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ABSTRACT

A wide range of laboratory and naturally occuring plasmas
are frequently attributed a fluid description and,as such, demonstrate
turbulent flows. We will investigate a variety of forms which may be
taken by the correlation functions of these turbulent flows. The
most commonly discussed isotropic symmetry is not generally aniso-
tropic. This dissertation will develop an axisymmetric description
from which the magnetic helicity may be extracted together with its
spectrum. This description will be compared to the form taken by
axisymmetric, helical Navier Stokes turbulence which will also be
derived here. The microscales for this geometry will be tabulated
and for completeness, the von Karman-Howarth equations will be
derived.
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THE STRUCTURE OF AXISYMMETRIC TURBULENCE



I. INTRODUCTION

This dissertation is concerned with the turbulent flow of a
large class of fluids. We will concentrate primarily on magnetohydro-
dynamic fluids although Navier-Stokes fluids will occasionally be
discussed in contrast with the MHD results. Flows which display a
fundamental axisymmetry in their statistical description will be our
primary concern although isotropic systems will be reviewed and one
result independent of rotational symmetry will be given which allows
for the measurement of the magnetic helicity. It will be argued in
Chapter I that the axisymmetric description is more appropriate to
a wide variety of plasma systems than is the more familiar and simpler
isotropic description.

Also in Chapter I it will be argued that turbulence represents
a random outcome of the flow. For this reason, some basic results of
random function theory will be discussed in Chapter II. From these
basic ideas, a reasonable definition for the ensemble average will
be given on which to base arguments of continuity and differentiability
and the Schwartz inequality will be used to restrict the correlation
functions.

In Chapter III, we will look at the correlation functions which
describe the ensemble average of the mean value of the product of two
fields at two different points in space and time. We will concentrate

on systems which demonstrate axisymmetry in this correlation and will



construct the most general form for such a correlation. This form will
be examined as one passes to the limit of the more familiar isotropiec
symmetry. By comparing this real space description with the similarly
constructed Fourier space description, we will arrive at an exact
method for measuring the turbulent magnetic helicity. The von Karman-
Howarth equations for this system will be derived and a minimum scalar
representation will be given. The slab limit which has been employed
in solar wind discussions and the two-dimensional limit which is rele-
vant to discussions of many confinement devices will also be discussed.
First, a general introduction to magnetohydrodynamics is in order.

One effort at a statistical treatment of the bulk motion of
a highly collisional collection of particles is to construct a fluid
theory. A fluid theory, by definition and construction, assumes that
volume elements of many particles may be formed and that these volumes
maintain a degree of integrity and persist through time. Such a theory
cannot deal with structure that is not large compared to the inter-
particle spacing and it cannot deal with time scales which are not
large compared with the collision times. It is expected that such a
description, while representing a great simplification of the particle
description, should still contain a great deal of structure and should
still be applicable to a wide variety of phenomena.

The magnetohydrodynamic approximation is one such fluid

theory.l“5

It is constructed to be a fluid theory describing the
large scale motion of a highly collisional collection of charged

particles. The MHD equations for an incompressible fluid are
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where v is the fluid velocity, B is the magnetic field, p the mass
density, P the pressure, g the current density, ¢ the conductivity,
c the speed of light in vacuum, Y the kinematic viscosity, and
)‘f”i_a_ z ) the magnetic diffusivity.

These equations are non-linear and this fact presents the

principal difficulty in their solution. Let us first consider the case

where the magnetic field is everywhere zero for all time. This yields

the Navier-Stokes equation6—9
2 o1 2
——-—aty+yv!—.——pVP+VVz. (2)

The last term in the above equation, the dissipative term, acts to damp
away perturbations in the flow. It has its greatest influence on the
small structure of the flow, but also effects large scale features of
laminar flow by imposing no-slip boundary conditions. It is, quite
generally, a term which acts to eliminate the smallest features of the
flow and leaves behind the large scale features which are more easily

discussed.



The term v-vV in the convective derivative acts to create
the small scale structure and increase the complexity of the flow.
This makes for an interesting opposition and the degree of complexity

which the flow may attain is determined by the relative importance of

these two terms.lo—lh In order to estimate this, we can define VO to

be a "typical" velocity of the flow and L, a "typical length over

0

which the veloecity varies. We can then define a Reynold's number, R,

by:
VUV vV L
~ -~ 0
Re S~ (3)
Yy v

This number can be inserted into the Navier-Stokes equation by scaling

the equation using V., L. and the characteristic time scale, LO/VO, to

0°> -0
give

_ggzv + X"V'Y' = _zl'_ V'P' + %V'EX' . ()_,_)

We have used the definitions:

L
X=VO‘Y:', }E:LO}'E', t =V_Ot' ’
0
'z 2 and Rz V_.L
A dx' o7ofy °

It is apparent from the definition of the Reynold's number,
Eq. (3), and the manner in which it appears in the Navier-Stokes equation,
Eq. (4), that as the Reynold's number becomes larger, the convective term
grows in importance, adding complexity to the flow. Experimental and
theoretical studies indicate that a filuid system becomes turbulent when

15-20 Several standard

the Reynold's number reaches 600 to a few thousand.
texts exist on the subject of fluid turbulence and a comparison of

laminar and turbulent flow is in order.



Consider the properties that characterize laminar, or stable,
fluid flow. For given initial conditions the fluid velocity at any one
point and time may be predicted with reasonable certainty. If a pertur-
bation is introduced, its effect is minimal and the fluid responds to
damp the disturbance until it disappears leaving the fluid once again
in the same relatively quiescent state. This implies that the fluid
properties at point x. and time t

1 1

erties at point %, and t2 for all separations in space and time. In

addition, since the flow is quiescent, the principal mechanism for

are well correlated with the prop-

diffusion of fluid inhomogeneities is molecular diffusion.
Turbulent flow is strikingly different. D. J. Trittonzl
defines turbulence as "a state of continuous instability."” This allows
the fluid flow to display unpredictable, chaotic behavior. The fluid
properties at any one point cannot be predicted to any degree of
accuracy, but vary randomly over a wide range. If a perturbation is
introduced, it quickly loses its single identity by interacting with
the flow, further distorting the flow so as not to allow it to return
to its initial state. For this reason, correlation lengths in a turbu-
lent flow are finite and typically less than the dimensions of the flow.22
In addition, the variation in the flow acts to enhance diffusion, allowing
mixing to occur on a time scale which is orders of magnitude faster than
molecular diffusion.23
Turbulent fluid flow is normally considered to be dissipative.

Non-dissipative flow is sometimes discussed in an effort to simplify

discussions of the non-linear terms, but it is seldom treated as a



physically realizable state. This means that the flow must constantly
be forced so that energy may be supplied to the system. There are sev-
eral ways to accomplish this. One is by the coupling of the turbulent
fluctuations to the mean flow.zl+ A second is by externally supplied
random fluctuations. This second source exists in many forms. We

must assume that our ability to construct a flow is limited. The
tolerance of the machining of walls, operation of driving mechanisms

and our ability to isolate the system must be limited and all of these
limitations will act to perturb the fluid. If such a random disturbance
remains small, it may be appropriate to ignore it all together. But,

if it gains energy and begins to interact with other disturbances, the
system will enter into "a state of continuous instability." Systems
with these characteristics require a statistical treatment so that some
degree of reproducibility'may be established. This reproducibility is
established theoretically by taking an ensemble average over a collection
of similarly prepared flows. In practice, such a collection may be
prohibitively expensive or technologically impossible and so time
averages, spatial averages and wave-number averages are typically sube
stituted based on assumptions of statistical near-stationarity, near-
homogeneity, etc, This averaging process removes the intractable
details of the flow and concentrates on the larger scale statistical
properties of the random fluctuations which are to some degree controllable.
The branch of mathematics which deals with such chaotic, irreproducible

25

vector and scalar fields is known as random function theory™~ and some

results are presented in Chapter II of this dissertation.



To this point, we have limited our discussions to neutral
fluid flows. Using the MHD equations to include the magnetic field
addé a great deal of complexity. To begin with, there are now two
Reynold's numbers, the second being the magnetic Reynold's number,
RM’ defined to be VOLO/A . The importance of this quantity may be
seen by comparing the convective term in Eq. (1b) to the dissipative

term in the same equation
ve(v ® B)

Ry = ——-——-)\VEE ~ Volo/a - (5)
This shows than in analogy with the velocity field, large values of the
magnetic Reynold's number should indicate a non-negligible contribution
from the convective term which adds complexity and small scale structure
to the magnetic field. Unlike Navier-~Stokes flow where some simple
flows have been examined to find the value of the Reynold's number for
which turbulence sets in, it is not clear at what values of the magnetic
and mechanical Reynold's numbers MHD turbulence will develop or what
role the different Reynold's numbers wiil play in predicting the onset
of MHD turbulence. We will postulate here that due to the similarity
between the Navier~Stokes and MHD,equations, the Reynold's numbers for
transition to turbulence should be comparable.

All of this would be academic if no systems existed which
seemed good candidates for turbulent MHD flow. In fact, many systems
exist which are regularly described by the MHD approximation and which
have been seen to display turbulent flows. We can use the Reynold's

_numbers of these systems as a first indication of what values of the



Reynold's numbers lead to turbulent flow. To do this, a brief desc-
ription of these systems would seem to be in order. Therefore, the
following describes some of the most widely studied plasmas such as
the solar wind, and such laboratory plasma confinement devices as
pinches and tokamaks.

The solar wind is composed of solar matter which is expelled
from our sun. The ion component is 96% B and 4% He' " by number den-
sity and the solar wind is charge neutral with an average density of
6 protons/cm3 in the ecliptic plane at the Earth's orbit. At this

7

radius, there is a mean flow speed of 4 x 10'ecm/sec which is radially

directed and which forms a hSo angle with the mean magnetic field

of 5x 10"5 Gauss. The radial streaming velocity is naturally a
function of distance from the sun. At larger distances where the
expansion velocity is less, there is less stretching of the mean
magnetic field. This causes the mean magnetic field to take on an
azimuthal direction further from the sun. Little is known of the
solar wind outside the ecliptic plane, Within this plane, the typical

>

proton temperature is 10 %k with the electron temperature running a

factor of two higher. This implies an ion sound speed of

1/2 B

0

Vi7e )

h.h x 106cm/sec. Since the streaming velocity is an order of magnitude

[g-K(Te + Tp)/mp] =5x 106cm/sec and an Alfven speed of
larger than both the ion sound speed and the Alfven speed, sound waves
and Alfven waves are convected away from the sun regardless of the
propagation direction in the rest frame of the fluid. Due to this

high streaming velocity, shocks are not uncommon and bow shocks surround



the planets. ©Shocks are an effective source of turbulence. A second
region where stirring may occur is the surface of the sun where the
solar wind is initially expelled. This is not a well probed region,
but observations of the sun suggest that it is highly turbulent and
that it has regions of large shear in the magnetic field. One example
of a high magnetic shear region is the collection of boundaries which
are not confined to any single region of the sun, but cover the surface.
It is thought that at some depth below the surface, the magnetic field
returns to a more homogeneous form. This would seem to imply that most
of the escaping material penetrates the surface at these regions of
high magnetic flux density and large shear,to be returned to a homo-
geneous density as the mean magnetic field does likewise. A third
source of turbulent mixing would be the sector boundaries. The solar
wind may be divided azimuthally into four sectors of alternating
direction of the mean magnetic field.26 This implies the existence
of a current sheet at the boundary. Such a structure is a strong
source of turbulent flow, Sources aside, turbulent magnetic field
fluctuations have been observed in the solar Wind.27’28
The early z~pinch devices were linear systems with electrodes
at either end. A current is passed through the plasma from one electrode
to another causing the plasma column to collapse radially through the
interaction of the current elements with the self consistent magnetic
field.29 Ohmic heating heats the plasma, but a rapid increase in the

current produces rapid collapse of the column and the resulting shocks

act to further heat the center of the column. Aside from its instability,
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the principal difficulty with this as a fusion device is the inability
of the end electrodes to survive thermonuclear temperatures. This
prompted the construction of toroidal devices which eliminated the need
for magnetic mirrors to achieve confinement. The current is then driven
by a segmented liner which induces a current to flow in the plasma.

Axial magnetic fields can be introduced by constructing
solenoidal windings which carry azimuthal currents. This is the theta-
pinch. Early theta-pinches were more effective in separating the plasma
from the walls of the containment vessel. This led to the diffuse
pinch where the axial magnetic field is comparable in magnitude to the
e imuthal field. Zeta is a toroidal machine of this design.

Zeta was also observed to be extremely turbulent. The Zeta
references given in Table I indicate that the turbulence within the
Zeta machine could be reasonably well described by the axisymmetric
description to be put forth in this dissertation. Although the analysis
was not in the manner that might be characterized as standard within
turbulence literature, involving frequency decomposition, it still
indicates that the isotropic description is entirely inadequate. In
addition, it was quite definitely observed to be turbulent and provides
a reference point for the Reynold's number arguments given earlier.

The tokamak is a toroidal confinement device initially described
by Artsimovich in the USSR. There are many excellent review articles
which discuss the operation of the various tokamaks, since the tokamak
represents the most extensively investigated fusion confinement device.
The parameters of the various machines vary considerably, but the general

30,31

design is common to all. A strong toroidal (long way around the
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torus) magnetic field is provided by external poloidal (short way around)
windings and this is the main source of confinement. A smaller poloidal
field is provided by driving a toroidal current in the plasma. This
current is produced by allowing the plasma to be the passive element of
a large transformer through which a capacitor bank is discharged, making
this a pulsed device. The principal means of heating the plasma is
ohmic resistance which may be supplemented by microwave or neutral injec-
tion. This system is of particular interest to this dissertation due to
the large current which is forcéd to flow along the magnetic field lines.
This current is a source of magnetic helicity and as such, is discussed
in Appendix IV. Tokamaks, like all confinement devices, are inherently
inhomogeneous devices, but we may hope that average values of density,
temperature, etc, might be appropriate in the description of global
properties and the properties of regions far from the walls.

Tokamak turbulence has been discussed in the context of the
Macrotor tokamak. Again, the analysis is not standard for a turbulence
discussion but it indicates a nearly axisymmetric description. 1In
addition, it provides a second reference point for the Reynold's number
arguments.

In an attempt to suggest that turbulent flow should be wide-
spread throughout many MHD flows and a variety of confinement devices,
we have calculated the Reynold's numbers for a variety of systems and
compare them to the well-documented turbulent flows of the solar wind,
Macrotor tokamek and Culham Zeta pinch. There are three distinct
characteristic velocities that may be used in constructing these numbers.

In analogy with Poiseuille flow, we may choose a streaming fluid velocity.
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For a toroidal device such as a tokamak, this may be a toroidal velocity

or a poloidal rotation of the plasma column. Fluid velocity is due to

the mean motion of the ions. Motion of the electrons relative to the

ions constitutes current which induces a magnetic field which defines a

self-consistent Alfven speed. This is also a velocity which might be

used to generate the Reynold's numbers.

m
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To accomplish this, a few quantities must be defined. Let
4.8 x 10710 esu,

plasma current,

temperature of the electrons in units of eV.,

temperature of the ions in units of evV.,

Coulomb logarithm,

9.1 x 10"28 grams,

1.7 x 10"'2,4 grams,

mean electron density,

mean proton number of the ions,

16

1.4 x 107°° ergs/°k,

streaming velocity or toroidal velocity,
rotation velocity,

self-consistent Alfven speed,

(3.5 x 10“)Te3/2

A ZN ’
3/2

electron-ion collision time in sec. =

6
(3.0 x 10 )Ti

ion-ion collision time in sec. =

3 9
V2! Az N
2
3 - . Ne
electrical conductivity = 7 e’
e
c2
magnetic diffusivity = I

a
e
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ionsq2 3k7}(11’600)
[Vrms "= m i
b
z [vio2 3 /3
V= rms i’?

and Pm = magnetic Prandtl number = VY/) .

Notice that as the temperature of the plasma increases, keeping all other
parameters the same, the viscosity increases and the diffusivity decreases.
This means that the magnetic Prandtl number increases with temperature
suggesting that as confinement machines are pushed into the fusion regime,
the ratio of the turbulent energy of the magnetic field to the turbulent

energy of the velocity field should increase.
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As can be seen from Table I, the magnetic Reynold's number
as calculated for Macrotor is typical if not small when compared to the
magnetic Reynold's numbers of the other systems with the exception of
the LT-3 tokamak, the FM-1 spherator and Terp. The magnetic Reynold's
number for Zeta is exceptionally small when compared to the rest; and
yet, it displays & highly-turbulent flow. The exception to this is
again the Terp theta-pinch-like device. This would seem to imply that
most of the systems tabulated should display turbulent flow, suggesting
that the phenomenon is not uncommon.

As a last example in an effort to justify an investigation of
turbulent MHD floﬁ, the parameters forthe first D-T tokamak test reactor,

INTOR, have been suggested. This study suggests a minor radius of

6 MA, toroidal magnetic field of
4y 3

cm -, mean temperature

a = 1.3 meters, plasma current of I

1.3 x 10°

Bt = 55 KG, mean number density of n

of 10 keV and an energy confinement time of 1.3 seconds. These para-

V,a
meters imply a magnetic Reynold's number of v%r-= 2.8 x 109 and a
V,a
mechanical Reynold's number of —ir‘= 3.0 x 10_3. As was said earlier,

it is not clear what role the different Reynold's numbers will play in
predicting the onset of turbulence. But, comparison of this magnetic
Reynold's number with the value given for the Macrotor tokamak, a known
turbulent device of similar design, leads one to suspect that a fusion
device such as INTOR would have to display a turbulent magnetic field.
A turbulent magnetic field would be expected to stir the velocity field,
although the small mechanical Reynold's number would lead to rapid

dissipation of these fluctuations. The implications of this stirring
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followed by rapid dissipation are not entirely clear. It is doubtful
that this could contribute significantly to the thermal energy of the
fluid,

At this point, it would appear that turbulent MHD flow is a
phenomena of widespread interest and applicability. We would like to
discuss the axisymmetric turbulent description. To do this, it will
be necessary to build on a few ideas basic to random function theory.

These points will now be discussed.



II. RANDOM FUNCTION THEORY AND ISOTROPIC SYMMETRY

A. Tmplications of Random Function Theory

Probability theory as it is first introduced to students is
based upon the outcome of a collection of observations of a random
variable. As a typical example of a discrete variable, consider the
roll of a die. The outcome of a single roll is considered to be a
completely random event which results in an unpredictable element of the
set of possible outcomes. Since the roll is in fact a causal process,
the assﬁmption of randomness represents ignorance concerning the pre-
paration and execution. The probability distribution governing the
random outcome may be approximated by a collection of similarly pre-
pared rolls called an ensemble, the approximation improving as the size
of the ensemble increases. We denote the probability distribution by
f(n) where n is the number of events in the ensemble.

Probability theory for a continuous variable develops in an
analogous manner. By the phrase "continuous variable," I mean a variable
which may take on any value within a continuous range of values, Examples
of such a variable arise oftten in the field of quality control where sacks
or boxes must be filled to within a prescribed tolerance with cereal or
grain, etc., The net weight of the container is a continuous variable,
but the outcome of the packaging process is a single measurement: the

weight of that one box or sack. If the continuous variable is represented

17
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by the symbol 7 and the ensemble generated probability distribution is
represented by f(n)(? ), then the outcome must be viewed by asking for

the probability, P, that the result falls within a given range with
12
P(17,$ 75 7 )=/ e}y a1 (6)
1l 2 71

Within the discussion of turbulent flows, an example of a continuous
variable might be the flow velocity at a prechosen point in space and
time. In this way, we would not be discussing the evolution of the flow,
but simply a single value which the flow attains at some instant at
some point.

Random function theory is the next natural generalization of

the idea of a random variable.25

In this case, the random outcome is

not a single value, but a sequence of values. We may choose, for
instance, to discuss the density as a function of time at some chosen
point or we may choose a component of the magnetic field or the velocity
field at that point. For turbulent flows, these would be random functions
of time. The entire turbulent flow as a function of space and time is é
random function of space and time. It is a random function in the sense
that from one outcome to the next, from one execution of the experiment

to the next, the flows are independent. The flow of a single execution

is not independent from time t. and this allows us to correlate

1 2

the flow over temporal separations. The same is true for spatial

at time t

separations. This is the result of an underlying probability distribution

governing the evolution of the system. Let us examine this point further.
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For simplicity, we first consider that this random sequence
is a function simply of time. In this way 7 (t) represents a single
event, the time dependent outcome of a measurement, and the ensemble
is represented ’l(l)(t), ’1(2)(1:),..., ’Z(n)(t). The individual out-
comes, ’z(i)(t), are unlike each other in detail, but share common
features reflecting the "similarly prepared" assumption. Causality
of the system in question is represented by the time evolution of
each Y (i)(t). This causality which is assumed to be present may not
allow extrapolation of ’Z(i)(t) from times t, to t, since Q(i)(t)
may represent only a limited knowledge of the system. For instance,
it may be a component of the turbulent field measured for all time but
at only one position. It is therefore meaningful to discuss multiple
time probability distributions such as f_ = fm('Zl,tlg 72,t2;...;/2m,tm).
For systems which are not causal, this reduces to fm = fl('?l,tl)fl(’lg,te)
...fl(’zm,tm). In general, we are interested in these systems for turbu-
lent purposes, but restrict ourselves to systems where the multiple time
distributions become uncorrelated only for large enough temporal separa-
tions. The parameterization of the random variable, 7 , may be extended
to include functions of position as well. This is labeled by ’7 (x,t) and
forms the random field that is the basic entity of random function theory
as it applies to turbulence.

Without assigning any particular choice of identity to thevfield
7, it is possible to prove several general results. To do this, we must
first note that it is the expectation value of a function which we will

seek and not the probability distribution which governs its appearance.
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Then, rather than discuss the probability governi.ng the value of 7] at
a point x or the simultaneous value of 7 at points X and X5, as
before, it is more convenient to discuss the probability, P[7 (x,t)]
that 7 (gg,t) take on & particular functional form. This is analogous
to discussing not just the probability of the outcome of the roll of a
die, but the probability of the sequence of values an observer may see
as the die rolls to a stop.

Let us signify the ensemble average by brackets,<), and from
this point on we will restrict our discussion to random variables for
which the ensemble average is zero. Clearly, any random variable may
be brought into this form by subtracting its average (which may be time
dependent in the case of non-stationary processes or position dependent
in the case of inhomogeneous processes).

Assuming that ‘7 (x,t) now satisfies this requirement, we may
proceed to define the autow-correlation function by means of an integral
over the functional space of ] (5,’0) in a manner that is analogous to

45,46

Riemann integration over the real numbers. Functional integration
proceeds as follows. Let the space (_z,t) be subdivided into volume ele-
ments ( Slci, Sti) = A4 ﬁi and let 5i be a point within Agi. Furthermore,
let fn( 1 (251), Q(gge),... ’l(l}sn))_ be a function which is constant in each
Agi and which approximates the function f( 7(x,t)) in each interval.

Then, by integrating over ineremental values of ‘] within each interval.

i .
4x , we may write

Y (706,260, 26 ) 41xPa G e
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and define
lim

= I
| // £[7 (x,6)1al 2(x,8)] # now m
D
where D is a prescribed domain in functional space. In this manner, we

may define the auto-correlation function to be

Gilx, ) Vgt = /Al (18012 (x;08) Uiyt P2 (5,01 (7)

where P{“?(x,t)] is the probability distribution governing the form of
N(x,t). The region D is specified according to the properties of the
system and the physical constraints which restriet the form which may be
assumed by 7 (x,t). For our purposes, it will not be necessary to specify
D.

This definition allows us to show that the ensemble average is.

a linear operator

Q12661 + A 501D
= /Al 7601 {5, 02(60] + A0l 2601} Pl2(s]  (8)
=2, (L2601 + A, (72 (xt)1).

2 .
We may then expand <{’Z (}_{l,t) + ?<52’t2)} > > 0 to write

<’2(?£1,tl) Q('}Sl’tl)> + <? (?_{2,1‘42) 1(52,t2)>

(9)
+2<7 (x1,8) 2(x,,t,)) 2 0.

Therefore, if 7 (x,t) is a homogeneous, stationary random functionm,
<7 (zcl,tl) ’2(352,1;2)> attains its maximum value for zero spatial and

temporal separation. For a realistic system that is neither homogeneous
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nor stationary, the peak is close to the origin on the length or time
scale defining the departure from homogeneity and stationarity.

It is also necessary to consider continuity and differentia-
bility of ensemble averaged quantities. Assume that the fluid variables
defined over the region of interest and continuous and differentisble,
there are two implications. First, the region of interest must be far
from large-scale singularities (shocks, current sheets, etc). Second,
it must be possible for the small scale turbulent structures to be
described by a fluid approximation. Since the fluid is assumed to be
viscous, there must be a minimum length scale associated with the flow
where the viscous terms dominate to drive the energy in that length
scale to zero. Differentiability and continuity are by definition
properties of the very smallest scales and we would expect that these
assumptions should allow a reasonable approximation to the large scale
motions. Having now assumed spatial differentiability, Eq. (1) implies
temporal differentiability.

If the realized flows are differentiable, then ensemble averages
of products of properties of the flow must also be differentiable. This
is so because the ensemble average is simply an integral over the set of
realizations, all possessing those same traits, The probability function

is not a function of space or time. Ve can then write that

CUoty) S5 2 (xpotp))
= Jal 7 (2,6)17 (g o) 8= 2 (x,58,)P0 2(x,8)] (10)
=2
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and<,2( ’tl) J't ’Z Q’t )> \t <?(xl’tl)2(x2’t )>

We have already shown, Eq. (8), that the ensemble average is

a linear operator. This, together with the trivial results

ey s, Iy = (Eylle (1), (11a)
<f[’2]f[’l]> 3 0 and (11b)
<f[’2]f['?]> =0=>FfZ 0 (11c)
allows us to apply the Schwartz inequality.h2
NGUEEAD I E VA (12)

where ||f]|= <f£>l/2. We may immediately use Eq. (12) to discuss cross-
correlations of several functions.

Letﬂ?(f,t) also be a random scalar field of the same physical
system which possesses’{ (x,t). We may then ask: what is<??(§l,tl)ﬂ(§2,t2x>?

Defining this to be

Uy 7 )Py 80D 2 fa11(x,8) 141802, ) 10(x, 58 JA(x,58,) P17 (25808 x,8) ],

we may apply the Schwartz inequality to assert that

Uyt Axp58,)) V(8 )20y 580 ) Blxgst e (x,5%,)) (13)

This places an upper limit on such cross-correlations functions and might

be paraphrased by the statement that '"no two entities may be better cor-
related one-to-another than each is correlated to itself.

The last generalization of the notation of a random function is
that of a random vector field. The random vector field.Z(g,t) may be

thought of as a triplet of random scalar fields: 1(1)(§,t), 1(2)(§,t)
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and f1(3)(§,t) which may be constrained by such equations as are given
by solenoidal requirementg; . V7= 0 for all x and t. If we discuss
correlations of the random vector field, <2 (ggl,tl) 2(52,1:2)) , in

terms of its components,<:7jﬂzl,tl)’Zj(gz,t2)> , we may apply Schwartz's

inequality and assert that
11/2
Qo) Uy lapsty)> < UK 0xp58) 2308056 ) <'2j(’~‘2’t2) (FEROND

(1k)
4 This inequality places an upper bound on the cross-correlation of different
components of the field as well as spatially and temporally separated values
of the same component and sets for the upper bound the square-root of the

product of the auto-correlations taken at zero space-time separations.

B. Review of Isotropic Symmetry

Further discussion of random fields as they pertain to turbulent
systems requires that some assumption be made of the symmetry. The most
often discussed condition is isotropic symmetry.lo In this case, the

. <?; -~ . . . P
correlation -Z(El,tl)ﬁ -2(52,t2)> is invariant under any rigid
A
rotation of the vectors = » A and X5-%, which keeps the relative orienta-
P
tion of the arbitrary unit vectors 2 and A4 and the vector %57X fixed.
It has also most often been assumed that the above correlation is invariant
under reflection in an arbitrary plane. We would like to suspend this
assumption of reflection invariance.
From this point on we will make the standard assumption of tensor

notation that like alphabetic indexes are summed unless otherwise stated.

This assumption has not been made prior to this point,
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Let us assume that the members of the ensemble in question
display isotropic symmetry. Then the general form for <’Z i(}_cl,t) ’23(352,1:)>
may be given. If the random variable 2 (lc,t) is associated with the
turbulent velocity field or the turbulent magnetic field, then
<:?(§l,t)- :Z(ggl,t)> is proportional to the mean energy density of that
field at the space-~time point (ggl,‘t). If the turbulence is homogeneous
then this term is proportional to the total turbulent energy of that
field. In view of the earlier discussion concerning the differentiability
of the correlation functions, we will assume that we may Taylor expand the
elements of the matrix <’] 1(3(’ t) 73.(;_( + }_‘,t)> sbout r = 0 and we will
see that the first non-trivial coefficient of this expansion is propor-
tional to the rate at which the turbulent energy is dissipated.

To do this, we construct the isotropic form of

<’7i(}_c,t) 7j()_c + r,t)) . The corresponding technique for the axisymmetric
case is discussed at length in the first section of Chapter III.

Briefly, <:(‘ . f(zc,t)ﬁ/‘- T(x + g,t)> is constructed to be the most

general isotropic, homogeneous, scalar function of the variables r, X .

and ﬂA . From this, properties of <?i(;5,t) ?j(}f + 1.t )> may be

deduced, It may be written as
<7i(3(’t) Uz + re)) = ,lims Ryyle) (15)

where qf‘ms is the mean square value of a single component of the field

Ux,t) and
Rij(r) = -f—‘(-—r—)—;—&{)— Tty + g(r) Ji,j + nir) € (16)

T,
AL
r 13k
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where f(r), g(r) and h(r) are unknown scalar functions of r & (5-3)1/2.
By the defipition of ’zims we can see that £(0) = g(0) = 1 while h(0)
remains unsﬁecified. The trace of the correlation matrix, where the
correlation matrix is given by Eq. (15), evaluated at r = 0 is 3’zims and
this is proportional to the energy associated with the field 2}§,t) if
2ﬂ§,t) represents the turbulent velocity or the magnetic field.

A Taylor expansion of f(r) and g(r) produces

f(r) =1 - %- -2 22, C?(rh)

and ; (17)

1 —%A-g'g r2 + G(rh).

g(r)

Only even powers of r are present since we are assuming that Rij(z) is an
analytic function and the Schwartz inequality, Eq. (14), requires that
the first non-trivial terms in the expansion be negative. We may relate
the two coefficients )&,and. Ag by noting that V-B = 0 or by assuming
incompressible flow,V:y = 0. This implies the result {};5- Rij(z) =0

and requires Ag =21 A. . The coefficient Af is called the Taylor

vz f
micro-scale and it is not only a measure of the separation at which the
turbulent field becomes uncorrelated, but it can also be related to the
rate at which the energy is dissipated. To see this, we need to write

the energy equation.

From Egqs. (la) and (1b) we find

2 2
2 - ¥+ B B v-B .y 2 A__3.92
‘QTE-—V[2!+px+mr,ox+h7r,§]+"zv2+n7;/o—év(%8)
v B2
where = -~ + g=—— 1is the energy density of the incompressible, uniform
2 8mp

- density flow. The total energy is found by integrating over the volume of



27

the fluid. The first term on the right may then be converted from a
volume integral to a surface integral by the divergence theorem; for

a variety of boundary conditions this term will vanish. If the system
has periodic boundary conditions, or if the velocity goes to zero at
the wall, or if the flow is localized so that the terms of interest

go to zero faster than r-2, allowing the boundary to be pushed to

infinity, or if any appropriate combination of these boundary condi-

tions is used, we may write:

2
—B—E/Ygd3x=/yd3§[vz-vy+r)~7>:‘f§'vzg] (19)
For homogeneous turbulence, <£ > should be a good indication

of the value of-h—l—l- Vfdx and so <Vv-v v +r-2\—B v B> is a
measure of the rate at which the mean energy density is dissipated.

Ir Av is the Taylor microscale for the velocity field (in

analogy with Af) and if )\ B is the Taylor microscale for the magnetic

field then
2 A \) rms )\ rms
Vv vPy + 2B v = 150 1 (20
X ~ T = ~ 2 2
2 X, Xy
where V2 and B2 are the mean square values of a single component of
rms rms

the velocity and magnetic fields respectively. Thus the Taylor micro-
scales not only give a correlation length for the turbulence, but they
also describe the rate at which the energy dissipates.

As a third property, the Taylor microscales describe the size
of the small energy containing eddies. This would be expected since it

is a property of the Fourier transform that small scale behavior is
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represented by large k (small wavelength) and large scale behavior is
represented by the small values of E, A quick calculation makes this

plausible. Suppose as a first approximation, we assume that f£(r) and

2 2 2 2
g(r) are Gaussian so that f(r) ~ e’ /22 and g(r) ~ e r /22 . We
may apply the Fourier transform, defining
5, (k) = == /dr R, (r)e'®E (21)

so that
€= fax s, (x) (22)

which in the isotropic case allows us to define an energy density in

Fourier space, EF:

i

&

VTR s, () (23)

Taking f(r) and g(r) to have the previous forms implies that

€o~ % exp(- £ K22 %) (2h)

to leading order. This function peaks at kp = [)—?, S0 A represents the
size of the small energy containing eddies.

The fact that the microscales should be related to the size of
the small eddies is only reasonable. As A\ is decreased, f(r) and g(r)
become more sharply peaked. This means that the correlation functions
become more sharply peaked and the field becomes uncorrelated at relatively
smaller values of the separation. But what allows two points to become

uncorrelated? It is the small energy containing eddies. When the two

points are sufficiently separated, one may be influenced by a given eddy
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structure while another is not. The more separated they become, the
greater the percentage of eddies which are available for the decorrela-
tion process. The length which marks the beginning of this process is
the size of the smallest eddies. And so, the microscales must be
related to the size of the smallest eddies.

There is a third term in Eq. (16) which has not yet been
discuséed. It is the term h(r) eijhrh,which does not contribute to the
energy. For basically this reason, it has typically been ignored in
discussions of isotropic turbulence with one notable exception.h7
It is just this term which is of interest to us now.

For simplicity, let us consider the case when the magnetic
field is zero so that we are examining a traditional Navier-Stokes
fluid. The helicity, 4d3>~c V-w where W= V@ v, is a conserved
quantity when viscosity vanishes.h8 When viscosity is non-zero, the
helicity is postulated to affect the dynamics of the turbulent flow.
A Taylor expansion of h(r) gives

h(r) = B[+ LT b ()] (25)
r) = o 1 5 )he T . 5

In analogy with the energy discussion, we may write
3 3y e, = 3 2 2
at/decyes/-Ad;c(xVe«zﬂy-Vx) (26)

and so (v- \729:/ +¢:y-x72x) relates to the rate at which the mean helicity
density, —6vimS ho, is dissipated. In terms of the Taylor microscale,
Ah’ this is

Vot +erw iy = v g A (21)
h



30

The Taylor microscale,)Tr may also be related to the length
scale of a typical helicity containing eddy. By analogy with the energy
discussion, Ah is the length scale of a typical helicity containing eddy.

Reinstating the magnetic field adds a considerable degree of
difficulty. The helicity is no longer a conserved quantity for non-

viscous flow, but rather the magnetic helicity

Sy A3

is conserved.hg We will postpone discussion of this until the next chapter.
The principal difficulty lies in the fact that it is difficult to measure
the magnetic vector potential, g(g,t). However, we will be able to formu-
late a discussion analogous to that just presented, expressing all of

the needed quantities in terms of the measurable fields.



IITI. AXISYMMETRIC TURBULENCE

In this chapter, we will develop a description of the correla-
tions in axisymmetric turbulence. We will follow the technique of

47,50,56

Robertson, Chandrasekhar and others as briefly discussed in the
previous chapter, but it will also be necessary to introduce several new
ideas at a very fundamental level in order to avoid the description of
Moffatts7 which contains too many independent tensor forms. We will not
assume reflection invariance of the description because, as we shall
demonstrate, this results in all helicity vanishing.

We will assume that the fluid is incompressible and the reader
should be reminded that the magnetic field is solenoidal. Furthermore,
we are free to choose a gauge in which to define the vector potentiai.
The most convenient choice is the Coulomb gauge where the vector potential
is also solenoidal. We assume that the fluid is homogeneous so that
while the correlations of the fields are'dependent upon the relative
locations of the points in question they are indépendent under any trans-

lation which keeps the relative orientation of these points the same.

We denote the ensemble average of a quantity by brackets,(f}.

A, Construction of Rij

We will represent the fields of interest in the usual way,
representing the cross product by the symbol @ . Then we define the

fields by stating

31
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velocity = y(x,t) with ¢¥) =0 andv-y = 0,

vorticity =w/(x,t) = V ey,

magnetic field =3 = Bj + B(x,t) with {B) =0,
c

current = § = 7= V @ B,

and the magnetic vector potential A = A, + A(x,t) such that

0

By= V®A,B= veAand V-A=0.

The mean magnetic field, B., is independent of space and time. This is

0
a much simplified model of the more complex systems mentioned earlier.
Clearly V-.-w = 0 and V-é = 0 and so we will treat v,w,A, B and g’ as
random solenoidal vector fields of zero mean which are in general non-
stationary. We will assume they are continuous and differentisble in
space and time as are their correlations and we will denote them in
general by the vector variable Z . As is appropriate, we will choose
to associate Z with one field or another.

It will also be assumed that the spatial and temporal develop-
ment of the fields may be described by the MHD equations, Egs. (la-e).

58

We will assume that there is no mean fluid velocity. Elsasser” has
shown that a uniform mean fluid velocity can be transformed away by a
Galilean transformation which leaves the magnetic field unchanged within
the MHD approximation. Thus, any anisotropy introduced by a uniform
mean fluid velocity can be transformed away.

We will occasionally discuss systems where the axis of symmetry

is defined by something other than a mean magnetic field, although the

latter will be our principal system of interest.
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We begin the discussion of axisymmetric turbulence by con-
structing the correlation matrix. Choosing two position vectors x
and x + r and two unit vectors & and 8, we may ask what is the same-
time autocorrelation function of the component ’Za = :Z'Q at the
point x and of the component 7c = 2 ¢ at the point x + r. We will
define this function to be

R( 7 ;8,x3C,x + r;3t)

il

<a-2(x)e 2(x +1)> (28)

The system of interest contain, by assumption, only one global
vector field whose mean is non-zero and this is the mean magnetic field.

It is unreasonable to assume that this global property does not introduce

a fundamental anisotropy. Numerous measurements of the solar wind,33

3k 35

the Macrotor tokamak and the Culham Zeta pinch

have demonstrated

this. In discussing systems such as these not only is R(Z;ﬁ,&;@,g + r3t)

invariant under arbitrary translation (5-4 5' =x + j’ where :? is an

arbitrary vector), but it is also invariant under a rigid rotation of

the entire E,Q, and © configuration ahout the mean field go.
Let us define ﬁ = §0/|BO| and construct the most general form

that R(;...) may have and still be homogeneous and invariant under

rigid rotation about B The independent scalars under such rotations

0

constructed from the vectors available from the specification of R(’Z;...)
- 1/2 A ~ o A A DA A [P D A

are; r = (g*;) ;r+a, r-c, r*b = z, b+a, b'c, 2a'r ® b, c-r b, a-c,

[r'd
ma,wdamt.TMm%tymmlmmtmtmgbn)my

o>

~ A N
r-a® c, b

have that is a bilinear function of a and ¢ is
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(1)

where the functions R are functions of the variables r, z, |§0| and t
and ,Z2 is chosen so that R2(r =0) = 1.
rms

We can then define the correlation matrix Rij(g) to be

flims Ryy(x) = <71(§)’Zj<§ +1)) (30)

so that R(Q ;...) = 2 a.R (r)cj. The matrix R., can then be shown

7mm i1 ij
from the previous form to be
(2) (3)
33(x) = riT; + R {ij + R 7D, bj

(6)
r. ejhlbhrl+R béjhlhl (31)
(8)

(9)
€ 1Jhrh + R 1 hbh + R Db, rJ

(11)
T5€ Py R P € 5Pyt
But, Rij is a matrix and can be written as the sum of a symmetric part

and an antisymmetric part:

1 1
=3 (Rij + Rji) +3 (Rij - Rji) . (32)

R..

1)

Although we have decided not to assume that Rij is invariant under coordi-
nate inversion, we may ask how the symmetric and antisymmetric parts of

*
Rij behave under coordinate inversion, Inv.

*®
See Appendix I.
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To do this, we must first show that the symmetric part of Rij’
s _ s \ .

Rij = <’Z i(l{) ’13(}5 + £)> , and the antisymmetric part of Rij’

R®, = <’Z Ax) 7.(x + r)>a, obey the homogeneity assumption independently.
iJ it~ - -

This is quickly seen from Eq. (32) to follow directly from the assumption

that Rij in homogeneous. With this point established, we may ask for the

. . . s
coordinate inversion of Ri'

Inv Rij Inv <7i(2()7j(?~( +r)>s

U0 740-x - 0)>°

<7i(§ +r) 73(;5)) S (homogeneity) (33)
<7J(?f) 71(?5 + f)> °

<?i(§) 73(3! + 1)) S (symmetry)

s

ij’

In the same manner, we write

v By, = {700 72 - ) °

J .
a R
= </Zi(3_< + 1) ’Zj(}j)) (homogeneity) (34)
= - <7;x) 'Zj(gc + 1)) % (antisymmetry)
= - RY..
1iJ
So, Rij is invariant under inversion and is therefore a symmetric,

t
J

therefore an antisymmetric, pseudo~tensor labeled R?L‘I.’. There is an impor-

proper tensor labeled Ri while R?_'j changes sign under inversion and is
tant point since the functional dependence of Ri,j upon z is unknown and
since z is a pseudo-scalar, we will be able to restrict the form of Ri,j in

order that it behave properly under inversion.
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We can further reduce the number of independent forms by
applying the solenoidal constraint. Recall that we are concerned
with turbulent fields, 2(x,t), for which ¥ -2 = 0. It then follows

that

o
L[}

v 2z o)
)
<7 55 7yt * 1))
<Qi(1c) —gi (e +_{")> (35)

4 <L 2+ )

= ‘) R
Jrj ij -~

The derivative and ensemble average are assumed to commute since the

ensemble average is an integration over a functional space. But if

—%;T-Rij = 0, we may also write

3
—%;j— (1ov B,,) = - Tnv( grj R) =0 (36)

showing that the coordinate inversion operation leaves Rij solenoidal.

Then using Eq. (32) we may write that

st _ 1
Rij = 2[Rij + Inv Rij]
and (37)
ap _ 1
Rij 2[Rij - Inv Rij]

which together with Eq. (36) allows us to assert that

and (38)

=]
[
el
i
(=
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After constructing Rij and R?'p, we can write with a trivial

iJ

re-indexing of the scalar functions

st _ (1) (2) (3) (4)
Rij =R rirJ + R gij + R bibj + R (ribj + rjbi)
+ R(S)(r €...br +r €. r.) (39)
i€ im°n"1 3 €in1Ph"1
(6)
*RUUD € gy byTy ¥ Py € 4 byry)
and
ap _ o(T) (8)
Rij R é ijhrh + R € ijhbh
(9)
+ R (ribj - rjbi) (ko)
+R(10)(re b.r. -r.€ b, r.)
i “gmnT1 j€im n 1
(11)
+ R (b, eJhlbh 1 bj € ihlbhrl)
The identities
T, eJhlhl —r,jeihlbhrl=r éijhbh—zéijhrh (41a)
and
L€ smPrT1 7 P5€ imPhTy T Z€ignPn T €isn’h (41b)
enable us to eliminate R(lo) and R(ll) as non-independent forms which

(1) g 2(8)

can be absorbed into the still unspecified functions R
To apply the solenoidal constraints, we must be able to differ-
entiate the scalar functions present in the description. This is possible,
if the correlations are differentiable. The conditions implied by this
assumption were discussed in Chapter II. Differentiation of the scalar

functions is carried out by applying the chain rule

. 1)
PEENCVNNPEENFY +(az)aél
ar:‘l arJ ar dz (42)

Y. . .
_;Q__S?R(l) +bj ‘%R(l)-
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Application of the solenoidal constraint, Eq. (38) to Eq. (39) and (40)
then yields two vector equations. These equations must hold component
by component, or equivalently, when the dot product is taken with any
arbitrary vector. Judicious choices for the dot product vector quickly

result in the following six constraint equations for the scalar functions

(1) (1) (2) (L) (L)
‘)aRr + 2 QC)RZ + yr{1)y 1 ——afr + zrt AaRr + baRz =0 (43)
(2) (3) (3) (W) (L)
et A B A Bl <o (44)
(5) (5) (6) (6)
r ;gr +z agz + SR(S) + 27t 9§r + agz =0 (45)
(1) (8)
S - (46)
(9) (9)
r®) Ly MM, 2B (47)
and
(9) (9)
AR QBT (48)
The last two constraint equations readily show that R(9)E 0*. This
leaves
R?? = (R(7)rh + R(8)bh) € i5n (49)

as the only remaining terms in the pseudo-tensor part. The symmetric part
remains unchanged except for the implicit restrictions of the constraint
equations. Further diséussion of the constraint equations will be
reserved for later.

Having constructed the matrix Rij to be the sum of a symmetric
proper tensor and an antisymmetric pseudo-tensor, we now know whether
the scalar functions contained in that description are proper scalars
or pseudo-scalars. Since they are functions of a proper scalar, r, and

¥See Appendix II.
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a pseudo-scalar, z, we know irmmediately whether each function is an even

or an odd function in z. Namely; R(l), R(2), R(3), R(5)
() 5(6) (8)

and R(7) are all

even functions of z while R and R are all odd functions of z.

And since all of the functions are assumed to be continuous, we know that

R(h)(z = Q) = R(6)(z =0) = R(s)(z = 0) for all values of r. Further,
(2)
(

since R r = 0) represents one third of the isotropic contribution to

the mean square fluctuation strength, we know that it is necessarily
greater than or equal to zero. In fact, it would be equal to zero only
if the fluctuating vector were always parallel to the mean field. 1In

like manner, the parallel direction cannot have a negative contribution

(2),

and so it must be true that R r=0)+ R(3)(r = 0) 2 0. The scalar

(3)

function R can in fact have a negative value at r = 0 and the minimum

(2)

value it can attain, - R (r = 0), corresponds to a restriction of the
fluctuations in the perpendicular plane.

There is a particularly interesting point which should be made
at this timef We have been concerned throughout with symmetry about a
pseudo-vector, BO' If we were to apply this line of thought to axisymmetry
about a proper vector, such as a streaming velocity in a Navier-Stokes
fluid, or had we simply chosen the direction of the mean field, EO’ in
some preferred coordinate system such as a right-handed system, we
would have a very different correlation fluctuation. Suppose this proper
vector field were given by 3 and we define w ;'g'x . The variable w is
then a proper scalar as is r and now all of the scalar functions of Ri

J

would be proper scalars, being functions only of r and w. This forces

2(5) g R(6)

and R to be identically zero. This is seen by noting that



Lo

T €ymAnYy ¥ Ty €amAnty 20 Ay €y ATyt Ay Eim AT
are both pseudo-tensors forcing R(S) and R(6) to be pseudo-scalars. But,
no pseudo-scalar function can be constructed of the proper scalars r and
w except the function zero. This changes the nature of the correlations
in a fundamental way, reducing the number of independent scalars needed
and uncorrelating elements of the field which were correlated in the
pseudo-vector representation.

This implies that there is a fundamental difference between the
two turbulent flows. We choose here to assume that the turbulent flow is
axisymmetric about the mean magnetic field pseudo-vector, rather than
some similarly oriented proper vector, because it is the magnetic field
pseudo-vector which appears in the MHD equations. In addition, the
MHD equations, which we have assumed to be the dynamical equations govern-
ing the evolution of the turbulent flow, are invariant under coordinate
inversion. It is only reasonable to expect that this invariance would
be similarly reflected in the interaction between the fluctuating, tur-
bulent field and that physical entity which defines the symmetry axis.

The mean magnetic field pseudo-vector accomplishes this.

B. Fourier Space Correlation Representation

The entire constructive process that has been discussed so far
may also be paralleled in Fourier space., There are advantages to this
representation. One is that the solenoidal constraint equations are
algebraic rather than differential equations. A second advantage is
that it will allow the magnetic field correlation matrix to be uncurled

to obtain the magnetié helicity.
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To begin, we may apply the developments of the previous sections

to write
=% = 1 ~ik-r
;1) = F, = (277)3/01_1; I () (50)
and
_ o5t ap
Sij(g) = 313(5) + Sij(g) R (51)
where
st (k) = sV k, + 52 &+ 53 p, + 5™k, + kb))
ijt~ i) ij i’ i) Ji
( )
+ (k, eJhlbhkl + kjé hlbhkl) (52)
(6)
+ S (biéJmp#& +b € m.hl)
and
ap _ (T (8) (9)
853(k) = 8" 7€ kg * 8 T € by + 87 (kyby - kiby), (53)

Here, the scalar functions S(l) are functions of k = |k| and kb and

(1) (@) (3) 45) g

by the earlier developments, the functions S s S

8(9) are even functions of 5-% while S(h), S(6) and 8(8) are odd functions
of g-g.
The solenoidal constraint is now kjsij = 0 and as before,
k,55% = 0 while k,5%® = 0. This implies that
J i Jij
s(1h2 , g(2) (k-B)s ) 2o, (sh)
53 (x8) + %) = o, (55)
x2s(5) 4 (5-8)5(6) =0, (56)

s(8) = S(9) =0, (57)
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(1)

and S is unconstrained. This leaves S°P in the particularly simple

form of Sa§ = 8(7 ijhkh’ It is particularly interesting to note that

in the case of turbulence without any degree of symmetry, it can be

shown that this is still the complete form of S??

except that no
symmetry is assumed in the scalar function S
The Fourier space representation is one means by which the con-
figuration space constraint equations may be satisfied. Application of
13 is

written with a minimum number of scalar functions, it can be inverse

the solenoidal constraint in Fourier space is algebraic and when S

transformed to the configuration space representation which satisfies
the constraint equations and contains only a minimum number of indepen-
dent scalar functions. This will be done in a later seétion.

In writing Egqs. (51, (52) and (53) we used the arguments of
the previous section to construct the Fourier space representation. We
could also have chosen to apply Eq. (50) in a straightforward manner59
and it is gratifying to see that both approaches give the same result.
In writing Eq. (50), we defined the Fourier transform of R,, to be

iJ

R., =8 Let us keep to this notation and define the Fourier trans-

ij i3’
form of the scalar function R(l) to be ﬁ(l) Carrying out the trans-
formation of Rij’ we find that:
(1) o _ 2 g 7 4 d L) (58a)

(3) a2 (1) , 5(3) , L g (1)
S + R + 2 = R, (58¢)
é(k-D‘? "otk

~

*
See Appendix III.
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g(b) o _ 1 O &), 51 ()

= P Sy K , (584)
§(5) - _ 42 _i_}g(s) e 3 3R, (58e)
s(6) =-k‘l—%§ —‘3@—.513(5) + ik.l-%-l-{-ﬁ(&, (58¢£)
. Gl (58¢)
5(8) - 4(9) _ g . (58h)

C. Energy Spectrum

We may associate ’2

(r) = <?i(3g) 'lj(g_c +3)> with the

correlation of the velocity field or the magnetic field and to within a

2
rmsRij

constant of %- or 87&#’ respectively, we may write that the mean
energy density contained in the field is ’zimsRii(O) = <:721(5)’2i(§)>

where the sum convention is in effect. This gives, to within a factor
of Qfms, £ = 382 (0) + 803)(0). The ratio or B (0) to (3 (0) is
an indication of the degree of anisotropy in the field. This quantity
can be measured with relative ease compared to the energy spectrum.
However,lmost of the well developed theory on the evolution of energy
in a turbulent field is discussed within the context of the energy
spectrum.

In order to relate the energy spectrum to the previous form- -
alism, we note that the energy spectrum is simply the trace of the

Fourier space correlation matrix. This is clearly seen by the definition

= ik-r
R ,(x) = Jax e Fs (x)
and so, (59)

Energy density ~ Rii(o) = /d‘k_ Sii(_lg)
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The energy spectrum is then seen to be

R = 5,0k = s 4 3502 4 oy )sh) (60)

together with the constraint equations

s + 5@ 4 (B)s™) = o
and

(x-8)8(3) 4 $2s(®) = o,
This allows the energy spectrum to be written as:

E(k) = 23(2) + (1 - cos‘e )8(3) (61)

where I;‘B = k cos © and the functions 8(2)

(k,k-B) and s(3)(k,g-%) are
unconstrained, independent scalar functions, even in (5-3), but remaining
to be measured.

To obtain S(2)(k,g-ﬁ) and S(3)(k,g-%) requires correlation
measurements to be made over a range of r from r = 0 to several correla-
tion lengths and over a range of ;-6. Therefore, r must range over the
half plane rather than simply in any one direction as was true iﬁ the
isotropic analysis. Such a complete set of measurements is not available.
It is therefore necessary to discuss the reduced correlation functions
where correlations are known only for values of r along a line given by

1. fThis is given by
5, (i) = /dkedk?’sij(‘l_t_) (62)
where k2 and k3 are the two components of k in mutually orthogonal

A
directions perpendicular to 1. The correlation sij(kl) is found from

the correlations measured in configuration space by
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1 -ik Ty A
Sij(kl) = ) ///Arll Rij(rll)' (63)

D. Magnetic Helicity

The magnetic helicity has been a topic of theoretical discus-
sions for some time, 1In the case of infinite conductivity, the magnetic
helicity is a constant of the motion for the system* and has been postu-
lated to participate in selective decay of incompressible, 3-D MHD
’curbulence.60'_63

Until now, there has been no clearly acceptable means of
measuring this quantity in a real system due to inherent difficulties
in measuring the vector potential. In this section, a means will be
presented which relates measurements of the magnetic field to correla-
tions between the magnetic field and the magnetic vector potential.

We previously defined the magnetic field B = B, + B(x,t) and

0
the magnetic vector potential A = éO + A(x,t) so that <§> = go and

@) = AO. This allows us to write that the mean magnetic helicity
density is given by<B-B)= <’AO'§O> +<A:B)>. The term <§O-}_30> is the
magnetic helicity density of the mean field while<<§g§> is the contri-
bution from the fluctuating field, There is no contribution from the
interaction of the fluctuating field with the mean field, since
<é.§o> = <é> . <]_3(> =0 = <AO.—B>'

For this section, we will identify the random vector field
. . 2 _

1(x) with B(x,t) and write BrmSRij(g) = <:Bi(§)Bj(§ + ri> . If we

-define

% .
See Appendix IV,
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shsy () = (B GO (x + 1)) (64)
and
x = 1 ~ik-r
DR R —— /dg Iy () (65)
then
5;4(k) =1 € jhlkh](il . (66)

Taking the vector product of k with the second index in (66) yields:

k A

=1 egmnj éjhl n il

€m3i¥nSij

. 2.~
1[kmkl _(mlk ]Ail (67)

-1 k2 A,
i

m °

if the Coulomb gauge is assumed. Taking the trace and recalling the
form of Sij(g) gives for the magnetic helicity density spectrum:
A, =25,k 8) . (68)

Recall that

RI® = / ag EIgP

ij ij
= €,p(-1) 3= faret 5 (69)
"n
- Egn S P e
h

where 35 = —://ag e15'55(7). This is one solution to the constraint
Eq. (46). But, the mean magnetic helicity density of the fluctuating

field, <r§-§> , is simply///@g Kii which implies that

= _og? i}
aB)= -28- (r=0) . (70)
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But, when Rij(g) is the measured quantity, EE(O) is still an integration
constant which must be obtained by integration of the correlation matrix.
This is done in Appendix III for the general caée of a non-symmetrical
turbulent field which includes the case of an axisymmetric system.

In the case of an axisymmetric system, we may choose to inte-
grate along a straight line path in the plane perpendicular to the mean
field., If we choose two ‘orthogonal directions 52 and 2? 50 that

o) A Py
A® A =r, we can write that
A N
H o=(B-ad>=-2 [ ar{«-B(x)A -B(x + 1)) . (71)
o

By this equation, the mean magnetic helicity density is related to
measurements of the magnetic field which may be taken at points suffic-
iently separated as to render the prescription feasible. This approach
should be compared to the direct technique of trying to calculate the
vector potential based upon measurements of the magnetic field or cur-
rent density taken at points more closely spaced than the smallest
length scale of the turbulent spectrum. This would not normally be
practical.

A few more words should probably be said about the significance
of this quantity. If a wildly varying magnetic field is viewed as a
turbulent interaction of Alfven waves, the magnetic helicity will give
the relative amount of right circularly polaerized waves versus left
circularly polarized waves. In this way, it describes a handedness

of the flow. If this handedness becomes concentrated at the small wave
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numbers, as is postulated by inverse cascade arguments, it will produce
a large scale helical structure which might be viewed as a distortion

of the mean field from uniformity.

E. Reduction of Rij to Minimum Scalars

As mentioned previously, there are several approaches which
will allow one to apply the constraint equations which result from
—%——-Ré? =0 = —%—— Rép. All share the characteristic that the con-

rj ij rj ij
straint equations as they are given by Egs. (43) to (49) are avoided.

Rather, in the first case, Sij(g) is considered with the constraints
kjsig =0 = kjsig which is then transformed to configuration space

thereby satisfying Eqs. (43) to (L8).

The second approach is to note that the divergence of the
curl of any quantity is zero. This allows us to define a sufficiently
general generating tensor which when curled will produce Rij in a form
which satisfies the constraints by construction.

l. Fourier Space Approach

We have already argued that

- 1 -ik'r
5,,(8) = m/dg TR (x) (50)

may be constructed without consideration of the particular form of Rij'
It is given by Egs. (51) to {53) together with the constraint Egs. (5k4)
to (57). One application of the constraint equations allows us to

write
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C(r,z) = /d‘ls 202 (0 8) (72a)

D(r,z) = Jfax 5T s(3) (1e,8) (72b)

E(r,z) = iﬁl_g e T(1.8)25(5) (1, k.9) (T2¢)
and

F(r,z) = -i/ll} ei}—{'gs(ﬂ(k,k-%) = I(r,z). (724d)

This allows us to write S, in terms of s(2) 503) 505) ng 5(T) omay.

Inverse transform to configuration space, and get

2
HE =—gr—l—§;: C(r,z) + $— %ra 3 5 D(r,2) - §,,v2c(r,2)

2
bibj(Vz) D(r,z) - (bj —3;— + bi —%r—) —5;-1:— V2 D(r,z)
. b0 (73)

(%F' € h1%n “31«_1 + ‘%TJ € ih1%n ‘3_1{) "3?; E(r,z)

_ 92 2
(b; € 5Py I, * by €iniby '31«_1)‘7 E(r,z)

+

<+

ap -
and Rij(r) € 33n or,

§(r z) where -%E b-V ‘is the derivative with
respect to the component of r in the b dirzction.

Notice that this form contains fourth derivatives. This is
characteristic of this approach. This problem can be avoided if the
independent functions are chosen to be four functions in the Fourier
representations rather than their appropriate transforms, but this is
impractical since data is acquired in configuration space and would
need to be transformed before the scalar functions could be obtained.

There is a means by which the constraint equations may be applied which

leaves a form for Rij containing at most second derivatives.
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2. Generating Tensor Approach

53

This is an extension of a technique set forth by Chandrasekhar
for the case of axisymmetric, inversion invariant, Navier-Stokes turbu-

lence. The system discussed there corresponds in our notation to

R(S) = 3(6) = R(T) = R(S) = 0. For this case, since R?t

ij
symmetric matrix and even under r -» -r, it is trivial to show that

o -—Eft = 0 implies 31' Rij’ = 0. We should then be able to define a

J . . . .
matrix Q (r) so that R j' 31m ‘;rl Qim which implies by construction

that —% Rig = 0. This can be extended to include helical Navier Stokes

(helical turbulence which is symmetric about a proper vector) by our

is already a

now familiar result that

RlJ = 1jh % % 6Jlm ér EJ‘1m

If this system only is to be discussed, then this description is a valid

application of the constraint equation when

- of1) (2)

(1)

éQ
bje 11mP1%m * (— )r €

(7h)

1lmlm

This representation satisfies the solenoidal constraints by construction,
possesses the proper symmetry of the indexes and produces a form for Rij
that contains at most second derivatives.

This is applicable to the more general form of Rij present in

the MHD description, but since we are considering symmetry about a pseudo-

(5) oq 56

vector, we are allowed terms as given by R , which are more

difficult to arrive at by this approach. It is therefore useful to

extend this approach by writing

R.. = € (75)

i R

(= _L__&_ .
ilm = jhn c)rl 6rh mn
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This yields a form for R,, which trivially satisfies the constraint

ij
equations and possesses the proper symmetry of the indexes. Since the
operation of curling on both indexes preserves the symmetry, and maps

proper tensor into proper tensor and pseudo~tensor into psueod-tensor,

we can write

st _ b} d st
Rij - 6ilm é,jhn —5;'; 7}; l:{mn ) (76a)
and
R%P - d_ 9 gpoP
1j Eilm Ejhn §rl th an : (76p)
. st ap . st
This allows R and R to be constructed in the same manner asvwereR. .
mn mn ij
and R?p.
ij

The reader might find this last statement questionable, so the
following line of thought is proposed. Suppose that Rij is identified
with the magnetic field correlation. Then, any combination of curls and
time derivatives will produce a form which still displays axisymmetry.
But, what of "uncurling"? Since Rij is the measured quantity, is an axi-
symmetric form for Rij completely general, or can other forms still pro-
duce an axisymmetric measurable? Since a curl on each index of Rij

produces Rij’ Rij may at first be identified with the magnetic vector

potential correlation. We may write

HEI SN e (17)

x - x|
where j(x) is the current density and*’(g) is an arbitrary scalar function.

Then,
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<A(X )A(X )> d x'd3 " X ]_: X'] I?Egl" ..)S" @(E')Q(}S"»
/ T Qe YD)

/% g v e
+ VP )V ()

(o B |

(78)

is the magnetic vector potential correlation.
It is apparent from the previous equation that non-axisymmetric
magnetic vector potential correlations can yield axisymmetric magnetic
field correlations since only the first term on the right is required to
be axisymmetric. However, if we assume a Coulomb gauge, VY+A =0, and
if we assume that the region of interest is infinite, we are then required
to assert that Y7jf = 0, This yields an axisymmetric form for the magnetic
vector potential correlation which is completely general within the assump-
tion of the Coulomb gauge and this form may be constructed in analogy with
the construction of the magnetic field correlation.
But, this implies that there are eight scalar functions present
in <:Ai(§)AJ(§ +‘r):> and we know that only four are independent. If
<?i(§)Aj(§ + £)> is to be used only to generate Rij’ that is if it is
to be used to motivate Rij’ we can show that only four of the tensor forms
in éi(»}gmj (x + £)> contribute independently to éi(lc)Bj(lc +r)) and
we can show that the other four forms may be discarded. Of course, while
this entire discussion has been worded with the magnetic field correlation
in mind, it applies in general to any case where R,

ij

tity and where R,, is solenoidal. We may now proceed to write Rij'

iJ

is the measured quan-
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By the previous argument, we may write as a first effort

Ri;' = R(l)(r,z)bibj + B3 (r,2) Sij + R(3)(r,z)(biejhlbhrl + b€ sy BT
+ R(S)(r,z)rirj . R(G)(r,z)(riéjhlbhrl + 1€ abr) (79)
+ R("”(r,z)(ribJ +x,;)

and
R - a(”)(r,z)eijhbh + 00 a)e r

The solenocidal constraints are irrelevant for our purposes here, but it
should be recalled that their existence allows us to write the above
forms with the assurance that a completely general form for Rij will be
produced. In order to show that some of the forms represented in the
previous equation may be eliminated without loss of generality to Ri 3
we may consider the following equations where L, M and N are arbitrary

scalar functions of r and z:

r.r
i = e R
5, Lry = L8, + =% 4oL+ rpb, —3—Z—L (80a)
2 - .r_.lir 0 0
Ty Lrj L Jij e L+ rjbi 57 L (80b)
b,
_&__.Mb = fl_i _Q_.M + b.b _Q_.M (800)
arj i r dr i’y 9=z
b
_Q_Mb =£1—J'—LM+bb _LM (80d)
ari J r dr ij 9z
2 - iy 2
or, N€,abyT1 = €gmPpri (5 Sp * by §7N + NE by, (80e)
P _ oy e
r, Vet = €mPrf(T S5 * Py 50N - M€ yp,  (807)

Pl a—

)



5k

By adding Egs. (80a) and (80b) and associating —g;-L with

a(5) (5)

, We can see that R may be dropped from Eq. (79) at the expense
of adding two gradient terms. But since the curl of a gradient is zero,
we may ignore these gradient terms since they do not contribute to Ri

In the same manner, Eqs. (80c) and (80d) allow R(7)
(6)

j°
to be eliminated

while Egs. (80e) and (80f) allow us to drop R Subtracting Egs. (80f)

and (80e) and recalling the Egs. (Lla) and (41b) allows us to eliminate

R(8). This leaves us with a form for Rij which generates, according to

Eqs. (76a) and (76b), a completely general form for Ri which possesses

J

the proper symmetry and which is solenoidal and contains only four random

functions explicitly represented. This form for Rij is

Ri: = R(l)(r,z)bibj + R(Q)(r,z) &ij + R(3)(r’z)(biejhlbhrl
+ bj eihlbhrl) (81a)
and
RYY = g (r,2) € 5nPn (81b)
where R(l) and R(g) are even functions of z while R(3) and R(u) are odd.

Both of these approaches share a common complaint. That is that
the independent scalar functions are several derivatives removed from the
measured quantities., This is regrettable since it complicates any attempt
to measure the correlation functions for a real system, but compared to
the difficulties in measuring the correlation between any two directions
as the separation vector varies over a range of values, this added diffi-

culty is perhaps not so important. The key point is that for an axisymmetric
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system, many more measurements peed tb be made to measure the correla-
tion function than were needed in the isotropic case. This is the prin-
cipal reason why in any experimental analysis, we will need to confine
our discussions to reduced correlation functions where correlations are

only known for values of r in a given direction.

F. von Karman-Howarth Equations

This section is presented primarily for completeness sake. The
dynamical equations of the random scalar functions has been a topic of
discussions for the simpler geometries. Characteristically, these equa-
tions do not form a closed set but rather form a hierarchy of equations
which require some sort of clésure scheme. A suitable closure has not
yet been presented for any geometry. If we choose to present the dyna-
mical equations for the scalar functions in the generating tensors pre-
sented in the previous sections we will again obtain a hierarchy of
equations but the equations obtained will be of a particularly simple
form., This simplicity is, however, misleading, and a closure scheme is
not obvious,

Recall that two of the MHD equations are the magnetic Navier-

Stokes equation

—%?v+v-vv=—V(P/,0)+[;‘l~—(V&§)®,B.+VV,‘L (82)

4-B=vel(ysB) +Av (83)
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where VY is viscosity, P the density, P the pressure and ) the magnetic
diffusivity, and we will from here on assume constant density. From these

equations we may write the two tensor eguations:

—g?ajg 8P - Xy RSt ap TS;' 2P (y) (84)

where the identification of the coefficient X and the tensors T?:"ap are
dependent upon the choice of which vector field is to be represented by

the rendom field 7/ . If we identify /7 with v, then X = 2V and

Ti3 %r'k" <"j(>_‘ + v (x)v (x)y - -Lerh éi(z_c)vj(gc_ *rv (x +_1j)>

1 ) 1
e x)B, (x)> + ;5 7 <vi(3c)Bj(;5 T)B, (x + E)N
(85)
+ 5 [—ca)q vylz+ }:)P(g_c)> ar Cvy(@P(x + 1)y ]
trp U U@ e 5D - 5@ 2 e 0 [ B
If we identify :Z with B, then X = 2 A and
- D)
Tiy = —‘)a—r; <Bi(§)vj(§ +T)B(x+ 1)) - o, (Vi(f)BJ(D}_ +3)Bh(§D -
-% <Bi(§)Bj(>_c +r)lv (x) = v (x + }:)]>-
Using Egs. (76a), (76b) and (84), we may write that
__Aa_t_Rst ,ap _ =XV Rst ap Ts’; 3P (87)

This is advantageous because we have now eliminated the dependent scalar
functions and half of the tenso.r forms. Although we don't know the

functional form of '[‘?t, or ‘I‘?_'?, we do know that they can be written in

i
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the same form as Ri? and R??. Therefore, we can write
st _ (1) (2 (3)
Ti,j =7 bibj + T '}ij + T (biejhlbhrl + bjeihlbhrl)’ (88a)
and
ap _ (%)
Ti:j =T eijhbh > (88b)
which implies
.t >
_3?R(2) - xv2p(?) 4 gl2) (89b)
23 2 x (w24t 4r3) 4 2(3) . (89¢)
and
2 ol _ 2, (k) (4)
St R =XV R + T . (894)

These are the von Karman-Howarth equations for this application of the
solenoidal constraints. Note that they form a heirarchy which needs to

be closed by some scheme before the equations may be solved.

G. Cross-Field Correlation

If we choose a second random vector field, call it 8 , we can
extend the previous discussion to include the cross correlation between

two different vector fields. To begin, define
<Z°£>Ci35 <,Z 1(§)ﬂj(,}5+£)> (90)

and note that the usual homogeneity rule developed for Ri no longer holds.

J

Namely, it is not necessarily true that Cij(z) = Cji(-;). In order to
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apply the previous developments, it is necessary to render Ci into a

J

form appropriate to the homogeneity restriction. We can write

0;y(2) = Mo 0+ Ce s (92)
where
Mo 2 3 LA x 0+ 7 x+ D) A0, (92)
and

oz 30 @A) - 2yx DA x) (93)

ij'~

i

By applying the coordinate inversion operator, we find that

Homogeneity implies that (+)Cij(§) = (+)Cji(—£) and (_)C. (r) = _(_)C (=-r).

(+)Cij(£) = (+)Ci§(£) + (+)C?§(£) X (9!48.)
and
(-) _(-).s (-).at
Cislx) = Cig(}:) e (9kD)

The term Cij contains only one pseudo-scalar and it is z = 3-% even

though <j? -47) may itself be a pseudo-scalar. We can now assert that
any pseudo-scalar function of z is zero when z = 0 so that <g é} is
defined by the trace of (+)Cij(o)' This is the correct framework in
which to view the cross-helicity, <:X'§J>° By way of a purely pedago-
gical remark, the von Karman-Howarth equations for this system are of
the same form as before and simply contain a different identification of
Sij which may be found directly.

As is evident from this section, measurements of cross-field
correlations require twice as many operations as do measurements of single
field correlations. This is a result of the inability to apply the

homogeneity assumption in the more direct manner,
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H. Taylor Microscales

As was discussed in the introduction to isotropic turbulence,
the quantities which characterize the turbulent flow are the spectra of
the conserved or nearly conserved quantities and the microscales. A
prescription for measuring the energy spectrum has been available for
some time. With the present work, a viable technique for measuring the
magnetic helicity spectrum has also become available. The cross-helicity
spectrum may also be measured in a manner analogous with the energy
spectrum. That leaves the need for a framework in which to discuss the
microscales.

It is for this purpose that we have paid close attention to the
tensor nature of the individual terms in the correlations. We know that
some of the scalar function contained in Rij are even functions of z while
the others are odd. Further, we know that due to the assumption of analy~
ticity, only even powers of r may be included in the Taylor expansions of
the scalar functions,

Some degree of notation is required at this point. We will
(i)

denote the microscales of the scalar function R by the superscript

"i" and since axisymmetric flows have more microscales than do isotropic
flows, we will use subscripts to designate the different terms in the

Taylor expansion of each function, In this way, we can write:

2 2 2 2
R (r,2) = 80) « - 4 vM(0) + & 25 8V(0) + @222
dr 2 8z2
(1) 2@ 2, 220 (1) -2
R*(0) - %T LA rr] * %?.[ A zz] *

+ (F(x222 (952)
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2
R (r2) =1 - B 172451 1724 o1e?P (95b)
2

R(3)(r,z) = R(3)(0) _ [)\(3)1-1-]—2 + Z?[ >$3) -2 + 69/(1, Z

(95¢)

and
2

R (r,2) = 2l AN 12 - S0 )W) 1724 e (954)

It should be recalled that the normalization decided upon at the beginning
of Chapter III forces R(E)(o) = 1. Also, R(h)(r,z) must be an odd
function of z and so R(h)(r = 0) = 0.

The time rate of change of the mean energy density is, from
Eq. (19),

2 o)+ P1= 277 (96)

where X is a constant dependent upon the identification given to

From the Taylor expansions, we get

Vs 1970y = 360X 072+ A,

1A 1) e XM 12w @0y (97)

172 +

2) + (31 X?)

This may be simplified by applying Eqs. (43) and (L4) to the Taylor expanded

forms, Egqs. (95a) to (95d). Equation (43) implies that

i 0) - 1 AB_ 12+ [ XM 12 = 0 (98)

rr

and Eq. (4k4) implies that

R IR CR I S

I‘

AW 172 =0
(99)

+ 5[
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Combining Egs. (97), (98) and (99) gives
/L_f'ms :( | Vz.?> - lOR(l)(O) ! >‘(2)rr]_2 - 2l }SS)rr]“2 ¥

+ [ 7\(2)22]'2 . (100)

This result can quickly be seen to reduce to the isotropiec form.

The microscales governing the decay of the magnetic helicity may
be found in the same manner. As is shown in Appendix IV, the time rate of
change of the mean magnetic helicity density is :Qgca— <:§:§> . We may
express this in terms of the Taylor microscales of the magnetic field cor-

relation by writing:

2 2
R(7)(r,z) = R(T)(O) - 22___ [ >\(7)rr]"2 + &2_ [ /](7)ZZ]—2 + gz(rzze
and (101a)
2
RO (r,2) =2l X8 172 - 1 A8 1724 o) (1010)

in which case

52 (83> = {7 (0) + 2 - r®(0) = -6rT(0) - 2t X&) 172 .
(102)
This reduces to the isotropic limit of —6R(7)(0). Using a microscale
technique, it is possiﬁle to tell whether the magnetic helicity (measured
by the integration procedure) is growing or being damped away.
A similar calculation may be performed to find the microscales

governing the decay of .<Y;gg> which is of interest in Navier-Stokes
turbulence., Referring to the microscales of the velocity correlation,

ve get
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V(v v +w v D>

A feot XT 0w e A 0P e AT 17 )
(8) -2 (8) -2

L2 rrz:| +Ia zzz:| }

+

The constraint Eq. (46) implies that
which implies that Eq. (103) may be written as
2V Vzg» - {9[ A(r()rr]--z* [/\(7) ]—2 .
ser AT 172 p B 7R (105)

I. Geometrical Limits

There are a variety of limits to the general axisymmetric geo-
4
metry and for the sake of completeness, some of the more often discussed
limits will be outlined in this section.

The most often discussed limit of isotropic turbulence was dis-
cussed in Chapter two to provide an introduction to the Taylor microscales.
A comparison of Egs. (16), (39) and (49) demonstrates that the isotropic
forms are contained within the axisymmetric description and it is pre-
sumed that as | B | is reduced, the correlations should approach the
isotropic forms. Recall that the scalar functions are functions of |B |
An interesting result of this limit is that directions and separations
which are correlated in the axisymmetric description become uncorrelated

as the system becomes isotropic. Let ? be the unit vector in the direc-

Pe)
tion of the displacement vector r and let & be perpendicular to both



A A -
7 and b. 1In the axisymmetric case, <r- 1 (x)o-17(x +_1:)> is a cor-
related quantity with contributions coming independently from both the

tensor and pseudo-tensor halves of Ri However, in the isotropic case,

3
these quantities become uncorrelated for all values of r. The pseudo-
tensor contribution may be linked to the existence of a helical spectrum,
but the proper tensor contribution involves the still not understood

terms which are peculiar to MHD turbulence.

l. Slab Limit

As previously mentioned, the slab limit is the most often dis-
cussed geometrical limit for solar wind turbulence. Without discussing
the validity of this geometry, it is a simple matter to see the form the
correlations take as a system approaches such a geometry. The slab limit
assumes that correlation lengths in the directioﬁ of the mean magnetic
field are finite while infinite correlation lengths exist in the perpen-
dicular direction. In addition, the fluctuations are restricted to lie
in the perpendicular plane.

This limit is arrived at by assuming that all of the scalar
functions are functions of the variable z alone in keeping with the

microscales just mentioned. In this limit,

Rij = ( gij - bibj)R(z)(z) + R(B)(z)éijhbh (106)

and the spectral representation is given by

(2) (8)
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Notice that this limit allows for helical flow and that it is trivially
solenoidal. Consistent with the microscale arguments, only wavenumber
vectors, k, parallel to Q are permitted. Unlike the isotropic limit or
the limits about to be discussed, there is no motivation as to when a
system should display a turbulent slab geometry.

2. Two Dimensional Geometry

An extensive review of turbulence in two dimensions, has recently
been published by Kraichnan and Montgomery.6h Another recent publication
65

by Montgomery and Turner argues that the 2-D geometry is a limit of the
fully general axisymmetric form that is achieved when the mean magnetic
field becomes large, Within this limit, fluctuations are once again
restricted to the perpendicular plane, but correlation lengths are now
infinite in the parallel direction while they are finite in the perpen-

dicular plane, Only wavenumber vectors, k, perpendicular to the symmetry

axis are allowed and so we can write for the correlation matrices:

Rij

(&~ bibJ)R(2)(r2 - 2?) ~ (108)
and

Sij

(84 = 008200 60, ). (109)

Notice that this form does not allow for helical flow, The presence of
helicity could therefore represent an obstacle to the collapse of the
flow to a 2-D geometry.

Recent work suggesting an alternative to the 2-D collapse may
be the form recently developed by Montgomery and Turner.66 In this limit,

the microscales and wavenumber vectors are restricted in the same manner
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as in the 2-D limit. The difference is that fluctuations are allowed to
leave the perpendicular plane allowing helical flows to be reinstated.

The correlation representation for this geometry is:

Ri,j = R(l)(r2 - Ze)rirj + R(2)(I‘2 _ Z2) 6\13 + R(3)(I‘2 - Z2).bi.bj +
LGS €1 h (110)

and

Si3 = [S(l)(kl)kikj + 3(2)(1&) Jij + 5(3)(1<J_)t>ibj + S(h)(ki)eijhkh] §x, ).

(111)



Summary

In order to examine the turbulence of any given flow, it is
necessary to have a framework in which to discuss it. This thesis has
attempted to construct such a framework for a geometry that is believed
to be appropriate to a large number of physical systems. The plasmas
in some of these laboratory devices have been acknowledged to be turbu-
lent; by comparing Reynold's numbers, we are led to suspect that many
others should also be turbulent. Such turbulent flows seem to be high
Prandtl number flows suggesting that most of the turbulent energy may
lie in the magnetic field.

In developing the axisymmetric description we constructed the
scalars under this set of rotations from the vectors available in the
correlation function, Appropriate combinations were formed in accordance
with a short theorem so that the various contributions to the correlation
matrix behave properly under coordinate inversion. We saw that this con-
structive approach gave a form for the correlation matrix that contained
four independent, unknown scalar functions in the case where the symmetry
axis is the mean magnetic field, The von Karman-Howarth equations were
derived for these scalar functions., The microscales for this geometry
were outlined and they were related to the decay of the energy and the

various helicities.

66
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Perhaps the most important aspect of this dissertation is that
it demonstrates a means for measuring the magnetic helicity together
with its spectrum. T have not included an example of this technique in
application because such efforts are at this stage still incomplete and
very much ongoing. However, I should mention some results so that the
reader may know that there are applications.

Recent application of this formalism to the solar wind has
produced some remarkable results.28 The solar wind is, as mentioned
earlier, remarkably anisotropic. Fluctuations are well restricted to
the perpendicular plane and the correlation lengths suggest a slab
geometry. And yet, when the reduced correlation functions are Fourier
transformed and the reduced energy spectrum, g(kr), is calculated
under the frozen flow hypothesis so that the total energy, E, is

/E(k)dk, we find for large k that & (k) —~ x™>/3 which is the iso-
tropic prediction of Kolmogorov. The magnetic helicity reduced

spectrum is found to behave so that  H(k) ~ k—8/3

which again has
the same wavenumber dependence as an isotropic result. No explanation
of this can be given at this time, but it remains true. In addition,
H(k), is seen to oscillate rapidly about zero. The net helicity exists
in the lowest wavenumbers as theory predicts, but each wavenumber is
seen to possess significant amounts of helicity indicating a polarization
of the structures at that wavenumber,

As mentioned, these investigations are still young and it would
not be appropriate to include them in detail in this dissertation., I
amention them in closing simply to demonstrate that the formalism discussed

here has applications.



APPENDIX I

It is important for the purposes of this dissertation to
distinguish between proper tensors and pseudo-tensors. A tensor has two
defining properties under coordinate transformation. They are:

1) its behavior under coordinate rotation and

2} its behavior under inversion of the coordinate system.

Under coordinate rotation (rigid rotation for simplicity) a

vector r is transformed into a vector r' according to the rule
— —~

ri = /ﬂdﬂ x, where /1*6 has the property that /ﬂﬁd /Xdy = é;,
The second rank tensor é;ﬂ is defined in the usual manner

é¢= {l if =g . A second rank tensor transforms according to
0 if K #p

T?dﬂ = /\Ar /\AS T)J and so on, As an example, if ri is a vector,
one example for T,, is r.r,. If b, is another vector, then r.b., also

i i i i3
transforms under rotation as required. rirjrh would be a third rank
tensor, and so forth.

Inversion is a separate operation. A coordinate inversion
cannot be accomplished by any combination of rigid rotations. Under
inversion, a right-handed Cartesian system becomes a left<handed Carte-
sian system. A proper vector transforms under inversion (labeled Inv.)
as would & position vector: it changes sign. If r is such a proper

vector, Inv r = ~r., A pseudo«vector does not change sign: If Db is

such a pseudo-vector, Inv b = b,

68
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A second rank proper tensor does not change sign under inver-

sion: Inv. r.r,£ = r.r, and Inv. bib = b.b

ivJ itJ J i73°

tensor does change sign under inversion: Inv. rib

A second rank pseudo-

= —rib In gen-

J 3

eral, an Nth rank proper tensor transforms under inversion according to:

Inv. Tij = (--1)NTi and an Nth rank pseudo-tensor transforms

. _ N+1
according to Inv. Tij... = (-1) Tij...

A vector is, of course, only a 1lst rank tensor and a scalar is

Jeee

a zeroeth rank tensor. Hence, proper scalars do not change under inver-

sion and pseudo-scalars change sign. As examples, r2 = r'r is a proper
n .

scalar while r+b is a pseudo-scalar. Therefore, rerirj is still a proper

tensor while (g-g)rir is a pseudo~tensor. Notice also that &€

3 13n"3%n
is a proper vector and Eijh —%—r— bh is also. Then, riejhlrhbl is
another example of a proper, secgnd rank tensor while biegjhlrhbl is
another pseudo-tensor of rank two. -~ -

So, we can change a proper tensor into a pseudo-tensor and vice-
versa by multiplying it by a pseudo-scalar. Multiplication by a proper
scalar leaves the "pseudo-ness" unchanged. Further, the sum of two
proper tensors is a proper tensor and the sum of two psuedo-tensors is a
pseudo~tensor, but the sum of a proper tensor and pseudo-tensor is not
a tensor, It is simply a matrix, an object with indexes, Any function of
a proper scalar is a proper scalar as is any even function of a pseudo-
scalar. An odd function of a pseudo-scalar is a pseudo-scalar.

We are constructing a symmetry based upon a pseudo-vector g.

Contained within this description is the pseudo-scalar r-b. By deter-

mining that each contribution to Ri is either proper tensor or pseudo-

J

tensor, we may determine whether the scalar functions are even or odd
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- functions of_g-ﬁ. It also énables us to double the number of constraint
equations imposed upon those functions, Also, by choosing a pseudo-

vector to designate the symmetry axis we find that the correlations may
include terms excluded by the proper vector case, indicating that it is

a fundamentally different system,



APPENDIX II

The anti-symmetric, pseudo-tensor part of the correlation maetrix

Rij(;) is written as R??(r) = R(T)é.ijhrh + R(B)ézijhbh' This is due to
the fact that the candidate form R(9)(ribj - rjbi) is forced to be zero
by the constraint equations:
(9) 3 (9) (9) _
B TR N 8 AR (u7)
and
2t —a—rR(g) + —Q—R(9) = 0. (48)

or oz

This can be seen by two different approaches which act to support the

(xr)

assertion that the constructive approach undertaken here to find Rij
is equally applicable in Fourier space.

The first approach is to solve these equations directly.
Equation (48) may be solved by separation of variables which gives
R(9) =C exp(r2 - z2) where C is any constant, This is not a solution
of Eq. (47) and even if it were, we would be forced to assert C = 0 in
order that correlations go to zero as r goes to infinity for constant

values of r2 - 22.

A second approach is worth noting since it relies upon our
ability to apply the constructive approach to correlation in Fourier
space. As can be seen in Appendix III, when the Fourier representation
is transformed back to configuration space where the solenoidal constraints
are trivially satisfied having been applied in Fourier space where they are
simply algebraic, no term of the form R(9)(rib

-r bi) is obtained.

J J

T1



APPENDIX TII

If there is no symmetry to the correlations, we may simply

choose an arbitrary direction, 2} ,» and write:

A= Aok, g=ko(rek)

and

ap _ o(T) (8) (9)
Si5 =8 K€yl + 8 (K€ %y *8TE 15 Ay

+ S(lo)

(1)U, - ok, + s )l 4 - kg ]

+ st gy - w00

The last three terms, although reasonable candidates for Si,j’ may be seen

(8)

to be not independent and the solenoidal constraint forces S

5(9)

= 0 and

= 0. This means that S P(k) = S(T)(k) e is the most general
ij'—~ ~ ijhkh

form for S;I]? and the assumption of a particular symmetry simply restricts

the function S(7)(_l_<’) to a simpler form. At this point, with no symmetry

assumed, we know only that it is an even function of k.

An inverse transformation to real space gives

R®(p) = [ ag o'k Esi(x)

lJ"’

Sax 5 Digye k.

e (-1) [ax eiﬁ'gs”)(g)

ijh arh
_ d
= eijh o, § (x)

where ir(;:)_ = -—/dﬁl_{_ eig'ES(T)(l,lg).

T2
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This shows that even without any degree of symmetry in the
problem, we can write that R?_‘?(_I_‘) = € %—;;—E(;). Since S??(k)
can still be written in the simple form just mentioned, it is clear
that it will still uncurl in the same manner stating that H = 24 (0)
in even the most general case. To relate this to the measured cor-
relation matrix, we can choose two mutually perpendicular directions

~ A A

Y and f and a vector r so that 5\’ X f = ¢ and say:
ap = 2
Uifiy T3 7 €am ¥y o @)

We can then parameterize a straight line curve r(l) where 1 is
the parameter such that r(0) = 0 and r(-0) = o0 and write:
pve)
ap = ©0) st ., A
/l =0 dar(1) a,iRij fj } («©) - $(0). But, Rij is an even function

of x while R?.L'p is an odd function of r so we can write:

J
/"" ar(1) ¥.[R%(x) - R®®(-r)]
1 =0 i*ij~ ijt ~ J

S o (1) ¥R (x) - Ry (D)) S,

-24(0).

This gives the magnetic helicity to be:

Hy=28(0) = - /170§ ar@) ¥R () - Ry (0)] )



APPENDIX IV

The fact that the magnetic helicity is a constant of the
motion for non-resistive, three-dimensional MHD is worth reviewing
here, It should be noted that boundary conditions must be assumed
in this derivation and that these assumptions must be justified when
the theorem is applied to a real physical system. Keeping this in
mind, we review the result here.

If we define H / A-B d3x to be the magnetic helicity

density integrated over some volume of the fluid, V, then we can write:

DtM Sy v e /yD‘t,( &8 p /Y p &%)

By conservation of mass, the second integral is zero. To evaluate the

first integral, we can write

D ,A-B DB,BD
bt 55) SAGE Bt Fng A
4 g - __¢c 2
Since 5- B - V@ (v @ B) = o VvV B

DP _
and—t——/)v-y, we can write
D (A-By _ .. . 2 o2
5‘{('—'7;‘—)—@ V(év—ﬁ)*-?&(:@-v}i'*EVf})

where \ = c s is the conductivity and ¢ is the speed of light,
Y 7a

and ﬂ is the electrostatic potential.
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This allows us to write:

D% a3x AB = / (B*A)(A-v - & )as + ,\/ d3§(ﬂ° v + ;3_-172}})
v S v

where 3 is the unit normal to the surface, S, of the volume, V.
In the case of infinite conductivity, A = 0 and the magnetic
field is convected by the fluid elements so that if ¥ is initially
chosen so that B-A = O everywhere on S, it will remain so for all time.
If A\ # 0, there are three choices for S which will eliminate the surface
integral. They are:
1) The surface of a perfect conductor on which g-ﬁ will be zero,
2) Periodic boundary conditions,
3) An infinite volume where the far field values go to zero
sufficiently fast for the surface integral to go to zero, In either of

these cases, or in any combination of these cases,

These cases are not the same as the assumption we have made
from the beginning; that the system is infinite and homogenecus. But if
it is reasonable to believe that when the length scale on which the
system is inhomogeneous is large compared to correlation lengths, then a
homogeneous model should still be a good local approximation. This
would seem to indicate that the mean magnetic helicity density calculated
from a homogeneous model should still be pertinent to a description of

the system,
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