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ABSTRACT

The purpose of this thesis is to study the
Fourier transform in FEuclidean K Space (Ek).

Chapter One develops the properties of the
Fourier transform of a Lebesque integrable function (Li)
in Eko A theorem is proved that the Four%?r transform
of an Ll function f is Gauss summable to the function f
almost everywhere. Under certain conditions *on the
transform, an integral formula can be obtained for the
inversion of the Fourier transform.

In Chapter Two, the Plancherel theorem is proved
by three different methods. The one-dimensional proofs
due to Bochner, Riesz, and Wiener are extended to Ek‘
The Parseval relation between two L2 functions and
their transforms 1s also proved.

Chapter Three shows the equivalence of L1 positive
definite functions, autocorrdation functions of an L2
function, and bounded, continuous L1 functions with a non-
negative transform.
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INTRODUCTION

The purpose of this thesis is to study the Fourier
transform in Euclidean X Space. The thesis does not
attempt to cover all that is known about Fourier
transforms in Ek‘ However, it considers the problems
of extending many of the basic results of Fourier
transforms of functions of one variable.

The reader is assumed to be familiar withﬂLebesgue
integration, in particular the convergence theorems due
to Lebesgue and Fubinis theorem. The reader is
referred to McShane and botts [7). Also the properties
of the Fourier transform and the Hermite functions of
a single variable, are assumed known to the reader.
Here the reader is referred to Titchmarsh [12].

'vThe properties.of the Fourier transform of a
Lebesgue integrable function in E, are developed in
Chapter One. Alsc the composition and convolution
theorems are proved. The Gauss summabllity of the L1

Fourier transform of f, to the function f, almost

everywhere, is also proved. From this result, two

.« theorems giving integral formulae for transform

N

inversion, are proved. This development parallels
that outlined by Bochner and Chanderskaran [1].

In Chapter Two, the one dimensional proofs due to

2



Bochner, Riesz, and Wiener of the Plancherel theorem
are extended to E,. From the Plancherel theorem, the
Parseval relation between two L2 functions and their
transforms is also proved.

Chapter Three shows the equivalence of Ll positive

definite functions, autocorrelation functions of an L2

function, and bounded continuous Ll functions with non-
negative transforms. The equivalence of the Ll

positive definite functions and continuous, bounded Ll
functions is due to Bochner [2]. The relation between

continuous, bounded, L. functions with positive trans-

1
", form and auvtocorrelation functions of an L2 function is
suggested by Lee and Paupoli. However their work is in
the one varilable case, with some obscurlty in-the

hypothesis which is less troublesome in engineering than

mathematics.



CHAPTFR I
FOURIFR TRANSFORMS IN L, (E,)

Before we examine the properties of Fourier trans-

-~

¢ forms, we will define some of the terms and concepts

used throughout the pavper.

Definition 1: EK will denote Euclidean K Space

and X a point in E , i.e., X = (Xl,  SPRRRY Xk). Also

k

we will denote xl‘ + X,

Xy¥y F XV eeet X Vy by (XeY).

T e et sz by |X|, and

%

The characteristic function of a

set A is
1 if Xe A
KA(X) =
O if X & A
n A step function in Ek is defined

by s(X) = Z ajKM (X) where the a's are real or complex
. i
=1

numbers and the M's are disjoint intervals in Ek-

Definition 2: A Lebesgue measurable function f

is said to be a member of L (Ek) if

.. D
1 - p}*p*l s =
Ilfhp [fEk]f(X)lﬂ“ J < 0o where de dxldxz....dxk.
I]pr ig called the Lp norm of f. The distance between

f and g, two points in Lp, is || f-ng, where IIf-ng

is equal to zero if and only if f = g almost everywhere
(a.e.), that is, f = g everywhere except on a set of .+
measure zero. By considering the class of functions

equal a.e. as an equivalence class, we find that this

L



distance function is a sultable metric.

Note 1: Throughout the paper several well-known
integrals appear and are used in many proofs. The
following two Ll’ continuous and bounded functions

o X=I0y2
_._l__.."z—.(d)

R i 2 2
-ium ~-3u“dg
cJ?E e and e

given in Parzen [9]
page 218-19 give rise to these well-known integrals

a OO X2
e dx = Jrooand

&
@
)

® _x?+ ix - -Ez
e Yax =T e and finally

C"_~)

y

A~ U .
1im J Slrg Rt -
u=c0 " 0

N
L]

See Weiner [13] pages 47, 48, L9,

Also BE%:§+1 j‘a;'thztk-ldt = 2_§+1 J‘«;-vzyk'ldy
1 . poo k
. -t S - l'\
letting R%t2 = y?, = ¢k e 't2 dt
5.
k
2 r)
letting %f = %, = ——%— = le.
r 'é‘)

We will now define the Fourier transform of an Ll
function, say f, by
T(£) = oY) = [ £(X) el(X‘Y)de.

By

We shall denote the function and its transform by
by £(X) and ®(Y) respectively or ®f(Y) where confusion

may otherwise arise. We shall now extend to k~dimensions



(Ek) many of the well-known results of Fourier trans-

forms of one real variable.

Property 1: If f(X) & Ll(Ek)’ then ®(Y) exists

and is bounded by “f“l for all Y € E.
Proof: Trivial.

Property 2: If f(X) €& Ll(Ek), then ®(Y) is

uniformly continuous.
Proof: If T = (tls Eoseees tk), then consider

(1.1)  [o(w+1) - o) | = | [ £x)etEY) (1EKT) 1)y |

E,
K

< IF e ey av
B,
. _ X +
now Iel(X'T)- = [gin® (XeT) + (cos(X<T=1)2]
(2 = 2cos(X°T)]£

2Isinizéll|

Hence (1.1) becomes

-
|

i

1}

4
(1) = 00| < 2[1£C0| |sinl(XeTI=][av, -

IN

IN

k
2| le@lav_+ 3o ) |t )] £ ]av
JE -R. X J R X
kK j=1 J
where J > 0 and R; = {x | ile <J for j =1, 2,...k}.
Given € > 0, we can make first integral < €/2. Then with

J fixed we let |T] » O so the second integral is <€/2,

Hence )
|o(Y+T) - &(Y)| < & rfor |T| small.

Property 3: If fl’ f2 c Ll(Ek) and ¢, and c, are

scalars, the T(clfl + czfz) = clT(fl) +‘02T(f2).



Proof: Immediate since integration is linear.

Pr0pe£ty Ye¢ If R is a real number, then

TL£(RX)I(Y) = R™ET[£(X)1(R™1Y)
and

TIE(X)I(Y) = TIE ()1 (=Y) where denotes the
complex conjugate.

Proof: T[f(RX)](Y)

[ ranyelt Ty
E, x

P,
let RX = X R'kj £(X)et(R (Y'X))dV§
E
X

R E7[£(x) ] R Ly)

and

i

MFN = [ T ot EPay,

Ey

il

et KT gy

J

TLEX) ] (=Y) "

By

Property 9: If f > f in L, norm then @n(Y) - &(Y)
uniformly for all Y € E e
Proof: By Hypothesis if € > 0, then there exists an

integer N such that for all n > N

jq%m>,ﬂmm%<e.

By

Now let Y & Ek and we have

lo, (0 - o0l = 1] L& Ve (x) - sx)]av, |
k



< jEkifn(x) - f(X)Ide

< & for all n > N and Y€ E .

T
Now we are in a position to state and prove a

useful theorem.

Theorem 1: (The composition Theorem) If f,g € Ll

and T(f) = ¢ and T{(g) = ¢ then

r r .
(YY) g(X)av. = | £(Y) F(Y)av, .

Proof: f J Ielkxgy)f(X)g(Y)ldVXdV
E, By y

= [ [ 1reolsismlanary = il lgly <o
k 7k

Hence we can use the Fubini Theorem

[ ] & Deagav,av

Jo, y
Xk By By

n

S fE 2(Y)g(V)avy

H

i(XeY)
fE fE e f(X)'s(Y)dVYde
k X

I Peesmav,
B

At this point it would be advantageous to define
a special step function which will be used in many

proofs throughout the paper. Let



{1ifaijijj
gj<xj) = lo if x. # [a,, by]
— J J J
Now let

(1.4) G(X) = & g.(y.)

Theorem 2: (Riemann Lebesgue Lemma) If
f(X) € L,(E, ), then 1im @.(Y) = O,
177k’ ]Ylwoof
Proof: We shall prove the theorem holds for step
functions, then extend the result to all Ll functions.

Let G(X) be as (1.A) and denote T[G(X)] by #(Y).

@)

| G(X)ei(X°Y)de

By

K p b s
= 7 f J elxjyj dxj
J=1 aj

Now each of these k individual .integrals goes ‘to
zero as the Ys involved = oo bj the Riemann-Lebesgue
lemma for one variable. J.}é(Y)*O as |Y|»o0, Hence
by definition of step functions the conclusion is true
for them alsoe. |

A well-known theorem which states that for each
Lp function f there exists a sequence of step functions

converging in Lp norm to'f. Thus if €> 0 and f € Ly
there exists a step function f such that ||[f-f | <E€.
Hence by Property 3

() = Op.z (D) + 2y (¥



and by Property 1
0. (D] < lE= 1l + [0, (D] <€ + lcpfe(x)l

Therefore Iim [0.(Y) <€ + 1lim o, (D]
|Y]|~>o0 1¥]»00 ‘e

and since fé(X) is a step function

1im |®. (Y)] = 0 it follows that

¥~ Te

1im [0-(¥)| < € for arbitrary€,
|Y'->OO

Hence we have proved the theorem.

The next theorem is important not only as a
building block for future results, but it is used

extensively in many areas of applied mathematicse.

Theorem 3: (Convultion Theorem) If f, g € Ll(Ek)
then their convultion (resultant or faltung) h(X) is
defined as

n(x) = |

£(X~g(Y)dV, =
E s y JE

k k
which exists for almost all X, belongs to Ll and

T[h(X)] = T(£(X)] - Tlg(xX)].

Proof: Since f(X) is measureable in X then £(X)

f(Y)g(X-Y)dvy

is measureable in X, Y. [We know we have sequence of
Baire functions converging almost everywhere to f(X)
and X-Y 1s measureable in Ek X Ek and a Baire function

is measureable, McShane and Botts.] To show that h(X)

10
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exists almost everywhere, let us consider

| 12@-D)] ey lav,
Jy |

k k

i

function. Then i1t follows
x Py

(D) [ 1ecolav,

that jE ] isx-m) e

e N£lly » an Iy

()| dVXdVY

exlsts, so by the Fubini theorem we have the preceding .

integral equals

| [ 1e@-v)]*1g(x)|av av_ which is
"B, B, vy ox

"In(x)|aV_. Therefore h(X) € L, (E,) and h(X) exixts

for almost all X in Ek’

2aC03@) = [ X Bpxrav
k

E, B

k Tk

= f f f(X-Y)ei[Z(X'Y)]g(Y)ei(Z°Y)dV av,

By Ek

B, €

let X-Y = T and we obtain

[ gt ¥) f(T)ei(Z'T)dvT;;vy

Ey By

= (g (Y)1(2)*T[£(T)](2).

~ ~ K Iv. \
= [ | ¥ rx-mg(vrav av,

[ emer @D [exy)ett2EDlgy av.

Y

y

The Jjustification for changing the order
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of integration again tfollows from Fubini's theorem with

f(X-Y)eiEZ.(X"Y)]g(Y)el(Z.Y) replacing £(X=Y)g(Y) in the

earlier arguments.
Note 2: If f(X) & Ll(Ek7‘is such that

k
£(X) = A fj(xj) and fj(xj) € Ly (-0, 00)

k
for 3 =1, 2, «v. k, then @ (¥) = 7 @. (y.)

(o9

- I ix.y.
where ®j(yj) = J fj(xj)e 393 dx

- OO
Also clearly if f(X) has transform ¥(Y) then
f(X)ei(X'H) has transform ®(Y+H) and f(X+H) has trans-

form @(Y)e-i(Y'H).

An important consideration of many mathematical
operations is the question of unigueness. The -following
theorem shows that any twoc Ll
thé same Fourier transform are equal almost everywhere.

functions in Ek having

Theorem 4: If £(X) € L(E,) and @(¥) = 0, then
f(X) = 0 almost everywhere.
Proof: Bochner [1] page 59.

We shall now investigate what extensions the usual
inversion techniques yield in Ek' That is, under what
conditions is

£(x) = (2m)7K[ 1 Vg_(v)av
.E y
k
at a point X in Ek'



A result which is very useful in one dimension is
known as the Riemann Localization theorem which states

that for f e'Ll(JX500) the inversion of ®. at a point

f
X depends only on the behavior of f in some neighbor-
hood of x. Bochner [1] states and proves a theorem

that if £ & Ll(~0°,Cﬁ), & > 0 is some real number and

d
[ Rt £ £0et) | ey |at < o
o .

. R
then £(x) = lim (2m~1[ ™% (y)ay.
-R

R->o0

We shall now state and prove.a theorem which

‘extends the one dimensional case. Following the proof

we shall examine the problems in getting a more general

result without a stronger hypothesis or using a Kernel

function [summability argument].

Theorem 5: If £(X) € L, (B, ) can be written as

£(X) = L. (x,) where £ .(x.) € 1,(-00, ©) .and if
j=1 37 J J 1

there exists o > O such that

o f(x.+t.) + fx.=t.)
(1.C) f ' 75 JTIT - f(le dt ;< oo
c tj

for j = 1,2,e..k,

then

~7 . l -i(X.Y) )
f(X) = 1lim - e o.(Y)av
R-oo (27)% er f y

where J, = {x] |xj| < R}.

13
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Proof: 1im (2m) kf e~ 1(X Y)q)f(Y)dV

R~c0 R
k R -ix. 595
= 1im T | e ¢ (v)dy, by Note 2
R>oo j=1 °-R £

= W 1im f o~ 1X3Y 3 ¢p (y )dy.
j=1 R-oo i o3

fl(gl) . fz(xz)...fk(xk) = £(X) by a

theorem for functions of one variable from Bochner [1]
page 9.

The condition 1.C is fulfilled if each ﬁj is norm-
alized by [fj(xj+0) + fj(xj-o)] that is the average of

fj's right and left limits at Xj'

We shall now generalize the hypothesis of the
theorem to the two variable case, in order to-show
the difficulties which arise in exténding the theorem.
Le% fe Ll(Ez) with transform ® and let

R. R .
-2? o~1(y1x1+¥2%,)
8, (x5%,) = (2m) _RI_R 17177252 0(y, v, )dy,

- -i( + )
= (2m) Zf f K[-r,RIx[-R,R) V127, )¢ TIRLTYE @ (y;py)dy 4y,

which by the composition theorem and Note 1

o0 ., OO
= em2[ [ K 1t X, *Y, )dy Ay, .
-00 =00

Now consider
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R.. R s
_ ixyyq+ix,y,)
T[K[-R,R]X[-R,R](yl’yz)}h f.-R I-Re 1 242 dxldX2

~ 2siniRyq 2sin Ry,
Y1 y

2

\55Hence we have
oo, CO
} p Y = 2 f sin Ry sin Ryza,
SR(Xl’LZ) m j-ooJ-OO Yl o Y f(yl+xl’y%+xz)dyldy2

2
co,00 L 00

o f . sin Ry, sin Ry
= o 2[JO j;ajj_af[ 7 sin Ry; sin Ry,

- 0O yl.yz

f(yl+xl,y-5x2)dyldy2

letting y, ==Y, in the second integral and adding the

resulting integrals we get

[£xaty,x,+y,) + f(xll."'yl’xz"'yz)]dyldyz
2. .

and- repeating the above process on the inner integral

we have

co . 0o ™

j sin Ryi sin Ry, X

(1.D) S.(x.,x ) = 22772

x{f(xl+yl,xz+y2)+f(xl%§iuxz-y2)+f(xl-yl,X2+Yz)
1

£ (*17Y15%27Y2 ) yay. ay,

Now setting



“ig (gin x

8X(yl,y2) = [(f(xl+yl,x2+y2)+f(xl-yl,x2+y2)+f(xl+yl,x2_y2)

+f(xl-y1,xz~y2))/“ - f(Xl:XZ)]

The generalization of the one variable case would

be: If f(xl,x ) € L, (E ) and for some & > O

(1.EB) j J ng(yl’yZ)

2

dyldy2 < o then

S (Xl,x ) nd f(xl,X ) as R = oo,

Essentially there are two problems. First the
product of sine functions in (1.D) rules out the use
of the Riemann Lebesgue Lemma, as in the proof of the
one variable case since the real part of ei(xlyl+xgy2)

17 * sin x,y,- cos yyx; * cos yzxz). ﬁl§g
notice the denominator of (1.E) is the pfgauct Y1°¥,e

Thi's makes the integrand undefined for values of Y1

and Y, where 1Y, = O; that id when either yy = 0 or
y, = 0, even though the distance from (0,0) to <yl’yz)

may be large.

Because of these difficulties, we shall use a
different approach to reach the desired results,\namely
inversion criteria.

Note 3: Let us define a special function g(X) =

21x|2 -€2x 2
o ENX® ok -€7x; where £is real and g(X) € L (Ek)

=1

16



2 2 ‘ - L
since f {e-ﬁ X1 deX = g72 ﬂ‘k. See Note 1.
o
k .

Now T[g(X)] = ¥(Y) which by Note 2 ¥(Y) = Wl %’(y )

T _€%.2 iy.x. -lg=-
with }‘Oj(yj) -.:f e X eMi*iax, )+ A
00

Vﬂk‘

3 =

[Note 1] .
_11_-15_-2 lyi 2

Hence /L (¥) = Ze K
and letting R = %_ we have
-1x)? R
T(e ] =R7° e

L

Note Y: If f éfLi(Ek) and Tf = &, we will define

(roa) sp(X) = (em)7K[ o(v)e~1 (XY =R72IY|% gy |
Ek y

) . . " -R72|Y|?
Notice SR(X) exists since |®(Y)] < wfﬂl and e

ig Ll'

Now we will ‘show that SR(X) - f(X) can be expressed

in terms of an integral of a single variable. By the

composition theorem, Notes 2 and 3, considering

-2 2
-R IYI'\as the

-Rz!z|2

SR

@(Y)e“l(X'Y) as the transform and e

function we get

K
(.0) 50 =72« (2m7FRE] r(wz)e

By

. L . . 2 2
Now the family of K-dimensional surfaces 21"+ 2, +eo

.wzk2 = gonstant covers Ek in such a way that for every



point Z &€ E, one and only one surface passes thru Z.

k
By making the change of variables Zj = t-uj for

k-1
3=1

a(zl,z seeesZy ) k—
5(t,u 17 e a0y ﬂ Jp~k«1—-. and then changing the order

=1 J

of integration and integrating over the surface of the

k dimensional ‘sphere o§u12+u22+.1.+uk2 = 1 instead of

the volume of the sphere. We get

- pio-k - k ~1p2¢2 (k-1
Sp(X) = f j £ (X+tU)do dt

) where dd 1s the k-1 dimension volume element and d 'is
as above. The above follows directly from Courant [4]
Volume II, page 300-303. Also Courant shows that the

2" where F(—) is

k-1 dimensional volume of d:Wk;1

the gamma function.
o ~R2t2
r¥o-k, - kf Bk 1] £(X+t0)dg dt = £(X)

k,=k+1l 00 -1 1
B2 7 WL L [ p(tetmag, Jat - £(X)
r'(z) 0 Yk-1 Yo
K 00 j~lo2,.2
= ———lL—-—'f TR 1LY [ e (xet)ag Jat -
P(2) Yk-1 "o

18



Rk o

e 41242 k-1
- £(X) akflr(g) fo e t5=14t  See Note 1.
: k 0 y=l,2,2 .
= B [ e TRkl [ e(xegmyao, - £(X)]at
27 °T(5) 0 k¥-1 ‘o u

and letting

(1.F) g () = t57I ;;%I fdf(X+tU)dou - P(X)]

we have

k .00--122
S | e e ) a
2 F(§) 0 X

(1.H) SgX) - £(X) =
Theorem 6: Let f(X) € Ll(Ek) and gx(t) be defined
by (1.F). If H(t) for 0 < t < oo is bounded and H(t)V 0
as t »ooand if t5H(t) is continuous, bounded, and
cdecreases monotonely to zero for all t > some t,, and

H(t) = o(—l—), and H(t) = 0(—=2=) as t » oo for some €> 0,
tk tk+£

then for a fixed X, the condition
t |
- - k |
Gx(t) = jo gx(y)dy = o(t™) as;t =0

implies

kOO
R fo gx(t)H(Rt)dt = 0(1) as R = oo.

Proof:
1% u oo RN
kao g, (t)H(RE)At = kao g (DHRL)At + B[ g (£)H(RE)At
- u
T~
= I1 * Iz



~ uR
= [ © ! s
I, =R jo g (DHRE)E = R § fo g, (DH(s)ds

and by integrating by parts (See Halmos [5] page 269)
we get

uR

—
i

uR
R, &) 1) 1t o ragcs)

0

i

G (u) kr UR
(ur)® —%+— H(Ru) - R fo Gx(g)dSHCs)
u

the first part goes to zero as R = o since this takes
(WR)® > oo for all u > 0. Hence by hypothesis
(uR)kH(Ru) » 0 so we have

uR

(1.1) I, = o(1) - fo 6, ($Hr¥a_H(s).

Now since G _(t) = o(t) as t » 0 and by definition

Gx(t) .
e is a continuous. function
t

“of G (%) we have v(t) =

with 1im v(t) = 0, hence define v(0) = O. Now let 5 > O,

£-0
then for all t € [ﬁgTGT - {t | t <0}] v(t) is bounded

since v is continuous. ~ Call that bound Bi. Now'fo?

for all t > & let us consider

G (%)
vio)] = |2

t
1
= g (s)dsl =
& tk jO X

L t t
= ;% f skflfx(s)ds~- ;% f sk-lf(X)ds
t o - 0

t
s

A
el
Cﬁ_ﬁ

k'lfx(s)ds l + £Xx)
0

20



(o]

< L | f' sE1e (s)ds| + | £X) |
bk 0 "X k

< —L ek, + x| - B_ say
k 1 k 2
wk_lb

and B, is finite for all X such that | £(X)| < o0 and

this holds almost everywhere. Now we can say

[N(t)] < B = max {Bl’Bz} hence v(t) is boundeéd for all
t > 0. Hence

Gx(g) = v(%)(%)K now returning to (1.I)

v

uR

— -\ S.~k
I, = o(1) - IO 6, (2)R"a H(s)

o) - [ ™ (Sykey(S)R¥e H(s)

= o(1l) - JO 5) V(R)R dS s
uR k .S

= o0(1) - IO s v(ﬁ)dsH(s)

- o) - [ PHvSants) - [ v u(s).
O S R S‘ \S S S R s ')

Now let us consider the first integral in the above
expression. Where S is some arbitrary constant to be
*”/fixed later.

For finite S, s is bounded and v(%) is bounded
everywhere, hence by dominated convergence we can pass

the limit under the integral and lim % = 0 for all
R-o0

finite § and v(0) is zero, hence the first integral

goes to zero a;hﬁw»cn. Now the second integral



‘Ru Ru .
(1.J3) 'I skv(g)d H(s)‘ < le s¥a H(s)! and
S ¥ S S s
integrating by parts we get the integral (1.J)

Ru
= |B(Rw)*.H(RW) - Bes™H(s) - kas s*1H(s)ds]

and since H(t) = 0( é;é) for some €> 0, |H(t) < éie
t

t

for all t 2 to and S will be > to, hence we can say

(1.3)

| Ru
< |B(ru)E. H(Ru) - B-s¥H(S) - kcf -1 = (et €) g

| B(Ru)¥+ H(Ru) - B-s¥u(s) - kC( e - 39

which can be made as small as we wish by choosing S
large since é% is monotone and SkH(S) also can be made
as small as necessary for S large. Hence we can say

I1 = 0(1l) as R = oo,

Now we shall examine

(e o)

[ e (R @Dt
u

H
it

00
= [ t% e (6) - £(X)] R*H(RE)at

J,
o0
] tk'lakH(Rt)fx(t)dt - j

u “ua

+¥1e (x)R¥H (Rt ) at

1}

I

2,l»fhf2,2 say and

22
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1T, 4|

Wk-1 g

o f
= [ ¢l RE(Rt) | s(x+t2)a0 8]

and by the monotoneity of H(t) we have

o0
(uR)¥H(Ru) | tk‘lf»f(x+t2)ddzdt]
o)

|1, .|
251 (u)k u

- Wg-1
but that integral is the integral jf(X-t-Y)dVy over

E, - J where J is the k-dimensional sphere of radius

k

u and center at the origin hence we have

(uR)kH(Ru) |
k

11, 41 <
1
s
wk-l u

lle and letting R - o by the

monotoneity of tkH(t) for t > % |12 1] = 0(1) as R = oo,
N ,

And for

e o]

1112 ol = 1] F R £ (K)at]
’ u

|£(X)] lf;ntk’lakH(Rt)dtl

and by letting Rt = s, we have

o0
K—
f S lH(s)ds
uR

.

T, ) = 18] -

And by hypothesis H(s) = 0( Ehé) for £ > 0 which implies
s

there exists C, a constant, such that IH(s)I < —Egii‘
s

Hence



o0 (0.0}
1, 0 = 12001] "5 22 ae = 121] " g a
4 uR S “uR s

= o(1) as R = oo,
k (o]
Hence R*| g (£)H(Rt)at = o(1) as R » oo,
0

Now using Theorem 6 and formula (1.H) in Note 4
we shall prove that the Fourier transform of every Ll
function f is Gauss-Summable to f almost everywhere.
In other words, we have

Theorem 7: If f E‘Ll(Ek) and has transform ¢(Y),

then

s . “R2|vl2
1im 2m)7E[ o@)e KX VR gy = pix)
R»c0 E, y

almost everywhere. £2

Proof: H(t) = —E:f“—i~ze i satisfies all the
277T(5)

. " —_—T
hypothesis om H in Theorem 6. |H(t)| < 2k-lr(§) ;
H(t) decreases montonicly to zero, for all t»> N2k &

H(t) goes to zero,
+2
() = 27K )l = o(t5) as ¢+ oo

and H(t) = O('-I%;—é) for any finite € > 0 as t =» oo, Now
t
in order to apply Theorem 6 we must show that for all

. ot
£(X) € Ly (B; 6 (t) = jo g (y)dy = o(t¥) as t = oo ae.

2l



~ wWhere g, (y) is as in (1.F).

Consider

t
-k - .-k
C () =+ j g, (y)ay

kj k-1 [ 1 j £(X+yZ)do, - £(X)]dy
0]

+

v

1 k-1
e 4 f(X+yzZ) - F(X)]do_d
S jos [ tr@xeyz) - PG Ia0 0y

t
-1, 1 g1
=1.1 jo f [£(X+yZ) £(X)]do,dy
where V is the k-dimensional volume of a sphere with

radius t. Now if tn -» 0 monotonely and Vn is the
volume of the k-dimensional sphere with radius tn’

; centered at X, then

N .
-k 1 k-1

lim t "G (t ) = = 1im & g {£(X+yZ2) - £(X)]do, dy
t»Q n k t -0 Vn jo‘ fd VA

1im f [£(x+¥) -£(X)]aV,

n->00o

n
=

* 0 =0 a.ece.

1
=i

Thus 1lim t~ G (t) = 0 a.e.
t-0

The 1limit in the above is zero a.e. by an adapta-
tion from k-dimensional cubes to k-dimensional spheres

of a Theorem in McShane and Botts [7] page 189.

Now we are ready to prove two theorems concerning

25



inversion of a Fourier transform for Ll(Ek)‘

Theorem 8: If £(X) € L(E,) and T(f) = o(Y) € L,
then
£(X) = (Qw)'k[ @(T)e'i(x'y)dvy ase.
'R
Xk

C(Yevy _R%2[v|2
Proof': (2v)'k[ sup|®(y)e‘l(x Y)e R™$ | Y| av

Y
Ek R

= (2m7] |o(x)]av, < o since ¢ € L
E
K

1

s By the dominated convergence Theorem and Theorem 7

£(x) = 1im (2m)7K[ @(Y)é-i(X'Y)e-IY'ZR-Zdvy
B

R»oo K

i

 (Yev) _lv|2R™2
em™[  1im o(m)e X, IY1*R 4y
Ek R-»o0 y

(21T) -kj 6 (Y) e- (X.Y)dv Al
E Y.
k
Theorem 9: If £(X) € L,(E), [f(X)| < M and the

transform of f(X), ®(Y) > 0, then ®(Y) € Ll(Ek) and

(X)) = (2n)‘kf @(Y)e‘i(X'Y)dv a.€0
.Ek y

Proof: In Note Y%, we have the forms 4,a and 4.,b
L 4 . _ 24=2
ror (2m X[ o(m)e X Ne=I¥I"R gy = 5 (x)
: Ek y

using 4.b we have

(Ek),

26
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X -RZ!ZL?

18,0 | = [ (@)% (2™ B%[ r(x+2)e qv
B
k

2]

which letting RZ = Y and taking the absolute values

-1y]|?
. L
s, (X)]| 2"k1r'1kf | £(X+2Y) | e
R g R

K

-|Y|?2
MKy 2k | e~lal_dv
E, y

under the integral yields

M by Note 1.

Hence we have

|Sg(0)| < M but from form (4.a) Sp(0) =

:¢Xii
o™ eme ¥ av <n
E, y
—- =l¥|2
R

and by Property 1 ®(Y) is bounded and we have e

integrable by dominated convergence
2
=1y]Z

R™ av

. -k
M > 1lim (2m) IE P(Y)e v

R-co K
- -k
= (275 e(v)av,_ but o(¥) 2 0
0 y
k
hence |®(Y)| = ®(Y¥). This means ®(Y) € Ll(Ek). Now
by applying Theorem 8, the inversion holds a.e.
Corollary: If ®f(Y) is a transform as in the

hypothesis of Theorem 8 or 9, then if £(X) € L; (Ek)'is
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continuous the 1lnversion holds everywhere. Moreover,

\if f is continuous at some poeint X, in Ek’ then the

’ ".I \\ \ \\ 1\
inversion nolds at Xl' S

Proof: Consider

£,(x) = 2m7X[ gr)ertE gy
0 : f y
By
where f € L, is as in Theorem 8 or 9. Then we have
fO(X) = f(X) a.e. By Property 2 fO(X) is uniformly
continuous. Therefore if f(X) is continuous at Xl’
then for € > 0, there exists 3, > 0 such that’
X)) - f(Xi)l < %-whenever X - Xll < 8;. And by the
continuity of fO(X) we know that there exists 62 >0
c ,
such that |f,(X) -fo(Xl)I < % for [X ‘X1| <o . If we

;

choose & = min {bl,bz} )

~

lffxl) - fo X L IEX) = XD [+EXT) - £5&ED]

+ £ (X1) - fo(Xl)I where
X' is a point in the ® neighborhood of Xl such thét
£(X') = f;(X')e We know such a point exists since
£f(X) = fO(X) a.e. and- the measure of any & > 0 neigh-
borhood is not zero. Hence

[£(X) = £5(X )] < IFX)) = SN |+[£XY) - £,(X))]

E.

<3

€ _
+ 3 =&
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and since €> 0 is arbitrary f(Xl) ='f0(Xl).
Note 5: Denote f(xl+hl"xa+hz""’ xk+hk) by f(X+H)

or f, and let f(X) & Ll(Ek). That is

£y = [fE |£(X)|dv.] = A < oo
X

hence || fblll’ = [fE |£(x+H)[QV. ] = A < oo,
X

We shall let w(H) = || f(X)-f(X+H)IIl= fE | £(X)=-f (X+H)|dV,.
k

Now consider w(-H) =f l£(X) - f(X-H)IdVi and letting
E L]
k

X = Y+H we have

w(-B) = [ |-£(¥) + £(¥+H) |av, = w(H)
By

hence w(H) is even and clearly w(H) > O,

Therefore.
0 <w = [l£-rlp < lelly+ Il £l 5724 <oo

by Minkowski inequality hence 0 < w(H) £ 2A. Now;

consider
wCay,) = [ 1000 - £ OuE ) |6
k
and letting X = Y -H

1

w(Hl+H»2:?. f [£0r-H)) - £(¥) + £(X) - £(v+8,)|avV,



30

< | ]fCY):LfTY-Hl)ldVy+f |£¥) -£(ve,)|avy

By By

= w(-H) + w(Hz) = w(H,) + w(Hz)\

- and clearly w(0) = O since | lolav_ = o.
g
X

Theorem lO:lle w(H) = O where w(H) is as in Note 5,
' H|-=0

and |H| is given in Definition 1.
Proof: Let G(X) be the function defined by (1.A).

_Let A = [a;»b;] x [az,sz X eee X [ak,bk] and

A = [a1+hl,b1+hli x[...] x [ak- k,bk+hk] th%n
we(®) = [ 16GwH) - c(0lav, = 2] Jem)|av, - 2] av,

E E ANA

X X
2G|l 2 = ( )
= G -2 7w (b.,-a.=-h,
1 5= 33
k

k
=2 w (bj-aj) -7

(b,-a,~h,)] = 0
j=L j=1 9 2577

as |H| » 0. That is, if €> 0, then there exists bé'> 0

such that for all |H| < 5y w,(H) < €. Hence the result

holds for characteristic functions. And since

J

fE £ (X) = £, (xe) [QV + fEklfz(X) - £, (X+H) |av,
K "

H

lfl(X) + fz(X) - fl(X+H) - fé(X+H)|de
k

We

(H)
+f2 E

1

IN

= W (H) + W (H), the result holds for step
1 2



functions, since step functions are linear combinations

of characteristic functions. Now let f(X) € LlLEk) and
let {fn} be a sequence of step functions such that

fn*iz f as n =20, Then

[ 1200 - sCwm) |av,

wf(H) .
k

fF |£(X) - fn(X) - £(X+H) + fn(X+H) + fn(x) -
"k

.fn(X+H)|dvx

v

1

fEklf(x) - £ (Ofav_+ jEk|rn(x) - £ (H)|av, +

+ j | £ (X+H) = £_(X+H)|aVv
i) n X
k

1}

2 |f - fnflll + wfn(H) and since fn--I-;-]-—» f if €> o,

for sufficiently large n 2||f - fnﬂl < 5 and from there

exists & > 0 such that for all |H| < & Wo (H) < gi,
n

Hence wo(H) < € + —6-=€. So 1im w.(H) = O for
ce Wy > * 2 H[a0 T

all £(X) € L, (E)).
Theorem 11: If £(X), g(X) are bounded L, functions

then

h(X) =I“.f(X+Y)§(?7dVy = IE £ (X-Y)g(-Y)av,
. By “k
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e

-~

exists for all X € E, and h(X) is bounded, uniformly

continuous and Ll(Ek).

Proof: Since g is bounded |g(X)| < M for somée real
M. Clearly then h(X) exists for all X. By letting
Y

= =Y the second integral follows from the first. And

)| = | £ DDAV | < JIRELeSe) g0y av,,
" )
E, E,
< uf | £(x+Y)|aV, = M+ ], <o, s0 h is bounded.
B,
Now

»

lhm)-hmwmlgr ‘NhY)-f@nHﬂHgﬂﬂd%

J
By

<[ Ty -£ (+T+T) | QV,
B
K

and letting X+Y = 7 we have |n(X) = h(X+T)| < we(T)*M
and by the previous theorem wo(T) = 0 as |T] » 0. There-
fore h(X) is uniformly continuous since is €> 0 there
existd > 0 such that»wf(T) < ﬁu And the & depends on
£ not the point X. So |h(X) -h(X+T)| < € for all X € B,

when |T] < &.

Consider

[ In(X)|av,

s, f le_f(X+Y)g(x§dvylde

By Ey
<[ | 1eey)||g@r1av,av_ and by the
uE R y X
Kk Pk
Fubini Theorem

32



| | | £CeY) | [gTTY | av, av
E, By y

lgll = 1l£]l; < oo hence h(X)"€ L (E,).
The following two theorems give us a kind of

Parseval relation for bounded Llfunctions which will

be used in Chapter 2 since bounded Ll functions are Lz’

Theorem 12: If f(X) a bounded Ll function, then

o -k \ |
jEkmx)lzdvx = (2m)° fEklcb(Y)l av,, < oo,

v

Proof: Siﬁce“f is bounded, there exists a real
number M'> 0 with [f(X)| < M for all X € E, . Hence

jE |£(x)]2av, < MIE |£(X)|av, = Me|l£]l; <o
K K

“that is f € I (‘Ek) also. Now consider

h(x) = [ raunrmar, = [

f(X-Y)F(-Y)av
E E, ', 7

k k|

now let g(¥) = f(~Y) and by the convolution Theorem and

Property 4

(RGO = 0. (V*1(g][T] = 0. (VT (D) = |o(¥)]?

i

>0

and by the previous theorem h(X) is a continuous Ll
\

S~

function. Applying the corollary to Theorem 9, we have

33
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h(X) = fE'f(X+Y>sz5dVy = (2W);ka l¢f(Y)f2e°i(X'Y)dVy
k k

everywhere. ©Now let X = (0,0,0,...0) and we have
 irwizav = m7¥] 9.(Y)|2av_.
‘Ek y Ek y

Theorem 13: If f,g are bounded L1 functions, then

[ sxemav, = o™ e@EDav
E e y
k
where T(f) = ® and T(g) —3)‘;
Proof: By Theorem 11 f |<I>(Y)|2dVy < corand
Ek
r IY(Y)IZdVy < 00, hence by the Schwarz inequality
By
] |©(DPTTT|aV, exists and by Theorem 11 -
E )
K

n(x) =/ £(x+Y)g(¥)aV, Is continuous, bounded and L
< g
K

l.
So by Theorem 8

h(X) = IE f(X+Y)g(Y5dVy = (2w)"kf Q(Y)i§§39-i(x.y)dvy
k Ek

Now let X = (0,0,...0) and we have

r — -k
04 Y)dv = (2 (Y Y)dav
JEk @MV, = (2m) -jEk (ORTIY,

i
/

Theorem 14: If f € Ll(Ek) and ix.f(X) € L ~then

j 1



85 .. (Y) a®f(Y)

D o - —
3y ex%sts and ®ix.f(Y) = By
J J J
. O(Y+H,) - o(Y) i(X+Hj5)
PI‘OOf. lh - T[f(x)(e h j - 1)] (loK)
i J

where Hj\= {0,0,...O,hj,O;;.O}. (1.X) holds by Note 2.

Denote by T[fh (X)]. Now fh (X)-E~91xjf(X) for all x

3 ; 1 J
i(X+H.) ixihs
since 1im £(X)(& o =Ly = £(X) 1lim (EL—{}iLLJL)
h,-0 j h.-»0 J
j J
= ix,£(X) and’

i(XeHj) i(xshs)

200 (== < r) | ¢ e
3 J

which is Ll(Ek) by hypothesis. Hence by dominated

convergence
i(X.H.)
1im [ [£O[E — =1 _ ix.1]av_
h,*0 “E j J
J k :
i(XeHs)
= [ 1m0 | =1 _ x| av,
E, hj»o j
= 0 hence f, = ix.f(X) in L, norm. Hence by

h 1

3 J

Property 5 T(f, (X)] - T[ixjf(xj] uniformly as k0.

J

Then since the transform exists for all yj

3. (Y)
£ - ®ix.f
0y .

(Y)

by (1.K) and the definition of a partial derivative.

Bochner, in his book on Fourier Integrals [2]
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proves another type of inversion theorem for Ll(Ek)

which we sﬁall state without proof.
A\

Theorem A: If £(X) & Ll(Ek) is continuous, f(X)-=0

as |X|-o00, and

8 %¢ (%)
axlaxz..axk

exists, is Ll(Ek) and continuous, then

£(X) = (2W)'kJ ®f(Y)e'i(X°Y)dVy where the integral
E
Kk

is to be taken as a Cauchy principal value. That is

let N = §X| Ile < n, where the nj's are natural numbers}

and we have

N - ok k[ =i(XeY)
£(X) = lim  (2m) fNe Qf(Y)de

T - 00
nlnzf'nk

Proof: Bochner [2] pages 249-255,

; This theorem gives the typé of result which is:
'analogous to the usual inversion theorem for functions

of one variable.



CHAPTER II
L2 AND THE PLANCHEREL THEOREM

When considering Fourier transforms in Lz? we find
that for an arbitrary L2 function f the transform as
defined in Chapter 1 may not even exist. The reason
for this statement is the fact that although f € Lz,

f may not be a member of L;, hence the transform would
not exist. However, the existence of an inner product
in Lz, along with the properties of the distance [norm]
function for L, [Definition 2] makes L, a HilBert Space.
This inner product of two functions f,g € Lz(Ek) is

defined by

(a) <f,g> = [ £(X)-g(X)dV_ which exists and is finite
Jg |
K

by the Schwarz inequality. For all f,g € Lz(Ek)’ the

°

inner product also has the following properties

<f,g>
' 2
5l

(d) <f,ag> = a<f,g> where a is a scalar

i

(b) <g,f>

(¢) <f,f>

(e) <f,gl+gé> = <f,g> + <f,g2>

(£) I<£,e>| < Nt llell,

(g) <f,g> is a continuous function of LyxL,
Proofs: See Stone [11] pages 3-5, and pages 23-32,
Definition 3: If S; and S, are two subsets othz(Ek),

37



a linear transformation (operator)~/ is a function with

domain Sl'and range 82 such that if f,g € Sl and a,p are
‘ complex numbers then J(af+fg) = oJ(£) + &g(g).‘(g”is
‘called isometric if for all f,g € Sys AT,A8> = <f,8>.

_M/j is called unitgry'if the domain gnd rgngg are the
same and <4df,dg> = <f,g>.

Two standard theorems on linear operators on the
Hilbert Space L2 are stated without pfbof. The proofs
follow from two theorems in Stone [11] pagé\57 and 76,
which are more general in scope. However for our

- purposes these will be sufficient. v

AU
Theorem B: Let;jo be a linear operator defined

on a linearly dense set S°in L, (1inear combinations
of the elements of S are dense in L2) with -
\\ BTy t> = <£,f> for all f in S. Then,ﬂb has ‘a unique

extension to an isometric linear operator(gawith domain

I_'z and -on Sf70 =(7

Theorem C: If 7 is an isometric linear operator '

with domain L_, then(4 is a 1 to 1 function and its

_-range is .closed. If the range of(é7is dense in L_, then

. . . . . -1
the range is L2 andfj'ls unitary and has an 1nversqﬁV

which is a unitary operator.

The theorem of major significance in the study of
the Fourier transform in.Lz(Ek) is that of Plancherel.

We shall prove the theorem by three methods.
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are Fourier transforms of functions in L

s

Theorem 15: (Plancherel) The set .S C L, which

L]

NL 1is dense
1l 727"

in L2 and the operator(ﬂo defined on Llhﬁ%”w1th range

S by
Ko 1(XeY)
A = @m 2] re av
. E ‘ y
k
has a unique extension to a unitary'operatorr'] with

domain and range Lz’

Proof 1: This proof is outlined in Bochner and
Chandrasekharan [1]. However we shall reproche it
here with some addition in order to give a clear
picture of some of the methods of proof of the impor-
tant theorem.,

Let £> 0 and

if 0, then yj < a;-§€

if 1, a;<'yy < by

J J

.V-"a-',"'E o
if dd, as-e< Yy < ag

, .y, > b.+ &
if 0O, Y bj &

and bj> aye Now let
£ ke
o (¥Y)= = @ (ys)e
a,b 3=1 aj’bj j

Clearly @agb is a bounded continuous function in
1

. < < b+
» by S yy SBytE

39



LN L, and the class of R determined by linear combina-

tions of functions of the'form'®aib is dense in Lz(Ek)’
. H
{

since its closure contains the step functions which are

dense»in‘PZ(Ek}.,
We noW'define

et{(x) (2m) ZFE ®é,b (Y)e'i(X‘Y)dVy
k

sthen faeb is again a bounded continuous function belong-:
! ’

e .
ing to Ll'hence_L2.~ To show fa b is Ll from Note 2 it
’ -

is sufficient to show that
o 3 0 -1
5(x,) =f (v )x” x:ly:ldy is L, (=00 ,00)
I e anJ

integrating by parts we have
inyJ

3 §+§
- f (yj) --1xj dy

£
f.(x.
J( J)

i
S
o~
o’
N
<
N’
o

- ) ‘\_. - - :
1 [e ia Xy . o-ia xjeieyj,_ e ibj;;je i?xj +

; e-ibjxj]

\

\\ and since f§(x ) is a transform it is bounded, so on

J
any finite interval [-Nj, Nj] fj(xj) is integrable and

outside that interval from above we have

If (x o< Ex = which iéninfegrable hence
J
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hence fj(xj) & Ll(-oo,oo),

And by Theorem 8, and the corollary

-y .
(Y) = (27) 2[ f: b (X)ei(X Y)de everywhere.
B

€

Ga,b

Now let S be the set of bounded functions in Llﬁ'L2

and define the-linear operatoqrﬂb on S by

A ()(¥) = (2n)'fkj f(X)ei(X.Y)de
By

S is dense in L2 since S contains the»step functions.

v

~“'-And by Theorem 12 for all f € S

jE |£(0)|2av, = jE A (£) (V) |2av,
k k

That iS(gb is isometric on a linearly dense subset
of L2. Hence by Theorem B,QB has a unique extension to

an isometric linear operator & with domain L,. And

therefore by Theorem C 4 is a one to one function and

its range is closed. On S,(£7=570,'then,47has R as a
subset of its range and R is dense in-Lz. Hence by
Theorem C again(ﬂ'is unitary with domain and range Lg:

And there exists an.inverse(g-l which is also unitary.

Proof 2: This proof is a k-dimensional adapta=-

tion of the one variable proof due to F. Riesz given



in Titchmarsh [12]. We define the operator 4 on LN L,,

1

a dense subset of Lé, by the equation

A @ = P = e[ et K Pay
By

For any real & # O we have

~52|Y|?

(2-8) [ e 2 |F(D)|%aV
E

k

y:’-—

ZlY 2

By By Eyx

'dV dV av
y

(2w)'kf f(U)f “T'TJ -"J‘J“+ 1[Y+(U-2)],

k k k

av,av,av,
Sy

+2]¥|2
by the Fubini Theorem since f € L1 and e 2 is

”

integrable. Now integrating tpe_innér integral we get

“

d L2 2 »
' (2-B) f e"20% Y| |F(Y)|2av,_ =

. v
By

L 28 =20 =11,
= sFem ] sy F@e? 212y av,
I
|

and using the Cauchy-Schwarz inequality on the integral.
, ]2
on the right in (2-B) we have letting A = -lggélf

If f £ (Uu)e. f(Z)ezAdV av,| —|f f £(0)el T2yl av,dv, |

k k
1

B By
3 3
[ | lf(U)lzeZAdedV ] [f [ 1e@)12e%Rav av, ]

) E u E, E NN 29
By k "k .

42

(m™ e "L‘L‘f £(met (V[ Fryemi(¥-2),
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= f f |f(U)|2e2AdV dV_ and letting T = U - Z, we have
"B, B, z u

N\
—
Ty
—
[ani
N

N
%
)]

[ ] e -F@yetav av | <
E F
x Px K

B . ,
6% (2m? |l
hence substituting this result in 2-B we have

2 2
[ 2 ren zav, < Hisll
E, v 2

And by Property 1, Chapter I |F(¥)|? < (2W)-k“11|12o

v

v

. Also notice that if 5 > b,
_Ax2y 2 _ls 2 2

hence if we pick any sequence of d's {6182...}'going

to zero by the monotone convergence. theorem we have

4 2 2 . _
- 1lim f e~2d Yl |F(Y)|2%avy = f |F(Y)]2av
n->o0o0 Ek ) Ek y

moreover since this holds for every.sequence {6n}*0,we

‘have

_1s2|v]2 : :
(2-0) 11m | &2 % peyy|zay, = [ IF |2y
50 "B, | y X I

Hence F(Y) € LZ. Now from (2fB)-we_have

. ds2 2 - R
o zem® Xy = s R em 2 p(m)] T@Ye*tav v,
' E E

y
By k I



— X 1l 2
T PO P o
= 5 K(2m) 1kj ﬂ(U)j F(U+T)e 287 av,av_
By B

by letting T = Z-U., We again apply the Fubini theorem

and we have

il -!T!Z
(2-D) fE !F(Y)Ize“ﬁ’zmadvy = 6-k(2n)"éka e 257 (I)dvy,
K

where

a(T) = f £(U)F(U+1)aV_; G(T) is bounded by the
E
K

Cauchy-Schwarz inequality since f € L,. And G(T) is

continuous since

[ f(U)[f(U+T+H)-f(U+T)]dvil
By

|G(T+H)~G(T) |,

< el TosTem)-T(u+D) ||, <

since by a well-known theorem ]I-f(U+T+H)--f(U+T)u2 goes

to zero as |H|-0.

Now using (2-C) and (2-D) we have

[ Irizar, = 1 [ o2 1Y pyy 20y,
E, Y- §-0 E,
~lTl2
= lim f 4 k(2w) zk 2% G(T)dV
820 "By ¢

_Now 1let lT Y, then

f |F(Y)]|24aVv_ = 1lim f e” -1]Y|* (2m)~ lkG(bT)dV
By Y 50 “E, ; . v

i



*

The integrand on the right is dominated by g(¥) =

—wlvi2 >
e~ 4%l M, where M'is the bound of GJ g(Y) ig ‘integrable

f

hence by dominated convergence iy

1l

 EP
| IF@)|2av [ 1ime” 1|Y| (2m)~ K (5 1)av
E, X B, 520 | y

N

1}

‘
(2#)'5kc(o)j o-2l¥1%4y
N Ek y

6(0) = [ Ir(x)|2av,.

By

Therefore,ﬂbis isometric on LE

lﬂ Lz‘ Hende by

Theorem B,ﬂb-has a unique extension to an isometric
\

N

operator)ﬂ with domain L2 and range a closed subset

of L,. Now we will show that the range of 4 is dense.

So, let us define the operapor,ll'”on Lfﬁ L, by

) _ by ~i(XeY)
A1) = (2m)72 fEkf(x)e av, .

By an argument similiar to that we used onrg', we

know thatfﬂi' has a unique extension to an isometric
linear operator,ﬂ& with domain L2 and range a closed
subset of Lz' ‘If“N = {XI lle £n ford =_1,2...k} and

I = {X] lle <1 for j = 1,2...k}, then

91Yj_e"in'

- - -7k k
/Q[KI(X)](Y)_f m)~ 1% T v,

J

L]



L6

. (x.)
= - h.(x.).
j=1 J

k
Now let gy(¥) = ( ™ hyey) )iy (¥)
J:

_ then lim g (Y) = [K.(X)](Y) in the L sense and
LN n—»oo'N I 2

At

gN(Y) = Llﬂ LZ. Since /8 is a unique extension

{;1igd(KI(x)))(z) = iim '3 (g (YN2)

->

Now if 1im A ' (gy(¥))(Z) = £(Z) a.e. then
n->00o

£(2) = A, A& (X)) (V)](2) a.e.

. k . k
, -iysizs _ - g
{ﬂl'(gN(Y))(Z) f m hj(yj)e 1YJ Jdvy = 7 f hj(yj)e yjzjdyj

N j=1 J4=1 «n
k
= w7 R,

j=1 N

Now
k _ k
(2-E) lim g '(gy(¥))(2) = lim w7 R (Z.) = 7 1lim Ryye
n-+o0o n»>o0 j=1 J j:lﬂneoo

Now let us evaluate one of these k products.

- " (eMVi-e"1¥3)
-Nn lyj

sy
l

= (2m) o~ 1V32j ay,

(2W)-lj n[cos[yj(l-zj)]+i?in[yj(l-zj)]-
-nt T 1y;

]

wucoszj(1+zj)]+sin[yj(l+zj)]ﬂdyj




) 47
cosyj(lizj)

Y3

but the cosine terms can be dropped since
sinyj(lizj)
Y3
. (1-z . (1+
n 51n[y3(1 zJ)] + sin[ya(l zj)]

Y3

is an odd function and since is even we have

| _ -1
Roy(zy) = (2m™[ ay

n

and if lzjl > l’RjN(Zj) is zero since for these values

the integrand .is odd. So for lzj[ < 1 we have, since

the integrand is even,

n
(Z.) = % j Sin[YJ(l-ZJ)]+Sin[yj(l+Zj)]

R, =
INTTJ 0 Y 4y

-’

Now if |zj| = 1, one of the two sine functions is

zero and using the well-known fact that

we have lim R.N(z.) = % and if |z.]|.< 1 we have the sum
noo 9N ) R

of two such integrals so for these z,'s, 1lim R, (z.) =1.
‘ ) J n->0o L

Now using (2-E) and the above we have

E'O:if Z is such that for one j

z,| > 1, ’
J
~ l—' . o i
lim J, ' (gy(¥))(2) = Sk if Z € {z] Izj|=l, 3=1,24 00k}
e 71> 00O N
1 if 2 € {Z| [zj|<1, 351,244 ok}
That is

iim l'(gN(Y))(Z) = K;(Z) a.e. or



AP E )W) 1(EZ) = K (2) ae.

By a éimiliar argumentglgi[KI] = KI 2.€.

Let Ml be the class of L_ functions such that

/;1Lg7f) = f a.e. by the above K;(Z) G%gﬂ Now let
f €L, (8) and {fn} -L—2-> f with £, € L,N L for all n,
also let R be a real number, not zero.

Consider

(J(f(RX)(Y) 1in 7 [ (RX)1(Y)

N>

n

n-> 0o

1. ‘ .
l.i.m. (2")%‘- fg’;&‘fn(ax)ei(x Y)de
K

and letting RX = X we have the above equéls

! ’—L ~ /ox
R~¥ l.i.m. (2#)"kf f Xei(X R)dV
n X
n-oco - Ek

= R°(3[f(X)](%); the same relation élearly

N

holds foqqug

And by a similiar argument

Aexem) (0 = e TN 0) (1)

ana A, (eI Bryyy ) =4, @ (D) (xem)

Now let € X, then

A A @) @) (2) =4 @@ ) (@)

48



= RTERST (AF () (1) (RZ)

i

f(RZ)

_and

AL @A) (0)(2) = A (" T L) (£60) (1)) (2)
= A, FE)) () (Z+H) = £(Z+H)

Hence f(RX)- f(X+H) Gcﬁﬂ Hence this relation holds
for all characteristic functions defined on k-dimensional
cubes centered at the origin and tranélations of these

cubes in E By the linearity of A and 4, this relation

k.
also holds for all step functions defined on such cubes.

These step fun¢tions are dense in Lz, hence the range

cﬁ?(Qand(dl is Lz(Ek)' And the Theorem is proved.

; Proof 3: This proof is a generalization of a
‘proof due to Weiner using the Hermite functions.
Definition 4: The single variable nth degree

Hermite polynomial is defined as

- | f

2 ]

2 N =X
H(x) = (1) X fe— |
- dx

And the nzﬂ function for one variable --
2

x;*(x) =g 2 H (x)

And by normalizing this function:we get the‘usual

single variable nth

f‘ (x)

F (x) = as shown in Titchmarsh [12]
[1# ol

‘Hermite function
"



these functions are LN Lzlhor»thonormal, and the set of

linear combinations of these functions is dense in Lz'

S

;///// We shall now define the k-variable Hermite function,

k ‘
9; .. X)= m Y; (x.) where the ﬂﬁ 's are
1720k j=1 Py j

single variable Hermite functions.
Obviously be the definition and the properties of
single variable Hermite functions, thesé k-dimensional

Hermite functions are Llﬂ L2 and orthonormal. Now we

will show that the set of linear combinations "of these

k-dimensional Hermite functions is dense in Lz(Ek)’

Let I be an interval in Ek that is
I= [al,bl] X [az,bz] x...x[ak,bk] = Il X I, XeooX Ik.

Let €> 0. Since linear combinations of the one

(+ dimensional Hermite functions are dense in L (-00,00),
oy

‘@n denote that linear combination of one dimensionai

Hermite functions such that in Lz(-oo,oo)

62 .
(2-F) | KIj(xj)-®nj(xj) u: < Eﬁ; where k is the

e

dimension of the space and

> )
My = 322 (bj--aj
RN ) n o |2 2
M - ¢ m b, -a T 0] ‘s for j = 3, eogK=1
J h=j+1 D Bp=1 0 Dy 2 SRR
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and

4 k-l
w =25 ) o 17
j=1 j

Now for any a,b,c, and d real or complex numbers

|ab-cd|? = |ab-ad+ad-cd]?

(lallb-dl+]dfla=c])?

IN

2]al?|b-d|2+2]|d|?|a-c|?

I

k
T Kg (xl) and its associated

Consider’KI(X) =
1=1 1

v

k
0 (X) = 7w @& _ (x.) where the & ''s are as in
,,.wnlnz...nk . j=l nj J nj

the preceeding paragraph and satisfy (2-F).

I KI(X)L®H1...nk(X)H2 = jEkIKI(X);énl."nk(X)Iide
k k » _
= fEkljzl KIj(xj)-er1 @nj(xj)} av, =
; k k ,
= [ T, R e Gm 0y ()0 Gy,

Ek j=2 J 1

; K .
<2l | m oK (x))]2%K (x,)=0 (x,)]2%dx,dx_...dX
fEk 3=2 Ij J Il 1 n, 1 1772 k
k k )
(x )2 7 XK. (x)=-7 @ (x.)]%dx;...dx
. R RS o)
R UC T i MPUPTE PRt I
.
t

N 12
(Xl)-®nl(xl)‘5 +

+ 2F|®
e o J n

k
=2 b,-a.)i||K;
T ( 3 aa)jl T

j=2 1

51
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2|l o (x)|P[ K (k- m o (x)]? |
+ @ X . TT x'-Tr @ x‘ dx dx ‘..dx
) ' nl. 1 i 2 Ek-13=2 IJ J j=2 nj J 2 3 'k

and by repeating the above process k-1 times we get

k
|| X, (X)=0 X2 <2 7 (by-ay) || Ko (x7) =@ (x)]% +

k
2 ol 2 2
+ 2 123 (bl al) I C‘pnl(xl)l[2 I Klz(xz?T?nz(xz)ﬂ2+...+

k-1
2k4m” ” @
n

“1=1

2 - 2
+ (xl)H2 I KIk(xk) @nk(xk)uz and by

1

(2-F) we have then

2 2 -2 w
- 2 & (< €” = L2
I KI(X) CDnl.“nkllzlﬁ K S teet T E

Hence the linear combinations of the k-dimensional

Hermite functions are dense in Lz(Ek) since the step
functions (dense in Lz(Ek)) are merely linear combi-

nations of characteristic functions on intervals.

Let us now definefﬂb on Llﬂ L2 as in the other:

two proofs. Notice that

(e.e)

| %

1 Yoo By

il
:.

"l
f‘O\ nl,nz’roonk(X))(Y) j

H
g

ix oy‘o
. J¥vddx.
(xa)e de

————

it

k
g (i)nj %’ (yj) from
j:l I’lj

a property of the single variable Hermite functions.
k
Therefore
n
Z J

g = . j’:]_ ;
(,’/0&;11%‘.“%(;())(30" (1) V;llmnkm
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And since linear combinations of the ¥'s are dense

in L and ('10 has a dense subset of L, as a subset of its
range, we have by Theorems B and.C,(% has a unique
extension to a unitary operator with domain and range
L,. Alsio,_ A has a unitary inverse (d-lo

Let €= (£l,_ez,.'..,£k) and B = (by,b, 5000 ,Dy)

with £.j < ij ;).= 1,2,...k. Now let A = {X| 2j<xj<bj}.

H

ng(F(X))(Y)dVy <L 4Ky (0> = <«f, 471K,

L -
[ s (emy 2] o1& gy gy
: B, A y

1}

1 ‘ i(XeY)
j — f r(x)el X Ygy av
A pomy By o

by the Fubini Theorem since f € LN L . 8o
-1k -(X-Y) X ,
‘ - | ; = £(X))(Y)av
JA‘(!zn) sz £(X)e av,av, : JA,70 X)) (Wavy

k

and hence_rgo(f) =(f) a.e. since A is any k-dimensional

~ box. So we ‘have for all f € L;Lﬂ L2

,;\IO\(\N =5y a.e.

\\

Hence we have

Coroliary I: On LN L Z(£) = 7(f) a.e. where 7,

AN
' N is defined in the usual manner and 4 is 1ts extension.

Corollary II: ; has a unitary inverse,ﬁ"l.

e



Proof: Every proof of Theorem 15 fulfills all
the hypothesis of Theorem C, hence we have its
conclusion. St

Corollary II1I: 1If f,g € Lz(Ek)’ then <Jf,%g> = <f,g>,

that is the Parseval relation holds.
Proof: /ﬂ is a unitary linear operator.
Hence <4(f+g), Alf+g)>
<A(f+g), A(f+g)>

Lf+g,f+g> and

<Atc+]g, 54>

<Af, gt+deg> + <Ag,df+1g>

<HE, 30> + <Jf,dg> + <Ag, 8> +
+<Ag, > .

<f, D+ 2Re<;]f,gg> +<g,g>

and similarly <f+g,f+g> = <f,f> + 2Re<f,g> + <g,g>

hence Re <('1f,/’lg> = Re <f,g>

and if we replace g by g in the above argument we get.

Im <(".\f,?g>

hence <&af,dg>

1

Im <7,g>

i

<f,g>
And since ﬂfl is a unitary operator we have the

same relation holding for p-l.

Corollary IV: Let £ be a point'in E, with €= (£15 &5.0.8)
and let J¢ = {Y| 0.€ yy S €55 3= 1,25¢+.k} and if £(X)
& L2(Ek), then

k _-i€:x

[ &ty may, = <2w)'1kj px) w (E—LHd=lyay
Jg k - 3=l J

ifix
and J“J(f(X))(Y)dv (21) ka £(X) v (9-%§&—=l)dv
Ie | By 391 J



Proof:

| ;f'l(f(x))<Y)dv = <d e, >

e
k _-ig€:x;
- : _ sk e ~=J% -1
= <, 0Ky > = (2m)72 | kf(x)j-rrl( i,
£ & f ]
Since ;_‘(KJ.&) = (2,,)-{,k!fo« "[oz”"[o‘.e‘(x Y)dvy

1 k 1£jx3
(om)~2X g (st =1y
=1

A similar argument will give the second expression

stated in the conclusion.

)av,
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CHAPTER III
POSITIVE DEFINITE AND -AUTOCORRELATION FUNCTIONS

A question which naturally follows from Theorem 9

in Chapter I is what kind of bounded, continuous Ll
//fﬁnctions'have'a positive transform? In this chapter
we shéll give two characterizations of these functions

and show thelr equivalence.

Definition 5: f(X) is positive difinite if it is

1) Bounded and conﬁinuous,

2) Hermitian, that is f(X) = f£(-X),

3) And if it satisfies the following decisive
condition. For any points Xl’ Xz,..., Xm € Ek’,

m = (2, 3,s..) and any numbers ajs @,50005 @

m’
m m
Y ) £ =X aemm 2 0
.l Lf(Xn jlageE; 2 0.
j=1 n=1

Theorem 16: If f is a continuous, bounded Liw*

¢s function with L; transform ®(Y) > 0, then f(X) is

o

positive definite.
Proof: 1) By hypothesis f is bounded. and contin-.
uous.
2) By Theogem 9 and the\cproliary, f

equals the inverse transformation (Li) of ® everywhere.

And since ®(Y) > 0, ©(Y) = ®(Y), then

56



(2m] o™X g (vyav
By

£(X) (2rr)"kfE e'i(X.Y)QEYSdV&

k

y

i
"

(2n)'kjE e~ (X Yo (yyav, = T

y
k
So f is Hermitian.

3) If Xl,Xz,a..,Xm are points in Ek and
2353, 500058, are numbers where m = (2,3,..4)y then

since ®(Y) > O,

A J

m m
Z E.ei(Y°Xj)- Z ane-i(Y‘Xn))d)(Y)dVy
j=1 n=1

= (om)"K Z Z Ejan f e-i(Y(Xn’Xj))Q(Y)dVY

m m
Z Z ajanf(Xn-Xj) by Theorem 9. Hence f is
J=1 n=1

|
positive definite.

i

Theorem 17: (Bochner's Theorem) If f(X) € Ll(Ek)

is positive definite, then £(X) has a positive trans-
form @, € L, (E, ).

Proof: Let F(X) be-positive definite and L > now

using that special class of bounded, continuous L,

4
y functions f

a.b which we used in the first proof of the
b

"“Plancherel Theorem, we can form the function

————F(€) = fE IE f(ELX-Y)g(X)gf-YSdV&dVy”

< m
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f f(£»x-Y)g(-X)g(-Y)dvdey

x P

- I

where g(X) is in the special class of L, functions.

Let [f(X)] & & and |g(X)| < B.

Let N and j be positive integers with N > 1. Also

let m; be an enumation of the points in [qu+l, A CARLS

.n,
with integer co-ordinates and x> = e [-N,M* =7,
N

i i i i i k
X = (xq 2X,Tse e Xy ). Let Vij = [x,?,x,,+ ﬁ%) and

i i

Yo = X"« Now we define
5,(X,¥) = ) f(Xa-YB)g(-Xa)g(-YB)Kvi*x v KD
a B a5 P

clearly Isjl < ABZ,
Now
[ 5, (X,¥)av,av, = E:%E;Z Xk(x“-YB)g(-X“)g(-YB).; 0

y
By By - .

since f is positive definite.

Now let HN(X,Y) = f(X-Y)g(-X)g(-Y)ﬁana%(X,Y)l=

lim Sj(X,Y) so by dominated convergence
J=oo

H (X,Y)dV, = 1i s.(X,Y)av_dv, > 0

‘%% Mo S oLiA ﬁ&%% ,(Y)av,av, 2
k "k k "k

IHNI.S Alg(-x)| |g(-Y)| hence integrable over E, XE, .

So again applying dominated convergence
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fEf f(X-Y)g(-X)g(-Y)dedVy = 11mf f HN(X,Y)dedVy >0

x Pk N-oo “E, "B

that isiF(O) > 0. And from Theorem 11 in Chapter I used

twice F(&) is continuous and Ll(Ek)' So if we now form

the funcyions

o) = [ ¥ Vexyav,
By

and (B) ) = f ei(X°Y)g(X)de
4 Ey
“then |T(Y)|%0(Y) =

E J

k k

k
= ff f ei[Y'(X+U+J)]g(x)g(-USf(J)dvxdvudv.
"B E CE, J

and letting &€= J+X+U,that is changing J to £Awe’ get

Irm)em = [ ¥ Ep(gav,
- k

and since I'(Y) € L.(E,) then |I'(Y)]|2d(Y) is also in
1B/ the
Ll(Ek) by Property 1 used on I'(Y) .and ®(Y) [transforms -

are bounded]. Hence by Theorem 8 and the corollary

ree) = em IO rwy|2emiav,
Ey

-

and since F(0) > 0 we have
-k ) N
(c) (2m) [T (Y)|%®(Y)av, > O.
E y

4’/ k ‘
o



Since f is positive definite ®(Y) is real,

o (Y) =f£ ei(X'Y)f(x)dvX = | ei(X.Y)f(-XSde

Kk Ep

().

= | el(X’Y)f(x)dvx
By
Now let us assume that for some Y € EkQ(Y) < 0y°since
®(Y) is continuous there exists an interval A with
measure > O for all Y € A, And by the choice of the
g's we can pick I'(Y) to be a continuous bounded Ly

function not zero on A, but vanishing on Ek-A. This

implies

A J

-k ., -k
(2m) fEk|r(Y)|2®(Y)dvy < M(2m) Ig@(Y)dVy < 0 but

this contradicts (C) which follows from the fact that
f is positive definite. Hence ®(Y) > 0 and therefore

by Theorem 9 ®(Y) € Ll(Ek).

Definition 6: The autocorrelation of a function

g(x) € 1 (E,) is defined to be the function

a(Y) = IE gzx)g(X+Y)dVi.
k

Notice that a(Y) is defined for all Y € E,_ and by

k

e

the Cauchy-Schwarz inequality, bounded, and'continﬁous

since g € Lz(Ek)..a(Y) is also HermTtian since
|-
’3

'g'(x)glx:'ﬂdvx
"

a(-yy = fE g (X-v)av, = |

K E

60



and letting X-Y = X we get

T = [ gGve®@ar, = aw).
By

Theorem 18: If f(X) e Ll(Ek)-is bounded, continuous

and has Ll transform ®f 2 0, then 'f is an autocorrelation

of some g € Lz.

\
N

N\
AR Proof: By Theorem 9 since ¢, 2 0 and f is bounded

we have ®f € Ll' Hence ®(Y) = vprYj é Lz. By defining

®(Y) in this way clearly ®(Y) is real and even.
Kk )
Now let g(T) = (2m)7 % 1(@(¥))(T) whereg ™ is

the L2 inverse transform. And from our L2 theory we
e

" have
Ae@0)e) = N7 (m) ()

hence by the Parseval relation for L2 functions,
Kk f
- .
g (Mg (T+X)av, = (2m) 2(2m) 2 FEo(ee 1 EXgy
t
E,” B ‘
k [P——— k

= (2m)7¥[ o (6)e7HEX) = £(x)
By

everywhere by Theorem 9. Hence f(X) is the autocorre=-

lation of g(T) which by the Plancherel Theorem is in Lo
Theorem 19: If f(X) € Ll(Ek) is the autocorre-

lation of some g(T) € Lz(Ek)’ then f(X) has a non-

negative L, transform @, and ¢, € Ll(Ek).

Proof: 1If g(T) € L,(E, ) is such that
3
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(3.4) £(xX) = fE g (T+X)g(TIav, = jE‘q>g(Y)ngTﬂe-i(X-Y)dVy
N k k

where & 1is the L2 transform of g and hence @g € La’
(3.A) followed from the Parseval relation for L,

functions. Hence
i

= 2_-1(YeX) | 2
£(x) = jEicl(Dg(Y)l e avy. Now |0 (Y)|2 € 1, (By),

hence by Theorem 9

|2, (X)|2 = (21r)‘ka'f(x)ei(X°Y)dvx
By

4
‘that is 0, (¥)]% = 27 9. (¥) ave. and |@,(Y)|* 2 0 by

L

definition and since ®.(Y) is continuous ®.(¥) > 0 for
—— ey - A" 3 )
all (Y) € E,. Then by Theorem 9 ®¥fY) (S Ll(Ek).

Hence by Theorems 16, 17, 18,rhpd 19 we can say

i

these concepts are equivalent:

i) f € L, is bounded and continuous,iwithk@f’z 0.

1l ; K
ii) r e Ly is positive definite.
iii) f € Ll is an autocorrelation of some.L2 function.

SNV
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