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ABSTRACT

Approximately 1200 background-subtracted photons of energies
2_63.5 MeV emanating from the capture of precessing muons by protons
in calcium nuclei were observed. From the precession frequency of the
muon spin, a value of +0.90 + 0.50 for the radiative capture photon
momentum-mueon spin asymmetry was extracted. The photon energy distri-
bution is consistent with an integrated branching ratio of radiative to
normal muon capture above 57 MeV of (21.1 + 0.6) x 107, From a com-
parison of the photon energy distribution to the prediected results of
the theory of Rood, Yano, and Yano, the magnitude of the induced
pseudoscalar coupling constant &, vas determined to be (6.7 i_l.S)ga,
where g, is the axial vector coupling constant.

The result for the photon asymmetry is in good agreement with
a value of about +0.75 predicted by Rood, Yano, and Yano but in dis-
agreement with a previous measurement which gave a slightly negative
value for the asymmetry. The result forgp is in agreement with the
value of gp & +Tga predicted by the Goldberger-Treiman relation. The
measured branching ratio is not in good agreement with previous ex-

perimental results.

RICHARD DENNIS HART
DEPARTMENT OF PHYSICS

THE COLLEGE OF WILLIAM AND MARY IN VIRGINIA



MEASUREMENT OF RADIATIVE MUON CAPTURE IN CALCIUM



I. INTRODUCTION

The universel Fermi interaction (UFI) is assumed to describe
the weak interactions of particles through a vector-minus-axial vector
coupling of the weak currents.l’2

Of interest is the strength of the induced pseudoscalar
coupling constant gp in the weak interaction process of muon capture by
a proton U p nvu. The predicted3 rate of muon capture by a "free'"
proton depends on gp directly. A determination of gp from an experi-
mental measurement of the caepture rate can be compared to the theoreti-
cal valueh gp = +7ga, where g, is the axial vector coupling constant.
While the computation of the capture rates for gaseous and liquid hydro-~
gen taréets is complicated by molecular and atomic processes,3 these
effects are treatable and eerlier experimental results gave3
g, = (10.0 t_l.G)ga. For the description of the process of muon capture
by a proton in a complex nucleus of charge Ze, where Z > 2, much greater
theoretical uncertainties arise from the imprecise knowledge of the
nuclear states and of the nucleon-nucleon correlation effect53 such as
meson exchange.

For ordinary muon capture in a complex nucleus
W A(Z,N) » qu(Z-l, N+l)* the Coulomb ettraction between the muon and
the nuclear protons concentrates the muon wave function in the nuclear

volume, enhancing the capture rate. As a specific example, the capiure

rate in calcium is sbout 3500 times the capture rate in hydrogen.



We have studied the photon in the rarer process of radiative
muon capture in calecium U~ hOC& -+ \)uhOK* + ¥y to gain some insight into
the strength of the pseudoscalar coupling when the poton is inside a
complex nucleus, The photon is emitted by the mechanism of inner

bremsstrahlung and is introduced by attaching an external photon line at

all possible places in the muon capture Feynmen diagrams. Theoretical

stud.iess-lo predict that the approximate rate of radiative to normal
muon capture in any element is about -i-g-T-r- =2 x lO-h.



I, THEORY

Radiative muon capture (RMC) was investigated theoretically

by Hueng, Yang, and Lee5

in a study of possible parity violating effects
associated with muon capture by a free proton, They showed that the
(V-A) structure of the weak interaction dictated that photons emitted
by the muon have an angular dependence P(8) = 1 + ccos®, where o = +1,0
and 6 is the angle between the photon momentum and the muon spin direc-
tion. This corresponds to a maximal parity violating effect.

In a study of ordinary muon capture (MC), Prima.koff6 intro-~
duced the pseudoscalar and weak magnetism couplings into the theoretical
computation of the capture rate by keeping nucleon recoil terms in a
nonrelativistic effective Hamiltonian, The evaluation of the nuclear
matrix elements by the closure approximation is presented and the im-
portance of the exclusion principle in inhibiting the availability of
the final nuclear states of a complex nucleus is discussed. The
extension of the closure approximation and the retention of the induced
terms in the caleculation of the RMC rate which was derived by (’.ﬁ&\n’c.x»arxc.-ll'r
is presented.

Bernstein8 end, separsately, Manacher9 cxamined the contribu-
tions of the induced terms to the RMC rate. They predicted an enhance-

ment of the radistive rate by about 30% at the high energy end of the

photon spectrum due to radiation from the pion, proton, and anomalous



magnetic moments of the nucleons. Bernstein8 further showed that much
of this radiation decreases the overall photon asymmetry. Thus, the
strength of gp can be inferred by measuring the rate of photon emis-
sion and the deviation of the photon asymmetry from the value of +1.0.
An exhaustive theoretical study of RMC in medium Z nuclei
is that of Rood and Tolhoek10 (henceforth, RT). Contributions to the
RMC rate from the virtual pion, proton, muon, and anomalous magnetic
moments of the nucleons is considered in their theory. By using several
nuclear models and examining the ratio of the computed radiative to the
normal muon caepture rate of each model, they conclude that systematic
uncertainties from the incomplete knowledge of the nuclear physics
probably tend to cancel in the ratio of computed matrix elements, so
that the calculated branching ratio of RMC to MC is reliable to sbout
10%. Their final results were computed using a shell model descrip-
tion of the nuclear states and applying the closure approximation in
the reduction of the nuclear matrix elements (denoted as the closure
harmonic oscillator or CHO model).

11,12

The results of several previous experiments have been

compared to the theoretical predictionslo of RT. In addition, several

later theoriesl3’lh’l5

those of RTlO. Thus, the RT theorylo is a "common denominator" of much

of RMC include = comparison of predictions to

of the past work on RMC so that we have analyzed our data with respect
to this theory to enable a comparative study of our results with both

theoretical and earlier experimental work.



The most recent theoretical effort is that of Rood, Yano, and

13 (henceforth, RYY). They treat the non-local effects in the

Yano
radiative capture process, which arise since the photon emission and

the week interaction take place at different points in space~time, by
using a formalism developed by Martin and GlaﬂberlG to study radiative

K electron capture. For diagrams in which the muon redietes a photon,
the intermediate state muon is described by the propagator of a muon

in the field of a spherical nuclear charge distribution. For all

other diagrams (Fig. 1), the pion and proton propagate as free particles.
Their predicted RMC rate is about 24% lower than that predictedlo by

RT in the high-energy end of the photon spectrum. Further, the con-
tribution of the proton radiation is relatively more suppressed than
that of the muon so that the net asymmetry of these photons is inereased
by sbout 3% from the value of +0.75 pre&ictedlo by RT. It was thoughtlT
thet the inclusion of the pion propagator would affect the normal muon
capture rate since capture could now take place outside the nucleus,
However, any such effect is apparently sma1118 so that the MC rate is
computed, as in the theorylo of RT, in a manner consistent with the

CHO calculations of Luyten, Recod, and Tolhoeklg. Our result for the
magnitude of the induced pseudoscalar coupling constant was determined
from the comparison of the predictions of the RYY13 theory to our
experimental data,

Fearinglh extended a deterministic approach, first used by

Foldy and Walecka?o in the computation of normal muon capture rates, to



inelude radiative muon capture as well, Experimental photcabsorption
cross sections are related to the contribution of the nuclear dipole
resonance to mucn capture. The expression "dipole" denotes the dipole
component of a multipole expansion of the nuclear matrix element. The
other multipole terms are evaluated in accord with the CHO modellO of
RT. It is claimed that, for the same values of the coupling constants,
the branching ratio of RMC to MC in hOCa is reduced by about 20% with
respect to the predictedlo result of RT. However, this claim has been
disputed by Rosensteinlg.

15

Borchi and de Gennero applied a phenomenological approach

to nuclear structure, known as the Migda121

theory, to RMC and MC. Imn
this model, the nucleus is defined as a system of interacting quasi-
particles whose motions are described by Green's functions. Free
parameters of the theory are adjusted to reproduce known properties of
nuclei and to predict new ones. Both the radiative and normal muon
capture rates in hOCa are computed to be about 40% lower than the calcu-
lated rateslo of RT. The branching ratio, then, remains the same as
that predic‘bedl0 by RT. This supports the RT claim that their results
are independent of the choice of nuclear model. The prediction of
Borchi and deGennero15 for the photon asymmetry is the same as that
predictedlo by RT at the lower energy end of the photon spectrum but
the asymmetry is relatively increased by sbout 10% at the high energy
end of the spectrum. It is probably the case that the computations of

Borchi and deGennero15 do not teke into account all of the non-local

effects in the radiative capture process,



Fearing22 has given a concise account of the photon momentum-
muon spin asymmetry sumerized in a general theorem., He cautions that
neglected terms in the radiative capture process may effect the value

of the photon asymmetry since they are second-order corrections to the

branching ratio but first-order corrections to the photon asymmetry.



III, DESCRIPTION OF THE EXPERIMENT

A. Muon and Pion Beams

The Space Radiation Effects Laboratory23

synchrocyclotron was
cperated on a 19 millisecond pulsed cycle with a duty factor of about 50%.

Luring each machine cycle the proton beam is accelersted to
600 MeV and brought to a coasting orbit where “i are produced by proton
collisions on a carbon filament internal target (Fig. 2). The fringing
field of the cyclotron main magnet directs pions of the desired charge
and momentum to the A and B quadrupole lenses which focus the beam,
causing it to enter a corridor of 22 containment quadrupoles called the
muon channel,

A negative muon beam develops as a number of the 7 undergo
weak decay in flight. The decay is isotropic in the pion rest frame
but angular momentum conservetion and the right-handed helieity of the
final-state antineutrino give rise to muons totally longitudinally
polarized., The beam which emerges from the muon channel is composed of
pions, a higher momentum "forward" muon beam partially polarized in the
downstream direction (along the muon momentum in the laboratory frame)

and a lower momentum (85 MeV/c) "backward" muon beam with partial

polarization pointing upstream,



The desired beam component is momentum-selected at the muon
channel dipole magnet and enters the upstream and downstream guadru-
poles for final focusing before emerging into the experimental gres at
g height of 137 em from the floor.

Reversal of the polarity of all the magnets results in a W+
and u+ beam generated with momentum and, for the muon, a magnitude of
the muon spin polarization, identical to the 7w and U~ beams, The
forward u- and u+ beams were not used and henceforth "muon beam" will

refer to the "backwerd" n~ beam,
B, Experimental Geometry

A direct measurement indicated that 75% of the muon beam
which emerged from the 35cm x 35cm aperture in the downstreesm quadrupole
(Fig. 3) passed through a 15cm wide by 20cm high opening in a wall of
borated polyethylene and concrete designed to absorb most neutrons
produced by the interactions of W which stopped in the quadrupole and
reduce the overall background due to beam-associated events. Downstream
of counter 1, the shielding for the Nal detector was composed of lead
since the Th nsec 1ifetime2h of a U~ stopped in lead is short in comperi-
son with a protection time interwval of 1000 nsec which wes imposed by
the electronic logie,

The beam was monitored by four plastic scintillants and a
plastic g;renkov counter as shown in Fig. 3.

Targets were held within counter U centered slong the beam

line in the 15cm gap between 25cm x 25cm pole tips of the precession
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magnet. In this geometry, the beam line, precession magnet field, and
the Nal axis were mutually orthogonal. The residual polerization of
a stopped muon pointed upstream (towards counter 1) and subsequently
precessed in the plane defined by the beam line and Nal axis.

The sever Nal photomultiplier tubes were enclosed by a double
ring of soft iron cylinders to shield them from the magnetic field.

The pulse height response of the Nal to the 1.33 MeV line of a 6000
source showed no visible gain shift in a precession field on/off test.
In order to lessen the systematic effects due to the presence of the
field, the megnet was on throughout the entire experiment. The non-
uniformity of the field throughout the target volume was measured to be
less than 1.3% at an average field strength of 537.6 gauss. The megnet
was driven by a DC power supply monitored during each run by observing
the coil voltage and the voltage across a shunt in the power supply.

To insure a constant solid angle (defined by the positiocning
of the target and counter 8), Mylar tape on the megnet pole tips out-
lined the positioning of counter 4, which supported the target, and the
orientatioq of counter 8 was fixed by its insertion into a slotted sheet
of lead which was capped over the Nal and rested on the outer iron ring.

Photon and electron events were identified by a counter hodo-
scope consisting of four plastic scintillants, a plastic g;renkov

counter, and a NaI(T&) detector (Fig. 3).
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C. Electronic Logic

A calcium target (97% hOCa natural ebundance) measuring 12.5 x
17.5 x 1.88cm> was tilted et 45° to the verticel to present an effective
target 12.5 x 12.5 x 2.5cm3 (3.9 gm/cme) to the beam. The beam entered
the target after passing through counter 3, which was constructed as a
12.5em x 1T7.5em x 0.157cm plastic scintillant optically coupled to the
target side of a thin slab of Lucite to minimize the contribution of
the material of this counter to the stop rate. Anticoincidence counter
suwrrounded the remaining exposed target so that a muon stop in the tar-
get was defined by a 1+:2.CL+3:k§ coincidence.

To insure that the recorded time distribution of the events
was unambiguous, stop coincidences were "cleaned", i.e., rejected, if
ancther beam particle arrived in the experimental area, as evidenced by
a second 1-2 coincidence, within +1 usec (ebout three muon lifetimes in
calcium), as shown in Fig. UL,

Since the branching ratio is ultimately expressed as a ratio
of the numbar of photons to electrons recorded, the logic protection
circuits described below were designed for both photon and electron
events in order that systematic effects in the analysis would cancel,

Event signatures and photon-neutron discrimination. Photons

which converted in a 0,30cm lead sheet sandwiched between counters 6
and 7 were identified by a 5,6°7:.C2+8 coincidence (Fig. 5). An electron

signature was 5:6:7:C2.8, Both types of events produced relativistic
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v
particles so that Cerenkov counter C2 provided identification as well as
discrimination against possible neutron-induced proton knockout events
in the counters or lead sheet.

Pion Protection., Prompt photons from a small beam contamina-

tion of pions were vetoed by a fast 1,2 in anticoincidence with 7.C2-8
coincidences,

Carbon decaey electron contemination. A similar 3 anticoin-

"cidence with a 7°C2.8 coincidence lessened the probability of detection
" of decay electrons from muon stops in this counter,

Pile-up protection. The long relaxation time constant of the

NaI{Tl), which necessitates integrating the electronic response over an
extended time iﬁterval, raised the possibility of recording a false high
energy photon event because of pulse height addition of a true photon
event and a second {undetected) particle entering the Nal. In considera-
tion of this (Fig. 6), the Nal output was first amplified by a factor

of 2. One output, used for the energy measurement was further amplified,
then integrated and digitized. A second output, used as a timing pulse,
wes fed into a timing discriminator with & modified AC coupled input.

The timing discriminator output pulses were rejected if a second
discriminator pulse occurrec up to 4 usec earlier or up to 1 usec later
in time. The event detection efficiency and the effectiveness of the
pile-up rejection circuit were maximized by setting the timing dis-

criminator threshold just above the noise band of the Nal input pulses,
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A8 & precautionary measure in the event that the pile-up
rejection circuit was not as efficient as hoped, photon and electron
events were also discarded if a charged particle (in the case of an
electron event, a second charged particle) was detected within +1 Usece
as evidenced by a 5+6 coincidence. However, on removing the second
5:6 "eleaning" but retaining the pile-up protection, no change in the
rate of electron events per muon stop was observed, giving & good indi-
cation that the pile-~up rejection eircuit was working efficiently.
About 12% of all electron events were rejected by this circuit. The
timing discriminator output rate during data collection runs was 1 pulse
per 42 useec.

Pulses from counter 8 constituted the time pickoff of all
events, The gjg'veto wes periodically removed from the photon signa-
ture to allow each electron event to route as both an electron and
photon event. The "photon" scintillant timing pulse was then timed to
within +1 nsec of the electron timing pulse prior to coincidence with
a Nal timing pulse. This procedure insured that the time distributions
of the photon and electron events were recorded with respect to the
same muon spin phase.

A scintillant event signature in coincidence with a Nal
timing pulse produced a time to amplitude converter (TAC) START signal.
_ A delayed muon stop signature constituted the STOP input of the TAC.
The TAC itself was gated by a 1500 nsec wide coincidence between a muon
stop and an event pulse, constructed so that 600 nsec was available for
background events (i;giﬁevents occuring before the actual muon stop

signature) and 900 nsec for foreground events,
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Both the digitized TAC output and the digitized energy in-
formation were processed by the SREL on-line data acquisition system.
The electron and photon events were distinguished by routing each to
separate 256 channel sectors of the energy analog to digital converter
(ADC). The energy end time information of each photon and, due to rate
limitations; every other electron event were written to magnetic tape.

Sceler rates for a typical RMC data collection run are dis-

played in Table 1,
I'. Background

The major source of hackground in the RMC photon spectrum
was external bremsstrahlung (henceforth, "bremsstrahlung") produced by
the scattering of muon decsy electrons in the target. If we use the
predictedlo branching ratio of RMC to MC of ebout 2.0 x 10_h to es-
timate the total number of RMC events observed, it is then deduced that
there is sbout 40 times that number of bremsstrshlung events contaminat-
ing the foreground RMC signal. Moreover, the recorded time distribution
and asymmetry of the bremsstrahlung spectrum are similar, to within a
few percent, of the decay electron data, indicating it originates from
the decay electrons of muons bound to calcium nuclei.

In the theoretical study of the electron energy spectrum from

5

bound-muon decsy, Huff2 showed thet for calcium-like atoms about 3% of
the electron moments exceed the mu/z (= 53 MeV/c) limiting momentum of

free-mion decay electrons, extending up to about 57 MeV/c. If we consider
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the broad photon resolution of the Nal detector, it is possible that
bremsstrehlung mey contaminate the RMC data up to about 65 MeV,

A measurement of the beam-unassociated background, to be dis-
cussed momentarily, showed thet it was not intense enough to produce
the observed background level of either photon or electron events below
63 MeV. The summed foreground and background photon energy spectra of
the data collection runs (Fig. 7) are observed to be similar in ap-
pearance, This similarity also holds for the foreground and background
electron energy spectra, where the foreground spectrum is known to
originate from muon decsy electrons. We conclude that the majority of
the background photon and electron events are beam-associated, and are
presumably due to rejected muon stops which produced arn event within
the background time interval of an accepted muon stop.

An enlarged view of the foreground and background photon energy
spectra in the region of the upper limit of the bremsstrahlung is shown
in Pig. 8. In the background spectrum a highly populated distribution
of bremsstrshlung events below 63 MeV is seen to fall ebruptly into a
gently sloped distribution of photons of higher energies. The smoother
distribution of photon events above 63 MeV observed in the foreground
spectrum corresponds to the presence of the RMC signal. From this study,

a lower limit of 63.5 MeV for accepting RMC events for analysis was

chosen. However, a careful examination of the foreground distribution
of photon events shows an inflection between 63.5 MeV and 64,5 MeV

which bears consideration end will be discussed further.
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With the cyclotron off, the beam-independent background was
measured by using a pulse generator to simulate stop coincidences with
the remainder of the electronic logic operating as usual. The data
accunulated with the beam off is displayed in Fig. 9. We believe the
beam~-off electron energy‘spectrum to represent charged showers which
traversed the Nal at all possible entering angles consistent with the
counter geometry. As ascertained from the scaler readings, 99% of the
beam-off electron scintillant signatures were accompanied with a coin-
ddent Nal timing pulse. This assures that the 100 nsec duration of the
Nal timing pulse was wide enough. If the remaining 1% of events were
either of insufficient energy to produce a timing pulse or were rejected
by the Nal pile-up logic, then the Nal detection efficiency was greater
than 99% throughout the entire energy scale,

The background level of the RMC photon data between 63.5 MeV
and 89.5 MeV was observed to be 1.38 + 0.08 events/channel., The re-
corded number of beam-off events (for the same number of simulated
gtops) in the same energy interval results in 0.78 + 0.05 events /channel
or about 5T% of the observed rate. We note the similarity of the slopes

in the beam-on and beam-off background photon energy spectrea between 63
and 90 MeV (Figs. 8 and 9).

The photon energy scale was calibrated by observing prompt
photons from pions captured on protons. During a special set of these
runs, the converter thickness was successively diminished in order to

measure the relative number of photons per pion capture per cm of lead
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converter. From the data of these runs (Fig. 10) it is clear that the
photon signal decreases lineariy with decreasing converter thickness
and no discernible signal is cbserved with the converter removed,

About 3% of the total beam time was devoted to runs with the
converter removed., A comparison with the 0.30cm "converter-on" runs
showed a reduction in the number of background-subtracted photon events
below 63 MeV by a factor of 10. Events in the "converter-out" photon
spectrum between 63 and 90 MeV were equally distributed between the
foreground and background time channels and occurred with an intensity
(after normalizing to the "converter-in" recorded muon stops) of
0.7 + 0.2 events/channel or about 51% of the "converter-in" background
rate., It is not possible to determine from the data if this contribution
to the background rate persisted with the converter was in place.

Finally, there appeesred in all the time spectra (both electron
and photon, and for any chosen energy interval) a contamination of un-
known origin in the form of an x 10% excess number of events in the
first 80 time channels of the foreground spectrum immediately following
the prompt time channel., This noise was well contained inasmuch as it
terminated rapidly and completely as determined by fitting the time
spectra well beyond the contamination, extrapolating the fitted spectrum
into the contaminated region, and subtracting the fitted spectrum from
the data. Tﬁe data in the contaminated region was not used in any phase

of the analysis.
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E. Calibration of the Timing Logic

TAC Celibration., With the beam off, coincidences between a

10 MHz pulse train output from a time mark generator (TMG) and the dis-
criminated pulses of counter 1 responding to a radiocactive source formed
the TAC START signal. The slow 100 KHz TMG trigger formed the TAC STOP
signal so that the measured time intervals At were

- integer _
At 10 1tis 100 nsec, 200 nsec, .

Two calibrations of the TAC gain, of 1.75 nsec/channel and
1.70 nsec/channel, were cbtained. The latter calibration, performed at
the end of the experiment, was used througout the analysis, so that a
systematic error of 2.8% was attached to the measured value of the
total muon lifetime in calecium because of the variation in calibration
results,

It was possible to check each data run for anomalous or long-
range drifts in the TAC gain by using as a relastive monitor the muon
spin precession frequency determined from the decay electron time
spectra. The precession fregquency should not vary since the precession
magnet field strength was constant. It was found that, except for a
small number of consecutive runs, the muon spin precession rate was
constant throughout the experiment. The data from the group of runs in-
consistent with the majority gave relative wvalues of both the muon spin
precession frequency and muon lifetime in calcium higher by about 8%.

However, the data from these runs were accepted for mnalysis and in so
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doing (a) shifted the final values of the measured lifetime and pre-
cession frequency by about 1.4% upward and (b) contributed to a slight
"washing out" of the recorded asymmetry of both photons and electrons
when the time spectra of all deta runs were summed together, This will
be discussed later,

Linearity. To test the TAC for linearity, & high rate of time-
independent signals was necessary and thus the TAC START was replaced by
a (5,6) singles pulse. The beam remained off during this time and no
rediocactive sources were employed, The test indicated some pile-up in
the TAC channels below 160. Consequently, what little date existed
below channel 180 was not included in the analysis,

Resoclution. The timing resolution was determined from the
time spectrum of photons from pions stopped in a LiH target as taken
during each photon energy cglibration run, A typical timing spectrum
(Fig. 11) fit to a Gaussian distribution indicated Y4 nsec full width at

half maximum (FWHM),
F. Calibration of.the Photon Energy Spectrum

Periodic calibration of the photon spectrometer was done by

observing the prompt photons from the processes:
T p+ ny (1)

T p - nm° (2)
-

which materialized in the (0.30cm lead converter.
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In (1) the photon is monoenergetic with energy 129.4 MeV,

In (2) observation of either photon gives a flat distribution of photon
energies from 55 MeV to 83 MeV due to Doppler shifting as a result of
the residuasl energy of the 7°,

The muon channel dipole megnet was set to select the 200 MeV/c
pion beam and the degreder increased to 10cm of borated polyethylene and
17.5em of graphite to stop most pions in a plate of LiH or Li used in
place of the calcium target. The i:§:§'veto was removed from the photon
signature to allow observation of the prompt photon events.

The prompt photon energy spectrum of T in Li was normalized
and subtracted from the photon energy spectrum of m in LiH in accor-
dance with the results of Chabre EE_EleG to give the photon energy
spectrum from processes (1) and {2) above (Fig. 12).

The absolute detection efficiency for photons could not be
determined from the W (LiH-Ii) calibration runs due to an uncertainty
in the actual number of pion stops in the target. Moreover, the data
from these runs could not easily be used to determine the energy depen-
dence of the conversion probability of photons in the lead sheet,
Instead, the photon detection efficiency versus photon energy was com-
puted by a Monte Carlo simulation of the passage of photons through the
experimental geometry, as discussed in Appendix 1.

Also displayed in Fig, 12 is the result of a Monte Carlo
calculation of the Nel energy spectrum corresponding to processes (1)

and (2). The statisties of the Monte Carlo result have been removed
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by curve smoothing. The assumed gain of the Nel energy scale used in
the celculation was 0.511 MeV/channel. By coineidence, this is very
nearly the determined gain of the experimental Nal energy scale so that
the two spectra in Fig., 12 can be compared directly. Reasonable agree-
ment is seen. The computed absolute photon detection efficiency versus
primary photon energy is displayed in Fig. 13. A 0.30 cm Pb converter
is assumed in position,

The electronic response of the Nal to 129.4 MeV photons which
materialized in the converter can be noted in the higher energy peak of
Fig. 14, We note from Fig, 10 that the separation between the upper
(129.4 MeV) peak and the lower (55-83 MeV) peak worsens with increasing
converter thickness, indicating that the converted photon peir suffers
interactions (scattering, ionization, bremsstrashlung) in the lead sheet
and counters 7, C2, and 8. Thus, the residual energy of the pair entering
the Nal is not a priori monoenergetic for each 129.4 MeV event recorded.

Pondrom and Strelzoff27 showed that the electronic response,

or resolution function, of a Nal detector to monoenergetic events of

energy Etrue can be re-expressed as a function R(p), where p is the
ratio of energy E .4 to B . They further showed that R(p) is

the same whether constructed from the resolution function of mono-

energetic events of energy E

L rue or from g resolution funetion of an

energy different from E . We can comstruct R(p) from the ex-
true

pressions:
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data(I .
R(p) = —= aj(‘zg -, wvith
date(I"7"7)
o
1294 Mev + (I-1-22-Myy
= D _ measured
p 129,15 MeV E, :
rue

In these expressions data(I) denotes the number of 129.4 MeV

events observed in the Ith Nal channel, I;EQ.&

denotes the pesk channel
of the 129.4 MeV distribution of events, and M is the gain of the Nal
energy scale in MeV/channel, An exponential function was used to ap-
proximate the number of 129.4 MeV events below channel 145 which could
not be separated from the distribution of events in the lower energy

peak, Data(I) is given for I > 145 by the data in Fig. 1k end

data(I) = data(145) exp({I-145}/A) for 1 < I < 1hk, The parameters

11294y

. , and A must be determined.

The resolution function for all photon energies between 55
and 83 MeV were constructed from R(p). These constructions introduced
two parameters: the assumed peak channel position I;S of the 55 MeV

resolution function and the assumed peak channel position Ig3

of the

83 MeV resolution function, which were then used to extrapolste
linearly the peak channels of the other resolution functions. Each of
the resolution functions (from 55 to 83 MeV) was normelized to its
corresponding ebsolute photon detection efficiency., All the resolution
functions between 55 and 83 MeV were then summed together, channel-for-

channel, and the resultant spectrum normelized to the same total number

of events in the lower energy pesk of Fig. 14 (after subtracting from
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this distribution the exponential tail below channel 145 of the 129.4
MeV distribution). The x2 of the fit was then computed. The variables
were edjusted until a best-fit to the lower energy peask was cbtained
(Fig. 14, darkened circles),

The best-fit values of the varisbles were:
M = 0,51 MeV/channel

A = 145.5 channels

I129.h
P = channel 1914
133 = channel 124

155 = channel TT
xz/fitted channel = 1,016

The function R(p) is displayed in Fig. 15. Resolution func-
tions for photons of several energies are displeyed in Fig. 16. Both
figures represent smooth curves drawn through the true resolution

functions,



IV, DATA ANALYSIS
A. Decay Electron Time Spectra

FIf we assume a muon is bound at t = 0 to a caleium nuecleus in
the calcium target, the probability of observing a decay electron in the

time interval t to t + dt at an angle ¢ with resepct to the muon spin is:

I(t) = exyg(-‘c/'rC&)I\g‘:':cELy (1 + Po_ cos $lat (3)

where

T, is the lifetime of a bound muion to a calcium nucleus,

Ca

Ag:ca.y is the decay rate of a mion bound to a calcium nucleus
(taken from Huf‘i‘25 to be (99 + 1)% of the free muon

decay rate),

P is the magnitude of the residual muon polarization in
the ground state nuonic atom and is given by the mag-
nitude of the beam polarization PB multiplied by the

polarization factor D Ca in calcium

%, is the average asymmetry of the decay electron momente
with respect to the muon spin of all recorded electron

events, and

2k
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P = wk + ¢0 is the angle between the muon spin and the time pickoff
counter 8; w is the spin precession rate and ¢0 the spin

phase at £+ = 0.

We tske dt to be the time channel width of 1.70 nsec. We

then generalize to the case of N muons and define the variables A and

_ Ca -1
SCa as: A=1N ecay x (1.70) channel — and Sa

We replace the phase ¢0 with ¢0 - m/2, If we make these changes in

= Pa (dimensionless).
a e

Eq. (3), I(t) defines the number of decey electrons originating from
mucons bound to caleium nuclei observed in the time channel of time

coordinate t (ignoring geometrical factors)
I(t) = A exp(-t/1, ) (1 + 5y, sin (wt + ¢,))

To this I(t) we add a term for those decay electrons origina-
ting from muons bound to carbon nuclei (scintillaents 3 and L) and a term
for the background G per channel as determined from the background time

(t < 0) distribution. We finally obtain

I(t) = A exp(-t/TCa)(l + SCa sin (wt + ¢0)) +
(kL)
B exp(—t/TC)(l +8_, sin (wt + ¢0)) + G,

where
Ta (=203k4 nsec) is the lifetime of a muon bound to a

carbon nucleuszh and

8 = (P,'D o ), where D__ is the polarization factor in
sc B "se¢ e sc

seintillant.
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S was eliminated as an independent wvariable by using the

sc
combined results of Sundelin et al.28 and Anderson29 (D, /D =
— Ca’' Carbon

0.70 + 0.02) and Buckle et al.3C (Dg,, /D = 0.33), to obtain

Carbon

8. = SCa/2.12. The foreground decay electron time distribution

(Fig. 17a) in the time interval from 137.7 nsec through 783.T7 nsec from
t = 0 of each RMC deta run was least-squares fitted to the time dis-

tribution function I(t) with A, T w, ¢, and B varigble.

Ca’ SCa’
The normalized X2 of the best fits to the 63 individual spectra
were distributed about 1.0 with 90% of the x2 lying within the interval

0.9 5_x2 < 1.1, The combined results of the individual fits gave

Tgg = (366 + 8) nsec
Sgg = 0.045T + 0.0005
w = (0.04689 + 0.00007) radians/sec
6, = (1.63% 0.02) rediens
B/A = (2.3 + 0.2)%
G/A = T7.9%

The error associated with Toa, is due, for the most part, to
the systematic error attached to the TAC calibration,
From the sum of the individual electron time spectra we

obtained s
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Tog = 365.7 nsec
Y 04116
a
w = 0.04673 radiens/nsec

¢y = 1.631 radians

with errors similar to those sbove. A comparison of the results of the
summed datae to the results of the individual fits showed that the
asymmetry parameter SC& vas reduced 11% by summing the data prior to
fitting. This decrease was due to variations in the prompt channel
(t = 0) of the time spectra accumulated during the first weeks of the
experiment and slight variations of the precession frequency observed
in some of the runs. A correction for this "washing out" of the assym-~
metry will be applied in the analysis of the RMC time spectra.

The result for T, 1is in poor egreement with previous

Ca
11,12,31

measurements, which tend to give T o " 336 nsec. Consequently,

c
the discrepancy was investigated carefully.

For a fixed precession field strength, the measured muon spin
precession frequency w can be used as a check of the TAC gain. The
measured field strength was 537.6 + 20.0 gauss (the error represents the
uncertainty in the calibration of the Hall prdbe) from which w was com-
puted to be (0.0457 + 0.0017) radians/msec and thus in good agreement
with the measured vslue of 0.0469 radians/nsec.

In another check we analyzed the positron time spectrum ac-

+ “+
cumlated in several runs of U in calecium from which the measured p
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lifetime was 2231.0 + 88,0 nsec, in agreement with the most recent
measurement32 of about 2197.0 nsec.

Our measurement of T e gives for the capture rate of muons

C
. . Ca _ -1 ,Ca .
bound in calcium (ACaP = Tg, - ADecay)'
Ca _ 5 -1
ACap = (22.85 + 0.62) x 10” sec

This capture rate entered directly into the determination of the branch-
ing ratio. Use of this result for the capture rate admits an over-
estimate of the branching ratio by as much as 8.6% if one elects

instead to use T, = 336 nsec.
B, Calibration for the Photon Asymmetry Measurement

The magnitude of the sinusoidal oscillation SCa observed in

the time spectrum of the summed electron data can be expressed as:

_ -1
Sgq = PO, X (1.11) (5)

The factor of 1.11 is a necessary correction in view of the reduction of
the measured asymmetry parameter SCa by a factor of 11% resulting from

summing the data prior to analysis.

A recent measurement33 of the SREL muon beam polarization
gave Py = 0.62. From a theoreticalsu study which predicts D, " 1/6
one would enticipate that P = 0.62 x 1/6 = 0.10,

35

Johnson et _al. have shown that the average electron momentum-

ho

mion spin asymmetry of all decay electrons from muons bound to Ca



29

nuclei differs by less than 1% from the value of 1/3 for the average
electron asymmetry of free muion decay. However, the simple prescrip-
tion 8, = 1/3 Px(l.ll)"l is invalid since the lead converter, as well
as the target and counters, have high efficiency for stopping low
energy electrons. The effect of the presence of the lead converter
was measured by running i in calcium with the converter removed.

FProm a comparison of the electron time spectra of 0.30cm
"converter-in" versus "converter-out" runs, a reduction of U-e events
per U -stop by 2.02 + 0.04 due to the presence of the converter was
observed. This result was used as a consistency check of a Monte Carlo
calculation of the detection efficiency of the bound muon decay elec-
tron energy syectrum35 {Appendix 1). The Monte Carlo results of the
Nal electron energy spectrum for 0.30cm "converter-in" and "converter-
out" are displayed in Fig. 18a and are compared to the experimental
0.30cm "converter-in" and "converter-out" electron energy spectra,
shown in Fig, 18b. The agreement between the simulated and experimental
spectra is good., The absoclute detection efficiency for the electron
energy spectrum was computed to be 0.829 ("out"), 0.485 ("in"), and
1.71 for their ratio. It was determined from a "converter-in" run with
the Nal pile-up rejection circuit removed that 5% of the electron
scintillant signatures were due to electrons of insufficient energy to
produce a timing pulse in the Nel, Examination of the simulated energy
spectrum then imposes an electronic threshold of the timing diserimina-

tor at 3 MeV. From this, the computed efficiencies were 0.788 ("out"),
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0.441 ("in"), and 1.8 for their ratio. A ratio of 2.0, in agreement
with experiment, is obtained if one assumed a 6.6 MeV electronic threshold
for detecting electrons,

The V-A theory of free muon decsy was used to determine the
electron momentum-pnion spin asymmetry dependence of the bound decay
eglectron energy spectrum. By recording the asymmetry of each event in
the Monte Carlo program, it was possible to determine the average
asymmetry of all electron events, as well as the average asymmetry
abedc of all electron events above an arbitrary energy cut-off, We also
measured, from Eq, (%), values of 8 for the summed electron data as a
function of lower Nal channel cut-off,

In a comparison of S a with the electron asymmetry aI:C de~

c

termined by the Monte Carlo program, three reasonasble calibraticns were

chosen and we used expression (5) to calculate P

SCa x 1.11 SCa. x 1.11

computed electron asymmetry = 0LMC
e

The calibrations were:

() an assumed electronic threshold of 3 MeV, which gave

_ (0.0b411 0.0005) x 1.11 _
P = —1E% = 0,110 + 0,001

(b) an assumed electronic threshold of 6.6 MeV, which gave

_ (o.0h11 005) x 1.11

P

+ 0.0 _
—1¢E = 0,097 + 0.001



31

(¢} an average asymmetry of events at the upper end of each

spectrum over the last 5 MeV energy interval, which gave

_ {(0.08 # 0,01) x 1.11 _
P = 5623 = 0.096 + 0.012 .,

All three calibrations were combined to give
P = 0.103 + 0.009

in agreement with the anticipated result.

Displayed in Fig, 17b and 1l7c are the precession components
SCa sin{wt + ¢0) extracted from the summed electron data for all elec-
tron events and for all electron events throughout the last 5 MeV energy
intervel of recorded events, respectively.

The computed electron asymmetry agc versus low-energy cut-off
is shown in Fig. 19a. The measured electron asymmetry o (= (1.11) x SCa/P)
versus lower energy cut-off is displayed in Fig. 19b. Care must be
exercised in making a direct comparison of Figs. 19a to 19b since the

gain of the energy scale of the electron data has not been determined.

C. BRMC Photon Asymmetry

The time distribution of the summed photon events (Fig. 20a)
was analyzed in the same manner as carried out for decay electrons. The
variables Tog? ¥s and ¢0 were fixed at the best-fit values to the summed
electron data and the carbon term was omitted from the functional form

of the time distribution., Neglecting the contribution from carbon is
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Justified when fitting the spectrum of RMC events only since the rela-

tive probability of observing a photon from capture on calcium or

Ca C

c /A > 60, Omission of the carbon
ap

carbon in this experiment is > A
term in fitting lower energy regions of the data containing decay elec-
tron bremsstrahlung was done for convenience, Retention of this term
would not be expected to alter significantly the fitted results of the
decay electron bremsstrahlung asymmetry, for which there is little
interest.

The time distribution of photon events was then fit to
(from Bq. (4))

I(t) = A.Y exp(-t/TCa)(l + SY sin(wt + ¢O)) + QY .

where AY and SY were the only fitted varisbles and SY = Po:.Y x (l.ll)-l.
The parameter aY is the average asymmetry (with respect to the muon
spin) of all photons included in the f£it. It is the RMC photon asym;
metry when all the fitted data lie about 63,5 MeV, aY is the mean of
the RMC asymmetry and the bremsstrehlung asymmetry each appropriately
weighted by the relative number of RMC and bremsstrahlung events in-
cluded in the fit. For each choice of fitted photon energies, GY was
fixed at the observed background (t < 0) counts per channel., An upper
limit of 82 MeV for accepting photon events was chosen because of a

poor signal-to-noise ratio at higher energies, The parameters AY and

SY were then obtained for several values of the lower Nel channel cut-off,
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Results for the measured asymmetry aY are given in Table 2
and are graphed along with the measured electron asymmetry in Fig, 21.
It is seen that the RMC photon asymmetry and the decay electron asym-
metry are of opposite sign, The measured asymmetry of the RMC events

gbove 63.5 MeV was
aY(i 63.5 MeV) = +0.90 + 0,50 .

A systematic error of 8% is attached to this result due to the un-
certainty in the determination of the residual muon polarization. We
display the precession component SY sin(wt + ¢0)extracted from the data
for all photon events (Fig. 20b) and for the RMC events sbove 63.5 MeV
(F:i.g. 20¢).

It was desirable to check to what extent the measured photon
asymmetry is consistent with a mixture of RMC events of a positive
asymmetry and electron bremsstrahlung events below 63.5 MeV of a nega-
tive asymmetry. An approximation of the number of RMC events in the
spectrum below 63.5 MeV was obtained by extrapolating to lower photon
energies a fit of the RT theorylo to the RMC energy spectrum above
63.5 MeV, From a comparison with the actual data below 63.5 MeV, the
ratio of RMC to electron bremsstrahlung events in the data sbove any
lower cut-off was calculated. The computed ratios are given in Table 2,

Next, electron bremsstrahlung energy spectra were computed
assuming that the emitted bremsstrshlung was accompanied by secondary
electrons lacking sufficient energy to escape the target (otherwise,

the electron would trigger counter 5 or 6 and veto the photon event).
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The residual energy of the secondary electron was specified by a para-
meter Ere(MeV). With the assumption that the bremsstrahlung retains
the entire electron asymmetry, the computed bremsstrehlung energy
spectrum was folded into the resolution matrix and a determination of
the lower energy cut-off dependence of the bremsstrashlung asymmetry was
made., Tor Ere < 11 MeV, the computed average asymmetry of all brems-
strahlung photon energies varied between -0.302 and -0.327, in
reasonable agreement with our measured value of -0.3k + 0.02 for all
photons of energies < 82 MeV (Table 2). Then we write for the measured

photon asymmetry qY and accompanying error G, :

Ceme ¥ e * OpRrEM
o < Jeve * “rye * “emmw * Nprem _ ®M°  Npgem
Y Newme * Npgem L. Neme
NaREM
and
N
14+ NRMC " -1

BREM RMC

O'RMC =0 X "'"——"""""‘""N =g X 1+ N
Y RMC Y BREM
NpREM

For a chosen lower energy cut-off, 0., and G are the "extracted"

RMC
RMC asymmetry and statistical error, CoREM is the computed electron

bremsstrehlung asymmetry, and NRMC/NBREM

events to bremsstrahlung events sbove the cut-off,

is the computed ratio of RMC
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As a specific example, for a cut-off of 49 MeV, Oppmy WS

< - -
aBREM < =0.951 for the reason

able range 1 MeV s’Ere < 11 MeV. We then take Coppy = -0.943 +

computed to lie in the interval -0,935 <

0.008 and use the wvalue of N

RMC/NBREM from Table 2, to obtain

%ouc * Ogme = +0-T6 + 0.41

"Extracted" values of the RMC asymmetry were consistently
2 +0.50, even for cut-offs as low as 37 MeV. However, the computed
errors on the "extracted" asymmetry are almost as large as the error
on the measured RMC asymmetry at the 63.5 MeV cut-off and should be
made even larger since systematic uncertainties arise from incomplete
knowledge of the bremsstrahlung spectrum. For this reason we prefer to
consider "extracted" values of the RMC asymmetry as only a consistency
check end retain the measured RMC asymmetry for the 63.5 MeV cut-off as
our final result,

To test the validity of the resuli obtained for the RMC
photon asymmetry, spectra of the functional form I(t) fitted to the
photon data were genersted in a statistical menner such as to simulate
the time distribution of RMC events above 63.5 MeV consistent with the
measured amplitude AY (= 6.14 + 0.2) and the background level GY (= 1,08).
SY (= 0,084 + 0,046) was taken to be 0,075 in the simulated data.
Approximately 100 spectra were generated and fit by the least-squares
program. The values obtained for the fitted parameters .ﬂL.Y and SY were
normally distributed about their "known" values with statistical errors

of the same magnitude as observed in the experimental result,
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We further checked that the measurement of SY for the RMC

data peaked at the muon spin precession fregquency w. To check this,

Y
radiens/sec in increments of 0.001 radians/nsec, The measured value

A and S_Y were fit at fixed values of w over the range of 0.01 < w < 0,10

of SY was & maximum at the muon spin precession frequency. The x2 de-
creased by 4 when w was fixed within 0.003 radians/nsec of the known
frequency. A second decrease in x2 was observed at w = 0,057 radians/
nsec but no physical significance was attached to this result since
when the analysis was repeated with about 1200 high energy electron
events a similar result but with three x2 minima was obtained, One

minimm x2 occurred at the correct freguency; the other two at fre-

quencies different from 0,057 radians/mnsec.
D. Expression for the Branching Ratio

The total number of electrons originsting from mions which
were bound to calcium nuclei and subsequently decayed during the fore-

ground time window was determined to be

6

N = (51.b9 + 0.24) x 10° (6)

=

by a numerical integration of the calcium component of the fit to the

summed decay electron time spectra, sz can also be expressed as

N°b= NCa das

t=T783,Tnsec a
e 'y Im

C
P(l’2’3)P(NaI)EeWY {=137.7nsec exp(—t/TCa) ecaydt (7
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In Eq. (T)

NC& is the total number of maons that were bound to calecium nuclei.

As a first approximation one might take this to be the number

of muon stops recorded by the scalers, 4,446 x 1070,

= is the fractional solid angle between the target and counter 8,

determined from & Monte Cerlo calculation to be about 0.046.

P(1,2,3) is the praobability that an electron event was not accidentally

vetoed by g 1,2,3 anticoincidence, An estimate of this is

1,2,3+7:C2+8
7+C2-8

However, since this pulse was 30 nsec wide, a fraction

(Table 1),

obtained from the scaler ratio

l-exp(-30/365), or 8%, were not accidental vetoes. Thus,

P(l,2,3) = 0-85‘

P(Nal) is the probability that an electron event was not vetoed by
the Nal pile-up reject circuit. This was measured to be
about 0.88 by removing the rejection eircuit and noting the

increassed electron event rate,

e is the efficiency of the counters 5, 6, 7, C2, and 8 for re-
cording electrons., By removing counters 5, 6, 7, and C2
individually from the electron signature it was determined
to be < 0,953, where the equality holds if counter 8 is
assumed to be 100% efficient. Unfortunately, counter 8 could

not be removed from the signature without affecting the solid
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angle dQQ/4m, so that it is convenient to define the ef-
ficiency EY of counters T, C2, and 8 for detecting converted
photon pairs and compute the ratio sY/Ee. This was deter-
mined to be 1.01 + 0.01 with no uncertainty due to the ef-
ficiency of counter 8. Because converted photons involve two
cherged particles, and thus an enhanced detection probability,
the error 0.01 was computed allowing for the possibility

that £ = 1.0.
Y

is the probability that an electron did not stop in the mat-
ter comprising the target, counters, and 0.30cm lead converter.
We measured the electron rate for several thicknesses of lead
converter in position and observed that the recorded electron
rate incregsed linearly with decreasing radiation lengths
(thickness) of converter. The radiation lengths of the counters
were computed and then summed with s Monte Carlo calculation
of the average radiations lengths traversed in the target by
recorded events, A linear extrapolation of the electron rate
to "zero matter" was made. From the result we obtained

W= 0.4 + 0.02. At the conclusion of running, the converter
and counters T and C2 were physically removed. The measured
electron rate in this geometry was consistent with the

extrapolation procedure.

is the probability that an electron event enters the Nal

with sufficient energy to produce a timing pulse, We take
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this to be the ratio (e-scint sig*Nal)/(e-scint sig) =

0.94 + 0.01 as determined from the scaler readings.

t=T783.Tnsec

Ca _
=137.Tnsec exP('t/Tca)ADec dt = 0.0936

ay

is the probebility that a muon bound to a caleium nucleus

decays within the foreground time window.

As a check, putting numerical factors in Eq. (7) we obtain

Ndb

o = 52.59 x 10° (see Eq. (6)).

A similar expression can be written for Nsb(i), the nunmber of
background-subtracted RMC events in the ith energy channel of the photon
energy spectrum in the foreground time window

Ca

exp(&t/TCa)AC&Pdt

783, Tnsec

ob,.y _ . Ca 4§ .
NY (i) = Nu -ET-T-P(l,2,3)P(NaI)eYFZT(1,,j)B(EJ )D(EJ):[B,{.,{nsec

J
(8)

The first five terms in this expression have alresdy heen
discussed. The substitution of ACa for Aga has been made so that
Cap ecay
the integral gives the probability that a muon bound to a calcium
nucleus is captured during the foreground time window. Further terms

axre:

T is the resolution matrix. The jth column of T is the resolu-
tion function,normelized to unity, of a photon of initisl

energy E The first column of T is the resolution of a

y°



D(EJ)

B(EJ)

Lo

10 MeV photon, the second column is the resolution of an
11 MeV photon, and so forth., Thus, the index "J" and the

photon energy are related as

E, = (§+9)MeV; j=1,2, ...

is the detection probability of a photon of energy EJ (Fig. 13).

is the probability that a muon bound to a caleium nueleus is

captured by a proton and a photon of energy E, to (EJ + 1) MeV

J
is emitted in the process. Thus, B(Ej) represents the dif-
ferential branching ratio of radiative to normal muon capture

in calcium evaluated at E, and integrated over a 1 MeV interval.

J

is the probability that a photon event was not vetoed by an
accidental 5,6 pulse, and is < 1.0. Unfortunately, this fac-
tor could not be reliably measured so that we assigned to it

a value of 1.0. By examining the scaler value for 7+C2-+8
coincidences and the scaler values for IZE:§T§Z€ T+C2-8 and
1,2,3 5+6°7+C2*8 (no 2nd 5+6 cleaning), we determined that all
of the T-.C2.8 pulses were apportioned to either photon or elec-
tron events so that no large deviation of F from 1.0 is anti-
cipated. Any deviation of F from 1.0 will result in an

underestimete of our final result for the branching ratio.
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Dividing Eq. (8) by Eq. (7), cancelling common factors, and

absorbing D(EJ) into T by matrix multiplication, we obtain

Ca
A £
nOP(i) = n% -G8 Y E v oo(y,4)B(E,)
Y e ,Ca € W j J
ADeca.y

Upon inserting numerical factors in this expression we obtain

6

N$b(i) = (675.0 + 38.0) x 10" I T(1,3)B(E,) (9)

J

for which the solution B(E,) is sought.

J

E. Branching Ratio of BMC to MC

Equation (9) can be written as

Nf;b(i) = ¢ 7(4,5)B(E (10)

)
i J

with the constant factor dbsorbed into the matrix T, We now discuss
using Eq. (10) to obtein the branching ratio spectrum B(EJ).

N$b(i) was computed by normalizing the background time
{t < 0) photon energy distribution to the foreground time interval (a

factor of 1.686) and subtracting to obtain: >
N$b(i) = foreground (i) - 1.686 x background (i)
The veariance 02 was defined for each data channel as

U?i) = foreground (i) + (1.686)2 X background (i) .
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For convenience, the data were summed by two channels and the
errors combined., An upper energy limit of 89.5 MeV for accepting RMC
events for analysis was chosen since no discernible signal was cbserved
at higher energies. Channels 90 < i s_lBh, before summing, correspond
to, the RMC data in the energy interval between 63.5 MeV and 89.5 MeV,

%i)’ after summing, are presented in Table 3.

N (i) end ©
Y
An examination of the photon resolution showed that the RMC

data above 63.5 MeV depend only on B(EJ) for E, ebove 53 MeV., Thus,

J
the RMC data cannot be used to determine the branching ratio spectrum
below 53 MeV,

It has been customary in previous experimentsll’12’36 to
extrapolate the fitted branching ratio at the upper end of the photon
spectrum to lower photon energies and present the final results for
the total branching ratio. However, this makes a direct comparison of
the data to different theories and other experimental results difficult,

As an alternative approach we chose to find B(EJ) by two
"theory-~independent" methods and present final results for the branch-
ing ratio spectrum as determined directly from the RMC data ebove 63.5

MeV. B(EJ) for E, > 53 MeV was fit to the data but final results are

J
presented only for B(Ej) above 57 MeV because a component of the decay-
electron bremsstrahlung between 53 MeV and 56 MeV may exist.

We present here two "theory-independent" approaches. Both
gave identical results for the integrated branching ratioc above 57 MeV,

A third approach, an attempt to invert T, failed due to the similarity

of its edjacent columns.
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Method 1 (Unfolding)

A discussion of the algorithm used is given in Appendix 2,
The program sought & general solution B to the matrix equa-

““tion

Ndb = T x B
Y

During successive iterations, computations were made to determine
changes in the elements B(EJ) which minimize the difference in number
between the observed data I\[?b and the fitted spectrum at each channel
of the fitted data. Because B(EJ) was not reztricted to the form of

an anelytic expression, the program could fit the entire data spectrum.
With the exception of the first few data channels, a good fit with =
normealigzed x2 of 1.0 was made to the data below 90 MeV, The "unfolded"

solution for B(Ej) for E, gbove 50 MeV is shown in Fig. 22. Note the

J

high energy edge of the decay electron bremsstrahlung spectrum,

A sum of the branching ratio above 57 MeV results in

B(> 57 MeV)= 21.26 x 107

The fit to the RMC data in the region (as always) between 63.5 MeV and
89.5 MeV gave x2 = 22,32 for 23 channels, No error on B is computed in

the unfolding program.

Method 2 (Power Series)

B(EJ) was expanded as an arbitrary power series parameterized

by the photon energy Ej' Terms of order E33 to E;3

most possible combinations tested,

were allowed with
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Several equelly good fits were obtained to the RMC data spec-
trum with different functional forms of B(E J)' The results for a two-

parameter best-fit of the form

=2 4 pE73

B(E;) = afy ;o

gave for a sum of the branching ratio sbove 57 MeV:

B(> 57 MeV) = (21.1 + 0.6) x 1070

and )(2 = 21.41 for 23 channels.
We have taken the two-parameter fit as our result for the
branching ratio spectrum. It is presented in Table 4 for several

values of the photon energy and can be computed from

6 _
10 B(EJ) =

-10658.9 + 962“’29 -0 photons /capture-MeV

2
£ £

B(Ej) is plotted in Fig. 23, with a smooth curve connecting the indi-

vidual wvalues,

F. Determination of gp/ga

10

The theory of radigtive muon capture in ~~Ca of Rood, Yano,

and Y&mol3 (RYY) was used to express B(EJ) as a function of the

parsmeters k

max? Vav? and gp, all other week coupling constants being

assigned their UFI values .13 The parameter kmax is the maximum photon
energy averaged over final gtates, Voy? 2 similarly averaged value of

the neutrino energy in normgl muon capture, and gp is the pseudoscalar
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coupling constant. The latter was written in terms of the parameter

p and the four-momentum transfer g at the weak vertex as

M2+ M
u

T
g, P& 5%
a 2
D ¥ - g
In the notation of RYY,

B(EJ) =N(x; k ) v&va p) dx

max

vwhere

x = Ej/k'ma.x

dx = 1(MeV)/kmax(MeV) )
and

1 Ca
kma.x %=1 IST/kma,x ad(x’kma.x’p)
B(>smMev)= I B(E)) = [Fo,  Mx)ax = 2x :
EJ =meV max A'Norm( Vav*P )

Calculation of N(x) was quite time-consuming and thus was
determined at only one point each 5 MeV interval and then extrapolated
linearly between computed points. The theoretical photon momentum-

mion spin asymmetry o

rmc(x) was also computed. We present in Fig., 2ka

the computed photon asymmetry ozrmc(x) and in Fig, 24b the computed dif-
ferential branching ratio spectrum N(x) for several velues of p. We

also show in Fig, 2hka the computed everage photon asymmetry thet one
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would observe experimentelly (_i;f_._ , taking into account the photon
resolution) for each value of p and in Fig. 24b the computed
integrated branching ratio B(.?,. 57 MeV)for each value of p in order to
show the sensitivity of the predicted values of these gquantities to
the magnitude of p.

The parameters kma.x’ v __, and p were correlated strongly and

av

the statistics of the date did not permit & simultaneous fit to them

all. However, a two-parameter fit to the RYY theoryl3

was possible,
and thus uav was either fixed or set equal to kmax/l.oe (in accordance
with Rood and Tolhoeklo (RT)), and kmax and p then determined by =a
least-squares fit.

Results of the least-sgquares analysis are presented in Table 5.

13

From the best-fit of the RYY theory - to the RMC data above 63,5 MeV

we obtained

koo =863+ 1.8 (v, =k /1.02)

p=6.7T+1.5
¥2/fitted chemnel = 26.5/23

Some approximations made in the theoretical treatmentl3

were valid only
at the high-energy end of the photon spectrum (x > 0.5) and thus an
extrapolation of the fitted spectrum to low photon energies in order to

compute the total branching ratio was not done. The value for p is in

good agreement with the Goldberger-‘]?::-eimﬁ.nl+ prediction gp = +"{ga.
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A two-parameter best-fit of the Eg'theorylo to the RMC data

above 63,5 MeV gave

o
1

88.4 + 1.8 (vav

(]
EW
S
=
o
n

max

x2/fitted channel = 24.8/23 .



V. DISCUSSION AND CONCLUSIONS

Qur result for the photon momentum-muon spin asymmetry

0.90 + 0,50 is in agreement with the RYY value13

15

of +0.75 and a slightly
higher value given by Borchi and deGennero,” both computed for

gp =+ Tga. The large errcor of 0.50 does not permit & precise deter-
mination of gp from the asymmetry result. However, our value for the
photon asymmetry itself helps to clarify the discrepancy that has

existed between theoretical predictionsm’l3’15

of a large positive
photon asymmetry and the sole previous measurement12 which gave a
slightly negative value for the photon asymmetry.

The result for the branching ratio is subject to several
considerations: (1) a 5.6% (Eq. 9) systematic uncertainty, (2) a
possible overestimate of the branching ratio by as much as 8.6% in
view of the discrepancy of our measured muon lifetime in calcium with

11312:31, and (3) an underestimate of the branching

earlier measurements
ratio by an unknown amount since the accidental veto rate of the photon
events by the g:g'anticoincidence is not known.

The "unfolded" branching ratio spectrum shown in Fig. 22,
along with the best-fit to the theory of RYY,13 contains some inter-
esting information. The events below 53 MeV are dominated by decay
electron bremsstrahlung, It is consistent with the bound-muon decay

35

electron energy spectrum™  to attribute the difference of the two

L8
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results in the region between 53 and 57 MeV to a high-energy tail of
electron bremsstrshlung., We assumed this and then estimated that there
were two bremsstrehlung events in the date above 63.5 MeV (a negligible
quantity since there are 120 events of 63.5 MeV).

The best-fits of the power series and the "unfolding" methods

of the RMC data sbove 63.5 MeV gave lower x2 than the best-fits of the

10 3

theories of RT™ and RYYl . We note the concave eppearance of both the

power series (Fig. 23) and "unfolded" best-fit branching ratio spectra.

The best-fit of the Eg_theorylo to our data gave kmax =

88.4 + 1,8L4 MeV (xz = 24,8), a value consistent with previous measure-

11,12 in which the experimental results were compared to the RTlo

theory. The best~fit of RYY™ S

ment

theory to the data gave k . = 86.3 +

X

1.85 MeV (x2 = 26.5). Both the poorer x2 and the change in k__ can pre-

X
sumably be attributed to the discrepancy among the shapes of the

theoretical spectra of RYYlB, RTlO, and the power series result. The

13

value of p (=6.7) of the RYY - best-fit to our data imparts a slight

convex shape to the branching ratio spectrum. The best-fit of the RTlO

theory to our data with p = +0.6 is more linear. Thus, the lower

13

value of kmax in the RYY™ fit is probably a self-consistent compensa-

tion in the fitting procedure in order to minimize the effects of the
poorer functional form of the fitted branching ratio spectrum.

Since the equivalent of an "unfolded" spectrum has not been

11,12,35

presented in the results of earlier experiments and since the

13

x2 of the RYY™ and RT10 best-fit branching ratio spectra are not too
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poor, there is not sufficient evidence to question the basic functional
shape of the theoretical spectrum. A change in this shape would require
g substantial modification of the basic theory of RYY.

The normel muon capture rate and the radiative capture rate

13 10

are computed in the RYY theory™ ~ neglecting the nucleon velocity terms,

Since the effectlo of such terms is to incresse both the radiative and

the normel muon capture rate by about +8%, the branching reatio of RYY13

is not affected by the absence of these terms., If we assume that a +8%

correction is to be applied to the capture rate calculated in the RYY13

2 sec_l from the RT:LO best

13

theory, we can then obtain Agzp = 49.0 x 10

. Ca 5 -1
it and ACa.p = 39.0 x 10” sec

from the RYY best-fit. The dif-

ference in the two results is due to the different fitted values of

v, and p (each contributing esbout one-half the difference). Neither

of these results is in good agreement with our measured capture rate

-1

A% = (22.8 + 0.6) x 10 sec™t

Cap

DiLella et a.l.:L2 compared their experimental results for RMC

in caleium to the theory of RTlO. They fit their photon energy spectrum

gbove 4T MeV to the predicted branching ratio of R‘l‘lo and then extrap-

olated their best-fit result to lower photon energies, which gave a

total branching ratio of (1.1l + 0.09) x 107, Ve essume that their
results, as ours, depended strongly on the integrated branching ratio
above 57 MeV, which we determined from their best-fit branching ratio

spectrum to be 15.4 x 10-6. A best-fit of the RTlO theory to our data

gave (20.0 + 0.7) x 10_6, a factor of 1.3 times their result.
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Conversi et al.ll also compared their experimental results
for RMC in calcium to the RTlO theory. They, too, extrapolated the

best-fit of the RT10 theory to their data above 60 MeV to lower

photon energies. They found a total branching ratio of (3.1 + 0.6) x lO—h,

roughly twice the value of (1.51 + 0.08) x Zl.O_h determined by an ex-
trapolation of the best-fit of the RTlO theory to our data.

It is of interest to assume, as has been proposed,12 that the
result (3.1 + 0.6) x 107" of Conversi e_t__g._]:_.ll is too high by a factor
of about 2 due to neutron contamination of their data. A straight-
forward reduction by 2 of their branching ratio result gives
(1.55 + 0.3) x 10'h, in agreement with our result of (1.51 + 0.08) x 10'”,
and in marginal agreement with the result (1.1k + 0.09) x lO—h of
diLella gg_gg.le

We now meke an indirect comparison of our data to two other
theories of RMC in hOCa..

Borchi and deGennero15 used the Migdal2l theory model of the
nucleus in their ecomputation. They predict values of C:d and Agirm
each reduced by asbout 40% with respect to the predictions of R0 for
the same values of the weak coupling constants, Consequently, the
branching ratio predicted in both theories is the same, all else being
equal., Thus a fit of the Borchi and deGennero15 theory to our data
would give a value for p (=gp/ga) similar to that of the best-fit of
the RT10 theory to our data but with a result for the muon capture rate

about 40% lower than the rate predicted by the R0 it to our data.
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Thus, a good fit to our data to the theory of Borchi and d.eGenne.-roJ‘5

would be expected to give =+ 0,6 g and 2% - 0.6 x ko x 10° sec™t =
811‘ 8 - Cap

5

29.4 x 10 sechl. The result gp = O.6ga is in disegreement with the

Goldberger—Treima.nh value of gp = +Tga. The computed ca.ptﬁre rate in
the Borchi and deGenne:c'o"!'5 theory is in better agreement with our

measured capture rate of (22.8 + 0.6) x 10° see™t than the best fit
of RTC,
The giant dipole resonance (GDR) model of Fearinglb' is eclaimed

to reduce l\g:d by about L40% and the branching ratio by about 20% com—

pared to that of RTlO. This reduction of 20% in the branching ratio

is very nearly the reduction in the RYY13

R‘l‘lo. Thus, & fit of our data to the GDR model of F‘ea.en.r:i.l'lgl)4 would be

theory compared to that of

expected to give the same result for p (=gp/ga) as did the best-fit to

the theory of RYY13, i.e., gp = 6,7 8, However, the result for the
13

muon capture rate would be about 27% lower than the RYY ~ best-fit
result, namely, Ag:p = 0,73 x 39.0 x 10° sec™t = 28.5 x 10° sec™™,

This "deduced" value of the muon capture rate, as is that of Borchi

15

and deGennero -, is in better agreement with our measured rate of

(22,8 + 0.6) x 10° sec™  than that predicted by the best-fit to our

10 13

data of either the RT™ theory or the RYY -~ theory.
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COLLECTION RUN,

SCALER RATES FOR A TYPICAL RMC DATA
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BEAM BACKWARD /4
TARGET __ [25x[25x25CM° TO THE BEAM %OCA
CONVERTER _ [75CHi  [7-5CM x O30 CM_LEAD
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EXPERIMENTAL PHOTON ENERGY SPECTRUM
SUMMED BY TWO CHANNELS

TABLE 3

CHANKKELS FOEEEE?%HD g@é’ﬁ({;g EGERTS 0..2

1 2 66442 10209 56232-55 B83653-50
3 4 53930 9306 44624-16 69618-13
5 6 38932 6993 31938-14 GO720-86
78 32604 5939 2666479 42616-57
9 10 30019 5292 24727+ 15 35940-22
112 28533 4709 23824-45 36470-87
1314 26866 4317 22518-56 34144- 5]
516 25889 40i6 21873-32 326568-78
17 16 24939 3808 21134-085 31353-062
19 20 23712 3498 20213-£8 29609:27
2l 22 22556 3218 19337-73 27981-49
23 24 21989 3038 1895t-11 27110-39
25 26 20678 28205 17773-30 2865574-06
27 2y 18518 2662 16856-05 24005-6|
29 30 18671 2524 |Gl47-29 2292568
31 32 | 7567 2320 156247-28 2147767
33 34 16191 2166 14034-81 19625969
35 36 15177 2020 13156735 1858179
37 2 13287 1880 12097-17 17172-85
38 40 12890 1647 11242-93 15666-69
4l 42 1167 1564 1010654 14308-43
43 44 10407 1467 89240-32 12879-59
45 46 9224 1268 T936-02 11596.33
47 68 goe? 1273 6794-19 10212:73
49 50 izl 1180 594091 911044
51 8 G189 toa7 5162-32 7919-81
53 o4 5363 927 4435-79 6926-13
55 & 4528 777 375083 583819
57 3 3713 757 2956-06 4989-08
0D &6 3149 693 215612 4317-08
6| 62 2617 551 206575 3564635
63 64 2046 573 1472-81 301230
65 €5 i64 1 430 121111 236572
67 G8 1345 438 904G 68 2083- 24
62 T0 i 332 778:89 1670-82
T 72 Bi3 290 523-04 1301.83
73 T4 709 268 440 55 1160-89
75 76 537 20| 33638 875-20
77 18 141 | 652 28927 69679
79 6O 3g2 106 275:79 561-05
8! g2 324 108 21611 505-89
83 84 277 72 204-:51 399-21
85 B8 245 62 ig2-62 350- |6
87 88 202 57 144+ G8 298-63
89 S {82 29 163- 34 23031
91 92 174 37 136-91 236-53
93 9¢ 139 29 11034 187-3!
85 95 119 24 §5-40 158:79
97 98 122 19 103+46 153-26
99 100 1z 22 90-08 148-95
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CHAHIELS PO CERTe ™ gr?cfﬁ(ug gVERTS o?
EVENT

jol 02 94 249 70-40 13279
03 104 93 27 66-03 138-47
105 106 B85 32 52-97 139:00
107 108 85 27 58-03 13047
109 110 4 27 47:03 11947
iy 12 T3 22 51-08 109-95
13 114 49 25 23-T1H 91-63
115 116 74 30 43.65 12516
e 118 42 (3 28-51 G474
119 120 38 30 765 8916
121 122 45 i5 29-83 7058
123 124 35 20 b4-17 69-10
125 126 31 27 4:03 1647
127 286 16 13 5. 51 4174
129 12 a5 (2 23:20 64-09
131 132 25 12 13.-20 4489
133 154 24 29 -4+ GG T2-31
135 136 6 1G 0-85 41-58
137 138 1 10 0-88 28-086
139 150 15 15 -0 17 40- L8
41 2 12 20 -B+23 46+ 10
143 gt 20 10 9-88 37:05
145 146 20 13 6-5I1 42-74
47 123 P! 17 -5.06 59-42
143 150 17 15 1-85 4258
151 152 3 10 ~2-12 25-05
153 134 1 I 5 - 87 565.58
155 115G |2 17 -4 06 4094
1T 158 12 (4] 3:-57 26-21
159 50 |4 12 2-20 3369
61 182 8 15 ~7-17 33-58
63 154 11 5 5-94 1953
165 156 9 13 ~fh+49 3174
IGT 164 10 10 -0-i2 2705
1869 (70 1t 10 0-08 28:05
171 17z e T 226 2037
173 174 7 13 -6-49 2974
176 176 10 ] G-63 1566
177 178 14 12 2-20 53.89
792 180 5 10 -5:12 2205
181 182 8 15 =717 3358
183 184 3] 3 263 f1+G8
185 166 ) 8 ~5:43 i7-21
187 1CB 5 g ~-3-43 19-21
18¢ 180 T 8 -1+43 2121
191 192 7 8 -1+43 2121
193 194 9 12 -7+80 23%-89
195 186 4 13 -9:49 2674
197 193 10 7 3:26 21-37
199 200 7 3 3+63 12-68

'FOREGRGUHD' 13 SUM OF EVENTS 11 THAE CHISHELS 560 TO (60
oo " 700 TO 928,

‘Backerounp' " " "

HORMALIZED TO FOREGAOUND TIME AHD, FOR CONVENIENCE,

_ TRUNCATED TO REAREST INTEGER
O2 s VEIUANCE, O7s ERROR
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TARLE 4 RESULTS FOR THE BRANCHING RATIO B OF RADATVE TO
NORMAL MUCN CAPTURE IN CALCIUM,FROM A BEST FIT ASSUMING
A POWER SERIES EXPANSION FOR B.  ERRORS ARE TAKEN FROM

THE FITTED SPECTRUL B EVALUATED AT THE MAXIMUM PARMEIER
VARIATION NECESSARY TO INCREASE THE CHI-SQUARES BY 10
WBINED WITH A 6% SYSTEMATIC ERROR

FROM THE EEST AIT.

|05B(E) = ~IAS082 + 282499
]) El 2 Elﬂ

E; , PHOTON 108 B{E}7 in PHOTONS ERROR
ENERGY (MeV)  PER CAPTURE-MeV
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g0 2144 0-02
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86 0721
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APPENDIX 1

MONTE CARLO PROGRAM

The Monte Carlo program was a computer simulation of the
interactions of photons and electrons with componenis of the experi-
mental geometry as they proceeded from their production in the target

into the Nal detector (Fig. 3).

Description of the program

A photon or electron event was assigned a random site in
the target and & random outgoing direction. The event was discarded
if it would not pass through counter 8, Otherwise, the path lengths of
the event through the target, counters, converter, and Nal were com-
puted and expressed in radiation lengths of Ca, C, Na, I, and Pb.
Scintillants were taken to be composed of carbon only. The event vas
passed through each element in turn in steps of a fraction of a redia-
tion length, The step size was 1/50 of a radiation length for all
elements, except the Nal, which was subdivided into alternating ele-
ments of Na and I each 1/10 of a radiation length,.

At each step, all shower components were tested for inter-
action by bremsstrahlung, peir production, or Compton scattering as
applicable to the type of shower component, If the test was positive,

the differential probebility spectrum (i.e., the probability that e
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particle of energy E interacts to produce a secondary particle of energy

in the range E' to E' + 4E') was c:onu;:u’c:edBPr

aend the secondary particle
energy (the photon energy for bremsstrshlung, the e~ energy for pair
production, the e~ energy for Compton scattering) chosen in a statis-
tical fashion, Particles created (destroyed) by interactions were
then added (subtracted) to the shower, Chafged particles also suffered
energy loss by ionization at each step.

Photon events were discarded if no charged particle was
rresent in the shower passing through each of counters 7, €2, and 8
or if a charged particle was present in the shower passing through
either of counters 5 and 6. Showers initiated by electron events were
required to contain at least one charged particle while passing through
each of counters 5, 6, 7, C2, and 8. Thus, photon and electron events
were required to produce their respective scintillant signatures (Fig. 3).

The kinetic energy of the shower was computed prior to its
entering the Nal and again after it had traversed the Nal, The dif-
ference in energies was taken to be the amount deposited in the detector.
The gain of the Nal energy scale in the Monte Carlo program was set at
0.511 MeV/chennel, By coincidence, this was the gain of the experi-
mental Nal energy scale as determined for photon events. Comparison of
the Monte Carlo results for electron energy spectra with experimental
electron spectra should be done with caution since the calibration was

for photons only.
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Some approximations were made in the program. Angular scat-
tering following an interaction of a shower component and resolution
broadening due to the Nal electronic response were neglected., Neglect
of these effects probably accounts for the better resolution of the
similated data contrasted with the experimental data.

The computed photon detection efficiency D(Ej) versus primary
photon energy is shown in Fig, 13. D(Ej) was computed as the probabi-

1ity that a photon of energy E, emerging from the target in a direction

J
such as to pass through counter 8, produced a 5,6+7'C2.8 coincidence
and deposited at least 0.51]1 MeV of energy in the Nal detector., The
computation of D(Ej) was carried out for 0.30cm of lead converter in
the simulated geometry. The finite Nal electronic threshold (< 6.6 MeV)

represented a negligible correction to the results for the photon

detection efficiency of photons of energies above 57 MeV,



APPENDIX 2

A METHOD OF OBTAINING A SOLUTION TO A =B x C
Definitions:

A, a vector of length N
B, an N x N matrix

C, a vector of length N

In the context of this work, Ai represents the number of

photons observed in the ith energy channel, B is proportional to the

matrix of photon resolution functions, and C is the true photon energy

spectrum whose solution is desired.

The algorithm begins by making a trial guess for the solution

of vector C, which is denoted as C!'.

STEP 1

STEP 2

solution,

Form the trial fit
Al = 2 B, .C
i . 1,5 ]

Calculate and store the vector A

We define AC to be the vector added to C' to give a better

AC is required to satisfy
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§: ACJBi’J = A, (1)

and simultaneocusly

AC, o £ B

3 =ZKIB, ,A (2)
A

A
2,3 °0 L % R

Equation (1) imposes the condition that the vector AC, when
added to the present solution vector C', normalizes the areas of the fit
spectrum A' to the area of the spectrum A and Eq. (2) states that the

relative "goodness" of the magnitude of AC, is proportional to the

J

nurmber of events which AC, can put into each channel (Bi

J
by the quantity needed in each channel (AR)'

J) multiplied

We combine Eq. (1) and Eq. (2) to obtain

?Bi,j {KEBSL,J ASL} =4

Sum this over i

L L B, KZA B = 5 A,
ij i, 3 78,3 i
and solve this for K
LA,
; 1
K = (3)
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From Eq. (2) and Eq., (3) one obtains

ZAR.B?,,jE.:Ai
AC, = 2 L (k)
JTETE LA B,

ij 932 3

In the denominator, the quantity

is a constant vector. It should be calculated cnce and stored for
later use, Dj is proportional to the detection efficiency D(EJ) of
a photon of primary energy E, (Fig., 13).

Equation (L) can be written

(5)

JL\C.j is to be formed for all j. Then AC is added to C' to

form a better solution:

1
Cj -+ CJ +ACJ

This completes the first half of one iteration. Because the
areas under the curves of A and A' are now the same, an attempt to
repeat the steps up to this point will result in AC = 0 since Z(Ai - A:{)= 0
i

end the numerator of Eq. (3) will vanish, Thus, the iteration is re-

peated with the replacement
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LA +ZI A
. L . 1
1 L

in the numerator of Eq. (5).

STEP 3 Calculate ACJ as

b Ba,y 2 14, 1

D, 2 A, B
R W

and again

1
CS + Cj + ch

This completes one iteration, Begin next with STEP 1,
Discussion

A. The technique was tested by constructing a spectrum A

from B x C where C was specified by an analytic function, i.e.,

C, =Dy +b xJ+b X3+ ...

J 1

2

and B was the experimental photon resolution matrix.

The solution C' converged rapidly to C despite a poor initial
guess (C' = 0).

B, We then took as A the experimental m (LiH - Li) data. The
"known" solution is a peak at 129.4 MeV and a flat distribution of

energies from 55 MeV to 83 MeV. Again, the trial guess was C' = 0,
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After a considerable number of iterations, a peak and a plateau did
appear in the solution C', However, the soclution oscillated in the
region between the peak and the plateau in a characteristic Gibbs'
phenomenon fashion.

A mathematical proof of the convergence of the algorithm,
if one exists, has not been attempted. However, we can examine two
classes of problems, First, A =B x C is exact, as in section A above,
and second, A = B x C is not exact, as in section B. In the first
instence, the quantities 4, and IAi[ vanish as the solution C' con-
verges to the true solution C, In the second instance IAiI , and thus
the solution, will not converge., Since this condition occurs when Ai
represents statistical data, one should seek a solution such that
(Ai - AJ{)= *0,, where 0 is a measure of the statistical variance of the
data., It follows that the quantity Ai - AJ!_ in STEP 3 should be re-
placed with IAi - A! | - o,. If this is done, a statistically good fit

will gi Ve
- = { - + = + -
;(A. A.) F A. (A. G.)} ? z 0, 0

end

rfla, - &) - o} Z.:{IAi {a; £ 0)l - o}= 2{l2q,] - a0,
1 h s L 1

and the solution will converge.
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FIGURE CAPTIONS

Feynman diagrams of radiative mon capture included in the
theoretical study of Rood, Yano, and Yano (Ref. 13). Primed
symbols indicate an intermediate state.

Experimental meson channel facility of the Space Radiation
Effects Laboratory.

Side view of the experimental set-up. The counter dimensions
and electronic signatures of a mion stop in the target, a
rhoton event and an electron event, are also shown,

Beam monitor logic. Circult output is a good muon stop pulse,
Event detection logiec. Circuit outputs are the photon and
electron scintillant signatures after passing through the

"second 5°6" protection logic.

‘Event processing logic. Circuit outputs are the digitized

time and energy measurements, which were then recorded on
magnetic tape, |
Observed energy distribution of the photon data accumulated
following the muon stop (foreground) and prior to the muon
stop (background).

Observed energy distribution above 53.5 MeV of the photon data
accumlated following the muon stop (foreground) and prior to

the muon stop (background). The high energy edge of the decay
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electron external bremsstrshlung cen be seen in the back-
ground distribution.

Observed energy distribution of the beam-off (a) photon and
(b) electron background,

Relative increase of the photon signal with increased thick-
ness of lead converter used.

Resolution of the timing logic.

Observed energy distribution of photons from T captures on
protons which materialized in 0.30 cm lead converter. The
smooth curve represents a Monte Carlo simulation of the ob-
served photon energy spectrum.

Results of a Monte Carlo calculation of the absolute photon
detection efficiency versus primasry photon energy for 0.30 cm
lead converter in position,

Observed photon energy distribution from 7 captures on
protons. Darkened circles show the best-fit to the data from
a study used to obtain the photon resolution function.
Photon resolution function.

Photon resolution functions for several photon energies.

(a) Time distribution with respect to the muon stop (t = 0)
of & portion of the electron data. (b) The precession com-
ponent extracted from the electron time spectrum of ell
electron energies. Error bars do not exceed the dimensions

of the data points. The smooth curve is the precession
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Fig. 19

Fig. 20

72

component S, sin (w't + ¢O) fitted to the electron time

Ca
spectrum. (c) Same as (b) but for the electron data sbove
50 MeV. Data points for {c) were averaged over a half-cycle
of the sinusoidal oscillation,

(a) Monte Cerloc calculation of the bound-muon decay electron
Nal energy spectrum for 0.30 em lead converter in position
and for no lead converter. (b) Observed decay electron
energy spectrum taken with 0,30 cm lead converter in position
end for no lead converter, Cautlion should be exercised in
comparing (a) with (b) since the Nal gain was determined for
photons only.

(a) Monte Carlo calculation of the electron asymmetry agc
as a function of low energy cut-off. (b) Experimentally
measured electron asymmetry oce versus low cheannel cut-off of
the Nael. Caution should be exercised in comparing (ea) with
(b} since the Nal gain was determined for photons only. In
(b), fitted values of the asymmetry at lower energy cut-offs
are not statistically independent of fitted values of the
asymmetry at higher cut-offs.

(a) Time distribution of the photon data with respect to the
muon stop (t = 0). (b) The precession component extracted
from the photon time spectrum of all photon energies below

82 MeV., Error baers do not exceed the dimensions of the data

points. The smooth curve is the precession component
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sY sin (w*t + ¢0) fitted to the photon time spectrum.
(c) Seme as (b) but for the RMC date in the energy range
between 63.5 MeV and 82.0 MeV.

Fig. 21  Measured asymmetry of the electron and photon data as a
function of low channel cut-off for accepting events. The fit-
ted wvalues of the asymmetry at lower energy cut-offs are
not statistiecally independent of fitted values of the asym-
metry at higher cut-offs. The RMC photon asymmetry below
63.5 MeV is contaminated by decay electron bremsstrahlung.

Fig. 22 The branching ratio spectrum as determined after unfolding
the photon resolution from the observed photon energy distri-
bution. Also shown is the branching ratio spectrum from the
theory of Rood, Yano, and Yano which gave a best-fit to our
data,

Fig. 23 The branching ratio spectrum with the photon resclution re-
moved as determined by an expansion of the branching ratio in
an arbitrary power series, Also shown is the branching ratio
spectrum from the theory of Rood, Yano, and Yano which gave
a best-fit to our data,

Fig, 24 (a) The predicted photon asymmetry @ . from the theory of

Rocd, Yano, and Yano for various values of the pseudogcalag

M1T + Mu

2o 2 G
- q

where g is the axial vector coupling constant and g %he Lo

coupling constant gp; gp is related to p as gp =p

momentum transfer. (b) RYY's predicted differential branching

ratio spectrum N(x) for various values of 8y
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