'.;ﬂé'e‘ <FlGEI > (30)
r
or

+e0
. - ET
<,C/ e’ Wz‘/&} = _Z_Wl;ﬂge (f/G(Eﬂb)/i) ’ (31)

where

£ G(Etio)i> = 6//_'?2 | GELie)i> .

The second form of the transition amplitude follows from the first by
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taking part of the contour g to lie on the upper lip of the branch
cut and extending it to the entire real axis interval~@ {E (¢ 0 .
Then ; is completed, for example, by connecting with a large semi-
circle in the lower half plane which gives a vanishing contribution to

the contour integral,

2. Some Properties of GH{E) and the Self-Energy Operator, A(E/

The Green's function satisfies the relatién

(E-H) &(e) = |+ V&(E) (32)
The approach followed here makes use of the separation of operators into
diagonal and nondiagonal parts, i,e,, = ¢+§h.¢ , where
<m 18aImy = MG m>  ana <MBud [0S = (1-Fima ) (M [O11D .
Define the operators F and E by

G=F6 , R=VF (33)

where Fl = | . Substituting into Eq, (32) and taking the diagomal

part, it follows that

{
= e ————————— (34)
< E-~H- R4
F = ___..EfH G+ R = [+ (~RU+R) (35)

— /
P V"" V-E_-‘-_/—leml .

When it is understood that the self-energy operator R{E/ only operates

(36)

on state A , then Eq, (36) can be written as
KE) = V+ \/—EL.:—E—F(E) ’ (37)

where P4 is the projection operator for state 4 and
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G ) = Silcwli>
K (E)

<Gl RE) D> .
From Eqs, (33) and (35)
. /
Ge) = (1+—Foa)Gy >

and the matrix element {¥|G/i) is given by

. 7R I~ &; 1 l .
el = E_Ef&(E) + Z-é) <FIREND EERE o9

An iterative expansion of Eq, (37) suggests that ﬁ? has the formal

solution

€)= V+ va 1 a;V.
K E-H-@Vay <

Equation (39) becomes

= ._fgl. — @,V
RE) = V+ Ve (Vo V@ e )

or once again using Eq., (39), Eq., (37) is regained
KE) = V+ E@~ R(E) . 40)

Another useful relation is found by using Eqs, (39) and (40) to get

QV= _.EE?-(,V4+ V&

‘ E~H-Qva E-H-Q:v&; av)

or

/ @AV—_- __@_'_E . (41)
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Next, an important identity which is an analog to the umitarity
condition in scattering theory is obtained, Form the difference (using

Egs, (39) and (41))

Rle)-ReE)

Il

E)
S
<
D
3
<

Exf-ava " T rEh-@ve:

(E-E*) & |

. . Vv
P E¥ o =

E -H -OG.VQ'

i

Plie) G (EEY p) .
E¥-H E-H

Now allow the complex variable E to approach the real axis from
above and below, i.e,, £—» £ +4€ , where & 1is small and £ 1is

real for the remainder of this derivation, This gives

r
P (Exie) —R(E +ie) = 2T R ’?Eire)_@_'_fl."_'__ K(E+tie)

(E-H)*+ 6 e

It can be shown that

. e/r
EE-H) = ‘/"m (E-H)*+ €*

where g[E-ﬁ) is the Dirac delta function in operator notation, Care
must be exercised when taking the limit & -»o on the right hand side

of Eq, (42), The diagonal matrix element of Eq. (42) is

([ I I? {E +1€) "E(E:tié)/ ,i> = _tznf(i/ﬁ(%ﬁe}/f) Sr ERErcei) _ 43)
f

(E-Ep)Fe*
F )

Before going to the limit €—o, it is postulated that (-F/F(Ej-fé-)/lf>

is nonsingular at E=Ef . This condition is somewhat stronger than



56
necessary for the sum over final states must have a smoothing effect
(see Sec, V.A). The limit of the product can then be expressed as the

product of the limits; and hence

(i[REtio-RELi0li) = iZﬂJ:Z—/(//:?{Et:b)an)/}(Ef;).
£
(f+)

Equating imaginary parts, it follows that
Im i [F ?E tro) ~RIELILD = T 2T (4:/ K f(Ei' i0)@; YE-H)R(ELia LD

or

2
- 2Im ,e (E:tl‘O) = % 2”-*,2‘/6[/?[51"1"’)//‘.#{(5'5;), (44)
(+¢0)
which bares a strong resemblance to the unitarity condition in scatter-

ing theory., When E"‘ ES , the right hand side is the total tramsition
probability rate out of state 4: obtained from the standard tramsition
probability rate formula, The left hand side is the decay rate of
state A . However, pathologies do exist in the unitarity condition
when certain truncated expansions for R are used, A discussion of
these difficulties is given in Sec, IV,A and V,A,

To conclude this section, several comments on the analytic pro-
perties of P(E) are given.13 Using the energy representation of the
Hermitian operator Q-ﬂ/@g and Eq. (39), it can be shown that KE)
is analytic off the real axis with the same real axis branch cut intro-

duced for G(E) . Furthermore,
R (etio) = De)Fi L (E) » 45
where £ ’ D,; , and L are real and

L (g = 77.g/(f/p(EI/‘O)/A->/;[E—E*)2 o, 6)

(£ +4)
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i,e., the real part of PX(H is continuous across the branch cut and
the imaginary part is discontinuous, It is expected that IA- (E}=°
for AET<: Ezka since the delta function cannot be satisfied in this

range,

3. Expansion of é(EI and P(E) via a Projection Operator Formalism

There is yet another approach that leads to the separation of the
Green's function as in Eq, (38)., But, more importamntly, it has the ad-
vantage of incorporating the self-energy effects of all the intermedi-
ate states as well as the initial and final states, The result obtained
here will be used in Sec, III,D.3 to find a "correct" approximate
transition probability amplitude, The method is similar to an expansion
first obtained by Feenberg20 but using the projection operator formalism

21 In this case the projection operator will be

of Messiah and others,
used to project out single states rather than their more customary use
in separating resonances from continuum states,
Define the projection operators
B = [mxmi , GQm = 2lmxnl,
(Ntm)
vhere (y+F, =] and E"Om‘-'-' ®@uh., = O . Using the above property,

the Hamiltonian is

H = (F+@QNHVNGAE) = Hom* Him

where

H"M = ﬁ»%ﬁn"'@m?‘/@m
Ha = BEHCw +@uHP .
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1f V/ has a diagonal part, it is lumped into H .

By assumption E, Vb, =0 , and it follows that
Hom = H + GV G
Him = BuV@m+ GuVFn .

From the definition of the Green's function given by

= /
CE = ——

and the well known identity

___._/__._ — / -+~ / #lm / s
E“?( E-”am E-,( E"'Hom

it follows that

L Hy ! 6(5)//..,. ' //,,,,

(E) =
& / E- E-Hom E-H-ou. E"//om

The Green's function is separated into four parts
Gle) = (fat @u) G (Put@ud
= By G Pon+ QG Py + fon 6Cm + GGG .

From the properties

#ompm = gn!‘/om = Em Fm
@m I‘/ony = Hom@m

E,,/-/,m = /‘/Imc\)m 3 CmHim = IL/um P

it can be shown that

héh = L.
E=Em —Ig thm Qo

E_ #O”’Om Hlm Pm
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or

— /

Since {(M(y/{M> and from Eq, (39), it follows that

P(E} (mIVOmE_@/ o EmV Im> . (47)

Similarly,

QMGPM_': / Fon

E~Em=by i G -E-'-LE:.Q”' Hie Pon

or

Gon 6B = Gom—! VA /
i ”'E—omwa,.@‘“ " EEp- R (€)

'The matrix element (N/G-[m) is given by

Nl GLE)IMD = By GFn 1w + MGG IM>

=_Sm___ | (-5m)lBe Ll “®

E-E pi~Ru(E) EQHe, E ‘Em"/?»{ﬂ

As an aside, Eq. (38) can be obtained from Eq, (48) in the following

manner, Form the expansion

/ /
E-GnH@,  EH GJ‘”‘"‘E— E-QuH G

Equation (48) becomes

(1- ) n/V+V@
n Elim) = -+ m
( IG( )l > "Em—p (E) E‘E'n (

| __qv
&m@... m>,
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Upon the replacement N2 m—4{ , Eq. (38) follows immediately,
A new Green's function is defined in terms of a Hamiltonian that
has state M projected out of % by
G™E) = @m—Tt  Qm .
E =Gy O

The above procedure is repeated to give

]

B 6™ep, = ! QmPF,
E ~ En~RI™(E)
B &™e G = / B a6 es ,
v E—E"— nl”‘)(E)
where
(m _ [
(E) = {nlVvg.,
I?n ( /V& Q“E'q.@.,ﬂOm y &npm\//n>
™)z Oma ’ Gon @ -

E -.@” 0“'7( am @

From the above relations, Eq, (48) becomes

nl GE)IM = Simn__ . M= Bmn) (ojypmy— L

E-Em-R, () E-En- R &) E-Em—RKnlE)
+ l E IV ETENn > IVIm. !
E-E, "P,,‘W(E) . E-& m‘Pm E/
(n, tﬂ‘: *n)

Iterating o times, the matrix element (n / G(m) 1is found to be

= __ Fom (I-Fmn) <l Rietimd |
N GE)IMS = m ENm—L ., (49)
<lGE)im E-E,- R (E) +E-E;,—R,,‘7&; E-EorRult]
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where

6’7 IW(E)IW> = (”/ V/m>+ <"EI'VI£‘>2:;M‘:£M> (50)

{ ”p *“1 »n)

§ (many... g,
—+eee + (W Ve "(E‘)"l zq.,)(u«ll//u«-b (”v-a“//ﬂ«-z>

— - (mu”| [ ] .‘)
£=Ei, P ey ()

"‘Vh_ ey
(Nt Ny dmEn)

<VInS <M IVIm™D> ,
E - E"' - Pn('mn)(sl

G M) = Ou& | o
‘ = Gy 3
) L E‘@«,;"O", %0*,,,@"' ng' " L

and

("‘n-ﬂﬂ)
= <NV Buton, - R AL

Gng
£~ G G AH R

By a similar process, Eq, (47) for Em(E) is

Ko, (E) = mivin>amivimy
", E-En,~B"™(e)
("(# m) ' "'
+ <mivin i > <nlvim>
E-GR™Y, E-En~R)"E)

LT Y
( “‘*"g 1"‘)

o .,Zdn/ V6 ™" 5 > WUl VN =D LA [V V=S,

'E”«-: Elmm mz..)

ngn‘,--.ﬂ‘
M+mt A+ m)
mavim> < jvim™> |

E-En,—~RIM(E)
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F R(’"’n’
Analogous expressions can be obtained for Rp, , etc,, where

the final relation is given by

(mn, .. Vlg-a) (i, Ngey)

R, (£) = Ve ) Vine>.

(]

In Sec, III,D,3, the expansions will be tiuncated under the assumption
that for sufficiently small perturbations the appropriate higher order

terms can be neglected, One truncation method is to place

(M", '“V’k-l)
é (E) @m @”l ree &"d- I [
E-H
Inm
Then the set of € equations for Fm ’ Rn(,h), " secee E(m”'

can be solved and these values substituted into Eq, (50).
It also proves useful in Sec, IV,A to have an expansion for the

matrix element (ﬂl 6(5/["‘) It can be shown that (m,n *A)

(<) _ fim, (=S <hIVIm> |
G e m> Em-RE) EE~RETY E-EnrRYE

I Z(nlwm iy im>

E-ERITE) / E-En-Flz, EBuRilE)
(n#: ;-m-a«n)
fmniy-ny)
-/- s0e = [ e‘ ?" (”/ C .El ‘l‘n‘) (ﬂd V/"H)@«-JV/M»O.
£~k —~ plimnn..py.
" E) ”'”'_u n“ E.-E”“-’ P"‘" Enj Y

(Mtna et L e YY)

_ <nlvin> <auimd L sy
E'En"?‘mel EEm=Rnte)




4, The Transition Amplitudes

Equation (38) is repeated here as

5 (1-&:) <FIRENAD
<t GlE) ) = —ecez+ E-g, E-E:-R:lE)

Another expression for (f/G-[E} {#D 1is obtained from Eq., (49) by

placing N— +# , M- { to yield

Flewhi>=__S | (-  FIREN>
E-E~R. (el E-E-k",e, E-E;~R. (E)

Finally, the transition amplitudes of interest (Eqs, (30), (31)) are

found to be

i _<ET _
{fle > = 1 |feE” <FlRrEii>
21 (€ NE-E R ()

-~ o0

<7[/ é’:qﬂ}’{> = 2”- /;{E é‘mé‘/f’ (E+ro){4>

( E- 'E +4 OXE-E ~R. (Etio))

( fle' WT}A >= dEe‘Ec(f’l FE) (£ >

5_ (E-5~RMeXE-E-R: (E))

~4 z\ “’.
WXy = L [
“Ts 3 E~E

4 "P‘ (E)
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(38)

(52)

(53)

(54)

(55)

(56)
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~+
. ~A 71("(\ . / -+ ET l
(A/@ [i> = -2 |dE . (57)
2]7'4-” E~E, —R:(E+:o)

The second form (Eq, (54)) of the transition probability is essentially
the same as that found by He:i.tler9 using older methods, Equatiomns (53)

and (56) are similar to those of Goldberger and Wasn:son.l3

C. The Standard Transition Probability Rate Formula

From an analytical standpoint, possibly the simplest way to obtain
a transition probability rate is from the program: (1) let the decay
rate 2/3 of state ,4: —p O and then (2) allow the time interval
T of observation —» @ ., It is stated that this mathematical
idealization corresponds physically to the case 2[.’?(( I ,9 i.e,,
the time of observation is short compared to the lifetime (2[:()—’
of the state ,(., .« In many instances, the limit /:’—nb © simultaneous-
ly implies that the level shift AE‘-—-»O . Examples for which this
is not true include Compton scattering of photons by electroms and the
problem of slow electrons in a polar crystal at low temperature studied
in Chap. II (small but finite level shift and zero decay time of the
initial or incident state L ). The discussion presented here is suf-
ficiently general to include small but finite level shifts,

The starting point is the transition amplitude given by Eq., (54).

Assume that E: > /R;(E,-ﬂ‘o)/ or equivalently

E.>> ], A (58)
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where
A= L.(6)>0 , AE: = Di(c) . (59)

Due to the smallness of P, ( E;ti0) and under some appropriate
smoothness conditions on A% (E+tro) , intuition suggests that there is
a zero of £~&;~D;(E) near £ = £/ . A discussion of these points will
be presented in Sec, III,D,1 in connection with the validity of the

approximation

/ /

A
——

E-Ei=R-(Erio  E-~Ef+il]

’ (60)

where

E, = E.+4E .

Under this approximation, Eq, (54) becomes
+00

<‘Hf "7(?4> = - /Ee {EIR(Evioni> (61)

(E-Ep+io)(E-Ef+il)

The time derivative of the transition matrix element is given by

=4 T —4(5 -
A [\;f/ /A>‘E’] / ()EI:E;) CHIRE IE> |, (62)

(E-Giroy( E-EL+ilT)

Using the identity

(E-GriKE-El+if:) = \E-Eptio EEMTY EE[+i



and the well known relations

/ _ _/_) :
X 440 x'p F AT £(x)

Xtio
+%
/. "'4."_{’ — . fo
im € TwWldy = —=ATZL f(o)
T « x /p 17

or

T Xta0

it follows that

/’m /”" 4/ -.m /lm -———{(}/RE}"“’) [£> —

Tdalfl0 Ts0 £, 2 E,
4(5"5)?.‘

SEHIRE:

t-,” -’0

fim €70 _ im(1+ &) fon0

tio) /1>]

J <Eg - flt' 4o 1.
/,m /;m T[%f/ e’ 4/ [e (f/k(&'--l-n)l»)] .
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(64)

(66)

The transition probability rate can be defined as the /l'm T /a'nol-’-bo

of the time derivative of the transition probability for finite /],'Z' .

It was necessary to go to the limits to get convenient analytic forms

for the right hand sides of Eqs, (65) and (66), Since ﬁx) and
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(f/k(e-h'o)/i> are assumed to have certain analytic properties dis-
cussed later in this section, it follows that finite values may be
found as excellent approximations (to any desired accuracy) to Eqs, (65)

and (66) (see also Sec, III,D,1), Therefore,

W = /rm I(flé*”’l)/

2 Eivio -E'-f

= (i - oteensof % 26 i [;:g_*_‘;«/mmo«/ﬂmh>

Finally, the transition probability rate is found to be
2
W) = 2 |#(REialid] CE€) . (67)

This is essentially the result obtained by Heitler.9 However, he
does not explicitly discuss any analytic conditions on his Un|° (E)
which is equal to (‘f/E(E‘Ho)[A’) used here, For the above steps lead-
ing to Eq, (67) to be valid, some of the less subtile requirements omn
'ﬁx) of Eq, (64) have been implicitly understood: (1) no singularity
at X=©O , (2) no singularities as strong as | Y-x./ I for XYoo |
and (3) ﬂx) as X-»co ., The last condition is stronger than is
necessary for Eq, (65) but is a rather weak one for Eq. (66), Singular-
ities also include behavior such as limitless oscillation points,
Therefore, ¢ F[R(E+ip|i> must not have any singularities at
E= E;.,E}' and no singularities as strong as /E-Eol-l elsewhere, The
same requirements should be met by any approximation used for
<f/€(E‘ﬂ'°) [A> . Aside from problems of renormalization which must

be considered in higher order calculations, the introductory remarks
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(see Chap, I) in this paper have indicated that the usual second order
approximation for <‘F/R(E‘+o'o)l4'> does indeed have singularities of
pole strength, This proves to be fatal for second order electron-
phonon scattering, On the other hand, in QED the poles persist but
their residues are small and may be neglected, However, a larger
definition of smoothness or nonsingular behavior, not considered by
Heitler, must be used in discussing the problem, For example, the above
transition formula rests on the assumption that F(E,E') has no singu-
larities of pole strength, where

F(E,E‘/ = G/F?E-terﬂ‘oz.a"& ,?(E-Eq..'o) 14>
E~-E'-H +io

and ﬂ is a diagonal dynamical variable operator, In QED this is
precisely the case and Eq, (67) is exact, But in electron-phonon
problems the pole persists at E’=‘ O and care must be used to obtain

a correct transition rate formula (see Sec, V,B),
D, Transition Probability Rates for Finite [.-7,’&'

1, Transition Probability Rates Based on Smoothness Conditions

a.‘ Introduction, In this section a somewhat less formal procedure
will be used to study transition probability rates, This is useful in
obtaining practical estimates for the sizes of /‘7 and T , the
smoothness requirements on p‘-(E‘H'O) and (f/P{Eﬁo) [ > , and esti-
mates of the errors of these approximations., Heitler's requirements
that 541' » [/ and E.'>> ,Z (valid for the decay of an atomic

state with the emission of a photon) simply does not apply in the

scattering of particles regime with a large number of particles in the
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initial state which would allow T to be inordinately small, Rather,

it is a characteristic emergy of the system JE& ( §E ~ e for the
electron-optical phonon system) which is also characteristic of the
smoothness of Ie(E'f'/U) that must obey the relations EET> | and

/:.? « FE ., Some interesting concepts are developed by first dis-
cussing the total transition probability out of state ,(: . In fact

the law of exponential decay is obtained and the total tranmsition

probability rate is expressed in terms of the decay rate formula,

b. Smoothness of RA(E’H'G) and the Exponential Decay Law, From the

unitarity of the time displacement operator, it follows that

Z [t ¥ (2 = | = [<il& My *.
(f +5)

Forming a total transition probability rate by the time derivative

yields

~ ) . . >HT.
R = 4 p e ™iol*= A€ol

(f¢i)

8)

.y =vHT .
The diagonal matrix element 6/ € (4> is given by Eq, (57)

-+
~A e ~E?
Gle "> = -z"i.//E < . (57)
:‘b E-E:"‘f; (Etro)

To assist the progress of a general analytic discussion, a number
of assumptions will be made to establish sufficient conditions on the
validity of the transition rate formulas, The first of these is the
notion of smoothness, The exponential function e~4’Et is periodic

in the real variable £ with an oscillation period of %! . It will
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be assumed that K(E'H"') is smooth over energy intervals §€E at

least of order (_::) 2T /T . Relaxation of this condition is

investigated in Appendix A, Therefore,

cET > | (69)

To be more specific, it is useful to define
F(E) = E-E:;-R;(Etie) .

*
For E in the interval (E-E;l < §FE , one aspect of smoothness is
the assurance that a Taylor expansion of Iﬁ'(EffO) is valid; and,
furthermore, it is assumed that the first two terms give an excellent

approximation to R{ s le€4y

F(E) = (E-E;)(1-p) — AE; +il} , (70)

where

N,

g n = 42E

|
N
H
m
<

Im ey =

*For the electron-optical phonon system, the imaginary part of
Ki(e+ro) to second order is readily obtained by the substitution (see
Eqs, (118) and (119)

d fa. .
(€a~w3) '-'—»(E-e;-f-ﬁ,.-w,) into Eq. (118)
1,
(Getw,) —> (E€i+€etus)™ into Eq. (119).
For fourth order terms see Eqs, (140), (142) and (B,3), The loga-

rithmic variation is such that the upper limit of &£ 1is of the
order of the optical phonon energy,
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The conception of smoothness is subject to various interpretatioms,
Stated qualitatively and most simply, [(E/ is sufficiently smooth
that the error caused by the approximation Eq, (70) due to nonsmooth-
ness is less than the errors from other sources states below, If there
is excessive error, then JE' is accordingly reduced while Eq, (69)
gives a lower bound on &E , i.e., &E >> '/t .

The relation Eq, (70) is valid only in the interval |E-€Ys sE .
A stronger condition of smoothness at £ = &£; will be imposed, i,e.,
the derivatives [fe #:[ and /Im ¥;/] are small with respect to

unity, or equivalently,

[ril < | (71)

Equation (70) can be expressed as

Fle) = (-r)[E-E+ilF ],

where
A

KlEivie) = Rilbiti = AL ~:f7

[
E = E
= E,: + A Ei .
Clearly, if Ié“.‘s'*fo)lé §E , then F(E) ( £ is momentarily a
complex variable) has one and only one zero in the region |[E-Eils §E .
Otherwise, there is no zero for /E"E..‘/ < FE . Therefore, to be
able to proceed with a general amalytical discussion, it is assumed

that

§E => [0&[,
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and for /E'E;’/é YE it follows that

I _ / .
E-E,—R.(E+iy  E-Ei +il}

The above expression has a pole at E=E";’-j/? located well within
the radius §E about E=EL E! ,or E; .

Equation (57) can be separated as

il &* Wr/4.> = [, + I+ I,

where
+c0
- ET .
I - 1 dE_ @ . ~ET-[IT a2
" = TEm | e — €
—~ o
Ei-s€
—~ET |
I = __1 + dEC - l 73)
2~ 2 E-£i-Rews  E~E;~R,(Eptio)
=% En5E
E+§iE
~.ET -1
_Z; =-L [ dEe (I-V:;) - ! e
i E-E;-RiEivi0  E-Ei~R:(Eiv
E-E

Estimates are given in Appendix A of the sizes of I,_ and Ig rela-
tive to I, under a variety of conditions, It is concluded that the

error in the approximation given by

~ET-[1T

Gle > = @ 5
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is small over time intervals, T , such that ZC!T £ = s Wwhich
are long enough so the initial state has completely decayed for practi-
cal purposes,
The absolute value squared of Eq, (75) is the well known law of
2,9,13 ; o

exponential decay, €4y

. . -27T
{<4'/€-47(z‘/'€>/2 = C . (76)

Inserting the approximation Eq, (76) into Eq, (68) the total tramnsition

rate out of state 4,' is given by
, 1A
P(";T) = 2/:7 < s

where 2/?[ & = . Of considerable interest in the following
calculations is the total tramsition rate out of state A for

times T that are short (but not too short as discussed later) com-
pared to the relaxation time of the initial state, i.e,, 21T << | .
Therefore, keeping the lowest order term in Rkt , the anticipated

result is given by

Rlir) = 2[] —41™7 1)

where
/;7 = — T )Q{(E}‘-H'O) .

This is a key result which will be used later in Sec, IV,B,
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¢, Smoothness of Transition Matrix Elements, The notion of

smoothness previously developed for E, (E+4'o) is carried over to the
matrix element (‘F/R(E+i°)/i> for the evaluation of transition
probability rates, Smoothnéss is a well justified property for
ﬁag(£?+£o) but is somewhat dubious for nondiagonal matrix elements of
‘?(é?ficv » l.e., especially when certain truncated expansions are
used as approximations for fzﬂffﬂi°) . This difficulty calls to at-
tention the comments given at the end of Sec, III,C about the larger
definitions of smoothness, For the remainder of this section, CF(/RErie)i)
is assumed to be smooth over the entire real axis keeping in mind that
this approach lacks rigor which must be supplied (if possible) in a
manner similar to that in Sec, V.,B, A discussion of the more interest-
ing cases where truncations are used ({/KlEtio)l+> has poles) is pre-
sented in Sec, IILI,D,3, There it will be seen that the tramsition

rate formula derived both here and previously in Sec, III,C are indeed
good approximations where the final state energy is near the initial
state emergy and the poles of FlRIE+4i > are somewhat removed
from both f;; and E3 s €.8., in electromagnetic interactions

to second order,

The starting point is Eq., (54) repeated here as

a0

+
SlehD> = -L fl&‘ A IRIE o> O eh
277'4_” (E’E."('{OXE-E‘._.F‘.(Ef‘,o))

Equation (54) can be separated in the following fashion:

KFIEXN> = T+7
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where

+4
-4ET
T = - [AE e <FlRE+iosi>
T (E-EprieNE-EL+il7)

~+ o

\7; =.1 AES" (-f//?(EHo)I‘ / - / ].
21 E~E; +c0 LEE~Rlesy E-El+il

—o0

Furthermore, J; can be separated into two parts:

—_ (o) (4)
JI- - \-71- + JI— )

where by the identity (Eq, (63))
49

T®= - 1 ﬁg ZE et Rt ate> _ GelRCEL ol >
P

= 21 EElw l E-E,c-hio E-E +« r’
oo (78)

- E.T OG-+l
i ﬁ-—,——p—[("’ﬁfww - ekt
-E+ i*

and

T %= <

& -45‘5{ FIRE 0> ~ (Kl RUEs (4> ]
E~Ep+41o

~ [ FIRE+ED ~ (FI RIENID ]} .
E-E!+il}
For (FIR(E¢i®)s> and )?;(Eﬂ‘o) smooth, & (E+re) small, /IrZ’.S /J FET»| ,

Q-E 4:1'

and FIR(E4) 14> >50 as /E,.,Q , it can be shown that
E

[ =) > (T*], (] .

If 'l‘-’m_,l:.’—’ © such that /JZ’SI , then .,T-’a, 7—(“/,..["/(/5;_ ﬁ'/fif)
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(Et i)
and /7(.,' I = ,(‘Eiﬁ'I) §E) . Equation (78) is a good

approximation to the tramsition probability amplitude and is given by

S AT (EEL#ill)

(Hfﬁm‘> E;E’ [%‘/R@mlh) -2 (f/EIE’-m)(,;)] (79)

Comments on the similarity between Eq, (79) and Eq, (65) of Sec, III,C
will be made later iIn this sectionm,
An incremental transition probability rate (as opposed to that

defined by Eq, (67)) is defined here by the ratio

[HEMU]* _ [ <FtRErmgi>~ S G Retmatid
T [(&-E)%+72]T

Since [(E,-E)*+[* =l isa sharply peaked function of width ~2[7
'S </ A

12

near E}=E;’ and (f/R(E-ffo)li) is smooth overi the energy interval &€ ,
then in the interval /EF—E: /5 dE there is negligible error in the
replacement (f/[?[ﬁ;ﬂb)/i)—a(f/ﬁ(E"-.H‘o) [4> . The error becomes on
the order of 100% as /Ep*E{/ somewhat exceeds € . It will become
apparent, however, that the transition probability rate is so small in
the range /E} —E}’/) § E that these errors are negligible, Finally,
the contribution due to the presence of the error term vanishes as

’l‘-’aa) fZ-; o(/;’Z‘_S / ) . Therefore, the transition probability

rate becomes approximately

.A'%:Z\ .
[l > |* = 2THREDAAEE LD, oo
T

where
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_t
AEE, ) = & _tosh Kt—osterehr
[eer+«]T

° (81)

A principal desire in this discussion is the acquisition of time pro-
portional transition probabilities, It is evident from Eq, (81) that

the only hope for this is under the condition
2/:7 T « I ’ (82)

i,e.,, the increment of time T is small compared to the lifetime of
the initial state, Equation (81) for A(&-E,-’,/},e) becomes ap-

proximately

A(ErEf,/:'-,’D) = [T -5+ L7t . (83)
T [(e-e)*+[*]7

A plot of Eq, (83) for A(X,ﬂ-;t) is shown in Fig, (1), The function
AEE! N, 1) is very sharply peaked at £¢ =&/ having a main
lobe width of approximately 2/t and a total area in the energy
variable E;:'E:', of /'/.'-'t' . Nearly all of the contribution to the
area is in the interval 2T/ around the center of the main lobe,
For a given value of /:-’ , Eq. (82) (7 «!) sets an upper
limit on the time T . On the other hand, all of the results here-
tofore rest on there being a minimum size of T (T >> /s ) .
Another occurrence of a lower limit on T comes from the almost final
expression for the transition probability rate (Eq, (80)) and Eq, (83)
for A(ErE;',/Z-,T) . For purposes of illustration, a special system

of interest is considered, i,e,, one electron interacting with a system
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of longitudinal optical phonons, Most of the matrix elements of
interest will involve initial and final states that differ only by

several phonons, For example, a typical energy difference &f-~E{

(neglect level shifts) is
E';—Elt' = 6“' +we - ék .

For such an elementary scattering process to be well defined (obser-
vable),A(Fy*a{,-éh,ﬂ-,T) must be sharp with respect to G¢+ o and
€u > iee,, the uncertainty 2T/ in the final electron energy and

the emitted phonon energy should be small, This requires that
(Gutw,) , €& >> 2T/ .

A compatible relation between the two lower limit conditions on T
is fE»\-w, . This suggests one quantitative test of smoothness on the
matrix elements K;(Er+io) and SFIR(E+iali) for the above system (see
footnote on p, 70 and Chap, IV).

Finally, for T in the range

/

£E << T << (84)

a.\.s,\

A(E;E": I},’l‘) is sharper than physical observation energy widths and
has unit area to an excellent approximation, Hence,A[E;-E,fJfZ,’[‘)
is essentially independent of /Z and T and may be identified with

the Dirac delta function, i.e,,

A(E~EL 7, 0)—> FI5-EL) .

This yields a time independent transition probability rate under the

restriction of Eq, (84) which is given by
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~<HT, . 2
'<H 142 I = 2.T|'I CFIRE 0] F(EAEL) . (s5)
T

In fact, it can be shown that, to within an error of order /:72-‘ ’

A (E-E/, 1% ,T)

. _{—cos(E-EL)T
T (Er-EL)*T

This is one well known expression for the Dirac delta function when

]

the 1imit T =» @@ is taken, This result leads naturally to an in-
spection of the limiting case T>» = ,/}-u © , Equation (85) is
the same as Eq, (67) in the limiting case, Heitler retu:slrked9 that this
(Eq. (67)) is an exact result, It is indeed true that all the errors
in expressions leading to Eqs, (79) and (85) vanish in this limit (as-
suming that /}T—) © ) except for an error in the probability ampli-

tude of order

lz({t;molnl . /Z{-(%@/

It is understood that /l‘m /;?"’0 implies that AL (E.'}_’ O since
ZE

I(E) . An exact result can be easily resurrected by the replace-

ment

AE: — (1+ 125) AE;

[i> —(I- 420.«;@))"/» ,

where the latter replacement is a renormalization of the initial state

wavefunction,
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2, Transition Probability Rates Via Analytic Continuation

An alternate development is given by Goldberger and Watson.13

This method is introduced for three reasons: (1) to relate to the
other methods, (2) to provide an expression analogous to that of
Alldredge and Blatt and most importantly (3) to obtain a “correct"
transition amplitude formula from the renormalized Green's function,
The complex functions K,(€) and (f/ﬁ{é‘/[,{) are analytic in both
the upper and lower half-planes, A branch cut covers the real axis omn
the interval £y <E < @ vhere £5, is the bounded minimum
energy (ground state) of the system, The branch cut defines the
boundary between the first and second Riemann sheets, The analytic
continuations of P‘I(E-l' <o) and {f{R(etic)(i> onto the second Riemann

sheet, E,}T(E) and (f/pl;g)l,‘) , respectively, require that

Eﬂ?E-A’O} = R‘.I(Eﬁ.o) = K:(Etao)

| PYe-coli> = FIRPUE o> = FIRIESOID .

Analytic continuation is introduced to facilitate the evaluation

of the contour integral of Eq, (56) given by

([ / 6—47'/7/4.> __l__ IAEC;[ET | . 6
214 »g E_EA-K(E)

”

1f E-E.- P‘.I.(E) has one and only one zero, &£; , on the second

!

sheet, then the portion of the contour on the real axis in the inter-

val EM {E ¢20 can be closed with the contour, € , on the



second sheet shown as the dashed line in Fig, (2). ' The contour ;

is drawn as the solid curve, The points in the plane at E{' and Ed';'
and the contour indention around & are to be disregarded for this
calculation, The contours have the components }‘= V,'!'r‘ +’z*:r and
C= C.+C,+C,+C',, where g: =g, and 3"_ sCw and S'J s C3 are
removed to infinity, It can be shown that the contour integrals along
3" » C, and ‘5'3 ’C_r give vanishing contributions, The integrand
of Eq, (56) is analytic in the region of the lower half-plane on the
second sheet except for a pole at E = E,.' . Using a highly abbrevi-

ated notation, the residue theorem gives the result
-ié:-?."
f(I)a?E =[(IL')A€E = -ﬁIZME+27r4'E .
5. <. <

Therefore, the appropriate probability amplitude is
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2/ ET Eumew

~ AT Padacy ~ET

Y i>=& +L ) N S Y

Gle > b7y Ll ol e R
M .

Goldberger and Watson szy that ordinarily, when the condition

,:!« E; is satisfied, the first term on the right hand side of Eq, (86) ,.
’

wil]’z'jE. a very good approximation; the second term is of order

’2’ /E. smaller for T not too large, It has already been determined

that for physical systems of interest here the characteristic energy
gE is the pertinent quantity rather than £: . Therefore, require
that /.,7(( J’E . For large values of T, however, the second term is
dominant, But at such times the amplitude is so small that the decay
is for practical purposes completed, In addition, when I‘-lE,;) « $€ ,

r
then it is expected that the expression E-E;-R;: (E) has a zero at
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Figure 2, Contour for evaluation of probability

amplitude contour integrals
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= /
the point E‘-‘E‘- x £ —4.',:" . In general there may be other singu-
larities in the second sheet and suitable contours must enclose these
singularities, When the condition /}-(( FE 1is met well enough, it is
expected that these singularities will occur at points E for which
A
/Im E/ > /_Z;,E‘I. Thus, their contribution (which will be of
order e"I...E‘l‘ ) will decrease with time more rapidly than does that

A
from E; . Therefore, Eq, (86) is to a good approximation
B gt
) _AFHr,. = ET __ —ET-[T
e 7> = &7 = e ,
which is the exponential decay law found in Sec, III,D.1l.b, Eq, (75).

The transition probability rate formula to be used is Eq, (53)

given by

‘ (53)

&1 eMi> = 2_,7L ﬂg e A 1ete) 16>
4; (E-5 )(E-£.-R:(E))

In order to proceed it is assumed that the analytic continuation of

C(£| R(E+ropfi) onto the second sheet, (f/fI(E)/A'Z is analytic in the
lower half-plane of the second sheet, i,e,, no poles, This restriction
is equivalent to the smoothness conditions (no singularities) discussed
previously, As before, the analytic continuation, (E—E; —P‘-‘E(E/)—' s
has a pole at é: in the lower half-plane whose residue is taken to
be unity., There is also a pole at EF . Disregarding the pole at
é: in Fig, (2), the same contour S’ is used to evaluate the

integral, By the residue theorem

~ &7 =& X.
[ (I)dE = ([)4E = - /E)JE'»‘ aree < J/Ré;)li) + €T§¢‘/ﬁllﬁ-)/4'>
Yo G

Z EE-R ey i By
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Furthermore,
f (DAE f I)AE -|(I)4E + 21} [ </m‘}£,,,) TE&/#@/»] .
g & é & -E;- . I(&/ Er-E;

For the same reasons as before the contour integrals over §T, and

C { Since

RG> = HIR (G +ioliD, REE,) = R(E i) and £ =E/~lT ,

the transition probability amplitude becomes

- He (6 € i)
e iy = | dreswri> _ & (f/ﬂ(t-‘-ff'l/&] @7
E, r~E.~R; (F3 )] E¢-E/+4l7

are assumed to be small and are neglected,

Due to the smallness of a{E4.+,'°) and the real axis smoothness of

R,,?E): P;(E,ﬁo):.": K (E;+vo) for the values of E;,

near £y .

of interest

A more careful discussion is found in Sec, III,D,3, There-

fore, Eq., (87) is given approximately by

<:¥{ "4%&' 4E;D

AT(E;EL+iTY)
[Eﬂk’(&;ﬂom) e(f/kﬂ?E’-.ﬁ)l‘ .
*'fiffi[g

Note that

<V 0 E-EHTT) 2
l Hle ’ ' G|RE > =& <FIREE-T: )l4>’
4- 0-4

Call

-E“h

/4 = __.,_I___. l}f/?{&} +Ho)[4) — e A (f/kqé"-cl’)h)]

Ep-El-4l



86

/iMT-’w"m/;’—’o procedure used in Sec, III,C is now applied

for the purpose of simplicity and brevity, Therefore,

/Im /lm /“"

TPs2 [0 WY E',- -,

[(f/k{E}n}[.«) -@ Inué[/KFf"lP)’O]
and

ﬂ'l' &
/IM //m LA___4 m & { -E//{u (f/k%ﬁ{—iﬂ)/‘.) .

T [0 At T [0

Finally,

lim /'M——(ﬂe ol = (E, e ’

T [ -;o

) I [tIRYEL-it01> ]

io ‘-'.0

'y {1;: S-E Mo(f/R(E,ﬂvlL) fiw < R%E "P’/"> (88)

Q

«TE~ES
- /m %HRIEH.;;Q /,m HIRE, (EATID>
o> EF -'E; ‘tio

The second and third terms on the right hand side of Eq., (88) vanish,

This gives the result

Too [0

lim lim 4 |16 ¥%5]*= 2 ftese) ,,fm (IRt~ ] g,

From the analytic continuation arguments it is evident that for suf-

ficiently small r’

FIRY g/ cr > = CHRENF) >
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and Eq, (89) can be written as

fim lim & (AEM] = ZngtzenftRenmnof, oo

(A L) ,,"-90 4

where it is understood that [z is very small, It has been assumed

from the start that <§?[ﬁ?ﬂ%257[4;> is analytic with no poles on the

second sheet, Thus, for sufficiently small l}

SHRHEMIID = FIREEND = FIR(EHw D

which immediately given Eq, (67)

Tso [»o

Wity = lim lim ﬁlmé""/o/ "= 2T [HIREN IS [, o)

One application of this formalism arises in an investigation of
the conclusions drawn by Alldredge and Blatt14 (see Sec, VI,B),
Equation (90) is similar to that used by Alldredge and Blatt and is
identical in second order for the matrix element <¢Flﬁ?‘5f+dl})(i:>

to the equation used in all their computations,

3, "Correct' Approximate Transition Probability Amplitudes

In this section an expression for the transition probability ampli-
tude is developed that takes into consideration cases where <f?7k3@7ﬁ;;>
has singular or highly nonsmooth character, Although the particular
expression used is truncated at second order in the perturbation, the
result contains contributions from all orders of the perturbation,

i.e,, the so-called self-energy or level shift and width (lifetime)

effects of the initial, final and intermediate states, This will also
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permit an exploration of various situations where true resonance
effects may be observed,

First, however, some remarks are in order which may serve to
further clarify the range of validity of the formulas generally used
for the transition probability rate, It is illuminating to write down
some results from elementary time dependent perturbation theory., The
time displacement operator, rewritten in the Schrodinger picture, is

given by the integral equation

~4H(T‘T0) 4,// i
Ut = f ar, & ) U, T |

Assuming that the time dependent perturbation can be expressed as
V(T}= 1[(1‘) V, where | is time independent, then the probability

amplitude to second order is, within a phase factor, found to be

T
(‘F/ U(TITo)I/‘.> = -4 <7£“//">/dq7[(ﬂ) én(E;‘EJ}
T,

(91)
T T
+ () IL?[ (Vim>(ml Vﬁ%%’& Rtz & N
”m
i %

Two contrasting cases are usually treated, the sudden turn on and the
adiabatic switch on, For To=© and f{'t):l , Eq. (91) yields for

the standard sudden turn-on case

- ‘41751 E;)
Al eMi> = > L€
4
(92)
+g(:me><mv,,- I—g‘e"“"’ | — ENEEw

(EENEEmw) (EENXEi~Ew
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For T~ —a0 and f{)a &% (T finite, « >0, v~ 0 ) Eq. (91)

giveé for the adiabatic switch-on case22

AT(E-E;) ,
CHUR > = € " ety ) LMl

i~Egtio £ E,-—Em‘l'ia

° 093

Noting that the standard transition probability rate formula as

given by Eq, (67) is ( /im’t‘-)av, Jim [0 understood)

j(% [¢F1 & H%>*= 2T (G- HRERmIS]" (o)

and using the Dirac delta function representation

4‘(5«—5!)?/2
/ /' / / e

.y = = I e ,
f[é} E:) T-sav 2”‘1‘/ Er - ES

the standard transition probability amplitude formula to second order

has the alternate form

. (ECENT
Gle S e G+ ) EVmdm> |
E‘-Ez m E,“”'En"’io

where it is understood that T is large.
If there are no states M for which energy is conserved, i.e,,

M IVIn> =o for Euy=E, as for the electron-transverse photon

23 24

interaction, then Dirac”” and Merzbacher” state that the second term

in the bracket of Eq, (92) can be neglected because it represents
oscillations of small amplitude, In this example Eq. (94) becomes a
good approximation (neglecting level shifts) to Eq. (92). Heitler9

uses slightly different language, He suggests that the second order
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transition amplitudes (Eq. (91)) are rapidly varying functions with
small amplitudes, Furthermore, the second term in the bracket of
Eq, (92) arises entirely fron; the initial condition {M[{> = ©
for AT at time T = © , Heitler states that even if the
initial condition were satisfied, it would be only for a period of the
order of £5;' in any case; and this is physically meaningless,

It can be shown that the adiabatically switched case (Eq. (93))
leads to a time independent transition probability rate while in gen-
eral the sudden turn-on will not, Again consider a system where there
are no states M for which energy is conserved, If the second term
of the bracket of Eq, (92) is small as suggested before, then the
adiabatically switched rate is the same as that for sudden turn-on,
However, these conditions are not satisfied and the formulation in
the framework of adiabatic switching of the perturbation is not suit-
able for the problem of decaying initial or incident states (see Chap, II
and Sec, ITI,A)., The extra troublesome terms in Eq, (92) are the result
of switching transients,

Goldberger and Watson!3 do not address themselves to this partic-
ular question, But they do present some related comments, For example,
one does not usually have the physical means at hand to prepare a system
such that it is precisely in an unstable (decaying) eigenstate of the
unper turbed Hamiltonian (even including self-energy effects) at a given
time, say T =0 , Rather, the system may be found in an unstable
state near time T =o which is the result of a scattering experiment
initiated at a much earlier (remote past) time, One illustration is
the bombardment of an atom with electrons, The scattered electron very

rapidly departs the region of the collision leaving the atom in an
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excited state which then rather slowly decays via electromagnetic inter-
actions with eventual photon emission, Thus, it can only be said that
the system is approximately in a given state at some instant of time
so in such instances not all of the transients introduced into the
mathematics by the sudden turn-on of the perturbation approximations
are physical,

In the framework of Eq, (92), where there are states for which

<m“/[n> %= O for Em = En and only several intermediate
states (the case for a continuum of intermediate states is discussed
later), the presence of at least parts of the second term in the
bracket of Eq, (92) is essential, This is evident because for EZ}
and/or E:l & £'m the first term is exceedingly large and the second
term is no longer small relative to the first, The second term is
needed to combine with the first term to yield a finite result which

is dictated by the very nature of the perturbation formalism, Schiff8
and Pyle25 give arguments for the rejection of terms implying non-con-
servation of energy, considering the approximations involved in deriv-
ing the perturbation formula (Eq, (92)), In calculations of this type
it is assumed that the perturbation, i,e,, interaction, acts for only

a finite time, thus, allowing the initial and final states to be well
defined, Such a perturbation has Fourier components of nomzero fre-
quencies, which can include transitions involving the gain or loss of
energy by the system, Transitions for which energy is conserved are
induced by the constant part of the perturbation, while those for which
it is not conserved are a consequence of assuming a finite duration for
the perturbation, 1In actual fact the perturbation is always present,

and the approximation is made for the problem to be mathematically
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soluable, There are, therefore, no Fourier components of nonzero fre-
quencies, and hence the apparent transitions in which energy is not con-
served are spurious, and must be rejected, This program is followed in
Sec, IV,C.3, but as will be seen it is clearly not essential to the ob-
jective of obtaining time proportional transitionms,

On the other hand, Schiff® treats the case of energy conserving
continuum intermediate states by including the entire second term of the
bracket of Eq, (92), His result for the probability amplitude is pre-
cisely the result in Eq, (94) from the general formula (neglecting level
shifts), But this is to be expected since the continuum of intermediate
states smooths all singularities out of CF[R(E*+ io) [4D

Based on the preceeding discussion, it is apparent that for the
case {mu/m> = o0 when Em=>Ey Heitler and Goldberger and Watson
are tacitly discarding the small turn-on transients associated with
the second term in the bracket of Eq, (94), This follows from their
implicit assumptions that <f'/R(E+l'q)/4'> is nonsingular or that its
analytic continuation into the lower half-plane of the second Riemann
sheet is analytic (no poles), However, this deletion is unjustified in
cases where only several intermediate states conserve energy. The
deletion may be justified in problems other than the electron-phonon
interaction by adopting a larger definition of smoothness or analyticity,
See, for example, the discussion in Sec, V,B and at the end of Sec, IIL,C,
On the other hand, the correct answers are obtained straightaway in the
case of a continuum of intermediate states, even if they include energy
conserving states,

With the above remarks aside, a renormaliéed truncated expansion

for R(E) will be obtained next that avoids the pitfalls of the
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previous formalisms but introduces some new ones, This will be used in
Sec, IV.A to demonstrate some anomalous results that arise from the ap-
plication of the standard transition probability rate formula that ini-
tially motivated this research, Finally, an expression for a '"correct"
(pitfall-less) transition probability amplitude will then be developed,
The discussion begins with Eq, (39) for the self-energy operator given by

RlE) = V+ Ve, EQ#@.G)V  (39)

or

Rig)= \V+ ZVM>(M/

(ml"-*l)

Im><m| .
77‘@.;

From Eq, (51), <-FlR(Ell"> is given by

(f/E(E)IA') = <FlVI>+ Z(mexmtwo

E-Em—-RL(e)

(M%)

+ <FlVIn> <nivimd><mivia>

el 4
- (E-En-REUEINE-Ew-R )

(95)

(1 1]

+ Eland Snlviim><nivim>dmi Vi<
mnny (E_.E” _R:“ﬁ)( E)) (E__E"'_R”[:'m“llsl)(E_Em~R","y(a)

(Menen i)
It will be assumed that the first two terms on the right hand side
of Eq. (95) serve as an adequate approximation to <—F{R{E‘/ [A> 1in all

that follows, Hence

N — . FImOmMIVIAD (o)
<7[/E(57/4> G\[W")".m E~Em~ R!™E)
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Since

L, (€)

I

(ml\/@mE L QmVims

" m

and

)
IP:: (E] = (m/\/@;@m ( Q,,,.,Q;VIW'>,
E - @m Q&’ ’/@A’ 0“.
4)

then Rm(e) and E:"(E} differ only by the exclusion of ome state

among /\/ contributing states; and it is expected that this contri-
bution vanishes as A/—) @ , This is immediately obvious to lowest
order in the perturbation of interest here. Since state ,(: has common
properties to many other states, this should be a general property,

Therefore, Eq, (96) is approximately

SFiREN > = Flvi> + p LR - o

Turning now to the problem of finding a 'correct" probability

amplitude, Eq, (55) is repeated here as

Fle®i> = L A" f| Riey 14>
27]'4'T (E-6,~R}e))(E~-E~ R (£V)

(55)

Using the same line of reasoning that led to Eq, (97), it is assumed

that <-F [R(e) [AD is approximately given by (see Eq. (50))

~N = ) EFIvim>miv[i>
(1[/&7(5),4> <7£/V/4>+MZ E-Enp. e (98)

Placing Eq, (98) into Eq, (55) gives for the probability amplitude
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: ) ~E
<7C le #T{A> 2{": dE ~ ¢
1!1 (E-6¢-RE)NE-E, RiE)

EVIm iV )
.F P
[} “/I > Z E- “Epn—Rwm(E)

The integral in Eq, (99) may be evaluated by placing the contour on the

upper side of the real axis and using smoothness arguments, But the more
compact notation that results from the method of analytic continuation
is chosen for use here, In a manner similar to the approach used in

Sec, II1,D,2, the analytic continuations of Pm (g), R; (E) and

Rﬁ (E) onto the second sheet are defined by

I
EM (E—fo) = Fm (Eﬁ(o)

r
IP,; (E-a0) R (E+tvo)

Ef{E—ioj = E’c (E +19)
Furthermore, it is assumed that the zeros of E-E,,,-R,?(E’) ,E—&-Ef{s}
and E-G-RUE) are at EytRuEci S En-Thn B4R 2 6l
and Ef:'P‘ (Eg-io)= E;-J/; , respectively, Finally, the residues of
(E-Ew-REe))! |, (E-Ei~ €T )" ana (E-E+—R¥ (&) )7 are
assumed to be unity at their respective poles, Again, using the contour

drawn in Fig, (2), the contour integration yields the result

<1f/ G—W%‘) = 2—7-;; [ f(r)de— Cf(zr)aes}

| -m(e - é"t‘(f -7)

(100)

+

+ V> [

+
"R (E‘ 4’1)-41}_ E"‘E/.‘RT(E‘ -alh) ~ T2
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~T(E-AT
= £~ 1le)

-+ Z(fl Vimd>mly/|i>
m

(Eé-E..rths;-fa>~i5’l’%5;-&-‘@'-'w-i';)

~aT(Em~Tim) - T(E - gy
+ e m e“’l‘(

T (g- EyR e i )i NEERT e ..;-.:1'..)+(E;'—E..-@>-:RX&H€,—@7¢«W~;I!)
TR T CUE VM TR VI/VTIY UL SR TR TR AT ST YT T AR S T Y )
Return to the smoothness property of R’{E} R ep(E) , and RM(E)
over energy intervals FE (see Sec, II1I,D,1), In addition, assume
that /R,I‘ /E;/) /Pm/ are small, Now examine the first term in the
second bracket on the right hand side of Eq, (100), For /E;-EJ)J'E ’
Pr(Ef 4[7) is negligible and may be replaced by ME-—4 ‘o) , with
small error, For IE;‘E/< PE and since E (E) is smooth over this
interval, then to a good approximation ,e-(E,F-JI;’)g ,e-I(E;-. o) .

Similar arguments apply to justify the substitutions

z
F (Ef-41}2) —» le‘ (Ei~co) @I(E.(-cﬂ’}_" PfI{E,p 1e)

Ie (E; 4/7:)—->P (E“-.o]) Em (E 4/7)-—>EE(E'ﬁto)
R ﬂu)'—’/e, (Ec~) @Ems )'—’FI(E;‘&o)

The abbreviations (I) and (II) represent the integrand of the contour
integral on the first and second Riemann sheets, respectively, For the
same reasons as discussed in Sec, III,D.2, the first bracketed term on
the right hand side of Eq, (100) is neglected, Therefore, the probabil-
ity amplitude is given by

Gl D> = divid| £

‘T (= "Z) ~CT(EL~<R)
(o

E’c E“" ﬁ

-+ (101)




97

+ SHvmmvie> e E
nm

(BBt iGN EfEL4iT-417)

T (E-T ~<T(En~iln)
+ < / - (= .
(Em-El e~ XEENiR-T]) (B~ Eqtif-i} KEA-ELT-i )

Note that the above matrix element involves one- and two-phonon
processes, The corresponding transition probability then has terms
of fourth order in the interaction, But there are other fourth order
terms arising from the interference between one- and three-phonon
processes which, of course, requires that the transition amplitude
similar to Eq, (101) must include three-phonon terms, Thus it can be
argued that in the spirit of perturbation theory Eq, (101) is not com-
plete if fourth order terms are to be kept at all, It will be evident
in the low temperature, é,,<w, case (se‘e Sec, IV,C,2) that the pro-
bability amplitude associated with one-phonon processes is small which
causes the interference term to be small relative to the two-phonon
resonance term, On the other hand, in the finite temperature and/or
éh>l4/° problem (see Sec, IV,C,3) this is no longer true; but the
primary purpose of that discussion is to provide further evidence that
no two~phonon resonance exists, Interestingly, it turns out (see
Sec, V,A) that in an unrenormalized expansion of <‘f/R(&-p‘+“°) 14>
placed in the unitarity condition, the one- and three-phonon inter-
ference term has a divergence that exactly cancels out the divergence

from the two-phonon process,



IV, APPLICATION TO ELECTRON-PHONON SCATTERING

IN POLAR SEMICONDUCTORS

A, Anomalous Results from Use of the Standard

Transition Probability Rate Formula

This section includes a brief discussion of some anomalous results
abtained when a truncated renormalized expansion for ﬁ?(E? (Eq. (97))
is placed into the standard tramsition probability rate formula
(Eq. (67)). The physical model used in this demonstration and through-
out this chapter is the one electron interacting with the longitudinal
optical phonon system introduced in Chap, I, The truncation to second
order in the interaction retains only one and two phonon processes,
Following the above prescription, it will be shown that even in the
case of weak coupling there are contributions to the total electron
scattering rate from two-phonon processes that are comparable to the
nonzero contributions in this formalism from one-phonon processes, It
can be shown (but not here) that higher order phonon processes due to
higher order truncations also give contributions of order comparable
to one-phonon processes, In contrast, recall in Sec, II.E the demon-
stration of a four-phonon resonance which is small relative to the two-

phonon resonance due to weighting by ﬂ;}. Results of this nature8 are

11

contrary to the body of evidence found in the literature ™ and recogni-

tion of this anomaly motivated much of this work,

98
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The set of normalized basis vectors, eigenvectors of the unper-
turbed Hamiltonian of Eq, (2), are writtem as [M> =I!3,{n§}> » Where
(!3,!,‘) is the plane wave electron (wavevector, coordinate) and (ﬂ!}
is the set of phonon occupation numbers, The interaction Hamiltonian

is given by Eq, (3)

Q?:”5+//V/B,Mg> = %& (“iﬂ) g..'ﬂ&"%
(102)
: va
(5:”5"/V/./5;“5> = —_4()_7:11 -gé Sieers

where the set of all other phonon occupation numbers excluding the
state with momentum g are equal and have been suppressed,

The total transition rate out of state A (see Eq, (67)) is

given by
D arlKHIRE I pE5) = D W) .
(+ : i) (-Ff;i )

If the initial phonon state is not pure but rather is described by a
statistical ensemble, the total transition rate out of the electron

state of momentum k is
A

Rek) = D Wik femes) Plinsei) ,

1, gt}
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where P({”i.("}) is the probability that the initial state is pre-
pared with the phonon occupation number set {ﬂ£ (4')3 . For some
applications, the phonon system remains close to thermal equilibrium
(has a temperature) during the over-all process of interest; and it is
a good approximation to use the thermal distribution function, There-

fore, it is assumed here that

Fle) = Z W (k173 /1, 03)

g_}'{”g}

—Z‘*’-"'s. /KT

Z

or more compactly

Rie) = < 2 W{f/4)>

(-H-.)

where Z is the partition function and T is the phonon system

temperature,

From Eq, (97) the matrix element (7‘/2(5) IA> is approximated by

CHREN> = Fivi> + y SIS

where by Eq, (67)

W(Hi) = 2T §lE~EL) [<HIRE vimli>]*

Due to the properties of the matrix elements of V (Eq. (102)), the

total transition rate becomes

Klk)= K (R)+ Rase (k) + Ree ®) + Kraalk) ,
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where

:Q([B) = Kielk)+Ea (k) (103)

Kelk)= 2m FIVIDI HEED
e (L leaviolyees)
Rt = 2r 3wl ey

ry A
Ruvettr= 20 g[ > S |

2
(k)= 2 FIVIm)<mIV[e> £/
/PZGC. 4 r(g ‘WZE‘, ~Ean~FoulEl i) E(E‘ EJ)A.
2

2
_ FIVImmivic) !
/?Zaa(g) = 21T<Z{ -~ E/- Em-fm(E;'+io)’f(Efﬁ>
ra “

and where f.;-“ (ﬂ=0, 1,2) denotes the final states that have N addi-
tional (+) or less (-) phonons than the initial state, Neglecting the
level shift in Rm , L.€4, Iem(E.{ﬂ‘o)—-b Fm(Ei"'“") R ,e/e s

El« , and l?zue are given explicitly by
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/e, e(k )= 22 ka;éi < (Ne+) St w4 )> - (os)

Ie’a

/64 (k) = 2___(1@,2.%%3 (ng’oc(é"' 'w-"ﬁ:)}. (105)
‘e

/?246_ (k) = 2"'2 St @S(Vlg‘*")f(fn'-é:) " (206)

@ Gy T
[

§+w 5m'P(“‘* Zwgtic) +z

G- Wi €y R +¥n,w.),>

/
where 5& is the renormalized initial electron energy. It is evi-

dent that the occupation factor in Eq., (106) is incorrect for Q=g’ ,
~

L]
correctly given by ”g. rather than Mg (Mg +1) . However, the

error caused by this one term vanishes as AL oo ., Similar ex-

pressions can be obtained for ﬂee k) and I?za., (k) .

Before the summations indicated in Eqs, (104) and (106) can be

performed, some comments on the thermal average over the initial states

must be made, Specifically (see Eq, (106)), it can be shown that

E,‘-/-Em"ﬁm( E;+i0) = E ~Epm + /41,?)2‘+ E s

2,



103
34 Kn
where &, and Am are calculated to lowest order in the interaction
and Ag, and B are independent of phonon occupation numbers, The
T
two terms ﬁ”}”,-!- and _—éﬂs_'”!_’ may be split off from the sum, For
sufficiently large {1 these two terms are small compared to the re-

mainder, i.e,,

D84 5> el 4 xlny

where

(22) __ 21
D”g = E—Em+—EZ /4149_,1"8

E

Therefore, one term inside the sum of Eq, (106) is (forget about the

5(6G-€g) factor for purposes of illustration)

2
Ng(Nget) 7 | . 108
< ~r D’i?‘. )+ 4!”!- + ”;’W&’ . (108)
el - o
en

From Eq, (107), Eq, (108) becomes to an excellent approximation

, I
<”%‘"z Y TEZR [I- z/ﬁ[-bi,;%,, (4 At 4 4]} >
(22')
= Dlu')/ <1("gl+,){l Zpel.’Dlu') IA VZ,*“'/’!'”’ >>

where < > denotes the thermal average over the momenta
(9.9.’
9_3 and < > denotes the thermal average over all variables

except %%’ . In the usual manner, it follows that the term of
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Eq. (108) is

l i’ ' » L)
<—'——-—-—-D rTY) r {"0(0.‘") L @[D-‘E" ( _{g_’t_(ﬂoﬂ) + .%_g_ n "’"ﬂ} .
A
= WolUot1) ‘ 2\(18) ,
D’QQ’J l” “‘*'L"I”O ".

where Mo = (e ./'(r l) = (Bose-Einstein factor), Ag 3 (”’")ﬂ,_ s

and /4’_1 = :’:‘)41/ . Similarly, the term containing momenta 4
-~ L4
is split from [D(%4) ,

(22

(109)

This gives for Eq, (109) the result

(18'e”
Molnoﬂ)< l gy * . (10
D f -%2'3”)+ jLL”Ql- Yo + _-é 4;"40 -+ _‘;’i”yno 4
~ <

Repeating for all momenta, it follows that the term of Eq., (108) is

Ne (Vo+1 )

2
’ (éh’z + Wy~ 651-% - <E(ﬁ + Zw'nﬁ-t“? ’

h‘! ) nﬁ"

where two isolated terms in the denominator of Eq. (110), _A}-.'_ MNa ‘4;!.'
A g
have been neglected,

Generalizing the above arguments to Eqs, (104)-(106), it can be

shown that

Kelr) = 2”'22_@4*(%!3’(6,.,/:«) ~¢E.)
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/64 (k) = 27’7'22_ &15"!- No f(p-we-EL):)

hl

—= v Y%y, C
7T
(111)
| | 2
. -+
)+, m—(mwr«» e (E) Uy b m(Rlers Pgre)
~ & l

In all the computations that follow, the small level shifts are
neglected, The error caused by this simplication in P‘e and Fm.
is something of order 7‘4 which on the surface is of the same order
of magnitude as ane s an,_ s F29¢ . But it will be shown that
Pzae ’ Iezm s ere have contributions of order 22 as well as

7|¢ and it is the 732 terms that are of interest here, Furthermore,
the range in phase space (over which 2_ is allowed) is extended beyond
the first Brillouin zone to include all of the phase space, This ap-
proximation is valid due to the fact that phonons which interact
strongly with the electron have a wavelength long compared to the

lattice distance as seen from the z factor in the interaction and

1

the conservation of energy requirement of the transition probability

rate formula,
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With the transition to a continuum

(zmr)? 3
N g"" ﬁﬂ

the standard results for R,e and pla are obt:a:med26 and are given by

Fole) = Aty |
re ZTt I PR X(ék +W,~ )
2 (Nott) 2 / (€, )‘Ia-.* &’? U
- (] s 6 -,
277' (26,,) 0 /(ék‘w, 7 P ( =) (112)

/Pm (k) = (2,0 /fﬁiﬁ (G wo=6)

= AW, " / /(&f%)"'—'«-é”" [ ,
27,_ 26_ (eh*wo)lli all.l (113)

vwhere U(X)': | for X20 and U(*¥)=0©0 for X<0 , 1In terms of a

normalized energy € = éh/w. and the dimensionless constant

v
& = 2‘(2,,,“0)“/4”“,: , Eqs, (112) and (113) become

Ko (6) = 2o, Mot cash €™ Ute-y (114)

&
Kia (&) = 20c0d, Mo sinke™ a15)
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Equation (114) is the lowest o:é'der transition rate due to stimulated
and spontaneous emission of a phonon, and Eq, (115) describes the con-
tribution to the rate due to absorption of a phonon,

On the other hand, /ez4¢ (_lg) has three contributions:

(1) phonon absorption with subsequent phonon emission, (2) phonon emis-
sion followed by phonon absorption, and (3) an interference term between
processes (1) and (2). An initial step toward the evaluation of Eq, (111)
is to find < ‘ ( 6+Zw.n,+.-¢>£ and <@_!‘,‘”£€fl *{Wo "g“'5°)>‘: to low-
est order in the interaction. Following the truncation procedure indi-
cated by Eq, (51) or simply placing M- H# in Eq, (97), it follows

that to lowest order

<E /[5.;&.«“@ <(K [m? i 2. ”1/‘ +ml//l( {n,}>>

where

K= kg, fmsf= g™ met

The matrix elements of \/ given by Eq, (102) yields the result
( (E;+"°)> _ ll ("9"")
: L .
;f“g A L1 T 1, (ék-é“:?"f‘O)

+ 2 Z e s
(1 Y L (G~ €egt 2l o)

(116)

where E‘- = 6"'{”0”‘ .

Again, it should be noted that the occupation number associated with

the q‘;—_q momentum are incorrect in Eq, (116) (correctly given by

~
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No and Mo—! rather than Me#/ and HMe , respectively), But the

error is negligible as S1-» a0 « The transition to a continuum gives

( F ( E’.'ﬂ") = _Z_i[di'a (Hot1) 2’:/}1/1 No
K, tngj 2 (2m* (KKl (a6 +i0) * G (K51 (6e- € t2st iv)
(117)

/ K / Hot! Heo .
zm 2K ﬁ hk ’9/" / o Tk Lymiy-vo

In order to use contour integration, it is useful to define the func-

tion of the complex variable 2= k+ 4')/ given by
z?+
Fz = Jog (Z£),

where [:(EI is analytic everywhere except on a branch cut along the

interval of the real-axis ~K$ K| € K and

Flkitin = /ay(’(‘*‘ —A2, -KSK <k

o /og(KI'fKZ , /K'I>(.

It is clear that whenever the poles of the integrand lie in the interval
|Ki/<K Eq. (117) has both real and imaginary parts, But in keeping
with the policy of neglecting level shifts (the real part), it can be

shown via residue theory that

(Eitio z m Ktk Kt (I 3oy
<x,{n' 3 > [(nm)/ag/ |+n l”lkj(kf::: )’,h (118)
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Similarly,
10 —_ - (H' + :
_Z;n< 5’(;'; }* ", ;",_”‘ [EN.«)UM/O_,L """‘"}, l‘:, +Ho lylﬁ%ﬂ;
where
‘ 2 (a7
K'= bt {Mg} = {Msf y Ayl

The relation for PZd.e (Eq, (111)) becomes

f .
E;Qae (k) = ZTTiQMo(noil) %ﬂbe -6 .
> 1"
by

l /
. - - +
[; Gty -5.'*3) "’( Lin (lg"‘i: _',‘2) (q-u{,—eg_z,)‘.,( Ip.( (6 )

'}ﬂl

+2Ke | | ]
WGy + (E;+iw ) ( e E,

(et t T RUEY) (6t + TR,
Only the terms of R,_‘e of order A* are of interest, To

see that the cross term is of order 24 in the interaction it is suf-
ficient to place the line widths equal to zero, This gives for the

cross (interference) term
00 &

# 2 2
2 ,Pe 2r A ”o(‘oﬂ/[h%’;%dk’ ,L— (k') ,

21) 6 .
(m A (4 'ﬁsﬂlu‘,ﬁ’o)( K 'k +2mu)~so)

where
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-kl k-5

Flkx) = [[ 1Lsdils T krsmp1~k) | -

It can be shown that F(K,K’) is integrable; and since the poles
of the integrand of Eq, (119) are removed from one another, then the
integral of Eq, (119) exists, Hence, the interference term is of order
2* in the interaction and will not be considered further, Therefore,

Pzae , with possibly some 7]* contributions remaining, is taken

to be
/@ae (k) = OP () + kL8, (120)
where
Oeme (k) = 1o (uoto[ AR d (G ~6) o
(2T)5 Jle-«l [k (4““"‘::)'*(1»(/?‘5 m,>)
O?zea (&) = Mtury [ A%, Fle &) .

(3M)° Jitrtgs® Gsee) «(uRigon. )

The scattering rate component fzqe_ is associated with the proba-
bility of phonon absorption and subsequent phonon emission, and the
component d’ze-. is related to phonon emission followed by phonon
absorption, These processes are elastic due to the assumption that the

phonon energy spectrum is independent of wavevector,
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It can be shown that

fd.(ly . kK
[k-k|? Zk’K s

L4

——

lk-K|* ZkK

Allg j//?fk

and

félzﬂ{k/ 2 /ﬂ ( K/f'(&, 6) = ZTI'IM /0 j:)z.

o

Equations (121) and (122) become

Kol = Mntusm® i Lo (225 [ *

(123)
(2m)3 k / (A’ k=2mw,) 4-(sz<,{;(5.+@ )
&234 {k} - 2 ”o(“ofU"i’/A(l [70.5 (‘ ] PR
(277')3/@ (K'#Z‘"W,‘E)‘f(zm,z;. ﬁ (Eitiy >)

I(c-/

The integrand of Eq, (123) is positive definite and has two sharp peaks
[}

at B and (k‘+2m w,) e with heights of the same order of magni-

tude, The approximate half width of the peak at K=k is of the

ol q./ﬂ.'

a2
order and that for the peak at K= (f*2muo)’” is of

2,2 2
order f@' /‘ . For small A there is negligible area under the

ifa
peak at K = R relative to that under the peak at K =(2nw,+k%) / .
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Again, for sufficiently small y [0] (F:/] and (E,(Rlﬁ
X n, -} 4
are slowly varying functions of K relative to

|
(K?Lk'_z“m/‘) 7-+ (2“1&(?( Ei+ IO)-,> )

K zmu'™, g

Therefore, to a good approximation the rate fue given by Eq, (123)

is (Ko = (h*2mus)™)

= 20, therum ktKe
%48 } @7 4 /}0 k—Ko)]J(K -k2) _‘_(mf"”) ? (125)

where by Eqs, (103), (112), (113) and (118)

Im(P(E....:wé_ = -ZL_[R,‘(K.HR,Q (K.)J = -iLFI(K’)-

ft,n‘!-l

The integral of Eq. (123) can be evaluated exactly to give

2
&'+ (G two) It
de (éh) = A Wolntom [/09 éu"‘ c‘nwo)":ll . (126)
ST R (atwe  [G (Grtwe)]"™

Similarly, but with slightly more care, it can be shown that

[/ /&"i(én-aa)"‘
W 2€a ()= 2 Moltrim_ LIOI|E courr U(Q‘W.) * (127
,T‘P(eh w.) [4(6;*(4} ) ]”I- ( )

The factor J(Ex~Wo) arises because, for &< (Mo , the term

1 e ¢
K K, cannot vanish; and the only contribution is of order A



113

in the interaction which is discarded, Furthermore, there is error
for (En—two) S (=) Kl€-we) . But Freal€n) is small in this
region relative to Wuc (6) so that the correction is negligible,

In terms of the dimensionless coupling constant ©< and electron
energies normalized to the phonon energy, the contribution to the
electron scattering rate from the elastic two-phonon processes that
are of the same order as the one-phonon processes is given by (see

Eq, (120))

64 &) =4 X Wy Mo (Mt (inhe ") (coske ") UCE) (156
E/éﬂi[f(éfl)_]”‘ K\ (e-1)[ete)]"

or

EZae (€) = K WyNo(Het) [(‘”l‘ ((“'*‘)J [Ea.flt (2¢-y] i](s.,)
F(éﬂj[é(é-ﬂﬂ”‘ Ke-[ece~]"

where

K (e)= 2%% [(uoti)cosh™ €™ Uley + o :ml-"é":]
é e

F, (e

In a similar fashion, it can be shown that

)

o Wo [Zno.‘,u cosh '((2‘..” Ue—) 40 COJI‘-l[ZGMJ]-
& e

I? (E} (”0"“}‘( W (03‘ (2€-1) cosh (25:’3) U(e-;)
2ec Kte-)[e(e-)]"
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/PZaa. (¢) = ﬂ:‘.(’-w: cosh™(26+1) cash (zHIng
K (et [ €te+)["*

Finally, it follows that to lowest order in the interaction

’eae(") + l?zee (e) + P?.a,..(é/ = P,(é) 5 (129)

i,e,, the lowest order contribution from the two-phonon processes is
identically equal to the total contribution from one-phonon processes,
It can also be shown that higher order phonon processes also give con-
tributions of order comparable to one-phonon processes, This result is
impossible and disagrees both with reason and experiment, One is now
in a position to examine the source of this anomalous result and modi-

fication of the theory that eliminates it,

B, Two-Phonon Contributions to the Total Tramsition

Rate from the Decay Rate Formula

Pursuing further the topic of the total electron tramsition
(scattering) rate, it is illuminating to obtain the rate by a method
based on the decay rate formula derived in Sec, III,D.,1 given by

Eq. (77)
P(A}‘l‘) = Zl;' — 4 /,:7‘7‘, ({= -Im K AE+0) . (1)

The relation is valid for /?Z‘<ﬁr / i.e,, for times T that are
short compared with the lifetime of the initial state A . The self-

energy operator P(E'H'l‘) is expressed as an integral equation



by Eq, (40)

/P(E:--H'é) = l/+ l/

ff1n4€

Iterating Eq, (40) and truncating at fourth order in the interactiom,

it follows that

KlE+ie) = V+

5__0" V4 LS\ V+

H 46 Ei~H4rE E -H-né

+ @4 as @ ™
\/E. ~Hte€ \/E o~H +n‘¢-\/E."'H+:¢- v

(1

115

,P(E +(€) . (40)

30)

For the purposes of the discussion of this paragraph, the validity

of the particular form of the unitarity condition given by Eq, (44) is

(incorrectly) accepted (see Sec, V,A). Equation (44) is restated again

as

- 21:" E-(E;"'ié) = 2”27«/&’(5*“)/3)/?(&'5) s (4h)

(;:W)

where //m €-» 0 is understood., Except for thé initial state energy
level shift, the right hand side of Eq, (44) is the same total transi-
tion probability rate as found by the standard transition probability
rate formula (see Eq, (67)). Based on the discussion of Chap, I and
Appendix B, the insertion of the truncated expansion of F ( Ei+4€)
(Eq. (130)) into the right hand side of Eq, (44) yields infinite ams-
wers from the fourth order interaction terms, It has been shown in
Sec, IV.A that the infinities can be removed by a renormalization pro-
cedure, but this leads to anomalous results that are contrary to ex-
perimental evidence and theoretical approaches from other view points,

Suspicions thus arise about the singular behavior, if any, of the
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fourth order terms on the left hand side of Eq, (44), The destructive
features on the right hand side of Eq, (44) are sharply beaked func-
tions having peaks =——» @0 and areas —p ©© as /Iin E-» O ,
In contrast, on the left hand side of Eq, (44) there are multi-peaked
functions having areas-—p ©  as fme— o « A study and compari-
son of these singular functions is given in Appendix B (Sec, VII,B),
This distinction is enough to allow a straightforward evaluation of the
left hand side and to reveal a pathological behavior of this form,

Eq. (44), of the unitarity condition (see Sec, V,A),
Return to the "correct'" total transition rate formula of Eq, (77).
Using the properties of the interaction and Eq, (130), the total tran-

sition rate for an electron of momentum 4’ (to fourth order) is

RU) = ~2L [Qele2misy + il e e i |
— [2Dn<e/veEviin] D T

(131)

Drawing heavily on Sec, IV,A, it can be shown that
Rikt) = Ri) - GUT +Poely + Baslitr + By L)

where

A~ [<FIVIED[?
(k) = —21m g Erge

[<‘F“//4>I 2
=21, <g E-E+qE

4.
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[tivi)* | CFVIDIE]%
é?- %) <[ L‘ZE ~E,+ie ZIZE E;-he:, /

,?zaé k) = —2L<fz<flv@~ w,><f[ \/19'_‘:?e 132)

Kaeeles = -2 IM<Z(HW~ By L v >E'5:

fra

F @« =77 XA v14>4/v_!_@;£v/d>a T

{—2. /4

and as before 7(-_“4 (ﬂ =0,{,2) denotes the final states # that
have M additional (+) or less (~) phonons than the initial state,
Taking the imaginary parts of the right hand side of Eq, (131) as

prescribed, it is immediately clear that (see Eqs, (112) and (113))

A
Elr) = K(k).
Furthermore, it follows that

— é,(!y? = —Ezfﬁ)’l‘ . (133)

For purposes of illustration and in keeping with the practice started

(e d
in Sec. IV,A, only the two-phonon process term Ezae will be
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. As
evaluated here, Unlike R,(e) , it is not immediately obvious that
[ g
Rz‘e is identical to its counterpart obtained from the "correct"
transition probability amplitude and in fact they are not equal,
Upon substitution of the interaction matrix element properties

(see Eq, (102)) Eq, (132) becomes

6’5 ( Wy I-Hj)

E izg“' h‘-ﬁl +4e
ki
(134)
! l [ :
“Hw Eku-us 6, Ws i’,m 6.+w,- btg“ &-w H?“
w
Define the term contained in Pm , Pm by
ag ) ,
k) = 277 Holkety / /
2 T R f&!’m . -
23 ﬁ_'- q3 3t @—6‘-&6 (Q%-ébil’e)
a ~
) (135)

h%(ﬂm&ﬂ) /(/oj(g.,‘/ dkk'@/e.i?;
( 2

@m* 2k - -z.ma)-lE) R~ h*a€

In order to facilitate the integrations of Eq, (135), define the func-

tion of the complex variable & = k't 4}’ given by
— 2+k )R
Ftz) = lo (

where P(i") is analytic everywhere except on a branch cut along the

’
real axis interval ~K<Sk's K and
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Flb'4i0) = log (f;l_*—’:)-lq:{zzr, k< K
= log (""“ s K>k,

Since the last integral in Eq, (135) is even in k’ , @ large semi-
circle in the upper half plane is chosen, and contour integration

yields the results

Z’é’/d;_ /ﬁff: AT g (B8) S U lic-te)

#'~k*~s€
and
é’ m(e) - R“ﬂ.mw)(lnug ak liﬂf(le-n/./ ]; Ak log (iex/ (2] y (136)
Zae (273 54 (K kg™ (kikre*
where

)

K. (b mws)"™

In analogy to the earlier treatment, define the complex function

2
F@ = /0’ (’:Z_-_;_k , where F{®) 1is analytic everywhere except on
the branch cut ~kSKE€ R . Choosing a large hemisphere in the upper

half plane as a closed contour, it follows that (see Eq, (136))

d(ﬁ ( 7 G { A [ [log (K-ﬁ-) ]
ke)®

( £%K*-re (k+k)* 4

and hence
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fd( [/03( _ _kT*

" fog( %ot%) .
(K —fc 2~ 46} mwok: + k’/" 3(16

Similarly, but using a contour enclosing the entire first quadrant of

the complex plane, it can be shown that

k
/4A’/oy(/e-x _ ol e A /a:(z“}
(K2k / kEe* ™ T de | (ke -K.-,

Therefore,

2.”.1;” A’K/W(i—‘x/

)?. mw Kz

(7 gl DJ( s

and the two integrals in Eq, (136) exactly cancel each other to give

the answer

W Aoty (am)® _
/? = (2;,}, 7k (0) = 0. (137)

The vanishing of this absorption-reémission process contribution to the
initial thermally averaged decay rate will be re-examined in Sec, IV,C3
in the framework of tramnsition probability rates,

In Appendix B the first tefm on the right hand side of Eq, (136)
is recast into a different integral form for use in Sec, IV,C.,3, This
also provides an illugtration of the singular functions that lead to
divergent terms in the total tramsition probability rate part of the
unitary condition compared with the singuiar functions that yield finite

and fourth order answers in the decay rate part of the unitary conditiom,
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The emission-absorption contribution to the decay rate is identi-

fied in Eq, (134) by

?;:(g) = 22 Ime.«/ G | :

hg/m
ITTY g [ "én-lf (‘F(‘J'-Gh. -M’(-)

= 2“”.(H.ﬂ)(2m)’{k dar [6.9 J; [JK /"J( /

@ 7k (¥ f—/z‘ww,-‘z/ O T——

Proceeding as before, it follows that for l">zmw. and ko = (Ik-lnqu

7 j ¢ [los (&) J wie (,,udk.l mdr' d (lo(tLs)-ian]’

Ku. K“ )2 (K""K,’ 2
KEKe
= kerl
B /w,K.'.' e T Lo =
and for
P dk'/iol I?I/J g2/ 4 dt /7,,/'_*: '//"
(K’#'K'L [ {k‘:‘(") 4dy (4y+‘rljl- Ja.ik:

= (/-._ k)zzr'.{a" (,..4.,(“/@) ]

wxl"

Also, for both k2>2mw, and k"<2mwg , it is immediately

clear that

/v 2
27]"_[ ﬂ{(/ /09(:-*;2 — O
(K 2 k T'meoﬂ'e)z
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The final result in terms of &€ and € is given by

4’(2) ]T 'y I -t
2ap (e) = a—”o(“oﬂ/ W, {U(e-u € ('0346”‘]
€~

élln. —(€~|)’Il
(138)
=t Y. L/}
-+ U( l-€) [; —Znéjw:( /- iz_ fl'""é z) 4= /—-ge— ‘(/__ # ﬂ”'lélltj]

The last remaining contribution to )é;,‘g in the decay rate is

the interference term identified in Eq, (134) by

P(r&} = ﬂt[n Moo Ssgrng | | | ]
%e = & 229 (GG §urga) (6w
This term is not readily amenable to an exact evaluation in spherical
coordinates, But the only purpose thus far has been to demonstrate
that 'é:ag is truly of fourth order Z‘f{ar o¢2) in the perturbation
coupling constant, Since there is nothing suspicious about the exist-

~(3)
ence of R?ae (its summability) no further steps in this direc-

tion are taken,

The final term from Eq, (133)+to be discussed is
2
—62.{5}@ = —K®&T.

This term is clearly of order 7]“ in the interaction, There is an
enormous temptation to dismiss this term on the grounds that when look-
ing for the initial decay rate a sufficiently small T can always be
found such that the time proportional term is small relative to é:‘e(gj.
However, as a warning to the unwary, it is worthwhile to use an expli-

cit comparison to see how small T nust be, To be specific, choose
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€ =| ; and Eqs, (114), (115), and (138) become

S ()
Pue — gﬂo(qo‘fljw‘, o ®

2
~GT = 4 W (wans log (1+2")

The ratio of these rates is given by

2ae Uo+1 . /
— ;T 8”0 aJoT

But recall Eq, (69), FEP >> | . Since SE~t/o , then LT 5>/ .
For & < | and very low temperatures, it is possible for Em »>-GT
as expected, However, for finite temperatures, -C;i19 >> ﬁ?;‘e

so intuition fails, While this is interesting, the main object has

been to demonstrate that the higher order terms do not give contri-
butions to the total scattering rate of the same order as the second

or lowest order result, Since 2/;7‘[‘ <« |, then-Ggp =P."(e)‘C«R‘(é) ;
and the initial decay rate approachvstill yields to lowest order the
usual one-phonon result obtained from the total tramsition probability

rate calculated by first order perturbation theory.

C. One- and Two-Phonon Contributions to the Total Transition

Rate from the "Correct" Probability Amplitude Formula
1, Introduction

The probability amplitude (valid to second order in the inter-

action) given by Eq, (101) is necessary for computing transition
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probability rates other than the total transition rate which can be
found from the decay rate formula discussed previously, It is also
useful because the lifetimes of the initial, intermediate, and final
states of the system appear explicitly (see Sec, III,B), In fact,
the presence of lifetimes is crucial in explaining the mobility of
slow electrons at low temperature studied in Chap, II, The field
theoretic approach taken in Chap, II revealed that a resonance does
indeed exist causing fourth order interaction terms to produce a
second order total tramsition probability rate, The basic physical
process is the elastic scattering through the absorption and re-
emission of a phonon, Since it is elastic, the total transition rate
is directly related (inversely) to the electron mobility, It turned
out that this result was the same as would be obtained from a naive
application of first order perturbation theory. The explanation given
in Sec, II,D is that there are so few incident phonons in the initial
state that the scattering rate for phonon absorption is small compared
to the rate for spontaneous emission, i,e,, the over-all rate process
is almost entirely controlled by the process of absorption,

To connect the results of Secs, II,D and IV,B, the thermally
averaged total transition probability rate out of the electron state

of momentum ! is computed using Eq, (101) which is repeated here as

é»\' [{{ E;-ilz }— éa.' TEL-TT) ]
Ef ~El+ill-2l7

e "> = v [

—4'T{E ’-" ) :

+ ) Avmminy— S Y
(E-Garils ENEE{4i-iT7)
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~~CELT. ~T(EL~Tln)
= ) = i

(EEl iR lLXE-Ei1~G) (GBI 6T - XES-ExtiTi~iT})

It has been observed that Eq, (101) involves only one- and two-phonon
processes, but in the spirit of perturbation theory there are other
fourth order terms arising from the interference between one- and
three-phonon processes that should be included, For the fh < W,
low temperature case this neglect causes little error since the one-
phonon amplitude and hence the interference is small relative to the
two-phonon resonance term, Furthermore, in the finite temperature
and/or 5._) W, problem (Sec, IV,C,3) this is no longer true but the
primary purpose of that discussion is to provide additional evidence

for the absence of two-phonon resonances,

2, Trapnsition Rates at Low Temperature and €a < &Y,

Consider first the case of low temperature, No<< | , and €rc<Ws ,
Using the matrix element properties of Eq., (102), the desired total

transition rate is

-~

IQ(.G’ = Iel(g'/-f I@aefﬁ/ + E:ge(g} ~+ EZa‘{g) »

where

*‘
($44)

’6 k) = < 2 (<) | ?ﬁwvl}+ (Z/’«/V/;;/’I%;mzl> (139)
+ T A £ T 4

R = | e sl



126

’Qzaxe (k) = < ;i‘i l mZ(f/V/M>éﬁ}6M;tXmWA‘>’} (140)

am—

Redt) = (54 S cummemis| )
tz “

/?_ (f/ = < _’_/ Lfm; * >
2a _Zz . %j(f/ww Figmn V1] )

STUEFG) -t gt~z

9/ AET) = € < (141)

Ef—ELti7—417

_ST(E
G(’i)f/ m;t) = [ c i

(& EntisG N Ef-EL+TT-i2)

~T(E!~TY o ~TELS
S ST )

. (142)

+ ~: =
(Em~EL+i-i PN/ E-i ) (Eni-Eivil~TueF Eitsnt) |

and once again f-f'n (ﬂ= O,1,2) denotes the final states that have
N additional (+) or less (-) phonons than the initial state, In a

4 /
manner similar to that of Sec, IV,A, it can be shown that E R Ef ’
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E,:‘ » ] /} and /‘Z can be replaced by their thermal averages,
No special notation will be used for thermally averaged quantities,
As before, level shifts will be neglected, Since Eg(w. s then
to lowest order ,7 is given only by the absofption terms f/a
(Sec, IV,A) and pze., (Sec, 1IV.,B) and is proportional to Hlo « The
time interval T and the Bose-Einstein factor Mo are chosen so
that /:Z' << / . In turn the decay rate for the resulting set of
states £, is either large, almost entirely due to the spontaneous
emission component which is independent of /s , or very small, In
the cases where it is small, the energy difference E,}-E," in the
denominator of ?(A')’j‘u J does not get small and the contribution is
small relative to that from the cases where /}_‘ is large and the
energy difference can be small, Thus, only the cases of large /;.'
are considered, The time interval, T s and Mo can be chosen

so that

/7? << [ < /:_T . (143)

The decay rate for the set of final states 7‘:(.. is again either
large or small, But in neither case can the energy difference Er £
in the denominator of 9(s,#;0)  become small, and the entire contri-
bution from the states 7“.” can be neglected relative to that for
7(-4 . For similar reasons, the term Ezee () is neglected,
Finally, it can be shown that only intermediate states having large
”u- and final states ﬁ and 7‘.’.1 having small /}, and

large /,Z-z decay rates, respectively, need be considered, Since

/z, ‘V/?c_,"‘/;,_‘_ and /,Z'V/:', , then
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LT <« | <« nT,E0,[Le .

Therefore, the transition rate becomes approximately

- / I<FIv i A=, GV Imydvies| 2
/P /k) = Z' =€, ) %m Z

(E~E sN* E.~E_+d

ANEFEDT |2
+Zz /f-—,}-a/ ]ZZ‘ MM e +-P"e,§..+~f’} '

+ Z_:L‘— /E,'f-E. IZ(HWMX”'M‘)L’&EhF E,-E.;HI’J l

The second term on the right hand side of Eq, (144) can be showm
to be small relative to the first because of the presence of a /7,z
factor which is small compared to ﬂ, . The integrand of the third
term has a strong peak at EF= E.; which is proportional to T
Most of the contribution comes from E:‘-ﬁ < (:‘-‘T) 2Tfp |, where
= is a number of order 2 - 5, Since /,"..’L‘»/ , then (E_;-'é;;h'lz')—'
is smooth over ( = )277'/1 and can be replaced with (E:(-Em +,’Fm)"

with little error, Thus, Eq., (144) is expressed as

E{L{j = I(‘ﬂl/(n)/z _. I- 41"(€"f/ m)du/wo . (145)
3 EEFe 5 |l e,
-1

Consideration is initially directed toward the first term on the right
hand side of Eq, (145), When the pertinent matrix elements and the

values of 5 , &4 » and /:Z_, are substituted into the first term,
an integral over the energy variable EA’ results, Despite the con-

dition /Z’Z'»I , /Z., remains small relative to &g and Uy 3
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and the function [(E;-E.') e /}.:'}-‘ is sharply peaked at Ei=E¢
or é: = €g 4y . It can be shown that the integrand (including
/Z itself) is smooth over energy intervals of order /Z near £&;
and little error is introduced by replacing /,7 2 ,7{6.1) by its value
at Eg= E; , i,e,, /}. - ﬁ[‘-‘h*‘wo). The resulting integral
can be evaluated exactly but it can also be structured in the following

revealing form, *Again the delta function is written as

§G-E) = /”:” ’#L( L -

E~E:)+[*

From the previous arguments, it follows that

——

Ie (k) = L 2T ) [¢FIne) J’{E-EZ
“ Zf"(énfw.)’c‘ g

where

= [<FIvie>|?
R.k) = LSE400: 0
a ‘F~| (E‘"E)+I7

But from Sec, IV,A

—

K. (%

li¢

&DI (146)

2/7( Getw,) T

and from Eq, (143) (I;_’F S | ) the final conclusion is that

—

/QIK (Ig) (< pla [f) s
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i,e,, the total transition rate due to one-phonon processes is small
compared to the one-phonon absorption rate from first order perturbation
theory,

Next, the second term on the right hand side of Eq, (145) is

B ) = Z__ ETEEN S mim> r‘
Zae =y - E;--—Ef,.,-f-;rz,

The part of the integrand defined by

[-cos(E3-E)T

A(E-Eifl‘/ = /
* T (E-Ey+T

is a familiar representation of the Dirac delta function when the limit
is taken. TFor finite T it is sharply peaked at Ex=Ey , of magnitude
1747, , and most of its area is contained in E;_E‘-qf (E:) 2Tfr .
Again, /ZZ’)}I or /,.,,7» l/'c ; and it can be shown that the remain-
ing part of the integrand is smooth over energy intervals of the order

of (3}27]717 . Therefore, the replacement of A(E(.-E;,’D J by

the delta function f( Es~E4y) can be made yielding the result

Eme () = 27 Z‘/ (f/V/uxm/VQ/gg-s)
ﬁ m

Ed. —Em+‘ r'm

This is precisely the absorption-emission transition rate givem in
Sec, IV,A and evaluated there to lowest order in the coupling constant,
It is understood that intermediate states having small /7., are

2
not included because of their small contribution, Such Z terms in

P?d.e (&) or FZ&;(&’) are in fact not allowed for & < (W, .
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Therefore, from Eq, (128) the absorption-emission transition rate to

lowest order in the interaction is

em——

( 25U Noltet1) Cinh™ €12
2ae ,k;] - /e T "
{ ['( ”,“H) (a;h"'(e_ﬂ ) + WoSTh 4-'(64'( ) ]

But ”o« { and hence the second term in the denominator is small com-

pared to the first, This yields, finally, the result

PZa.e (k) = 2xWhilo Finke " = RKi.(k). @D
élh.

Recalling the introductory remarks made in this section, it is evident
that Eqs, (1%6) and (147) are in full accord with the physical model of
‘the scattering process described earlier, On the other hand, the de-
velopment of Sec, IV,A yields an answer that is double that found here
and must be rejected as being contrary to experimental evidence, A
resonance does indeed exist, i,e,, a two-phonon process has a contri-
bution of second order in the interaction, but only as the probability

of one-phonon processes diminishes,

3. Transition Rates at Finite Temperature and/or (3 20,

Again the total transition probability rate which is thermally
averaged over the initial phonon distribution is used to exhibit spe-
cific calculations, The case considered here is the more gemeral one
of finite temperatures (W° ~{ ) and/or electron energies that ex-
ceed the phonon energy ( €p>@.,) . Referring to the probability

amplitude of Eq, (101), it can be shown that
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’ =~ / ~
[(6ilnit iy eietnitimclB) e (TR 1)

~ [Eicten-aapg-cart-z)) " =0 . MO

This condition is compatible with the initial condition at T=e for
the vanishing of the probability amplitude of Eq, (101), Solving for
the first term on the left hand side of Eq, (148), it follows that
6-(4;,¢’m)—p) of Eq, (142) takes on the different form

~STERY [ UG ) év(s;-sgﬂ'/;-.a;l]

Grtimt) = € ; - =
Evr Elil~T, | EF-EL40% ~«[Z EsEitila~lz J

In contrast to the case studied in Sec, IV,C.,2, the initial state
decay rates are much larger than before since either the absorption
rate is larger (ﬂa # |) and/or there is a spontaneous emission
contribution (ék > w.) . Therefore, shorter time intervals must be
used so the 'initial state is not significantly depleated and the
standard assumption /71‘ << / is satisfied, But it also follows
that all the intermediate and final state decay times are of the same

order as ,Z- or less, Thus, the case considered here implies that
e, e Rt <« .

The function 6{66”!;’[‘ J  evolves continuously into the limiting

form

4 &T 1&T ANE—Em)
6/&;&;1‘}65 = ‘-/ = , - £ -l )

(149)
Em éf & ~Em
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where level shifts are neglected and

]

{,c = E;‘E: Em Em"EA’ .

J

Similarly, ?'(4;1‘1'1‘) given by Eq, (141) becomes

| JET _ 2T
; £

The probability amplitude of Eq, (101) acquires the form

(1':/ é%[Q = 6‘/1//4')9(&11‘)-1- Z(;/V/MX"'/V//)G(G;,&.;&. (150)

Equation (150) is simply the standard result from second order pertur-
bation theory (see Eq, (92)), Since the lowest order transitions are
allowed, the second order contribution is expected to be small com-
pared to the lowest order one, This remains to be demonstrated,

Here, an alternate definition of the total transition rate is

used, i,e,,

ew = j—;-, Z /(f/e"ﬁ’“/x>/> :

(++4) —
The contributions amnalogous to R’(Q/ of Eq, (139) and Ezae (k) of

Eq., (140) are given by

————

E (k) = < f‘t Z(fll//i)l z/;(&,-w/2+ éﬂ(ﬂvld z/g(e,-uf)
+H A

-1
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2
B = (A [t mmmmif )
£ “

Calculating thermal averages as before, it can be shown that

7’2‘4,% /dEIB,(G')/ﬁ(Ef’W/Z (151)

-Wo"éh

+7‘("'H)A /A{- B, (e'// (ese)]*
lro-gp

E (k) = 2 ”(‘hﬂ)dfﬁ/déA(é/ﬁ) é‘(éﬁ z\)lz (152)
- 615¢

2%
2
|

/Q 2:: (k)= 7\“%1“#;1{% f;(& ﬁe’%( 6,’&)/6( €e;t)f :

We-€, 4

¥
—in zii ff,mqp é[eje,l.,.) Glean),

keg’

N Ay Ao

where

- =0, SC =
[one @ = K0 +R )+ B (k)

6’ = é;co = Ek"'élz
& = @tg"‘% ~ €

Ea

"

gt~ &
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From the definition of %(é’j'p) , it follows that

A | 2 -
i Z(¢ 'J'Z‘)/ = 2 ‘; ,6'? . (153)

In the limiting case T —»oo , the right hand side of Eq, (153) is a
familiar representation of the Dirac delta function 27 g(el) .
However, care must be exercised because T is bounded from the

above by the restriction [IT((/ . The logarithmic discontinuities
in E, (€’) and B,(ﬁ’) are at €=~W}, and €= +W, , respec-
tively, Therefore, for [€f { Wy the 3;.(6 /) are smooth func-
tions; and Eq, (153) is a good approximation to the delta function,

For /Z"V «wa (see Eqs, (114) and (115)), then the time interval

must satisfy the inquality
/
W, > 7 >5> «x, -

For sufficiently weak interaction (°( « 1) , the relation can be

satisfied, With these comments, it is immediately clear that
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|

2w £ k),

i.e,, the result (see Sec, IV,A) from first order perturbation theory
and the standard transition probability rate formula, In Eq, (151)
and in the computations that follow, the time derivative and the
integrals are interchanged, This procedure is valid so long as it is
recognized that when questions of convergence arise the integral is
to be evaluated first and then the time derivative afterwards,
Attention is now directed toward an evaluation of Eq, (152), for
the absorption-emission contribution, E(U (k) . 1Let Aces &)

be rewritten by using the identity

Ate) = Alon+[Atar-Atom] +[Ale6)-Ava)l

]

and examine the three terms separately, First consider the term
oo o0
(” ¢, 2
T Zlfﬂo{n,ﬂ/ 46 ﬁe’ﬂ, (9,0) A /5(6 &,
’ AT
b G

From Eq, (149) it can be shown that

67 -4"6T
7_ 2 ”oMofUZ”:M,o)Pe{ ’/dél 'e [ dél ,...

~We-g, , (154)
- €
467,' d , /- .44 6)-]
I
% €~

= Z”o(noﬂ)f‘ﬂ"/qlﬂ,oﬂ' = Zwac( (WT)noM.'H) S'mlgé /2. ,
[ete+y] 2
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where it has been assumed that
&T, wr > | .

Next, examine the term

T{l)
2

o ov

'Z ”o[”ﬂfi/ PG/;%IOQ) ﬂ(o,aJ /6{6 6,.,1‘)/

~Wrey & (155)

N

= 4”2 No (Uott) ./;{6 /-(dféﬂﬂ(aﬁ)-ﬂl[o,o)]

-'WQ-GR
Define an energy ¥ & such that o> §E€ »‘/t' .

Equation (155) becomes

(v
7; = 4 ”o(%ﬁ/ [ jdf /““t A, (061—/4,(0,0)]
Whe SE (156)

§€
+ 4777‘;%(%{-1)/46, /_;i""’ Al0,6)- ﬂ,{o,od.
- e
It is evident that A.(‘b%) is smooth over energy intervals }E(Wo
except near the singularities at f; =~ (logarithmic) and
6,‘-?-' Ay~ éh (inverse square root) both of which are integrable,
For [€[>§E , the term (Cas &7 /&® is a rapidly oscillating func-

tion of & and it can be shown that its contribution is small com-

pared to the ‘/é"' term, For /ﬁ[(iE , a Taylor expansion yields

I/ ” M
/4,(0,6‘) =A,(0,0) = ﬁﬂ;(m}-ﬁz-?’-é,zﬂ (MH,-,/_’E,"A, Io;orfi/Lﬁ",Z'fo;o) Fo
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The second integral in Eq, (156) is

e
4”. 7)‘7& (U, 'H)/A & [Ztesat [6 ﬂ,’lo,o) + -’-643,4,“(010) ~+ 0
Lse § Y 2

' ’ "
= 4T )411,(”#/)2 [ 'fﬂ"” SE~ m&e-o]_‘. /i:(o.o [ £e? ziEmm
{

~ SE*r*- 7JIH§ETJ+"'}

k
F3 C
= 4T D totun) [ A€, Al &)= Fitore
~5E &*

which gives «finally

7;(:) = 4r ) °(”o"")PﬁEl 14:(016;/:,4,(0,@ .

{

~Wo-6,

From the identity of Eq, (3.3), 7—2(‘) is found to be

7-(')_. Mol Wl [ | | fe«/’#e"*]
2 #ena (E+)™h 3 | (ery et

(157)
ta 2 (e+ l”‘ Ha.
+ 260, 4 L [glitize [ L,
E+ T*(eu)ta (E+)l_gtia
Finally, consider the term

INERITD ﬁe, ﬁ [ﬂ,(e,e.)-ﬂ, (o,e,;]J/ Glee)

~Wr&y g

Pyle,25 in his calculation of second order effects on the mean free
path of acoustic phonons in metals, justifies the neglect of a term
analogous to —r;(i) by the standard argument given by Schiff for the
rejection of terms implying nonconserv;ation of energy., These argu-

ments have been presented in Sec, III,D,3 and are repeated here, 1In
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calculations of this tyvre, it iv assumed that the interaction acts for
only a finite time, i,e,, /2T,[T & | 1in this section, thus, allow-
ing the initial and final states to be well defined, Such a perturba-
tion has Fourier components of nonzero frequencies, which can incite
transitions involving the gain or loss of energy by the s&stem. Tran-
sitions in which energy is conserved can be induced by the constant
part of the perturbation, but those in which it is not conserved are
a consequence of assuming a finite duration for the perturbation, 1In
actual fact the perturbation is always present, and the approximation
is made for the problem to be mathematically soluable, There are,
therefore, no Fourier components of nonzero frequencies, and hence the
apparent transitions in which energy is not conserved are spurio;s,
and must be rejected,

The absorption-emission contribution to the total scattering rate

is now found to be

=( () w
‘e = T+ T,

2ae

where '77‘” and ‘7:(0 are given by Eqs, (154) and (157), respectively,
The time independent term 7:70 should physically relate to the cor-
responding absorption-emission term obtained from the decay rate formula,
Interestingly, 'T;IU is almost idential to the first term in Eq, (136)
for é;_(:e which is the contribution due to the energy comserving
delta function in the Green's function (5,,;- & —4'6).'. But the
inclusion of the principsl part contriburion (non-energy conserving)
cancels exactly the energy conserving part to give the result

by Eq, (137), From the viewpoint of assuming the system is prepared in

a given initial state (electronm in a given momentum state), the result
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is as if the phases of the transition:amplitudes combine to give a
vanishing contribution to the scattering rate for this process, On
the other hand, by the arguments of the preceeding paragraph on the
rejection of non-energy conserving terms as being unphysical, a non-
vanishing contribution to the scattering rate for this process is
obtained,

Pyle claims that since one is only looking for the time independent
transition rate and 77‘” is proportional to T , then for small
enough times 73‘” is negligible compared to the time independent part
—7;(” . For the electron-optical phonon system studied here, a
superficial obseg;ation would incorrectly lead to the same conclusion,
However, it should be recalled that in the derivation of 77(” and
7;_‘“ it is assumed that T » Yw, . Thus, even for times that
are short compared to the lifetime, it can be shown that the time
proportional term, 7”}') , is in fact much larger than the time inde-
pendent term, 7:_“) (roughly, 7-,("/7;“)41 Wy, T ). A similar re-
sult was found in Sec, 1IV,C for finite temperatures (-Gz'l‘ » E:,,e .
But most importantly the fourth order terms are small relative to the
second order term from first order perturbation theory, Similar con-
siderations may be applied to the emission-absorption term, 2%3:: ,
and the interference term, ﬁ?;:: . Again, and most importantly, the
approach taken in this section shows that two-phonon processes have
contributions to the total transition rate that are small compared to

the one-phonon result obtained by first order perturbation theory,



V, TRANSITION AMPLITUDES AND PROBABILITIES (2)
A, Discussion of the Unitarity Condition

Recall the unitarity condition or optical theorem given by Eq. (44)

2
2Tk (Evic) = 2T LIFIRE o> FIGE: . @8
(4&')
A cautionary note was given with the derivation of this relation con-

cerning the assumption that <F/(E++0)[iD> is nonsingular at E=E; .

This arose in Eq, (43), repeated here as

obe. o e\ € .
<A'I K %Eﬁo)-'P (E-f-ie)li) = /<R (E+'9“—££%E:)FB'<:C6/5(E“QI‘>' (43)
(P+é)
For (-E—_-é—g—;-; to be approximated with € arbitrarily small but
finite by the Dirac delta function J(E~E¢) , the matrix element
(F(R(Ewe)s> must be smooth over the interval €& around E=Ef |
Now [C(E+r€) obeys the integral equation

E{E-PA.G/ _- V+ VE & E{E{-i@) ’ (40)

~H+46

and upon iteration of Eq, (40), the infinite series of operators results

RE+i) = V't VRN + VR VR VAVEVEV BV o, (158)

where

— &,
ke = E-H+a4€e
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Truncation of Eq, (158) to second order yields

FloEialy = @iy + ) LI | as
m

Since there are intermediate states ¥ such that Em=5$ , the
approximate matrix element (1‘/&753ﬁqu> is singular at E= E# and
the energy conserving delta function substitution is questionable,
Clearly, this is a somewhat stronger condition than is necessary for
the sum over final states must have a smoothing effect, This has al-
ready been mentioned briefly in Chap, I in connection with the moti-
vation for this research and will be elaborated in the following
section, It turns out that the direct replacement
Eqm > S(E-E)
(E-E.)*+€*

is valid for systems for which truncated expansions of <7C/PIE41HI4')

are very nonsingular only if transition matrix elements do not con-
serve energy., More care must be exercised for the electron-phonon
system where a large number of energy conserving matrix elements exist,
This latter case results in a slightly different form of Eq, (40),

where

éElr A / _ /
(E-Epw et — 2T E-E;+4€ E-E,~d€

and the form of the unitarity condition given by Eq, (44) is incorrect,
It was shown in Sec, IV,B that the contributions from fourth order

terms on the left hand side of Eq, (44) due to substitution of Eq. (158)

exist and are small relative to thq second or lowest order part, In

Appendix B, it is shown, as an aside, that the contribution from
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fourth order terms on the right hand side of Eq, (44) diverge as
€ —» © . Furthermore, it was shown in Sec, IV.A that a truncated
renormalized expansion of P(E'ﬂ' 4'€) removes this divergence but
gives anomalous results, i,e,, fourth and higher order terms have con-
tributions of the same order as the second or lowest order term, This
in fact raises the question of convergence when the truncation is
removed,

Goldberger and Watson13

state that the unitarity condition has
no known pathological behavior, but the set of inconsistencies illus-
trated in the above paragraph have yet to be resolved, The crucial
step toward a resolution of these difficulties is the observation that
a truncation such as Eq, (159) does not include all of the fourth
order contributions, The proper program should be to use a truncation
to third order including the interference terms between the one- and
three-phonon terms but excluding the fifth and sixth order terms, But
even with this care taken, a literal application of Eq, (44) still
exhibits pathological behavior, On the other hand, using Eq. (43)
it will be shown that the divergences discussed before are cancelled
out order by order and a slightly modified form of the unitarity con-
dition emerges,

The discussion begins with an application to the electron-phonon

system of Chap, IV and the self-energy operator truncated to third

order, i,e,,

IP(EJ"".‘/ = V+ IR+ VR VeV . (160)

Substitution of Eq, (160) into the right hand side of Eq, (44) and
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retaining only terms to fourth order in the interaction, it follows that

271'; [CHIRIEAiN| S(EE) = 2";2 Itvio! Frere

(£+s) (161)

¥
2T ) [GVRM A PG+ YTRAVISAVRRVIDfErs)
f f

The second terrd on the right hand side of Eq, (161) has been dealt
with in terms of a renormalized expansion in Sec, IV.A where the emis-
sion-absorption terms are given by Eqs, (126) and (127). To convert
back to the unrenormalized expansion which is divergent as €—» ©

it is only necessary to make the substitution E, - 2& in

Eqs, (126) and (127), This yields

‘f 2 ifa -” <
@2 (4) = D2 Helhotum /09 [ €r + (Eatwa) ‘] 162
C €@miqamag™ 7L (Ger)™ 62

Xf B a 2 :
w (&/ - 7] Us (Lot M /0 [&-‘- (Ge~ws) JU(CM .
S TR Ll Doy Rt

The corresponding emission-absorption term that arises from the third

term (the interference term) of Eq, (161) is

¥\ Nolkott] §hia’, i
4”@_%3_ iziu L g{[}(@-*w.-é}g)-(-ﬂ&-u; i_}'/) ]’
|

¥z

(164)

l | | ,
(@*Wo" é-‘-zi-&'-‘- G wi— é-z’ ~€ ] 6*- éh’ 1'-4'6}
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The divergent terms of Eq, (164) are

1}

& (%) —}P"Z”’{”'“} Jé' /Oj[ E"' F(E-6~w) (165)
2 Bzzr'é"* En CI6"E" € g€ +re

D (8) = _ Mmm. G S(E-Gue i)
€a 327]"6”‘ E"‘ é'la £ | G —w,~E4ie (166)
or
5 ) "
Rl = rmteum | [diaun]® o,
2ae € (21 )G beria) ™ P (etwe) ™

(k) = - Zlfﬂol“oﬂ)m [ /‘::‘(& W.) U(e.. )
(168)

2€a, € (327Y[6, ()] ™ &' (&,

But Eqs, (167) and (168) are precisely twice as large as is necessary
for exact cancellation of the divergences of Eqs, (162) and (163),
The difficulty lies in the literal interpretation of Eq, (44); and
from Eq, (43) it is obvious that the delta function is not sharper
than the inverse function (éh-_l: W,~E+ 4’6)-’. The modification

dictated by Eq, (43) is a replacement in Eqs, (165)-(166) of the form

ﬂ5‘5n+w) l'; 'l ’ ]

toE-te  CGREW—E +1é

Only the first term in the bracket leads to a divefgence. Therefore,

the divergent parts of Eqs, (165) and (166) become
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(4% / [ -+ E’/’-
(h} — P4 A”o(lloﬁ) E Q9(& — E”"J S k)
y FSZII‘ ﬁ”" E”‘ (6,.+w -E)*+€* Wlae

©

EI/:. 2

k} — — 4 h”qlﬂo*‘/ dE /Oj[ o Em’ - __.f (k)’
mze ,P Sigrigi &" E" (-w€) €2 “ea

o

which results in exact cancellation of the divergent parts of Eq. (161).
All that remains of the second and third terms on the right hand side
of Eq, (161) are truly fourth order and small (as shown in Sec, IV,.B)
compared to the second order term,

The above discussion suggests that the unitarity condition should

be obtained from Eq, (43) in the form

E--E *:

—Z_Eq /P(Eno) “Zﬂ'/mZ—(f/R(Eualn)/ [ = { e], (169)

(fw
To see that the divergences of Eq, (169) are cancelled out order by

order, the infinite expansion of F‘ [E;-& 7€) given by Eq, (158) can

be substituted into a slightly more general relation defined by

2T Z@ /(f/;?(é'; ﬂl‘)lA)/;_l.. (f/P,;E,w@}-P.(E‘HF//f>, (170)

(£%44)
where 0} is, for example, a dynamical variable or a weighting func-
tion for a momentum or energy relaxation rate, 0;&_-:—‘ | gives Eq, (169),
0} is now assumed to be real and a diagonal Hermitian Operator

& is defined such that 6¢/M7 20;_ Im) . Equation (170) becomes
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—A O /P (6 +0 O(E-R ) RlE+ie) |4 D
= = (i [(AVRIV+VREVES e IO RXAVRY HRWRV ++2) LD

="’j G./{(Voﬁorl/'l- VPZV&FJ.V"' Vafyﬁofyd‘fofl/"" hhdd
VRV~ VORI~ =+ )

(171)

+(VR! B IR+ (VRITBVIRVR V+VRlVRB iRV
HVRI SRR R+ VER B iR+ VE R VETs IRy

where [0, V] = V- V(& . For the special case of the

unitarity conditionm, ﬂ‘_:_‘ | , all the commutators vanish identi-

cally and Eq, (171) is
— A VRIV VBRI 4 e VRN -VRVRN = D,

This is precisely — 2 Im E&(E,--H'O) , the left hand side of Eq, (44),
and is well behaved (no divergences) as shown in Sec, IV,B to fourth
order,

On the other hand, for (*#/ the fourth order terms that con-

tain divergences are found to be

2 JGIVImu(f)MI(‘”‘VIf>l (5-€)(5-8 m
d ;[ (E~Em) > + €* fe-=(8 !
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IC{'/VIWI (fl)(Mz(f)/V/'f>, f £ Aa-&
— Ex “Om ¢
(E.--Em._) + €% g ( I(f J”)

For energy conserving states Wl (£) or M (+) , this term is finite
as €£€-—»0© only if ﬂ, ~y vanishes as fast as (E}~Em):°¢> I,
for E;, E; ~ Em . Note that for cases where the matrix elements
cannot conserve energy no such condition on CSL is required and the
standard transition probability rate formula is valid, But the pro-
perty@‘&m i (E.p -Eu.).( is only valid for a very restrictive set of
weighting functions and the standard formula has persistent pathologi-
cal behavior except when total transition rates are calculated, It is
interesting to note that it is possible to sum up the infinite set of
divergent terms in the expansion of Eq, (171) by methods similar to
those used in Sec, V,C to get a finite answer; Indeed, the result
gives the correct answer for the total transition rate to lowest order
with no divergences in higher order terms of the resummed series, How-
ever, for ﬂ'*l the answer remains finite but does not agree with
the usual lowest order results; and it is concluded that the series
given by Eq, (171) is not the correct one for systems having energy

conserving matrix elements,

B. Resolution of the Problem of the Divergences in the

Standard Transition Probability Rate Formula

The program of this section is to reéxamine the derivation of the
standard transition probability rate formula given in Sec, III,C in

light of the background of the problem established thus far in this
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paper, It will be shown that when proper care is taken the diver-
gences discussed previously do not exist which results in a resur-
rection of the rate formula for systems whose matrix elements con-

serve energy, Recall Egs, (61) and (62) given by

~T(ELE;)
<// ~~7/Z‘ AET (ZII') dE (g (f/E(EHoJ/,‘) (61)

(EI—E;¢+‘°)( E/"E‘- +4'/Z~)

+w
-4 4 - ~T(E- g
fg [(f/e W’/’Oe‘c’x]: (zrufff <€ E"G‘/fffﬂ_"”o . @
it E"E,,{-Hr.l-

Therefore, the transition probability rate is expressed as
+4-00

~ z ; ~T(E‘E)
.4 / e Wli‘)/ = igr] [dEdE"e (HR(EH'o)Ig(f/ﬁ(EJro)Ix)
/ (E2E209 (E-Ef+ill )(E-E[~TE)

+ complex conjugate,

It is evident that <7‘/ P(E'ﬂ'oj/n’)*(F/ﬁ{E’—H'o)[ D> has singular-
ities of pole strength when an expansion for 2 is used, e,g.,

Eq, (158), Therefore, a larger definition of smoothness or non-
singular behavior must be used in discussing the problem beyond any-
thing done by Heitler or Goldberger and Watson, The analytic pro-
perties of (f/E(E-f-io)[i) must be considered in the framework of

a weighted sum, for example

> 8 Al ]

(# #4)
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Alternately the sum could be taken over state A or even both £
and £ . Proceeding to the limit /.?"" ©  and neglecting the

level shift E;_-’—-o E , the term to be studied is given by

2.4 [<HleTu >/*—>

(Hu)

, 4"0(
//m 4{20) JEJE (/E(Eﬂq}@ 0€(E+IO)/,L>
T A (E= EﬂoXE—E‘-.o) ELHrio

+ complex conjugate,

Introducing the transformation E=E’+E_, E’=E~E’ , the tern be-

comes (the complex conJugate is dropped from now on for brevity)

//m Alary) 4’5’45 $2& * &URlerenina:l Rle-e4ioli,
Tw ( EE£;+NEELE; -:b) E-E'-H+io

Define the function F(E, E') by the relation

Fleey = O/f(E-tEﬂa) @0 F(E—E+:o)/,(.>

E-ELH+r0
Although evaluated in the (E,E’/ system, the derivation in Sec, IIL,C
depends on the function IC(E, €Y having no singularities of pole strength

in the real variables (SE') . For illustrative purposes, examine

a fourth order term contained in F‘(E, E') defined by
Flgey = <ilv P’?wm)}:_/g& VR(E-g%iVIi>
~E~H+tio

Z Ml#) Ma(4)
E—E’ E+~.o (E-E-E (14N EAELE tyio)

F
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where

M, e = SEWVImED M@ VIS
Maotf) = FIWVIM D)) ViIE>S

and WI, EM.J M= Me for the phonon absorption-emission process,
One of the two terms that eventually leads to divergences in the deri-

vation of Sec, II1.,C is defined as

&c { M-r(-F'/Ia

( EE) = (3 Em)(e—e-l.-;w-m)(E*E E-!*‘/"‘J

When E.(('H*E- , the poles in the integrand of the sum are distinct
and [, (E)E") is well behaved. On the other hand, when there is a
sufficient amount of phase space available for which Ep((f/= E ,

then Fg:.g(E, E!) aiverges as E’—’ © . To investigate this

further, the following identity is useful:

| = | /
(E-E“Et+io(E+E-Efii-io) T 2(Eliq)|E-EEM+io  EtELEH)~0

E‘( E,E’) is now given by

—A.o

Flee =-—c e, @)
oK.

where

ey =L amerl 1 ]
= (E-E! ~Eftio) EELEH o EAE-Ef-ro
7C
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The defined function 6,'(“(5;5') is well behaved (no singularities of

pole strength), Equation (173) is placed into Eq, (172) to yield

+eo
- a2 '
/I'Wl il e & ETf_/i‘.‘_{f.l . (174)
T (E{'-(O)z

-0

where

/ [ 1 /
‘L/'(t ( E() 2 EG. (€, E/LE ~E~E;+40 —E+Eﬁﬁ—£o:" ’

-0

/
Again //« (E? is a well behaved function of E . The integral

of Eq, (174) can be evaluated and the result is given by

1t

1 L2ET
m ALY JAEE ()~ —lim T 2Hio ~L A Howtor,
fim i ot o

-0

where

//,(KIOI = =T Z Crlte* g€ -E ) . e

(E; "E_;-ﬂ o)

At this juncture, two distinct cases are considered: (1) systems
whose matrix elements do not conserve energy, and (2) systems whose
matrix elements may conserve energy over a large number of states,

For case (1) it is immediately clear that E;'-E'“(f/* O and

by Eq, (176), it follows that

(v
w (0) = O,
The second term on the right hand side of Eq, (175) (the derivative) is

finite and truly of fourth order in the interaction (small)., Thus the
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additional rigor supplied here supports the result of Sec, III,C and
the validity of the standard transition probability rate formula, at
least for the particular troublesome fourth order term, for systems
whose matrix elements do not conserve energy.

On the other hand, for systems of case (2) H,(“(o) is finite
(fourth order in the interaction), If the limit T— 20 jis taken
for fixed “‘(o) , it is clear that a divergent answer evolves which
is in apparent agreement with the existence of the divergences en-
countered previously, However, it has been understood that the limit
f} -3 ¢ is to be taken before.the limit T —» % , For nondis-
sipative systems it is possible for the limit f.-7—>o not to also
imply that the coupling constant {—e ( V> zr\/) . For the dis-
sipative systems of interest here this is not possible, For example,
recall the expressions for the decay rate of the state A‘ to lowest
order (see Eqs, (77), (103), (112), and (113)) for the electron-phonon

&
¥* , where ¥ 1is now referred to as a

1]

system given by ( ©¢

coupling constant)

R
. g~ ~f
2/;-7 = 2wl No Sink € ™ + (Noty Cosh é“‘] .
6’/:.
For finite temperature and/or I.,‘k > Wy, it is evident that the
only way that I:'-) ° is for Y —» O . Here, /im/;’-——a =)
&
implies that /l'm {—> 0 . Then H“‘(O) is of order ¥ and

following the program //m /7—’ © one obtains the result

fim Hacto) = O.

M=o
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It is only after this limiting procedure that Il’m T —>a can be

taken and hence

[im [mTH (0 = O.

T2 [0

It has been stated that the practical implication of the above limit-
ing program is that for finite (IZ,Z-), HT(( l ., Thus, although
the time proportional term clearly dominates the other fourth order term,
it is small compared to the second and third order (if any) terms that
have not been written down in this section, For 0‘ =/ , this is
easily seen in a very crude argument, i,e,, assuming that A{,.{O) ~ /?'l ’
then T”« (o) ~ (/ZT}/Z 1<¢ /:’ . Hence, the lowest order contri-
butions obtained by first order perturbation theory account for the
major portion of the transition rate, The existence of a time pro-
portional term has been encountered in Sec, IV,B and Sec, IV,C,3 and

it was shown that they are small compared to the first order term for
the time intervals of interest, But as discussed in Sec, III,A the
time proportional contribution vanishes identically when the total
transition rate is computed and the entire fourth order comtributions
are summed, Higher order effects also affect the presence of the time
proportional term, e.g., in Sec., IV,.C,2 ,;"L‘ <&« | and /ZT » | and
the state M ceases to grow and completely decays giving again a zero
time proportional term, The above procedure can be extended to higher
orders (including the first order - third order cross terms discussed
in Sec, V.A), However, a new starting point is taken in the next
section which will yield a probability rate formula whose very struc-

"

ture has the singular (divergent) terms removed in a natural way,
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includes the effects of renormalization, and agrees in lowest order

with the other approaches discussed in this paper,
C. A "Correct' Transition Probability Rate Formula

Recall Eq, (28) for the time displacement operator

EM = L Jue gL, tae. oo
27;3T

To avoid any confusion with previous notation usage, only the slight

change is made
E — /e s 65:(3(/ _ = C%; .

Therefore, Eq, (28) is rewritten as
-1 Wt. { -A’ﬂté (177)
< = m[da(e ¢
?

where C;? is the resolvent, called ﬁ} by Van Hove? and Swenson,27

defined by

G= —— = -cw. e
/i P4 .

Changing the eigenvalue notation 7"-) «® A —> «, , etc,, the
absolute value squared of the transition probability amplitude defines

the transition probability given by

Pty = | | e H «o>lz
, A2
= ~(21)" JAUL 6( t)(gf ool s

where LY

(< = <o,| Gl Gyl «

(179)
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In analogy to the discussion in Sec, III,B,2, the resolvent is separated

into its diagonal and nondiagonal part by

Gi =16+ {6afy >

where ﬂ and nd refer to the diagonal and nondiagonal parts,

respectively, i,e,,

el { G Jale> = x>
KL G i 1> = (U=fe) o] Gl <>

Define the new operators .D( and UR by
Di=fal , Dde> = Dileil=>
DZ UB D,( = { GI}M&

which yields for the resolvent

G = L+43Uhb . oy

The Hamiltonian is decomposed as w=#+l/where V is nondiagonal,
i,e,, if \/ has a diagonal part it is absorbed into H . Equa-

tions (178) and (181) combine to give
/ = (H"'V"f)(.p,(‘('_DIUIDl) . (182)

The diagonal part of both sides of Eq, (182) gives the result

| = [4-2+fvnud D
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or
D . |
L = 1.0 ° (183)
H- R+ Ky
where k?l is the diagonal operator defined by
— (184)
Pﬂ = {VZ}UQ}A .

By Eq. (34) Kp= Ky (0) or with Rlid=Rtifc> » then £ ()=K (2)

The nondiagonal parts of both sides of Eq, (182) are found to be

0 = V"“(f/*ﬁ)@%“‘{l/@%}"& . (185)

From Eqs, (183) and (184), the integral equation for (/Q follows

Uf = -V+ [VDE Ul}d D, U,( — fl/p.eul}m! . (s8e)

Although perturbation theory is not used in this derivation until
the last, it is instructive to display the first several terms of a
perturbation expansion of (,!g . Iterating Eq. (186), it follows

that to third o;der in the interaction
UI = -\/-\‘-{(/D,l{]m'f-{l/D(l/‘&DeV*[VQ{VD,VLJJ‘"'_ (187)

The matrix element of the second term on the right hand side is

< |0V fa > = Z eIy Dl vixe>

(x e, 3 aet)
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The matrix element of the third term <°(I{V0‘Vj,¢ 01 VIQ”> is ex-

pressed as

IVRVEDVIKD = 2{! Vi, > Dy ) Sl o) Vi D

i
(K,#g*,‘l)

+ &IV Rl e

For most many body systems of interest, it can be shown that the second
-~

term on the right hand side is of order L2 s ¥ Do compared to the

first term and can be neglected, For example, the diagonal matrix

element <’(“/Dl VIK> for the electron-phonon system is given by

& VDV«) = D (el 1oy Dyl LA >
S Yty Qo) (el

where there are an enormous number of intermediate states o</ cor-
responding to the virtual absorption and emission of phonons. Thus,
picking off any one given state does not affect the sum for a large

system, On the other hand, the nondiagonal matrix element is given by

GV’ = Z< ol Vet S [ t1oct (V] 25

Here, there are only several intermediate states as has been demonstrated
numerous times in this paper; and it would not be proper to neglect a
split-off state, Finally, the matrix element of the fourth term in

Eq, (187) is found to be

— K TR Rl = =D Vi s vt ity

C“l tafu’)

_ Z(«/ Vet Dy o) il Vet > Dyt otV [

X
Cocy gar, £ £eact)
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The first term on the right hand side exactly (with error proportional
to __(L'T ) cancels the third term in Eq, (187), This gives for the

matrix element of Uﬂ

Vplena) = &(Unlae) = = < (V1€ D+ ;(Wl WD ()&l 1, >

Cor o, £ )
(188)
-2:0‘/ Vi ekl vie D xelVig) + 22
(“s#c‘r.;a(-,‘:.‘)

or, rewritten in operator notation, Eq, (188) becomes in general

Uy = {-v+vav-1agu+.--gy | oo

where the n& denotes that the nondiagonal matrix element is taken and
further no intermediate states are equal to the initial or final states
or to each other,

Returning to the nonperturbation treatment, the separation for

5'1 given by Eq, (181) allows X!ﬂ’ (o(o(,) to be written as

Xégw = (9| G+ Do) ol o), (e )] . (190)
From Eq, (183), an identity for Qefd)D, () is found to be

D((x)ﬂi, (x) = [D, () Dy [4- R~ R) + Ry ()] % .

Equation (190) becomes

U-L9) X fet0) = [QuaDealau, + (191)

L

+ [Bo-Lrie] Debed et oot + R Rl (),
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Define the function M‘l(“o) by the integral equation

W(Q.‘ (ido) = Uﬂ (o oec) UR'(“‘“) _—
' (192)
- ;M!l (‘.")D‘("p‘l (‘(9 (4(\2(1)(41 (« 'xo) R

Equation (192) is rather abstract but the reader should not become up-
set at its apparent devine inspiration, It should be recognized that
this is not a historical approach, i.,e., Eq, (192) is a definition
given by Swenson?/ based on the perspective gained after Van Hove
solved the problem another way using perturbation techniques summed

to all orders in the interaction, Multiplying Eq. (192) by 0(1‘0)01’(‘0)

and using Eq, (190), it follows that

Dz (x.)[}, ((,)Ui é(.«)%,(u,) = Z-M{’('a')pl[x@, «! f“{f?ld. ,K.)(é(fﬂﬂ/%l("&’o)]
oc!

(193)
= ZMI’ () Xgl( (<o)
vy
Substitution of Eq, (193) into Eq., (191) gives

(-9 X ﬂ(f ®e) = [QM-Q: ] Fun, [Dt 4, W‘Z‘% (o) )@g«&.ﬁl%)
+[R1 £, o] Xy (o)

Equation (178) yields

Ce— Gy = (4-2) Gy G

and the diagonal matrix element gives the result
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Dot =Butr = (£-09) D_<xlGpIxed (el Gy [ >
o
= (pﬂ)Z)(z , (%)

Summing both sides of Eq, (194) over o<, , an identity follows

Zf@tﬂ'J—D,.ﬂ')] l/%(,(“ﬂ = '-[&(-cr@m] ] (195)
o’

Interchanging ,Q and 2’ in Eq, (195) and observing the symmetry

relation WR‘ (ko) = V%{AX.:C} , it follows that

Z[Q (d‘J"Qy(ot'jJ%, (a(’.z) = —[ﬂ (<) ‘Ezl("/J . (196)
o/

Finally, Eq, (196) acquires the form

(2-99 )%«.) =m{¢l-g;nﬂf,("— h _S_[M{{,W’)!(‘(f‘“) -—M‘({f&))g’(f%)] 4 (197)
e/

where

VVX!Z’ (rat) = A [Dg["’-.D,g:('d]M/w (xx’) ,

Equation (197) has a very desirable form, i.e,, a time derivative
structure on the left hand side and a gain-loss configuration on the
right hand side,

It turns out that the function M/pgc () will be related to
the transition probability rate, Again, an expansion for M/,(oc x/)

valid to all orders of the perturbation is obtained by iteration of the
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defining integral equation (192), i,e,,

WUl(cL o) = u.( (xox) (/‘( (xoto)
- ZU;( 1)U (et ) ) e Upletataf f%icto) 2

o
The expansion for U[ given by Eq, (189) is substituted; and after

some algebra, it can be shown that

ﬂff‘““ = (| [<-Vfwz 27 V4V+-ol«>«/(-V+V0,'V-V4'V4"V*'32f°>’
where 4:& denotes that O(o, (-4 and all the intermediate states
are never the same, This distinction is absolutely critical and will

be discussed further at a later point in this section, Similar rea-

spning also leads to the expansion for El given by
K, = [—vz;w VQVRV-VOVBIY +o F -

Before proceeding to get a generalized master equation, some of
the analytic properties of the pertinent functions must be stated,
Since é,'t = — G (k) , then for the same reasons as discussed in
Sec, III,B,2, it follows that 61 and pg are analytic functions
off the real axis away from the branch cut, Furthermore, Dg has no
zeros off the real axis and hence pg has no poles off the real
axis so it is analytic for _Lm({)¥0O , Also, 'el satisfies
ImR <0 foltt)>0amd Lpbi>0 for Tmllko and K ()

has a finite limit as /e —» real axis, where for real E



163

,PE(:") = De(“} _‘f:,iIE(*/ P IE(«/ 2 0. (198)

+A°

Therefore, the diagonal part of the resolvent has the property

D(") = J . (199)

Etio E-E+ D gaI

Note that D;(“) is finite if IE(~}>O or E“-E-G-De(x} o or
both, However, if simultaneously E;-E#-DE(") = O and IE () =0 |,
then D‘ () has a (simple) pole at 1-‘-‘ E . These two cases,
i,e,, no poles or the simple pole disfinguish between what Van Hove
calls a dissipative or non-dissipative behavior under the effect of

the perturbation, A system can have part of its states dissipative

and part of them nondissipative, For instance, the ground state

should be nondissipative, For the many particle systems of quantum
statistics one should expect the quasi-totality of unperturbed states
to be dissipative, The interest in this paper is primarily in dis-
sipative systems but the master equation and transition probability
rates will be established in full generality, irrespective of the
dissipative or nondissipative character of the unperturbed states o ,
Van Hove also gives arguments for )(ff' (a(crg) and M[, (%ot’) being
analytic off the real axis and for Wl’l‘ (a¢wt) being finite on the
real axis, Ihe finiteness of M,(“Oﬂ) on the real axis and the
condition under which this is valid are discussed further at the end

of this sectionm,

It can be shown that {¢é>e)
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+ 0
P(t(w,) = de @(f/om) ,

where

@(t/x«, = (2r¥y” /ﬂ e IZX (oceo) (2009

EtlE-R

Place 4> E+§ J L‘— E-A into Eq. (197) and form the contour

integral of each term, This yields

- 20t
(21 'fﬂ € (20) Ne &l
S
7[: (t{«) — AZ(WVﬂ(G‘Z & (x.,z) (x'xo)

E+fe-¢ Etl,E~L

+4 E ary /,L( 4ZM.\/\/ ( xloc) X(K“o)

Et2,E~¢ Ett,E-2

(201)

where
7£ (the) = A(2M¥ ﬂf gf[D (> -p_g«;] Y

The left hand side of Eq, (201) becomes

(@r?) ﬁle (R =-4{22r‘14 ﬂ(e Yicws = —"‘_g‘[.t.’i‘“".

. EHE4 Evt, -1 At

Use is made of the convolution theorem given by
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; y 2i01¢-t) ot
m ﬁe}g{z)ﬁ”ﬁéﬂ = ﬂtﬂe’/me ﬁ/g/x/ez , (o)
S °'y g

where f(l) and ?a} are supposed to be analytic off the real axis
and to decrease at least as fast as /1 /_’ at infinity (and they do),

Selecting the second term on the right hand side of Eq, (201) and de-

fining 'ﬁf)_ WE('CR‘E-"EO and ?(N = >(E *(“‘E"?) , it follows that

ﬁ? it W"“‘” X(“’-fo) “4ar df W(t t'(o(«'/Rt'/x’w.),
E+,E-¢ E+R,E-R 2

where

Il E_I’

AL -t
ﬂ/g(l“‘t’/%w} (277'9 W («xy & A (203)
r

Similarly, it can be shown that

(4
flf 2itt) W/ (<o X (wcate) = 4T 34t "W1t- tocte) (L1 1240

Et,E-4 €EH,EX
0

and the generalized master equation due to Van Hove2 follows

A /,); (o) _ f(e/«) m"‘ zn:/dt ZW({ t'Inx 'JP(t’/x o)
(204)

o (i Sgt-emPleine
o o’/

where the transition probability is given by
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Pliwa) = | & *tla>|®
= /.;’Eo /g('t/l’(da) .

The integro-differential equation for PE(‘('(“«.) is exact and its
derivation has not depended on perturbation methods,

Now from Eq, (180), it follows that

X (s = ol G fx Gl Gy o> = Disw D (w0

Therefore, Eqs., (198), (199), and (200) give (,Q = E’%i0)

+e0
2 /
/D(f /%"(") = (ZFz%E le et ’ / .
3 - EE 'E"‘Qgg)'*lle'(:g' ELEE*Der- L<g

Consider the case of weak coupling, In a manner similar to that shown
on several occasions in Chap, III, 2(«.) and _L-(x.) are
smooth over some interval ¥ 5> 2W/# and it is assumed that

*1 & fE . The integrand can then be approximated to give
IR +i I« &

the results
+0

<2E% [ |
o) = er"_"/&Ee .
PE( (o) =( )-” l';:'E'E"""-Q E.:;'E'*E‘if}l (205)

— =2t ,
- € sin2t(E,-E)

T E- E ’ @9
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where Da‘(o(o) is the level shift and
o

{
E(, = E°(5+‘DE‘EG(.) P) /:c = __Z—E(“c) .

It follows immediately that

P(f/“o"(-) = & . (207)

Equation (207) is the exponential decay law derived by other means in

Chap, III, Now

Z P(t[«xs) = |

and hence
~2¢
Z Plttawy = | — & ™, (208)
(‘:;O(o)

For ZC‘t <& | , Eq. (208) is to lowest order in /z.é
L-J

Z PH’/%%) = 2[;:‘6 <4 I . (209)

(" Feoo)
Thus, the probability that the system is found in any other state

0(/4': & at time t is small, The second (homogeneous) ferm on
the right hand side of the generalized master equation given by Eq, (204)
is the contribution to the probability rate due to the feeding into
state o from all other occupied states o’ . Since the total
occupation of all states o ', 1is small, it is expected that

o¢, 1is the only important component, assuming that Z(/é(f't’/ﬂ’ﬂ’o) #o .



























































































































