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Low-degree rational solution

1. Introduction

Let § denote the Schur class of functions analytic and bounded by one in modulus on the open unit diskD = {z € C :
|z] < 1} (in other words, 4 is the closed unit ball of the Hardy space H*). It follows from the maximum modulus principle
that every Schur-class functions is either analytic self-mapping of D or is a unimodular constant. We denote by R$ the set
of all rational Schur-class functions and more specifically we write R 4§, and R 8 for the sets of R4$-functions of degree k
and of degree at most k, respectively. The degree of a rational function f = p/q is defined to be the maximum of the degrees
of p and g, where p and q are polynomials in their lowest terms. The functions f € R4, which are unimodular on the unit
circle T = {z : |z| = 1} are of special interest; they are necessarily of the form

k

zZ—aq;
f(z)=c]_[1 i‘, where |c| = 1, laj] <1 fori=1,...,k,
=1 1 2

and are called finite Blaschke products. We will denote by 8y and B the set of all Blaschke product of degree k and of degree
at most k, respectively.

In this paper we will discuss the following Nevanlinna-Pick type problem NP: given n distinct points zq,...,z, € D
together with n complex numbers wy, . . ., wy, find a Schur-class function f such that
f@)=w; fori=1,...,n. (1.1)

We will call the problem determinate if it has a unique solution. If the problem has more than one solution, it has infinitely
many of them by the evident convexity of the solution set; in this case, the problem will be termed indeterminate.
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If |[w;| = 1 for some z; € D, then the problem may have only one solution f = w; which is the case if and only if all
target values wj are equal. Excluding this trivial case we may say that there are only three types of conditions in (1.1) where
(zi, w;) belongstoD x D, to T x Dorto T x T. It seems convenient to rearrange interpolation conditions so that

Jy={i:lz]l <1, |lwl <1} ={1,...,mq},
L={itlzl=1w|<l}={m+1..,m+n} (1.2)
Li={i:lzl=1 w|=1}={m+n+1,...,ny +n; +n3 =n}.

The standard questions appearing in any norm-constrained interpolation problem include the solvability and the
determinacy criteria as well as the existence of certain good solutions. Here we will be particularly interested in rational
(and more specifically, finite Blaschke products) solutions f of degree at most n — 1 (for some problems this complexity is
the minimally possible) and/or with the minimally possible H*°-norm ||f || sc := Sup,cp [f (2)| < 1.

Since finite Blaschke products are unimodular on T, the problem NP may have such solutions only if £, = @. On the
other hand, the question about minimal norm solutions is nontrivial only if 43 = ¥ (otherwise, every solution has the unit
H®°-norm). Assuming that 4, = 43 = ¢, we get the classical Nevanlinna-Pick problem which we denote by NP(4;). The
results on this problem collected below are due to Nevanlinna [1] and Pick [2].

Theorem 1.1. The problem NP(4) has a solution if and only if the Pick matrix

P, = [1_"”“1}1 (1.3)

1-—- ZiZj ij=1
is positive semidefinite. Furthermore:

1. The problem is determinate if and only if Py > 0 is singular. The unique solution of a determinate problem is a Blaschke product
of degree equal to the rank of P;.

2. The indeterminate problem has infinitely many solutions in R8 <, 1. All finite Blaschke product solutions are of degree at
least ny.

3. For every solution f to the problem, ||f ||cc = Amin, Where Amiy is the maximal solution to the equation

2 — M
A —wl-wj]

1.4
= (14)

det Py(A) =0, whereP;(}) = [

ij=1

4, There exists a unique solution fui, to the problem with the minimally possible norm Am;,. This function is of the form
fmin(2) = Amin - b(z), where b(z) is a Blaschke product of degree equal to rank (P1(Amin)) < n; — 1.

A nice Nevanlinna’s linear fractional parametrization of the solution set in the indeterminate case P; > 0 (recalled in
Theorem 2.1 below) is easily adapted to describe all rational solutions and all solutions in By for every fixed k > nj.
The description of all rational solutions of degree at most n; — 1 was obtained more recently in [3-5]. The question of
finding a solution of the minimally possible complexity (and even finding the value of this complexity) is still open. Two
other particular cases of the problem (1.1) are the “boundary-to-interior” problem NP({,) (where 4; = {3 = () and the
“boundary-to-boundary” problem NP({3) (where {; = {, = ). Both of them are indeterminate. The next result should be
well known although we did not find an appropriate reference for it. In any event, it is a particular case of Theorem 1.6.

Theorem 1.2. The problem NP({) is indeterminate and for every solution f to the problem, ||f oo > Smin := MaXiey, |wil.
Furthermore, there are infinitely many rational solutions f € R8<yp,—1 With ||f oo = Smin.

In contrast to this case, the “boundary-to-boundary*‘problem NP({3) can be solved by finite Blaschke products. The following
theorem is due to Ruscheweyh and Jones [6].

Theorem 1.3. The problem NP({3) has infinitely many solutions in B<p;_1.

The next supplement to the Ruscheweyh-Jones theorem shows that in the “boundary-to-boundary” case, the minimally
possible complexity of rational solutions is attained just on finite Blaschke products.

Theorem 1.4. Every solution f € R4§ to the problem NP({3) with deg f < njs is necessarily a finite Blaschke product. Every
solution f € R4 to the general problem (1.1) which is not a finite Blaschke product is subject to deg f > ns.

The second statement in Theorem 1.4 refers to the problem (1.1) for which at least two of the three sets in (1.2) are not
empty. Now we will discuss these “combined” problems in some more details.

The combined problem NP({13) (with £, = #) was studied in [7] in a general meromorphic setting. It was shown that the
problem is indeterminate if and only if the Pick matrix P; (1.3) is positive definite, in which case there are infinitely many
solutions in By, 4;—1. The uniqueness occurs if and only if P; > 0 is singular and the unique solutionf to the subproblem

NP({,) also satisfies equalitiesf(z,-) = w; for alli € {3; due to the known explicit formula forf in terms of {z;, w; : j € 41},
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the latter equalities together with P; > 0 establish explicit criterion for the determinacy of the problem. Unlike to the
problem NP({5), the finite Blaschke product are not the lowest degree interpolants for the problem NP({13). For example,
the problem with interpolation conditions

fO=1/2,  fQ1/2)=3/4, f(D)=1

has a degree one rational solution f (z) = (z + 1)/2 and infinitely many solutions in 8B, as well as in R4, \ B,. What we
can guarantee in the present setting is that every solution f to the problem NP({3) which is not a finite Blaschke product,
is subject to deg f > ns.

Another combined problem NP({,3) (with {£; = @) turns out to be always indeterminate with infinitely many solutions
in R8<n,4n,—1 and with the estimate deg f > nj for every solution f; see Theorem 1.4. This problem is perhaps the least
interesting: it has no finite Blaschke product solutions and all solutions have the unit H*°-norm.

Our main results below are concerned about the two remaining cases: the general problem NP({i,3) involving
interpolation conditions (1.2) of all three types and its special case NP({1;) containing no “boundary-to-boundary”
condition.

Theorem 1.5. The problem NP(423) (the problem NP(41;)) is solvable if and only if the Pick matrix Py (1.3) is positive definite,
in which case the problem has infinitely many solutions in R4, 4n,+n;—1 (respectively, in RS, yn,—1)-

The necessity part is immediate: by Theorem 1.1, the condition P; > 0 is necessary for both problems to have a solution. If
Py is singular, a unique solution of the “interior-to-interior” subproblem NP(4,) is a finite Blaschke product which cannot
satisfy conditions (1.1) for every i € {,. Thus, P; cannot be singular and the condition P; > 0is in fact necessary for problems
NP({1;) and NP({1,3) to have a solution. The sufficiency part will be justified in Section 3 via explicit constructing a family
of rational solutions to the problem NP(4133).

The next theorem discusses the existence of solutions of the problem NP({1;) with the minimally possible norm. The
value of this minimal norm is suggested by Theorems 1.1 and 1.2.

Theorem 1.6. Let us assume that the Pick matrix P, is positive definite (so that the problem NP(41,) is indeterminate) and let
= inf ||f|| o where the infimum is taken over all solutions f to the problem. Then

n = max{)‘mim Smin}a where §min := max |wi| (15)
icdy

and where Ay is the maximal solution of the Eq. (1.4). Furthermore:

1. If Amin < Omin, then there are infinitely many solutions f € R 8 <p,yn,—1 to the problem such that ||f |l c = 1.

2. If Amin > Smin, then there are no minimal norm solutions.

3. If Amin = Omin, then there are no minimal norm solutions, unless the boundary target values {w;}ic,, are very special (see
Lemma 4.2) in which case the minimal norm solution is unique.

Note that a result of this type (in a less explicit form and for the case n, = 1) has recently appeared in [8].In case n, > 1, it
was shown that inf ||f || (that is, « defined above) exists.

The outline of the paper is the following. Some needed background on Nevanlinna-Pick interpolation is presented in
Section 2 as well as the proof of Theorem 1.4. In Section 3, we develop an idea from [9], introducing and studying perturbed
Pick matrices and associated matrix pencils. In Section 4 we present several algorithms producing low-degree and/or
minimal norm solutions for various Nevanlinna-Pick problems discussed in this introduction. The proofs of Theorems 1.5
and 1.6 are obtained then as byproducts of these algorithms. The paper is concluded by an illustrative example.

2. Preliminaries

In this section we prove Theorem 1.4 and present some auxiliary material needed for proving Theorems 1.5 and 1.6. The
results presented in Sections 2.1 and 2.2 can be found in [9].

2.1. The interior problem NP(J4)

Here we recall a linear fractional parametrization of the solution set for the indeterminate problem NP({). We thus
assume that the Pick matrix P; is positive definite. Observe that P; satisfies the Stein identity

P, — Ty\PT} = EyEf — MyM? (2.1)
where the matrix T; € C"*™ and the columns M;, E; € C™*! are give by

21 0 w1 1
T] = . M] = . . E] = . (22)
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For the latter objects we will use a more compact notation
T, = diage,, {zi}, My = Coliey, {wi}, Ey = Coljey, {1}. (2.3)
We next introduce the 2 x 2 matrix-function
V@) Y@
¥(z) =
@ [w21<z> ¥ (2)

*

=1—(1-2zp) [AE/;]] (I —zTH) Py =Ty [Er —My], (2.4)

where p is an arbitrary point in T and where I denotes the identity matrix of an appropriate size. It is readily seen that ¥
is a rational function having simple poles at 1/z; (i € {1). A straightforward calculation based solely on the equality (2.1)
verifies the identity

— | EF 11— =
J =¥ @) @) =1-2z0) [M}] (=27 = ¢ [Er M) (2.5)
for every z, ¢ where ¥ is analytic, where J is the signature matrix given by
1 0
] = [0 _1] (2.6)
Identity (2.4) implies in particular, that ¥ (z) is J-unitary on T, i.e.,
¥ (2)J¥(z2)* =] forallz € T. (2.7)

Theorem 2.1. Let P; > 0 and let ¥ be defined as in (2.4). A function f belongs to R$ and satisfies conditions (1.1) for alli € 4
if and only if it is of the form

Y€+ vy

Y218 + ¥

Since ¥ () = I, it follows that det ¥ (z) 0, so that formula (2.8) establishes a one-to-one correspondence between R 4§
and the set of all rational solutions to the problem NP({).

forsome & € RS. (2.8)

Corollary 2.2. A function f belongs to R$ and satisfies conditions (1.1) if and only if it is of the form (2.8) for some § € R3§

subject to conditions

V(@) — ¥a(z)w
Y21z wi — Y11(2:)

Furthermore, |vi| = 1 <= |w;| = 1and |vj| < 1 < |w;| < 1.

&@z) =v;: forallie 4, U 3. (2.9)

Proof. The statement follows from (2.8) once we evaluate the latter one at z;, replace f (z;) by the target value w; and solve
the obtained equality for &(z;). We just need to be sure that the denominator in (2.9) is not equal to zero. To this end, let
us recall that the adjoint of a J-unitary matrix is J-unitary so that the equality ¥ (z)*J¥ (z) = ] holds for all z € T due
to (2.7). Equating the upper-left entries in the latter equality gives |1/11(z)|?> — |¥21(2)|> = 1forall z € T. Therefore
[Yr11(2)| > |¥21(2)| and also Y1 (z)w; — ¥rq1(z;) # O for every z; € T and w; € D. The last statement follows from (2.5),
(2.7) and (2.9):

[V @) wi — Y@ - (1= [uil?) = [T —wi] ¥ (@)]¥ @) [_l:|

w;
1 -wl [_lw] =1 wil,
i
which completes the proof. O
Conclusion. Corollary 2.2 shows how to reduce the general problem (1.1) to a problem containing no interior interpolation

conditions. Due to the second statement in Corollary 2.2, the reduced problem has the same “boundary-to-interior” and
“boundary-to-boundary” components (with recalculated target values of course) as the original problem.

2.2. Boundary rational interpolation with prescribed derivatives

Boundary interpolation by rational Schur-class functions with unimodular target values becomes much more transparent
if, in addition to conditions f (z;) = wj;, one prescribes the values of f” at each interpolation node z;. To given z;, w; € T (i € {3)
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we attach a tuple y = {y; : i € 43} and construct the Hermitian matrix
1-— U)iw]‘
— T ifi#£],
Ps, = [pff]i,je13 . wherep; =1 1-z7 (2.10)
Vi ifi =]j.

Definition 2.3. We will say that the tuple y is admissible if the matrix Ps , is positive definite.

We next introduce the matrix T3 € C"™*™ and the columns M3, E; € C"1*! by the formulas similar to those in (2.3):

T3 = diagic,,{z}, M3 = Coliey, {w;}, E3 = Colicy, {1}, (2.11)
and observe the identity
P3y — T3P3 T3 = EsE5 — M5M3, (2.12)

similar to (2.1). The difference between the Stein equations (2.1) and (2.12) is that the first has a unique solution P; whereas
the second has infinitely many solutions which may differ, however, only by their diagonal entries. In any event, for an
admissible tuple y we may introduce the rational matrix-function

. _[oh@ 65
0@ = [9}}@ eli(z)]

=1—(1-2zm) [1\5/133] (I —2T3)"'P; (I —aTs) "' [E3  —Ms], (2.13)

where p is an arbitrary point in T \ {z; : i € J3}. The function @Y has simple poles at z; (i € {3) and it is readily seen that
its scalar multiple

y 11(2) 6)12(2):| 7). @Y
0’ (z) = T To [[a-zz) 0@ (2.14)

is a matrix polynomial of degree equal |{3| = ns. Due to identity (2.12), the function ®¥(z) is J-unitaryon T \ {z; : i € {3}

and another consequence of (2.12) is that det ®Y(z) = 1forallz € T\ {z; : i € 43}. Indeed, using the determinantal equality
det(I — AB) = det(I — BA) we have from (2.12) and (2.13)

det ©7(z) = det( —(1=2zR) [E] (I —2T3)""P; (I — aT3) ™' [E3 —M3]>
3

ieds

I—(1—z@) (I —2T)7'Py (I —TT) ' [E3 —Ms] [@D

Il
o
1)
~t

= (1 = z@)(I —2T) Py (1 — T5) ™ (P — T3P3_,,T3*)>

det

((1 — 2175 (1 — Ts)” ) x det (I — JiT3)Ps.y (I — 2T5) — (1 — Z70) (Ps.y — TsPs,,T7))

— det ((1 — 215 'Py - mg)*l) - det ((zl — T)P3., (il — T*))
e wE-a
(1-2z)(1 - uz) B

where the two last equalities hold due to the diagonal structure of T3 and since |z;| = 1. Now it follows from (2.14) that

ieds

det 8”(z) = [ [(1 —2z)* forallz e C. (2.15)

ieds
Theorem 2.4. Let y be an admissible tuple and let O be defined as in (2.14). A function f belongs to R-8 and satisfies conditions
f@) = w, If'@)| <y forieds (2.16)
if and only if it is of the form

06 +00,

f:
02,& + 0%,

(2.17)

for some & € RS. Moreover, a function f of the form (2.8) meets the condition |f'(z;)| = y; if and only if

01, (2)€ () + 02,(z) # 0. (2.18)



3128 V. Bolotnikov, S.P. Cameron / Journal of Computational and Applied Mathematics 236 (2012) 3123-3136

Remark 2.5. By the converse to the Carathéodory-Julia theorem (see [10, Chapter 4] or [11, Chapter 6]), whenever a function
f € R4 takes a unimodular value at a boundary point t € T, the following equalities hold

- 1-=f@)
m N —

li
z—>t 1 — |z|2

= tf (O)f () = If' ()] (2.19)

Therefore, conditions |f'(z;)| = y; and |[f'(z;)] < y; in Theorem 2.4 can be equivalently replaced by f'(z;)) = z;w;y; and
ziwif'(z;) < y; respectively. Thus, interpolation conditions involving |f’| are in fact concerned about f” itself.

Remark 2.6. It is worth mentioning that the boundary interpolation problem (2.16) can be considered for all Schur-class
functions (not only rational) in which case f (z;) and f’(z;) should be interpreted as the non-tangential boundary limits of f (z)
and f'(z) as z tends to a boundary point z; non-tangentially. It is quite remarkable, that the first statement in Theorem 2.4 is
still true in this more general setting once we allow for the parameter & to run through the whole class § rather than through
R48. However, the characterization of the parameters & leading to the equality |f'(z;)| = y; rather than to the inequality in
(2.16) is more tricky in this more general context; we refer to [12-14].

2.3. Proof of Theorem 1.4

Let us assume that f € R4 is not a finite Blaschke product and satisfies conditions (1.1) for all i € {3. Let us define the
tuple y = {y; : i € 43} by letting y; = |f’(z;)|. Then the matrix P , defined as in (2.10) is positive definite by [15, Lemma
2.1] (Ps , is positive semidefinite since f belongs to the Schur class, and it is singular only if f is a finite Blaschke product of
degree less than n3, the dimension of P ). Thus, the tuple y is admissible and it follows from Theorem 2.4 that f admits
a representation (2.17) for some & € R 4§ subject to constraint (2.18) for every i € f3. Writing & = P/Q as a ratio of two
polynomials in the lowest terms we get from (2.17) a representation of f as a ratio of two polynomials

67P+67Q N
==y = (2.20)
05,P +65,Q D
The numerator N and the denominator D in the latter representation may have common zeros only at the zeros of det o7,
that is, at {z;};c4,. However, conditions (2.18) tell us that D(z;) # 0 for all i € {3. Thus the representation (2.20) is coprime
and therefore, degf = max{degN, deg D}. On the other hand, it follows from (2.13), (2.14) that the leading coefficient A,,
of the matricial polynomial

O (z) = ApZB 4+ Az + A
is an invertible matrix. Indeed, by (2.13), (2.14),

n3 *
E _ _
(1™ (]‘[21) A, =1— [M?;] T3Py (ul — T3) "' [E3 —Ms].
i=1
On the other hand, a computation similar to the one used to get (2.15) shows that
E} _ _
det (I — |:1\/I3;‘] T3P3,;1,(/u —T5)7! [1;‘3 —M3]>
_ 1 -1 w1l E
=det | I — T3P;,(ul — Ts) [Es  —M;] M
= det (1 — TsP; , (ul —T3) ™" (Psy — TP3,,,T*))

det (TsP3 3 (ul — T)™" [(ul = TIP3, T3 — P+ T3, T])

n3 =
zi(uz; — 1
= det (Tgpg;(;u — T3)—1) ~det (P;,(uTy — 1) = ]_[ Lz) =1
’ i=1 M —Zi
and thus, Ay, is invertible. Then one can conclude from (2.20) that
degf = max{degN, deg D} = n + max{degP,degQ} = n; + deg& > n3

which completes the proof of the second statement in Theorem 1.4. The first statement now follows immediately. O

3. Perturbed Pick matrices

A family of rational solutions to the problem NP({,) can be constructed as follows: for a fixed r € [0, 1), find a function
g € RS suchthatg(rz;)) = w;foralli € 4, (if r is close enough to one, then there are infinitely many such functions) and
then let f (z) = g(rz) to get a solution f to the problem NP({;). This idea was outlined in [9] and will be applied here to the
combined problem NP({1;).



V. Bolotnikov, S.P. Cameron / Journal of Computational and Applied Mathematics 236 (2012) 3123-3136 3129

Assuming throughout this section that the necessary condition P; > 0 for the problem NP({,) to have a solution is in
force, we introduce the matrix

1 — wyw; M+
I e T ) (3.1)
ij=1 Py Par

where the block Py, € C"*™ corresponds to the index set 4, and the block P, , € C"™*™ corresponds to {,. Define the
number

|Im(zi2j)| ifRe(ziZj) > 0,
1 if Re(z,-Ej) <0,

and observe that foralli #j (i,j € 4, U dy) and allr € (0, 1),

0<q<gq;<|1-rzzl.

q= Ug:glz{qij ti#j,}, where q; = {

Therefore, all non-diagonal entries in P, are bounded by 2/q in modulus. On the other hand, all the diagonal entries in the
block P, , have the form

1—|wl>  1—|wl

1—r2z2 ~ 1-—r2
and are as large as we wish if r is close enough to one. We also know that the entry-wise limit of P; , asr — 1 is equal to
the matrix Py > 0 and thus P, > 0if r is close to one. Combining all the above information we conclude by the standard

Schur complement argument that there exists ry € [0, 1) so that P, > O for every r € (ro, 1). We next describe all r such
that P, is positive definite.

(Izil = 1, Jlwi| < 1),

Proposition 3.1. Let ro = max{r € [0, 1) : detP, = 0}. Then

P, >0, P. #0 forre (0,rg) and P, >0 forr e (g, 1).
Proof. The function d(r) = det P; is rational, so it has finitely many zeros, and thus ry is well defined. Let us assume that Py
has a negative eigenvalue. Since for all r sufficiently close to one, all eigenvalues of P, are positive, it follows by continuity of

eigenvalues that for some r’ € (rg, 1), the matrix P,» has zero eigenvalue so that det P,, = 0 which contradicts the definition
of ro. Therefore, all eigenvalues of P, are nonnegative so that P,; > 0.

Let us fix r{, o € [rp, 1) and assume that r, > r;. We have

i — — — Ani+n
P |:1 — W;jWwj 1-— WiWj i|n1+n2 |: 1-— WiWj (r22 — le)ZiZj] B
= = .

1 2.5 2.5 2,5 2>
1—ryzz; 1 —rizz; 1—rizz; 1—r;yzz;

P, —
ij=1 ij=1

and thus, P, — Py, is equal to the Hadamard product

1 ny+ny

P, — Py, =Py o (05 —r)T[,T*), where l; = [ﬁ} (32)
1 —r4zz; ij=1
and where T = diag;e,,,,{z}. The positivity of I for any r € (0, 1) is well-known. Therefore the second factor on the right

hand side of (3.2) is positive semidefinite and we conclude by the Schur product theorem, that P, > P, if P,, > 0.
In particular, P, > P;; > 0 for every r € (ro, 1). Therefore, the function d(r) is non-decreasing on [rg, 1). Since d(r)
is rational and since d(ry) = O, it follows that d(r) > O for every r € (ro, 1). Therefore, we have in fact P, > 0 for all
r € (ro, 1). Finally if we had P, > 0 for some r’ € (0, rp), the above arguments would show that Py, is positive definite

which would contradict the choice of ry. Thus, P, # 0 forr € (0, ry), which completes the proof. Observe that ro = 0 if and

onlyifwi =+ = Wny4n,. O
The matrix P, is the Pick matrix of the “interior” interpolation problem with interpolation conditions
g(rz)) = w; forie 41U ds. (3.3)

Combining Proposition 3.1 and Theorem 1.1 we conclude that for every r € [rg, 1), there exist infinitely many functions
g € R4 satisfying conditions (3.3); for every such g, the function f (z) = g(rz) solves the original problem NP({1,). There
are two reasons to consider a solutiong € 4 to the problem (3.3) with the minimally possible H**-norm: (1) this construction
will be used to prove Theorem 1.6 and (2) this g is a rational function of degree at most n; + n, — 1. The construction is
suggested by Theorem 1.1, part (4).

For every fixed r € (rg, 1), let us introduce the pencil

2 — qmtn
A —w,-wj]

= =)0~ WLWY, (34)
1-— TZZiZj

Pr(k) = |:

ij=1
where W = diag;,,u,, {wi} and where I is defined in (3.2).
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Proposition 3.2. Let rg = max{r € [0, 1) : det P, = 0} and let A, denote the maximal solution of the equation
detP.(1) = det(\*I, — WIW*) = 0. (3.5)
Then the function r — X, decreases on [rg, 1).

Proof. Take ry, r, sothatry < r; < r, < 1and let us consider the following modification of P,:

f— qN1+n3
; 1-— W;W; , wj
P=|—— ,  Wherew; = —.

r 2,5
1—rzz; |; ;4 r

By the very definition of A,,, the matrix P"1 > 0 is singular. By (the proof of) Proposition 3.1,P” > 0foreveryr € (ry, 1) and
in particular, P2 > 0. Then the maximal solution A to the equation det (P"2 (1)) = 0 (where P2 (1) is defined by formula
(3.4) with w] instead of wj) is less than one. By the definition of A.,, it follows that A,, = A" - A,, and thus, A;, < A;,. O

Since P, (1) = P, (see formula (3.1)) is positive definite, it is clear that A, < 1 and that the matrix P, (},) is positive
semidefinite (singular). Let us denote its rank by p := rank (P,(A;)) < n; + n, — 1. By Theorem 1.1, there is a unique
Schur-class function b, such that

Wi .
b, (rz;)) = = fori=1,...,n1 +ny. (3.6)
r
This function is a Blaschke product of degree p and it can be constructed from interpolation data as follows. It turns out that
any p x p principal submatrix of P (A, ) is positive definite. We fix one such submatrix by choosing the index set { C {1 U {>
of cardinality [{| = p and letE, C*1 to be the column with all entries equal one, and let

p, — [ = Wity T, = diag,,{z}, M, = Coli,{w)
— S = d1ag; ifs = L0} Wiy.
L 1—r2zz; e o Sic1\Zi ) ic 1\ Wi
Then the desired b, is defined by the formula

11— —zrz)E; (I — er;)”G

by (z) = Ar -
e = wj — (1 — zrz)M: (I — z1T*)~'G

) (3.7)

where j is any index from ({1 U {,) \ £ and where
G="P (I —r’zT,) ' (WE, — M,w)).

We refer to [16] for details. The function g(z) = A,b,(z) is the minimal norm solution of the interpolation problem (3.3)
whereas the function

fr@) = Asb: (12) (3.8)
is a rational solution of the original problem NP({,,) of degree p < n; + n, — 1. Combining (3.8) and (3.7) gives
1— (1 —zr’z)Es(I —21T;)7'G
wj — (1 = zr2Z)Mi(I — z2rT})~'G’

f@) =22 (3.9)

We summarize: for every r € [ro, 1) we constructed a solution f; € R$ <n,4n,—1 to the problem NP({41,). To make sure that
we got an infinite family of solutions we need the injectivity of the map r — f;.

Proposition 3.3. The correspondence r — f; established by formula (3.9) is either one-to-one or its range is a singleton.
Proof. Let us assume that the numbers r; < r, lead via formula (3.9) (or (3.8)) to the same function f., = f;,, so that
*b1(r1z) = Aaba(rp2) (3.10)

where by = b;, and b, = b;, are Blaschke products of degree at most n; + n — 1 and where we have set for short 1 = A,
and A, = A.,. We have from (3.10),

by(z) = 21 b, (rlz) (3.11)

A2 )

Since b, and b, are unimodular on T, we have by the symmetry principle and (3.11)

A 1 A 1 A
J.b1<E>:b2(z): B :j.m(E),
A2 ) b,(1/2) M b, <r1 ) A I

mnz
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which eventually gives

2 2
OPRORE

for every z € C at which b, is analytic. Iterating the latter identity leads us to

" 2k " 2k
b, (—) z) = (—) -bi(z) forallk=1,2,.... (3.12)
p) At

Since ry < 1, we have A; > A,, by Proposition 3.2. Letting k — oo in (3.12) we conclude that b;(0) = 0. Therefore b is of
the form b{(z) = zb(l1) (z) and substituting this product into (3.12) one gets a similar identity for bgl):

2k 2k
A
b ((:) Z>:<Zﬁ> b @). (3.13)

The ratio % cannot exceed one, since in this case we would have concluded from (3.13) that b(11)(z) tends to infinity as
z — 0 which is impossible as b(ll) is a finite Blaschke product. If % = 1, we conclude from (3.13) that bﬁl) takes the
same value on an infinite sequence of points converging to the origin and therefore, bgl) is a unimodular constant by the

uniqueness theorem. If % < 1, then we conclude as before, that bﬁ” = 0 and therefore, bﬁl)(z) = zb(lz) (2) for a finite

Blaschke product bﬁz) subject to identity

2k 2 2k
r r5A
b ((r) Z>:<fz;> B2 ).
1

We continue this procedure which will stop after m < n; +n, — 1 steps with a unimodular constant bgm) showing therefore,
that (3.11) is possible only if by (z) = b,(z) = z™. In this case, the target values w; are very special
w; = 8z" forsomem <n;+n, —land$ € D, (3.14)

and it is clear that in this case, A, = l‘f—n' and f,(z) = 8z foreveryr € (rg, 1). O

Corollary 3.4. The correspondence r — f; is one-to-one in the following two cases:

1. |wil # |wj| forsomei,j € 4p;
2. w; = 0 # z; forsomei € dq5.

For the proof, it suffices to observe that both assumptions exclude (3.14).

4. Construction of low-degree solutions

In this section we develop several algorithms producing low degree solutions to the problem (1.1) as well as to several
particular cases of this problem. Corollary 3.4 suggests the following procedure to get an infinite family of low-degree
solutions to the problem NP({ ;) regardless the target values wj; are special as in (3.14) or not.

Algorithm 1. R840, 1-solutions to the problem NP({1;).

Case 1: z; # 0 and w; = 0 for some i € 3.

Step 1: Construct P, as in (3.1) and find ry = max{r € [0, 1) : detP, = 0}.
Step 2: For every r € (rg, 1), find X, the maximal solution of Eq. (3.5).

Step 3: Construct the function f; as in (3.9).
For every r € (rp, 1), the function f; belongs to R 48 <;,n,—1 and solves the problem NP({;). Different parameters r lead

to different functions f; by Corollary 3.4.
Case 2: The target values w; are all non-zero.
Step 1: Modify the target values letting

~ wi —w .

w; = '771 forie 47U 5.

1 — wjw;

Then |w;| < 1foralli € 47 U 4, and in addition, w; = 0.
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Step 2: Apply Case 1 to the modified problem with interpolation conditions
F(z) =w; forie d;U ds. (4.1)

For every solutionfr of this problem obtained by Step 1, the function

Fr(@ +w
1+f.@)w;

belongs to R 4§ <n, +n,—1 and solves the original problem NP({1,). The transformationfr — f established by formula (4.2) is
one-to-one which together with Corollary 3.4 implies that f,, # f., whenever ry # r,.

Observe that the latter algorithm applies to problems NP(4) and NP({,). In the first case we get explicit formulas for a
family of &R 8 <n, —1-solutions to the classical Nevanlinna-Pick problem; recall that the complete characterization of all such
solutions as solutions of certain extremal problem has been obtained in [3-5]. In the second case we get a family of R8;, _1-
solutions to the “boundary-to-interior” problem NP({,). Although this algorithm is a literal repetition of Algorithm 1, we
display it here for the convenience of future references.

f@ = (42)

Algorithm 2. R 8 ,,_;-solutions to the problem NP({5).

Case 1: The target values w; are not all of the same modulus.

Step 1: Construct P, ; as in (3.1) and find rp = max{r € [0, 1) : detP,, = 0}.
Step 2: For every r € (rg, 1), find A, the maximal solution of the equation

)\.2 - wiwj
det PZ,T(}‘-) = det ﬁ = O,
1—r ZiZj ijeds

and construct the function f; as in (3.9). This function belongs to R 8 <,,—1 and solves the problem NP({;).

Case 2: |wi| = |wj| for alli, j € 4. Since we excluded the case where all target values are the same, we have w; # 0 for all
ie 4.

Step 1: Modify the target values w; to w; as in (4.1).

Step 2: Apply Case 1 to the modified problem with interpolation conditions

Fz) =w; forie I,.

For every solutionfr of this problem obtained by Step 1, the function f; defined as in (4.2) belongs to R8<,,—1 and solves
the original problem NP({5).

It is readily seen from formula (3.8) that all solutions f; obtained by Algorithms 1 and 2 have the H*°-norm strictly less
than one. We now present an alternative algorithm for the problem NP(4{1,) based on Algorithm 2 and Corollary 2.2.

Algorithm 3. RS, 1 n,_1-solutions to the problem NP(41;).
Step 1: Construct the function ¥ as in (2.4) and modify the target values w; (i € {4,) as in (2.9).
Step 2: Apply Algorithm 2 to the modified “boundary-to-interior” problem with interpolation conditions

&(z)) =v; forie 4.

This modified problem is indeed “boundary-to-interior”, due to Corollary 2.2.
Step 3: For every solution &, to the modified problem, the function

_ Ym& + Y

Y218 + VU
solves the problem NP(41,) (by Corollary 2.2) and belongs to R 8 <, 4n,—1, Since deg & < n, — 1 and since the MacMillan
degree of ¥ equals n;. The advantage of this algorithm is entirely computational: once the interior conditions are eliminated,

we deal with n, x n, matrices P, ; and P, . (}) to produce different solutions rather than (ny + n,) x (n; + n,) matrices P,
and P, ()).

f (43)

Algorithm 4. R 8 <, n,_1-solutions to the problem NP({3).

Step 1: Choose an admissible tuple y = {y;}icy, in the sense of Definition 2.3 and construct the matrix function o7 as
in (2.14)

Step 2: Apply Algorithm 2 to get R$<,,_1-solutions to the modified “boundary-to-interior” problem with interpolation
conditions

€(z) = v = 0% (@) — O @)wi

=~ 1€ Jy. (44)
0%, (z)w; — 67, (z)
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Step 3: For every solution &, to the modified problem (obtained by applying Algorithm 2), the function
f — ?:1)'1 gr + El)’Z
07,6 + 03,
solves the problem NP({,3).
Justification: Due to the Stein identity (2.12), the function @7 satisfies

J=e’@jerg)” —(1—24“)[ }(I—ZT) Py, (1 —¢T5) ' [E5 Ms]

and therefore, ®” is J-unitary on T \ {z; : i € 43}. Then the arguments from the proof of Corollary 2.2 show that (1) the
denominator in (4.4) does not vanish for every w; € D and (2) that |v;| < 1foralli € {,. Therefore, the modified problem
(4.4) is indeed of the “boundary-to-interior” type and we may apply Algorithm 2 to get a family of solutions & € R8<,,1
to this problem.

It is readily verified that equalities (4.4) are equivalent tof of the form (4.5) to satisfy conditions f(z;) = w; fori € {,.
On the other hand, since |&;(z)| < ||&]loo < 1 and since |92](zl)| = |0 (z))| # O foreveryi € J, (the proof can be found
in [13]; see Lemma 3.1 and Remark 3.2 there), it follows that condltlons (2.18) are met and therefore, by Theorem 2.4, the
function f of the form (4.5) satisfies conditions f (z;) = w; foralli € 4, U 43 and |f'(z)| = y; foralli € {3. We also conclude
from (4.5) that

degf < deg ®” +deg &, <ns;+n, — 1.

Since formula (4.5) fixes |f'(z;)|, it follows that different choices of y and r lead via (4.5) to different solutions to the problem
NP({53).

Algorithm 5. R 8 ,,_-solutions to the problem NP(J,) with the minimally possible H>-norm.

Step 1: Let 8pin = MaX;ey, |w;| and apply Algorithm 4 to the rescaled problem with interpolation conditions g(z;) = w;

“” fori € J,. For every solution g to the rescaled problem, the function f(z) = §min - £(2) is @ minimal norm solutlon to
the problem NP({5). It is obvious that ||f ||« > &min for every solution f to the problem NP({;) so that 8, is indeed the

minimally possible value of the norm of a solution.

Remark 4.1. Let us assume for the sake of definiteness that |w;| = Smin fori € £ and |w;| < Smin fori € 45 = 4\ 45. Strictly
speaking, Algorithm 4 applies to the rescaled problem only in the “generic” case where £ ## @.In this case, Theorem 1.4 tells
us that every rational minimal-norm solution f to the problem NP({;) is subject to degf > [45]. In case 47 = ¢ (that s, all
the target values wj; are of the same modulus), the rescaled interpolation problem is of the “boundary-to-boundary” type and
the existence of infinitely many solutions of degree at most n, — 1 follows from Ruscheweyh-Jones Theorem 1.3. We refer
to [17] for the explicit construction. Observe that every such solution is a scaled finite Blaschke product (by Theorem 1.4).

Algorithm 6. R 8 <, 4n,4n;—1-S0lutions to the problem NP({41,3).
Step 1: Construct the function ¥ as in (2.4) and modify the target values w; (i € 4 U {3) asin (2.9).

Step 2: Apply Algorithm 4 to the modified “T — D” problem with interpolation conditions &(z;) = v; fori € 4, U {3. For
every solution &, to the modified problem, the function f defined as in (4.3) solves the problem NP({1,3) (by Corollary 2.2)
and belongs to R <p,4ny4n5—1-

To conclude this section we present the proofs of Theorems 1.5 and 1.6.

Proof of Theorem 1.5. The necessity part was presented just below the formulation. The sufficiency part is justified by
Algorithms 1and 6. O

Proof of Theorem 1.6. Let us recall the notation u := inf||f || Where infimum is taken over all solutions to the problem
NP({13). Since every solution f to this problem solves the subproblems NP(4;) and NP({5), it follows from Theorems 1.1
and 1.2 that

”f”oo =z M= max{Amin, Smin}, (4.6)

where 8min ;= max{|w;| : i € {5} and A, is the maximal solution of the Eq. (1.4). Let us pick any i’ > w and let us consider
the rescaled interpolation problem with interpolation conditions

W
g(z) = wj=— forie 4;Ud,. (4.7)
w

1-ziz
J ij=1

since ' > Smin. By Theorem 1.5, the problem (4.7) has infinitely many solutions g € &8 <n,+n,—1 and Algorithm 1 produces

1— 1
The Pick matrix P; = [ wle:| is positive definite, since ' > Amin and on the other hand, |w]| < 1foralli € 4,,
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an infinite family of such solutions. For every g € R4y, 4n,—1 satisfying (4.7), the function f(z) = u’ - g(z) belongs to
RS <n,+ny—1, Solves the original problem NP({,) and satisfies ||f|lc < w'. Since every solution f to the problem NP(4;)
satisfies inequality (4.6) and since for every u’ > u, there exists a solution f such that ||f||., < w/, the first statement in
Theorem 1.6 (equality (1.5)) follows. O

By the previous arguments, every minimal-norm solution f to the problem NP({;) is necessarily of the form f(z) =
W - g(z) where u is defined as in (4.6) and where g is a Schur-class function solving the rescaled problem

W
g@) =w = — forie 4;UJ,. (4.8)
"

Thus, the minimal-norm solution to the problem NP({1,) exists if and only if there exists a Schur-class solution g to the
problem (4.8).
Case 1: Let us assume that Amin < 8min S0 that 4 = 8min and the Pick matrix P; corresponding to the “interior” conditions in
(4.8) is positive definite. We assume (as in Remark 4.1) that

|wi| = 8min forie g5, and |wi| < émin forie 4) = dr\ 45.
If 17 # ¢, then the rescaled problem (4.8)is of the same type asNP({123) (with 4, and {5 replaced by 4/ and J;, respectively)
and itis indeterminate (by Theorem 1.5) since P; > 0. We may apply Algorithm 6 to construct a family of <y, r,—1-solutions
to this problem which in turn, will produce a family of low-degree minimal-norm solutions to the original problem NP({15).
If 45 = ¢, then the problem (4.8) is of the same type as NP({;3). In this case, the explicit construction of an infinite family
of solutions can be found in [7].

2y,

We next observe that if §min < Amin = i, then the matrix Py () = [“Hz, ] is positive semidefinite and singular.
iz lijesy

By Theorem 1.1 there exists a unique functionf € 4§ with ||f||00 = p and satisfying conditions (1.1) for alli € J;. This
function is necessarily of the form f(z) = u - b(z) where b is a Blaschke product of degree degb = p := rankP;(w).

Therefore |f(z)| = u for every z € T. The explicit formula forf is similar (3.9): we pick any subset { C {; with [{] = p and
let

2 _

W — wiw; .

P, = |:1]i| , T, = diagjc, {zi}, M, = Colic, {wi}.
1=zZj Jjjey

We also let E, € C* *1 to be the column with all entries equal one. Then P, is positive definite and f can be written as

1— (1 —2Z)E;(I — 2T 'P; (I = ZT,) " (W’E, — M,w;)

f@ =u W) — (1—zZ)M: (I — 2T7) "', 1 (I — ZT,) ' (u2E, — M,wy)’ (49)
where j is any index from {7 \ . We now consider the two remaining cases in Theorem 1.6.
Case 2: If Amin > Smin = max{|w;| : i € d,}, then for every i € {,, we have

lwi| < max{lwi| : i€ L2} = Smin < Amin = K
and since [f(z)| = u for every z € T, we conclude thatfr cannot satisfy condition (1.1) for every i € J{,. Therefore the

problem NP({1,) has no minimal-norm solutions.

Case 3: If &4 = Amin = Omin, the unique candidatef might solve the problem NP(41,). A necessary (but still not sufficient)
condition for this to happen is that |w;| = u for alli € £,. However, taking the advantage of the explicit formula (4.9) we
can verify equalities f (z;) = w; forevery i € {,. These equalities provide the uniqueness criterion (in terms of interpolation
data) for the minimal-norm solution to the problem NP({;). O

From the computational point of view, the uniqueness criterion presented in the proof of Case 3 above makes perfect
sense. We conclude this section with its equivalent reformulation which is more consistent with the tradition of the norm-
constraint interpolation theory to give necessary and sufficient conditions in terms of Pick matrices.

Lemma 4.2. Let it < 1 be the maximal solution of the Eq. (1.4) and let |w;| = w foreveryi € {,. Let P = [p,»j]l. jet1Ut be the
partially defined matrix whose entries are specified by the formula

2 _
— Wi
pij = Milj foralli,j € 41U 4y,
1-— Zizj
?—wiw;
1-zzj

except for the diagonal entries p;; (i € d,) which are not specified. In particular, the matrix Py () = [ ] is a completely
ijedq

specified principal submatrix of . The problem NP(412) has a unique minimal-norm solution if and only if the matrix P can be
completed by an appropriate choice of p;; (i € ) to a positive semidefinite matrix so that rank P = rank Py (u).

Proof. The problem NP({{,) has at most one minimal-norm solution since the Pick matrix P;(u) is singular. The only
candidatef indeed satisfies conditions (1.1) for all i € {,, we let p; = |f/(zi)| for every i € J,. The completed matrix P
is positive semidefinite and its rank is equal to the degree off (and therefore to rank P; () by Lemma 2.1in[15]). O
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5. An example

In this concluding section, we illustrate some of the previous results by a simple example. Let us consider the two-point
boundary Nevanlinna-Pick interpolation problem of the type NP({,) with interpolation conditions

1 1
fy=5 and f(=1)=2. (5.1)

We now apply Algorithm 2 to get all R4 solutions to this problem. We start with the perturbed Pick matrix

3/4 5/6
p—|1-r 1+r?
2r—=1 s5/6 8/9

14+r2 1-—r2

and compute ry, the maximal solution of the equation det P, , = 0 on the interval [0, 1). It turns out that| rp =5 — 276 .

We next write

A —1/4 A -1/6
1—1r2 1412
A2—1/6 A2—-1/9
1412 1—r2

P2,r ()‘) =

and for every r € (rp, 1) we compute A, the maximal solution of the equation detP, (1) = 0. Some routine elementary
algebra gives

2+ 1+ /r*+98r2 + 1

24r

r=

(5.2)
We then use formula (3.9) and some elementary algebra to get a family of linear fractional solutions to the problem (5.1):

1—-G—zr(1+G 1—12 A%2-1/6
fi@) =22 z7(1+06) where G = r r /

2. , S (5.3)
1/3—G/2—zr(1/3+G/2) 1+r2 A2—1/4

For any solution f of this problem, we have |f || > max{1/2, 1/3} = 1/2. On the other hand, for f; of the form (5.3),
Ifillcoc = Ar. By (5.2), A, increases to 1/2 asr — 1 and thus, for every r sufficiently close to one, the norm of ||f || will be
close to the minimally possible value 1/2.

Now we will apply Algorithm 4 to construct a family of low-degree minimal-norm solutions for the same problem (5.1).
All such solutions are of the form f (z) = g(z) /2 where g is a R4, functions such that

g() =1 and g(—1):§. (54)

The latter problem is of the type NP({,3). We fix a positive number y, let ©# = —1 and use the formula (2.13) to compute

1 0 14z 1 -1
@y(z):[o 1}_2y<1—z) [1 —1]

Then the function

2 1— 14z 4 1+z
3 2y (1—z) 2y (1—-z) 1—-4y)z+1+4y
g(z):_z. 14z 14 14z :(1—6 Z+1+6
3 2y(1—2) 2y(1—2) 4 4

belongs to R4 for every y > 0 and satisfies conditions (5.4). Thus, the formula

1 (1—-4y)z+1+4+4y
2 (1-6y)z+1+6y

fy(z) =

gives a family of minimal-norm low-degree solutions for the problem (5.1).
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