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ABSTRACT

D euteron wave fu n c tio n s  w ith  a r e p u ls iv e  c o re  a re  o b ta in ed  
n u m e ric a lly  from a f u l l y  r e l a t i v i s t i c  wave e q u a tio n  in tro d u ced  by 
G ross. The n u m erica l tech n iq u e  en ab les  a n a ly t ic  s o lu t io n s  fo r  
c la s s e s  o f  in te r a c t io n s  composed o f th e  r e l a t i v i s t i c  exchanges o f  a 
s in g le  p io n  and a s in g le  phenom enological meson, sigm a. The p io n  i s  
chosen to  i n t e r a c t  as a m ix tu re  o f p seu d o sc a la r  and p seu d o v ec to r.
The amount o f  m ix tu re  is  determ ined by a f r e e  m ixing p a ram ete r, A  , 
ran g in g  between 1  (pu re  p seu d o sca la r) and 0  (p u re  p se u d o v e c to r) .
Each v a lu e  o f A co rre sp o n d s , th en , to  a d i f f e r e n t  in t e r a c t io n .  
S o lu tio n s  a re  found fo r  A  “ I* -8 j -6 , and 0 .

The wave fu n c tio n s  f o r  each in te r a c t io n  come in  a group o f  
fo u r . Of th e  fo u r  wave fu n c tio n s , two a re  th e  u s u a l S and D s t a t e  
wave fu n c t io n s ,  w h ile  th e  rem aining two, a r i s in g  o u t o f  the 
r e l a t i v i s t i c  p r e s c r ip t io n ,  a re  id e n t i f i e d  as and ^P^ wave 
fu n c tio n s  (P s t a t e  wave f u n c t io n s ) .

F o r the  in te r a c t io n s  solved f o r ,  th e  D s t a t e  p r o b a b i l i t i e s  
ranged betw een 5 .1  p e rc en t and 6 .3  p e rc e n t ,  w h ile  th e  t o t a l  P s t a t e  
p r o b a b i l i t i e s  ranged  between 0 ,7  p e rc en t and 2 .7  p e rc e n t .

The method o f  o b ta in in g  s o lu t io n s  was to  a d ju s t  the sigm a 
meson param ete rs  to  g ive  th e  c o r re c t  b in d in g  energy  and a good 
quadrupo le  moment.

A l l  wave fu n c tio n s  o b ta ined  a re  a p p lie d  to  r e l a t i v i s t i c  N-d 
s c a t t e r in g  in  th e  backward d i r e c t io n  where th e  e f f e c t  o f  the P s t a t e s  
i s  q u i te  m easu rab le .

x



CALCULATION OF DEUTERON WAVE FUNCTIONS 

WITH RELATIVISTIC INTERACTIONS



I . INTRODUCTION

This th e s i s  p re s e n ts  new s e t s  o f  deu teron  wave fu n c tio n s  

o b ta in ed  by so lv in g  a r e l a t i v i s t i c  wave equation.'* ' Each s e t  i s

composed o f  fo u r  wave fu n c tio n s :

1. u , th e  S s t a t e  wave fu n c tio n

2 . w, th e  D s t a t e  wave fu n c tio n

3 . v fc, th e  t r i p l e t  P s t a t e  wave fu n c tio n

4 . v g , th e  s in g l e t  P s t a t e  wave fu n c tio n

Of th e se  fo u r wave fu n c tio n s , on ly  u and w appear in  th e  u su a l

n o n - r e l a t i v i s t i c  th e o r ie s .  N o n - r e la t iv i s t i c  wave fu n c tio n s  have been

o b ta in ed  by many p eo p le . We w i l l  compare our r e s u l t s  w ith  th o se  o f 
2

R eid . His u and w, which correspond to  n o n - r e l a t i v i s t i c  r e p re s e n ta ­

t io n s  o f  upper component D irac  wave fu n c tio n s , were th e  r e s u l t  o f  s o lv ­

ing  coupled  S chrod inger E quations w ith  p o te n t ia ls  t h a t  were f i t  to  N-N

phase s h i f t  d a ta .  His a n a ly s is  d id  n o t in c lu d e  th e  P s t a t e s ,  v and

v  , which a re  sm a lle r  than  u and w by one o rd e r o f  v / c ,  and which s

correspond  to  th e  two a d d i t io n a l  deg rees o f  freedom o f  a D irac 

p a r t i c l e  co n ta in ed  in  th e  low er component wave fu n c tio n s . F u rtherm ore , 

th e  o v e r a l l  p a r i ty  o f  our P s t a t e s  i s  th e  same as f o r  our S and D 

s t a t e s  in  analogy w ith  th e  D irac upper and lower component wave 

fu n c tio n s  fo r  th e  Hydrogen atom.

2



3

The P s t a t e s  were f i r s t  o b ta in e d  in  a s e m i - r e l a t i v i s t i c
3

c a lc u la t io n  by H o rn s te in  and G ross. The id e n t i f i c a t i o n  o f  v. and vt  s

as P s t a t e s  i s  d is c u s se d  in  S e c tio n  I I .  T h is c a lc u la t io n  o b ta in ed  

v and v  th rough  th e  use o f  an i t e r a t i o n  p ro c e ss  u s in g  th e  Reid u and
L S

w as  g e n e ra to r s .

In  c o n t r a s t  to  th e  above c a lc u la t io n s ,  we c a l c u l a t e ,  u s in g  th e  

th re e -d im e n s io n a l wave e q u a tio n  ap p ea rin g  in  S e c tio n  I I ,  a l l  fo u r wave 

fu n c tio n s  n u m e ric a lly  from e x a c t r e l a t i v i s t i c  i n t e r a c t io n s  in v o lv in g  a 

one p io n  exchange and th e  exchange o f  a  phenom enological s p in - i s o s p in  

s c a l a r  meson, sigm a.

To compare w ith  th e  s e m i - r e l a t i v i s t i c  model m entioned above, 

we co n sid e red  th e  p io n  in t e r a c t io n  to  be a m ix tu re  o f  p seu d o sc a la r

( and p seu d o v ec to r ( Y  and found s o lu t io n s  fo r  s e v e ra l

v a lu e s  o f  the m ix tu re  p a ra m e te r , ^  , ra n g in g  betw een 1  (pu re  Y  "*)

and -  0  (pu re  Y  "*) •

The wave fu n c t io n s ,  u ,  w, v  , and v  , w ere o b ta in e d  th rough
L S

t h e i r  r e l a t io n s h ip s  w ith  th e  in v a r ia n t  a m p litu d e s , ap p ea rin g  in  th e  

d-NN v e r te x  fu n c t io n ,  which i s  t a i l o r e d  to  th e  d e u te ro n 1s s p in  

c h a n n e l. The c r i t e r i a  fo r  good s o lu t io n s  were to  f i t  th e  d e u te ro n 's  

b in d in g  energy , B, tak en  to  be 2 .22466 MeV, and produce a non- 

r e l a t i v i s t i c  quad rupo le  moment, Q, n e a r  th e  ex p e rim en ta l v a lu e  o f

25.5  e/Md2 .

To g e t th e  v a lu es  o f  th e  b in d in g  energy  and quadrupo le  moment



l i s t e d  above, th e  phenom enological mass o f  th e  sigm a, /te r , and 

coup ling  c o n s ta n t ,  s £ / v r . were a d ju s te d .

Once the  s o lu t io n s  were o b ta in e d , two d eu teron  p ro cesses  were 

c a lc u la te d  to  g e t a f e e l  fo r  th e  s ig n if ic a n c e  o f th e se  new wave 

fu n c t io n s :

1 . p io n ic  d is in te g r a t io n  o f th e  deu tero n  (ffTd -^NN)

2. N-d s c a t te r in g  a t  180°
4

The f i r s t  p ro c e s s , 7 p d -^ N N , c a lc u la te d  by E. D e lac ro ix  and F. Gross , 

which i s  n o t co n ta in ed  in  t h i s  m an u sc rip t, g iv es  a c ro s s  s e c tio n  

com patib le  w ith  th e  d a ta  n e a r th re sh o ld  which i s  rem arkably  h ig h e r 

than  p rev io u s  c a lc u la t io n s  o f  th e  p o le  term . D e lac ro ix  and Gross show 

th a t  t h e i r  c a lc u la te d  c ro ss  s e c t io n  i s  v e ry  s e n s i t iv e  to  v  and v
L S

( th e  d e u te ro n 's  P s t a t e  wave fu n c t io n s ) ,  a f a c t  n o t known b e fo re .

T h e ir r e l a t i v i s t i c  c a lc u la t io n  o f th e  c ro s s  s e c t io n ,  w ith  no o th e r  

mechanisms fo ld ed  in ,  shows th a t  r e l a t i v i s t i c  d eu teron  wave fu n c tio n s  

have an im p o rtan t e f f e c t .

The second p ro c e ss , N-d s c a t te r in g  a t  180°, c a lc u la te d  by 

F . G ross, E. Rem ler, and t h i s  w r i t e r ,^  i s  d isc u sse d  in  S e c tio n  V.

H ere, to o , we f in d  th a t  the  P s t a t e  wave fu n c tio n s  g iv e  im p o rtan t 

c o n tr ib u tio n s  to  th e  d i f f e r e n t i a l  c ro ss  s e c t io n  c a lc u la te d  from th e  

one nucleon  exchange (ONE). I t  i s  p o in ted  o u t in  S e c tio n  V th a t  o th e r  

( n o n - r e l a t i v i s t i c )  a ttem p ts  to  c a lc u la te  th e  ONE c o n tr ib u t io n  w ith o u t 

o th e r  mechanisms have f a i l e d .

Good r e l a t i v i s t i c  d eu te ro n  wave fu n c tio n s  a re  e s s e n t i a l  in  

o rd e r to  perform  c a lc u la t io n s  in  a d d itio n  to  th o se  m entioned above.



I t  i s  hoped th a t  th e  wave f u n c t io n s  i l l u s t r a t e d  i n  S ec tio n  IV w i l l  

g iv e  r e l i a b l e  e s tim a te s  in  f u tu r e  c a lc u la t io n s .

The exam ination  o f o th e r  r e l a t i v i s t i c  N-N channels w i l l  t e l l  

us more about th e  deu teron*s i n t e r a c t io n  ch an n e l and w i l l  f u r n i s h  

a d d i t io n a l  c o n s t r a in t s  on th e  c h o ic e  o f  i n t e r a c t i o n s .  The 

r e l a t i v i s t i c  t r i p l e t  N-N s c a t t e r i n g  phase s h i f t s ,  im portan t as  an 

a d d i t io n a l  c o n s t r a in t  on our d e u te ro n  in t e r a c t i o n s ,  can be c a lc u la te d  

and a t  t h i s  w r i t in g ,  a program  i s  underway to  do j u s t  th a t .

In  a d d i t io n  to  p re s e n tin g  r e l a t i v i s t i c  d e u te ro n  wave fu n c t io n s ,  

t h i s  work in c lu d e s  c a lc u la t io n s  o f  form ulae f o r  H y d ro g en -lik e  atoms 

u s in g  our r e l a t i v i s t i c  te c h n iq u e s . These c a lc u la t io n s  can be found in  

Appendix D.



I I .  THE WAVE EQUATION

We u se  a th re e  d im ensional wave eq u a tio n  to  d e sc r ib e  th e  

d e u te ro n . 1  The e q u a tio n  i s  w r i t te n  a s :

( f t L W  = f - f e  j T  M > k ) J f  ( £ ))  fir ) J -y
where th e  two body G re en 's  F u n c tio n  i s

s  a.Ek M'l (?.£le- r t t,)
and th e  s u b s c r ip ts  1 and 2 denote th e  D irac  in d ic e s  o f  nucleons 

1 ( / ( ' / { " )  and 2  ( y ' i / " )  r e s p e c t iv e ly ,^  where n u c leo n  1 i s  on i t s  

mass s h e l l  and nucleon  2  i s  o f f  i t s  mass s h e l l  so t h a t

(1 )

(2)

(3)

W = (Md ,< J)

M, = mass o f  d eu teron  = 2M +  B d

M a nucleon  mass => 936.8 MeV 

C = charge co n ju g a tio n  m a tr ix

B = d e u te ro n 1s b in d in g  energy  a  -2 .22466 MeV (4)

The e x te rn a l  nuc leon  4-momentum, q , and th e  in te r n a l  nuc leon  

4-momentum, k , a re  d e fin ed  a s :

6



K =  f o ,  £ )  Ko~ eK~  X  £ ^ =  *  +  «  1

S  = ? / / ? /  *  -- * / i  * >  w

where th e  in te r a c t io n  k e rn e l ,"3 ^*", i s  a sum o f s in g le  p a r t i c l e  

exchanges, one o f which i s  th e  p io n . The k e rn a l w i l l  be d iscu ssed  in  

d e t a i l  in  S ec tio n  XIX below.

The v e r te x  fu n c tio n  o f th e  deu tero n ,/"*  , was f i r s t  in tro d u ced  

by B lankenbeck ler and Cook,^ and f o r  one nuc leon  on s h e l l  and one
g

n u c leo n  o f f  s h e l l  ta k e s  th e  form:

f t y ) = [ F - ‘M ] j f ~  f + = r * l l  (6)

w here F , G, H, and I  a re  L o ren tz  in v a r ia n t  a m p litu d e s , J  i s  th e  

d e u te r o n 's  p o la r iz a t io n  4 -v e c to r ,  and th e  in v a r ia n ts  a re  l in e a r ly  

in d e p en d e n t.

In  d iag ram a tic  form , e q u a tio n  1 i s :

V)

F ig u re  1 *

The "x" in  f ig u re  1 in d ic a te s  th e  on s h e l l  n u c leo n .

I f  one th in k s  in  term s o f th e  4 -d im en sio n a l B e th e -S a lp e te r  
9

E q u a tio n , the  3 -d im en sio n a l n a tu re  o f  e q u a tio n  1 may be p u z z lin g . 

A s im p le  e x p lan a tio n  l i e s  in  th e  fo u r th  component in te g r a t io n  (dKQ)



o f th e  B e th e -S a lp e te r  e q u a tio n .

The B e th e -S a lp e te r  energy denom inator (ED) fo r  two p ro p ag a tin g  

in te r n a l  nuc leons i s  g iven  by:

g j > =  ~i* e J

(7)

The Kq in te g r a t io n  o f th e  B e th e -S a lp e te r  E quation  i s  perform ed by

choosing  th e  p o le , Kq = E^ - M^/2 , so th a t  th e  dominant p a r t  o f  th e

two p ion  exchange diagram  i s  th e  f i r s t  i t e r a t i o n  o f th e  one p io n  

10exchange diagram . The re s id u e  o f t h i s  p o le  g iv es  th e  energy  

denom inator o f  e q u a tio n  1 :

E J > =  A E K Md ( A B K - M j )
(8)

We can d e f in e  p o s i t iv e  )  and n e g a tiv e  ( 'f '  )  energy  wave 

fu n c tio n s  o f  th e  D irac ty p e , e x p re ssa b le  in  term s o f th e  d-NN v e r te x  

fu n c tio n , P  a s :  .

»  p M jf r i r ) * ] * 1- e . ( £ E - - M j )
(9a)

rs W & V j  E t  M j  (9b)

where th e  D irac  s p in o r s , U and V, a re  d e fin ed  a s :



W " l

^  = n u c leo n  sp in  wave fu n c tio n

F u rth erm o re , i f f *  and can be case  in to  two-component 

form 3 , 8 , 1 1  and w r i t t e n  a s :

^ * ( l l b )

where ^  ^  a re  th e  s p in  wave fu n c tio n s  o f  two sp in  1 / 2  p a r t i c l e s

coupled  to  a  sp in  1 p a r t i c l e  w ith  p r o je c t io n  M and where O' ant  ̂ ^ * 2 *

th e  P a u l i  sp in  m a tr ic e s ,  a c t  on n u c leo n s  1 and 2.

E q u a tio n  l i b  c o n ta in s  th e  t r i p l e t ,  v , and s i n g l e t ,  v , wave
L S

fu n c tio n s  which a re  th e  c o e f f i c i e n t s  o f  term s l i n e a r  in  momentum as 

th e y  sh o u ld  be f o r  P s t a t e s  u  -  1 ) .  I n  e q u a tio n  11a, u , th e  S s t a t e  

wave fu n c t io n ,  e n te r s  w ith  a term  c o n s ta n t  in  momentum a  « 0 ) ,  and 

th e  D s t a t e  wave fu n c t io n ,  w, e n te r s  w ith  a term  q u a d ra tic  in  momentum 

a  83 2 ) .  A d e ta i l e d  a n a ly s is  o f  th e  s p in  and a n g u la r  momentum 

s t r u c tu r e  o f  e q u a tio n s  1 1 , a long  w ith  how th e se  wave fu n c tio n s  behave
g

under th e  p a r i t y  o p e ra t io n ,  h as  been done by H o rn s te in .
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Using e q u a tio n s  10, one can reduce e q u a tio n s  9 to  eq u a tio n s  11. 

The d e v ia t io n  can be found in  re fe re n c e  8 , where r e la t io n s h ip s  

co n n ec tin g  th e  wave fu n c tio n s  u , w, v  , and v to  the  in v a r ia n tL S

am plitudes F , G, H, and 1 appearing  in  e q u a tio n  6  r e s u l t .  These 

r e la t io n s h ip s  a re :

* < S ) - V *  % ( 1 2 c)

W  x p ]  _

norm alized  so th a t

# j  f ^ [ ub  * - +-wV> + H<T>] (13)

3 3 3 1where u , w, v  , and v co rrespond  to  th e  S .., D ., P . ,  P_ s t a t e  wavet  s j, x i  x

fu n c tio n s  r e s p e c t iv e ly .

Once F , G, H, and I  a re  o b ta in e d , e q u a tio n s  12a-d a re  used to

g e n e ra te  th e  momentum space wave fu n c tio n s .



To o b ta in  th e  p o s i t io n  sp ace  w av efu n c tio n s , F o u r ie r  

was perform ed on th e  momentum space wave fu n c tio n s :

' V  = #  f a t  j 0 <Wr >“ <gJ

£  U ' J f  k O P r )  l # t )

= *  S i i i (w ^ c f )

11

tra n s fo rm

(14a)

(14b)

(14c)

(14d)

where j ^ ( q r )  a re  th e  S p h e r ic a l  B e s s e l  F u n c tio n s .



I I I .  THE RELATIVISTIC INTERACTIONS

We now r e s t r i c t  th e  in te r a c t io n  k e r n e l ,  T .  to  be composed o f

th e  r e l a t i v i s t i c  exchange o f  o n ly  two m esons, th e  TT meson which has

been known f o r  some time to  c o r r e c t ly  d e s c r ib e  th e  long ra n g e  n u c lea r

fo rc e , and a s p in - is o sp in  s c a l a r ,  or CT m eson, which many people

employ to  d e s c r ib e  .the in te rm e d ia te  a t t r a c t i o n  known to  be n ecessa ry

12to  bind the  d e u te ro n .

F igure 2

In  t h i s  i n i t i a l  c a lc u la t io n  of r e l a t i v i s t i c  d e u te ro n  wave 

fu n c tio n s , we chose to  use th e  sigma in s te a d  o f  the  more e x a c t  and 

h a rd e r to  c a lc u la te  two p io n  exchange c o n t r ib u t io n s .  The rho  meson, 

a two pion re so n an c e , to g e th e r  w ith the omega meson, a th r e e  pion 

resonance, can  e a s i ly  be added  to  the i n t e r a c t io n  to  g iv e  u s ,  perhaps, 

more in fo rm a tio n  concern ing  th e  sh o rt range  n a tu re  of th e  n u c le a r  

fo rc e . However, fo r  th is  w o rk , we chose th e  sim ple  in te r a c t io n  k e rn e l 

composed o f  th e  one pion and th e  one sigma exchanges as an i n i t i a l  

t e s t  o f our eq u a tio n .'s  a b i l i t y  to  d e sc rib e  th e  d e u te ro n 's  dynamics.



Our sigma exchange r e p re s e n ts  th o se  two p io n  exchange

diagram s w hich a re  n o t c o n ta in ed  in  th e  one p io n  exchange. Some 

o f th e se  d iag ram s, r e p re s e n te d  by th e  sigm a, a re  i l l u s t r a t e d  in  

F ig u re  3 .

F ig u re  3b r e p r e s e n ts  th e  f u l l  box d iagram  minus th e  f i r s t  

i t e r a t i o n  o f  th e  one p io n  exchange, and f ig u r e  3a i s  the  c ro s se d  

box d iagram .

The sigma m eson, th e r e f o r e ,  i s  a phenom enological r e p re s e n ­

t a t io n  o f  th e  two p io n  continuum .

S in c e  th e  G" i s  a  s p in - i s o s p in  s c a la r ,  i t s  ^ -N N  c o u p lin g  i s  

sim ply 8 ^ 4 *  where i s  a u n i t  o p e ra t io n  in  th e  D irac sp ace  o f

nucleon  o n e . The 77“, b e in g  a p se u d o sc a la r , i s  u s u a l ly  d e s c r ib e d  by

5 1a Y c o u p lin g ; b u t ,  r e c e n t ly  i t  was shown, u s in g  a s e m i - r e l a t i v i s t i c

ap p ro x im a tio n  o f e q u a tio n  1 , th a t  a pu re  y  in te r a c t io n  produced

too  much r e p u ls io n  and th a t  when m ore o f  th e  V  ^ ^ ^ i n t e r a c t i o n  

was added, th e  re p u ls io n  was red u ced . So, to  examine th e  e f f e c t  of

mixed in te r a c t io n s  in  a  f u l l y  r e l a t i v i s t i c  fram ew ork,

— 7 - X  \. /
-X . r *

i

(a ) (b)

F ig u re  3
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th e  pion co u p lin g  was chosen to  be

(15)

where X  i s  th e  m ixing  param eter fo r  th e  )f  ̂ and i n t e r a c t i o n s ,

^  i s  th e  nucleon  is o s p in  o p e ra to r ,  and th e  s u b s c r ip t  d  i s  a shorthand  

f o r  the D irac  in d ic e s  o f  p a r t i c l e  one. Both th e  mass s h e l l  ^"-NN 

in te r a c t io n  and th e  long  range p a r t  o f  th e  n u c le a r  fo rc e  a re  

independen t o f X ■ The n u c le a r  f o r c e 's  dependence on comes 

from the  o f f  mass s h e l l  rr -NN in te r a c t io n  which a f f e c t s  th e  s h o r t  

range fo rc e  on ly .

In  what fo llo w s , and w i l l  be r e f e r r e d  to

as the -NN co u p lin g  c o n s ta n t and th e  77*-NN co u p lin g  c o n s ta n t 

r e s p e c t iv e ly .

S ince  a c a lc u la t io n  o f th e  two p io n  exchange k e rn e ls  have to  

have a r e g u la r iz e d  one p ion  exchange k e rn e l as i n p u t , ^  bo th  th e  one 

p io n  exchange and th e  one sigma exchange k e rn e ls  a re  re g u la r iz e d  

w ith  the  same r e g u la r iz a t io n  m ass.

Two types o f  r e g u la r iz a t io n  were used . One i s  w r i t te n  a s :

- f  ( p V  = (- \

and the  o th e r  i s  w r i t t e n  as

(1 6 )

A t*
C (p  ------------------ .
*  '  c ^ - p 2;  <i7>
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where

M„ -  r e g u la r i z a t i o n  mass R

" ^ e x  = exchan8 ed p a r t i c l e  m ass, o r  4 < r  

p = q -  k

T h is  r e g u la r i z a t i o n  p ro ced u re  i s  f l e x ib l e  enough n o t on ly  to  

g u a ra n tee  convergence o f  our e q u a tio n s  b u t to  a llow  th e  p o s s i b i l i t y  

o f  u s in g  i t  as a form  f a c to r  (se e  S e c tio n  XV).

Hence, th e  r e g u la r iz e d  p ion  k e rn e l  i s

J r j i  a s > 
a  / %r ~ r

and th e  r e g u la r iz e d  sigm a k e rn e l  i s

(19)

where an d/ ^ r  a re  th e  p io n  and sigm a m asses r e s p e c t iv e ly .

F o r th e  sak e  o f  s im p lify in g  th e  d is c u s s io n  below , e q u a tio n  16 

i s  tak en  to  be th e  form  o f  th e  r e g u la r iz a t i o n .

So, fo ld in g  e q u a tio n  16 and th e  exchanged p a r t i c l e  p ro p a g a to rs  

to g e th e r  and expanding  as

• f t f t  _  .  _ X _ ______ i _ _  n ' j g

A£ ~ p1'
I* (20)

and th en  s u b s t i t u t i n g  in to  r e l a t i o n s  18 and 19, th re e  term s r e s u l t  

from each  s u b s t i t u t i o n .  C o n sid e rin g  fo r  th e  moment term s independen t
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o f eq u a tio n  1  becomes w ith  the  independen t in te r a c t io n  k e rn e ls ,

r W  \ M A +£ r f i - X )
W >3  )  3.*J e< c*£K- n , X ^ - . r ) -

t ) 3 )  aiMjG a r )  3LMJ EK(asl,-MJ) ( # tr’- - p * )  (2 1 )

S ince nucleon 1 i s  on i t s  mass s h e l l ,

and i t f l  + 4  = M when a c tin g  to  the l e f t ,  then

[A+ifefo-vJCg+s+M) = r t d + t - w )

Thus, eq u a tio n  21 reduces to

f to  = 3 9 ^  f  J'V y (^+ m +m') ̂ ) ( m~ £+ k) y
& r ) * )  3 M j

Gar) 3 )  X M j Ek (2 £k - M j ) ( ^ ? > )

+  j 2 _  C A  ( f -*-£+ ") P iK U ^ - f - h K )  
<3 1 ?  )  Et .(aetrM ) )

(22)

(23)

(24)

To keep th e  bookkeeping under c o n tro l ,  th e  f i r s t  and th i r d  

term s o f eq u a tio n  24 w i l l  be  c a lc u la te d  p re s e n tly  and the  rem ain ing  

term , T ( th e  l-^X te rm ), w i l l  be c a lc u la te d  a f te rw a rd s .



D efine  w o o  as

f i c * )  b  r t e X M -  £ f + X )

-  +3AC-5( F - G-f-I < i£ $ )  + OrK.<rf
W l /  M >~  (25) 

wherB and M  =  ( R £ fc“  M j )

T h e re fo re , e q u a tio n  24 becomes

^ 1<®  ~  ^  f ^ - f * x +■'•<) a / * J  Kg.

(26)

where

j V  = ^  J  ^

d \  = £  J* K  .

X r i j
d  K -  Z J i c J 4 KCter

e = £ *  (27)

r i - ^
Now, s u b s t i t u t i n g  fo r  I and N  , e q u a tio n  26 ta k e s  th e  form

‘ f t W V  * r

V  +  " T  (28)
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Using th e  i d e n t i t i e s  d e riv e d  fo r th e  in te g ra t io n  o f  in

Appendix A, eq u a tio n  28 becomes

f c y t - ( n  - ay a h \  +  £ *

+3. [m M j-H  e %](F- G +? l~j$)

-  [m %  r f }

+C ^ f ) K  | - [ * M + t '  A \ %

+ 4H6"-ty $+C t t y * 4 J ( F - G + T  )
+  [m(“-+■* + C't jyJ-K#] £  yt f l

+  1 ~

(29)

A fte r  a l i t t l e  a lg eb ra  and equating  th e  c o e f f ic ie n ts  o f  the

independen t in v a r ia n ts  5 ' ^  » and ^ * eq u a tio n  29 ta k e s

th e  form when T i s  n e g le c te d

+ ^ i-tirtfr+ ae(F  ^



# "  b f  ~ H( hA)F+ & 6 J

&  ̂  X  L ̂ - u) - ‘*»**> * « f r 7
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£  ^ c k ^ ' ^ c ‘(F - &+I<^ ) - ^ - j ) ^ ]

+W ? \ l X  t aC ^  ' 6 + 3 :  4 ) &J

(30c)

(30d)

The s e t  o f  e q u a tio n s  30a-d  can e a s i l y  be c a s t  i n to  a compact m a tr ix  

n o ta t io n .  The dZ in te g r a t i o n  can be perform ed w ith  l i t t l e  e f f o r t  

using A ppendix  A.

T hu s, the  f i n a l  r e s u l t  i s  w r i t t e n

' ' ■ w w

where T* i s  th e  c o n t r ib u t io n  to  T, and Q#( x ) 's  a re  th e  Legendre 

P o lynom ials o f  the  Second k ind  w ith
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x * 2 . K % -  (32)

and r  ""f
£
Mx

tT
G *cqt

~ 0 ,TT - £ ( & * )

- W t r

V

(33)

(34)

Both oC and^S range from 1 to  4 such t h a t  F^ B F , Fg ”  ® 

F3  « h ,  f 4  » I .
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Now, T 1 i s  c a lc u la te d  u s in g  th e  v e ry  same tech n iq u es  as 

d e sc rib ed  above fo r  th e  o th e r  two term s and i s  w r i t t e n

r ' -  (3 5 )

where

€=
- 4  0  °  t

- I * *  n $ - w % - 4  - i w t - x )

IT cr ir
and a l l  v a r ia b le s  ap p ea rin g  in  G , G , and H a re  d e fin ed  in<£p c(fi
Appendix A.

So f a r ,  we have on ly  c a lc u la te d  th e  c o n tr ib u t io n  to  e q u a tio n  1 

o f th e  f i r s t  term  in  e q u a tio n  20. T h a t i s ,  we have c a lc u la te d  

eq u a tio n  1  independen t o f  any r e g u la r iz a t io n .

F i r s t  R e g u la r iz a tio n  

F i r s t  R e g u la r iz a tio n  i s  d e f in e d  as th e  c o n tr ib u t io n  to  

e q u a tio n  2  o f  th e  second term  in  e q u a tio n  2 0 .

As i s  r e a d i ly  seen  from e q u a tio n  20, th e  form o f F i r s t
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R e g u la r iz a tio n  i s  e x a c tly  th e  same as was j u s t  c a lc u la te d  above, 

w ith  th e  o n ly  d if f e r e n c e  being  th a t  the  r e g u la r iz a t io n  m ass,

re p la c e s  th e  exchanged meson m ass.

T h e re fo re , to  a r r iv e  a t  F i r s t  R e g u la r iz a t io n , we re p la c e  

th e  p ion  m ass, A t  , by th e  r e g u la r iz a t io n  m ass, M^, in  eq u a tio n  31

and s u b tr a c t  t h i s  r e s u l t  from th e  p io n  c o n tr ib u t io n  in  eq u a tio n  31 

(term s w ith  \  dependence). We do a s im ila r  o p e ra tio n  fo r  th e  sigma 

term .

Second R e g u la r iz a tio n  

We d e f in e  Second R e g u la r iz a tio n  as th e  c o n tr ib u t io n  to  

eq u a tio n  2 o f  th e  rem ain ing  term  in  eq u a tio n  20, R.

2. 2.
O _  R
n  ~ ( M f - p * ) *  (37>

We see  th a t  by c o n s id e r in g  f i r s t  d e r iv a t iv e s  o f  th e  leg en d re  

Polynom ials o f  th e  second k in d , R i s  e a s i ly  in c o rp o ra te d  in to  

eq u a tio n  31 in  a s im ila r  fa sh io n  as F i r s t  R e g u la r iz a t io n . We re p la c e  

th e  Q ^'s in  e q u a tio n  31 by (see  Appendix A ) .

Thus, w ith  th e  in c o rp o ra tio n  o f th e  f u l l  r e g u la r iz a t io n  

p ro ced u re , e q u a tio n  31 r e p re s e n ts  r e l a t i v i s t i c  in te r a c t io n s  dependent 

upon the  m ixing  p a ra m e te r ,X  , hav ing  a range  from 0  to  1 .

To u se  eq u a tio n  17 as th e  r e g u la r iz a t io n  in s te a d  o f 

e q u a tio n  16, i t  i s  on ly  n ecessa ry  to  m u ltip ly  th e  r e s u l t  j u s t  o b ta in ed  

by



XV. WAVE FUNCTIONS AND OTHER NUMERICAL RESULTS

The p ro cess  o f  com puting wave fu n c tio n s  from eq u a tio n  30 i s  a 

f a i r l y  s tra ig h tfo rw a rd  m a tte r  w ith  th e  h e lp  o f  th e  num erical 

tech n iq u es  d e sc r ib e d  in  Appendix C and th e  r e la t io n s h ip s  betw een the  

wave fu n c tio n s  and th e  in v a r ia n t  am plitudes (eq u a tio n s  l l a - d ) . T h is 

s e c t io n 's  purpose i s  to  d is p la y  and d isc u ss  th e  wave fu n c tio n s  and 

o th e r  num erica l r e s u l t s  o b ta in e d .

U sing th e  expansion

n
e  21 c .. L . c „

y  w  A . (38a)

where L ^(z) a re  L aguerre  Polynom ials and F^ -  F , -  G, F^ -  H,

F, * I ,  and 4

\ /mb* J J (38b)
a mapped v a r ia b le  enhancing convergence o f  our e q u a tio n s , to  ex p ress  

th e  in v a r ia n t  am p litudes appearing  in  eq u a tio n  31 , and f ix in g  M^,

, and we o b ta in  a s e t  o f  coupled a lg e b ra ic  eq u a tio n s

from a s e t  o f fo u r  coupled l in e a r  i n t e g r a l  eq u a tio n s  to  be so lv ed  

w ith  two p aram eters  fo r  th e  d im en sio n less  c o e f f i c i e n t s ,  C ^ .  The

two param eters  a re  th e  sigma coup ling  c o n s ta n t ,  , and m ass,

. We s e t  and so lved  th e  e q u a tio n s  n u m erica lly  fo r  the

23
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e ig e n v a lu e , ‘j r / tT T  ■ The re q u ire m e n ts  f o r  a  s o lu t io n  were t h a t  the  

a d ju s ted  ^  and g iv e  wave fu n c tio n s  co rresp o n d in g  to  th e

c o r r e c t  d e u te ro n  b ind ing  e n e rg y , B = 2 .22466 MeV, and a good non- 

r e l a t i v i s t i c  quadrupole  moment, Q, g iv en  by

o

The ex p e rim en ta l v a lu e  o f  Q in  th e  above u n i t s  was tak en  to  be 2 5 .5 . 

As was s ta te d  e a r l i e r ,  the  m ix ing  p a ram ete r fo r  th e

y  and in te r a c t io n s  i s  denoted as X -  T his p a ram ete r i s

f r e e  to  ta k e  on any v a lu e  betw een zero  and one . Each v a lu e  o f  

co rresponds to  a d i f f e r e n t  i n t e r a c t io n .  In  t h i s  work, s o lu t io n s

w ere found f o r  X  equal to  1. (pure  y  ^ ) , .9 ,  . 8 , . 6 , and 0

(p u re  y  V * ) .

Convergence o f  th e  N um erical P rocedure  

C onvergence c r i t e r i a  a re  d is c u s se d  h e r e .  The u n in te r e s te d  

re a d e r  can go d i r e c t l y  to  th e  d is c u s s io n  o f  th e  s o lu t io n s .

The p a ra m e te r, n ,  ap p ea rin g  in  e q u a tio n  38a, i s  de te rm in ed  by 

th e  number o f  in te g r a t io n  p o in t s ,  n^, n e c e s s a ry  fo r  th e  i n t e g r a l s

(e q u a tio n s  C .8 )  to  co n v erg e . The optimum n i s  eq u al to  n^ - 1 , u s in g

a  num erical q u a d ra tu re  fo rm u la  of th e  Gauss L ag u erre  ty p e . T h is

c o n d itio n , to g e th e r  w ith  e q u a tio n s  3 8 a -b , was f i r s t  in tro d u c e d  by

13Y. Chao and A. D. Jack so n . T h e ir te c h n iq u e s  were v e r i f i e d  and 

used in  th e  c o u rse  o f  t h i s  w ork.



25

To t e s t  the  Chao and Jackson c r i t e r i a  fo r  th e  convergence o f 

was g iven  the  v a lu e  o f  500 MeV, ^  was s e t  a t  i .  % r /m  was 

taken  to  be 1 4 .0 , was s e t  equal to  4M, and was taken  to  be 8 .

Using th e  s in g le  p o le  r e g u la r iz a t io n  ( F i r s t  R e g u la r iz a tio n )  and u s in g  

% ,/m r as th e  convergence p a ram ete r, we o b ta in ed  fo r  n « 4 , n = 7, 

n = 8 , ^ “ - ! ^  coup ling  c o n s ta n ts  o f 2 5 .1 , 2 3 .8 , 23 .8  r e s p e c t iv e ly .

I t  i s  c le a r  from th i s  d a ta  th a t  fo r  n^ “  8 , n converges a t  7.

The number o f  in te g r a t io n  p o in t s ,  n ^ , was chosen by exam ining

as °x was f n c re a s e ^ ' For 4 , 8 , and 12 in te g r a t io n  p o in ts ,

had th e  v a lu es  1 6 .1 , 1 9 .3 , and 19 .4  r e s p e c t iv e ly ,  w ith  

Afp-= 450 meV, = 1 , M^ = 4M, / t f f f  -  1 5 .0 , n = 4 , and u s in g

F i r s t  R e g u la r iz a tio n . T h is  d a ta  in d ic a te s  convergence fo r  0 = 4  w ith  

iij  •= 8 . From th ese  f in d in g s  and th e  r e s u l t s  o b ta in e d  above f o r  th e

d e te rm in a tio n  of n ,  th e  number of in te g r a t io n  p o in ts  was chosen to  be

8  and, th e re fo re ,  n was chosen to  be 7 .

Thus f a r ,  r e s u l t s  have been quoted  fo r  th e  s in g le  p o le  

r e g u la r iz a t io n  ( F i r s t  R e g u la r iz a tio n )  o n ly . These r e s u l t s  were fo r

th e  <=> 1 (pure y  ^) i n t e r a c t io n .  When th e  double p o le  r e g u la r i z a ­

t io n  (Second R e g u la r iz a tio n )  i s  tak en  in to  account f o r  A  °  1 , 

changes by l e s s  th an  0 .02 p e rc e n t .  In  f a c t ,  fo r  F i r s t  

R e g u la r iz a tio n  and Second R e g u la r iz a t io n , h as  the v a lu e s  o f

53.30 and 53.29 r e s p e c t iv e ly  f o r ^ j 625 MeV, n -  7 , and

*= 1 4 .0 . I t  i s  n o t expected  to  o b ta in  th e se  r e s p e c tiv e  v a lu e s
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o f  th e  0 “-NN c o u p lin g  c o n s ta n t fo r X  £ 1 s in c e  th e  2̂ "* i n t e r ­

a c t io n  c a r r ie s  w ith  i t  an a d d i t io n a l  power o f momentum in  th e  num erator 

o f  th e  pion k e r n e l .

Thus, th e  number o f  in te g r a t io n  p o in ts  s e t  equal to  8 , n = 7, 

th e  7 T  -NN c o u p lin g  c o n s ta n t ,  , s e t  e q u a l to  14 .0  ( th a t  o f

R e id 's )  and th e  r e g u la r iz a t io n  taken  to  be Second R e g u la r iz a tio n  i s  

th e  param eter package used f o r  a l l  s o lu t io n s  o b ta in e d . We now tu rn  

to  a  d is c u ss io n  o f  the  s o lu t io n s  them selv es .

S o lu t io n s  fo r  High Mass R e g u la r iz a tio n  (Case I )

In  t h i s  f i r s t  c a se  o f  two to  be d is c u s s e d , the  r e g u la r iz a t io n  

u s e d  was e q u a tio n  16, and we re q u ire d  th a t  th e  r e g u la r iz a t io n  m ass,

, be la rg e  enough so t h a t  a fu r th e r  in c re a s e  o f  M  ̂ w i l l  no t change

th e  dynamics s i g n i f i c a n t l y .  M easures o f  the  dynamics were taken  to  

be th e  G -UN c o u p lin g  c o n s ta n t  and th e  n o n - r e l a t i v i s t i c  quadrupole 

moment. For Mĵ  = M, 1.5M, 2M, 3M, 4M, the  r e s u l t in g  /& T  bad

v a lu e s  o f 1 7 .1 6 , 15.52, 1 6 .3 2 , 16 .20 , 16.19 r e s p e c t iv e ly  and the

2
co rresp o n d in g  quadrupo le  moments in  u n i t s  o f  e/M^ fo r  th e  Mj^'s

c i t e d  above had th e  v a lu es  o f  27 .97 , 2 7 .6 1 , 2 7 .3 9 , 2 7 .2 7 , 27.26 

r e s p e c t iv e ly  w ith  s tfy  = 450 MeV, = 1 5 .0 , n "  4 , X  “  1,

and th e  number o f  in te g r a t io n  p o in ts  be ing  4 . Convergence i s  c l e a r ly  

o b ta in e d  a t  M  ̂ -  3M.

Thus, f o r  th is  h ig h  mass r e g u la r iz a t io n  case  were tak en

a 1 4 .0  and M̂  = 4M, a s o lu t io n  wasto  be 3M and 4M. With g V f j r
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found.f or ^  = 1 (denoted ) i ^ = 1 ) . T able 1 co n ta in s  th e  param eter

d a ta  and th e  p h y s ic a l q u a n t i t i e s  a s s o c ia te d  w ith  th i s  i n t e r a c t io n .  

Table 1 a lso  co n ta in s  th e  r e l a t i v i s t i c  quadrupole moment o b ta in ed  

from e q u a tio n  B.3 and th e  m agnetic moment ob ta ined  from eq u a tio n  B .4  

a s s o c ia te d  w ith ^  ^  = 1 .

F ig u re  4 i l l u s t r a t e s  the  p o s i t io n  space wave fu n c tio n s  fo r
2

= 1 compared to  th o se  o b ta in ed  by Reid n o n - r e l a t i v i s t i c a l l y .

S ince th e  in te r a c t io n  i s  composed o f  the  r e l a t i v i s t i c  exchange 

o f  the  77“ and O ' mesons, and because in  th e  n o n - r e l a t i v i s t i c  l im i t  

bo th  o f th e se  mesons g iv e  p o te n t ia l s  which a re  pu re ly  a t t r a c t i v e ,  th e  

re p u ls io n  e x h ib ite d  by th e  wave fu n c tio n s  (u and w) in  f ig u r e  4 a re  

due to  th e  r e l a t i v i s t i c  n a tu re  o f  th e  wave eq u a tio n , a " r e l a t i v i s t i c "  

e f f e c t . ^

An obvious f e a tu r e  o f  th e se  wave fu n c tio n s  i s  th e  o s c i l l a t i o n

o f u and w a t  s h o r t  d is ta n c e s .  T h is b eh av io r may p a r t i a l l y  e x p la in

th e  su ccess  o f h a rd  co re  m o d e ls ,^  and can a r i s e  n a tu r a l ly  when th e re

a re  s e v e ra l  coupled a n g u la r  momentum channels  even though a l l  o f  th e

p o te n t ia l s  a re  r e g u la r .  O s c i l la t io n s  have a lso  been o b ta in ed

p re v io u s ly  from u n i ta ry  tra n s fo rm a tio n s  o f  p o te n t ia l s ,  and are

a s s o c ia te d  w ith  th e  a d d i t io n a l  n o n - lo c a l i ty  in troduced  by the  t r a n s -

16fo rm ations a t  s h o r t  d is ta n c e s .  I n  our c a s e , the p o te n t ia l s  produced 

by the  in te r a c t io n  a re  b o th  re g u la r  and n o n -lo c a l a t  s h o r t  d is ta n c e s ,  

and th e  o s c i l l a t i o n s  a re  c h a r a c t e r i s t i c  o f  th e  s o lu tio n s  o b ta in ed  

from t h i s  model.
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Table 1. D ata fo r  a l l  s o lu t io n s  o b ta in e d ; P^ i s  th e  D s t a t e

p r o b a b i l i ty ,  P and P a re  the  t r i p l e t  P and s in g le t  P
C 3

s t a t e  p r o b a b i l i t i e s  r e s p e c t iv e ly ;  Q, th e  quadrupole  

moment, and , th e  m agnetic  moment, a re  measured in  

2
u n i t s  o f  e/M^ and n u c le a r  magnetons r e s p e c t iv e ly .  The 

v a lu e s  o f  th e  m ixing p aram eters  an<̂

co rrespond  to  o f  4M, 3M, and (omega mass)

r e s p e c t iv e ly .
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F ig u re  4 . S and D s t a t e  wave fu n c tio n s  ( la b e le d  u and w

r e s p e c t iv e ly )  fo r  ^ ^  = 1 d isp lay ed  a t  s h o r t  d is ta n c e s . 

The Reid h a rd  and s o f t  core wave fu n c tio n s  a re  shown 

fo r  com parison.
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S o lu t io n s  were a lso  o b ta in e d  fo r  X = 1 , .9 , and . 6  w ith 

a 3M ( in t e r a c t io n s  denoted X 3 )*  P o s i t io n  space wave fu n c tio n s

are  I l l u s t r a t e d  in  f ig u r e s  5 , 6 , and 7 r e s p e c t iv e ly .  The two c a se s  

55 1  a n d  X 3  “  1 a re  id e n t ic a l  and confirm  th e  h igh  mass

re g u la r iz a t io n  c r i t e r i a .  The re p u ls io n  e x h ib ite d  by th e  wave 

fu n c tio n s  i n  f ig u re  5 , 6 , and 7 n o tic e a b ly  d e c rea se s  as X ^ is

decreased . This i s  a v e r i f i c a t i o n  o f  th e  s e m i - r e l a t i v i s t i c  f in d in g s  

p red ic ted  by G ross, c i t e d  e a r l i e r .

T a b le  1 c o n ta in s  the  r e le v a n t  data  a s s o c ia te d  w ith  the  X ^

in te r a c t io n s  and f ig u r e  8  shows th e  n o n - r e l a t i v i s t i c  quadrupole 

dependence on the sigm a mass fo r  a g iv en  X 3 . I t  i s  shown in

figure 8  t h a t  p h y s ic a l s o lu tio n s  e x i s t  fo r  o n ly  a  few v a lu e s  of

I t  w ill  b e  an easy m a tte r  to  f in d  s o lu t io n s  f o r  X 3  s  - 8  and .7

using th e  same param eters  as in  th e  X 3  in te r a c t io n s  p re v io u s ly

ob ta ined . However, our i n a b i l i t y  to  f in d  s o lu t io n s  in  th e  "low X 3 "

in te r a c t io n s  i s  a p p a re n tly  due to  d iv e rg en ces  o f  th e  k e r n e ls .  As

s ta ted  e a r l i e r ,  th e  p u re  i f 5 * *  <A 3  e 0 ) in t e r a c t io n  has an

a d d it io n a l  power o f  momentum in  th e  num erator o f  th e  77" k e rn e l.

5This e x t r a  power o f  momentum does n o t  appear i n  th e  pu re  9

( A 3  a  1)  k e rn e l .  W ith th e  h ig h  mass r e g u la r iz a t io n  o f  3M o r 4M, th e

d ivergence i s  very  s e n s i t iv e  to  X • What we m ust f in d  i s  an 1L w ith
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F igu re  5 The fo u r r e l a t i v i s t i c  d eu tero n  wave fu n c tio n s  fo r  = 1. 

The sm all c i r c l e s  a re  v a lu e s  o f R e id 's  u and w shown fo r  

com parison.
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F ig u re  6 . The fo u r r e l a t i v i s t i c  d eu te ro n  wave fu n c tio n s  f o r
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F ig u re  7. The fo u r r e l a t i v i s t i c  d eu te ro n  wave fu n c tio n s  fo r  = *6 .
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F ig u re  8 The quadrupo le  moment o f th e  d e u te ro n , Q, v e rsu s  th e  

sigm a mass fo r  f ix e d  v a lu e s  o f  as in d ic a te d  on each

c u rv e . The d o t te d  l i n e  i s  th e  ex p e rim en ta l v a lu e  f o r  Q.



( / " / ! > )  6



a v a lu e  such th a t  a l l  o f  th e  k e rn e ls  momentum dependence i s  v i r t u a l l y

and m ass. Once th a t  i s  found , s o lu t io n s  w i l l  e x i s t  f o r  a l l  ^  . This 

v a lu e  o f  tL, h as  n o t y e t  been  found. An a l t e r n a t i v e ,  t h a t  was found b u t

a d d i t io n a l  s o lu t io n s .

S o lu tio n  f o r  Low Mass R e g u la r iz a tio n  (C ase I I )

For t h i s  c a se , th e  form o f th e  r e g u la r iz a t io n  was tak en  from 

e q u a tio n  17. S ince th e  chosen f o r  t h i s  case  i s  th e  omega meson

m ass, 784 MeV, th i s  low mass r e g u la r iz a t io n  can  be thought o f

a s  a  form f a c to r .

r e p r e s e n ta t io n  o f the  2 i7"continuum , can be though t o f  as co u p lin g  to  

th e  rho meson, a 27T re so n an c e . By c o u p lin g , i t  i s  meant th a t  th e

continuum  w hich couples to  th e  p io n , w h ile  n o t o f  th e  r i g h t  quantum 

numbers to  be a r e a l  m eson, could  be ro ugh ly  approxim ated by a 

peak ing  in  th e  v i c in i t y  o f  th e  omega m ass. Because th e  sigma i s

was made.

The l i t e r a t u r e  c o n ta in s  s e v e ra l  pap ers  vdiich use  a number of 

v a lu e s  fo r  form  fa c to r  m asses . R ec e n tly , a  c a lc u la t io n  by W. N u tt

i n s e n s i t iv e  to  v a ry in g  on ly  th e  sigma m eson 's  co u p lin g  c o n s ta n t

n o t inc luded  in  t h i s  d is c u s s io n ,  i s  to  r a i s e

The ch o ice  o f a n a tu r a l  one. The sigma meson, a

sigm a form f a c to r  mass be th e  rho m ass, m^. S im ila r ly ,  the  3 7T

phenom enological and m - i s  approx im ate ly  eq u a l to  m , th e  ch o ice  o f
r



and B. L o iseau  quoted  a form  f a c to r  mass v e ry  n e a r  th a t  o f  M .to
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A nother example o f  form f a c to r  mass ch o ices  can be found in  

re fe re n c e  18; form f a c to r  m asses quoted  th e re  a re  450, 650, and 850 

MeV.

I n te r a c t io n s  u sin g  th e  low mass r e g u la r iz a t io n  a re  denoted 

by A ^  and s o lu t io n s  were found f o r  *8* an<̂  0. The

d a ta  fo r  th e  A. I n te r a c t io n s  along w ith  th e  A  a an^*T J

i n te r a c t io n s  appears  in  t a b le  1. F ig u re s  9, 10 , and 11 i l l u s t r a t e  

th e  p o s i t io n  space wave fu n c tio n s  f o r  in te r a c t io n s .  N o tice

th a t  fo r  A B 1, th e re  a re  no o s c i l l a t i o n s ,  and fo r  A = 0, v» t

i s  m o stly  n e g a tiv e . In  f a c t ,  u and w in  the  = 1 in te r a c t io n

resem ble v e ry  s tro n g ly  the  R eid S o f t Core (RSC) wave fu n c tio n s . 

In d eed , as i s  in d ic a te d  in  S e c tio n  V, A  ~ 1 g iv e s  th e  same r e s u l t  

as RSC ( f o r  v = v  = 0  ev ery w h ere ). The A / * “  8 in te r a c t io n  w ith

a n e g a tiv e  v  i s  in  agreem ent w ith  th e  p re d ic t io n s  o f th e  sem i-

5 . / Ar e l a t i v i s t i c  tre a tm e n t o f  G ross; f o r  a pure y  f  ( A “  0) 

in t e r a c t io n ,  th e  s h o r t  range b eh av io r i s  dom inated by th e  sigm a, n o t 

by th e  p io n .

F ig u re  12 shows th e  quadrupole  moment v e rsu s  th e  sigm a mass 

fo r  th e  ^  i n t e r a c t io n s .  A gain , s o lu tio n s  w ere r e s t r i c t e d  to  only

a few v a lu e s  o f  .

F ig u re  13 i l l u s t r a t e s  th e  s s t a t e  wave fu n c tio n s  u fo r  

= 1, .9 ,  and .6 .  I t  i s  shown th e re  th a t  th e  h ig h e r v a lu e s  o f ^



F ig u re  9. The fo u r r e l a t i v i s t i c  deu tero n  wave fu n c tio n s  fo r
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F ig u re  10. The four r e l a t i v i s t i c  d e u te ro n  wave fu n c tio n s  fo r
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F ig u re  11. The fo u r  r e l a t i v i s t i c  d eu te ro n  wave fu n c tio n s  fo r
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F ig u re  12. The quadrupole  moment o f  th e  d e u te ro n , Q, v e rsu s  th e  sigma 

mass fo r  f ix e d  v a lu e s  o f  as in d ic a te d  on each cu rv e .
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F ig u re  13. The s h o r t  range s t r u c tu r e  o f



Mr
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fo rc e  th e  wave fu n c tio n  f u r t h e r  away from th e  o r i g i n ; an in d ic a t io n  o f 

r e p u ls io n .  Hence ^  ^ ~ *6 e x h ib i t s  a s o f t e r  c o re  than  does =

T h is  b eh av io r o f  u i s  c o n s i s t e n t  w ith  s e m i - r e l a t i v i s t i c  p r e d ic t io n s .

F u r th e r  wave fu n c tio n  dynamics a re  i l l u s t r a t e d  in  f ig u re  14 . 

T h e re , v fc i s  shown fo r  ~ 1> *8, and Oi The b eh av io r o f  v fc f o r

th e se  v a lu es  o f  i s  a g a in  c o n s is te n t  w ith  s e m i - r e l a t i v i s t i c

C
p r e d ic t io n s .  F o r = 1 (p u re  ¥  ) ,  th e  p io n  dom inates the

s t r u c tu r e  o f  v t . Hence, i t s  long ran g e  sh ap e . For “  0 (p u re

3y  J f  ) ,  th e  sigma meson o f  s h o r te r  range  dom inates v t ' s  s t r u c tu r e .

The o v e r a l l  s ig n  o f  v^ f o r  = 0 can p a r t i a l l y  be ex p la in ed  by

G ro ss ' s e m i - r e l a t i v i s t i c  o f f - d ia g o n a l  p o t e n t i a l s .  The ^  = .8

c ase  i s  p a r t  o f  a t r a n s i t i o n ,  th e n , from  pure p io n  dominance to  p u re  

sigm a dom inance.

The momentum space wave fu n c tio n s  d isp la y e d  in  f ig u r e s  15 

th ro u g h  20 a re  o b ta in ed  from  th e  in v a r ia n t  am p litu d es  F , G, H, and I  

th ro u g h  th e  fo rm u lae  12a-d . The d im e n s io n le ss  c o e f f i c i e n t s ,

a p p ea rin g  in  e q u a tio n  38a, w hich g e n e ra te  F , G, H, and I ,  a re  l i s t e d  

in  t a b le s  2 th ro u g h  8.

The in v a r i a n t  am p litu d es  F , G, H, and I  a re  shown in  momentum 

sp ace  fo r  a l l  th e  and I n te r a c t io n s  d is c u s se d  above in

f ig u r e s  21 th ro u g h  28. R e c a l l  th a t  and have e q u iv a le n t

p r o p e r t i e s .



F ig u re  14. O v e ra ll view  o f v  fo r  = 1 ,  .8 ,  and 0 .
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F ig u re  15. The momentum space S s t a t e  wave fu n c tio n s , u , f o r  ^  = 

.9 ,  and .6 . The r i g h t  most cu rves a re  to  be re a d  from 

th e  r i g h t  s c a le .
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F ig u re  16. The momentum space  D s t a t e  wave fu n c t io n s ,  w, f o r  

^  ^ “  1> .9  > and .6 .
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F ig u re  17. The momentum space P s t a t e  wave fu n c tio n s , v and v  ,t  s

f o r  = and .6 .
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F ig u re  18. The momentum space S s t a t e  wave fu n c tio n s , u ,  fo r

= 1> *8, and 0. The r i g h t  m ost curves a re  to  be 

read  from th e  r ig h t  s c a le .



200

100

\  V.

100

•200 1.00 1.2550
q (GeV/c)



F ig u re  19. The momentum space  D s t a t e  wave fu n c t io n s ,  w, fo r  

= 1 ,  .8 ,  and 0 .
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F ig u re  20. The momentum sp ace  P s t a t e  wave fu n c t io n s ,  v fc and v g ,

f o r  = I j  an^ 0.
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TABLE 2

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
FOR THE > .  a 1 INTERACTION j i  4

j-*
u

to

II O F3 = H F4 = I

c j l
3.1666 53.6432 50.8629 8.056

Cj2 -  .7390 -  5.2345 - 4 .7053 -3 .5277

Cj3 -  .8966 - .87935 - 1.5899 -  .0666

°J4 .4515 1.3489 .9734 .4001

CJ5 .2869 .0109 .1317 -  .0787

3 6
- .2025 -  .1405 - .0855 - .0565

c._
j7 -  .02435 .0189 .0088 .0016
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TABLE 3

THE NORMALIZED DIMENSIONLESS COEFFICIENTS 
C . i  FOR THE = 1 INTERACTION

F x - F f 2 = g F3 -  H F4 = I

c j l
3.1638 53.6549 50.8360 8.0522

Cj2 -  .7303 -  5 .2288 - 4 .6802 -3 .5238

Cj3 -  .9047 - .8883 - 1.6009 - .0687

Cj  4
.4525 1.3527 .9733 .40025

c -«;J5
.29146 .0114 .1342 - .0785

CJ6 -  .2055 - .1416 - .0859 .0566

Cj7 -  .0256 .0179 .0071 .0019
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TABLE 4

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
C .j  FOR THE = .9  INTERACTION j i  3

F j - F f 2 - g f 3 - h F4 = I

c n
3.0045 53.3690 45.7736 9.3906

° j 2
- .5920 -  5.1909 -  4 .4830 -3 .2 4 3 1

Cj3
- .8135 - .6324 -  1.1731 -  .04615

V
.3763 1.1804 .8016 .3535

C35
.2682 - .0335 .0746 - .0753

°36 - .1936 -  .0744 -  .0448 - .0370

CJ7 - .0202 .0057 -  .0024 .0047
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TABLE 5

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
C . ,  FOR THE V  = .6  INTERACTION 

J ■** ^

i-*
ii f 2 - G f 3 - h f 4 - i

cj l
2.5164 52.5196 30.6370 13.8877

°J2 -  .1720 -  5 .1178 -  3.7358 -  2.5853

Cj3 -  .5578 .2156 - .0414 .0956

V
.1979 .5025 .2507 .1604

°J5
.1136 .0197 .0131 -  .0205

CJ«
-  .0803 .0315 .0248 .0028

V
-  .0028 -  .00355 -  .0123 .0011
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TABLE 6

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
C ., FOR THE >  = 1 INTERACTION

j l  ' t o

F i = F f 2 = g f 3 « h F. = I  4

c i l
3.2194 51.9382 47.0125 4 .2773

° j2 -1 .1355 -  3.1421 - 2.7044 -1 .7 3 2 8

° j3 -  .1699 -  .3757 - .8708 - .2560

G-/ ,1006 .3373 .1552 .08025

G-*j5 .0924 .2030 .1760 .0203

G**j6 -  .0143 .0288 .0454 - .0102

Ci7 -  ,0163 .0002 .0037 - .00945
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TABLE 7

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
C . ,  FOR THE >  = .8  INTERACTION j i  U>

S1 = F F2 = G f 3 » h F4 “  I

2.6585 50.3991 34.8232 8.4459

- .1102 - 2,8823 - 1.0785 -2 .0986

°33 -1 .2123 - .4381 -  1.07415 .2391

°J*
.9026 .6467 .2679 -  .0601

°35 -  .1471 -  .0056 .1165 -  .0010

CJ6
- .2971 .0890 .0209 .0548

V .4113 .0052 .04765 -  .0686



56

TABLE 8

THE NORMALIZED DIMENSIONLESS COEFFICIENTS
C ., FOR THE \  = 0  INTERACTIONj i  ^60

F 1 = F F2 = G F3 = H F4 = I

C^x .6863 50.0865 -8 .1706  26.0757

Cj2  2.9132 - 1.6461 4.14465 - 1.8845

C .„ -2 .3009  - .8044 -1 .0 3 5 4  .1686
J3

Cj 4  .5689 .3365 -  .1785 .1167

C .c .2855 .2640 .1847 .0117j5

C ..  -  .2858 -  .0757 - .0508 .04485jo

C._ .1229 .0631 .0380 - .0013
J '
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I

F ig u re  21. The d im en sio n less  momentum sp ace  in v a r ia n t  am p litu d e , F , 

fo r  ant*
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F ig u re  22. The d im en sio n less  momentum space in v a r ia n t  am plitude  

f o r  ^  = *9* an<̂  *6. The r i g h t  most cu rves a re

be re a d  from th e  r ig h t  s c a le .
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F ig u re  2 3 . The d im en s io n less  momentum space in v a r ia n t  a m p litu d e , H, 

fo r  *9> and .6 .
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F ig u re  24. The d im en sio n less  momentum space in v a r ia n t  am p litu d e , I ,  

f o r  ^ 2  = *9* an(  ̂ *6.
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F ig u re  25. The d im en sio n less  momentum space in v a r ia n t  am p litu d e , F ,

fo r  ^  = 1, .8 ,  and 0.60
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F ig u re  26. The d im en sio n less  momentum space in v a r ia n t  am p litu d e , G, 

f o r  ~ 1) *8, and 0. The r ig h t  m ost cu rv e  i s  to  be 

read  from th e  r i g h t  s c a le .
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F ig u r e  27. The d im en sio n less  momentum space in v a r i a n t  a m p litu d e , H, 

f o r  -8 , and 0 .
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F ig u re  28. The d im en sio n less  momentum space in v a r ia n t  am p litu d e , I ,

f o r  X  = and 0.to
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V. N-d SCATTERING AT 180°

T here  have been and a re  many a tte m p ts  to  e x p la in  the  "hump" 

in  th e  N-d s c a t t e r in g  d i f f e r e n t i a l  c ro ss  s e c t io n  d a ta  in  the  backward 

d i r e c t io n .  A lthough th e  d a ta  h a s  been around fo r  many y e a r s , 

d i f f i c u l t i e s  in  rep ro d u c in g  th e  d a ta  a re  s t i l l  p re s e n t .  In d e e d , 

n o n - r e l a t i v i s t i c  c a lc u la t io n s  o f  th e  one nuc leon  exchange (ONE)

19diagram  (se e  f ig u r e  29) f a l l  s h o r t  in  d e s c r ib in g  th e  d a ta  ad eq u a te ly
,i,

and hence o th e r  exchange mechanisms were fo ld ed  in ,  such as th e  N .

/

— r t

F ig u re  29

A lthough th e  N c o n tr ib u te s  a g r e a t  d ea l to  N-d s c a t t e r in g ,  i t s  ro le

20as a d eu te ro n  c o n s t i tu e n t  i s  n o t c le a r .

In  t h i s  c h a p te r ,  we show th e  r e s u l t s  o f c a lc u la t in g  th e  ONE

21 22 23diagram  r e l a t i v i s t i c a l l y . T h is id ea  i s  n o t a new one, * bu t the

d eu te ro n  wave fu n c tio n s  we use a r e  new ( and i n t e r a c t i o n s ) ,

The c a lc u la te d  d i f f e r e n t i a l  c ro ss  s e c t io n  a t  180° u s in g  our 

r e l a t i v i s t i c  tech n iq u e  i s

65
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where ~ j

M 0fcl/4)=-A[e(U-^) +3Mj  -* ]

M O , - o
MOrk;o,&) = g

-  [0(M +aV j+,2/FA («+iff‘'/)*i+ 3Mj 15 J 

E ff if+ r?  ba = il i f i+ r^

p = I C.I =

q  = a. f i f + Q  -  rtj 

a  .  _  ^ & 6 >
m CMj - j m i + q ? )

(41)

and th e  wave fu n c tio n s  u ,  w, v  , and v  have Q as t h e i r  argum ents.C S

The r e s u l t s  o b ta in e d  from e q u a tio n  40 a re  i l l u s t r a t e d  in

f ig u r e s  30 and 31 . I t  i s  c l e a r  from th e se  f ig u r e s  t h a t  ig n o rin g

th e  d e u te ro n 1s sm a ll component wave fu n c t io n s  (v , v  ) in  t h i s  p ro c e ssc s

i s  n o t a good a p p ro x im a tio n . The P s t a t e s ,  v  and v , a r e ,  in  f a c t ,II s

down from u and w by a f a c t o r  M how ever, v*_ and v e n te r  int  s

e q u a tio n  40 w ith  a f a c to r  o f  M.



F ig u re  30. The ONE c o n tr ib u t io n  to  th e  d i f f e r e n t i a l  c ro s s  s e c tio n  

f o r  N-d s c a t t e r in g  a t  180° w ith  and w ith o u t (v = v =
L S

th e  P s t a t e s  f o r  wave fu n c tio n s . The experim en ta l 

d a ta  i s  found in  re fe re n c e  24.



Pcm (GeV/c>
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F ig u re  31. The ONE c o n tr ib u t io n  to  th e  d i f f e r e n t i a l  c ro s s  s e c t io n

fo r  N-d s c a t t e r in g  a t  180° w ith  and w ith o u t (v t  = v g -  0

th e  P s t a t e s  fo r  wave fu n c tio n s . The ex p erim en ta l

d a ta  i s  found in  re fe re n c e  24.
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The slow  f a l l  o f f  o f  th e  r e l a t i v i s t i c  d i f f e r e n t i a l  c ro ss

20s e c t io n s  i s  due to  th e  v a r ia b le  Q; as the  CM incoming n u c leo n  momentum, 

^CM’ ®oes to  in f in i ty *  Q goes to  a c o n s ta n t v a lu e  o f 3M/4. This f a c t

seems to  have gone u n n o ticed  in  th e  l i t e r a t u r e .  The d a ta ,  on the  o th e r  

han d , f a l l s  v e ry  f a s t  w ith  Q.

At low momentum, Q i s  approx im ate ly  P /2 .  T h is , how ever, i sL»rl

a w e ll known r e s u l t  and i s  a p p a re n tly  used as th e  argument o f  the wave

25fu n c tio n s  in  much o f th e  l i t e r a t u r e ,  even though Q is  d e f in e d  in  

th e  same way as in  e q u a tio n  41. F ig u re  32 i l l u s t r a t e s  th e  d i f f e r e n t i a l  

c ro s s  s e c tio n s  fo r  wave fu n c tio n s  w ith  an argum ent of Q and an 

argum ent o f  P ,_ ,/2 . As can  be seen  from th i s  f ig u r e ,  the d if f e r e n c eUri

i s  d ram a tic .

An u n d e rs tan d in g  o f  the  e f f e c t  th a t  th e  p roper v a r i a b l e ,  Q,

h as  on th e  d i f f e r e n t i a l  c ro s s  s e c t io n  may be found when m u lt ip le

s c a t t e r in g  c o n tr ib u tio n s  a re  in c lu d e d .

F urtherm ore , N-d s c a t te r in g  may fu rn is h  an im p o rtan t

c o n s t r a in t  on th e  optimum v a lu e  to  be taken  f o r  X  in  d e u te ro n  

4 ,5p ro c e sse s .
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F ig u re  32 . The ONE c o n tr ib u t io n  to  th e  d i f f e r e n t i a l  c ro s s  s e c tio n  

w ith  Q (dashed c u rv e s)  and P /2  ( s o l id  c u rv e s)  as the  

arguments o f  th e  ^  = .6 wave fu n c tio n s . The d a ta

i s  the  same as in  f ig u re s  30 and 31.
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VI. SUMMARY

T his work has p re s e n te d  s e v e ra l  new s e ts  o f  deu teron  wave
<

fu n c tio n s  o b ta in e d  n u m e ric a lly  from e x a c t r e l a t i v i s t i c  i n t e r a c t io n s , '  

Though th e  p o te n t ia l s  a r i s i n g  from our in te r a c t io n s  a re  pure ly  

a t t r a c t i v e  in  th e  n o n - r e l a t i v i s t i c  l i m i t ,  we conclude  th a t  the 

re p u ls io n  i s  due to  th e  r e l a t i v i s t i c  s t r u c tu r e  o f  o u r eq u a tio n .

The D s t a t e  p r o b a b i l i t i e s  f o r  a l l  the  s o lu t io n s  ob ta ined  

ranged from 5 p e rc e n t to  6 .4  p e rc e n t, and w ith th e  t o t a l  P s t a t e  

p r o b a b i l i t i e s  ran g in g  from  .6  p e rc en t to  2 .8  p e rc e n t ,  i t  was shown 

th a t  th e  enhancem ents o b ta in e d  from N-d s c a t te r in g  w ere w idely 

v a ry in g  and w ere due m ain ly  to  the amount o f P s t a t e  p re s e n t.

A f u r th e r  d em o n stra tio n  o f o u r r e l a t i v i s t i c  techn iques was 

found in  Appendix D, H ere , c a lc u la t io n s  were perform ed fo r  

H ydrogen -like  atom s.

Our r e l a t i v i s t i c  te c h n iq u e , th e  wave fu n c tio n s  ob ta ined  from 

th e  te c h n iq u e , and the  c o n tr ib u t io n  t h a t  the  com bination  g ives t o ,  

a t  l e a s t ,  N-d s c a t te r in g  and p io n ic  d i s in te g r a t io n  o f  th e  d e u te ro n , 

s u g g e s ts , p e rh a p s , a new and e x c it in g  rea lm  of in q u ir y .
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APPENDIX A

T his appendix c o n ta in s  a d e s c r ip t io n  and a l i s t  o f  a l l  th e  

i d e n t i t i e s  used  in  perfo rm ing  th e  d 0 k and dZ in te g r a t io n s .  A lso

co n ta in ed  h e re  a re  d e f in i t io n s  used fo r  Second R e g u la r iz a t io n .

d ^ k In te g r a t io n  

To in te g r a te  th e re  a re  only  two 4 -v e c to rs  th a t

c o n tr ib u te ,  qM and W '*. Hence a l in e a r  com bination o f  q ^  and 

ex p re sses  th e  r e s u l t

The c o e f f i c i e n t s  a and b , be ing  composed o f in n e r  p ro d u c ts  o f  

4 -v e c to r s ,  a re  w r i t te n

(A. 1)

a  -
($ ‘ (A. 2a)

g -M IK '%

S im ila r ly  we have

c $ } y 0  +  & X

(A. 2b)

(A. 3)



74

where

c  -  -  '^ 3 r JIV2- W x

J  -  3 I [fK'W)1-  * \ „ ‘ J
2  *  ^ W ) * - w y

3  W** ”  3  w u1-

(A .4a)

(A .4b)

(A. 4c)

We s p e c ia l i z e  now to  th e  c e n te r  o f  mass o f  th e  two n u c leo n s , 

th e reb y  c o n s tr a in in g  ou r c o e f f i c i e n t s  a ,  b ,  c ,  d , and e to  be

.  J £ L  
I f l
-rSf- Pt t * )

L> -  -  i s .  a .
Md  M j

C  = i

J =  « C p i * )
/ f  I *  ^

e  =  ! |

(A. 5 )
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P g(Z ), Pj^(Z) , and P2 (Z  ̂ a re  LeSendre P o lynom ials o f  th e  f i r s t

2 2  . ^  y
kind  and our m e tr ic  i s  such th a t  q = qQ - i f /

27Thus, u s in g  th e s e  in te g r a t io n  i d e n t i t i e s ,  we c o n s tr u c t  

f u r th e r  i d e n t i t i e s :

A ir  ^ 4  i  =  (

(**3 ~*~X * s  A1(1+6.") +■ )J

a ifa  (■'%'*'#■ +M)H  -  i-c'gj^-hejf

x f y k  * = M f a ~ J ) & \ - C f r t y - e %

£ rf e f ( ,4 + J e « lb / K W irm T g  f

w i t  + ( c - b % w + £ f

where

(A. 6)

#■
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Y  -  2MJ Gi c '-3 L M t'(4 -< !)+ S L e .

I t  i s  a ls o  u s e f u l  to  n o te  th a t :

-  ^ l^ U £ s  . H i  £ <c {l £ J T  -  o
* W  ” ^ a T  ^ A l

-  __ c / M j  +  a .  H *  g *  =
a  At «2Af

t '  =  Ek - « b %

K ,

(A .7)

(A. 8)

dZ I n te g r a t io n

The Z in te g r a t i o n  a f f e c t s  th e  I ^ ' s  and th e  exchange p a r t i c l e

p ro p a g a to rs  o n ly .

C o n sid e r th e  exchange p ro p a g a to r:

/  * »



77

28
Now uBing th e  fo llo w in g  theorem :

(  _ _ l (  _  2 , Q ( h \
)  f a )  fa  & /  (A 1 °)

- i  - i
where th e  's  a r e  th e  Legendre Polynom ials o f  th e  second k in d  w ith

th e i r  argum ents b e in g  Y^/Yg, we d e fin e

y# * < * • / * r +  / »  -

& -•  a  / * / / ? /

(A. 11)

N ext, we c a s t  e q u a tio n s  30a th ro u g h  30d in  th e  fo llo w in g  sym bolic 

form:

e ,  *  # f  gJ-J% (£ (& )%

r  <%<&>%, J r 1 f i f l f a t e ^ Q l )  f t

- X ( | k f c k  % » < % )£  ^ g * | ,  ( Kdk < £ (% )F „
f y )  Hj£kQ15,-Mj) W /m jjJ

(A. 12)

E quation  A. 12 i s  now id e n t i f i e d  w ith  e q u a tio n  31 where A, B, ^  , D, 

E, B1, , D ', X, Y a re  j u s t  a ,  b, c , d , e ,  b 1, c 1, d ' ,  X, Y

r e s p e c t iv e ly  w ith  th e  P ^  's  b e in g  rep laced  by the  ' s .
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Second R e g u la r iz a t io n  P ro ced u res

C o n sid e r t
6) (x) = -L ( 5 OOdx* /
X -  ~~ 3 m

(A. 13)

So,

x (
* *  " " * /  Q W  (A. 14)

The i n t e g r a l  in  e q u a tio n  A .14 i s  p r e c is e ly  th e  Second 

R e g u la r iz a t io n  c o n tr ib u t io n  w i th in  a f a c t o r ,

T h e re fo re , r e p la c e  by 

We u s e :

=  1

f ^ * )  =  s

§ 2 ,0 0  =  a :  -& « ( x _|)
<?/*)= x  <?0 cx) -  i

< & < * )=  | x V o 0 0  $  x

(A. 15)
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APPENDIX B

We l i s t  h e re  th e  d eu te ro n  moment fo rm ulae  used  in  t h i s  work. 

W ith o u t f u r th e r  ado, th e  n o n - r e l a t i v i s t i c  e l e c t r i c  quad rupo le  and 

m ag n etic  d ip o le  moments a re  w e ll known and a re  w r i t t e n :

(B .l)

(B .2)

w here U and W a re  th e  d e u te ro n 1s S and D s t a t e  wave fu n c tio n s  in  

p o s i t io n  space  r e s p e c t iv e ly ,  = 1 , Fg = - .1 2 ,  P^ i s  th e  D -s ta te

p r o b a b i l i t y ,  and Q (Q uadrupole Moment) and , (D ipo le  moment) a re

2
m easured in  u n i t s  o f e/M^ and n u c le a r  m agnetons r e s p e c t iv e ly .

29The r e l a t i v i s t i c  quadrupo le  moment in  p o s i t io n  space  i s :  

O zt
a /v -i

+  IVM -\-lA\AJ — ' j g  J

+ /f [ /+ a F jp r ^ ^ r i V - - v S '  m/u-
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t 4 W-
w  -  J r  

I J u
w  58 3 7

(B .3)

B i s  th e  d e u te ro n 's  b in d in g  energy .
29

The r e l a t i v i s t i c  m agnetic  d ip o le  moment in  p o s i t io n  space 

i s :  «o

(b .4 )

3 1where Pfc and Pg a re  th e  P^ and P^ s t a t e  p r o b a b i l i t i e s  r e s p e c t iv e ly .
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APPENDIX C

I n  t h i s  ap p en d ix , the  m ethod used  to  so lv e  f o r  th e  in v a r ia n t  

am p litu d es  F , G, H, and I  a re  d is c u s s e d .

We b eg in  by c o n s id e r in g  re fe re n c e  13 fo r  an uncoupled- 

homogeneous l in e a r  i n t e g r a l  e q u a tio n  o f  th e  form

(C.l)

W here G (x ,y) and K (x,y) a re  the  k e rn e ls  and i s  a number 

to  be de te rm in ed  so  t h a t  e q u a tio n  C .l  can  be so lv ed  fo r  f (x )  ( i . e . ,  

i s  an e ig e n v a lu e  and f(x )  i s  th e  e ig e n f u n c t io n ) .

The t r a d i t i o n a l  methods used  to  s o lv e  e q u a tio n  C .l  a re  th e  

Gauss Q u ad ra tu re  te ch n iq u es  w hich g ive r i s e  to  o f te n  la rg e  and 

h a rd - to - h a n d le  N by N m a tric e s  (N °  number o f  g a u ss ia n  p o in ts )

(C .2)

Ŵ  a re  th e  w eigh t fu n c tio n s  and i  and j  c o v e r th e  same ran g e .

C onvergence o f  th e  sums i n  e q u a tio n  C .2 , f o r  s u f f i c i e n t l y  

co m p lica ted  k e rn e ls ,  may re q u ir e  th a t  N “  96.

B ecause our k e rn e ls  a re  c o m p lic a te d , th e  q u a d ra tu re  te ch n iq u es  

do n o t a p p e a l to  u s . So, we fo llo w  re fe re n c e  13 and make a change o f 

v a r ia b le s  i n  e q u a tio n  C . l ,  y ie ld in g

(C .3)
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APPENDIX G

In  t h i s  ap p en d ix , th e  method used to  so lv e  f o r  th e  in v a r ia n t  

am p litu d es  F , G, H, and I  a r e  d is c u s s e d .

We b eg in  by c o n s id e r in g  re fe re n c e  13 fo r  an un co u p led - 

homogeneous l in e a r  i n t e g r a l  e q u a tio n  o f  th e  form

6 0 -  % ( c  l )

Where G (x ,y) and K (x ,y )  are  th e  k e rn a ls  and ^  i s  a number 

to  be d e term ined  so t h a t  e q u a tio n  C . l  can be so lved  f o r  f ( x )  ( i . e . ,

^  i s  an  e ig en v a lu e  and f (x )  i s  th e  e ig e n f u n c t io n ) .

The t r a d i t i o n a l  m ethods used to  so lv e  e q u a tio n  C .l  a re  th e  

Gauss Q u ad ra tu re  te ch n iq u es  w hich g iv e  r i s e  to  o f te n  la rg e  and h a rd -  

to -h a n d le  N by N m a tr ic e s  (N = number o f g a u ss ia n  p o in ts )

- f  <*■) =  Wf  ^  y  K C x . ^ x . )  ( c 2 >

Ŵ a re  th e  w eigh t fu n c tio n s  and i  and j  co v er th e  same ra n g e .

Convergence o f  the  sums in  e q u a tio n  C .2 , f o r  s u f f i c i e n t l y  

co m p lica ted  k e r n a ls ,  may r e q u i r e  t h a t  N = 96.

Because ou r k e rn a ls  a r e  c o m p lic a te d , th e  q u a d ra tu re  te c h n iq u e s  

do n o t ap p ea l to  u s .  So, we fo llo w  re fe re n c e  '13; and make a change o f  

v a r ia b le s  in  e q u a tio n  C . l ,  y ie ld in g

(C .3 )



Now, we expand -£  in  a power s e r ie s  o f  L aguerre  Polynom ials

e  c ,- L- te )
A*i> ^

C. ® co*Q G $cje.tf t   ̂ n * «  AJ (c.4)

and use th e  o rth o -n o rm a lity  p ro p e rty  o f  L aguerre  Polynom ials to  

re -e x p re s s  eq u a tio n  C.3 a s

Vji - [ f ^ a ' j e  cc.s)

I n te g r a l s  and a re  c a lc u la te d  to  v e ry  good accu racy  w h ile  the

e q u a tio n  fo r  th e  c o e f f ic ie n t s  i s  an n by n m a trix  and no t an N by N 

m a tr ix .

We n e x t extend t h i s  p rocedure  to  s coupled channels  and d e fin e  

th e  v a r ia b le  z . For s coup led  ch an n e ls  (s  = 4 in  o u r c a s e ) , we have

= 1  ~5>S

T ransform ing to  z v a r ia b le  g ives



C-3

H ence, the  e q u a tio n  to  be  so lved  f o r  th e  c o e f f i c i e n t s  i s

The d im ensions o f  the  c o e f f i c i e n t  e q u a tio n  i s  (s  x  n ) by ( s  x  n) and 

n o t (S x  N) by  (S x N ).

A pplying th i s  coup led  ch an n e l te ch n iq u e  to  e q u a tio n  29.

The mapped v a r i a b l e ,  Z, o p tim iz e s  convergence o f e q u a tio n s  

C.7 by tra n s fo rm in g  th e  s i n g u l a r i t i e s  due to  th e  b ran ch  p o in ts  o f 

th e  Legendre P o lynom ials o f  th e  Second K ind, Q^, from  the  momentum

p la n e  to  th e  Z -p lan e .

N ote: O ther exchange p o t e n t i a l s ,  such as rh o  and omega, can

e a s i l y  be fo ld e d  in to  K.

G -  tran sfo rm ed  sigm a k e rn a l  

K = tran sfo rm ed  p io n  k e rn a l

(C. 9)
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Hence, the e q u a t io n  to  be s o lv e d  fo r  th e  c o e f f i c i e n t s  i s  

where.

(C.8)

The dim ensions o f  the  c o e f f i c i e n t  eq u a tio n  i s  ( s  x  n) by (s  x n) 

and n o t (s  x N) by (S x N) .

A pp ly ing  th i s  co u p led  channel te ch n iq u e  to  e q u a tio n  31.

G = tra n s fo rm e d  sigma k e rn e l  

K tra n s fo rm e d  p io n  k e r n e l

(C.9)

The mapped v a r ia b le ,  Z , o p tim izes  convergence  o f  e q u a tio n s

C.7 and c.8 by tran sfo rm in g  th e  s i n g u l a r i t i e s  due to  th e  b ran ch  

p o in ts  o f th e  Legendre P o ly n o m ia ls  o f  th e  Second K ind, Q , from 

th e  momentum p la n e  to  th e  Z -p la n e .

N ote: O ther exchange p o te n t i a l s ,  such as rho and omega,

can  e a s i ly  be  fo ld e d  in to  K.
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APPENDIX D 

H ydrogen -like  Atoms

We show in  th i s  appendix  th a t  th e  tech n iq u es  used to  fo rm u la te  

e q u a tio n  21 fo r  th e  d eu te ro n  can a ls o  be a p p lie d  to  h y d ro g e n -lik e  

a tom s.

C onsider th e  in te r a c t io n  to  be composed o f  a one photon 

exchange as i l l u s t r a t e d  in  f ig u r e  33. Anomalous and m u lt ip le  exchange 

c o n tr ib u t io n s  a re  ignored  and th e  photon w i l l  be g iven  a m ass, S ( *  0 , 

to  f a c i l i t a t e  a n a ly t ic  m a n ip u la tio n  o f th e  e q u a tio n s . Once the  

e q u a tio n s  a re  in  th e  form we d e s i r e ,  th e  l im i t  w i l l  be taken  as

We now d is p la y  th e  a n a ly t ic  e q u a tio n  co rre sp o n d in g  to  

f ig u r e  33.
/

r t « ' m

c.OHshn.i'b-  p k o ^ H

Wlf - m a s s

b j m * .s s

?  *  f> - £
Is -  F- — &
Ke>'  Sfc



F ig u re  33
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v  n * -

y )  -  rtf>  +■ £

£ :  =: e.nery£

(D .l)

/""* i s  now th e  v e r te x  fu n c tio n  co rresp o n d in g  to  an a r b i t r a r y  

energy le v e l  w ith in  the  atom.

Using th e  r e l a t io n s

=  ^  £ 7 ^ ? ;

-  (D. 2> 

and d e f in in g  wave fu n c tio n s  and as

*  £ * rM + e K

BK + h / - E K
(D .3)

e q u a tio n  D .l can be w r i t t e n  as a s e t  o f  two coupled  eq u a tio n s  in  l 

and -



( % * > * & & *  (-£ )& £ ) -  f / ^ g y W ,  A  rCxj

* * * £ ■ * * + & £ j * j  •

G p * 4 * W  =  g f P ^ g ^ W ^ - S s p / i w p ^ /

(D .4)

where we have tak en  th e  s t a t i c  l im i t  o f th e  p ro ton  and used

(D.5)

Next we e v a lu a te  th e  m a tr ix  e lem ents o f th e  sp in o rs  in  D .4 , keeping 

on ly  term s o f  o rd e r q/mfi compared to  th e  le ad in g  te rm . The r e s u l t  i s

( 4 - i ^ e W « i =  £ 4 - ^  +  4l ( £ } \
%  w v t t  e y * )  * v ; y

-  &(*)]
C & p j  a .B ^ i+ p * - )

(D.6)

Then, tran sfo rm in g  eq u a tio n s  D.6 to c o n f ig u ra tio n  sp a c e , we o b ta in

th e  coupled e q u a tio n s :
\  . 1  ~Mt~ « 2. _  - x i r .

/ t £
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I t  i s  c le a r  from D.7 th a t  <$„ i s  sm a lle r  th an  ^ _ by 

-1

one

F in a l ly ,  u ncoup ling  e q u a tio n s  D.7 and keep ing  term s to  th e

low est o rd e r  o f  m \  we o b ta in  e

-  &  %  4 " )

-M r
t J r )
+  (D .8 )

4 + &  i s  id e n t i f i e d  to  be th e  S ch ro d in g er wave fu n c tio n  

o f an e le c t r o n  moving in  a sh ie ld ed  Coulomb P o te n t i a l .  (The l im i t  as 

g iv e s  th e  s tan d a rd  u n sh ie ld ed  Coulomb P o t e n t i a l . )

F o r p o s itro n iu m , eq u al mass c a s e , we o b ta in

t ° =  I f l *  a / r l

(D. 9)

E v a lu a tin g  th e  m a tr ix  e lem en ts  o f  th e  s p in o rs  to  n ex t o rd e r

in  q/m , e q u a tio n  D.4 g iv e s  
6

(D .10)
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Upon F o u r ie r  T ransfo rm ing  e q u a tio n s  D .10 , we o b ta in

+ i£~. S-.V /<£*') (r)

(D .l l )

Now, keep ing  a l l  o rd e rs  o f  m  ̂ ^ up to  and in c lu d in g  o rd e rs  of

-2  30m£ , we o b ta in  th e  P a u l i  E q u a tio n .

(  Ho+ h ' )  <B>+(r) =  e  ®+c? )

l /  -  — ^  /<m __ I
HTT ~  s*-?o 9TT r

-aKfe ( ir  r L s  )

(D .12)

where L and S a re  th e  t o t a l  a n g u la r  momentum and t o t a l  sp in  v e c to r s  

r e s p e c t iv e ly ,  and

® + C Z )=
-  2 -2  K (D .13)



F in a l ly ,  c o n s id e r in g  a l l  o r d e r s  o f q/me , equation  D .4  g iv es , 

i n  momentum s p a c e , th e  D irac T h eo ry  o f  the  e le c t r o n :

f o g )  *  o

B  = » f e + - *

/
^  = l  « © /  (O .K)

w here  ^  and a re  th e  p o s i t i v e  and n e g a t iv e  energy wave

fu n c t io n s  ex p re ssed  in  terms o f and a s :

% m .  -  2 4  4 ( 0 ]

< £ < £ ,  „  | - £ g _  ^  +  ^ 1

(D.15)

r
and V(q) i s  th e  momentum space Coulomb P o te n t i a l  and } o f  co u rse ,

a r e  th e  P a u li M a tr ic e s .

The above d e r iv a t io n s  o f  t h e  S ch ro d in g e r, P a u li and D ira c

E q u a tio n s  from o u r  r e l a t i v i s t i c  p r e s c r i p t i o n  i s  n o t s u r p r i s in g  since

G ro s s 10 has shown t h a t  th is  r e l a t i v i s t i c  p r e s c r ip t io n  can b e  u sed  to

31d e r iv e  the  G ro tch-Y ennie  E q u a tio n .
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