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ABSTRACT

Controlling infectious disease spread and preventing disease onset are ongoing challenges,
especially in the presence of newly emerging diseases. While vaccines have successfully
eradicated smallpox and reduced occurrence of many diseases, there still exists challenges
such as fear of vaccination, the cost and difficulty of transporting vaccines, and the ability
of attenuated viruses to evolve, for instance leading to vaccine derived poliovirus.
Antibiotic resistance due to mistreatment of antibiotics and quickly evolving bacteria
contributes to the difficulty of eradicating diseases such as tuberculosis. Additionally,
bacteria and fungi are able to produce an extracellular matrix in biofilms that protects
them from antibiotics/antifungals.
Mathematical models are an effective way of measuring the success of various control
measures, allowing for cost savings and efficient implementation of those measures. While
many models exist to investigate the dynamics on a human population scale, it is also
beneficial to use models on a microbial scale to further capture the biology behind
infectious diseases. In this dissertation, we develop mathematical models at several spatial
scales to help improve disease control.
At the scale of human populations, we develop differential equation models with quarantine
control. We investigate how the distribution of exposed and infectious periods affects the
control efficacy and suggest when it is important for models to include realistically narrow
distributions.
At the microbial scale, we use an agent-based stochastic spatial simulation to model the
social interactions between two yeast strains in a biofilm. While cheater strains have been
proposed as a control strategy to disrupt the harmful cooperative biofilm, some yeast
strains cooperate only with other cooperators via kin recognition. We study under what
circumstances kin recognition confers the greatest fitness benefit to a cooperative strain.
Finally, we look at a multiscale, two-patch model for the dynamics between wild-type
(WT) poliovirus and defective interfering particles (DIPs) as they travel between organs.
DIPs are non-viable variants of the WT that lack essential elements needed for
reproduction, causing them to steal these elements from the WT. We investigate when
DIPs can lower the WT population in the host.
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Chapter 1

Introduction

Infectious diseases have always been a part of human life, affecting the way we live,

how we communicate, and even our politics (Sherman, 2007). While some infections may

not be contagious or are simple colds, some diseases have wiped out whole populations.

The Bubonic plague from 1346-1352 killed so much of Europe’s population, it took over

150 years for it to return to its previous size (Sherman, 2007). During the 17th century,

Smallpox disfigured or killed about 400,000 Europeans every year. The Spanish flu (the

Great Influenza) of 1918 killed more than 22 million people in two years (Brauer et al.,

2001; Sherman, 2007). Although not contagious by human contact, the fungus Phytophthora

infestans caused the Irish Potato Famine, reducing the Irish population by over 2 million,

whether through death or emigration.

Infections can be caused by various agents. Virus particles lead to diseases such as

poliovirus, smallpox, Ebola, and HIV (Sherman, 2007). Bacteria can cause food poison-

ing, form biofilms in the human body leading to infection (West et al., 2007), and lead to

outbreaks of cholera (Sherman, 2007). Agents can be non-contagious or contagious. When

contagious, they can spread from person to person through direct skin contact, through the

transfer of bodily fluids, or through the air. They can even be transfered from animal vectors

such as malaria via mosquitoes (Sherman, 2007).
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1.1 Forms of Control

Controlling the spread of disease has always been a challenge. Hospitals to treat the

sick were created in the Middle East in about the 10th century and in Western Europe in

651 (Gaynes, 2011). The idea of quarantine first came around in the time of Hippocrates

and Galen when they suggested that some diseases were “dangerous to associate with those

afflicted” (Sherman, 2007). Before people knew the cause of cholera, they would keep cholera

infested ships docked for a period to prevent the spread on land (Sherman, 2007). Later,

vaccinations became a preventative measure, even eliminating smallpox (Sherman, 2007;

Anderson et al., 1992). Agencies such as the CDC and WHO were created to continue the

fight against infectious diseases. The CDC was created in 1946 by Dr. Joseph Mountin to

have a headquarters for the fight against malaria (Centers for Disease Control and Prevention,

2018), while the WHO was created in 1948 as a result of a United Nations meeting (World

Health Organization, 2019a).

These measures have their benefits. However, with the continued misuse of antibiotics,

and viruses and bacteria’s ability to quickly evolve, such measures are quickly becoming

ineffective and more creative measures must be taken when fighting health concerns (Gaynes,

2011). For example, syphilis is becoming more drug resistant, and due to infected individuals

quitting tuberculosis treatment early, tuberculosis is also becoming more drug resistant.

When stopping a treatment early, remaining bacteria mutate to become drug resistant. These

mutated bacteria can then spread to another individual (Sherman, 2007). One proposed

method to fight antibiotic resistance is through exploiting microbial social interactions. One

example where this could be useful is disrupting biofilm formation. Biofilms are communities

of bacteria or fungus that are attached to a surface and are protected from outside threats,

such as antibiotics, by an extracellular matrix (Nadell et al., 2008, 2016). The extracellular

matrix is created by cells within the community. Therefore, these cells must cooperate

with each other in to successfully protect themselves from being eliminated. However, these

cooperative communities can be taken advantage of by cheaters, individuals who do not
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use energy to produce the extracellular matrix, and therefore can outgrow the cooperators

leading to biofilm disruption (Nadell et al., 2008; Brown et al., 2009). Studying these types

of social interactions allows us to figure out ways to prevent infectious disease in humans by

eliminating biofilms. For instance, Brown et al. (2009) et al. propose and model a strategy

for using a cheater strain as a Trojan horse that is inserted into the biofilm and eliminates

it from the inside.

Additionally, vaccines can be costly, difficult to develop and transport, and could create

fear in a society such as with the vaccine for poliovirus (Sherman, 2007) and today’s battle

with measles. On top of this, some viruses, especially RNA viruses, quickly evolve leading to

vaccine derived viruses. An example is poliovirus, a single-stranded RNA virus, can change

from a weakened, or attenuated, version of the virus that is used in vaccinations to the highly

contagious virus, or vaccine derived poliovirus. This makes eliminating poliovirus from some

areas of the world a very difficult task (Sherman, 2007). HIV is also able to quickly adapt

and evolve as well. One method scientists are taking to attempt eliminating these diseases

is the introduction of defective interfering particles (DIPs) (Huang and Baltimore, 1970;

Rouzine and Weinberger, 2013). These DIPs are non-viable variants of the wild-type (WT)

virus that lack essential elements needed for viral reproduction. They steal these elements

from the WT virus in order to complete reproduction, thus interfering with the WT’s ability

to successfully spread.

1.2 Mathematical Modeling

With the numerous control measures at the hands of doctors and epidemiologists to

use, it became important to find the most efficient and cost effective ways to implement

those control measures. This is where mathematical modeling becomes a useful tool. The

first disease control model was created by David Bernouilli in 1760 as a way to track how

successful variolation, or inoculation of a small amount of smallpox, was in preventing the

spread of smallpox (Anderson et al., 1992; Brauer et al., 2001).
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Recently, multiscale models have become a popular tool. These models allow mathe-

maticians to not only investigate host dynamics, but within-host dynamics as well. While

models on the scale of human populations can capture how fast the disease is transitioning

from one host to another, it can be beneficial to look at the pathogen level to gain an under-

standing of the biological workings of the disease. A combination of two scales would allow

for greater biological accuracy. One example of this is tracking viral reproduction as well as

the cells they infect. These models allow us to explore alternative control measures such as

DIPs (Murillo et al., 2013; Rast et al., 2016; Rouzine and Weinberger, 2013; Thompson and

Yin, 2010).

One of the simplest types of mathematical models to fight infectious diseases on any

scale are compartmental models (Anderson et al., 1992; Brauer et al., 2001). These models

group individuals (whether humans, animals, or even cells) based on certain characteristics

such as those who are susceptible to a disease, those who are exposed, those who are in-

fected, or those who have recovered. The movement from compartment to compartment can

be reflected in differential equations. The simplest form of differential equation is ordinary

differential equations. These use an exponential distribution for time spent in each compart-

ment before moving on to the next. However, there are also models that implement delay

differential equations or methods to incorporate various distributions for time spent in each

compartment.

Another type of model that is commonly used, especially with the growth of computing

power, is the agent-based stochastic model. This model allows mathematicians to look at

individuals in a community, rather than grouping them into compartments, and make a deci-

sion based on social interactions (Gilbert, 2008; Murillo et al., 2013). The decision could be

whether they will become infected based on coming into contact with an infected individual

or move locations based on a current location or benefit of a new location. Agent-based

models can be used on populations of any scale including humans, groups of individuals,

bacteria, or even individual cells.

In this study, we look at various scales of infection and control such as quarantine for

4



Ebola at a human population scale, using social interactions to study the dynamics in biofilm

formation at the cellular level, and using DIPs against poliovirus particles infecting cells and

traveling between organs. These diseases or infections are difficult to control; there are

either no vaccines, the vaccine is not enough to eliminate the disease, or they are becoming

resistant to antibiotics. More specifically, in Chapter 2, we investigate how implementing

control measures on certain population types can impact the type of distribution to use in

a compartmental model. In Chapter 3, we use a stochastic spatial model to measure the

benefit of a yeast strain expressing kin recognition when competing for resources against

another strain in a biofilm. Finally, in Chapter 4, we use a two patch model to measure

the dynamics of wild-type poliovirus and defective interfering particles as free virus particles

spread between two organs.
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Chapter 2

Applying Quarantine to Infectious:

Does Ignoring Time Delay Lead to

Incorrect Predictions? 1

2.1 Introduction

Mathematical models have the potential to provide insight into the dynamics of an

emerging disease. They can help determine the impact that control measures have before

the epidemic becomes too severe (Anderson et al., 1992; Brauer et al., 2001). During the

2014 Ebola outbreak, a CDC modeling team immediately created two models (one with

intervention and the other without) to determine how quickly control measures would slow

the epidemic (Meltzer et al., 2014; Meltzer, 2016). This helped them estimate the amount

of time they had to gather and send resources. When predicting the course of an epidemic,

modelers must balance simplicity and accuracy. It is important to incorporate key charac-

teristics of the disease, such as transmission and intervention methods. However, too many

factors and complicated methods could make the system difficult and time consuming to

1Paper in preparation: Intervention Strategies for Epidemics: Does Ignoring Time Delay
Lead to Incorrect Predictions? A. Bingham and L.B. Shaw.
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solve. For example, a complicated mathematical model that incorporates more parameters

would require more data to estimate those parameters. If the parameter values are not fit

to data correctly, it reduces the accuracy of the model predictions. Furthermore, if there is

a rapidly spreading epidemic, such as Ebola, time is of the essence. In Meltzer (2016), it

is stated that the turnaround time for answers to critical questions was less than one week.

In addition, modelers must present their research to policy makers, and if the model is too

complicated to communicate clearly, policy makers are less likely to accept the model and

implement recommended controls in a timely manner, another problem CDC modelers faced

during the 2014 outbreak (Meltzer et al., 2014; Meltzer, 2016).

One of the simpler methods to model an epidemic is using ordinary differential equa-

tions (ODEs) such as the SEIR compartmental model, where a population is divided into

compartments of individuals who are susceptible (those able to become infected), exposed

(those who are infected but cannot spread the disease), infectious (those who are able to

spread the disease), or recovered (sometimes referred to as removed since they can no longer

contract the disease) (Wearing et al., 2005; Li and Liu, 2014; Anderson et al., 1992; Kermack

and McKendrick, 1927). Using ODEs involves assuming an exponential distribution for the

time a person will spend in each compartment (Feng et al., 2007; Sherborne et al., 2015; Li

and Liu, 2014; Yang et al., 2008; Huang et al., 2010; Zhang et al., 2009). However, ODEs

can lead to underestimates of the infectious steady state due to the exponential distribu-

tion’s large variance (Wearing et al., 2005; Yang et al., 2008; Feng et al., 2007; Sherborne

et al., 2015). This occurs because a large variance can allow for a higher probability of an

unrealistically short time spent, for example, exposed or infectious.

We would like to use a distribution with a much smaller variance for the time remaining

in each compartment. For instance, the gamma and Poisson distributions have been used

to model the exposed and infectious periods of various diseases such as smallpox, anthrax,

and influenza due to the reduced size in variance of the distributions (Brookmeyer et al.,

2005; Eichner and Dietz, 2003; Nishiura, 2007). This allows for more realistic times spent

exposed or infectious. We focus on the delta distribution, which has constant exposed and
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infectious periods and a variance of zero. With this lack of variance, we limit the parameters

we need to estimate. This type of distribution can be represented using delay differential

equations (DDEs) (Huang et al., 2010; Keeling and Grenfell, 2002). However, it is more

difficult to numerically evaluate DDEs than it is to evaluate ODEs because DDEs depend on

a history of solutions to calculate the next time step. Also, most epidemic models are stiff

systems due to processes occurring on multiple time scales (Shampine and Thompson, 2001).

For instance, a model could include the average lifetime of an individual, which could span

years, while also including the time span of a disease in days. Solving stiff systems becomes

more difficult when time delays are involved. Therefore, it is our goal to highlight certain

cases when it is best to use delay differential equations versus when the simpler ordinary

differential equations can be used.

In this study, we will compare an exponential model, which uses ordinary differential

equations, and a delay differential equation model, with time delays in both an exposed and

an infectious class, using a model with multiple exposed and infectious compartments to

interpolate between the two. All three models will include quarantine of the infectious class

as the main control measure. Section 2.2 introduces the models, and Section 2.3 reports

the steady states and basic reproduction numbers. In Section 2.4, we compare the effect of

control in the exponential and delay models where we have used simulated data to fit the

transmission rate for each model. As expected, we see an underestimation in the infectious

steady state of the exponential system when applying a quarantine measure. Next, in Section

2.5, we explore whether the time delay in the exposed class or the time delay in the infectious

class has the greatest impact on the infectious steady state. Then, in Section 2.6, we explore

how the length of each time delay affects the difference between the exponential and the delay

systems’ infectious steady states. Finally, in Section 2.7, we compare our quarantine results

with two other possible control measures, isolation of exposed individuals and vaccination

of susceptibles.
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Figure 2.1 Flow chart for SEIQR model, where µ is the population birth and death rate, β is the
infection rate, σ is the incubation rate, α is the quarantine rate, and γ is the recovery rate

2.2 Models

For this project we will use Ebola parameters from Hu et al. (2015). At the time of

the 2014 outbreak, Ebola was spreading rapidly, so it was important that accurate models

were produced quickly. Additionally, there were numerous intervention methods applied,

including quarantine, hospitalization rates, and safe burial practices (Haas, 2014; Pandey

et al., 2014; Meltzer et al., 2014; Meltzer, 2016). Finally, because the incubation period

and infectious period for Ebola are relatively long compared to diseases such as influenza

and measles (Hethcote, 2000; Wearing et al., 2005; Safi and Gumel, 2011), we suspected the

distributions of these periods could be especially important, although that will be explored

in detail in Section 2.6 .

In the following three models, we will focus on the intervention method of quarantine. A

quarantine rate is applied to the infectious population, where a proportion of the infectious

population will be isolated and unable to spread the disease. They will eventually enter the

recovered class (see Fig. 2.1). Later, in Section 2.7, we will investigate what happens when

control is applied to the exposed or susceptible classes.
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Parameter Definition Value

µ Birth and death rate 0.00005 days−1

β Transmission rate 0.278 days −1

σ Incubation rate 0.10 days −1

γ Recovery rate 0.18 days −1

α Quarantine rate 0.05 days−1 (Meltzer, 2016)
τ1 Incubation delay

(
1
σ

)
10 days

τ2 Recovery delay
(

1
γ

)
50/9 days

n Number of exposed compartments 1 to ∞
m Number of infectious compartments 1 to ∞

Table 2.1 Model parameters (derived from Hu et al. (2015) except where indicated)

We first introduce the exponential version of the SEIR model with a quarantined class:



dS

dt
= µ− βSI − µS

dE

dt
= βSI − (µ+ σ)E

dI

dt
= σE − (µ+ α + γ)I

dQ

dt
= αI − (µ+ γ)Q

dR

dt
= γ(I +Q)− µR

(2.1)

where S is the proportion of susceptibles in the population, E is the proportion of exposed, I

is the proportion of infectious, Q is the proportion in quarantine, and R is the proportion of

removed individuals at time t. We have a transmission rate β, incubation rate σ to advance

from exposed to infectious, quarantine rate α, recovery rate γ, and birth and death rate µ.

All rates are per day (see Table 2.1). For the quarantine rate, we use α = 0.05. According to

Meltzer (2016) and Washington and Meltzer (2015), about 20% of Ebola patients were put

into Ebola treatment units between September and October of 2014. While other papers

reference a higher quarantine rate for best case scenarios (Hu et al., 2015; Hethcote et al.,

2002), we want to focus on a smaller α since our goal is not to guarantee epidemic extinction

but rather to study the influence of control measures on accuracy in model predictions.

Our delay differential equation model includes time delays τ1 and τ2, where τ1 represents
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the time spent in the exposed compartment and τ2 represents the time spent in the infectious

compartment:



dS

dt
= µ− βSI − µS

dE

dt
= βSI − βS(t− τ1)I(t− τ1)e−µτ1 − µE

dI

dt
= βS(t− τ1)I(t− τ1)e−µτ1

− βS(t− τ1 − τ2)I(t− τ1 − τ2)e−µ(τ1+τ2)−ατ2 − (µ+ α)I

dQ

dt
= αI − µQ− βS(t− τ1 − τ2)I(t− τ1 − τ2)e−µ(τ1+τ2)(1− e−ατ2)

dR

dt
= βS(t− τ1 − τ2)I(t− τ1 − τ2)e−µ(τ1+τ2) − µR

. (2.2)

The rate of entry into the infectious class from the exposed class at time t is βS(t− τ1)I(t−

τ1)e
−µτ1 , where a person who becomes infectious at t was exposed at time t−τ1 and remained

exposed for length of time τ1 (Cooke et al., 1999). The factor e−µτ1 is the probability an

exposed individual will survive to reach the infectious class (Beretta and Breda, 2011; Kaddar

et al., 2011; Li and Liu, 2014). Similarly, entry into the recovered class from the infectious

class occurs at rate

βS(t− τ1 − τ2)I(t− τ1 − τ2)e−µ(τ1+τ2)e−ατ2 ,

where a person recovering at time t was exposed at time t− τ1− τ2, and the probability the

person survives to reach the recovered class is e−µ(τ1+τ2). The probability a person does not

become quarantined and moves straight from infectious to the recovered class is e−ατ2 . In the

equation for Q, 1− e−ατ2 represents the probability an individual did become quarantined.

Note that although it is possible to exclude dE
dt

and dR
dt

because they do not affect the

other compartments, we include these equations for completeness and to emphasize the fact

that we have a closed system. In other words, our total population is always 100%.

To be able to compare the delay model to the exponential model, the time delays

must correspond to the average times in each compartment in the exponential model. The

transition rate from the exposed compartment to the infectious compartment is σ, so the
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average time spent in the exposed class is 1
σ
. This is our τ1. Similarly, τ2 = 1

γ
.

Our third model, the multi-infected compartment model, breaks the disease classes of

the exponential model into n number of exposed compartments, m number of infectious

compartments, and m number of quarantine compartments. This method is similar to the

method used in Wearing et al. (2005). However, their model focused on contact tracing

and divided the infectious individuals into asymptomatic and symptomatic categories while

putting individuals who were exposed, whether they obtained the disease or not, into quar-

antine. In our model, the number of infectious and quarantine compartments will always

be equal (see Fig. 2.2) since recovery in the infectious class will take just as long in the

quarantine class: 

dS

dt
= µ− βS

(
m∑
i=1

Ii

)
− µS

dE1

dt
= βS

(
m∑
i=1

Ii

)
− µE1 − nσE1

...

dEn
dt

= nσEn−1 − µEn − nσEn
dI1
dt

= nσEn − µI1 − (α +mγ)I1

...

dIm
dt

= mγIm−1 − (µ+ α +mγ)Im

dQ1

dt
= αI1 − (µ+ γm)Q1

...

dQm

dt
= αIm + γmQm−1 − (µ+ γm)Qm

dR

dt
= γm(Im +Qm)− µR

. (2.3)

The term
∑m

i=1 Ii represents the total number of infectious individuals in the population at

time t. Again, we need to make sure the average time spent in each class is equivalent to

the other models. If there are n compartments in the exposed class and the average time to

become infectious is 1
σ
, then the average time in each exposed compartment is 1

nσ
, making
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S E1 · · · En I1 · · · Im R

Q1
· · · Qm

µ β nσ nσ nσ mγ mγ mγ

α

mγ mγ

αmγ

µ µ µ µ µ µ

µ µ

Figure 2.2 Flow chart for multi-infected compartment model, where n is the number of exposed
compartments and m is the number of infectious/quarantine compartments.

the rate to progress out of each compartment nσ. Similarly, the rate to progress from each

infectious compartment is mγ.

This model uses a gamma distribution for time spent exposed and infectious, with the

number of compartments affecting the shape of the distribution. As n and m increase towards

infinity, the model approaches a delta distribution for time spent exposed and infectious,

allowing us to observe the effect of constant exposed and infectious periods (see Fig. 2.3)

(Sherborne et al., 2015; Leemis, 2011; Cox and Miller, 1965; Feng et al., 2007). When

n = m = 1, the model uses an exponential distribution for time spent exposed and infectious,

equivalent to Eq. (2.1). Therefore, we will use this model to gradually change from the

exponential model to the delay model and investigate which delays are causing the greatest

change in dynamics.

2.3 Steady States and Basic Reproduction Numbers

As mentioned before, some models that include multiple time spans can be stiff. While

there are solvers made to adjust the time steps with respect to the time delays (Shampine

and Thompson, 2001), our system proved to be too stiff for numerically accurate simulations.

Our system also includes a combination of multiple time delays, increasing the difficulty in

obtaining numerics. We focus primarily on analytics and find the endemic steady state of

each model, with emphasis on the number of infectious individuals. We then calculate the

basic reproduction number for each model.
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Figure 2.3 Interpolation between the exponential and the delay model by the multi-infected
compartment model. When m, the number of infectious compartments, is 1, the model assumes
an exponential distribution. As m increases, the model approaches a constant infectious period,
which is used by the delay model

2.3.1 Exponential Model

The exponential system yields a disease free state of (S0
E, E

0
E, I

0
E, Q

0
E, R

0
E) =

(1, 0, 0, 0, 0). There is also an endemic steady state (S∗E, E
∗
E, I

∗
E, Q

∗
E, R

∗
E), where our main

focus will be on the infectious steady state (see Appendix 2.9.1 for full steady state),

I∗E =
µ

α + µ

(
σ

σ + µ

)[
1−

(
γ

γ + α + µ

)]
− µ

β
. (2.4)

We can find the basic reproduction number using the method outlined by Van den

Driessche and Watmough (2002), obtaining

R0 =
βσ

(σ + µ)(α + γ + µ)
.

For the Ebola parameters listed in Table 2.1, R0 > 1. This implies that the disease free

state is unstable under these parameters. By numerically calculating the Jacobian at the

endemic equilibrium and its eigenvalues, it can be shown that the endemic steady state is
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stable under these parameters.

2.3.2 Delay Differential Equation Model

The disease free steady state of the delay differential equation model is identical to the

exponential system, and the endemic steady state (see Appendix 2.9.2 for the full steady

state) includes the infectious steady state

I∗D =
µ

α + µ
e−µτ1

[
1− e−(µ+α)τ2

]
− µ

β
. (2.5)

In order to find the basic reproduction number, we take the limit of the basic repro-

duction number of the multi-infected compartment model (see next subsection) as n and m

approach infinity (Wearing et al., 2005). Also, recall that τ1 = 1/σ and τ2 = 1/γ. This

results in

R0 =
β

µ+ α

[
e−µτ1

] [
1− e−(µ+α)τ2

]
. (2.6)

2.3.3 Multi-Infected Compartment Model

The disease free steady state of the multi-infected compartment model is similar to the

previous two models: (S0
M , E

0
M,1, E

0
M,2, ..., E

0
M,n, I

0
M,1, I

0
M,2,...,I

0
M,m, Q

0
M,1, Q

0
M,2, ...,

Q0
M,m, R

0
M) = (1, 0, 0, ..., 0, 0, 0, ..., 0, 0, 0, ..., 0, 0).

We now outline how we find the endemic steady state. Our main focus will be on

the sum of all infectious compartments at steady state,
∑m

i=1 I
∗
M,i, so we will express other

quantities in terms of that sum. First, we note that at steady state,

S∗M =
µ

β
∑m

i=1 I
∗
M,i + µ

and

E∗M,1 =
βµ
∑m

i=1 I
∗
M,i

(µ+ nσ)(β
∑m

i=1 I
∗
M,i + µ)

. (2.7)

Now, we find the steady state relationships between exposed classes E∗M,1, E
∗
M,2,
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...E∗M,n, where

E∗M,i =

(
nσ

µ+ nσ

)i−1
E∗M,1

for i ∈ {2, . . . , n}, indicating that

n∑
i=1

E∗M,i = E∗M,1

n−1∑
j=0

(
nσ

µ+ nσ

)j
.

This a finite geometric series, and after substituting E∗M,1 with (2.7), we find that

n∑
i=1

E∗M,i =
β
∑m

i=1 I
∗
M,i

[
1−

(
nσ

nσ+µ

)n]
β
∑m

i=1 I
∗
M,i + µ

.

We now consider the steady state for the quarantined and recovered population
∑m

i=1Qi+

R. In general,

d

dt

[
m∑
i=1

Qi +R

]
= α

m∑
i=1

Ii − µ
m∑
i=1

Qi − µR +mγIm.

At steady state

I∗M,i =

(
mγ

µ+ α +mγ

)i−1
I∗M,1

for i ∈ {2, . . . , n} and where

I∗M,1 =
nσE∗M,n

µ+ α +mγ
.

Therefore,

(
m∑
i=1

Qi +R

)∗
M

=
α

µ

m∑
i=1

I∗M,i +

(
mγ

µ+ α +mγ

)m(
nσ

µ+ nσ

)n( β
∑m

i=1 I
∗
M,i

β
∑m

i=1 I
∗
M,i + µ

)
.

Finally, using the property of a closed system, S∗M +
∑n

i=1E
∗
M,i +

∑m
i=1 I

∗
M,i+

(
∑m

i=1Qi +R)
∗
M = 1, we solve for

∑m
i=1 I

∗
M,i:

m∑
i=1

I∗M,i =
µ

α + µ
CECI −

µ

β
, (2.8)
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where we define constants

CE =

(
nσ

nσ + µ

)n
(2.9)

and

CI = 1−
(

mγ

mγ + α + µ

)m
. (2.10)

Again using the method from Van den Driessche and Watmough (2002) (see Appendix

2.9.3 for details), the R0 value is found to be

R0 =
β

µ+ α
CECI . (2.11)

2.4 Example of Underestimation of Infectious Popula-

tion in Exponential System

When modeling a new epidemic, one of the more complicated parameters to estimate is

the transmission rate (Hu et al., 2015; Hethcote, 2000). It is easier to estimate from data how

many people are infected, how many people are being quarantined, or how many people have

recovered. It is not as simple to calculate how often infectious people come into contact with

susceptible people, and even more complicated to determine if the disease was transmitted

with that contact. To mirror the process of estimating the transmission rate of a real disease

using a simple model before applying a control, we will fit our transmission rate β in the

exponential model to simulated data coming from the infectious steady state of the delay

system. We will then investigate whether applying a control leads to an underestimation in

the infectious steady state of the exponential system like that observed by Wearing et al.

(2005).

The procedure is shown in Fig. 2.4a. We first begin by matching the infectious steady

states of the exponential system (2.4) and the delay system (2.5) without any control (α = 0).

We will take our exponential system to be the “predicted” or “simple” system and the delay

system to be our “real” system. This is because the delay system is likely more accurate with
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(a) (b)

Figure 2.4 (a) Schematic for fitting β and applying control to measure underestimation in expo-
nential system. (b) Numerical results for fitting β, applying quarantine control, and comparing the
“real” delay system and the “predicted” exponential system

its delta distribution and correspondingly small variance in exposed and infectious periods.

Therefore, if I∗E = I∗D, then

µ

α + µ

(
σ

σ + µ

)[
1−

(
γ

γ + α + µ

)]
− µ

βest
=

µ

α + µ
e−µτ1

[
1− e−(µ+α)τ2

]
− µ

βreal
,

where βreal is the transmission rate in the delay system and βest is the estimated transmission

rate that allows the exponential system to match the delay system. Solving, we find

βest =
(µ+ σ)(γ + µ)βrealµ

(σ + u)(γ + µ)(βreale−(µ(τ1+τ2)) − βreale−µτ1 + µ) + σβrealµ
. (2.12)

We then substitute this estimated β in for the transmission rate of our exponential

steady state, (2.4), with α 6= 0:

I∗est =
−µσα

(µ+ σ)(γ + µ)(α + γ + µ)
+ e−µτ1(1− e−µτ2)− µ

βreal
(2.13)

If we substitute our parameter values from Table 1 into (2.5) and (2.13) and observe the

numerical results in Fig. 2.4b, we can see that the “predicted” number of infectious people

is about half the “real” number of infectious people.
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To determine if we see underestimation in a more general scenario, we compare (2.13)

analytically to our delay steady state, (2.5), also with α 6= 0. For simplicity, we Taylor

expand to find the leading order term in µ, assuming that µ� α, γ, σ since 1
µ

represents the

length of a lifetime in days and is much longer than the length of quarantine, infectious, and

exposed periods.

This leads to I∗D ≈
µ
α

(
1− e−α/γ

)
− µ

βreal
and I∗est ≈

µ
γ

(
1− α

α+γ

)
− µ

βreal
. Thus comparing

the “real” and “predicted” infection levels requires comparing factor CD = 1−e−α/γ to factor

Cest = α
γ

(
1− α

(α+γ)

)
.

At this point, it is still difficult to tell which is greater, but we can conclude that the

extent of the discrepancy between the “real” system and the “predicted” system depends on

the quarantine rate and the recovery rate.

If we further assume a small quarantine rate such that α � γ, we can expand the two

steady states further and find that CD ≈ α
γ

(
1− α

2γ

)
and Cest ≈ α

γ

(
1− α

γ

)
. In this limit,

CD > Cest.

Therefore, at least for low quarantine, it can be seen that the “predicted” exponential

system’s infectious steady state is less than the “real” delay system’s infectious steady state,

confirming that the exponential system will underestimate the number of infectious in our

model when a control measure is applied.

2.5 Effect of Number of Compartments on Infectious

Steady State

We can use the multi-infected compartment model to interpolate between the exponen-

tial system and the delay system by varying the number of compartments. Now we want to

investigate how this variation will affect the infectious steady state. It is important to know

if a particular method of modeling tends to overestimate or underestimate the infectious

steady state when attempting to apply accurate control measures. We begin by taking (2.8)

and letting the number of exposed compartments, n, increase to infinity while maintaining
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Figure 2.5 Infectious steady state of the multi-infected model as the number of exposed (dotted
curve) or infectious (solid curve) compartments increases. The infectious steady state of the delay
system is shown for comparison (dashed curve)

only one infectious compartment and one quarantine compartment, m = 1. This allows the

distribution of the exposed period to move from an exponential distribution to a constant

period while the infectious period remains exponentially distributed. We will be able to see

if the narrower distribution of the exposed class increases or decreases the infectious steady

state, impacting the needed amount of control. We then repeat this analysis for the infec-

tious class, allowing the number of infectious compartments, m, to increase to infinity while

maintaining only one exposed compartment.

In Fig. 2.5, using parameters from Table 2.1, we can see that as the number of infectious

compartments increases, the multi-infected system’s infectious steady state approaches the

delay system’s steady state. However, as the number of exposed compartments increases,

the multi-infected system’s infectious steady state seems to stay constant.

We now analytically investigate this result in order to form a more general argument

beginning with the change in the number of exposed compartments. Since we are only

changing n, we focus on CE (2.9), which when increased, increases the infectious steady

state.

20



When n = 1, the exposed class has an exponential distribution and CE becomes

1
µ
σ

+ 1
. (2.14)

As n approaches infinity, the distribution of time spent exposed approaches a delta distribu-

tion and CE becomes

e−µ/σ. (2.15)

Next, we assume that µ
σ
� 1 due to the much smaller birth rate. We use a Taylor

expansion to the second order on (2.14) about µ
σ
, resulting in

1− µ

σ
+
(µ
σ

)2
. (2.16)

The Taylor expansion for (2.15) about µ
σ

results in

1− µ

σ
+

(
1

2

)(µ
σ

)2
. (2.17)

Comparing the two expanded terms, we see that CE using an exponential distribution is

greater than CE using a delay distribution, or

1
µ
σ

+ 1
> e−µ/σ.

Therefore, using DDEs (or a delta distribution) for the exposed class will decrease the infec-

tious steady state. However, comparing this to our numerical results in Fig. 2.5, we observe

a negligible decrease in the infectious steady state.

Next, we perform the same analysis for varying the number of infectious compartments,

m. This time, we focus on CI (2.10), which when increased, also increases the infectious

steady state.

Again, we can assume µ
γ
� 1 due to difference in time scales. For convenience, we make

an extra, potentially unrealistic, assumption that the quarantine rate α is much smaller than
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the recovery rate γ. Letting m = 1 gives us an exponential distribution in the infectious

compartment and CI becomes

1−

(
1

1 + µ+α
γ

)
(2.18)

with a Taylor expansion to the second order about small µ+α
γ

of

µ+ α

γ
−
(
µ+ α

γ

)2

. (2.19)

As m approaches infinity, the infectious class approaches a delta distribution and CI becomes

1− e−(µ+α)/γ (2.20)

with a Taylor expansion to the second order about small µ+α
γ

of

µ+ α

γ
−
(

1

2

)(
µ+ α

γ

)2

. (2.21)

Comparing the two expanded terms, we see that CI using a delta distribution is greater than

CI using an exponential distribution, or

1− γ

α + γ + µ
< 1− e−(µ+α)/γ.

Thus, using DDEs for the infectious class will increase the infectious steady state.

Numerically, we have shown that increasing the number of infectious compartments

allows the infectious steady state to reach more accurate levels, while increasing the number

of exposed compartments has little impact. When investigating this analytically, using a

time delay in the exposed compartment appears to decrease the infectious steady state.

For small control levels, we showed analytically that using a time delay in the infectious

compartment increases the infectious steady state.

Together, these results reinforce that using an exponential distribution can lead to un-

derestimates in predicted steady states, with new emphasis on using the correct distribution

22



in the infectious class.

2.6 Effect of Length of Time Delay on Infectious Steady

State

We now investigate whether the length of the time delay has an impact on the discrep-

ancy between the exponential and the delay systems’ infectious steady states. We test this

by focusing on each time delay separately.

We first look at the time delay in the exposed class, varying τ1 while assuming the

infectious period and number of infectious compartments are fixed. Therefore, we again

only need to focus on CE (2.9). To study the difference between the steady state of the

exponential and delay system, we need to use the expanded form of (2.14) and (2.15) for

slow birth rate. Subtracting (2.17) from (2.16) results in

(
1

2

)(µ
σ

)2
.

Thus the exponential system’s infectious steady exceeds that of the delay system by

µ

α + µ
CI

1

2
(µτ1)

2 (2.22)

since τ1 = 1
σ
. (Recall that CI is independent of σ and τ1.) As the time delay in the exposed

class increases, the discrepancy between the infectious steady state of the exponential and

the delay system increases.

In Fig. 2.6a we plot the percent difference in the infectious steady state between using

an exponential distribution and delay distribution in the exposed class as τ1 increases. We

maintain a time delay in the infectious compartment for consistency. We see that the percent

difference is quite small, implying that the time delay in the exposed class has little impact

on the difference in infectious steady states.
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(a) (b)

Figure 2.6 (a) Percent difference in infectious steady state between using an exponential dis-
tribution and delay distribution in the exposed class versus time spent exposed, τ1. (b) Percent
difference between using an exponential distribution and delay distribution in the infectious class
versus time spent infectious, τ2

Note that in Fig. 2.6a we stop τ1 at 123 days because of the existence of a Hopf bifur-

cation in the delay system at approximately τ1 = 123.75, after which the infectious steady

state is less relevant. In order to locate the Hopf bifurcation, we tested different values for

τ1 and used dde23 in Matlab to numerically integrate (2.2) from an initial condition that

included a slight perturbation from the endemic steady state. For τ1 < 123.5, the system

approached the endemic steady state. For τ1 > 123.75, the system continued to oscillate

with increasing amplitude.

A similar approach to finding the discrepancy between the two steady states by varying

the delay τ2 in the infectious compartment would require us to focus on CI (2.10). However,

we cannot make simplifying assumptions in a convenient limit because if τ2 is long, the

assumption that the quarantine rate, α, is slow compared to the recovery rate γ (made in

the expansion of CI in (2.19) and (2.21)) does not hold, while if the infectious period τ2 is

too short, the system will approach the disease free state.

Therefore, we resort to numerics. The percent difference between using an exponential

distribution and delay distribution for the infectious class is plotted in Fig 2.6b. Again, a

time delay was used in the exposed class for consistency. This time, we see that the delay

in the infectious class has a much greater impact on the difference between the infectious
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steady states and that smaller time delays contribute to greater differences.

Note that by numerically searching for a Hopf bifurcation, we determined that there

was no Hopf bifurcation for τ2 < 125. However, the system appears to be below epidemic

threshold at τ2 = 4.25 days, so we only plot for τ2 ≥ 5 days.

2.7 Effects of Different Control Applications

We next consider other control strategies that are applied to different subsets of the

population and whether that has an impact on if time delays must be used. For instance,

would applying a vaccine to the susceptible population lead to different results than applying

quarantine to an exposed population when time delays were used?

We first investigate the case where there was no control. For our analysis, we use our

models with α = 0 and parameters from Table 2.1. As we already saw with infectious

quarantine control, the exponential model underestimates the infectious steady state as

compared with the delay model. As we increase the number of exposed and infectious

compartments, the multi-infected infectious steady state (see (2.8) for α = 0) increases to

approach the delay system’s infectious steady state (see Fig. 2.7a). Similar to the case where

quarantine was applied to the infectious class, the number of exposed compartments has little

impact on changing the multi-infected system’s infectious steady state, while increasing the

number of infectious compartments helps increase the multi-infected infectious steady state

to match the delay system (data not shown).

We observe a similar scenario when applying a vaccine to the susceptible class. In

this model, a proportion of the susceptible population is transferred at vaccination rate ν

to the recovered/removed class (see Fig. 2.8). Steady states are given in Appendix 2.9.4.

Again, the exponential model underestimates the infectious steady state (data not shown).

As we increase the number of infectious compartments, the multi-infected infectious steady

state also increases to approach the delay steady state. Increasing the number of exposed

compartments has little effect on the infectious steady state.
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(a) (b)

Figure 2.7 (a) Infectious steady state of a system without any control measure as the number of
infectious compartments, m, and the number of exposed compartments, n increases at the same
rate. (b) Infectious steady state when quarantine is applied to the exposed class as the number of
infectious compartments, m, and the number of exposed compartments, n increases at the same
rate. The same quarantine rate is used on the exposed class as was used on the infectious class.
See Table 2.1

Lastly, we investigate what happens when we apply quarantine to the exposed class

rather than to the infectious class. Individuals are still quarantined at rate α and progress

through the n quarantine compartments (see Fig. 2.9). Assuming they are being cured

while in the quarantine class, they move straight into the recovered class after n quarantine

compartments. The infectious steady state is given in Appendix 2.9.5. In contrast to the

other control strategies we considered, quarantine of exposed individuals can lead to the

exponential system overestimating the infectious steady state as compared with the delay

system. For the parameters studied, the multi-infected compartment’s infectious steady state

actually decreases to approach a smaller delay system infectious steady state (see Fig. 2.7b).

Also, the number of exposed compartments contributes mostly to the decrease in infectious

steady state where the number of infectious compartments has little impact on the change

in infectious steady state. This implies that a time delay would be more beneficial in the

exposed class rather than the infectious class as seen when applying a quarantine to the

infectious class.
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µ β nσ nσ nσ mγ mγ mγ
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ν

Figure 2.8 Flow chart for multi-infected compartment model with a vaccine applied to the sus-
ceptible class, where n is the number of exposed compartments, m is the number of infectious
compartments, and ν is the vaccination rate. Other parameters are as before. See Table 2.1

S E1 · · · En I1 · · · Im R

Q1
· · · Qn

µ β nσ nσ nσ mγ mγ mγ

α

nσ nσ

α γ

µ µ µ µ µ µ

µ µ

Figure 2.9 Flow chart for multi-infected compartment model with a quarantine applied to the
exposed class, where n is the number of exposed/quarantine compartments and m is the number
of infectious compartments. Other parameters are as before. See Table 2.1

In a similar observation made by Wearing et al. (2005), adding more compartments the

exposed class slows down the movement of exposed individuals who would otherwise quickly

move into the infectious class. This allows for more of them to become quarantined and

results in fewer of them spreading the disease.When quarantine was applied to the infectious

class, there were still individuals spreading the disease before having a chance to become

quarantined. Adding more compartments slows down the movement of infectious individuals

into the recovered class, allowing for more disease spread and, therefore, increasing the

infectious steady state.

2.8 Conclusion

Mathematical models play an important role in predicting the size of an infectious

population during an epidemic outbreak. The size of the infectious population is key for

allocating resources, time, and money. As explained by Meltzer (2016), some mathematical
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models need to be produced and evaluated under a strict time constraint. Therefore it can

be preferable to use the quickest and easiest method even if it sacrifices some accuracy. The

exponential system is favorable due to its ease, but if mathematicians are not careful, the

parameters used could lead to a significant underestimation of the infectious steady state

as highlighted in Wearing et al. (2005). We also observed an underestimation of the infec-

tious steady state of our exponential model when fitting the transmission rate and applying

quarantine of infectious individuals. This underestimation could lead to inaccuracies in the

amount of control recommended, which could lead to difficulty in eradicating the epidemic.

To explore in more detail the role of the distribution used for the time spent exposed

or infectious, we created a multi-infected compartment model to interpolate between our

exponential model and our delay model and explored whether a particular time delay had a

greater impact on the infectious steady state, which could help to make an epidemic model

more simple and accurate. We found that using a time delay in the exposed class led to a

smaller infectious steady, but with the parameters used in Hu et al. (2015), this decrease

was negligible. When using a time delay in the infectious class, the infectious steady state

increased and, with our parameter values, the increase was significant. This allowed us to

conclude that having a time delay in the infectious class has more of an impact on the

infectious steady state than having a time delay in the exposed class.

Next, we tested how the magnitude of the time delay affected the infectious steady state.

Some diseases will have shorter exposed and infectious periods such as measles and influenza

(Hethcote, 2000; Wearing et al., 2005; Safi and Gumel, 2011), and others will have very large

periods such as HIV (Anderson et al., 1992). It is important to consider the length of a time

delay when selecting the type of distribution needed for a mathematical model. We found

that as time spent infectious increases (a larger τ2), the difference between the two systems’

infectious steady states decreases. Therefore, if the disease has a large infectious period, the

infectious steady state would be similar for the exponential system and the delay system. In

this case, it would be best to use the exponential system due to its simplicity. When doing

a similar analysis for the magnitude of the exposed time delay, we saw that the difference
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between our two infectious steady states was extremely small. This again emphasizes the

importance of the time delay in the infectious class versus the exposed class.

Finally, we investigated how the placement of a control measure affected the impact each

time delay had on the infectious steady state. A disease may have multiple possible control

measures available. For instance, Ebola does not yet have a vaccine, but it is important to

consider quarantining the exposed population, promoting safe burial practices, and hospital-

ization rates (Hu et al., 2015; Haas, 2014; Pandey et al., 2014; Meltzer et al., 2014; Meltzer,

2016). For this study, we looked at how vaccinating the susceptible class or quarantining

the exposed or infectious class would affect the model. We found that placing a vaccination

on the susceptible class led to similar results as having a quarantine on the infectious class.

The infectious time delay, τ2, had a greater impact on the infectious steady state. On the

contrary, when a quarantine was applied to the exposed class, the exposed time delay, τ1,

led to a decrease in the infectious steady state as it approached the delay’s infectious steady

state. Although the distribution of infectious periods is usually the most important because

infectives spread the disease, we suggest that if a control strategy acts directly on a com-

partment, the distribution of time spent in that compartment becomes similarly important.

To understand the impact of a control strategy, it may be necessary to model the timing of

that control in detail rather than assuming it is exponentially distributed.

We believe caution must be taken when applying control measures to models using

ordinary differential equations. Although simple and quick to analyze, they could lead to

significant underestimates or even overestimates in the prediction of the infectious popula-

tion, causing difficulties in controlling the disease. Future modeling may include yet more

types of control measures, such as hospitalization rates and burial practices, along with in-

corporating death by disease, to better elucidate the role of time distributions spent in each

compartment.
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2.9 Appendix

2.9.1 Endemic Steady State for Exponential System

The endemic steady state for (2.1) is

S∗E =
(σ + µ)(α + γ + µ)

βσ

E∗E =
−µ(σ + µ)(α + γ + µ)

βσ(σ + µ)
+

µ

σ + µ

I∗E =
µ

α + µ

(
σ

σ + µ

)[
1−

(
γ

γ + α + µ

)]
− µ

β

Q∗E =
−αµ

β(γ + µ)
+

σαµ

(γ + µ)(σ + µ)(α + γ + µ)

R∗E =
−γ(α + γ + µ)

β(γ + µ)
+

γσ

(γ + µ)(σ + µ)

where our main focus is on I∗E.

2.9.2 Endemic Steady State for Delay System

The endemic steady state for (2.2) is

S∗D =
eµτ1+(α+µ)τ2(α + µ)

β (e(α+µ)τ2 − 1)

E∗D =
(e−µτ1 − 1)

(
(α + µ)eµτ1+(α+µ)τ2 − β

(
e(α+µ)τ2 − 1

))
β (e(α+µ)τ2 − 1)

I∗D =
µ

α + µ
e−µτ1

[
1− e−(µ+α)τ2

]
− µ

β

Q∗D =
e−µτ1−(α+µ)τ2

[
(α + µ)eµτ1+(α+µ)τ2 − β

(
e(α+µ)τ2 − 1

)]
[αeατ2 (1− eµτ2) + µ (eατ2 − 1)]

β(α + µ) (e(α+µ)τ2 − 1)

R∗D =
β
(
1− eτ2(α+µ)

)
+ (α + µ)eµτ1+τ2(α+µ)

βeµ(τ1+τ2)[1− eτ2(α+µ)]

where our main focus is on I∗D. Recall τ1 = 1
σ

and τ2 = 1
γ
.
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2.9.3 R0 for Multi-Infected Compartment Model

Using the method established by Van den Driessche and Watmough (2002), we find the

basic reproduction number, R0, for the multi-infected compartment model, (2.3). First, note

that there are n+2m infected compartments: E1, E2, ..., En, I1, I2, ..., Im, and Q1, Q2, ..., Qm.

Therefore, (n+2m)×(n+2m) matrices are needed such that F is the new infections matrix

and V holds the negative of all other terms. Using all equations of the system, we obtain

F =



0

BS
∑m

i=1 IM,i

0

...

0

0

0

...

0

0

0

...

0

0


and

31



V =



−µ+BS
∑m

i=1 IM,i + µS

(µ+ nσ)E1

−nσE1 + (µ+ nσ)E2

...

−nσEn−1 + (µ+ nσ)En

−nσEn + (µ+ α +mγ)I1

−mγI1 + (µ+ α +mγ)I2
...

−mγIm−1 + (µ+ α +mγ)Im

−αI1 + (µ+mγ)Q1

−αI2 −mγQ1 + (µ+mγ)Q2

...

−αIm −mγQm−1 + (µ+mγ)Qm

−γ(Im +Qm) + µR



.

Next, using only the infected compartments, the derivative submatrices at the disease

free equilibrium are calculated to be

F =



0 0 · · · 0 β β · · · β 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0


and
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V =



µ + nσ 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0

−nσ µ + nσ 0 · · · 0 0 0 · · · 0 0 0 · · · 0

0 −nσ µ + nσ · · · 0 0 0 · · · 0 0 0 · · · 0

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

0 0 0 · · · µ + nσ 0 0 · · · 0 0 0 · · · 0

0 0 0 · · · −nσ µ + α +mγ 0 · · · 0 0 0 · · · 0

0 0 0 · · · 0 −mγ µ + α +mγ · · · 0 0 0 · · · 0

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

0 0 0 · · · 0 0 0 · · · µ + α +mγ 0 0 · · · 0

0 0 0 · · · 0 −α 0 · · · 0 µ +mγ 0 · · · 0

0 0 0 · · · 0 0 −α · · · 0 −mγ µ +mγ · · · 0

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

0 0 0 · · · 0 0 0 · · · −α 0 0 · · · µ +mγ



.

Then taking the product of F and V −1 yields an upper triangular matrix of

FV
−1

=



β
(

nσ
µ+nσ

)n ( 1
µ+α+mγ

)
+ · · · + β

(
nσ

µ+nσ

)n ( (mγ)m−1

(µ+α+mγ)m

)
· · · 0 + · · · + β

(
(mγ)m−2

(µ+α+mγ)m−1

)
· · · 0

0 · · · 0 · · · 0

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

0 · · · 0 · · · 0


.

Therefore, the only nonzero eigenvalue is

β

(
nσ

µ+ nσ

)n(
1

µ+ α +mγ

)[
1 +

mγ

µ+ α +mγ
+

(
mγ

µ+ α +mγ

)2

+ ...+

(
mγ

µ+ α +mγ

)m−1]
.

Summing the geometric series, the eigenvalue simplifies to

β

µ+ α

(
nσ

µ+ nσ

)n(
1−

(
mγ

µ+ α +mγ

)m)
,

our final R0 value.
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2.9.4 Infectious Steady State with Applying Vaccine on Suscepti-

ble Class

The infectious steady state for the multi-infected compartment model with a vaccine

applied to the susceptible class (see Fig. 2.8) is

n∑
i=1

I∗i =

(
nσ

µ+ nσ

)n(
1−

(
mγ

µ+mγ

)m)
− µ+ ν

β
. (2.23)

The delay system’s infectious steady state is

I∗ = e−(µ+α)τ1
(
1− e−µτ2

)
− µ

β
. (2.24)

2.9.5 Infectious Steady States with Applying Quarantine on Ex-

posed Class

The infectious steady state for the multi-infected compartment model when a control

measure, quarantine, is applied to the exposed class rather than the infectious class (see

Fig. 2.9) is
m∑
i=1

I∗i =

(
nσ

µ+ α + nσ

)n [
1−

(
mγ

µ+mγ

)m]
− µ

β
. (2.25)

The delay system’s infectious steady state is

I∗ = e−(µ+α)τ1
(
1− e−µτ2

)
− µ

β
. (2.26)
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Chapter 3

The Effect of Kin Recognition on

Competition Among Clones in

Spatially Structured Microbial

Communities 1

3.1 Introduction

Cooperation can require individuals to engage in behaviors that are costly to themselves,

while beneficial to others (West et al., 2007). Communities that exhibit cooperative behaviors

tend to be susceptible to cheaters, individuals that benefit from cooperators but do not

contribute back to the community (Brown et al., 2009; West et al., 2007).

Gaining resources allows cheaters to have a higher reproductive rate, letting them re-

produce faster and eventually outcompete the cooperators (West et al., 2007). Despite the

potential for invasion by cheaters, cooperative behaviors are prevalent in natural systems.

Many cooperative behaviors can be explained through kin selection: individuals cooperate

1Paper in Preparation: The Effect of Kin Recognition on Competition Among Clones in
Spatially Structured Microbial Communities. A. Bingham, A. Sur, L. B. Shaw, and H. Murphy
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with relatives who likely share genes for cooperative behavior. If the fitness benefits of

cooperating are large enough, the frequency of the cooperative allele will increase in the

population, such that cooperation will outcompete other social behaviors (Hamilton, 1964)

One way to ensure the stability of kin selection is through kin recognition (Nadell

et al., 2010; West et al., 2007). In kin recognition, an individual determines if another

individual is related and therefore can cooperate exclusively with relatives (?). There are

many examples of cooperative behavior that rely on kin recognition: bees protecting their

queen, ants relying on chemical cues to protect their kin, or fish using scent to follow parents

in a stream (Waldman, 1988).

Cooperation and kin recognition have been widely studied in animals and plants. In

recent years, studies have begun to focus on microbial communities (Strassmann et al., 2011;

Cao and Wall, 2017; Stefanic et al., 2015; Vos and Velicer, 2009; Hirose et al., 2011; West

et al., 2007). Cooperation among microbes often occurs through kind recognition where

individuals are able to recognize other cooperators through expression of particular genes,

known as greenbeards. The term “greenbeard” stems from Dawkin’s The Selfish Gene where

he gives the example that individuals with green beards only cooperate with those that also

have green beards. However, some species are able to take this further and actually dis-

tinguish kin, or closely related genetic lineages (Gardner and West, 2010). One example

of a microbial species that utilizes kin recognition is the social amoebae Dictyostelium dis-

coideum, a eukaryote that is found in soil and prey on bacteria. When starved, cells will

sacrifice themselves to form stalks of dead cells that hold fertile spores above the surface and

closer to resources (Strassmann et al., 2011; Hirose et al., 2011). By recognizing kin through

transmembrane proteins, cells ensure that they are sacrificing themselves for kin and that

cheaters are not taking advantage of their sacrificial behavior (Hirose et al., 2011; Noh et al.,

2018).

A ubiquitous cooperative microbial behavior is the formation of biofilms, a microbial

community that attaches to a surface and is protected by an extracellular matrix. Biofilms

are highly studied due to their threats to human health and industry. They can be found
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in hospital settings, such as catheter implants, and lead to infections (Nadell et al., 2016,

2008). They can also contaminate drinking water. Additionally, biofilms can grow in indus-

trial settings, proving costly to remove (Nadell et al., 2016, 2008). Biofilms are cooperative

communities, sharing resources such as a protective extracellular matrix or other “public

goods” (Xavier and Foster, 2007; Nadell et al., 2008; Brown et al., 2009; West et al., 2007).

In principle, cheaters are a threat to these communities as they could benefit from the extra-

cellular matrix or public goods without expending energy to help produce the public goods.

This gives them a higher growth rate and an advantage in outcompeting the cooperators

(Nadell et al., 2008; Brown et al., 2009).

The lack of cell movement in biofilms leads to a spatial component that suggests kin

selection is inevitable due to the fact that when cells divide, they divide in close proximity to

other kin. Therefore, it is likely that a cell’s neighbor is its kin, suggesting that recognition

mechanisms are unnecessary (Waldman, 1988). In this way, cooperation can be stable due

to the spatial assortment since it leads to cooperation with kin (Xavier and Foster, 2007;

Nadell et al., 2010; Momeni et al., 2013). Through direct recognition of kin, we can further

limit cooperation to not only cells in the proximity but also to cells that are actually of

the same genetic lineage. By cutting off non-cooperators from benefiting from the resources

cooperators secrete, non-cooperators do not reproduce as well. This allows cooperators to

maintain access to space and nutrients at the edges of the biofilm (Nadell et al., 2016; Kim

et al., 2014). Therefore, we explore the possibility that kin recognition provides an extra

benefit even in spatially structured cooperative communities.

Eukaryotic cells have the ability to engage in complex communication, as has been shown

with D. discoideum. It is therefore possible that kin recognition could evolve in eukaryotic

microbes, if there is a benefit to it. In fact, there is evidence that kin recognition exists in

Saccharomyces cerevisiae, the common baker’s yeast (Smukalla et al., 2008). We therefore

simulate a generic biofilm inspired by the biology of S. cerevisiae. Our simulation is helpful

for prediction of biofilms in the natural setting as not much research has been conducted in

this area (Strassmann et al., 2011; Noh et al., 2018).
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Mathematical models have proven beneficial in studying social interaction in biofilms. In

Nadell et al. (2010), they look at diffusion of resources and cell growth in bacterial colonies.

In Xavier and Foster (2007), they use an individual based model to look at how social

interactions in biofilms affect the contribution and diffusion of the extracellular polymeric

substances, which protect the biofilm. Our simulations are modeled after Momeni et al.

(2013), where they use a three-dimensional, agent based model for the growth of two yeast

strains. Though they captured the idea of obligate cooperation, they did not study kin

recognition as their model did not include the effect that cells have on others of the same

type. Additionally, they only considered periodic boundary conditions rather than outward

expansion of a colony cell growth. Through the use of mathematical simulations, we in-

vestigate how varying the cooperation strength, the initial proportion of cooperators in the

colony, and the density of the colony affects cooperators’ ability to be successful in growing

in a biofilm in a colony. In each case, we quantify how much more successful kin recognition

makes cooperators than when cooperators allow cheaters to benefit from their resources. To

our knowledge, this is the first spatial simulation to incorporate kin recognition.

In Section 3.2, we describe how we can simulate various social interactions by varying

parameters in a cell’s growth rate. We also describe the overall agent based model and

measurements we take throughout the simulation. Section 3.3.1 shows the total proportion

of cooperators at the end of each social interaction we investigate, while Section 3.3.2 reveals

how much cooperators benefit from expressing kin recognition. Then, in Section 3.3.3, we

compare how differing colony densities affect the benefit to kin recognition. We discuss our

findings and conclude in Section 4.4.

3.2 Methods

We introduce an agent based model to study the interactions between two yeast strains

in a colony. Cells are placed on a three-dimensional cubic array. To model cell growth

occurring in continuous time, the simulation uses a discrete time Monte Carlo method with
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a small time step and random sequential update. At each update, a random cell is selected,

the probability it will divide is determined, and if it divides, a daughter cell is placed at a

nearby location. This process continues until a designated stopping point. Social interactions

are implemented by altering the rate at which a cell divides and taking into consideration

the competition within the neighborhood.

The growth rates for the two cell types, cooperators (C) and non-cooperators (N), are

rC = (rC0 + rCNφN + rCCφC) [1− χ(φC + φN)] , (3.1)

rN = (rN0 + rNCφC + rNNφN) [1− χ(φC + φN)] , (3.2)

respectively. Parameters and variables are listed in Table 3.1 and are explained below.

Each cell type starts with a baseline growth rate, rC0 or rN0, when unaffected by social

interactions. We will usually assume that the baseline growth rate for non-cooperators is

higher than that of cooperators because the cooperator cells are redirecting some energy to

produce a public good rather than toward their own growth.

To determine the effect of social interactions on a cell, we must calculate the occupancy

fraction of each cell type that surrounds a focal cell. The occupancy fraction of cooperators,

φC , is the number of cooperator cells in a cube of volume (2Ri + 1)3 centered at the focal

cell, divided by the volume (2Ri + 1)3. Here Ri is the interaction radius. The occupancy

fraction of non-cooperators, φN , is defined similarly. If a cell is near the boundary of the cubic

array, we divide by the actual volume that surrounds the cell and is part of the array. The

occupancy fractions lie between 0 and 1. It is worth noting that calculating the occupancy

fraction can become computationally expensive so we reduce how often it is calculated (see

Appendix 3.5.1).
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Parameter Meaning Value

rC Cooperator cell growth rate Calculated in simulation

rN Non-cooperator cell growth rate Calculated in simulation

rC0 Baseline growth rate for cooperators 0.05

rN0 Baseline growth rate for non-cooperators 0.1

rCC Social effect of cooperators on themselves 0, 0.1, 0.3, 0.5, 0.7

rNC Social effect of cooperators on non-cooperators 0, 0.1, 0.3, 0.5, 0.7

rNN Social effect of non-cooperators on themselves 0

rCN Social effect of non-cooperators on cooperators 0

χ Competition effect 1

φC Occupancy fraction of cooperators in neighborhood Calculated in simulation

φN Occupancy fraction of non-cooperators in neighborhood Calculated in simulation

Nc Maximum biofilm length and width 50

Nz Maximum biofilm height 100

T Maximum number of simulated cells grown 50000

d Initial droplet length 15

f Fraction of droplet filled with cells 0.05

fC Fraction of inoculated cooperator cells 0.3, 0.5, 0.7

Ri Interaction radius 3

Rd Displacement radius 3

∆t Time step 0.1

Table 3.1 Parameters used to simulate biofilm inoculation and cell growth.

Social interactions other than competition are set by the parameters rij (where i is C

or N and j can be the same or opposite). The effect that cooperators have on themselves

is determined by rCC , and the effect that non-cooperators have on themselves is determined

by rNN . Then, the effect that non-cooperators have on cooperators is rCN , and the effect

that cooperators have on non-cooperators is rNC . Normally, non-cooperators will have no

effect on cooperators or each other, so rNN = rCN = 0.

We also incorporate a competition effect χ. We set χ = 1 so that the final factor in the

growth rates, 1− χ(φC + φN), turns off growth when the neighborhood is full.

We can now vary the growth rate parameters to simulate various social interactions.

We consider three scenarios: baseline competition, simple cheating, and cooperation with

kin recognition. For baseline competition, which we use as a reference point, all social inter-
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actions other than competition are turned off (rCC = rNN = rCN = rNC = 0). For simple

cheating (or cooperation without kin recognition), both rCC , rNC > 0. We set rNC = rCC

so that cheaters derive the same benefit from cooperator neighbors that another cooperator

would. Lastly, to simulate kin recognition, we again set rCC > 0. However, the non-

cooperators do not benefit from the public goods that cooperators produce so rNC = 0.

We begin the simulation with inoculation of a diluted droplet of cells into a small square

at the center of the bottom layer of our cubic array (see Fig. 3.1). This allows us to simulate

outward expansion of an initial colony, in contrast to the simulation in Momeni et al. (2013)

with random inoculation throughout their whole bottom layer. The size of the cubic array

is 50 cells (x-direction) by 50 cells (y-direction) with a height of 100 cells (z-direction). The

initial square has dimensions d×d, where in our simulations d = 15, and a fraction f = 0.05

of the sites are randomly selected to fill with cells (rounded down if fd2 is not an integer).

A fraction fC of the initial cells are randomly assigned as cooperators, and the remainder

are non-cooperators.

(a) (b)

Figure 3.1 (a) Schematic of cells randomly distributed within a centered square droplet on the
bottom surface of the cubic array in the simulation. The green squares are cooperators and the
orange squares are non-cooperators. This figure depicts a cell inoculation in which fC = 0.5. (b)
Schematic of cells at the end of the simulation for which fC = 0.5, rCC = 0.5, and rNC = 0.

We next simulate cell growth using a discrete time Monte Carlo algorithm with small

time step ∆t = 0.1 and random sequential updating. A cell is selected at random for possible
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division. Its growth rate r (either rC or rN depending on cell type) is calculated from Eq. ??

and ??, and its probability to grow is P = r∆t. A uniform random number 0 ≤ u < 1 is

generated, and if u < P , the cell divides and a daughter cell is placed nearby. For each time

step, a random cell selection is made T times, where T is the total number of cells in the

colony at the beginning of the time step.

If it is determined that a cell will divide, the next step is to find an empty site for

the daughter cell to be placed. We first check the eight sites immediately surrounding the

selected cell in the same horizontal plane, giving priority to the four sites directly rather

than diagonally adjacent to the cell (see Fig. 3.5a in Appendix 3.5.2). If more than one

equidistant empty site is available, we randomly select one of those empty sites.

If the surrounding eight sites are full, we next consider whether the dividing cell will

push nearby cells aside horizontally in a planar displacement neighborhood to make room

for the daughter cell. We check for empty sites within a square neighborhood of radius Rd

in the same horizontal plane (see Fig. 3.5b in Appendix 3.5.2). While Momeni et al. (2013)

used a displacement radius equal to 2, their data suggests the it could be as high as 5. We

keep track of all the empty sites that are found and calculate the Euclidean distance to

each site. We find the minimum distance, and if there are multiple locations at the same

distance, we select a random location. The daughter cell is placed adjacent to the parent,

pushing the existing cells toward the empty site. A similar mechanism to push nearby cells

was implemented by Momeni et al. (2013). See Appendix 3.5.2 for details.

If there are no empty sites in the planar displacement neighborhood, we place the

daughter cell directly above the mother cell (see Fig. 3.5c in Appendix 3.5.2) as this has

been shown to be a characteristic of S. cerevisiae (Momeni et al., 2013). If there are cells

above the mother cell, we push them upwards.

We continue simulating cell growth until a stopping point is reached. In most cases, the

stopping point will be when the colony reaches a total of 50,000 cells (see Fig. 3.1b), which,

through various trials, we have determined gives good representation of a mature biofilm.

The bottom of the plate will be over 90% filled and cells throughout the biofilm will have
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begun to divide upwards, giving us a three-dimensional structure.

We ran a total of 20 simulations for each combination of parameters, and the average

of each measurement was taken over the 20 simulations. Once a cell in the bottom layer

touches the outer edge we store the total number of each cell type in the colony. This is

to capture a situation in which the colony is not as dense as it will be at the end of the

simulation, which will allow us to see effects of cell density. We also store the total numbers

at the end of the simulation.

As stated above, growth rates depend on both the social interaction parameters and

the neighborhood surrounding the cell. Having a small number of cooperative neighbors in-

creases growth, but having too many will reduce growth due to competition. The advantage

of increasing the cooperation parameter rCC is thus not immediately apparent. By differ-

entiating Eq. ?? with respect to occupancy fraction, we find the maximum growth rate a

cooperator could achieve, attained when φC = rCC−χrC0

2χrCC
and φN = 0, is rCmax = (rCC+rC0)

2

4rCC
.

For the parameter values used here, the maximum cooperator growth rate rCmax is mono-

tonically increasing with the cooperation parameter rCC . Also, note that the max growth

rate for baseline competition is 0.05, or the basal growth rate for cooperators. For easier

interpretation of our results, we plot our simulations versus the maximum possible growth

rate of cooperators rather than versus the bare parameter rCC .

3.3 Results

3.3.1 Total Proportion of Cooperators

In order to gain an idea of the dynamics of the simulations, we look at the final average

of total proportion of cooperators for kin recognition (blue) and simple cheating (red) in Fig.

3.2. This quantity demonstrates the reproductive ability of each cell type, allowing us to

measure the success of cooperators. Note that baseline growth rate is the first data point,

rCmax = 0.05.
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(a) (b)

(c) (d)

Figure 3.2 Total proportion of cooperators at the end of the simulation for various values of the
maximum growth rate for cooperators as cooperation parameter rCC is varied when there is kin
recognition (blue) or simple cheating (red), for initial fraction of cooperators at (a) 10 percent,
(b) 30 percent, (c) 50 percent and (d) 70 percent. Baseline growth rate is the first data point,
rCmax = 0.05.

We observe that cooperators do better when expressing kin recognition than when

cheaters are able to benefit from their public goods. We also note that cooperators are

more successful as their maximum growth rate increases, for both kin recognition and simple

cheating. Finally, as the initial fraction of cooperators increases, the total proportion of

cooperators saturates more quickly with increasing maximum growth rate.

3.3.2 Benefit to Relatedness

To measure how much cooperators benefit from expressing kin recognition, we find the

benefit to relatedness or the difference between total proportion of cooperators when there

is kin recognition and total proportion with simple cheating (see Fig. 3.3).
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Figure 3.3 Benefit to relatedness for various values of initial proportion of cooperators and max-
imum growth rate for cooperators. Note that the data points are staggered for display purposes
only.

We note that cooperators generally benefit from kin recognition more when they are a

moderate fraction (roughly 50 percent) of the cells present. When there are more cooperators

(i.e., when fC = 0.7), there are not as many cheaters to take advantage of cooperators, so

restricting cooperation only to kin has less of an effect. On the other hand, when the initial

proportion of cooperators is 10%, the benefit to relatedness is low for smaller values of max

growth rates. This is because cooperators are unable to do as well in either kin recognition

or simple cheating scenarios.

The benefit to relatedness seems higher for moderate levels of rCC and, hence, max

growth rate. Therefore, for lower values of initial fraction of cooperators, the benefit to

relatedness is greater when the maximum growth rate of cooperators is higher.

3.3.3 Sparse Versus Dense Colonies

Lastly, we investigate how the density of the yeast colony affects the benefit to relat-

edness. While many observations are done in laboratory settings, it is important to predict

how cooperators and non-cooperators will interact in more natural settings. As shown in

the previous section, when we allow the colony to reach a total of 50,000 cells, it simulates

biofilms found in nature since they are able to grow much larger. To simulate the lab setting
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of cell growth on a petri dish, we let our simulations run until a cell touches an edge of the

cell array on the bottom layer. .

In general, cooperators have a higher total proportion in more dense colonies (see Fig. 3.7

in Appendix 3.5.3). This is because they are surrounded by more of their own kind and are

able to benefit from each other. In Fig. 3.4, we see the benefit to relatedness for various

initial proportions of cooperators at various maximum growth rates when colonies are sparse

(dashed) or dense (solid). The greatest benefit is when the initial fraction of cooperators

is 50 percent and when colonies are more dense for maximum growth rates of 0.1 and 0.15.

This is because cooperators are more likely to be close to non-cooperators in denser colonies.

Therefore, the benefit to cutting off non-cooperators is higher in denser environments. How-

ever, we notice that at higher maximum growth rates for cooperators, the benefit can be

higher for dense environments.

(a) (b)

(c) (d)

Figure 3.4 Benefit to relatedness for when colonies are sparse (dashed) or dense (solid) compared
to maximum growth rate for cooperators at initial proportion of cooperators of (a) 10 percent, (b)
30 percent, (c) 50 percent and (d) 70 percent.
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3.4 Conclusion

The study of cooperation and kin recognition has moved into the field of microbiol-

ogy, revealing that it is possible for eukaryotic cells to express kin recognition (Strassmann

et al., 2011; Hirose et al., 2011). We study yeast cell interaction in Saccharomyces cerevisiae

as they grow and form biofilms. Biofilms can be dangerous for human health since they

may grow in the body and on medical implants, making biofilm disruption an important

task. However, existing methods such as antibiotics are becoming less effective. We investi-

gate whether cooperators benefit from expressing kin recognition despite already being in a

spatially structured colony.

For this study, we have created an agent-based simulation of cell growth with social

interactions within a biofilm. By varying parameters for cooperative and non-cooperative

growth rate of cells, we can simulate baseline competition for space (where there is no social

interaction between the two cell types), simple cheating (where cooperative cells allow non-

cooperative cells to benefit without contributing to the production of public goods) and kin

recognition (where cooperative cells restrict cooperation to cells that are their own kin or in

their genetic lineage).

When simulating the interactions of these two cell types, we focus on varying the effect

cooperators have on each other, rCC , and if there is simple cheating, we vary the effect

cooperators have on non-cooperators, rNC , at the same rate. Additionally, we look at various

values of initial proportion of cooperators, fC . Finally, we compare measurements taken when

looking at sparse versus dense colonies; this is to simulate laboratory settings and natural

settings, respectively.

Although cooperators tend to do better when expressing kin recognition, we wanted to

quantify how much they benefited over the alternative of allowing simple cheating. While

cooperators did increasingly better in both social scenarios as we increased the max growth

rate of cooperators and the initial proportion of cooperators, we found that there was a higher

benefit to relatedness when the maximum growth rate for cooperators was at intermediate
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values. There was also a higher benefit when they had an initial inoculation of 50 percent.

For lower initial values of cooperators, the cooperators would benefit more by having a higher

cooperative effect. If there is already a high value of initial cooperators, it will not be as

beneficial to express kin recognition. Lastly, there is a higher benefit to relatedness in dense

communities, which more represents a more natural setting. Once colonies become more

dense, there are enough cooperators that they are likely to be next to other cooperators,

decreasing the benefit to expressing kin recognition.

Overall, these results allow us to see when cooperative cells benefit the most from kin

recognition, which gives insight into the effectiveness of interference by non-cooperative cells.

In the future, we would like to conduct spatial analysis on the biofilms in order to view the

level of separation between each cell type. Spatial analysis can give us more insight into the

dynamics of biofilm formation. Our goal is to use the spatial assortment method outlined

by Van Gestel et al. (2014) in which we find the average proportion of cooperator cells that

surround a cooperator cell minus the average proportion of cooperator cells that surround a

non-cooperator cell. This measurement would allow us to better understand the dynamics

in the biofilm.

3.5 Appendix

3.5.1 Calculating the Occupancy Fractions

After selecting a random cell in the cubic array, we must determine the probability the

cell will divide. Since we need the occupancy fractions occupancy fractions φC and φN for the

growth rate calculation, looping through a cell’s neighborhood repeatedly is computationally

expensive, especially when the time steps are small and cells are less likely to divide in smaller

time steps. To improve efficiency, we initially compute the occupancy fractions for each cell.

They are recomputed only when a cell is considered for division and its neighborhood has

been altered. We use a flag for each cell to track whether its occupancy fractions are current

or its neighborhood has potentially been altered by movement of nearby cells.
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3.5.2 Finding an Empty Site and Cell Movement

We give priority to sites directly adjacent to the dividing cell (Fig. 3.5a) before those

that are diagonally adjacent in the same horizontal plane.

Figure 3.5 (a) A dividing cell (star) places daughter cell into a horizontally adjacent empty site.
(b) A dividing cell finds the optimal path and accordingly pushes the cells on the path to the empty
site, to create space to place its daughter. (c) A dividing cell places daughter directly upwards.
The blue square in (a) and (b) is the interaction neighborhood. In these figures, Rd = 2.

If there are no empty adjacent sites available, we check to see if there are sites available

within a displacement radius, Rd (Fig. 3.5b). If so, we determine the optimal path along

which to push cells toward the empty site to create space for the daughter cell. From the

dividing cell, we consider three adjacent cells: those in the x and y directions and the

diagonally adjacent cell. Creating a vector from the dividing cell to each of those three cells,

we determine which vector is most parallel to the vector from the dividing cell to the empty

cell (see Fig. 3.6). While the algorithm defined in Momeni et al. (2013) focused on distance

and angle, our algorithm focuses on making sure we remain as parallel as possible to the

shortest path to the chosen empty site.
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Figure 3.6 Finding the optimal path from a dividing cell at site A to an empty site B. The
optimum path is along the red sites, and the yellow sites are the neighboring sites considered.

To do this, we find the cosine of the angle between each vector and the main vector to

the empty site. The cosine of each angle is calculated using the magnitudes and dot products

of each of the three vectors and the main vector. The vector that creates the smallest angle,

or the largest cosine value, will be the direction we select to move closer to the empty site.

If there is more than one direction with the maximum cosine value, we randomly choose

between them. Having selected the first cell to be pushed by the daughter cell, we record

its location. Next, we repeat the process to find the destination of the cell being pushed

toward the empty site. We continue finding cells to be pushed in the selected direction until

we reach the empty site.

At the end of the algorithm, we return the array of selected directions and move cells

away from the dividing cell towards the empty site in the main cubic array. We then place

the daughter cell next to the mother cell.

If no empty sites are found on the same plane within the displacement radius, we move

up in the z-direction (Fig. 3.5c). Any cells above the dividing cell are pushed upward.
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3.5.3 Total Proportion of Cooperators in Various Colony Densi-

ties

The total proportion of cooperators is found when colonies are sparse to represent the

laboratory setting. A sparse setting is calculated when a cell in the bottom layer first touches

an outer edge of the cubic array. Total proportion of cooperators can be seen by the dashed

curves in Fig 3.7. For a more dense setting, we use the measurement of total proportion

of cooperators at the end of the simulation, when cell totals reach 50,000 cells. This is

analogous to a natural setting and is shown by the solid curves. We vary the maximum

growth rate for cooperators as well as the initial fraction of cooperators in the inoculation

droplet.

(a) (b)

(c) (d)

Figure 3.7 Total proportion of cooperators when colonies are sparse (dashed) or dense (solid) for
kin recognition (blue) and simple cheating (red) versus maximum growth rate for cooperators at
initial proportion of cooperators of (a) 10 percent, (b) 30 percent, (c) 50 percent and (d) 70 percent.
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Chapter 4

Two-Patch Organ Model for

Competition Between Defective

Interfering Particles and Wild-Type

Poliovirus 1

4.1 Introduction

Poliovirus, known to cause poliomyelitis, is a highly contagious and potentially fatal

positive-sense single-stranded RNA enterovirus from the Picornaviridae family. Although an

oral vaccination containing a live attenuated virus was created by Albert Sabin in the early

1960’s (Kew et al., 2005; Kuss et al., 2008; Pfeiffer, 2010), the virus is not yet eradicated and

is still endemic in Afghanistan, Nigeria, and Pakistan (Centers for Disease Control and Pre-

vention, 2014; World Health Organization, 2019b; Pfeiffer, 2010). Poliovirus is transmitted

via the fecal-oral route (Kew et al., 2005; World Health Organization, 2019b; Kuss et al.,

1Paper in Preparation: Two-Patch Organ Model for Competition Between Defective Inter-
fering Particles and Wild-Type Poliovirus. A. Bingham, E. Rousseau, L.B. Shaw, R. Andino,
and S. Bianco
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2008; Pfeiffer, 2010; Dowdle and Birmingham, 1997), so the attenuated virus replicates and

helps build immunity in the intestine before it is passed. Poliovirus is highly prone to mu-

tations (Racaniello and Baltimore, 1981; Kuss et al., 2008; Kew et al., 2005; Pfeiffer, 2010;

Pfeiffer and Kirkegaard, 2006; Dowdle and Birmingham, 1997) , which have been shown to

produce reversion of the vaccine strands to virulence.

Defective interfering particles (DIPs) are non-viable defective variants of the wild-type

(WT) virus that lack essential functional or structural genes needed to complete the repli-

cation cycle. In co-infection with the parent WT virus, they have been shown to produce

viable progeny during replication by obtaining the lacking elements from the WT helper

virus, reducing the overall WT viral load and essentially acting as a parasite of the WT vari-

ant. Once the parent virus population has been depleted, DIPs are incapable of reproducing

further. Thus, their use as therapeutics has been long proposed in the literature (Rouzine

and Weinberger, 2013; Rast et al., 2016; Marriott and Dimmock, 2010; Huang and Baltimore,

1970; Thompson and Yin, 2010; Huang, 1973). DIPs have been shown to occur naturally in

some diseases such as vesicular stomatitis virus (Rouzine and Weinberger, 2013; Huang and

Baltimore, 1970), dengue (Rouzine and Weinberger, 2013), and influenza A (Marriott and

Dimmock, 2010; Huang and Baltimore, 1970; Huang, 1973) They have rarely been observed

in poliovirus natural infections (Wimmer et al., 1993). Shirogane et al. (Shirogane et al.,

2019) have engineered a family of DIPs lacking a large portion of the capsid gene. During

co-infection, such DIPs have been shown to selectively interfere with the WT virus popula-

tion by “stealing” the capsid proteins from the WT virus, acting as cheaters (Trono et al.,

1988; Rast et al., 2016; Huang, 1973). Moreover, since DIPs are missing genes, their genome

is smaller, allowing them to outcompete the WT parent virus during replication (Marriott

and Dimmock, 2010).

Mathematical models have been created to follow the competition between DIPs and

WT viruses (Rast et al., 2016; Rouzine and Weinberger, 2013; Thompson and Yin, 2010).

Thompson and Yin created difference equations to model the interactions of DIPs with vesic-

ular stomatitis virus and found oscillatory dynamics in their experiments (Thompson and
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Yin, 2010). Rouzine and Weinberger (2013) investigated the dynamics between therapeu-

tic interfering particles (TIPs) and WT HIV in a cell and extended the model to the host

(Rouzine and Weinberger, 2013). Rast et al. extended the model proposed in Rouzine and

Weinberger (2013) to include TIP-resistant HIV mutants (Rast et al., 2016). Shirogane et al.

(2019) created an intercell model to investigate the dynamics of DIPS and poliovirus among

cells in an organ (Shirogane et al., 2019).

This study focuses on following the competition between DIPs and WT poliovirus in two

organs as they travel from one organ (such as the intestine) to another (such as the central

nervous system) in a two-patch inter-organ model. The aim of our work is to understand

the dynamical conditions defining the competition process at this scale of investigation. By

changing parameter values and initial conditions we can simulate different scenarios and

find parameter values needed for lowering the WT population. In Section 4.2, we introduce

the two-patch model and the state variables, parameter definitions, and values. In Section

4.3, we analytically find the eigenvalues associated with the disease free state and show

that DIP intervention cannot clear the free WT virus particles completely from the host

without some other form of intervention. We also show various simulations based on changed

parameter values and initial conditions. Next, we investigate various parameters and their

effect on how successful DIPs are in lowering the WT population. Lastly, we explore the

system for oscillatory dynamics by varying parameter values. In Section 4.4, we are able to

simulate various scenarios of DIP intervention, discover oscillatory dynamics in the model,

and investigate how various parameters affect the competition between WT and DIPs in a

host.

4.2 Methods

We develop a deterministic two-patch model, simulating the competition between DIPs

and their WT parental poliovirus in two organs of specific tissue characteristics, each organ

being represented as a patch (see Fig. 4.1). This model is an extension of the single-organ
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level, cell-to-cell model developed by Shirogane et al. (Shirogane et al., 2019), and describes

the evolution of the number of free DIPs (V i
D) and WT (V i

W ) virions, as well as of the number

of cells that are susceptible (Si), infected only with WT (I iW ), infected only with DIPs (I iD),

or dually infected with both WT and DIPs (I iDW ) in organ i, with i = A or B. The model

is composed of the following set of ordinary differential equations:



dSi

dt
= b−

(
d+ kiV i

W + kiV i
D

)
Si

dI iD
dt

= kiV i
DS

i − kiV i
W I

i
D − d′I iD

dI iW
dt

= kiV i
WSi − kiV i

DI
i
W − δI iW

dI iDW
dt

= kiV i
DI

i
W + kiV i

W I
i
D − δI iDW

dV i
W

dt
= nioutδ

(
I iW + ψiI iDW

)
− niinkiV i

W

(
Si + I iD

)
− ciV i

W − αijV i
W + αjiV

j
W

dV i
D

dt
= ψiρinioutδI

i
DW − γiniinkiV i

D

(
Si + I iW

)
− ciV i

D − αijV i
D + αjiV

j
D,

(4.1)

where the superscript j represents the other organ compared to i (i.e. if i =A then j =B,

and if i =B then j =A). The production rate of susceptible cells is b and their natural death

rate is d. The death rate of cells infected only with DIPs is d′ and the death rate of cells

infected only with WT or dually infected is δ.
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Figure 4.1 Flow chart of the two-patch model. The outer squares represent two different organs.
The smaller squares in each organ represent categories of cells (susceptible, infected with WT, DIPs,
or dually) and of virus particles (WT and DIPs). Arrows represent interactions among cells and
virus particles where parameters in red are for DIP interactions and blue are for WT interactions.
Free DIPs and WT particles flow between organs at rate αAB or αBA .

Susceptible cells become infected either with WT or DIPs at a rate k. These singly

infected cells can then become dually infected with both WT and DIPs at the same rate k,

where each organ has its own rate k. Since not all virus particles are infectious, i.e., able to

infect a cell, nin represents the total number of virus particles needed to infect one cell.

WT virus particles are produced from singly infected cells at rate δnout, the product of

the cell lysis rate and the WT burst size from singly infected cells. They are also produced

from dually infected cells at rate ψδnout, where ψ is the ratio of WT burst size from dually

to singly infected cells. Additionally, DIPs are produced from dually infected cells at rate

ρψδnout, where ρ is the ratio of DIPs to WT particles produced from dually infected cells.

Parameter values are shown in Table 4.1 and are derived from individual experiments or

from literature. All simulations begin with 1 × 106 initial susceptible cells (ThermoFisher

Scientific, 2019) and no infected cells.
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Parameter Definition Value Source

b Production of susceptible cells 106 ∗ 1
24

(c× h)−1 1

d Death rate of susceptible cells 1
24

h−1 2

kA, kB Infectivity rate 5× 10−8 (p× h)−1 3

d′ Death rate of DIP-only infected cells 1
9

h−1 3,4

δ Cell lysis rate 1
9

h−1 5,6

nAout, n
B
out WT burst size from singly infected cells 103 (p× c)−1 3,7,8,9

nAin, n
B
in WT virions needed for successful infection 100 (p× c)−1 8,9

ψA, ψB WT burst size ratio (dually to singly infected cells) 0.21 3

ρA, ρB DIP burst size ratio (DIPs to WT) 4.14 3

cA, cB Virion clearance rate 1
5

h−1 3

γA, γB DIP to WT ratio needed for successful infection 5 3

αAB Virion migration rate from A to B 0.001 h−1

αBA Virion migration rate from B to A 0 h−1

SA0 , S
B
0 Initial number of susceptible cells 106 c 1

V A
W,0, V

A
D,0 Initial number of free WT and DIPs in A 103 p

V B
W,0, V

B
D,0 Initial number of free WT and DIPs in B 0 p

Table 4.1 Model parameters and values found in literature and through experiments. Note that
A is for rates associated with organ A, B is for rates in organ B, p stands for virus particles, h
stands for hours, and c stands for cells. Sources for parameters found in literature are as follows:
1) ThermoFisher Scientific (2019) 2) Rouzine and Weinberger (2013) 3) Shirogane et al. (2019) 4)
Regoes et al. (2005) 5) Bird et al. (2014) 6) Burrill et al. (2013) 7) Schulte and Andino (2014) 8)
Klasse (2015) 9)Brandenburg et al. (2007)

Since it has been shown that poliovirus usually begins in the intestines and travels to

other parts of the body (Kuss et al., 2008; Pfeiffer, 2010; Pfeiffer and Kirkegaard, 2006), and

poliovirus is most destructive in the CNS, we can relate organ A to the intestines and organ

B to the brain. With traveling from one organ to another comes the issue of a bottleneck. In

our case, the bottleneck represents any impedance a virus particle may face as it travels to

the other organ. This is one of the more complicated aspects to model as it can be caused by

various reasons such as variations in humidity levels, temperature, pH levels, and interferon

response (Pfeiffer, 2010; Kuss et al., 2008). Scientists are not sure what path poliovirus

takes from the intestine to the CNS, but there is a strong bottleneck from tissues to the
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brain, especially from the intestine (Pfeiffer and Kirkegaard, 2006). This makes it difficult

to find an approximate value in the literature. Despite the bottleneck being a stochastic

process (Kuss et al., 2008), we simplify the model and allow free virus particles to travel

from one organ to the other at a constant per capita rate. This process is represented by the

free virion migration rates αij from organ i to organ j. Through trial and error, we choose

αAB = 0.001. In most cases, since we do not know if it is biologically feasible for poliovirus

to travel from the central nervous system to the intestine, we turn off migration of free virus

particles from organ B to organ A by setting αBA = 0.

4.3 Results

4.3.1 Stability analysis of disease free equilibrium

We investigate whether the presence of DIPs can clear WT poliovirus infection. If this

happens, the DIPs would then be cleared as well after all DIP-infected cells would die, as

no new DIPs can be produced in the absence of the WT virus. Therefore, we conduct a

stability analysis on the disease free equilibrium. We turn off the virion migration rate from

organ B to organ A by setting αBA = 0 since this is the most biologically realistic scenario.

The disease free state is found to be:

(
SA∗, SB∗, IA∗D , IB∗D , IA∗W , IB∗W , IA∗DW , I

B∗
DW , V

A∗
W , V B∗

W , V A∗
D , V B∗

W

)
=

(
b

d
,
b

d
, 0, 0, · · · , 0, 0

)
.

Then, using SageMath (The Sage Developers, 2018), we calculate the Jacobian of the system

at the disease free state. The twelve eigenvalues, denoted λ1 to λ12, can be found in Appendix

4.5.1. Eigenvalues 1 to 8, λ1−8, are always negative, so the disease free state is unstable when:

bkB
(
nBout − nBin

)
cBd

> 1 or
bkA

(
nAout − nAin

)
(αAB + cA) d

> 1. (4.2)

Note that each of the above criteria depends on parameters associated with a particular
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organ. Additionally, due to αAB � cA, both criteria are similar. Using the parameter values

in Table 4.1, λ11 and λ12 have real part greater than zero, indicating that the disease free

state is unstable. Looking at the infectivity rate, one of the most important parameters as

determined in Shirogane et al., when kA and kB less than 2.2× 10−10 virus particles (other

parameters are as in Table 4.1), the system will go to the disease free state. Also, when the

WT burst size from singly infected cells, which could differ by organ, nAout and nBout are less

than 104, the disease free state is stable.

An important observation we make here is that the stability of the disease free state does

not depend on an parameters specifically pertaining to DIPs. This indicates that DIPs alone

are unable to stabilize the disease free equilibrium. In other words, DIPs cannot eradicate

the WT poliovirus from the host without another form of intervention, such as the immune

system. Therefore, in the following we will focus on lowering the WT steady state. We were

unable to obtain an analytic expression for the endemic equilibrium, hence we investigate

which parameters will help achieve this goal by simulating various scenarios that we predict

are biologically significant.

4.3.2 Simulations

To get a basic understanding of how the model behaves, we first compare simulations

without DIPs and with DIPs to observe their effect on WT virus levels. The parameter values

and initial conditions are set equal in both organs (see Table 4.1) with αBA = αAB. We also

assume that the initial WT population is small but nonzero (1000 virus particles in both

organs), corresponding to an initial introduction of a virus into a host (see Fig. 4.2a). In this

way, the system behaves similarly to a single-patch model due to the parameter symmetries

(Shirogane et al., 2019). We note that while the number of virions simulated is not exact due

to some arbitrarily assigned (such as γi) values and the simplified bottleneck, the qualitative

behavior of the model is accurate. Therefore, we want to emphasize the dynamical behavior

of the systems rather than particular times and virion counts. We notice an initial peak

in the free WT population (blue) before it settles into the endemic steady state. Since
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parameter values are equal in both organs, the dynamics of both organs are similar.

(a) (b)

Figure 4.2 (a) Dynamics of number of free WT virions for organ A and B without the interference
of DIPs over 360 hours of infection. (b) Reference simulation of two-patch model. (Inset on a log
scale.)

Then, in Fig. 4.2b, we introduce an identical amount of DIPs (red) as WT to both

organs along with the WT exposure. The introduction of DIPs leads to a two-fold decrease

in the steady state free WT virion population in both organs but does not eliminate the WT.

To visualize more clearly how the presence of free DIP virions affects the free WT virion

population, we include an inset where the free virion population count is on a log scale.

Initially, there is a small decrease in the DIP population size. When the WT population

is small (as it was at disease onset), the DIP population drops in size since DIPs cannot

replicate without WT. Recall that DIPs do not a play a role in the stability of the disease

free equilibrium as indicated by its eigenvalues. Whenever the WT population is near the

disease free equilibrium, the DIP population is eliminated.

Next, we simulate a more biologically realistic scenario of virus particles starting in one

organ and moving to the other as the infection progresses (Kuss et al., 2008; Pfeiffer, 2010;

Pfeiffer and Kirkegaard, 2006). We do this, as stated in the methods, by setting the initial

values of free WT and DIPs virions in organ B to zero and turning off the virion migration

from organ B to organ A (i.e., αBA = 0). In this scenario, the peak of the WT free virion

population occurs slightly later in organ B compared to organ A (Fig. 4.3a). Next, we

observe that the free WT and DIP populations in organ B reach a similar steady state to
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those in organ A, but at a later time point, indicating that it takes longer for DIPs to lower

the WT population in organ B than organ A. Indeed, DIPs need to be established in organ

A before large enough numbers move on to organ B and establish themselves there. These

results show that it is important to find the right time and best organ to place DIPs in order

to prevent damage to the central nervous system.

We also note that the time delay to reach peak WT population size in organ B is not

biologically realistic as it takes a few days for poliovirus to reach the brain compared to our

couple days (Pfeiffer and Kirkegaard, 2006). In Appendix 4.5.2 we show that the smaller

the migration rate between organs becomes, the longer the delay in peak WT population in

organ B becomes. As a consequence, there is an even longer delay for the DIPs and WT to

reach steady state.

(a)

(b) (c)

Figure 4.3 (a) Simulation with no initial free WT or DIP virions in organ B. Additionally, we
turn off αBA representing no migration of virions from organ B to organ A. (b) Simulation where
DIPs are optimized for organ A (ρA = 6). (c) Simulation where DIPs are optimized for organ B
(ρB = 6). Parameter values can be found in Table 4.1.
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We now investigate how changing various parameter values will affect the dynamics. To

begin with, we wanted to assess the impact of designing a DIP with higher fitness in either

organ A or B on the dynamics, by increasing the relative DIP burst size ρA or ρB. With an

increase in the fitness of DIPs in organ A, the free virion population reaches steady state

much more quickly than in the reference simulation, both in organ A and B, indicating that

DIPs are more efficient in lowering the WT population (Fig 4.3b). This is promising as it

means we can engineer DIPs to be more productive in the initial organ to quickly lower the

WT population in both organs.

By increasing the fitness of DIPs in organ B, DIPs lower the free WT virion population

in organ B before it is lowered in organ A (Fig 4.3c) and also before it is lowered in the

reference simulation. The free WT virion population even has a slightly lower steady state.

Next, we explored the possibility that the actual host environment differs from exper-

imental conditions from which the fitness of the WT virus has been estimated (Shirogane

et al., 2019). More specifically, we simulated a scenario in which WT virus particles are

less fit in organ A than in organ B. It has been shown that once in the brain, poliovirus

particles are able to reproduce without much interference, allowing for a higher number of

virus particles to be reached than in other organs (Kuss et al., 2008; Pfeiffer and Kirkegaard,

2006). To simulate this scenario, we lower the WT burst size in singly infected cells in organ

A, nAout, to 300, which also lowers the WT and DIP burst size from dually infected cells in

this same organ (see Fig. 4.7 in Appendix 4.5.3). We see that the free WT virion population

in organ B still reaches a similar peak size, but that it takes DIPs much longer to lower the

WT population. Also, the DIP population in organ A is not able to grow due to the small

WT population.

Lastly, we assessed the impact of having less fit DIPs, by lowering DIP burst size in

organ A (ρA = 2, Fig. 4.8a in Appendix 4.5.3) or B (ρB = 2, Fig. 4.8b in Appendix 4.5.3).

In both cases, DIPs are unable to establish in the organ in which their fitness having no

effect on lowering the WT population. Also note that lowering the DIP burst size in A also

causes a delay in DIPs lowering the WT in B.
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4.3.3 Effect of Parameters on DIP Intervention

We have shown that DIPs alone cannot reduce the WT population to extinction. How-

ever, we can use DIPs to quickly lower the WT population in order for another form of

viral removal to take place, such as the host’s immune system. Since we do not yet know

how DIPs will react in certain environments or organs, we were curious as to how specific

parameters impacted DIPs’ ability to lower the WT population. To do this, we looked at

the impact parameters in organ B had on the ratio of the number of free WT virions with

DIP intervention to without DIP intervention at steady state so that

Ri =
V i∗
W with DIP intervention

V i∗
W without DIP intervention

, (4.3)

where i = A,B. As Ri becomes closer to one, then the free WT virion counts are similar

with and without DIPs, and thus DIPs have little effect on lowering the WT population in

organ B.

We first looked at how the DIP burst size ratio in organ B, ρB, contributed to the

effectiveness of lowering the WT population (Fig. 4.4a). As expected, DIPs are less effective

for smaller values of ρB after a big drop at about ρB = 4. Also, RB drops below RA,

indicating that a higher DIP burst size ratio in organ B is more helpful. Note that there is

no change in the WT population without DIPs (i.e. the RB = 1 when ρB = 0) since the WT

population does not depend on ρ.
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(a) (b)

(c) (d)

Figure 4.4 Ratio of free WT particles at steady state with DIPs to without DIPs. All parameter
values can be found in Table 4.1. Insets indicate change in free WT population without DIP
intervention.

Second, we looked at how γB, the ratio of DIPs to WT non-infectious to infectious

particles, affected DIPs’ ability to lower the WT population (see Fig. 4.4b). We see that for

larger values of γB, DIPs are not as effective. This is because more DIPs are less infectious

and more attempts of infection of cells are needed before one particle succeeds.

Third, we show how various values of nBout affect Ri in Fig. 4.4c. We chose a wider range

of values for this parameter as the burst size can get quite large (Schulte and Andino, 2014).

We notice that for smaller values of nBout, DIPs are ineffective. This is because DIPs need

WT to reproduce, as shown in Fig 4.7 in Appendix 4.5.3. Then, we notice a sharp decline

in RB before nBout reaches 1000, then RB continues to grow as nBout gets larger. We can see

in the inset that the WT population without DIPs continues to rise. Therefore, if we know

the WT population in one organ will be particularly small, DIP intervention may not be the

best option.
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Lastly, we look at the infectivity rate, kB, which reveals that for smaller values of this

parameter, DIPs are effective then become less effective as kB grows. However, they become

effective again after kB becomes large enough. This “bump” could be do to the fact that

too low of an infectivity rate would prevent both WT and DIPs from infecting cells easily,

allowing DIPs a chance at outcompeting the WT. Then, at higher values of infectivity, cells

are producing more virus particles, which allows for a higher production of DIPs and a better

chance at eliminating the WT.

4.3.4 Bifurcation Analysis

We were curious as to whether the system would lead to oscillatory dynamics as found

in other models such as the model created for a general WT virus and its DIPs at the cellular

level (Huang, 1973) and the model of difference equations for an RNA virus and its DIPs

(Thompson and Yin, 2010). Having oscillations in the system could constitute an opportu-

nity to lower the WT population enough so that the immune system can quickly eliminate

any remaining virus particles. In order to investigate the dynamics, we ran simulations over

a wide range of values for the DIP burst size, ρB, and the WT singly infected cell burst size,

nBout. We found that there is a certain range where oscillations do occur by investigating the

number of peaks for the WT population in organ B in the last 500 hours (out of a total

time of 3500 hours) of each simulation (Fig. 4.5a). In order for something to be defined as

a peak (rather than just numerical error), we take the mean of the last 500 time steps and

subtract that from the max of the peak. If the difference is greater than 7.5% of the mean,

a threshold found through trial and error, we count that as a peak. We find oscillations for

values of ρB ≥ 10 and 150 < nBout < 450.
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(a) (b)

(c) (d)

Figure 4.5 (a) Heat map for the number of peaks in WT free virion population in organ B for
the last 500 times steps of each simulation as we vary nBout and ρB, where a zero represents no
oscillations. Other parameters are set to values found in Table 4.1. (b) Free WT and DIP counts
for when nBout = 250 and ρB = 15. (c-d) Bifurcation diagrams for a range of nBout values when
ρB = 15. Oscillations are shown in blue. (c) shows the free WT virion count in organ B, and (d)
shows the free DIP count.

Using a similar criterion, we created a bifurcation diagram for varying values of nBout and

for ρB = 15, as the system crosses an oscillatory regime at this parameter value (Fig. 4.5c

and Fig. 4.5d). In order to determine where the Hopf bifurcations occur, we run simulations

over a range of nBout values, and take the mean of the last 500 time steps out of 3500 for each

simulation. Using the WT population from organ B, if the difference between the maximum

value and the mean value from the last 500 time steps is greater than 5% of the mean, we

have the first Hopf bifurcation. Once the difference becomes less than 5% of the mean, we

have the second. The steady oscillations can be seen in blue in Fig. 4.5b, for nBout = 250.

The WT population gets very low in organ B and there are no oscillations in organ A since

there is no migration from B to A (αBA = 0).
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4.4 Conclusion

Poliovirus, a highly contagious disease that can lead to paralysis, is yet to be eradicated

worldwide. While vaccines are still being given, they can lead to vaccine-derived polio. In

order to find another form of intervention, we investigate the implementation of defective

interfering particles to create a competitive environment within a host.

Since the nature of poliovirus depends on differing organ environments and there have

been no models developed for the movement of virus particles between organs, we created an

inter-organ patch model to measure the competition between defective interfering particles

and wild-type poliovirus. By changing parameter values, we were able to simulate various

scenarios of DIP intervention. In Fig. 4.2b, we observed that by introducing DIPs into organ

A and organ B, the WT population decreased over two-fold. Additionally, we simulated the

movement of virus particles from one organ to another by placing zero initial virus particles

in organ B and turning off free virus particle migration from organ B to organ A, as shown

in Fig. 4.3a. By looking at the eigenvalues of the disease free state, we noticed that we were

unable to eradicate WT poliovirus from the host without further intervention. One of the

most interesting simulations is when organ A has a higher DIP burst size ratio as shown in

Fig. 4.3b. This made both organs reach steady state more quickly, effectively reducing the

free WT virus particles more quickly. This indicated that once we know the burst size of the

WT population in the initial organ, we can engineer DIPs to have a higher burst size ratio

in that organ to quickly lower the WT population in both organs efficiently.

We also investigated how various parameters affected DIPs’ effectiveness in lowering

the WT population. Smaller values of the DIP burst size ratio led to less effective DIP

intervention, as expected. Also, larger values of DIP to WT ratio needed for successful

infection led to less DIP effectiveness. This is due to the fact that more DIP particles would

be needed for successful lowering of the WT population. Lastly, smaller values of WT burst

size from singly infected cells led to less effective DIP intervention as did smaller values of

the infectivity rate.
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Finally, we discovered stable oscillatory dynamics under a range of values of WT burst

size of singly infected cells and DIP burst size ratio. This indicated there is a form of predator

prey dynamics in the competition between DIPs and WT poliovirus and that we can lower

the WT population for a short range of time so that the host’s immune system can more

efficiently remove the virus. We also highlighted the Hopf bifurcations for a range of values

of WT burst size from singly infected cells for a high value of DIP burst size ratio.

For future work, we would like to create a stochastic model in order to capture a more

realistic time delay and bottleneck for the free virion migration from organ A to organ B. It

has been suggested by Pfeiffer and Kirkegaard (2006) that a stochastic event would better

represent the viral bottleneck. We would also like to incorporate an immune response to see

if our model can capture the complete eradication of poliovirus from the host.

4.5 Appendix

4.5.1 Eigenvalues of the Disease Free State

We conduct stability analysis on the disease free equilibrium of our model. Finding the
Jacobian at the disease free state (see text), the eigenvalues are as follows:

λ1,2 = −δ

λ3,4,5,6 = −d′

λ7 = −
bγAkAnAin + (αAB + cA)d

d

λ8 = −
bγBkBnBin + cBd

d

λ9,10 = −
bkBnBin + cBd + dδ ±

√
b2
(
kB
)2 (nBin)2 + 4bdδkBnBout +

(
cB
)2 d2 − 2cBd2δ + d2δ2 + 2bdkBnBin

(
cB − δ

)
2d

λ11,12 = −
bkAnAin +

(
αAB + cA

)
d + dδ ±

√
b2
(
kA
)2 (nAin)2 + 4bdδkAnAout − 2

(
αAB + cA

)
d2δ + d2δ2 +

(
αAB + cA

)2 d2 − 2bdkAnAin
(
δ −

(
αAB + cA

))
2d

.

4.5.2 Changing Bottleneck to Prolong Delay to Organ B

Here we investigate various values of αAB in order to see if we can prolong viral entry

into organ B to create a more realistic time delay. If we are able to estimate the bottleneck
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size and discover that organ B reaches its peak population size rather quickly, we can take

preventative steps by injecting DIPs straight into organ B. We vary αAB from 1× 10−10 to

0.1, to see how this affects the delay between peak WT virion population size (see Fig. 4.6a).

We see that as αAB grows larger, there is less time between peak WT free virion counts for

each organ. There is a small increase in delay time at αAB = 0.1. This is due to organ A

reaching its peak sooner since peak WT population in organ A is much smaller than usual.

This is because one percent of its population is leaving the organ at every hour.

Additionally, we investigate the difference in time it takes for each organ to reach steady

state. To do this, we take the average of the last 500 time steps (out of 1600 hours) for the

DIP free virion population. Then, we find the time point where each organ’s DIP free virion

population size reaches half that average. There is a much larger difference in time it takes

each organ to reach this point as αAB becomes smaller.

(a) (b)

Figure 4.6 (a) How αAB affects the difference in time it takes for each organ to reach peak free
WT virions. (b) How αAB affect the difference in time it takes for each organ to reach half its
steady state value for DIP free virion count.

4.5.3 Simulation Figures

We investigate other parameter value opportunities that could be biologically realistic.

First, we explore what happens if the WT burst size of singly infected cells was lower in

organ A than in organ B, nAout = 300, as it has been shown that once in the brain, poliovirus

can produce many virus particles (Kuss et al., 2008; Pfeiffer and Kirkegaard, 2006).
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We see that organ A reaches a lower peak for free WT virion population size, and

DIPs in organ A are unable to lower the WT population to the same level as the reference

simulation (see Fig. 4.7). Again, this is because DIPs need the capsids from WT virions

to reproduce. Another important thing to note is that that the delay for DIPs to lower the

WT population in organ B is much longer. This indicates that if the WT is able to produce

more in the brain, then we should find another method to introduce DIPs rather than just

into the initial organ.

Figure 4.7 Simulation where the WT from singly infected cells are less fit in organ A. We set
nAout = 300.

Lastly, we explore the possibility that DIPs are not efficient in organ A (Fig. 4.8a) or

organ B (Fig. 4.8b). When lowered in organ A (ρA = 2), the DIPs are unable to lower

the WT population in organ A, as expected. Note that it also takes a while for the DIP

population to lower the WT population in organ B. This is because with few DIPs being

produced in organ A, it takes longer for them to travel to organ B. Then, when lowered in

organ B, ρB = 2, we see that the free DIP population in organ B is very small and there

is little change to the free WT virion population in organ B. Note that there is also little

change to population counts in organ A.
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(a) (b)

Figure 4.8 (a) Simulation where DIPs in organ A are less fit. We set ρA = 2. (b) Simulation
where DIPs are less fit. We set ρB = 2.

4.5.4 Delaying DIP Intervention

It is more than likely that we will not know a patient has poliovirus right away. Here, we

investigate what happens when we delay DIP intervention. It is also possible that it would be

more beneficial to deliver DIPs when the WT has already been established in the population.

As we can see in Fig. 4.9, about 10 hours after disease onset DIPs will more quickly lower

the WT population. After though, the longer we delay DIP intervention, the longer it will

take to lower the WT population. The time for lowering the WT was measured as the time

it takes for DIPs to reach half its average steady state value, which was determined by taking

the average of the last 500 times points.
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Figure 4.9 Time (in hours) it takes to lower the Wt population as a function of delayed DIP
intervention.

Additionally, as can be seen in Fig. 4.10a, time delay of DIP intervention does not affect

the difference in time it takes for organ A and organ B to reach peak WT population size.

Also, in Fig. 4.10b, we see that it also does not affect the delay in time it takes for DIPs to

reach half its steady state population for each organ.

(a) (b)

Figure 4.10 (a) How delay in time for DIP intervention affects difference in time (hours) for organ
A and organ B to reach peak WT population. (b) How delay in time (hours) for DIP intervention
affects difference in time it takes for DIPs to reach half its steady state value for each organ.
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Chapter 5

Epilogue

Control of infectious diseases has been a constant challenge throughout human history.

Now, with antibiotic resistance and difficulties administering vaccinations, new and creative

approaches must be taken. Mathematical modeling has played an important role in ensuring

efficient implementation of control measures. In this dissertation, we looked at various dis-

eases and control measures and how various mathematical models can be used to investigate

the effectiveness of those control measures.

We first looked at how placing a quarantine on certain population compartments in

an Ebola model (a disease where a vaccine is not available yet) affected the accuracy of

the type of model used for that compartment. While delay differential equations can be

more accurate, they tend to be more difficult to solve. Therefore, we found conditions

when ordinary differential equations could be used instead. Using ODEs makes it easier to

communicate results to policy makers, allowing for quick implementation of quarantine.

We then looked at how much yeast strains could benefit from expressing kin recognition

in a biofilm formation through an agent-based stochastic spatial simulation. Since biofilms

can cause infection and are difficult to remove with antibiotics, it is beneficial to investigate

when biofilms can be disrupted through various social interactions among members of the

community. We found that cooperators in a biofilm do benefit from expressing kin recognition

and that they have more benefit when cooperators are less abundant with intermediate levels
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of cooperation effect. Cooperators also had a higher benefit to expressing kin recognition in

dense colonies.

Finally, we used a multiscale two-patch ordinary differential equations model for the

competition between defective interfering particles and wild-type poliovirus spreading be-

tween two organs in a human host. Poliovirus is not yet extinct, and difficulties transporting

vaccines and the high probability for the RNA virus to evolve from its attenuated strain

makes it difficult to eradicate in some parts of the world. We found that DIPs are able

to lower the WT population levels so that another intervention, such as the host’s immune

system, can more easily eliminate the virus.

These various scales and types of mathematical models allow us to investigate how well

novel control methods will work. The use of multiscale models gives a better understanding of

the biological workings of an infection and contributes to further accuracy of the model. By

ensuring the accuracy, policy makers can be quickly convinced on the best control methods

to implement, saving time and cost in the fight to control and prevent infectious disease.
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