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ABSTRACT

The concentration dependence of the equilibrium and
dynamic properties of random coil polymer chains was studied
using Monte Carlo simulations. Chains of 10, 20, and 30
beads were studied at densities ranging from 0.04 to 0.80«
Simulations were performed using two types of bead motions.
The equilibrium properties sampled were the second and
fourth moments of the end-to-end length and the diffusion
constant. Relaxation behavior of the chains was studied by
sampling the autocorrelation functions of end-to-end 1length
and square end-to-end length, , ’

The effect of concentration on the equilibrium
properties agrees with previous studies and theoretical
predictions, The faster relaxation modes of the chain
appear to be less affected by concentration than the slower
modes. The c¢critical density, at which the onset of
entangled ©behavior begins, was found to decrease with
increasing concentration. The dependence of relaxation on
polymer volume fraction agrees with the free volume
theories.
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CHAPTER 1

The Rouse Model

The Rouse Model has been used successfully to describe
linear viscoelastic properties of random coil polymer chains
in dilute solution’, The polymer chain is pictured as being
composed of a number of submolecules . Each submolecule is
a part of the polymer chain which must be of sufficient
length to approximate a gaussian distribution for the
separation of end-to-end length: Hydrodynamic interactions,
which are +the effects of one segment on other segments
caused by its motion through the viscous mediunm, are not
included in this model. Excluded volume effects, or the
obstruction of a segment by any other segments are also not
included, As a result, the Rouse Model is valid only in

solutions where these effects are small,



Model of the Polymer Chain

Each polymer molecule is divided up 1into N identical
submolecules, The probability that the end of one of these
submolecules is located in the region x to x+dx, y to y+dy,
and z to z+dz giyen that the other end of the molecule is
fixed at the grigin of this coordinate system is
V(x,y,z)dxdydz = (ﬁ’/ﬁ-ﬁé'exp(—ﬁ(x +y +z ))dxdydz. (1.1)
The constant ﬁ) is given by (3/2i2) where lz'is the average
square length of the submolecules2 . The number of
configurations available to the chain is proportional to
¥ (x,y,z)dxdydz. The relative number of configurations
thus depends only on x +y +2 = r and is given by

exp(-Br?). (1.2)

This model is equivalent to one of N beads connected by
N-1 Hookean springss Treloar-2 shows this by calculating the
amount of work required to move an end of the submolecule
from r to r+dr. For reversible processes it is known from
thermodynamics that at constant temperature and volume

dE = TdS + dW and dA = dE - TdSe
Combining these two equations gives dA = dWe«

The Helmholtz free energy, A, may be found by the
equation A = E - TS, where E is the internal energy of the
polymer. Therefore, at constant volume and temperature

dW/dr = (QE/Jr) - TIS/Jr. (1.3)

By <considering a freely Jjointed chain, or one that is



subjected to no internal energy barriers, dE/dr = 0, since
the internal energy will be the same for all configurations.,
With this, equation 1.2 becomes
dw/dr = -T(S/d.r‘).nv (1.4)

The entropy, S, may be found by Boltzmanns
equation,S=kln.(2 ,where k is the Boltzmann constant and (L
is the number of possible configurations, Using equation
1.2, together with the Boltzmann equation gives

S =c¢-kpPr¢. (1.5)

The constant ¢ includes the size of the volume element
dxdydz and is wused to indicate that only differences in
entropy are of interest, but not absolute values of entropy.

Substituting equation 1.5 into 1.4 gives dW = 2kT rdre
Because work had to be done to move the end of the subchain
from r to r+dr, there is a restoring force acting on the
chain such that dW = fdr = 2ka?rdr yor fz2kTf r. The
tension is proportional to the length, each submolecule may
be thought of as a Hookean spring of equilibrium length zero
and spring-constant‘ZKT = 3kT/1Z since ﬂ’: (3/2)12'.

In a1£ forthcoming discussion, polymer molecules will
be thought of as consisting of N beads connected by N-1
Hookean springs with these properties.

The 3N coordinates of the system will be obtained
by assigning a Cartesian Coordinate system to each beada.

The coordinate system assigned to the jth bead is

' Z » ) where x: is the displacement in the x

(xJ ’Y‘ J J

J



direction of the jth bead from its equilibrium position.
The coordinates y and z describe similar displacements in

the y and z directions-.

Motion of the Polymer Molecule.

The equations of motion for the polymer molecules will
be set up in a manner analogous to the method used by Zimmg,
but without his inclusion of hydrodynamic interactions. The
general equation used to describe the forces acting on the
jth bead of the polymer chain wupon application of an
external force is the Langivin equation'4,

m(dv,. /de) == /v, +x +A(t) . (1.6)
Similar equations may be written for the y and z dimensions.

The right hand side of the Langevin equation is the sum
of the forces acting on the beads. These are

(1) A frictional force, fv” ,with friction constant
F caused by motion of the bead through the solvent. The
velocity of the solvent in the x-direction at the jth bead
is T

(2) the term X represents the external, systematic
forces exerted on bead j by the springs. The force exerted
on bead j by the (j-1)st spring is =-(3kt/1% )(xj -X . ).
The force exerted on this bead by the jth spring 1is

(-3kt/12)(xj - xjd)' The total force from the springs on

the jth bead is



—(3kt/1% )(=x:  +2x;: -x

o) J J+') for 0<j<N, (1.7a)

Because beads 1 and N are only affected by springs 1 and N -1
the force on these beads is
~(3kt/1%)(x,-x,) for j = 0 (1.7b)
and -(3kt/lz)(xﬂ,-x~4) for j = N . (1.7¢)
(3) The force given by A(t) in the Langevin equation is
a fluctuating force resulting from the Brownian motion of
the solvent. This brownian motion causes the beads to
diffuse from regions of high concentration to regions of low
concentration. The driving force behind this movement may
be written as the change in the Helmholtz free
energyc, Jﬂ7§X1 « Expanding this gives
ACt) = I ANIx = 9Ffax,(E - TS) = T(JS/Ix;)s The
entropy may be written according to Boltzmanns relations, S =
kinY¥ with k being Boltzmanns constant. The unknown function
W is a function of the coordinates X; 3Xo5 svv2,y v It is
to be interpreted as the probability of finding each bead

with coordinates between x, to x , +dx, , y, to y,. +dy¢ and

A
zZ, to z,+ dz_;, so is proportional to the number of possible

configurations of the system . This leads to

ACt) = -KTILu¥/IX i (1.8)
The quantity /2; is a very high frequency on the order of
13 -
10 sec l. Since only the low frequency response of the

chain is of interest and m(dvxj /dt) << fvxd. the 1left hand

side of equation (1.,6) may be set to zeros



Substituting equations (1.7) and (1.8) into equation

(1.6) gives

: FAL RS _
x = \/xi - O . /(9/\/! - O_'(XJ—X:L) )

%y T Vg m 0¥ ax - o lx 1o xGe)  fee b 4,

3

Xp = Y

e Dgw‘y/}xﬂ = a“(xzv‘ Xp-i )

J
where D = kT/p and o = 3kT/1*P.

These equations may be written more compactly in matrix

form
3 X - Ly
2ot = X - D(Ysx ) Iw¥ - Ax . (1.9)
In this equation
3/5x,
X, Y 2%
X o Vi (a ).. J Xy
- < V. = o ox /7
X = : X : ~
X Ve %A;XN
and
-1 -1 0 0... 0 0 O
-1 2 -1 0 ... O O O
0 "'1 2 —1 . . 3 0 O O
O 0 —1 2 . . . O 0 0
A = . 'y .
O O O 0 . . . —l 2 1
0 o0 o 0. . . -1 21
0o 0 o 0. .. 0-1 1

Equations for the y and z dimensions may be written in a

similar way.



These equations may now be written in terms of 1 by use

of the equation of continuity,

a%t = Tdw LX) 1 04/, ) 4 (92 /5¢ )]

with the divergence operator given by

a5 ()T (%)

The superscript T is used to indicate the transpose of
a vector or matrix. This equation is a statement of the
conservation of mass, that the rate at which beads enter
some volume element must be equal to the rate at which they
leave ¥ . Substitution into the equation of continuity for

az/c;f N a/\é"/‘;( , and dL/5 ¢ as given by equation 1.9 yields

a%i =2 z'(az_?)-r:fg“ ?J’(a/&,%)r'gcg + D(a/e;%')‘r’ (g l'//3,6;0,)

g1y,

+ 0‘(9?’/3_;)7—'(%;?, +r"P(3/9.Dsz)T’ﬁ*%. (1.10)

Transformation to Normal Coordinates

Solution of equation 1.10 is simplified by a
transformation to normal coordinates. These new coordinates
are defined by the equations
s (1.11a)

-1
u = R
~

=Ry, and (1.11b)

<

(1.11c)

g
]
WI
L]



The matrix R in these equations is the orthogonal

matrix which diagonalizes the A matrix, or

R AR = AL = (D, $pg e (1.12)
The pth eigenvalue of A is given by AP and 5”3 is the
Kronecker delta.
The rules for transformation of partial derivatives are

found by use of the chain rule?:

By = Z (2N, = LI (R % )12 fou

=T 09 (a,, %) 1% u

Z;; L [RaS;, 2fau, T

i

t

- 3
P2 Ri @ oy

I

In matrix notation this becomes

(9/9;]5)2 R(‘?/Q’u). (1.13)
It may be shown in a similar manner that
(9/54) = R <9/aﬁ>§)‘ (1.14)

The transformation of partial deivatives 1in the y- and =z
dimensions are of the same form.

Before it is possible to transform the first term of
equation 1.10 to normal coordinates, it is necessary to know

more about the velocities x% . Application of a shearing



10

stress to the solution in the x y plane causes the velocity
of the solvent to be non zero only in the x direction, as

shown in Figure 1.1. Therefore,

. = ol - ] . = . = 1.
vl") = X2 2 vy Vis = 0O- (1.15a)
The shear rate is

oo = x, exp(rwe). (1.15b)

N

IV%

Figure 1.1.
Velocity gradient caused by a shearing motion
in the x-y plane.
The velocity gradient is assumed to be <constant over the
dimensions of a molecule. This assumption will be good

except for solvents of low viscosities at high frequencies’.

The first two terms of equation 1.10 now become
- (‘9?/.;{3>r-¥x~ V(3ox) vy = - (%]ax) -Z5 .

This may be written in terms of the <coordinates wu,v,w by

multiplying by R'R = E, where E is the unit matrix as

follows
—x @CYox)z 2 - ()T (9¥/a2x)

-

=~ X Z:T. RR™1. (QQI"/Q’Z): -o(lzv_’,,o\, (9‘7/3%),
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Taking the transpose of both sides of equation 1l.llc
givesq
- . -
(w7 = (g1'2)T = zTg7"T.
Because R is an orthogonal matrix, R",= RT giving
(w)T = zT.R, (1.16)
~ ~
with similar equations for (E)T and (X)T . Using equation
1.13 gives the first term as
—x T (9¢fsy) = ~aX w; /s, (1.17)
sS4 Fi
The third term of equation 1.10, the Brownian motion
term, may be transformed as follows
355 ) - (PYox)= (Pfx)7. QY. (P
0Chx) - (2Yax)= (Phe)T- R - (2 ¥/ax)
- (3 AT AR
= (Phx )T (¥ x)
- ~NAY /LA
= -
DZ 8%/, (1.18)

Transformation of the spring terms is similar

L (3¥)ox)T- A -x + ¥(3/5x)T. A-x]

o[ (a\p/?j)T. RR"../;‘R&".IL(«L‘{1(9/&()7,/3{‘ A-RR %]

1]

e [¥o02)T Ne w1 (P log ) Mou ]

TLEY2)T Now r o N YD

13}

i XLy o¥he +v]



12

(1.19)
Combination of equations 1.17, 1,18, 1.19 and their
counterparts for the y and z dimensions gives the diffusion
equation for the polymer in the coordinates u, v, and w, as
A~ N N
MV/32 = 7‘.-5”0‘ w; 9% /au
¢ 2 oY X 117,
+ [D /aZ‘. 'f'd“)\kfz /Qﬂ + P 3} (1.20)

329 v w

Solution of the Differential Equation

Equation 1,20 is easily solved when no shearing motion
is involved. In this case, the first term is zero, and the

unnormalized solution, 33, is

j’ff (U, v? u/‘)‘] (1.21)
Yo = exp (~a-/30) e, etV t W . .
Differentiating gives
O, [at = (—a«/o)zx T, q=vivyw (1.22)
The solution of 1.20 may be written as a power series
in o , .
Y = @, ZchJN") (1.23)
P
¢; = 1 and « iven by equation 1.15b. Substituting 1.19
M

into 1.16 and equating the coefficients of oL gives the

recursion equations for ¥,
M
(UJHqL = Z;if(VJDt)“;‘{<4L4 ‘V%¢39&~.[;uk1

+ T (p* /3@‘")"‘7’ M Zké‘/l”);zk

X=Vi V‘ wo

(1.24%)

Solving this equation for V, will then permit wuse of
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equation 1,25 as a recursion relation from which

yé)y;)gqf .+ Mmay be founda.
The equation for Vi is

ipwt, = if(r/9>uk W F 2

K=t Z:U.U‘w’
x(DQHr/QZ:- o a ’\"371< &‘ﬁ/; jlz )3 .

A solution for Vﬂ is given by

~

Cr v, w, with
=

M

(" ’

Y
K

Ck. ( ‘/;L[))K )(lf((w 2 .

For small A, only this first term will be of importance and

\

the relaxation times for the normal modes of vibration of
the polymer are then given by
Ta= VizZoAk)= 1TP/cKT Ak, (12D

The ')\Kare the eigenvalues of the A matrix. These are
shown in Appendix A to be

AK = 4 sin?Z (Uk/2N) for k = 0,1,+s.N=1, (1.28)

Each of the normal coordinates represents a mode of
motion of the polymer chain. These modes are independent of
one another, so that superposition or combination of them
gives vibrations +that are not normal vibrations. All
possible vibrations of the molecule can be represented by
combinations of the normal vibrationss

Different types of experiments will excite certain

modes of motion. For example, mechanical measurements will
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predominantly excite the lower modes of motion, whereas

dielectric type experiments will excite higher

frequencies"'J .



CHAPTER 2

Monte Carlo Studies of Random Coil Polymer Chains.

A second approach wused in investigating both the
equilibrium and dynamic properties of polymers 1is the
computer simulation of lattice model polymer chains based on
Monte Carlo techniques. This approach makes it possible to
study the effects of excluded volume conflicts which are not

easily treated analytically.

The Model

A polymer chain is represented 1in this model as a
series of ©points or beads on a cubic lattice. Each bead
lies on one of the cubes vertices and they are connected
along the cube sides. Each connection, called a bond, is of
unit length. The initial chain configurations are generated

randomly. Movement of the chain due to Brownian motion is

15
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then simulated by picking either a bead or a bond at random
and moving it according to the rules to be given later.
Each movement of a bead or a bond is called a bead cycle.
Without excluded volume more than one bead may occupy a
lattice site at a given time. The excluded volume condition
is realized by allowing only one bead per lattice site at
any one time.
The beads of a chain are indexed from 1 to N. Let
gﬁ be the vector pointing from bead j to bead j + 1. The

movement of a bead that is not an endbead is accomplished by

an interchange of vectors. This interchange for bead j is

/

‘= C_ N f £ j4 N= .1
o= gy~ 2 o T 7 or 2£j<N=1, (2.1)
where the prime denotes the vector after the move. This

type of vector exchange, which involves the movement of only
one bead is pictured in Figure 2.1. It is called a single
bead movement. The endbeads, numbered 1 and N are moved by
replacing 57 and 7, by a vector chosen at random from one
of the 'six vectors originating at beads 2 9or N—L,
respectively.

The second type of bead movement, pictured in Figure
2.2, is <called a crankshaft bead movement. It results in

the movement of two beads instead of just one. The bond

connecting bead j and bead j + 1 is moved by the following



Figure 2.1

The possible Single Bead Moves for Midbeads
in the Presence of Excluded Volume.

a) no move possible if the angle between beads is 180%.

O_?Or; _-;-%O «— O—-%(ﬂ )-——ﬁ” O

g+

b) move across the diagonal if angle is 90° between beads.

17



Figure 2,2
The Possible Crankshaft bead moves for midbonds in the
Presence of Excluded Volume.

o - - —

— o — — -
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|

I |
r----O
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-

18
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rules :
4 V’
5/95-, - /*-"5*" )
o' = o
~3 T~y
¢ .
= o . for < "‘ - o 2.2
Z - 1<3iENT ( )
The subscripts 0, 1, N and N - 1 label wvectors that are

chosen at random from the six possible vectors.

The time interval, in bead <cycles, over which the
dynamics of the chains are observed is called a frame. Each
frame is further divided into samples. The number of bead
cycles in each sample varies, and is controlled by input to
the program.

At the start of each frame the initial end-to-end

length, 1,, of each chain is calculated, as well as 1, and

the position of the center of mass . For each subsequent
sample, lf’ 1:, 1:, and the position of the center of mass
are again sampled. The products 1, - lt and lt‘ 1: are
calculated. This procedure is repeated for some number of

frames that is defined by input to the program. This group

of frames is called a run.

The products 106 1, and 1:' 1: are summed over all
the frames for each time, t. The values of 1, e s 14 and

the change in the position of the center of mass from the
proceeding sample,d ,are added into running sums at the end
of each sample. At the end of a rum the sums are averaged

to the quantities
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<1

PR - e
o 1,7, K17 - 127,(117, <1%) and <d?*).
From this the correlation functions for each <chain as a

function of time may be computed as’

P(1,1,8) =<1, 1,)/K12),

P 1t 1%, 0) = (12-17y -*2 < - <122 . (2.3)
This procedure 1is repeated for a number of rums, again
defined by input. The final configurations of each run are
used as the intitial configuration of the next. Final
averages are obtained over all rums for each chain, and then
over all the chains. The standard deviation of the final
averages 1s used as a measure of the  uncertainty in the
results.

It is evident that this model emphasizes the <chain
connectivity properties of a real polymer chain. It is not
possible t; look at effects due to short range forces within
the polymere. Its utility comes, however in looking at the

long range, longtime cooperative motions of the chain’’ .



CHAPTER 3

Comparison of Monte Carlo Techniques with the Rouse Model
model polymer chains without excluded volume have shown
remarkable agreement with the Rouse statistical bead
mode112’13. In particular, a lattice model chain of N beads
behave svery much like a Rouse chain of N statistical
-segments. Theoretical explanations for this have been given
by various aﬁthons1u’15’16, The method used by Verdier16 will
be used here to show the similarities in the relaxation
times and correlation functions for the two models,

Although only single bead moves are considered here, this
method may be extended to include either pure crandshaft or

17

a mixture of crankshaft and single moves .
The Relaxation Times

For single bead moves there are two types of bond

exchanges which result in bead moves, The first 1is given by

21
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equation 2.1 which is a simple exchange of ~vectors. The
second 1is one in which an end bond is lost and replaced by
one created at random. Calculation of the relaxation of
quantities linear in the bond vectors may be accomplished by
finding the expectation { o7 (t)7. This 1is just the
expectation that the 1ith vector in the initial set of
vectors go';[o)) 4‘5_(0) v v o« . o"‘,,,.-;(fﬂ } will migrate in t
moves to the jth position. The angular brackets are used to
denote the average over all possible motions of the chain
for t steps. Any vector that is absorbed by being replaced
at the end, or any vector created at the end will not

contribute to this expectation. It can be written then as
pa y . €)

(oY) = Z Tile p,

(=4

The p{f) are the probibilities of a vector moving from
O

(3.1)

position i to position j in t bead cycles.
. ~) . . ..
Calculation of the pf? for this case is very similar
Cy

to that of the t;step‘transition'probabilities for a random

walk on a line with two absorbing barriers'f. These t-step

probabilities may be calculated with only the knowledge of
. i)
the one step trausition probilities, p&_ =p€3 .
td

The probability that an interior bond will move one

step to the right or one step to the left is given by

= 1/N or p. 1/N. The probability that the bond

I.5vt R

will not move is p.. = (N-2)/N. The wmatrix of these
t t

transition probabilities then looks like
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K 1/N 0. + 0 0 0
1/N K 1/Ns + & 0 0 0
0 1/N K . + 0 0 0

——
/;T . . » Al » . > .

0O+ .. 1/N K 1/N
0

0
0 0 « +» 0 1/N K

Here the constant K is used to denote (N-2)/N, and JJ is a
matrix of order N-1.

Diagonalization of this matrix yields +the ¢ step

transition probablilties. Then, by expressing the bond
vectors as normal coordinates which are similar to the
Rouse normal coordinates, Verdier l6 shows that the

relaxation of these normal coordinates is simple exponential

and independent of initial configuratione

The relaxation times are therefore of the form
exp(—l/z;K) where
Tox ° -1n(1 - (4/N)sin* (KW/2N)). (3.2)

Comparison of the relaxation times for the two models
requires rewriting equations 1:23 and 3:2 so that they can
be expressed in terms of the same unit of time. This is

done by computiong the translational diffusion constant,

D, s for both models. For the 1lattice model, Einsteins
relation gives Decn, = 1/6°V o> where Y is the number of

times a bead is moved per wunit time and ¢~ is the rms
magnitude of each displacementh‘ Only one bead is moved
each bead cycle , so V=1 and 07 = 2/N. The diffusion

constant is then D.,, = 2/N1' 1/6 = 1/3N2'.
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For the Rouse Model, the diffusion constant of a single
bead, D, in equation 1.5 is equal to kT//. This is related
to the diffusion of the center of mass by D = D, N«

The relaxation times for the two models may now be
written as Tux = (3N°D,.1n(1 - (4/N)sin“(kW2N))))  (3.3)
for the lattice model, and

Tak = [24Yn o, s/;v2(1<'71/2~):7—l K= 0,1,-n(3:8)

for the Rouse Models In writing 3.4 the mean square

extension of a submolecule, lz'is taken as unity.

Both expressions exhibit the same general behaviores
The 1longest relaxatiion time is for k.= 1+« Spacing between
relaxation times 1s 1large for small values of k, but
decreases as k 1increasess. The relaxation times for both
models approach the same value for large N. Even for N = 8

the difference 1in the longest relaxation times for the two

] 6
models is less than 3% «

The Correlation Functions
Direct comparison between the Rouse model and computer

simulations may be made by calculating the correlation

functions of equations 2,3 for the Rouse model. In
particular, '/(l,l,t) = <1, L*)/(117 may be calculated as
followss

The vector end-to-end length, 1 may be written as 1 =

L

- r wherer = (xj,yi,zi) for bead i. Also, let u, be
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the normal coordinates of the Rouse Model, Then by a simple

extension of equation 1,11 the r, , may be written as r. =

~ A
MN-t .
R, u_. Since R is an orthogonal matrix, its inverse 1is
mzo M~ M
- 1
equal to its transpose and %' = Ruj; = (2/N)ﬁzcos(nﬁ(j -
|
1/2)/N). Let B = Ry, - R, = (2/N)/Zcos(rn(N - 1/2)/N) -

(2/N)VZCOS(—1/ZH7VN)s The correlation functions for vector
1l may now be written as

- ~
£(1,1,£) = <1(t)+1(0)7 /<17 = E‘J)QB:BX(’(,)'LJL(O»/'Z’(B’:EA(»0)7.;
The normal coordinates, BN may be written as u =

{Lud? exp(-t/)g ) where 72 is the relaxation time of the kth

normal mode of vibration and (ui,zgis the mean square of the

coordinate at equilibrium. Verdier shows that (uﬁ;)e =

(1/4)Nsin? (i7r/2N) = 1/ This gives f(1,1,t) =
(B /7 A5)exp(=t/23)/ 3 (B /77X)s These correlation

AF o '{:(J

functions were <calculated by computer, The graphical

results of these calculations for N = 9 and 15 are shown in

figures 3.1a and b. Also shown are the results for Monte

Carlo simulations for the same chain lengths.
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CHAPTER 4

Computer Simulation of the
Equilibrium and Dynamic Properti€s of
Random Coil Polymer Chains.

The concentration dependence of both the equilibrium
and dynamic properties of polymer <chains was studied.
Computer experiments for chain lengths of 10, 20 and 30 were
performed with <concentrations ranging wup to 0.8. Both
single bead movement rules and mixed rules were used. In
order to minimize Dbox edge effects, boxes the size of the
chains were wused 1in as many simulations as possible.
Smaller boxes were wused in some of the rumns at higher
concentrations because of limitations imposed by computer
time. Previous experiments have been performed by Bellemans
for equilibrium properties only, and for chains of the same
lengths. Kranbuehl and Schardt stud{ed the concentration
dependence for both the equilibium and dynamic properties
for chain lengths of 10 and 20 for concentrations of up to

0.6 using single bead movement rules and smaller boxes than

were used in this study.

28
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Equilibrium Properties

The equilibrium data sampled in each simulation are
(11>, <1¥> and <d*/frame’. Also of interest 1is the
expansion factor, € . This quantity may be defined by the
equation

(1% = %1,

The average end-to-end length squared of the wunperturbed
chain is given by lf. By unperturbed 1is meant the
dimensions of the random flight or guassian chain, in which
the end-to-end length is affected only by bond angles and
bond lengths. A polymer molecule will assume unperturbed
dimensions at the theta temperature, where deviations from
ideality vanish. However, in a good solvent at non-theta
conditions the attraction of the polymer to the solvent is
greater than the attraction of the polymer segments for each
other. The polymer will tend to expand so as to minimize
these less favorable contacts. Similarly, in a poor solvent
at non-theta conditions polymer-polymer contacts are favored
over polymer-segment contacts and the chain will contract?®®.

An expression for (1:> may be obtained from equation

1.1 by performing the integration as described by Florylo.

The result is ¢12) = x, where x is the number of bonds in
the chain, and <1f> is expressed 1in units of the bond
length. This gives « = (1?>/(N - 1), where N is the number

of beads in the chain. The expansion factor is expected to

. . , . . . 24
be unity under ideal c¢onditions. Fixman and Peterson have
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derived an analytical expression which describes the
concentration dependence of < in a good solvent. Initially,
® will be greater than one. As the concentration increases
in dilute solutions, « decreases rapidly. This decrease
slows at higher concentrations, and « approcaches unity as

7~ where P is the concentration of the solution.

Studies by Bishop et _lga , Wall et —113 , Okamotoaq,
Kranbuehl and Schardt?®, De Vos and Bellemans*ﬁ’a7, and
Currogﬁfr%zo , have shown that for chains in dilute solution
(1%* ? oc (N - I)hﬁ_. As the solution becomes more

concentrated the chains contract and the polymer sizes

.0

approach a proportionalality of (N - 1) in the bulk
phase. This implies that « 2> 1 for dilute solutionm and
becomes one in bulk. This is in line with Flory's reasoning

that in the ©bulk phase the 1inter-chain repulsions are

exactly balanced by the intra-chain repulsions. Therefore

the chain will not contract or expand, and <1%2 will be
) /.0 /.0 .

proportional to (N - 1) « An (N - 1) dependence in the

bulk phase has been observed by Cotton et gl?l by neutron

scattering experiments on bulk polystyrene.

The average squared distance traveled per frame,
(p*? /frame, 1is another property sampled by the program.
This 1is used to calculate the translational diffusion
constant, D, given by D, = (1/6)XD?%Y /t. The time t is the
number of bead cycles in a frame divided by the total number

of beads cubed. This time was chosen because a frame
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length, whenever possible was one relaxation time. It is
not known if this time interval is of sufficient length for
the longest range motions of the chain to occur. Data for
diffusion over longer time intervals would help to answer
this question.

The actual calculation of the chains diffusion Dbecame
complex begause the chain was allowed to penetrate the box
walls., This means that when a bead hit a box wall it was
moved to the other side of the box. The continuity of the
chain was always preserved. Each such hit had to be
recorded and used to calculate the diffusion for each chain.
Details of this procedure are discussed in Appendix B.

Two factors were found to affect the diffusion of the

chains. The first of these 1is the frame 1length, the
diffusion being greafer for greater frame lengths. The
second 1is concentration. Figures 4.la and 4.1b show the

effect of concentration on diffusion for 20 and 30 Dbead
chains. These are graphs of the probability distribution of
the average square diffusion of the center of wmass of the
chain with diffusion measured in the number of lattice sites
traveled. As can be seen 1in these plots, increasing
concentration causes the distribution to become sharper and
the chains to travel less distance.

Exact calculation of diffusion was not possible wusing
our algorithm 1if the number of ©beads in the chain was

greater than the box length. However, because of computer
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time restrictions it became necessary to go to smaller boxes
for the higher concentrations of the 20 and 30 bead <chains.
The diffusion of chains in these smaller boxes was
calculated by assuming that the chain would travel no more
than half the box length. Selection of a box size for which
this condition would be met wés‘aade using Figures 4.la and
4.1b.

The approach used in calculating the box size and frame
length for these smaller boxes is exemplified by the method
used in calculating these quanfities for concentrations of
0.5 and greater for the 20 bead chains. Analysis of Figure
4.1la indicates that by choosing a box size of 10 and not
increasing the frame length no chain should travel more than
5 lattice sites when the density is increased to 0.5.

This box size of 10 was used for all concentrations of
0.5 and higher. The frame length for the density of P =o0.6
was chosen by multiplying the frame length used at P = 0.5
by the quantity D (Ff = 0.4)/D (F = 0.5). This allows the
frame length to increase within safe limits by taking 1into
account the fact that as density increases the diffusion
will be less. Frame lengths for densities of 0.7 and 0.8
were chosen in the same way. A similar analysis of Fig.
4.1b led to the the use of a box size of 14 for 30 bead

chains.
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Dynamic Properties

As a measure of the dynamics of the system, the

autocorrelation function,

P(1,1,60) =<1,-1,2 /417, and

PC1%,1%,6) = (K12-12> - A2 /(1% - <12

were obtained from the program. The time, t, is measured in
N bead cycles, where N is the total number of beads. These
autocorrelation functions are normalized so that they have a
value of one at t=0 and decrease to zero as time 1increases.
This relaxation behavior of the autocorrelation functions 1is
characteristic of the overall relaxation behavior of the
chain. It 1is not simple exponential. However, for times
after which the autocorrelation function has dropped to
about 1/2, it is nearly simple exponential and may be fitted
to a function of the form /£ (t) = exp(-t/7% ). This part of
the graph is fitted to a function of the form 1ln A(1,1,t) =
inA - t/7 . The relaxation time, 7 , may then be
calculated from the 1limiting slope. This relaxation time
should be representive of the longest relaxation time found
in the Rouse Model. It will therefore involve the long
range motions of the chain.

A second relaxation time, Ty, , is defined as as the

time it takes P (1,1,t) to relax to a value of 1/e. This
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relaxation time is characteristic of the overall relaxation

of the chain.
Results and Discussion

The results for the equilibrium properties are shown in
tables 4.1 and 4.2. Previous studies of the concentration
effects on the equilibrium dimensions were made by De Vos

gé,é’l7 .
and Bellemans . For 1low concentration Bellemans used
the same model as in the present study, with crankshaft bead
movement rules. Samples of (1?7 were made about every 200

bead moves. Because this model has a large number of

excluded volume <conflicts at high concentrations resulting

in large amounts of computer time needed, a different
approach was taken. Bellemans approach was to use single
bead rules but to pick an empty lattice site at random. If

an adjacent bead could move to this site it was moved.
Bellemans data is summarized in Table 4.3. Figure 4.2 shows
a graphical comparison of our model to Bellemans. Mixed
bead movement results are shown, the results of the single
‘bead movements are very similar. All points are within one
standard deviation of Bellemans results. This data shows
that <1 decreases with increasing density. The last four
points fit better to P73% than £ .

The dependence of end-to-end length on chain length may
;Be found by taking the slope of lines generated by a log-log

plot of N - 1 vs <1*> . The results are shown in Table 4.4
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The parameter a is the exponent in the equation £1%) oc (N

-1, 1t is simply the slope of the plot of 1log<l‘) vs
272

log(N - 1)« Results compare with those of Bishop et _;z

and BellemansQnge They show a decrease in the exponent a

from 12 for a single chain to a value approaching 1 in
bulk,

That chains in concentrated solutions show the behavior
of <127 o (N - 1)"° means that they behave as Gaussian or
ideal chains. This does not mean that the complete
distribution of chain segments 1is gaussian, since the
distribution is uniquiely ditermined by all even moments,
not just the second.

The average end-to-end length squared vs density is
plotted in Fig 4.3 The results have been extrapolated to a
density of 1« The theoretical results for (127 from second
order (5 choice) random wald calculations on a cubic
lattice at this density are guven by Currogoas

<r?7 = (1 +5)/(1 =8 ))n -2 (1 - 85™)/7(1 - §™
where § = 1/(q - 1) and q is the coordination number of the
lattice (6 for a cubic lattice)s The extrapolated results
are close for all three chain 1lengths, as expected. No
exact expression was readily available for <l”7 , but the
theoretical values for <1T7/<r172 were obtained from Curro
as 1.47, 1.51 and 1.55 for chain lengths of- 10, 20 and 30
respectivelye. Plots of ‘<lq7/<17)9 for all three chain

lengths vs density are given in Fig 4.4+ They are again
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extrapolated to a density of 1, and the agreement 1is good
with the results for a gaussian chain.

The distribution function W(r) is completely determined
by the even moments. It 1is a slowly converging series,
however, so it can only be written 1in terms of just the
second and fourth moments as a rough approximation. Curro

gives this as
W(r) ~ 7T Pexp(-£% )((L + 15g, ) - 20g,F* + 4g FP? )
where P? = 3r* /2<{r?*)> and
g = 0.125((3/5Xt77 /<= - 1).

The concentration dependence of {1*? and <1Q7/<1172
with the ideal chain values suggests that this approximate
distribution 1is the same for all chain lengths for the bulk
system and the gaussian <chain. Data for the higher even
moments would be necessary to show with a higher <certainty
that the two distributions are the same.

The concentration dependence of {1*> is predicted by
theory >’ to be <1%2 ~ fj—Y with Y = 0.25 in three
dimensions. Least squares fits of the plots of log<11> vs
log?/ , shown in Figure 4.5, gave values of ¥ to be 0.07 2
0.005, 0.12¢% 0,05 and 0.13% 0.04 for chain lengths of 10,
20, and 30. Table 4.4b shows a comparison of those of
Curro’’ and Bishop et glla. Our results are within one

standard deviation of both sets of data. The exponents for
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the small chain lengths are less than predicted by theory.
For the longer chain lengths used by Bishop et EllJ{ , the
exponents did approach the expected result of 0.25.

Plots of D; vs. bead density are shown in Fig..4.6a for
mixed bead movements and in Fig. 4.6b for single bead
movements. The diffusion constant appears to be independent
of chain length. D, decreases linearly with increasing
concentration. This decrease might be expected to be 1less
pronounced because frame lengths of less than one relaxation
time were used for the higher concentrations of the 20 and
30 bead chains. This 1length of time is most likely not
sufficient for the long range motions of the chain to have
occured, with the result that Dy is too small .

Plots of 1n P(l,l,t) vs. time are shown in Figures
4.7a through 4.7h. The time is measured in N® bead cycles,
with N being the total number of beads in the box. The
error bars correspond to one standard deviation of the mean.

The Dynamic results are shown in tables 4.5 and 4.6.
Figure 4.8 is a plot of 7; vs. bead density. The behavior
of T, is different for the mixed and single bead movement
rules. It is the same, however, for the three chain lengths
using a given rule. Ts varies much more slowly at low
concentrations for the mixed plots than for the single ones.
Behavior 1s similar for the two bead movement rules for

concentrations above about 0.5.

For the mixed moves, T changes very little at the low
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densities, but increases very rapidly at the high densities.
This effect is much less pronounced for the single moves. A
behavior was seen by Kranbuehl and Verdier'’ in the study of
the effect of bead movement rules on 1isolated <chains of
various lengths. They found that 75 increased much more
slowly for mixed moves at small chain 1lengths (10 to 20
beads) than for either pure single or pure crankshaft moves.
They also found that the increase in T; with chain 1length
was similar for all bead movemént rules at longer chain
lengths.

The smaller dependence of 7Ts on density at low
densities than at high densities may be explained as
follows. At low densities each chain is isolated from the
others, each chain forming a cluster. As chains are added
this situation does not change until s ome critical
density, A% is reached. At this point the chains become
entangled and the relaxation is slowed by these interchain
excluded volume effects. At this density Ts begins to rise
sharply with increasing density.

Figures 4.%9a and b are log-log plots of 7, vs density.
The concentration, A* ,at which entanglement begins is the
concentration at which the two lines intersect. These
concentrations are -given in Table 4.7. Schaefer, Joanny and
Pincus have predicted that f7* is proportional to
1/(N—l)q6”. As expected, the critical density decreases

with increasing chain length. It does not decrease as
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}apidly as expected, however. Little can be seen from the
runs using single bead moves because runs were not taken to
high enough densities.

Figures 4.10a and 4.10b are plots of 1In Ts wvs. 1n(N)
for the various densities. Table 4.8 shows the slopes for
each of these lines. For both types of bead movement rule
the dependence on chain length increases with increasing
density. This dependence is much larger in the single bead
movement rules than for the mixed ones.

Figures 4.10c and 4.10d are similar plots of 1n 7%: Vs,
In(N). The overall relaxation of the chain shows little
change in its N-dependence with increasing densities until a
density of P =0.6, at which ©point it also begins to
increase.

The dimensionless quantity 7 Dt/<117 has been found to
be nearly linear, as shown in Table 4.5. This gives

D, « Ts /<130 ‘(4.1)
Einsteins equation relates D to the viscosity,? , by the
equation
D, ¢ /7. (4.2)
Combining equations 4.1 and 4.2 gives
e <12 [ Ts. (4.3)
Cohen and Turnbull derived a relation between the
diffusion and free volume by <considering transport in a

liquid of hard spheres. The molecules are pictured as

traveling in a cage consisting of their nearest neighbors.
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Diffusion occurs when a hole large enough for the molecule
to move through opens up in the cage and another molecule
occupies its original position before it is able to return.

Using this approach they found that

D = D(v¥)exp(-Y vE/ve ). (4.4)
In this equation v¥* is a critical volume just large enough
to allow another molecule to jump in after the displacement.

The average free volume per molecule, v 1s the volume

PR
within the cage minus the volume of the molecule. The
contribution of the molecule to the diffusion coefficient is
D(v*), as D(v) is zero if v < v¥., D(v¥*) is equal to ga¥*u
with a* being the molecular diameter, u the velocity of the
molecule and g is a geometrical factor. The final quantity,

Y 1is a numerical factor introduced to include the overlap

of free volume betweén molecules and should lie between 1/2

and 1.

An emperical relation of the same form, 77 =
Aexp(ng/gD) was found by Doolittle for simple
hydrocarbonsgé . Here v, is the free volume of the

molecular unit or bead and v, is the volume of the bead.
Combining equations 4.2, 4.3, and 4.4 gives
(11)/{, oc D(v*)exp(YV*/v{_). (4.5)
The quantity Y v*¥ must be nearly equal to the molecular
volume, giving

12 /1, oc exp(‘/Yf>,
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The free volume, Vi os is the total free volume divided by
the number of beads, N. Letting V be the total volume, vy
= (V-N)/N = (i-#)/p . Therefore <1¥/7, oc (P/li-p) .
A plot of InS1*?>/ 7, vs. P/¢i-p) is given in Figure
4.11. As predicted it is a linear graph. Aalso 1¥/7s ,
which is proportional to D , is independent of chain length.

Table 4.9 shows the values for 4?2(11) and Ts(1%) for
the correlation functions P(/% /2 ¢ ) | Plots of
o P12 2, ¢) vs time are shown in Figures 4.12a and b.
The dependence of T;(ll) on concentration is shown in figure
4.13. There appears to be no difference based on chain
lengths. Figure 4.14 shows that a break point occurs at a
density of 0.46. This is comparable to the density at which
the break point occured in 75 for the longest chain length
studied.

The effect of concentration on equilibrium properties
agrees with previous studies. < 1%> is proportional to (N -
l)a where the exponent a is near 1.2 for the single chain
and approaches an exptrpolated wvalue of 1.0 in bulk.
Agreement of <12Y and < 1"/ <1 % at high concentrations
with random walk calculations in bulk is good. This
suggests that the distribution of end-to-end length for the
bulk system is consistant with that of the gaussian chain.
The exponent in the equation {1*? ¢C (N - 1)% was found to
be lower than predicted by theory. The exponent agrees with

previous simulations, which show that the theoretical wvalue
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is approached as <chain 1length 1is 1increased. Diffusion
decreases linearly with concentraiton and is not dependent
on chain length.

The behavior of the longtime relaxation, 75 , is
different for mixed and single bead movement rules at low
concentration. Behavior is similar at high concentrations.
The <critical density was found to decrease with increasing
chain length, but at a much slower rate than predicted by
theory. The N dependence of 75 increases with increasing
density. This increase appears to be stronger for the
single bead movement rules than for the mixed ones. The
slope of 1ln(Ts ) vs. N increases by a factor of 1.33 for the
mixed moves vs. 1.73 for the single moves 1in the
concentration range 0.04 to 0.5. The N dependence of T, is
less pronounced for 1low concentrations than high ones.
Again this increase is larger for singie moves. For single
moves the slope of lnlﬁkg vs. N increases by a factor of
1.45 vs. an increase of 1.08 for the mixed moves 1in the
concentration range 0.04 to 0.5. The overall increase in
the N dependence of the long-time relaxation 1is 1less than
that of the overall relaxation. This suggests that the
short range, faster relaxation modes are 1less affected by
concentration changes than the 1long range coperative
relaxation modes.

The quantity 1n <1‘7/73 Vs (P/f~f’) is 1linear as

predicted by the free volume theories of Doolittle and
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Williams, Landel, and Ferry. The free volume theory
provides: a good description of the dependence of the

relaxation time on polymer volume fraction.
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¢.. The dependence of (12> on chain length

b: The dependence of‘(lz) on density

Table L.L

density|

a

0.0L
0.20
0.40
0.50
0.60

0.70

0.80

1.18
1.16

1.11

1.17

L7

1) e (N-1)*

1Y v (Curro) | Y (Bishop)
5 061 .01
10| .07x .005 - 135,02
15 1.076

20| .12* ,005 |.077 L1631 .02
30| .132 .04

32 .20% .03
50 .22 £ ,02
70 .23 £.,02

(ryoc pY
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Table )J . 7

Densities at which chain entanglements begin

Mixed Moves

50

Chain Length fﬁ
10 0.54 Ratio 1 : .91 : .86
20 0.49 Predicted Ratio 1 : .6 : L
30 0.L2
Table 4.8
The dependence of relaxation times on chain length
Density Slope of ILnTs vs LN(N) Slope of LNT, vs LN(N)
Mixed Single Mixed Single
1 chain 0.58 1.18 0.50 1.09
0.0L 0.68 1.17 0.58 1.13
0.2 0.67 1.L0 0.60 1.39
0.l 0.76 1.18 0.57 1.31
0.5 0.77 2.0k 0.5L 1.58
0.6 0.90 0.70 2.09
0.7 1.13 0.95
0.8 1.16 0.79



Relaxation of F(Lz,L

Table ubg

2

Length Density Tye Af Ts DT
10 0,04 0503 0,04 004 0401
10 0.20 0.04 004 0,05 0.01
10 0.40 0407 0,07 0¢11 0.02
10 0.50 0,07 O0Oet1 017 0405
10 0,60 0+09 0¢15 0«13 0,08
10 0.70 0¢17 0e&15 0423  0.14
10 0:80 0426 0432 056 0415
20 0.04 0,03 0.80 0405 0,01
20 0,20 0,03 0.21 0,08 0,01
20 040 0.04 0443 0,06 0401
20 0450 0.09 0.13 0409 0,02
20 0,60 0.11 035 0s16 0.16
20 0+70 0426 0e22 0:52 0419
20 080 O0.41 0.426- 0,74 0425
30 0<04 0.04 0+24% 0,07 0.01
30 0+20 0403 0417 0407 0402
30 0«40 0,07 0430 0413 0513
30 0,50 0408 0421 0.21 0619
30 0.60 0.04 0,25 0421 020
30 070 0¢12 0419 0426 0,20
30 0+80 0420 0442 0465 0425
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Figure 4.1 a
The effect of concentration on
Diffusion for 20 bead chains
20X20X20 Box
0.5 14
2
P(D")
symbol | F ‘ Frame Length
o.L1 ’ 0.0L 0.21
X | 0,20 0.25
fe) 0.40 0.33
0.37
4)
0.2
0.1 -
é
0.0
T 1 \ ¥ 2N i T ) Ly T
0.0 2 L 6 8 10 12 14 16 18 20

D (number of Lattice Sites)
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0.4
0.3
0.2

0.14

Figure 4.1 b
The effect of concentration on
Diffusion for 30 bead chains

30 X 30 X 30 Box

‘Symbol l /9 I Frame Length
. 0.04 0.26
, 0.20 0.45
P(D%) X
T T | § | T ¥ ] .' ¥
2 6 8 10 12 14 16 18 20

D (number of Lattice Sites)
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Figure 4.3
£}2p as a function of density.
Chain Length  x v Symbol | Chain Length
10 12.87 . 10
20 27 .87 A 20
30 42.87 B 30
X indicates ideal chain
80 4 obtained from second
order random w?lk calculations.
{127
70
60 4
50
40
X
A
A
30
X
20 .
L4 * 3 -
<L * 3 . —x
10 Bead Density
b 2 1 R ) ¥ ¥ ) ¥ A
. 0.3 0.4 0.6 0.7 0.8 0.9 1.0

o.1



1.6

1.4

1.6

1.4

1.4
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Figure 4.4

liq)/{pyl'as a function of density.

x - ideal chain value,
obtained from
second order random
walk calculations.

, f L
£ [
[ ] . 7<
L [ J
° © ° () b3
- © [-]
© o o o X
© () [=]
T T T T T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Bead Density
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Figure L.6a

The Concentration dependence of the
translational diffusion constant
mixed bead movements

6 4
o symbol |Chain Length
> 70
& 20
ol 30
9 o
o
I
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1.8

1.6

1.4

1.2
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Figure 6.6 b

single bead movements

The concentration dependence of the
translational diffusion constant

Symbol | Chain Length

=

-
-

° 10
o 20
m] 30

R 1 i
0 0.1 0.2 0.3 0.4 0.5 0.6
Bead Density
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[l

1

1

1

Figure 4.8
Ts vs Bead Density

chain type
symbol length | move
. 10 mixed
A 20 mixed
o 30 mixed
@) 10 single, Schardt's Data
& 10 single
A 20 single, Schardt's Data
® 20 single
0O 30 single

1 ' ¥

1 13
0.4 0.5 0.6 0.7 0.8
Bead Density
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1.2

1.0]

Figure 4.9

a

Log-Log plot of Ts vs Density

mixed bead movement rules

Symbol lChain Length

° 10
A 20
& 30

“1.L =1.2 -1.0

-0.8

_0.6 -0.L
Log(density)

-0.

2

0.0
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1.0

Figure L.9 b

Log-Log plot of T vs Density

Single bead movement rules.

Symbol Chain Length
e 10
& 20
0
o 3
log (Ts)

/ 0

<

A

J/

Vi

€
(4

-1.8 -1.6

1.4

-1.2

1.0 =0.8 -0.6 -0.L =0.2

Log(density)

-0.0
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Figure L.10 a
InT vs 1n(N) for

Mixed bead movements.

| (%)

Figure L.10 b

InT vs 1In(N) for

Single bead movements,

2.8
opé'g
2.04
p=.1
1.2
2. b
0L o f ~
p=.5
0.0, P ¢ .
-O.}_L_ o'F=.‘f
P oPz-%
2.0 &
-2.8
X Schardt's Data
@ Single Chain O] Single Chain
values values
E L ? 5 N

In(N)
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2.k
1.6

0.8 4

Figure L.10 c
InTy,vs 1n(N) for

Mixed bead movements.

Jo( Tife )

©

Single Chain

values

Figure L.10 d

lnqygvs In(N) for

Single bead movements.

In(N)
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Figure L.11
The dependence of ln(lz/qg)

on Free Volume

1o (13/735) Symbol 'Chain Length
s © 10
A, A 20
m,O0 30
[a
O E‘ Closed symbols : single

bead movements,

Open symbols : mixed bead
movements

oo

Pl(1-p)
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APPENDIX A

A Solution of the Eigenvalue Problem.

The matrix A derived in Chapter 1 may be written as

2 -1 0 0 .+« «. O
—1 2 -1 0 . . . 0
0 _l 2 _1 Y - Y 0

[oNeNe]

0
0
0

0 0 0 0 . . .-1 2 -1

¢ o o 0 ... O-1 2
by preforming a series of row and column additions on the
original matrix. This matrix may be diagonalized by an
orthogonal transformation,

-t

R™ AR =_A = 28y

where AF is the ©pth =eigenvalue of A, and §}$ is the

Kronecker delta.

Writing A as the sum of two matrices, C and D gives
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N

O _1 0 0 . . 3 O 0 0 O o . . . 0 0

"']. 0 "'l O . . . 0 0 0 O 2 0 - - . O O

_ 0 -1 0 -1 . .. 0 0 O + o o0 2 . . . 0 ©O
0o 0 0 0. . .-1 0 -1 o 0 o0 . . . 2 0

O 0 O 0 . . . 0 —l 0 O 0 0 . . . 0 2

= C + D. The orthogonal marix, R, which diagonalizes C also
diagonalizes D. The eigenvalues of A are related to the
. 37
eigenvalues, c¢. , of C by
/\l = 2 + c’: . (Al)
The eigenvalues of C are easily found by considering a

more general matrix, 77 , which is of the save form as C,

0 s

0 P O O . . . 0 0
g 0p0O0. .. 000
- O L[] * L]
Zr: q 0 p 00O
0000. . . q0p
co0o00...0p0
Using the orthogonal transformation BTTB-I=‘)[ &] s oOr
BT = XB with B = (ﬁ:u61 . .,.ﬂp_,), yields upon

multiplication the following set of second order difference

equations:

PRy *4fia = A fBe (k = 0,1,2,. . N-1). (A2)
The quantities p, and g, are set to zero'’.
This set of equations may be solved by assuming a
solution of the form33
B = o1 . (A3)
Substituting A3 into A2 shows that this can be a solution

only if r is a root of the quardratic

P - MNT + qu = 0. (A4)
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There will, in general, be two distinct, independent roots

to this quardratic, r, and r,. Therefore a solution to the

difference equation (A2) will be in the form of a geometric

progression

RBr = K xrff + oy . (AS5)

Because Loz Bm=0 > it is easy to show that X, tdy =0 and

that rf = Q; « Rewriting this last equation gives
r, = r7 exp(27Wij), or
r, = r, exp(27ij/N) for j = 0,1,2, .., N-1. (A6)

where37 i = 7 and exp(2Wij) = cos2jiW + i sin 2j7 = 1 + i-0

By equation A6, r, and r, must be complex conjugates of

each other. The absolute values of r, and r, may be found
by using this fact as follows, r* - */q + p/q = (r - r, )(r -
r,) = 0. Equating the coefficients of the two equations
gives ) = q(r’ + EL) and r, r, = p/q. The roots of A4 are
r = p/q exp(Pij/N) and
r, ={p/q exp(-mij/N) (j = 0,1,2,..,N-1). (A7)
The eigenvalues of I are ). = q(r, + r,) =
-2Jpq cos(TWi/N) j = (1,2, .. ,N-1). Substituting p = q = -1
gives ¢; = 2cos(Mi/N) (i = 1,.. N-1), and from equation Al

M =2 + 2cos(Ti/N) = 4sin*(Mi/2N) (i = 1, .. N-1) (A8)



The corresponding eigenvectors are given by the columns of the

matrix R. The elements of R are given by Verdierho as an =

cos((n = 1/27T3j/N).
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APPENDIX B

Procedure used for the calculation of Diffusion Data

The exact number of 1lattice sites each chain moved
during some time 1interval was calculated by the following
method. This method is valid only if the chain 1length is
less than or equal to the box size.

The subroutine performing the bead movements needed two
arrays. These are IMOVE(I,J) and IWALL(I,J). The subscript
I is 1,2, or 3 if the chain moved 1in the x,yvy, or gz
dimension, respectively, The J subscript is uséd to denote
the chain of interest.

Each time an end bead moves out of the box a one is
added to or subtracted from IMOVE(I,J).,. If the new
coordinates of the bead in the I dimension is greater than
the box size then a one is added. Otherwise a one 1is
subtracted from IMOVE(I,J), The wall through which the

the bead moved is also recorded. The walls are defined as:
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Wall Hit I IWALL(I,Jd)
X ¢ aQ 1 1
x > Box 1 y
y<O : 2 2
y > Box 2 5
z<0 3 3
z> Box 3| A

Initially, IMOVE(I,J) is set to zero if the chain is
connected. If it is broken then IMOVE(I,J) is set to -1 if
0 <the center of the chain ¢ Box Size/2, If Box Size/2 £ the
Center of mass of the chain then IMOVE(I,J) is set to +1,

If the chain 1is broken more than once then the

diffusion of the chain is not calculated for that frame,
This initialization procedure also occurs before each call
to the subroutine which performs bead movements, The center
of mass of each chain is calculated by summing over the x,
y, or z coordinates and dividing by the number of beads 1in
the chain. These sums always start with the first bead of
the chain., If the difference 1in coordinates between two
beads 1is greater than one then the chain is split and a box
dimension is added or subtracted ¢to the Dbead coordinate
before the center of mass 1is calculated. This is to say
that the center of mass is always calculated from a fully
connected chain, If the center of mass lies outside the box
then a box dimension is added to or subtracted from it to

put it inside the box,
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The diffusion 1is then calculated by the procedure
outlined in Figure Bl. The variables in this flowchart are
defined as
CMO(I,J) = the position of the center of mass of the chain

the last time its properties were sampled..

CM(I,J) = the current position of the center of mass of the
chain

Box = the box dimension and

DCM = the distance the chain has moved in one of the three

dimensions since the last time its properties were
sampled.
The function INT(A) where A is a floatihg point number is
defined as INT(A) = largest integer £ | Al.

There is one exception to this procedure which had to
be accounted for. This case 1is outlined in Figure B2.
Diffusion is considered in the x dimension only. The bead
represented by the open circle is bead number 1. The arrows
mean that some number of bead movements have occured to
cause the chain to reach the new configuration pictured. It
was reached in such a way that the variales IMOVE(I,J) and
IWALL(I,J) set according to the above rules are as shown.

To calculate DCM by the procedure of Figure Bl the
following choices would be made:

(1) The chain is not connected

(2) A wall was hit

(3) The center of mass, CM(I) is nearest wall 1
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(4) wWall 1 waw hit.

The formula used to calculate DCM is, then

DCM = CM(1l) - CMO(l,1) + INT(IMOVE(1l,1) + INT(IMOVE(1l,1)/2)

* BOX. Substituting for these variables from Fig B2 gives

DCM

2.2 - 7.3 + 0 = -5.10.

This is clearly wrong. The chain did not move 5.10 1lattice
sites to the left but 10.2 - 7.3 = 2.9 lattice sites to the
right.

The correction was made to the program by the addition
of the subroutine CHAIN. This subroutine checks to see if
an end bead moves through a wall, and then through the
opposite wall. If this type of movement is detected the
IWALL(I,J) is set to =zero. In the above example, the
choices made in Bl are

(1) The chain is not connected

(2) no wall was hit.

Therefore, DCM = CM(I) - CMC(1,1) = 2.2 -~ 7.3 = =5.10
and

(3) -5.10 <€ BOX/2, so

DCM 8.0 - 5.10 = 2.90 ,

which is correct.



86

FIGURE BI

Algorithm for calculation of diffusion

START

DCM =~ CM(I) - Is
the chain
CHO(I,J) < ves /
+INT(JMOVE(I,J)/2} connected
#*BOX
no
was T -
no DeH - <D0 BO? \
a wzll hit i N o(I,d) - —y D2 BOE/2 |

DO = TCM
A—
+ BOX
CM(I) near ™S
TWALL(I,J) .~
naY - B0X

yes

DO = (M(I) ~ CHO(IL,Jdp

+IRT(TMOVE(I,J)/2)

#ECK.
O
]
A Ry
. d
DCH = CM(I) - CMO(T LM = (WH{1) -
J)~BO% + oMO(I,J) + BOX +
INT(IMOVE(I,J)A2 INT(IMOVE({I,J)/2)
*BOX 380X




Figure B2
Example of diffusion in the:
x dimension for a

1 chain system
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,
- & ¢
P
2 o ¥
IMOVE(1,1) = 1 IMOVE(1,1) =
IWALL(1,1) = O IWALL(1,1) =
-y ) l
_______} ~4»—ﬁ B

CM(1) =10.2 - 8 = 2,2
IMOVE(1,1) = 1

IWALL(1,1) = 1
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