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ABSTRACT

In part one of this thesis invariant cross sections for the
processes e + p *+ e + ™ + anything are calculated in s quark-parton
model of hadrons. A statistical medel proposed by Kuti and Weisskopf
was used to calculate the distributions of the quarks inside & proton,
and the invariant cross sections were written as sums of these distri-
butions., We were able to demonstrate that the spectrum of final state
mesons going backward in the photon-proton center of momentum frame is
the same as the spectrum of large momentum fraction guarks immediately
after the interaction. The agreement between experimental data and our
theory is good.

In part two of this thesis the pion-pion scattering term of
the multi-scattering series for pion-deuteron elastic scattering is
calculated. Using Weinberg's off-shell pion-pion matrix element to
describe the scattering of real and virtual pions, we found that his
value pion-pion scattering lengths are consistent with the pion-deuteron
experiments., The pion-deuteron cross section was also written as a func-
tion of the pion-pion scattering length a;, and a value of a5 = 0.15 m%l
was extracted from the data. This value is comparable to values of ag
obtained from other experiments.

viii



PART ONE

DEEP-INELASTIC ELECTROPROTUCTION OF PIONS IN A QUARK-PARTON MODEL



I. INTRODUCTION

Invariant cross sections for the single particle inclusive
process e + p > e + wi + anything have been calculatedl in & quark-
parton medel of hadrons. Before presenting a detailed description of
the calculation, a brief history of the theories and experiments leading
up to this work will be given,

In the late 1960's Feynman2 speculated that nmicleons are bound
states of some basic constituent particles which he named partons. Since
then many people, both theorists and experimentalists, have tried to de-
termine the nature of these partons. The photon has been used to probe
the nucleon structure, via electron scattering, because the theory of
the photon's interaction with electrons, QFD, is experimentally known
to be highly accurate. Proton structure functions, whether elastic or
inelastic, can be extracted from data on electron-proton scattering.

For the case of elastic scattering these structure functions are a func-
tion of a single variable, Q2, the four-momentum transfer squared. But
for inelastic scattering, a second variable, the energy loss of the elec-
tron, v, is needed to describe the scattering completely. The variable Vv
can be written in invariant form as v = q*P/M, where q and P are the
momenta of the photon and proton respectively, and M is the mass of the

2

proton. The varisble Qz is Q2 = ~q , Experimentally, both Q2 and v can

be varied independently, providing a wealth of data,



Much has been cbserved about electron-proton scattering, one
of the more interesting phenomena being that of scaling. For inelastic
electron-proton scattering at large Q? and v it was found that the struc-
ture function depends, not on the individual variables Q2 end v, but
rather on & single variable. This is surprising because, as indiceted
above, this dependence on a single variable is a property of elastic
scattering, while the structure function was measured for inelastic
scattering. This is significant for future work because it implies that
in the right kinematic region the virtual photon of electron-proton scat-
tering interacts with a single one of the partons, rather than with the
proton as & whole, and that this photon-parton scattering is elastic.

The proton is a bound state of partons, end in the study of any
bound state system where the detasils of the interactions among the con-
stituents is not known, the application of an impulse approximation is
the first line of theoretical investigation, To use an impulse approxi-
mation, it must be possible to treat the partons as free particles
during the interaction between electron and proton, and the virtual pho-
ton must interact with only one of the partons, the others being spectators.
These notions will be put on firm quantitative ground in Sec. II, but for
now let us suppose that there is a kinematic region where these conditicns
are satisfied, From scaling we learned that the photon-parton scattering
is elastic, so that the cross section for virtual photon-proton scat-
tering is simply a sum of these individual photon-parton cross sections
weighted by the probability of the proton being a particular configuration

of partons,



From the beginning3 it was tempting to identify partons with
the querks suggested by Gell-Mann and Zweigh because of the epproximate
SU(3) symmetry displayed by nature. In the quark model hadrons are com-
posed of querks, and the quantum nunbers of a hadron are determined by
the guantum numbers of the individual quarks of which it is built., 1In
the simplest quark model, which will be used here, there are three gquarks
labeled in standard notation up (u), down (d), and strange (s). The
baiyons are composed of a set of three of these querks, while the mesons
are composed of a quark and an anti-quark, This simple model has had to
be modified scmewhat in light of our present understanding of the strong
quark-guark interaction, Because the interaction is strong, effects like
vacuum polarization, in which particle anti-particle pairs are created
from the vacuum, occur copiously. That is, a hadron is not composed
simply of the few quarks which carry its quentum numbers, but rather of
these quarks plus s large number of virtual querk anti-quark (qg) pairs.
From experiments which measure the average momentum of the charged con-
stituents and the average charge of the constituents of the proton, it
has been further determined that the proton elso contains many neutral
bosons, called gluons, as well., The picture that emerges is one in which
the proton is composed of three "valence" quarks (u, u, d) which carry
the proton quantum numbers, and of a "core" (or "sea") of qq pairs and
neutral gluons which has the quantum numbers of the vacuum, and which
carries a goodly fraction of the proton's momentum,

In order to calculate the structure functions for the inelastic

process e + p + e + anything, it is necessary to have a model for the



distribution in momentum space of the quarks and gluons inside a proton.
Several authorss-T have devised models for these quark momentum distri-
butions., The models of Ref. 6 are based on sound field theoretic argu-
ments, and are known to give excellent results for the calculation of
the structure functions of inclusive electroproducticn., However, it is
difficult to extend these models to a calculation of one particle in-
clusive processes because they do not lend themselves to a derivation of
the necessary correlated momentum distributions of Qwo quarks in a pro-
ton. Therefore, we choose to use a phenomenOIOgical'model proposed by

Kuti and Weisskon.5

In their model the momentum distribution of guarks
and gluons in the proton core is proportional to the relativistic phase
space of these particles, and the momentum distribution of the valence
quarks is based on Regge considerations. From these distributions the
probability of finding a specified type of quark with a given fraction
of the proton's momentum was calculated, Then a cross section was com-
puted, and the constants of proportionality were determined by fitting
the calculated cross section to the data for inclusive electron-proton
inelastic scattering over the entire kinematic region.

In this work cross sections for e + p + e + ﬂi + anything for
pions goind backward in the virtual photon (Yv) - proton (p) center of
momentum (c.m.) frame are calculated giving tolersble agreement with the
data, The calculation of the cross section is described in the next
section (Sec. II), beginning with a more detailed explanation of the

quark-parton model. Then both qualitative and quantitative erguments

are given to show that the spectrum of final state mesons going backward



in the Y, ~ P c.om. frame is the same as the spectrum of quarks which have
an gppreciable fraction of the proton's momentum after the interaction.
Finally, the cross section is written in terms of the joint probabilities
of finding two quarks with given momentum fractions inside ‘the proton.
The details of the Kuti and Weisskopf model are presented in Sec. IIT,
including & calculation of the necessary joint probabilities, A compari-
son of these results with the data along with some final comments are

given in Sec., IV,
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II., CROSS SECTIONS FOR e + p > e + T + ANYTHING
A. The Impulse Approximation

In order to spply the impulse epproximation to electron-
proton scattering, the interaction time of the wvirtual photon must be
mich less then the lifetimes of the virtual parton states. That is,

using the uncertainty principle,

Lo - (1)
9o Ep :
where q is the energy of the virtuel photon, and Eb is the binding
energy of the gquarks., If, in addition, Q2 >> Eg, where Q2 is the four-
momentum transfer, then the scattering from the individual partons will
be incoherent, and the electron-proton cross section will be a sum of
the cross sections for scattering from individuel partons.

The above conditions are realized in the infinite momentum
frame of the proton. This freme is a specialization of the electron-

proton center of momentum freme. The momenta of the virtual photon and

the proton in the electron-proton c.m, are:

= =
=049, ) .
P - (JF+M=,0,0 P) .
To obtain the infinite momentum frame, a boost is made so P + « for the

proton's momentum, and the three-momentum of the virtual photon is per-

pendicular to P (see Fig. 1).



p
-+
/zny’(hing / anything

(a) (b)

Fig. 1. Kinematics for electron-proton scattering in a) the electron-
proton ¢.m. freme, and b) the infinite momentum frame.

Then q and P in the infinite momentum frame are

q:(q.,7,,0) ,

and

T

- M
P'(P*-'LP JOJOJP)'
Employing the invariant product q°*P = Mv, q, can be written in terms of

lab {proton rest freme) variables as

In the infinite momentum frame the proton can be visualized as
a stream of partons whose interactions with each cther are slowed down
by time dilation. TFor large momentum transfer the virtual photon inter-

acts with a single one of the partons (see Fig, 2).
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Fig. 2. Kinematiecs for virtual photon-proton scattering in the proton's

infinite momentum frame.

If this parton has a fraction x of the proton's momentum, then its mo-

mentum is
2,pr
P(x) = (xP'r*&——-—-lxpp , F"“ xP)

where W is the parton mass, If we consider a bound state of Just two

partons, the binding energy of the parton with momentum frection x is,

n

E, = E&)+ E(-x) ~ £,

s P #* o P M*
— 1= -

2xP 2(1-x)P 2P

where the sum of the momentum fractions is one. In order to satisfy the

first condition of the impulse approximation, Eq. (1), which can be re-

written as

et 2 a - a
Mv » Eadla rS P‘L L 2 eP A
¥ a(l-x) L

it is sufficient to have v >> M and x # 0 or 1, if P, is limited.
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Experimentally, lepton scattering reactions show that P, < 500 MeV. Thus
the requirements for using the impulse approximation in the infinite

momentum frame of the proton are

v o M
Q?. 3 IV'J.
This use of the impulse approximation to study high energy
electron-proton scattering, together with the picture of the proton as
a set of point constituents, is called the "parton model", and it is in

this sense that the term will be used in this paper.
B. The Virtual Photon-Proton Center of Momentum Frame

To get some qualitative idea of what electron-proton scattering
looks like at high energies, one can examine a reference frame in which

the virtual photon is pure space-like,

1=(0J 0,0, Q)

and- the proton's momentum is
P-(E,00,-P)

For P and Q large, the parton picture is wvalid, and the virtual photon
interacts with a single one of the partons,

When the photon interacts with any one of the partons, it dis-
turbs the parton configuration, which then no longer forms a proton.
The proton "fragments" and the pertons, which cannot themselves appear

in the final state, recombine into cbserveble physical particles. The
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details of the recombination are unknown because the details of the strong
parton-parton interactions, or the nature of the possible parton fragmen-
tation into hadrons are not known. One mey despair of these problems

and believe that they limit the parton model to totally inclusive lepton
induced reactions. But any model is likely to be plagued with similer
problems, sc¢ let us be positive and ask where (i.e., some special kine-
metic region) a simple picture could give correct quentitative results.
This is most easily done by using Feynman's picture representation8 of
the proton wave function in the sbove reference freme, Suppose that in
the initial state one of the partons has a large fraction, y, of the
proton's momentum, and that all of the other partons ﬁ%ﬁg very small
momentum fractions. These partons with very small momentum fractions

will be called "wee" partons. Feynman would draw the wave function for

this case thus:

Fig. 3

If the virtual photon interacts with one of the wee partons, the final

state wave function is:

Fig. b
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After the interaction, the parton with momentum fraction y, together
with some other appropriate wee partons lock very much like a final
state hadron going backward (with respect to the direction of the virtusl
photon) in this frame. Thus, one can hypothesize that backward going
final state hadrons (e.g. pions) have the same momentum digtribution as
the large momentum fraction partons. Note that the requirement of a
large momentum fraction is necessary to ensure that the fingl state
hadron will have the same momentum as the final state parton.

The @bove reference frame can be compared with the virtual

photon-proton c.m. system where

CL= (ctoJO,OIP)

and

P. (E.0,0,-P)

The only change is that q is no longer purely space-like, and that P
does not have to be large, However, the qualitative arguments we have
made can still be eXpected to hold. That is, the spectrum of large
momentum hadrons £0ing backwerd in the Y, - P c.m. system should be
ebout the same as the spectyrum of large momentum fraction partons in

the infinite momentum frame,
C. The Proton's Infinite Momentum Frame

One can also examine electron-proton scattering in a freme of

reference in which the incoming proton is moving infinitely fast (take
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P + ® below) in a direction perpendicular to the photon's three-

momentum. Expliecitly,

Mu -3

1 (%, 2. o)

P - (P+Tmpz—,o,o, P)

where M is the proton's mass, and q*P = Mv. The proton is replaced by a
beam of non-intersacting partons and the virtual photon is viewed as in-
teracting with a single free parton, the remaining partons being specta-
tors, In terms of the fraction, X, of the proton's momentum carried by

the parton, the momentum of any given parton will be

P - (xiP*E%?IT B ,x;P)

provided x, >> M/P and where M is the parton mass, We expect |§;| < 500 MeV,
so that for X, not very small and for v >> M, we have X, = q-Pi/Mv.

In this frame it can be shown that large momentum frection par-
tons do not interact strongly with the wee partons. Let us first note
that there are few large momentum fraction partons: obvicusly there is
not more than one parton with Xy > 1/2, not more than two partons (if
that many) with x; > 1/3, etc,, and most partons will be in the wee re-
gion. For a parton with large momentum fraction, y, and a wee parton

with momentum fraction, x,

St (Px * Pa)& = )U'a(_é- * —;’_)



1k

where P, has been neglected. The rapidity difference, log sle/ne, de-
termines the decoupling of the two partons by well known a.rguments,9
with more than one or two units difference meaning negligible interac-

tion. For y end x very unequal, can be a large factor times u2.

12
For example, for y = .5 and x = .05, the rapidity difference becomes
log 10.l, which is sufficient tc have the large momentum fraction par-
tons decoupled from the wee partons. Of course, one does not know the
parton mass, Instead of taking it to be some typicel hadron mass, one
may take | = 0 for east of calculation,lo argue that p = 300 MeV, or
even thet it is infinite, T If y is zero, it mey be that log sle/ll2 is
undefined, but recent theoriesle indicete that the partons are bound in
an approximate linear potential, and that their mass is asbout 300 MeV,
It now seems reasonable to assume that a parton with a large fraction of
the proton's momentum does not interact strongly with the wee partons.
Suppose that the virtual photon does not interact directly
with the large momentum fraction parton discussed above, but that it
does carry enough energy (v >> M) to meke the parton picture valid. In
this picture the function of the incoming photon is only to fragment the
proton freeing its constituents (freeing them to become other things,
that is}. What happens to the parton with a large fraction of the pro-
ton's momentum? It is certainly true that any parton leaving the inter-
action zone must pick up at least one other parton to mske a hadron.
Since the interection is weak, it is likely that only one extra parton

will be picked up,13

and since this extra parton will probably be wee,
the momentum spectrum of the fast emerging mesons will be the same as

that of the large momentum fraction partons.
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D. Partons as Quarks

Let us suppose that the partons have the quantum numbers of
quarks. The standardh quark notation will be used, namely, there are
three quarks and three anti-quarks; the up quarks labeled u (n) with
charges +2/3 (-2/3), the down quarks labeled d (d) with charges -1/3
(+1/3), and the strange quarks labeled s (5) with charges -1/3 (+1/3).
The proton consists of three valence quarks (u, u, d) which carry the
quentum numbers of the proton, and of a core of qgq pairs and neutral
gluons. The probability of finding a u-quark in the proton with momen-
tum fraction between x and x + dx is given in standard notation by
u(x) dx., The probebilities u(x) dx, d(x) dx, ete. are similarly defined.
When sums over the probabilities are being performed, it is more conven-
ient to use a slightly different notation, To this end, define pH(x) dx =
u{x) dx. Then sums over Pa(x) can easily be considered, where a takes
the values u, u, etc,

These single probabilities can be derived from the joint prob-
ability of finding n quarks in the proton with momentum fractions between
x, and x, +dx, . . . x and x +dx . We write this differential joint

1 1
probability as

4}

Tn(x,---x,\) S(l-Zx-,) dx, - dy,

KR

“(X.“'X,.)

The S-function arises because the sum of the individual quark momenta

must equal the proton's momentum. The single prcobabilities are obtained
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from the joint probability by integrating over all of the momentum frac-
tions save one, and by summing over all of the possible quark distribu-

P(x)dx = {ES 0w %) sU-x-2 %) cha'--alX“} dx .

In this work we choose to normalize the single probabilities to the
nunber of quarks in the proton, TFor the valence quarks in a proton,
f d
, w,(x) dx = &
end
1
gdv(x) dx = |
o

For the quarks in the core,

S; PH(x) dx — oo

that is, there is an uncountable number of gquarks in the core.

The joint probability of finding a quark of type a with momen-
tum fraction between x and x + dx, and a quark of type b with momentum
fraction between y and y + dy will be given by Jab(x, y). This is ob-

tained from the differential joint probebility as follows,

T0gy)dndy =), [T 0ny xn) S0owy-F) dyoodin dx dy
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Note that the Joint probability is not a product of two independent
probabilities, (Jab(x,y) £ P¥(x) Pb(y)), but rather, that there is a
correlation between finding a parton with momentum fraction x and another
parton with momentum fraction y in the proton, This correlation is a

result of requiring that the sum of the momentum fractions be one.

E. The Cross Section

In general, the inelastic scattering of an electron by a pro-
ton can be written in terms of two structure functions, usually named
Wi and W2' These structure functions depend on the independent variables
of the scattering. In the lab (rest frame of the proton) these variables

are,

S A

end
a ' .
Q" = -q* = 4E'E sin*(%2)
where the various momenta are defined in Fig. 5.

K'=(E',k")

q=(v,q)

—» anything

P=(M,0)

Fig. 5. Kinematics for electron-proton scattering in the lab,
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The cross section for scattering an electron through an angle 6 in the

lab is

do, L‘MIE:J

dndae - T @ | W,(Q% v) cos™(g)+ 2W,(@% v) s'm"(—%’.—)]

In the infinite momentum frame, the electron is scattered through an
angle 8 = Q/P, which is quite small. Setting 8 = Q0 in Eq. (2), we find

thaet the cross section depends only on the structure function W In

o
what follows we will work close to the forward direction,

Now consider the elastic scattering of an electron from a
point spin-1/2 particle of momentum xP and a charge e, (in units of e).
The structure function W2 for this process can be derived from the one
calculated in the Appendix by making the replacements p + xP and m + xM,

WG b)Y - el 6(2%%‘ - 'Q”HP‘) )

a.

Making the replacement q-P = Mv, the cross section in the forward direc-

tion is
dc- PoINT ) qulEll N L ( Q& )
d0 dF QI c. vV 5 X= aMvp (3)

This is the cross section for scattering from a single free quark-parton,
Note that the §-function constrains the virtusl photon to interact only

with a parton whose momentum fraction is Q2/2Mv. Under the assumptions
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of the parton model the inelastic cross section for electron-proton scat-
tering is the superposition of the point cross sections, Eq. (3), weighted
by the probability distributions of querks inside a proton. Therefore,

the totally inclusive cross section is

&a‘ q“"E”- | @ - n EA
d dE’ i Qq § C:_' v “Z:_a S J-htxu"'xh) 6“-:{;‘ Xj) X, S(XI“ .‘LQM;)) dx,"'d"c.t,
(L)
YA E'* a
=Tt v % oe PO,
where x = Q°/2Mv and J(xy. « .« x)dx) . . . dx is the differential

probability of finding n gquarks with momentum fractions Xy o0 o X in a

proton, The index a .runs only over the charged quarks, which can inter-

act with the photon, and not over the index of the neutral gluens,
Comparing Eq, (4) with Eq. (2) in the forward direction, the

scaling result is obtained,
X -
pW,(x) = x Z e, P (x), (5)

that is, VW, is a function of the single varisble x 3 Q=/2Mv only.

2
The spectrum of final state partons with momentum fraction ¥
is obtained from Eq. () by not doing the integral over y,

ol b
-JI?ZE'&Y = llo;q _tv_ ; iy J (X,)’) ,

or, a more convenient form for later use,

do Yo 2E™ XYy 2 b
Y _clhdfr-'dy = Q ) §- €a TG (X,)/) .




III. THE KUTI-WEISSKOPF MODEL

The proton is composed of three valence gquarks, and a core of

>

gq pairs and neutrel gluens. In the Kuti-Weisskopf” model the quarks in

the core are distributed statistically,

ax
(x* + p>/P? Y2

dP.(x) ~ 9 (6)

where | is the effective mass of the quarks and P is the proton's momen-
tum in the infinite momentum freame (P + «), The momentum distribution

of the valence quarks is based on Regge considerations,

~al
xlﬂt") dX

(xa "}“'1/ Pl)'/ﬂ-

CI Pv(x) ~

where a{0) = 1/2 is the intercept of the nondiffractive trajectories.
Kuti and Weisskopf assume a statistical distribution for the gluons, the
constant g in Eq. (6) being replaced by g' to get the gluon probability
distribution.

In this model the proton is an n-quark state composed of three
ua peirs, k, dd pairs, k_ s8

1 2 3

pairs, and % neutral gluons, where n = 3 + k, + k, + k3 + %, Then the

probability distribution of such an n-quark state is

valence quarks (u, u, d), and a core of k

20



21

n dx;
dPu(x, . ) = ‘
(X X ) FA ;E]" (X.; f},La/PA')/:L

I~«le) ~nt{o} ~« (o
5(|—J%xj) x )=t x.-! o x.a\ « (o}

. K, (.
(50 (3g)" (d9)™ gt
kel ok, )l kb o2l

where 7 is a normalization constant obtained from

/

i;oIScJFL(xf--xn) = |

and {1/3 g)ki / k, ! is the statistical weight for a symmetric k,-particle
state. The indices k; can only take on the values 0, 2, b, . . ., be~
cause the distribution has been written to include both & quark and an
anti-quark in the factor (1/3 g)ki / ki !. Instead of following Kuti

and Weisskopf on this, we could have used the stati;tical welght

(1/6 g)ki / k; !y k; =0,1,2, ... for the individual querks in the
core, or used the statistical weight gk/ k!, k =0, 6, ..., lunping all
three types of quarks together. It mekes no difference which form we
choose since zll three forms will give the same result, providing we

keep the counting straight.
A. Bingle Probgbilities For a Proton

As discussed in Ref. 5, the probability of finding a u-quark

in the proton valence with momentum fraction between x and x + dx is,
=< {o)

X == e dxg 2!
= . Z Bl H
v (X) et (Ka' *‘}*a/ Pl)'/ﬂ. n:o S i.“:'Tl (x'a *‘)"‘/PE)V‘ 5(" X .::?' x" )

k
. xr-qto) {~ wt(o) (% 3)k| #ﬂ)kz (j&) ! (9:)2
Lo Y
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For the other quarks

a (x)

v 1/2 uv(x)

1l
(=]

sv(X)

Because electron-proton scattering is an electromagnetic process, it
will not be necessary to calculate the probability distribution of the
neutral gluons, It is only necessary to include the staetistical weight

for the gluons in dPn(xl .. xn). For the qq pairs in the core,
u (x) = d (x) = s (x)
where

Ms

: e S if L é(l*x*

w, (x) = 2 bl S 1 .
y (x2+ pa/ Py %o 0130 (o wpn/ prym

)

-

k., k, 13 ‘
|~ olo) |~ wi{o) y=={o} k - é— 3) (é' 5) (*j) 3 g 4
X, X, X3 !

k! Ky ksl 2]

The results of the integrations in the limit P - « are,

U k) = 2-d = 2 BJ[/-«(O) , Y+ .Z.U—oc(o))] x-“(o) (,_x)"’*&"*-i(!—«(o)z
and

[ ~[ -1+ ¥ +3(1-to) )
'u..:(x) S d;(K) = S._-_‘.X): 3 9 X (I‘X) )

vhere Y = g + g' and B(...) is a Beta function. To keep the counting

straight, recall that uc(x) sctually is uc(x)

uc(x) + ﬁc(x). These
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momentum distributions are used in Eq. (5) to yield uwz(x) for totally
14

inclusive electron-proton scattering, Drell and Yen™ speculated that

near x = 1,
3
W, (x) v (1= x)°

This implies that vy = 3 for the Kuti-Weisskopf model, The remaining
free parameter was determined from fits to experimental data for

totally inclusive electron-proton scattering which yielded g = 1.
B. Joint Probabilities for a Proton

The probability of finding a u-quark with momentum fraction
between x and x + dx, and a d-quark with momentum fraction between y

and y + @y in the proton valence is

1~ (2) 1=« (o} & rn-a dx;
T4 %0 y) =22 == X = o (7f '
vy (x:)’) (x;'*}*,_/ PJ.)'/:. (y:. _'_}Aa/ pPryva w 5 e (x:“ +}*1/PA)II&

(7)

ne3 1-~«(o) (ﬁlﬁ)k'(%ﬂ)kl(%ﬂ)kssw
-S(I-x-y'j;'xj) T k! k.l k,'.-ﬂ!

Elementary calculation also yields
d du _ hu
3 Gey) = 3 (x,y) = 3 x,y).

Note that J?ri(x,y) = 0 because there is only one d-gquark in the proton

valence, In addition to the sbove probability distribution, Eq. (7),
there are only three other independent joint probability functions. The

results of the integrations (limit P -+ «) to obtain these functions are:



2k

ud du u
Jw(x,y) = Jw(x,y) = Jw(x,y)

1+ 2 + (| -ecte)) Py 3(1-wte))]
M2(1 =) TL@+() ""’ta)ﬂ

= Lo xS ()

i - du s _ dd _ Lus - ds
Jolxy) =23 (x,y) =3 (xy) =23 (xy) =3 Axy) =275 (xy)

Plora(i-a)]

— L -%{e) i “i+y+ali-aten)
= 2 33 X % y (/~X'7) FO**WU‘ﬂ[¥+J(hdMQTﬁ
JEE(XJ) = 2 J:f,(x,.v) = Jii(x,:f) = 2 Jig(x,y) = Jzﬁ(x,y) =2 Jzi(x,y)
~to) )]
_ L -1 -atle) ¢ ~t+¥r Q(1~«e)) PE?"'S(‘ {o)
=d -39 X }’ (} X')’) r'(l-dto)) P[y+2(_|-.,¢o))]

J:z(x,y) a, b = u, 4, s are all equal
R ST B ) =1+ 2+ 3(|-ota))
3 9 X Y (i x-y) .

For convenience later on the four joint probability distributions will
be renamed Jw(x,y), Jvc(x,y), va(x,y), and Jcc(x,y) in an obvious no-

tation.



IV. RESULTS AND COMMENTS

The cross section for finding a large momentum fraction guark

in the final state is

de o HatE* ok N ob
Y dl dE'dy - Q" ) a,b?i:j € J ;J(x,y) (8)

where the indices a, b run over u, d, s and the indices i, j run over

Q?/QMv is the scaling varisble.

n

v, ¢. It should be emphasized that x
This cross section must be multiplied by the probability that a given
quark will contribute to a specified final state hadron. By taking the
extreme position that the large momentum fraction quark goes into the
valence of the final state particle, and that ohly one additional quark
is picked up (i.e. the final state hadron is a meson) an estimate of
these probabilities can be made. For example, only joint probabilities

+ -
of the types J?g(x,y) and Jig(x,y) can contribute to the T valence (ud),

a

while the joint probabilities Jgg(x,y) and Jig(x,y) will contribute to

- - +
the m valence (ud). In particular, for final state T the sum in

Eq. (8) is
Loer[TT06)) v 2 T500y) v 2 T T0ty)]

The factor of 1/2 is necessary because the joint probability J?Z(x,y)
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gives the probability of finding a bb pair in the proton core yhile only
+ .
one-half of that pair contributed to the T valence. Likewlse, for a

final state T the sum in Eg. (8) is
T Trhuy) * F TGy 1 T80y

There are, of course, other possibilities, such as the fast
parton picking up more than one additional parton or the fast parton
not going into the valence, that can affect the pion cross section.
However, we shall assume that the probability of these occurences is
small, and compare the deta to the simplest assumption described gbove.
Therefore, using the compact notation introduced gt the end of Sec. III C,

the cross section for e + p *e + -rr+ + anything is

do Y E? xy[s |
7 45 JE’cIy ) Qq v [Ti TVV(X’Y)-‘. -5 jVC(XJ)’)* % J-CV (x,y)+ :1.-3‘- j.r.c(-x'y_))

The cross section for e + p* e+ 7 + anything is

do Yo £ > 4 | 3
! dnaedy _xvz[‘* Joley) * 4 Jyelxy) + el Jouliy) +5 T, (x,y)]

To be gble to compare these cross sections with the experiments,
they must be rewritten in terms of the invariant cross section E(d3o/dp3)
for the process Yv + p > T + anything. In the ipnfinite momentym freame

of the proton the invariant cross section is

£ do _ ¥ _do (o)
d-?s ™ d)’ G\P_L
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where, as before, ¥ is the momentum fraction of the outgoing parton. In

terms of the cross sections calculated above,

do _ do
J0dE dy T?’ (10)

where T is the flux of virtuel photons. Combining Egs. (9) and (10},
integrating over PJ_E, end normelizing to the total cross section yields

the function

{ _ ' do-
o, wl 4 a4 JdE’ dy

tot

Fly) =

where Utot is the total electroproduction eross section. The total cross

section can be written in terms of W2(X) as
dris. QT +o?
O:'a'} = K qa. \A’J-(X)

where

K= p- Q%aM .
The Kuti-Weisskopf form for \)Wg(x) will be used to celculate O, ..
The function F(y) as defined sbove is an invariant function.
That is, the function F can be gbtained in gnother reference frame by
replacing y in F(y) by its transformation in the other frame. In the
Y, ~ P center of momentum frame, define the veriable z = B /Pmax for the
pion's momentum. Then in the Y, - P c.m. F(z) = F(y) where y = y(z). It

is the functjon F{z) that is given by the experiments, and to which this

theory will be compared.
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As discussed in Ref. 5 and above, the choices a{0) = 1/2,
Y =3, end g = 1 gives the best agreement of Kuti~Weisskopf's vW2(x)
with the totally inclusive electroproduction data for x > .2, These
values of the parameters also give a nice fit for F(z).

The experimental data15’16

for Y, +p T + anything and the
results of this calculetion are plotted in Fig. 6. For the backward
goind pions (z < 0) a reasonable fit to the data is obtained. The datsa
for z > 0 has also been plotted although the model described here cennot
be used to meke predictions in that region.

The function F(z) for the process Yv +p+ ﬂ+ + anything is

compared to the datals

in Fig. 7. Again, a good fit in the backward
direction is obtained. Note that for large z there is contamination from
elastic electron-proton scattering in the experimental data.-

Some quark-parton model considerations of the ratio c(ﬂ+)/0(n")
have been made by Dakin and Feldman.lT Experimentel determinations of
this ratio have been made for a number of W and Q2 values, but only in
the forward direction in the Yv - p c.m. system. That is, the experimen-
tal points lie in the region where this model cannot be used to make
accurate predictions. The experiments show the ratio increasing as Yv
becomes more virtual, and ranging between one and two. A calculation of
the ratio for z < O has yielded o(m )/o(m") = 1.3, with little variation
&s a function of QE.

There is another possibility which should be discussed here.
After the interaction with the virtual photon, the collection of partons

undergoes some final state interactions to produce physical hedrons.

During this final state interactlion, a parton which is isolated in rapidity
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0™ 4) o # 3;
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i 18<W<22 GeV
Q ® 3<Q°<.5 Gev*
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Fig. 6. The invariant function F(z) for 1nclu51ve electroproduction of
. The top curve for W = 2.2 GeV, Q% = .3 GeVZ, and the bottom
curve is for W = 2,2 GeV, Q =1.,5 GeV2 Both curves have g = 1,
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Fig. 7. The invariant function F(z% for inclusive electroproduction of
7 with W = 2,1 GeV, and Q% = 1.05 GeV2,



space might itself fragment into several hadrons. The nature of this
fragmentation has been studied by several au’t:l'lorsl8 for the case of

pertons which have been isolated by virtue of their large tyransverse
momenta. The spectrum of the resulting hedrons is independent of the
momentum of the parent parton. The probability of producing a given
hadron depends only on the fraction of the parton's momentum that it

carries. It has been speculatedle’lg

that the distribution of hadrons
resulting from the fragmentation of a parton has the same functional

form as the distribution of partons inside a hadron, namely (1 - X)n,
where ¥ is the hadron's momentum fraction. The effect of including the
possibility of parton fragmentation in the above model is to reduce the
cross section for z near -1, and to enhance it by about the same amount near
z = 0. In addition, because the parton can fragment into a variety of
hadrons other than pions, the over-all normalization of the cross section
would be less than that given above. As can be seen from Figs. 6 and 7,
any Scheme which predicts smaller cross sections than the ones calculated
here would not be compatible with the data.

It can be concluded that the z < 0 region at pregent experi=-
mental energies represents partons in an intermediate kinematic region
where "grabbing" a single additional parton is what they are most likely
to do. For z = O there will be multi-parton interactions, while at
higher energies the parton itself may show scaling behavior as it frag-
ments. If this is true, it will be interesting to observe relatively

fewer z < 0 pions produced in higher energy experiments,
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Thus, & querk-parton model has been used to calculate cross

sections for e + p * e + ﬁi + anything. The values of the parameters
that were used were taken from the work of Kuti and Weisskopf5 vhere
they were determined by fitting to the totally inclusive experiment

e + § +e + anything. No new parameters are needed for the extension

to the one particle inclusive reactions Yy + p ﬂi + anything, and this
caleculation of the longitudinal momentum spectrum of the pions has given

reasonable ggreement with the data in the kinematic region where agree-

ment was expected.
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APPENDTIX

Structure Function for Point Scattering

In this Appendix the cross section and the structure function
\)WQ(Q2 ,V) are calculated for the elastic scattering of an electron from
a point spin-1/2 particle of charge ea. The mass of the electron will be
teken to be small in comparison to other relevant energies, and so will

be neglected (me X 0), The calculation will be done in the rest frame of

the target particle.

k=(E,k) K=(E",K)
v =E-E’'= __qn;p
9={v,q)
0% =-(k-K)? =-¢®
p=(m,0) p=(Ep,P)

Fig. 8. Kinematics in the target rest frame (lab).

The cross seetion in the lab is

| J*K’ a’%’ W dy ., el
T T UmE S(.nr)’.zE’ @r2E, @mn)'s (p'rk’ ~p~k) a7

s T LK) veowlle) W) v ulp) |

SPINS
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It is straightforward to show that

S | f* = o mEE [meeA8) v v s ()] -

SPIvS

Rewriting the integral in terms of the energy E' and doing the d3p' in-

tegral, the differential cross section is,

dO’ = q““E"' ) m ’ ’ 12
dade’ @ = E §(Ey +E"-m-E)[cos*(@) 7 sm2(g)]-

The energy S~function can be rewritten as follows:

S(ES+E=m-€) = §(EL-m=»)

.ZEP’ 5( EP”' -(m+ u)")

= 2k s(p*-(p+q))

2E §(-a2p-g - 9*)

tH

(s /) §( 2 - £:%=)

where Q2 = —q2. Thus ,

,1[ J.E/Z. 2 )
d_nd:E' ) ;"‘ S ‘S(:LQM ) F:na') Eosz(?:) o Siha('ﬁ%)}

Comparing this with the cross seection, Eq. (2), for scattering from an
extended particle, we find that the structure functions for the elastic

scattering of an electron from a point particle are



Wo( Q2 v) = e S - %2

and

W, (Q% vy = e zm §(& —%2) -



PART THWO

PION~DEUTERON ELASTIC SCATTERING AND THE PION-PION SCATTERING LENGTHS



I, INTRODUCTION

In this research a calculation of the T-7 scattering term of
the multi-scattering series for pion-deuteron elastie scattering has been
made. This term is interesting for two distinect and complementary rea-
sons. First, since present calculations, which include single and double
scattering contributions, do not fit the data at intermediate pion
energies (150-300 MeV) for backward scattering of the pion, a calculation
of the T-T term would help to bring the theory into closer agreement with
the data. 8econd, gaining an understanding of the interactions of the
hadrons is of fundamental interest in physics. Since the w-m term de-
pends directly on the 7-m scattering lengths, it would be useful if this
calculation could be used to extract w-T scattering lengths from experi-
mental pion-deuteron elastic scattering data.

Attempts to explain pion-deuteron elastic scattering in the
backward direction for incident pion energies up to 300 MeV have met with
a degree of success only in this deca.de.l This success is a result of
using improved deuteron wave functions to calculate the single and double
scattering contributions (Figs. la and 1b). However, there is still a
discrepancy between the theory and the experimental data. We have ex-
amined the contribution of the T-T term (Fig. lc) in an attempt to close
this gap. Our motivation for doing this was a caleculation by Vickson2
in which he had estimated that the 7-T term for zero-energy forward

scattering and on-shell pions is about the same size as the single

39



Fig. 1. The a) single scattering, b) double scattering, and c¢) -7
scattering terms of the multi-scattering series for pion~

deuteron elastic scattering.

!
~ ’m -
TSN J o
~ e
\\ ’/ .
~. !,
]
]
1
[}
|
N N

Fig. 2. Diagram for the Chew-Low reacticn m + N + 27 + N,
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scattering term. Unfortunately this was a gross overestimate of the w-T
term, mainly because of Vickson's poor choice of a deuteron wave function.3
In this work we found that the w-T term does not contribute significantly
to forward scattering, but that it does contribute to backward scattering.
For the larger incident pion energies and backward scattering, the single
scattering term is quite small because it depends on the deuteron overlap
integral (break-up function) which falls off rapidly with increasing
momentum transfer. Qualitatively, we can view the gitugtion as fellows:
in single scattering some additional momentum is imparted to only one of
the nucleons, and the greater the momentum difference between the nucleons,
the less likely they are to remain bound together as a deuteron. The
momentum transfered to the nucleon increases with increesing ineident
pion energy, and with larger scattering angles, suppressing the single
scattering.

In double scattering, the momentum transfer is shared between
the two nucleons, so the bresk-up function does not fall so rapidly with
increasing pion energy. However, the interaction is mostly p-wave, so
that the double scattering amplitude is largest for scattering angles
near 90°, This means that the single and double scattering are both
suppressed in the backward direction for larger incident pion energies,
and that the m-m term will be most likely to give an appreciable contri-
bution in this region. Indeed, we have found that the 7-1 term gives the
greatest contribution for the backward scattering of pions with incident

energies > 200 MeV.
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There are no direct means of measuring the m-m scattering
lengths, because there are no pion targets or existing pion colliding
beams, Therefore, it is necessary to rely on indirect experiments to
measure the - scattering lengths. Chew and ]'..owl‘l proposed that the m-T
seattering lengths could be determined from w + N + 27T + N cross sections
(Fig. 2) suitably extrapolated from the physical region to the T ex-
change pole (t = mﬁ). There are problems with such an extrapolation
because it is not clear to what extent other exchange mechanisms (besides
the T exchange) contribute to the scattering. At present numerous

5

authors” have attempted this extrapolation, and have determined values
for w-T phase shifts and scattering lengths.

The m-T scettering lengths have also been extracted from an
analysis of the decay K- r 1+ 1 + e +v (Keh)'é The decay amplitude
is expanded in terms of the TW-T phase shifts, the phase shift difference
GS - 6p appearing in the s-wave, p-wave interference terms. In a reglon
where Gp can be neglected, the scattering length a. has also been de-~

0
termined.

In this work we have explored the possibility of using pion-
deuteron elastic scattering data to obtain a value of the 7-7 scattering
length 8y To do this it was necessary to have a form for the m-7 in-

(f

teraction. Following Weinberg' the amplitude was expanded to second

order in the momenta. This resulted in three expansion coefficients
vhich haed to be determined. Weinberg used current algebra arguments to
impose three conditions on the w-m amplitude, thus determining both a

0

and a2.
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Ideally, the most general form of the amplitude should have
been used in the calculation of pion-deuteron elastic scattering. But
this would have required a three parameter fit to the data to obtain
values for a5 and a,, an impracticality for us because of the disparity
between the theory end the data. Therefore, two of Weinberg's conditions
were imposed on the 7-7 amplitude, allowing a one parameter fit to the
data to be made. In this manner & value of the scattering length e, is

0
tentatively extracted from the dats,

In Sec. II an outline of the calculation of the w-m scattering
te'm is presented. The result of this calculation is compared to the data
in Sec. III, and our value of a5 is compared with Weinberg's result, and

with the values found from the other experiments. OSome estimates of

other processes which might contribute to pion-deuteron scattering are

also given.



II, CALCULATION OF THE m-7 SCATTERING TERM

In this section a detailed calculation of the T-T current term
for pion-deuteron elastic scattering will be given, Figure 3 is a dia-
gram of the -7 term showing the kinematics in the initiael deuteron rest

frame, which we will call the lab frame,

\\ /7
(qu) \\ f, (vqul)
\‘ ”
-
k., K ‘. s
(Ejypy) vy \ (Eq,py)
4 “
(M4,0) \\ (Eg,Py)
(E2)p2) S (Eé,Pé)
9,

Fig. 3. Kinematics for :the m-m term in the lab.

In order to evaluate -this diagram we must be able to write expressions

for the "bubbles" in Fig, 3, Before doing that, we meke several pre-
liminary observations. First, note that we do not consider the greph in
which both virtual pion legs couple to the same nucleon, That graph is
already included in the single scattering term via measured 7-N phase
shifts. Also, to facilitate the calculation, we will be using a form of
the impulse approximation., The nucleons will be treated as free particles

during the scattering, end the amplitude will be written in the limit of

Ly
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non-relativistic nucleons. These approximations are in keeping with the
approximations made by Carlson1 in celculating the single and double
scattering amplitudes. The "bubbles" will be discussed in the following
order. First, we will introduce a form for the pion-nucleon coupling.
This coupling did not appear in the calculation of the single and double
scattering because it was possible to use measured m-N phase shifts
there. That cennot be done here because no two of the four pion legs
couples to the same nucleon, Next, the m-m scattering "bubble" is dis
cussed, and it is shown that the internal pion legs must be treated as
off-shell. Finally, we indicate the form of the deuteron wave function.
A pseudoscalar coupling will be used for the TNN interaction,

given by the following Hamiltonian density,

HTI‘NN - iﬂo r"—'(rw ¥ ¥-¥ Yu
where \UN is the nucleon field, and ¥ 1is the field of the pion. It
should be noted that a pseudovector coupling could also pave been used
here, because in the non-relativistic limit the pseudovector coupling
gives the same result as the pseudoscalar coupling. Of course, the
actual m-N interaction is not described by such an ideal point coupling,
and the Hamiltonien density HﬂNN should be multiplied by some form fac-
tor. In analogy to electromagnetism, the form factor will be taken to

)-2

“be (1 - k2/M§ where k° is the four-momentum squared of the pion, and

Mf is the form factor mass. The pion-nucleon interaction is not mediated
by the exchange of a single intermediate particle, but rather, there are

numerous particles which can contribute to the form factor. Howe#er,
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these exchanges can be represented by the exchange of a single phenomeno-
logical particle, as in Fig. 4. The form factor mass has been estimated

to be about five pion masses.

N N

Fig. 4, The pion-nucleon form factor represented by the exchange of a
single phenomenological particle.

This caleulation is not sensitive to the exact value of M

£ as long as

it is on the order of GeV or so.
Next, a choice must be made for the T-T scattering amplitude,
It is instructive to first estimate how far the two virtual pion legs

are off shell, From Fig, 3 it is seen that

q'~q = k- k

For backward scattering and 300 MeV incident pions a rough estimate gives
k' -k = h00 MeV, If this is divided between the two pion legs, the
virtual pions are a few pion masses off-shell., Thus, it is unrealistic
to make any on-shell approximetions for the virtual pions. Instead,
Weinberg's form of the off-shell 7-7 scattering amplitude will be used
to describe the scattering of real and virtual pions.

Invoking crossing symmetry, isospin conservation, and Bose
gtatistics, X‘Ieinbe:lz;-g8 found that the expansion for the m-T scattering

amplitude to second order in the momenta is
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Mlrwowr) = Sy Su LA~ Bls+uw) «Ct ¢ ]

* §aa. Scb[ A+ Bls+t) + Cu o] o

+£O.r.. gbd_[.A“' Bluwst) + C s+ ]

where s, t, u are Mandelstan variesbles for w-T scattering, and A, B, C

are some constant coefficients which are related to the scattering

lengths as follows;

-~ z
a,= 327 {5A+%m;8f|2m“('.]

|

G, =7 32T m, ["ZA"'%"‘;B]-

-3

The subseripts a, b, ¢, d are the pion isospin indices indicated in Fig. 5.

A ’

ch /d

\\ ,I
(4

az Wb
/ \\ .
t | d\-' ‘\ ! !

\
\
\
v

h_ t ’
hod 2

Fig, 5. Isospin indices for the m-7 term.

Weinberg now imposes several conditions on the matrix element.

First, he is able to calculate the matrix element using PCAC and current
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elgebra techniques in the limit of vanishing pion momenta. By comparing
the matrix element thus calculated with Eq. (1), Weinberg cbtains the

condition on the expansion coeffieients,
A a
B-C (9") (2)
-— E=3 v 2
Fr

where f,n9 is the pion decay constant., Then Weinberg imposes the Adler
self-consistency argument")which shows that the matrix element vanishes
when any one of the four pion momenta vanish and the other three are on
the mass shell. That is, M vanishes when s = t =u = mﬁ. This yields

the relation,
A=-wm2(2B+C) - (3)

A final relation esmong the coefficients is obtained using the fact that
commutators of pion fields with Bu AM are isoscaler. This result is
true for both the U-model and the free-guark model, and implies that the
matrix element is proportionel to a certain §-function. From this the

final relation is derived,

N

A= -m2{(B+C)- (4)

Thus, Weinberg has three relations for the three expansion coefficients

A, B, and C, and he obtains the values for the scettering lengths:

a,= 0.20 m.'

0.~ 0,06 My
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It would be best if A, B, and C could be individually fit to
the experimentel data, but this is probably asking too much for a first
try. Instead we shall try to keep two of Weinberg's relations, and then
write the 7-T scattering as a function of one remeining parameter which
we take to be 8g Arguing that the first of the assumptions, Eq. (2),
is the least reliable because of the mass extrapolation, we do not in-

clude it in our derivation of the matrix element. Imposing the two con-

ditions, Egs. (3) and (%), the low energy m-7 matrix is

Mimorn) « (BT aowi ) (n2-t) by Sl e (5)

+(m2-8) 8. Sbgl-}

Note that &g itself has units m;l so that M is dimensionless. This dif-

fers from Weinberg's result by the replacement
-
3aw =1 v
(? a,mv) —> (-J—)
T

Finally, a choice must be made for the deuteron wave function.

In coordinate space the deuteron wave function is
u( o wM=n
) =NEE )y M L) 2] (e

vhere xm is & combination of Pauli spinors with total spin 1 and pro-

Jection m, and Cm n is the C-G coefficient

C 2 <3.JM'H>,,H, 2‘,‘) l}"ﬂ)

W\-v\l "
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The normelizetion constant N is unity provided

f:[u"’(r) W) [ dr =,

o

In this paper Moravcsik'sll best approximation to the Gertenhause wave
funetion will be used for u(r) and w(r). The momentum space wave func-

tion is the Fourier transform of Eq. (6),
$.(B)=@m = [dx BW) etF¥

Now, the M-matrix for the 7-T current term of pion-deuteron

elastic scattering is

Mirdswd)=-fa% dp B 03-F +1(z-3)] 8.(p)

(1)
JIM4 Ey |
"GP JeE E.E, 7 M(xNN - erN) ,

where the various momenta are defined asbove gnd in Fig. 3. It is
straightforward to write M(mNN - 7NN) from Hom and obtain
F(K?)
- X - 2 e *
(8)
FOD T .
R T A
2, _ 2,212 .

where f(k°) = (1 - k°/ f) is the form factor discussed earlier, 85 and

ti are nucleon spin and isospin indices regpectively, and the 7-T matrix
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element M(mm + 7w) is given by Eq. (5). For ease in writing the fol-

lowing, the isospin parts of the matrix element are combined as follows:

I,o= w7, w212 u, 7o, Sa e (9)

Iu and IS are similarly defined, For the case of 7 ~deuteron scattering

these factors are It = 3, Iu =2, and I_ = 2.

The approximation of non-relativistic nucleons requires that

substitutions of the following type be made:
E, = M
’1-15.(3')3’5 us('p’) o ’ll:, 3‘-(3"3) U, wheve u.,:(é),eh(. )
10
ktem? ® ~K* amd = - wk)

mit @ mEeBd R 2R

Combining Egs. (7) through (10), the following T-T contribution to the

pion-deuteron metrix element is obtained,

2 JHMa Eq 3am

= ~(&-k’ ) (a-k)-
Td= 1T = a, MII' 3 F , 53 % 5’3,
M( d d) 3o (am)® 4M* ? ) 5 &k e ! w(k) (k)

i(,“: ,'L?- .,L'-x_l-lz._-ﬁf) Ié +(“.2 q"ﬁf +'Qu.) Iu_*'(.z ;{']; - En)Is}

# ->
wherel? Fm,m(K) =f d3p ¢m,(§ + E)-¢m(p) is the overlap between initial

+
end final deuterons, and E z % + 1/2(3' - q). The d3k integration is

most readily done by first making the change to the varieble
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48 where = #(37-7)

—'
K

-+ >
and then quantizing the spin along the direction of Q. Then (U-k)s, 5
22
-5
(G-K)S, s is written as a function of k, Q, and 6 where 0 is the angle
171
S
between Kk and Zi The angular K integration is then performed using

standard techniques, the only non-zero contributions being:

+1 Kagl _QR.
= ) = - S
ﬂ"("'b) —O‘*"’gk v - af Jk2Q*E -(K*+Q* +mi )™
and
. " ak*g* - (k*+Q%)
-rlDO(K) = 20 [’ dg ‘fK:'Qa' Ea_ _(K;*Qz,’.m;):.

where § = cos 6, This yields

Mird> rd)= g 7ot (2 o) (Tde b0 0o

o (ar)? YM* s
(11)

.{(2 16 + k* « Q> )(I;Iu)a- ("“:*'HQZ)Ie} )

This 7-7 contribution is added to the single and double scattering terms

to give the total pion;deuteror;_ mebtrix element,

MMJM= MC::,'::LEJ . M(io,:‘al.ej N M(,w-w)

it
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In terms of the M-matrix, the differential cross section for

plon-deuteron elastic scattering is

do

d.ﬂ.a R' -5- Z ]Mm‘ml.‘b

mim

where the kinematic factors have been lumped into R.

! ¢ y
R=trmmy o LweM)- 22 cos 0]




ITI., RESULTS AND COMMENTS

The T-T current contribution to the differential cross section
for the resction T o4 d 7t + d has been calculated. For incident pion

(mm) is small compared to the single scat-

energies up to about 150 MeV, M
tering term. Therefore, cross sections for these energies are not dis-
played here because they are unchanged from ones given earlier.

For pion-deuteron scattering at 256 MeV, the theoretical cross
section, including only the single and double scattering terms, is about

13

twice as large as the experimental ™ cross section in the forward direc-

tion, as can be seen in Fig, 6. As mentioned in the introduction, the

(mm) cannot improve the theory in the forward direction,

inclusion of M
so that the discrepancy there between theory and experiment is due to
the inability to calculate the single and double scattering.

What sbout the backward direction where the T-T term can con-
tribute? The theoretical single plus double scattering cross section is
about eight times larger than the experiment. It is unrealistic to sup-
pose that the addition of the m-T term could significantly improve the
situation, We will simply try to minimize the backward cross section by
adjusting the parameter 8y It was found that for the best value of the
= 0,15 m;l

scattering length, a , the inclusion of the 7-T term decreases

0

the cross section by only about 30%. In Fig. 6 the cross section for

two values of 8y is compared with the deta. The solid line includes oﬁly

54
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Fig. 6. ‘rr+-deuteron elastic cross section for 256 MeV incident pions.
The solid line includes only the single and double scattering,
while the dashed line includes the 7T term with a value of
ag = 0.15 mﬁl, and the dotted line includes the w-T term with

a value of a, = 0.6 m;Tl..,



56

the single and double scattering, while the dashed line includes the

T-T term with a value of aj = 0.15 mgl, and the dotted line includes

the w-7 term with a value of 8y = 0.6 m;l. Realizing the restrictions

on our value of 85> it can be compared the the value6 8y = 0.17 £
0.13 m;l from the Keh decay and the va.lue5 ay = 0.67 from the 7-N scat-
tering experiment.

There may also be some question of whether contributions from
an N* might be lerger than the contribution of the T-T current term. The

*
presence of an N would alter the deuteron wave function,l

AY; B P A PO S St O

where |tpD*|2 is perhaps as much as 1.5% of the total. This would alter
the deuteron overlap function, but for low momentum transfers (< 1 fm-l)
the change would not be significant. To get some idea of how small the
change is, consider the effect of including the ordinary D-state in the
overlap function. Using Moravscik's wave functions, the overlap for
S-state along and S—~ plus D-states together are plotted vs. mcomentum
transfer in Fig. 7. Adding the D-state does not change the overlap func-
tion by much, and adding the D*-state would change it even less. Such a
small change would only slightly alter the single scattering amplitude,
the term most sensitive to the value of the overlap function. And in

any case the T-T current term could still be added to the modified (in-

#
cluding the N ) single scattering term, lowering the backward cross

section by about the same amount.



Fig, 7.
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The overlap F (k) as a function of the momentum trensfer
for i) Moravesik S-state wave function only (solid line),
ii) Moravesik S plus D-state wave function (dashed line),

end iii) Ernst and Flugge S-state wave function (dash-dot
line).

o7
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For comparison, the overlap function using the gaussian wave
funetion of Ernst and Fluggel5 is also plotted in Fig. 7. From this it
is obvious that the greatest improvement in the calculation of single
scattering is due to using improved dueteron wave functions, not including
factors like the N*.

Contributions of other terms must be examined, The next low-

est mass particle asllowed is the p, as in Fig, 8.

\ ’
\ ”
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¢ \
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\
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Fig. 8. m-p current term of pion-deuteron elastic scattering,

For an incident pion kinetic energy of 256 MeV, the maximum value of Q

is 370 MeV. Also,at this energy the major contribution to the integral
in Eq. (11) occurs at k = 3 fm~L = 580 MeV, Then the ratio of the T-p

term to the W~ term is approximately

M ke ) (ke wd)
MET " Ga v m) (kom0

It is entirely within reason to neglect the T-p current term.
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