
INFORMATION TO USERS

This was produced from a copy of a document sent to  us for microfilming. While the 
most advanced technological means to  photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the material 
submitted.

The following explanation of techniques is provided to  help you understand 
markings or notations which may appear on this reproduction.

1 .T he sign or “ target” for pages apparently lacking from the document 
photographed is “ Missing Page(s)” . If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting through an image and duplicating 
adjacent pages to assure you of complete continuity.

2. When an image on the film is obliterated with a round black mark it is an 
indication that the film inspector noticed either blurred copy because of 
movement during exposure, or duplicate copy. Unless we meant to  delete 
copyrighted materials that should not have been filmed, you will find a good 
image of the page in the adjacent frame. If copyrighted materials were 
deleted you will find a target note listing the pages in the adjacent frame.

3. When a map, drawing or chart, etc., is part of the material being photo­
graphed the photographer has followed a definite method in “sectioning” 
the material. It is customary to  begin filming at the upper left hand corner of 
a large sheet and to  continue from left to  right in equal sections with small 
overlaps. If necessary, sectioning is continued again—beginning below the 
first row and continuing on until complete.

4. For any illustrations that cannot be reproduced satisfactorily by xerography, 
photographic prints can be purchased at additional cost and tipped into your 
xerographic copy. Requests can be made to  our Dissertations Customer 
Services Department.

5. Some pages in any document may have indistinct print. In all cases we have 
filmed the best available copy.

University
Microfilms

International
300 N. ZEEB RD., ANN ARBOR. Ml 48106



8206126

Ch ern , Engmin  James

ULTRASONIC DETERMINATION OF THERMOELASTIC PROPERTIES OF 
STRESSED SOLIDS

The College of William and Mary in Virginia PH.D. 1981

University 
Microfilms

International 300 N. Zeeb Road, Ann Arbor, MI 48106



ULTRASONIC DETERMINATION OF THERMOELASTIC 

PROPERTIES OF STRESSED SOLIDS

A D is s e r t a t io n  

P re s e n te d  to

The F a c u lty  o f  th e  D epartm ent o f  P h y s ic s  

The C o llege  o f  W illiam  and Mary in  V ir g in ia

In  P a r t i a l  F u l f i l lm e n t  

Of th e  R equ irem en ts f o r  th e  Degree o f  

D octo r o f  P h ilo so p h y

By

Engmin J . Chem 

1981



APPROVAL SHEET

T h is  d i s s e r t a t i o n  i s  su b m itte d  in  p a r t i a l  f u l f i l lm e n t  o f  

th e  re q u ire m e n ts  f o r  t h e  d eg ree  o f

D octo r o f  P h ilo so p h y

T /
A i^hor

A pproved, December 1981

\ X -
J . S(I Heyman Cha irm an

L ang ley  R esearch  C en te r

C s ' L e-
H. E. Schone

M. S. C onradi

(J
W. K o s s le r

¥ (\
n t o f  Ma

T. A. Zanj
D epartm ent o f  f la th e m a tic s  and Computer S c ien c e

i i



TABLE OF CONTENTS

Page

ACKNOWLEDGMENTS...........................................................................................................  v

LIST OF T A B L E S ...........................................................................................................  v i

LIST OF FIGURES...........................................................................................................  v i i

ABSTRACT.........................................................................................................................  ix

I .  INTRODUCTION....................................................................................................... 2

I I .  THERMOELASTIC THEORY OF STRESSED SOLIDS .......................................  4

1 . Sm all a m p litu d e  e l a s t i c  wave p ro p a g a tio n  in
s t r e s s e d  s o l i d s  ....................................................................................  4

2 . E xpansion  o f  f i n a l  s t a t e  sm a ll a m p litu d e  wave 
p ro p a g a tio n  p a ra m e te rs  in  te rm s o f  i n i t i a l
s t a t e  p a r a m e t e r s ....................................................................................  10

3. S t r e s s  d e r i v a t i v e s  o f  a c o u s t i c  n a tu r a l  v e lo c i ty  
( s t r e s s  a c o u s t ic  c o n s ta n ts )  and s t r a i n  a c o u s t i c  
c o n s t a n t s ..................................................................................................  18

4. T em pera tu re  dependence o f  a c o u s t i c  n a tu r a l  
v e lo c i ty  ( th e rm a l  a c o u s t i c  c o n s ta n ts )  and th e
s t r e s s  d e r i v a t i v e  o f  th e rm a l a c o u s t i c  c o n s ta n ts  . . .  22

I I I .  EXPERIMENTAL TECHNIQUES ...........................................................................  27

1. M easurement c o n s i d e r a t i o n s ........................................................  2 7

2 . U l t r a s o n ic  m easurem ent te c h n iq u e s  ..........................................  35

IV. RESULTS AND DISCUSSION................................................................................ 46

1. A x ia l s t r e s s  m e a s u r e m e n t s .............................................................  46

2 . Therm al a c o u s t i c  s t r e s s  m easurem ents ...................................... 50

3 . R e la t iv e  s lo p e  in v a r ia n c e  o f  v e l o c i t y - s t r e s s
and s t r a i n - s t r e s s  c u r v e s .................................................................  56

A PPEN D IX .........................................................................................................................  61

i i i



REFERENCES



ACKNOWLEDGMENTS

I  w ould l i k e  to  th a n k  my t h e s i s  a d v is o r ,  Dr. Jo sep h  S. Heyman, f o r  

h i s  d i r e c t i o n  and s u p p o rt o f  t h i s  r e s e a rc h .  Very s p e c ia l  th a n k s  a re  

due to  my c o -a d v is o r ,  Dr. John H. C a n t r e l l ,  J r . , f o r  h i s  many v a lu a b le  

d is c u s s io n s  o f  th e  th e o ry  and e x p e rim e n ts .

I  w ould a ls o  l i k e  t o  th a n k  my o th e r  a s s o c i a te s  in  th e  In s tru m e n t 

R esearch  D iv is io n  o f  NASA L ang ley  R esearch  C e n te r :  Dr. W. P . W infree

f o r  h i s  s u g g e s t io n s ;  Dr. H. I .  R ingerm acher, Dr. G. H. B ra n d e n b u rg e r , 

Mr. H. D. H e n d ric k s , Mr. W. E. M i l l e r ,  and D r. C. J .  Magee f o r  t h e i r  

comments. I  am in d e b te d  to  Mr. F. D. S to n e , Mr. J .  A. Harman, and Mr. 

T. C. S te e le  f o r  t h e i r  t e c h n i c a l  a s s i s t a n c e .  I  s in c e r e ly  a p p r e c ia te  

Ms. R is e ’ M. W illiam s f o r  ty p in g  t h i s  t h e s i s .

I  w ish  to  e x p re s s  my g r a t i t u d e  to  th e  f a c u l ty  and s t a f f  members 

o f  t h e  P h y s ic s  D epartm ent f o r  t h e i r  s u p p o rt o f  th e  p rogram , p a r t i c u l a r ­

ly  to  Dr. H arlan  E. Schone f o r  s e rv in g  a s  my l i a i s o n  p r o f e s s o r ,  Dr.

Mark S. C onrad i f o r  h i s  s u g g e s t io n s ,  and M rs. S y lv ia  J .  S to u t and Mrs. 

Thea N. B a r to s  f o r  h a n d lin g  th e  volum inous p a p e r  w ork. I t  i s  an honor 

and a  g r e a t  e x p e r ie n c e  to  i n t e r a c t  w ith  NASA L angley  R esearch  C e n te r .

I  th a n k  Mr. and M rs. Glenn R. W in te rs  and a l l  my good f r i e n d s  fo r  

t h e i r  c o n s ta n t  encouragem en t. F in a l ly ,  I  th a n k  my fa m ily , e s p e c i a l l y  

my p a r e n ts  and my w ife ;  t h e i r  s a c r i f i c e s  and u n d e rs ta n d in g  have made 

t h i s  p o s s ib le .

v



LIST OF TABLES

T ab le  Page

1. E x p e rim en ta l r e s u l t s  o f  Salam a and L in g . C om pressional 
s t r e s s  i s  a p p lie d  in  th e  d i r e c t i o n  p e rp e n d ic u la r  to
wave p r o p a g a t i o n ..................................................................................................  54

2 . P re s e n t  e x p e r im e n ta l  r e s u l t s .  T e n s i le  s t r e s s  i s  a p p lie d
a lo n g  th e  d i r e c t i o n  o f  wave p r o p a g a t i o n ............................................. 55

3. R v a lu e s  o f  i s o t o p i c  m a te r i a l s  c a lc u la te d  from  e l a s t i c  
c o e f f i c i e n t s  and from  p r e s e n t  w o r k .......................................................... 59

v i



LIST OF FIGURES

F ig u re  Page

1 . E f f e c t  o f  mode c o n v e rte d  waves on th e  sp ec tru m  o f  a
c y l i n d r i c a l  r e s o n a to r  ....................................................................................  29

2 . V a r ia t io n  o f  a c o u s t ic  i n t e n s i t y  I  w ith  d i s ta n c e
r e s u l t i n g  from  d i f f r a c t i o n ......................................................................  31

3. The e q u iv a le n t  c i r c u i t  o f  t h e  c a p a c i t iv e  d e te c to r
and tu n in g  c i r c u i t ........................................................................................  34

4 . B lock  d iagram  o f  th e  fre q u e n c y  t r a c k in g  te c h n iq u e
( to n e - b u r s t  s p e c tro sc o p y )  f o r  r e f l e c t i o n  c o n f ig u r a t io n  . . 37

5 . B lock  d iag ram  o f  t h e  f re q u e n c y  t r a c k in g  te c h n iq u e
f o r  t r a n s m is s io n  c o n f ig u r a t io n  ............................................................. 38

6. B lock  d iag ram  o f  th e  p u lse d  p h ase  lo ck e d  l o o p .............................  39

7. B lock  d iagram  o f  th e  th e rm a l s t r e s s  t e s t  s y s t e m ........................  44

8. T y p ic a l s t r e s s - a c o u s t i c ,  s t r e s s - s t r a i n  and s t r e s s - t r u e
v e lo c i ty  d a ta  f o r  an aluminum s a m p l e ...............................................  47

9. S t r e s s  a c o u s t i c  re sp o n se  f o r  v a r io u s  m a te r i a l s  ......................... 48

10. E x p e r im e n ta l d a ta  f o r  te m p e ra tu re ,  s t r a i n  and A f/f  
a s  a  fu n c t io n  o f  t im e  f o r  s te p  lo a d in g /u n lo a d in g  o f
an aluminum s a m p l e ......................................................................................... 49

11. T y p ic a l  e x p e r im e n ta l  d a ta  o f  n o rm a liz e d  fre q u e n c y
change w ith  r e s p e c t  to  t e m p e r a t u r e .................................................... 51

12 . Therm al a c o u s t i c  c o n s ta n ts  shown as  a  f u n c t io n
o f  m a te r i a l  s t r e s s ......................................................................................... 52

13. P e rc e n t  e r r o r  in  th e  v a lu e  o f  th e  v e lo c i ty  o f  sou n d , Vg 
a s  a fu n c t io n  o f  6 f o r  v a r io u s  c o r r e c t io n  fo rm u las
in  one t r a n s d u c e r  r e f l e c t i o n  c a s e ........................................................  66

14. P e rc e n t  e r r o r  in  V a s  a  f u n c t io n  o f  6 f o r  s e v e r a lg
p a i r s  o f  m ec h a n ic a l r e s o n a n c e s .............................................................  67

v i i



LIST OF FIGURES (C on tinued)

F ig u re  Page

15 . R e s u lts  o f  com puter s im u la te d  e x p e rim e n ts  
com paring p e rc e n t  e r r o r  in  V a s  a  fu n c t io n  
o f  freq u en cy  f o r  2 .2 5  MHz PZT t r a n s d u c e r  bonded
to  an  aluminum sam ple (6 = 0 . 1 0 9 ) ..............................................................69

16. P lo t  o f p e rc e n t  e r r o r  f o r  v a r io u s  bond th ic k n e s s
in  one t r a n s d u c e r  c a s e ..................................................... -.............................. 71

v i i i



ABSTRACT

We p r e s e n t  a  th e r m o e la s t ic  d e r iv a t io n  o f  u l t r a s o n i c  waves 
p ro p a g a tin g  in  a  s o l i d  in  w hich an a p p lie d  homogeneous s t r e s s  i s  s u p e r ­
im posed on a  n o n zero  i n i t i a l  s t r e s s .  We a ls o  d e r iv e  t h e  te m p e ra tu re  
dependence o f  th e  e l a s t i c  c o e f f i c i e n t s  and th e  l i n e a r  r e l a t i o n s h ip  
betw een th e  a p p lie d  s t r e s s  and a new ly d e f in e d  p a ra m e te r  -  th e  th e rm a l 
a c o u s t ic  c o n s ta n t .  The s t r e s s  a c o u s t ic  c o n s ta n t  i s  d e f in e d  and i t s  
r e l a t i o n s h ip  to  t h e  a c o u s t ic  n a tu r a l  v e lo c i ty  i s  d is c u s s e d . E x p e r i­
m e n ta l c o n s id e r a t io n s  p e r t i n e n t  to  th e  u l t r a s o n i c  m easurem ent te c h n iq u e s  
used  in  th e  i n v e s t ig a t io n  a re  d e s c r ib e d . The r e s u l t s  o f  th e  s t r e s s -  
s t r a i n  and th e rm a l s t r a i n  e x p e rim e n ts  v e r i f y  th e  p r e d i c t i o n s  o f  th e  
th e o r y .  F in a l ly ,  we d e r iv e  an im proved fo rm u la  f o r  c o r r e c t in g  th e  
e f f e c t s  o f  th e  t r a n s d u c e r  and th e  t r a n s d u c e r  b ond ing  m a te r i a l  in  
u l t r a s o n i c  s ta n d in g  wave p h ase  v e lo c i ty  m easu rem en ts. The r e s u l t s  a re  
v e r i f i e d  by com puter m odels and la b o r a to r y  e x p e r im e n ts .

ix



ULTRASONIC DETERMINATION OF THERMOELASTIC 

PROPERTIES OF STRESSED SOLIDS



INTRODUCTION

From th e  a tom ic  p o in t  o f  v iew , a  s o l i d  i s  a  c o m p lic a ted  c o l l e c t i o n

o f  e le c t r o n s  and  l a t t i c e  p a r t i c l e s .  However, many n o n l in e a r  p r o p e r t i e s

o f  s o l i d s  su c h  a s  th e rm a l e x p a n s io n , th e rm a l c o n d u c t iv i ty ,  th e  s t r e s s

dependence o f e l a s t i c  wave v e lo c i ty  and th e  te m p e ra tu re  dependence o f

e l a s t i c  v e lo c i ty  can be d e te rm in e d  from  c o n s ta n ts  o b ta in e d  by p ro p ag a -

1-3t i n g  an u l t r a s o n i c  wave in  t h e  sam ple.

4 5In  th e  Debye m odel o f  s o l i d s ,  * th e  l a t t i c e  v i b r a t io n  f re q u e n c ie s  

a re  ap p rox im ated  by long  w av e len g th  a c o u s t i c  s ta n d in g  wave modes o f  a
g

n o n d is p e r s iv e  e l a s t i c  medium. To p ro v id e  a  com plete  d e s c r ip t io n  o f

th e  n o n l in e a r  th e r m o e la s t ic  p r o p e r t i e s  o f  s o l i d s ,  i t  i s  n e c e s s a ry  to

c a s t  th e  e q u a tio n s  d e s c r ib in g  e l a s t i c  wave p ro p a g a tio n  in  s o l id s  in  a

7 8form  e x p l i c i t l y  in v o lv in g  th e  i n i t i a l  s t r e s s .  ’ I t  i s  a l s o  n e c e s s a ry  

t o  u se  f i n i t e  s t r a i n  p a ra m e te rs  in s t e a d  o f  i n f i n i t e s i m a l  s t r a i n  p a ra ­

m e te rs  to  d e s c r ib e  th e  n o n l in e a r  e f f e c t s  o f  s o l i d s .  I n  a d d i t io n ,  in  

o r d e r  t o  c h a r a c te r iz e  th e  a d ia b a t i c  and is o th e rm a l  p r o c e s s e s ,  o u r 

d e r iv a t io n s  a r e  b a sed  on a  m odel in v o lv in g  therm odynam ic p o t e n t i a l  

e n e r g ie s ,  th e  i n t e r n a l  e n e rg y  and th e  H elm holtz  f r e e  e n e rg y , r a t h e r  th a n  

on a  m a te r i a l  e l a s t i c  e n e rg y  w hich i s  e n tro p y  and te m p e ra tu re  in d ep en ­

d e n t.

I t  i s  n o t  th e  p u rp o se  o f  t h i s  r e s e a r c h  to  d e te rm in e  th e  h ig h e r  

o r d e r  e l a s t i c  c o n s ta n ts .  R a th e r , we w ish  t o  exam ine th e  p h y s ic a l  

p r o p e r t i e s  o f  s t r e s s e d  s o l i d s  from th e  e x p e r im e n ta l ly  d e te rm in ed  s t r e s s  

a c o u s t i c  c o n s ta n ts  and  th e  th e rm a l a c o u s t ic  c o n s ta n ts  in  a cco rd an ce  w ith

2



r e c e n t ly  deve lo p ed  u l t r a s o n i c  t h e o r i e s  and te c h n iq u e s .  ’ The 

s t r e s s  a c o u s t ic  c o n s ta n ts  a re  d e f in e d  as th e  f r a c t i o n a l  change in  th e
g

r e s o n a n t s ta n d in g  wave fre q u e n c y  o f  a  s o l i d  p e r  u n i t  a p p lie d  s t r e s s  

and i s  shown to  be  e q u a l to  th e  f r a c t i o n a l  change in  th e  a c o u s t ic  

n a t u r a l  v e lo c i ty  in  th e  s o l i d .  S im i la r ly ,  th e  th e rm a l a c o u s t i c  con­

s t a n t s  a re  d e f in e d  as th e  f r a c t i o n a l  change in  th e  s o l i d  re so n a n c e  f r e -

9
quency p e r  u n i t  change in  te m p e ra tu re .

In  C hap ter I I ,  we p r e s e n t  a th e r m o e la s t ic  d e s c r ip t io n  o f  u l t r a s o n i c  

waves p ro p a g a tin g  in  a  s o l i d  h av in g  a  homogeneous s t r e s s  superim posed  

on an i n i t i a l  s t r e s s .  The s t r e s s  a c o u s t i c  c o n s ta n ts  and  t h e i r  r e l a t i o n ­

s h ip  t o  a c o u s t ic  n a tu r a l  v e lo c i ty  a r e  f u l l y  d is c u s s e d . We a l s o  d e r iv e  

t h e  te m p e ra tu re  dependence o f  e l a s t i c  c o e f f i c i e n t s  and th e  l i n e a r  

r e l a t i o n s h ip  betw een th e  a p p lie d  s t r e s s  and th e  th e rm a l a c o u s t ic  

c o n s ta n ts .

The e x p e r im e n ta l  c o n s id e r a t io n s  and u l t r a s o n i c  m easurem ent 

te c h n iq u e s  u sed  in  th e  p r e s e n t  i n v e s t ig a t io n  a re  d e s c r ib e d  in  C hap ter

I I I .  In  C hap ter IV , we p r e s e n t  th e  e x p e r im e n ta l  r e s u l t s  w hich v e r i f y  

th e  p r e d i c t i o n s  o f  th e  th e o ry  p re s e n te d  in  C hap ter I I .

F i n a l l y ,  in  th e  A ppendix, we p r e s e n t  new fo rm u las  w hich  r e s u l t  in  

more a c c u r a te  d e te rm in a tio n  o f  a c o u s t ic  v e l o c i t i e s  by c o r r e c t in g  f o r  

t r a n s d u c e r  and bond e f f e c t s  f o r  u l t r a s o n i c  s ta n d in g  wave p h ase  v e lo c i ty  

m easu rem en ts .



I I .  THERMOELASTIC THEORY OF STRESSED SOLIDS

1 . Sm all a m p litu d e  e l a s t i c  wave p ro p a g a tio n  in  s t r e s s e d  s o l i d s .

The th e r m o e la s t ic  p r o p e r t i e s  o f  s t r e s s e d  s o l i d s  a re  s t r o n g ly

12r e l a t e d  to  t h e  b e h a v io r  o f  th e  l a t t i c e  p a r t i c l e s .  C onsider a  s o l i d

w hich c o n s i s t s  o f  N l a t t i c e  p a r t i c l e s .  From B o s e -E in s te in  s t a t i s -

13t i c s ,  th e  number o f  phonon p a r t i c l e s  in  a  s t a t e  can be w r i t t e n  as

n s exp(Ku)s /kgT) -  1 ^

where o)g i s  th e  a n g u la r  v i b r a t i o n  f re q u e n c y  o f  s  s t a t e ,  s

r e p r e s e n t s  one o f  th e  3N s t a t e s  o f  modal v i b r a t i o n ,  kg i s  Boltzm ann

c o n s ta n t and T i s  te m p e ra tu re . The i n t e r n a l  energy  o f  th e  system  can

14be e x p re s s e d  in  th e  a d i a b i a t i c  ap p ro x im a tio n  as  

3N
U = $ +  E ( h  + n ) -ho) (2)o .  s '  ss = l

where 3>o i s  th e  therm odynam ic p o t e n t i a l  ene rgy  o f  th e  system  when th e  

l a t t i c e  p a r t i c l e s  a re  a t  r e s t  in  t h e i r  mean p o s i t i o n s .  S in ce  l a t t i c e  

p a r t i c l e s  move o n ly  a sm a ll amount from  t h e i r  e q u il ib r iu m  p o s i t i o n s ,  we 

can expand th e  i n i t i a l  en e rg y  in  a  T a y lo r 's  s e r i e s  abou t t h e i r  e q u i l i ­

brium  p o s i t i o n s  in  te rm s o f  d e fo rm a tio n  p a ra m e te rs . The harm onic  

ap p ro x im atio n  i s  o b ta in e d  by k e ep in g  o n ly  t h e  f i r s t  n o n ze ro  ( q u a d r a t ic )

term  in  th e  e x p a n sio n . T h is  ap p ro x im a tio n  d e s c r ib e s  th e  l i n e a r  e l a s t i c

p r o p e r t i e s  o f  s o l i d s .  To d e s c r ib e  th e  anharm onic p r o p e r t i e s  o f  s o l i d s  

such  a s  th e rm a l e x p a n s io n , u l t r a s o n i c  harm onic  g e n e r a t io n ,  and th e rm a l 

c o n d u c t i v i t y , ^  th e  q u as ih a rm o n ic  ap p ro x im atio n  i s  o f te n  u se d . In  th e  

q u as ih a rm o n ic  a p p ro x im a tio n , 4>q and iog a re  n o t  e x p l i c i t l y
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te m p e ra tu re  d ep e n d en t, b u t  i n d i r e c t l y  te m p e ra tu re  dependen t th ro u g h  th e

te m p e ra tu re  dependence o f  th e  l a t t i c e  d im en sio n s . The te m p e ra tu re

dependence o f  m a te r i a l  p a ra m e te rs  can be o b ta in e d  e x p l i c i t l y  from  th e

13H elm holtz f r e e  e n e rg y . The H elm holtz f r e e  energy  i s  d e f in e d  by

F = U -  TS (3)

4
where S i s  t h e  e n tro p y . The H elm holtz f r e e  energy  can be w r i t t e n  as 

3N
F = $ + k„T E £,n 12 s in h  (-fiu) /2 k DT )] (4)o B . s  Bs = l

The i n t e r n a l  en erg y  U i s  u sed  to  d e s c r ib e  a d ia b a t i c  p ro c e s s e s  in  w hich 

th e  f u n c t io n a l  d ependen t v a r i a b le s  a r e  te m p e ra tu re  T and th e  s t r e s s e s ;  

in d ep en d en t v a r i a b le s  a r e  e n tro p y  S and c o o rd in a te  p a ra m e te rs  x .

The H elm oltz  f r e e  en e rg y  i s  u se d  to  d e s c r ib e  is o th e rm a l  p r o c e s s e s  in  

w hich  th e  dependen t v a r i a b le s  a r e  e n tro p y  S and th e  s t r e s s e s ;  in d e p -  

d en t v a r i a b le s  a re  te m p e ra tu re  T and c o o rd in a te  p a ra m e te rs  x .

To d e r iv e  t h e  e l a s t i c  wave e q u a tio n  o f  th e  s o l i d ,  we f i r s t  assume 

th e  s o l i d  to  be a n o n d is p e r s iv e  e l a s t i c  continuum . Let th e  C a r te s ia n  

c o o rd in a te s  o f  a  m a t e r i a l  p a r t i c l e  o f  th e  s o l i d  in  th e  i n i t i a l  s t a t e  

be a  and  th e  C a r te s ia n  c o o rd in a te s  o f  th e  same p a r t i c l e  in  some 

s t r e s s e d  s t a t e  a t  t im e  t  be x . S in c e  t h e  i n t e r n a l  energy  U and

th e  H elm holtz f r e e  en erg y  F depend o n ly  on th e  r e l a t i v e  p o s i t i o n  o f  th e

m a te r i a l  p a r t i c l e  ( x ) , i t  i s  c o n v e n ie n t to  e x p re s s  th e  f u n c t io n a l

dependence o f  U and F in  te rm s  o f  r o t a t i o n a l l y  i n v a r i a n t  L agrang ian

s t r a i n s  and th e  i n i t i a l  p a r t i c l e  p o s i t i o n s  ( a ) .
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H ence, we may w r i te

U(x, S) = U (a, n±j , S) (5)

I t  i s  n e c e s s a ry  t o  p o in t  o u t t h a t  e q u a tio n  (5) i s  v a l id  when th e  

d e fo rm a tio n  v a r i e s  s i g n i f i c a n t l y  o n ly  o v e r  d i s ta n c e  la r g e  compared to  

th e  ran g e  o f  e f f e c t i v e  i n t e r a c t i o n s  in  t h e  s o l i d .  For th e  ca se  o f  

e l a s t i c  wave p ro p a g a t io n , th e  w av e len g th  must be  la r g e  compared to  th e  

ran g e  o f i n t e r a c t i o n s .  T h is  i s  th e  long  w ave leng th  continuum  a p p ro x i­

m a tio n . I f  th e  w av e len g th  i s  to o  s h o r t ,  d i s p e r s io n  o c c u rs  and th e  

l a t t i c e  dynam ics th e o r y  a p p l i e s .

In  o r d e r  to  o b ta in  th e  e q u a tio n s  o f  a d ia b a t i c  e l a s t i c  wave m o tio n , 

i t  i s  co n v en ien t to  expand th e  i n t e r n a l  energy  in  a power s e r i e s  o f  th e  

L agrang ian  s t r a i n s  d e f in e d  b y ^

w here 6 . .  a re  t h e  u s u a l  K ro n eck er d e l t a s  and th e  t r a n s fo rm a t io n

H ere we have ad o p ted  th e  E in s te in  co n v en tio n  o f  summation o v e r  r e p e a te d

in  te rm s o f  L ag ran g ian  s t r a i n s  a b o u t th e  i n i t i a l  s t a t e  ( a ) , we g e t

" «  ■ 15 ( “k i  -  V ( 6)

(7)

j

in d ic e s .  Expanding th e  i n t e r n a l  en e rg y  p e r  u n i t  volume p-U ( a ,  n . .  S)
y  *

PjU ( a ,  n y ,  S) = PjU ( a ,  o , S) + +  % C± j l a

ijk£m n ^ i j  nk£ nmn + ( 8)



Where = p (a )  i s  th e  i n i t i a l  s t a t e  mass d e n s i ty  o f  th e  m a te r i a l .  The 

c o e f f i c i e n t s  C , Cijk£ . Cijk£m n a re  ^ s e n t r o P^c f i r s t ,  second  and 

t h i r d  o r d e r  e l a s t i c  c o n s ta n ts  r e s p e c t iv e ly  d e f in e d  as

Ci j  = P1 ^8U/3rii j ) (9)

c« k t  -  " i  (a2 ° /3 n «  3\ i >  <10)

and

C4 . i n  ■ Pi (33u / 3 n , . 9n, . 3n ) (11)ijkfcmn 1 i j  kJl mn

e v a lu a te d  a t  ( a ) .  S im i la r ly ,  we can expand th e  H elm holtz f r e e  energy  

p e r  u n i t  volume in  th e  i n i t i a l  s t a t e  p^F ( a ,  , T) in  te rm s o f

L ag ran g ian  s t r a i n s .  In  t h i s  c a s e ,  t h e  e l a s t i c  c o n s ta n ts  a re  now th e  

is o th e rm a l  e l a s t i c  c o n s ta n ts  i n s t e a d  o f  i s e n t r o p i c  e l a s t i c  c o n s ta n ts .  

The f i r s t  o rd e r  s t r a i n  d e r iv a t iv e  o f  p^U and p^F a re  th e  t e n s io n a l  

s t r e s s  com ponents e v a lu a te d  a t  t h e  i n i t i a l  s t a t e  c o n f ig u r a t io n .  S in ce  

th e y  a r e  e v a lu a te d  a t  therm odynam ic e q u i l ib r iu m , we have

3( P;LU) / 3n±j  = 3 (p 1F ) /3 n 1J = o ±j ( a )  (12)

For i s e n t r o p i c  p r o c e s s e s ,  th e  L ag ran g ian  L can be e x p re s s e d  as

L = h  p i  ^  x ± -  P lu ( a ,  n , S) (13)

The th e r m o e la s t ic  wave e q u a tio n  can th e n  be o b ta in e d  by s u b s t i t u t i n g  

e q u a tio n  (13) i n to  L a g ra n g e 's  e q u a tio n  o f  m otion
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w here x^ = S x ^ /S t, t  i s  th e  t im e . We o b ta in  

, 3(p.U )
pi*i - -M “lk-_i_ i <15>

daj  3nj k

E q u a tio n  (15) i s  th e  g e n e ra l  i s e n t r o p ic  e l a s t i c  wave e q u a tio n  v a l i d  f o r  

d i s s i p a t i o n l e s s  s o l i d s  o f  any symm etry. We may r e w r i t e  e q u a tio n  (8 ) as

S u b s t i t u t i n g  e q u a tio n  (16) i n to  e q u a tio n  ( 1 5 ) ,  we o b ta in  th e  i s e n t r o p i c  

l i n e a r  wave e q u a tio n s

P1 * i  - t V  <J) 5i k  + ° W  <17>

For is o th e rm a l  p r o c e s s e s ,  e q u a tio n  (17) s t i l l  h o ld s  e x c e p t t h a t  th e  

e l a s t i c  c o n s ta n ts  a r e  i s o th e rm a l  e l a s t i c  c o n s ta n ts .

We assume a  p la n e  s o lu t io n  to  th e  l i n e a r  wave e q u a tio n  (17) h as  

th e  form

u± = xi  -  a i  = A± |u |  cos (k j a^ -  oat) (18)

w here u^ a r e  th e  p a r t i c l e  d is p la c e m e n ts , a^ a r e  t h e  c o n s ta n t  

m a t e r i a l  c o o r d in a te s ,  i s  th e  u n i t  d isp la c e m e n t v e c to r ,  and

a) = v / |lc |  i s  th e  a n g u la r  f re q u e n c y . S u b s t i t u t i n g  e q u a tio n  (18) in to  

e q u a tio n  ( 1 7 ) ,  we o b ta in  th e  e ig e n v a lu e -e ig e n v e c to r  e q u a tio n s  o f  e l a s ­

t i c  wave m otion

P1 Vq Ai  = [a j *  (S) 6ik  +  Ci j k £ ]kj  k £ \  Cl9)
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T h is  e q u a tio n  i s  e q u iv a le n t  to  th e  e q u a tio n  o b ta in e d  by T h u rs to n  and

B ru g g e r.^  We s e e  from  e q u a tio n  (19) t h a t  th e  wave v e lo c i ty  depends

on th e  i n i t i a l  s t a t e  s t r e s s  a . (a )  a s  w e ll  as th e  second  o rd e r
J

e l a s t i c  c o n s ta n ts .  The s u b s c r ip t  q r e p r e s e n ts  th e  p ro p a g a tin g  d i r e c ­

t i o n  f o r  w hich t h e r e  a r e  th r e e  in d ep e n d e n t e ig e n v a lu e s  r e p r e s e n t in g  one 

q u a s i - lo n g i tu d in a l  and  two q u a s i - t r a n s v e r s e  p o l a r i z a t io n  d i r e c t i o n s  o f  

e l a s t i c  wave p ro p a g a tio n . For c e r t a i n  p ro p a g a tio n  d i r e c t i o n s  o f  h ig h  

c r y s t a l l i n e  sym m etry, th e  th r e e  n o rm al modes become one p u re  l o n g i tu d in a l  

and two p u re  t r a n s v e r s e  modes.
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2 . E xpansion  o f  f i n a l  s t a t e  sm a ll  a m p litu d e  wave p ro p a g a tio n  p a ra m e te rs  
in  te rm s o f  i n i t i a l  s t a t e  p a ra m e te rs .

C onsider now in  a d d i t io n  to  th e  i n i t i a l  therm odynam ic s t r e s s

a . ,  ( a ) ,  t h e r e  i s  an e x te r n a l ly  a p p lie d  homogeneous s t a t i c  s t r e s s  on th e  
J

3 2s o l i d s .  We s h a l l  u se  th e  p e r tu r b a t io n  app ro ach  o f  C a n t r e l l  and W allace

to  o b ta in  th e  e q u a tio n  o f  m otion  and p e r t i n e n t  m easurem ent p a ra m e te rs  f o r

such  a  s i t u a t i o n  w hich  b r in g s  th e  s o l i d  to  a f i n a l  homogeneous s t r e s s

s t a t e  ( a ) .  The C a r te s ia n  c o o rd in a te s  o f  a  m a te r i a l  p a r t i c l e  in  th e

s o l i d  w hich was a t  a  in  th e  i n i t i a l  s t a t e  now i s  a t  th e  c o o rd in a te s  
->•
a in  th e  f i n a l  s t a t e .  We d e f in e  th e  t r a n s fo r m a t io n  c o e f f i c i e n t s  w ith  

r e s p e c t  to  th e  f i n a l  s t a t e  to  be

a . .  = ^ i  (20)
9a.

3

and th e  L ag ran g ian  s t r a i n  p a ra m e te rs  w i th  r e s p e c t  to  f i n a l  th e  s t a t e  to  

be

' ' i j = h  ( \ i  -  V  (21)

Thus, th e  i n t e r n a l  en e rg y  in  th e  f i n a l  s t r e s s  s t a t e  can be expanded in  

te rm s o f  L ag ran g ian  s t r a i n  p a ra m e te rs  w ith  r e s p e c t  to  th e  f i n a l

s t a t e  as

P2U ( a ,  Tiy , S) = p2U ( a ,  o , S) + (a )  n +

*5 c i n , . n, „ +  1 /3 !  c . . .  . n . n, „ n + . . .i j k £  i j  k£ ijk£m n i j  k£ mn

(22 )

w here p2 = p (a )  i s  th e  mass d e n s i ty  o f  th e  s o l i d  in  th e  f i n a l  s t a t e  

and th e  e l a s t i c  c o n s ta n ts  a r e  d e f in e d  w ith  r e s p e c t  t o  th e  f i n a l  s t a t e .
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S im i la r ly ,  we can expand th e  H elm holtz f r e e  energy  in  te rm s o f  L an g ran g ian  

s t r a i n  p a ra m e te rs  w i th  r e s p e c t  to  th e  f i n a l  s t a t e  as  in  e q u a tio n  (22) w ith  

F in  p la c e  o f  U. F o llo w in g  th e  same p ro c e d u re  as in  s e c t io n  1 , we can 

o b ta in  th e  e ig e n v a lu e -e ig e n v e c to r  e q u a tio n s  o f  m otion w ith  r e s p e c t  to  th e  

f i n a l  s t a t e  as

1 V  <"> Sik + \jkH  1 Ej *k

w here th e  b a r  d e n o te s  t h a t  th e  q u a n t i t i e s  a r e  e v a lu a te d  w ith  r e s p e c t  to  

th e  f i n a l  s t a t e .  How ever, we w ish  to  e x p re s s  th e  wave e q u a tio n  (23) in  

te rm s o f  i n i t i a l  s t a t e  p a ra m e te rs .  We d e f in e  th e  t r a n s fo rm a t io n
-> •

c o e f f i c i e n t  a ' . ,  from  th e  i n i t i a l  s t a t e  a to  th e  f i n a l  s t a t e  a as 
iJJ

' . .  = (24)
1J 3a.

3

The L ag ran g ian  s t r a i n s  from  th e  i n i t i a l  s t a t e  to  th e  f i n a l  s t a t e  i s  

d e f in e d  as

" ' i j  ■ 15 ( “ ' k i  “ ' k j  -  V  (25)

->■
A p la n e  wave p ro p a g a tin g  in  th e  d i r e c t i o n  k in  th e  homogeneous 

deform ed f i n a l  s t a t e  and in  th e  i n i t i a l  s t a t e  must s a t i s f y  th e  phase  

c o n d it io n

k a  = k  ^a i  a . = y k . a . (26)
1 1 l 3 T  J J 3

w here k  k = k . k . = 1 , and th e  n o r m a l iz a t io n  c o n s ta n t  y i s  d e f in e d  
i t  J J

su ch  t h a t



For homogeneous i n i t i a l  and a p p l ie d  s t r e s s e s  th e  waves rem ain  p a r a l l e l

to  t h e  sam ple s u r f a c e  a t  w hich waves a re  lau n c h e d , i r r e s p e c t i v e  o f  th e

s t a t e  o f homogeneous s t r e s s .  For t h i s  c a s e ,  k_^*a^ = w hich  can be

in te r p r e t e d  as th e  sam ple le n g th  o f  th e  s o l i d  in  th e  i n i t i a l  s t a t e .
->

S im i la r ly ,  k ^ -a ^  = ^ 2 ’ i s  tk e  samP-*-e l en g th  o f  t h e  s o l i d  in  th e  f i n a l  

s t a t e .  The n o rm a l iz a t io n  c o n s ta n t  y in  e q u a tio n  (27) i s  th e n  o b ta in e d

as

y = k i  a i  = h  (28)

k i  a i  *1

I f  we d e f in e  th e  in v e r s e  t r a n s fo r m a t io n  t e n s o r  S ' . ,  su ch  t h a t
i j

S ' , ,  a* = a ’ , .  0 ' = 6 .. (29)i j  3k i j  j k  lk

We can w r i t e  th e  wave v e c to r s  in  f i n a l  s t a t e  as

k , = y g \ .  k . (30)
i  3 1 3

and th e  L ag ran g ian  s t r a i n s  d e f in e d  w ith  r e s p e c t  to  th e  f i n a l  s t a t e  as

£  -  s i j>  '  B' l k  (31)
oQl. , o 3 . ,

i  J

U sing e q u a tio n s  (30) and ( 3 1 ) ,  th e  second  o rd e r  e l a s t i c  c o n s ta n ts  

d e f in e d  w i th  r e s p e c t  to  th e  f i n a l  s t a t e  can be e x p re s s e d  in  term s o f  

th e  e l a s t i c  c o n s ta n ts  w i th  r e s p e c t  to  th e  i n i t i a l  s t a t e  as

2  p ,
r = o (___—  ) = (— t a.  a' ,  a'
LijkJ> 2 P i j n  a kp £q

[C +  C n* + . . . ] (32)mnpq mnpqrs r s
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S im i la r ly ,  th e  f i n a l  s t a t e  s t r e s s  (a )  can be e x p re s se d  in  te rm s

o f  th e  i n i t i a l  s t a t e  s t r e s s  (a )  and th e  e l a s t i c  c o n s ta n ts  d e f in e d

w ith  r e s p e c t  to  th e  i n i t i a l  s t a t e  as

'  °2 ^  * < - >  “ '« =  “ V 0** + n '™ . + • ■' i j  P -i
1 (33)

S u b s t i t u t i n g  e q u a tio n s  (3 1 ) ,  ( 3 2 ) ,  and (33) in to  e q u a tio n  (2 3 ) ,  we 

o b ta in  th e  e q u a tio n s  f o r  e l a s t i c  wave v e lo c i ty  in  th e  f i n a l  s t a t e  o f  

th e  s o l i d  in  te rm s o f  i n i t i a l  s t a t e  p a ra m e te rs  as

p2 \  h  '  "2 f 2  {“ 'jm  “ ' t o 1 V  +  Cmnpq n'p q  + • • • 1 

°1

^ ik  +  01 im 01 jn  01 kp a  £q  ̂ Snnpq + Snnpqrs 11 r s  +

. . . ] } e ' . S ' k k  A.r j  s Z  r  s  Ts.
(34)

The p h y s ic a l  m easurem ents o f  th e  wave v e l o c i t y  o f  e q u a tio n  (34) depend 

on changes in  sam ple le n g th  in  th e  d i r e c t i o n  o f  wave p ro p a g a tio n  as 

w e ll  as changes in  d e n s i ty  a t  d i f f e r e n t  f i n a l  s t a t e s .  We can e l im in a te  

th e  le n g th  e f f e c t  by in t r o d u c in g  th e  n a t u r a l  v e lo c i ty  d e f in e d  by

T h ru s to n  and B rugger^  as

W = *1 v (35)
q T q 2

The n a tu r a l  v e lo c i ty  i s  a p h y s ic a l ly  m ea su rab le  q u a n t i ty  w hich as

we s h a l l  show in  s e c t io n  4 i s  d i r e c t l y  p r o p o r t io n a l  to  th e  reso n a n c e  

freq u en cy  o f  t h e  s o l i d .  U sing e q u a tio n  (3 5 ) ,  we can r e w r i te  e q u a tio n  

(34) as
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P,W2 = { f a .  „ (a )  6 ., + C ...  . ]  k . k„ + [ ( C k  k n '1 q L j  £ '  '  i k  i j k £ J j  £ mnpq m n pq

) + c .  n?, + c , n' + c .  . n* )i k  in p q  kp mnkq im in k q rs  r s

k k ] } A. A. (36)n q i  k

w here we have used  th e  e x p an sio n  o f  a ' . ,  in  te rm s o f  n ' . .  in  th e
i j  i j

e q u a t ion

“ ' i j = s «  + - h  n ' k i  " ' k j + • • • (37)

I f  we l e t  A^ A^ = A^ A^» we can app rox im ate  th e  e l a s t i c  wave e q u a tio n

(36) to  f i r s t  o r d e r  in  th e  s t r a i n  as

p,W = p^W2 + [2  p , W2 A A + ( C 11ft A,  A, -  1 q 1 q l q m n  ijk l£ m n  i  k

2a (a ) A A ) k . k ] n 1 (38)j £  m n j  £ mn

w here we have used  e q u a tio n  (1 9 ) . E q u a tio n  (38) i s  th e  f i r s t  o rd e r  

c o r r e c t io n  to  th e  n a t u r a l  v e lo c i ty  in  te rm s o f  i n i t i a l  s t a t e  p a ra ­

m e te rs . For th e  ca se  w here a  (a )  = 0 , e q u a tio n  (38) may be w r i t t e n
i &

in  term s o f  th e  a p p lie d  s t r e s s  a ^  ( a ' )  = a^ (a )  -  a (a )  by u s in g

th e  com pliance  te n s o r  S . d e f in e d  su ch  t h a t
i jk *

- C, . = n , „ S, „ = ^  (6 , 6 . +  6 . 6. ) (39)i j k £  k£mn i jk £  k£mn im j n  in  jm

and w r i t in g

n ' i j  Si j k £  CTk£ ( a , )  + ’ * * * (40)

S u b s t i t u t i n g  e q u a tio n  (40) i n to  e q u a tio n  (38) and u s in g  e q u a tio n  (3 9 ) , 

we o b ta in
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PlW2 = Pl W2 + [ 2 Pl W2 A A + (C + C.,,. . A, A. ) k . k .  ]1 q 1 q 1 q m n j  £mn ijk£m n i  k j  £

S a ( a ' )  (41)mnrs r s

E q u a tio n s  (38) and (41) a r e  g e n e ra l  e x p re s s io n s  f o r  th e  n a tu r a l

v e lo c i ty  o f  a s o l i d  s u b je c te d  to  a superim posed  s t r e s s  a ^ ( a ' )

o r  s t r a i n  n ' y  The im p o rtan ce  o f  th e  e q u a tio n s  i s  t h a t  th e  n a tu r a l

v e lo c i ty  i s  w r i t t e n  in  te rm s o f  p a ra m e te rs  d e f in e d  w ith  r e s p e c t  to  th e

i n i t i a l  s t a t e  p a ra m e te rs ,  a  (a*)  and n '  a re  d e f in e d  to  be p o s i -  r  r s  mn r

t i v e  f o r  t e n s i l e  lo a d  and n e g a t iv e  f o r  c o m p re ss io n a l lo a d .

For th e  c a se  o f  i s o t r o p i c  s o l i d s ,  we o b ta in  th e  a c o u s t ic  n a tu r a l  

v e lo c i ty  o f  th e  u n s tr e s s e d  s t a t e  from  e q u a tio n  (19) as

“ o  <  -  °11

p0 w | = C44 (42)

Where L d e n o te s  lo n g i tu d in a l  wave p ro p a g a tio n  and S d e n o te s  

s h e a r  wave p ro p a g a tio n . In  e q u a tio n  ( 4 2 ) ,  we have u sed  V oight con­

t r a c t i o n  o f  th e  in d ic e s  f o r  th e  e l a s t i c  c o n s t a n t s . ^  From th e  in v a r ia n c e  

u n d e r symmetry o p e r a t io n s ,  th e  r e l a t i o n s  o f  th e  second  o r d e r  e l a s t i c  

c o n s ta n ts  f o r  th e  i s o t r o p i c  s o l i d s  a r e  found  to  be^

cl l  =

IICM

cT1 C33

IICM
 

r—1 
C

J

C13 = C23

o .p*

II

C55 = C66

A ll o th e r  = 0 (43)

Where X and y a r e  Lame’ second  o r d e r  c o n s ta n ts .  O ther m oduli u sed  

to  d e s c r ib e  th e  p r o p e r t i e s  o f  i s o t r o p i c  s o l i d s  such  a s  Young’ s m odulus
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E, P o i s s o n 's  r a t i o  v , s h e a r  m odulus G, and b u lk  m odulus K can be 

w r i t t e n  in  te rm s o f  Lame' c o n s ta n ts  a s

E = y (3A + 2 y ) /(A  + y) 

v = A/2 (A + y)

G = y

K = A + 2 /3 y  (44)

For th e  ca se  o f  lo n g i tu d in a l  wave p ro p a g a tio n  in  an i s o t r o p i c  s o l i d  

a lo n g  th e  d i r e c t i o n  o f  a p p lie d  u n ia x i a l  s t r e s s ,  we can e x p re s s  th e  

n a tu r a l  v e lo c i ty  as

PQ = (2y + A) +  ('JjJ- +~2—̂ ^ 2£ + A+y (2A + 6y + 4m)] (45)
y y

w here Z , m (and  n ) a r e  M urnaghan 's t h i r d  o rd e r  e l a s t i c  c o n s ta n ts .

18Hughes and K e lly  have d e r iv e d  s im i l a r  e q u a tio n s  f o r  th e  t r u e  v e lo c i ty

in  a  s o l i d  ( r a t h e r  th a n  n a t u r a l  v e lo c i ty )  f o r  d i f f e r e n t  p ro p a g a tio n

d i r e c t i o n s ,  p ro p a g a tio n  modes and a p p lie d  s t r e s s  d i r e c t i o n s .  The r e l a ­

t io n s  betw een  M urnaghan 's t h i r d  o r d e r  e l a s t i c  c o n s ta n ts  and B ru g g e r 's

19t h i r d  o r d e r  e l a s t i c  c o n s ta n ts  f o r  i s o t r o p i c  s o l i d s  a re  

= 2 £ — 2m + n

C456 “ "

C144 = C255 = C366 = 2 Z + 4m

Cl l l  = C222 = C333 = 2 £ + 4m

C112 = C223 = C133 = C113 C122 = C233 2 1

C155 = C244 = C344 = C166 = C266 = C355 = m

A ll  o th e r  C ..,  = 0ijK (46)
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We w i l l  u se  e q u a tio n  (45) in  th e  n e x t s e c t io n  to  e x p re s s  a  new ly

20d e f in e d  m easurem ent p a ra m e te r  ( th e  s t r e s s  a c o u s t i c  c o n s ta n t)  in  te rm s 

o f  e l a s t i c  c o e f f i c i e n t s .
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3. S t r e s s  d e r iv a t iv e s  o f  a c o u s t ic  n a tu r a l  v e lo c i ty  ( s t r e s s  a c o u s t ic  
c o n s ta n ts )  and s t r a i n  a c o u s t i c  c o n s ta n ts

We now c o n s id e r  an i s o l a t e d  o n e -d im e n s io n a l s t r e s s e d  s o l i d

21 22r e s o n a to r .  The p ro p a g a tin g  wave model * p r e d i c t s  t h a t  th e  m echan ica l 

re so n a n c e  f re q u e n c y  f  (m = 1 , 2 . . . . )  occujrs a t

c  , , , ,f m “ — I  (47)
2 Z2

w here i s  th e  t r u e  wave v e lo c i ty  in  th e  f i n a l  s t a t e  and t îe

sam ple l e n g th  in  t h e  f i n a l  s t a t e .  We n o te  t h a t  th e  changes in  m echani­

c a l  re so n a n c e  f re q u e n c ie s  r e s u l t  from  changes in  th e  t r u e  wave v e lo c i ty

as  w e l l  a s  changes in  sam ple l e n g th  a t  each  s t r e s s  l e v e l .  The a c o u s t ic  

n a tu r a l  v e lo c i ty  Ŵ  was d e f in e d  by e q u a tio n  (3 5 ) . S u b s t i t u t i n g  Ŵ  

in to  e q u a tio n  ( 4 7 ) ,  we o b ta in  

C _ niWf  = _ cl (48)
2 Z 1

S in ce  m i s  an i n te g e r  and SL̂  i s  th e  sam ple l e n g th  in  th e  u n s tr e s s e d  

s t a t e ,  th e  change in  re so n a n c e  fre q u e n c y  f  now depends o n ly  on th e  

change in  a c o u s t ic  n a tu r a l  v e lo c i ty  f o r  d i f f e r e n t  s t r e s s  l e v e l s .  

D i f f e r e n t i a t i n g  e q u a tio n s  (47) and (4 8 ) ,  we o b ta in  th e  f r a c t i o n a l  change 

in  m ec h a n ic a l re so n a n c e  fre q u e n c y  and a c o u s t ic  n a tu r a l  v e lo c i ty  in  te rm s 

o f  r e l a t i v e  changes in  t r u e  wave v e lo c i ty  and s t r a i n  as

d f  dV dW_ m  = _ !  -  d£ = _ 3_ . . .
f  V W K }m q 1 q
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We d e f in e  th e  s t r e s s  a c o u s t i c  c o n s ta n ts  H to  be th e  f r a c t i o n a lr s

change in  re so n a n c e  fre q u e n c y  p e r  u n i t  change in  a p p lie d  s t r e s s  and 

o b ta in  from  e q u a tio n  (48)

i 3f - 3W /c n \
tt _ _1 m_ _ _1_  q_ (50)

r s  f  3 a  W 3 am r s  q r s

We can w r i te  th e  s t r e s s  a c o u s t i c  c o n s ta n ts  in  te rm s o f  e l a s t i c  c o n s ta n ts

as

1 1 3^Pl" q  1 r 2p w2 A A +
r s  ”  w~ l i o "  "  7 ~ 2  7 “ 2 1 1 "  "q r s  2p,W r s  2p,w1 q 1 q

( C .„ + C ,,. . A. A -  2b . .  ( a )  A A ) k,  k .  ] S (51)
2 &mn ijkJlmn i  1  j £  m n  j  & mnrs

where t h e  l a s t  e q u a l i ty  fo llo w s  from  e q u a tio n  (3 8 ) . We n o te  t h a t  

e q u a tio n  (51) i s  e v a lu a te d  w ith  r e s p e c t  to  t h e  i n i t i a l  s t a t e .  F o r z e ro  

i n i t i a l  s t r e s s ,  i . e .  a ^  (a )  = 0 , a l l  th e  p a ra m e te rs  a r e  z e ro  s t a t e  

p a ra m e te rs .  For t h e  c a se  o f  i s o t r o p i c  s o l i d s  th e  s t r e s s  a c o u s t i c  

c o n s ta n t  f o r  t h e  ca se  o f  l o n g i tu d in a l  wave p ro p a g a tio n  a lo n g  t h e  d i r e c ­

t i o n  o f  a p p lie d  t e n s i l e  s t r e s s  i s  c a lc u la te d  from  e q u a tio n  (45) to  be

HU  = [ X + 2 1  + X + y (2X + 6y + 4m)] /  [ 2(X + 2y) (3X + 2y) ]
y

[ (Cn  -  C12) (Cn  + 2 C12) + (C1;L + C12) (2 Cn  + Cm ) -  C12 

C112) ] /  [2  Cu  (Cu  -  C12) (C1X + 2 C12)] (52)

We d e f in e  th e  s t r a i n  a c o u s t i c  c o n s ta n ts  R to  be th e  f r a c t i o n a lmn

change in  re so n a n c e  fre q u e n c y  p e r  u n i t  change in  s t r a i n .  H ence,

R _ -  1 3fm -  1 = 1 [2p,W 2 A A + CC., _
“  T  —  r  sT*- 7 7 2  1 q m nm mn q mn 2p,W1 q
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+ C . . .  A. A, -  2 a . .  (a )  A A ) k . k„ ] (53)jk£mn I k jJ l m n  j i i  v

w here th e  l a s t  e q u a l i ty  fo llo w s  from  e q u a tio n  (3 8 ) . From e q u a tio n s  (50) 

and (5 3 ) , we o b ta in  th e  r e l a t i o n s h ip  betw een th e  s t r e s s  a c o u s t ic  con­

s t a n t s  H and th e  s t r a i n  a c o u s t ic  c o n s ta n ts  R to  ber s  mn

H = R S (54)r s  mn m nrs

w here S i s  th e  com pliance  c o e f f i c i e n t s  d e f in e d  by e q u a tio n  (3 9 ) .

S u b s t i t u t i n g  (= in  V oig t n o ta t io n )  in to  e q u a tio n  ( 5 2 ) ,  we

o b ta in  th e  e x p re s s io n  f o r  s t r a i n  a c o u s t ic  c o n s ta n t  f o r  th e  c a se  o f  lo n g i ­

t u d in a l  wave p ro p a g a tin g  in  an i s o t r o p i c  s o l i d  a lo n g  th e  d i r e c t i o n  o f  

a p p lie d  t e n s i l e  s t r a i n  as

*11 -  [ <C11 -  C12> <C11 + 2 C12> + (CU  + C12> (2 °11 + < W  -

2 Cu  CU 2 > ] /  [ 2 Cn  (Cu  + C12) ] (55)

We m ust p o in t  o u t t h a t  th e  s t r e s s  and s t r a i n  a c o u s t ic  c o n s ta n ts  can be

o b ta in e d  e x p e r im e n ta l ly  by s im p ly  e v a lu a t in g  th e  r a t i o  o f  th e  change in

n o rm a liz e d  m ech an ica l re so n a n c e  fre q u e n c y  and th e  change in  a p p lie d

s t r e s s  o r  s t r a i n ,  r e s p e c t i v e ly .

I t  i s  o f  i n t e r e s t  t o  n o te  t h a t  th e  s t r a i n  g e n e ra l iz e d  G riine isen  

23p a ra m e te rs  a re  d e f in e d  a s  th e  f r a c t i o n a l  changes in  th e  m odal phonon 

v i b r a t io n  f re q u e n c ie s  p e r  u n i t  change in  s t r a i n

Yi j  ■ - [ ^ “s ' W t 1 n -o  (56)

I f  we i d e n t i f y  th e  lo n g  -  w av e len g th  modal phonon v ib r a t io n  f re q u e n c ie s  

w i th  th e  c o h e re n t a c o u s t i c  re so n a n c e  f r e q u e n c ie s ,  we o b ta in  th e
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r e l a t i o n s h ip  betw een th e  s t r a i n  g e n e ra l iz e d  G riine isen  p a ra m e te r  and 

s t r a i n  a c o u s t ic  c o n s ta n ts  to  be

R = - y S (57)mn 'mn

H ence, m easurem ents o f  t h e  s t r a i n  a c o u s t i c  c o n s ta n ts  a re  tan tam o u n t to

m easuring  th e  s t r a i n  g e n e ra l iz e d  G riine isen  p a ra m e te rs .  The therm odyna-

24mic G riine isen  p a ra m e te r  i s  d e f in e d  by

Y = BBt / pqCv (58)

where B i s  th e  volume th e rm a l e x p an sio n  c o e f f i c i e n t s ,  i s  th e

s p e c i f i c  h e a t  and B,j, i s  th e  is o th e rm a l  b u lk  m odulus. The r e l a t i o n s h ip  

betw een t h e  therm odynam ic G riine isen  p a ra m e te r  and th e  s t r a i n  g e n e ra l iz e d  

G riineisen  p a ra m e te rs  in  th e  Debye m odel i s  g iv en  e ls e w h e re .^  H ence, th e  

s t r a i n  a c o u s t ic  c o n s ta n ts  a re  seen  to  be fu n d am e n ta lly  r e l a t e d  to  t h e  

e q u a tio n  o f  s t a t e  o f  Debye s o l i d s .
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4 . T em peratu re  dependence o f  a c o u s t ic  n a tu r a l  v e lo c i ty  ( th e rm a l
a c o u s t ic  c o n s ta n ts )  and th e  s t r e s s  d e r iv a t iv e  o f  th e rm a l a c o u s t ic  
c o n s ta n ts .

The c o n ju g a tio n  o f  th e r m o e la s t ic  and s t a t i s t i c a l  m ech an ica l th e o r i e s

o f  m a te r ia ls  have shown t h a t  th e  te m p e ra tu re  dependence o f  m a te r i a l

p a ra m e te rs  can be o b ta in e d  from  e x p a n sio n s  o f  th e  H elm holtz f r e e  energy

25 26(e q u a tio n  ( 4 ) )  in  te rm s o f  l a t t i c e  v i b r a t i o n a l  m odes. ’ I f  we adopt

th e  long  w av e len g th  continuum  a p p ro x im a tio n  and i d e n t i f y  th e  m a te r ia l

p a r t i c l e  ( a c t u a l l y  phonon) v i b r a t i o n a l  f r e q u e n c ie s  w ith  th e  c o h e re n t

a c o u s t ic  re so n a n c e  f r e q u e n c ie s ,  th e  te m p e ra tu re  d e r iv a t iv e  o f  iso th e rm a l

Tsecond  o rd e r  e l a s t i c  c o n s ta n ts  C , . in  th e  h ig h  te m p e ra tu re  l im i t  can
l j

be w r i t t e n  as

(8c«k/3T)n “ -p.kB J. (59>
k£ T

g
w here y a t e  s t r a i n  g e n e ra l iz e d  G riine isen  p a ra m e te rs  d e f in e d  by

e q u a tio n  (5 6 ) .  S im i la r ly ,  we can w r i te  th e  te m p e ra tu re  d e r iv a t iv e  o f

TTth e  i s o th e rm a l  t h i r d  o r d e r  e l a s t i c  c o n s ta n ts  *n t îe h ig h

te m p e ra tu re  l im i t  as

mm 3N 92Y® .

<9Ci jk ta m /8 T )n ■ - ° o kB <60>J s = l  k£ mn

w here th e  s u p e r s c r ip t  TT r e p r e s e n t s  c o n tin u o u s  d e r iv a t io n s  o f
g

is o th e rm a l  s t r a i n s .  I f  we e x p re s s  y ^  in  t e r n s  o f  e l a s t i c  c o n s ta n ts  

v i a  th e  th e o ry  o f T h u rs to n  and B rugger^  and s u b s t i t u t e  th e  e x p re s s io n  

in to  e q u a tio n s  (59) and (6 0 ) ,  we o b ta in  t h e  te m p e ra tu re  d e r iv a t iv e  o f  

is o th e rm a l  second  and t h i r d  o rd e r  e l a s t i c  c o n s ta n ts  in  te rm s  o f  th e  

m ixed is o th e rm a l  -  i s e n t r o p i c  i n i t i a l  s t a t e  e l a s t i c  c o n s ta n ts .  The
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r e l a t i o n s h ip  betw een i s e n t r o p i c  and is o th e rm a l  second  o rd e r  e l a s t i c  

c o n s ta n ts  a r e  g iv en  by^

Cijk £  “ Cijk £  = (T /po V  Ti j  Tk£

w here r  . i s  th e  th e rm a l s t r e s s  t e n s o r  d e f in e d  by^ 
i j  3

T -  (3<J /9T ) . (62)
l j  i j  n13

For i s o t r o p i c  s o l i d s  t h e  r e l a t i o n s h ip  betw een  i s e n t r o p i c  and is o th e rm a l

26second  o rd e r  e l a s t i c  c o n s ta n t  i s  a ls o  g iv en  by

C11 -  CU  -  ^  cv <63>

w here th e  therm odynam ic G riineisen  p a ra m e te r  y  i s  d e f in e d  by e q u a tio n
3

(5 8 ) . For a  t y p i c a l  s o l i d  such  as  alum inum , pq = 2 .8  g /cm , = 9 .0  

x  10^ e r g / g . ° k ,  and y *  = 4 a t  room te m p e ra tu re  (T = 300°K ), and th e  

d i f f e r e n c e  betw een i s e n t r o p i c  and is o th e rm a l c o n s ta n ts  i s  c a lc u la te d  

from  e q u a tio n  (63) to  be l e s s  th a n  3%. H ence, we can ap p ro x im ate  th e  

te m p e ra tu re  d e r iv a t iv e  o f  th e  e l a s t i c  c o n s ta n t  from  e q u a tio n  (5 9 ).

For e x a m p le ^

9C11/3T -  ( ( 3CU  *  Cn i ) 2 -  Cm .l ) ] (64)
11 C11

We now d e f in e  th e  th e rm a l  a c o u s t i c  c o n s ta n ts  K f o r  any s t a t e  o f
q

s t r e s s  to  be th e  f r a c t i o n a l  change in  a c o u s t ic  n a t u r a l  v e lo c i ty

W  ̂ p e r  u n i t  change in  te m p e ra tu re  and w r i te

2
[ Kq J a  .  [_ L  C?!!s)] ,  . (_P°y.q)] (65)

q k£ W 9T J ° k £ L w2 9T J ° k JL
o q
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w here th e  d e r iv a t io n  i s  e v a lu a te d  a t  th e  i n i t i a l  te m p e ra tu re  T^. From 

e q u a tio n  (4 1 ) ,  we can w r i te  th e  th e rm a l a c o u s t i c  c o n s ta n ts  f o r  a  s t a t e  

o f  a p p lie d  s t r e s s  Org  in  te rm s o f  e l a s t i c  c o n s ta n ts  and te m p e ra tu re  

d e r iv a t iv e s  o f  e l a s t i c  c o n s ta n ts  a s

3C
Ik  ] „ = — k k A. A. + [2p  W2 A A +q tj 8T j  i  i  "k  ^O „ m nr s  2p W o q

3C ...“W  + A1 V "j \  J V + [ 2 - I P

kj kt Ai \  Am An +A p  + Ai kj kH 1 "Vo
o i  d  1 IT S

( 66)

w here we have assum ed t h a t  i n i t i a l  s t a t e  s t r e s s  i s  z e r o ,  i . e . ,

2
a  (a )  = 0 , p W i s  e v a lu a te d  a t  th e  f i n a l  s t r e s s  s t a t e  and i n i t i a l

 ̂ ° q
te m p e ra tu re  To> i s  th e  s t r a i n  r e s u l t i n g  from  an e x te r n a l ly

a p p lie d  s t r e s s  a  and 6 a re  th e  th e rm a l s t r a i n  t e n s o r  d e f in e d  
™  r s  mn

by7

mn mn o r s

F or th e  s p e c i f i c  c a se  o f  l o n g i tu d in a l  waves p ro p a g a tin g  in  an i s o t r o p i c  

s o l i d ,  we can e x p re s s  th e  th e rm a l a c o u s t i c  c o n s ta n ts  f o r  th e  s o l id s  in  

t h e  z e ro  s t r e s s  s t a t e  a s

V  (68)

w here we have u sed  th e  d e f in in g  e q u a tio n  (65) and th e  f a c t  t h a t  
2

p W = C... f o r  z e ro  i n i t i a l  s t r e s s  and i n i t i a l  te m p e ra tu re . S u b s t i -  O Li 11

t u t  ing  e q u a tio n  ( 6 4 ) ,  we o b ta in  th e  e x p re s s io n  f o r  th e  th e rm a l a c o u s t ic  

c o n s ta n t  in  te rm s o f  i n i t i a l  s t a t e  p a ra m e te rs  a s



w here a l l  th e  e l a s t i c  c o n s ta n ts  in  e q u a tio n  (69) a r e  d e f in e d  w ith  

r e s p e c t  to  t h e  i n i t i a l  s t a t e  (z e ro  s t r e s s ,  i n i t i a l  te m p e ra tu re )  .

E x p e r im e n ta lly , we a re  i n t e r e s t e d  in  th e  s t r e s s  dependence o f  th e  

th e rm a l a c o u s t i c  c o n s ta n t .  D i f f e r e n t i a t i n g  e q u a tio n  ( 66) w ith  r e s p e c t  

t o  a p p lie d  s t r e s s  CTr s » we o b ta in

[K  ] T = T  = - 1 —  r 2 1 C-^ M  k k A \  A A +
3a q o _ „2  1 3T J 1 1 “  m nr s  2 p wo q

<—IP + Ai V k] kt 1 Smn (70)
<31 d l

where we have assumed t h a t  th e  th e rm a l s t r a i n  t e n s o r  6 i s  s t r e s smn

in d ep en d en t to  a  f i r s t  o r d e r  a p p ro x im a tio n  and have u sed  th e  com pliance

c o n s ta n ts  S to  t ra n s fo rm  n ' to  a  S u b s t i t u t i n g  e q u a tio n smnrs mn r s  6 ^

(59) and (60) in to  e q u a tio n  (70) , we o b ta in

. 3N s

[ S 1 !  -  t  -  ^ 4  < 2 * ( J p ) T V A W . + [
O Q  O  n T t  S “ * 1 d l l ,  n ™r s  2p W k.£ oo q

3N 3vS 3N g2Ys
E , TiJ^  + E (  Yi i   ̂ A. A J k  k „ )  S

s = i  t  s = i  S - r aT i  i S - j  11 m r s  mn o k£ mn o

= C onstan t • (71)

E q u a tio n  (71) r e l a t e s  th e  th e rm a l a c o u s t i c  c o n s ta n ts  to  th e  s t r a i n

g e n e ra l iz e d  G riine isen  p a ra m e te rs  w hich  a r e  fundam en ta l p a ra m e te rs  o f

26th e  Debye s o l i d .  F o llo w in g  th e  th e o ry  o f  G arber and G ran a to , t h e
g

f i r s t  s t r a i n  d e r iv a t iv e s  o f  y . .  in v o lv e  f o u r th  o rd e r  e l a s t i c  c o n s ta n ts



g
and th e  second  d e r i v a t i v e s  o f  y . .  in v o lv e  f i f t h  o r d e r  e l a s t i c

i j
c o n s ta n ts .  T h is  r e s u l t  p ro v id e s  a  p o t e n t i a l  m ethod to  m easure th e  

f i f t h  o r d e r  e l a s t i c  c o n s ta n ts  from  th e  s t r e s s  d e r iv a t iv e s  o f  th e  th e rm a l 

a c o u s t i c  c o n s ta n ts .  T h ere  i s  c u r r e n t ly  no te c h n iq u e  a v a i l a b l e  to  th e  

a u th o r 's  knowledge f o r  such  a m easurem ent.

E q u a tio n  (71) r e s u l t s  d i r e c t l y  from  th e  f a c t  t h a t  ex p a n sio n s  o f  

th e  a c o u s t ic  n a tu r a l  v e lo c i ty  w i th  r e s p e c t  to  te m p e ra tu re  and s t r e s s  

i s  a d q u a te ly  r e p r e s e n te d  f o r  o u r  ran g e  o f  e x p e r im e n ta l  c o n d it io n s  by 

r e t a in i n g  o n ly  l i n e a r  te rm .



I I I .  EXPERIMENTAL TECHNIQUES

1. M easurement c o n s id e r a t io n s

In  o r d e r  to  v e r i f y  th e  t h e o r e t i c a l  d e r iv a t io n s ,  b o th  p u ls e  echo and 

a  g a te d  c o n tin u o u s  wave a c o u s t i c  v e lo c i ty  m easurem ent te c h n iq u e  a re  

u se d . T h e o r e t ic a l ly ,  th e  tim e  domain b roadband  p u ls e  m easurem ents a re  

e q u iv a le n t  t o  t h e  fre q u e n c y  domain c o n tin u o u s  wave m easurem ents s in c e  

th e y  a r e  r e l a t e d  to  each  o th e r  th ro u g h  a  F o u r ie r  t r a n s fo r m a t io n .  The 

a c cu ra cy  o f  th e  a c o u s t ic  wave m easurem ents i s  a f f e c te d  and l im i te d  by 

su c h  p h y s ic a l  phenomena a s  wave d i s p e r s io n ,  p h ase  c a n c e l l a t i o n ,  u l t r a ­

s o n ic  a t t e n u a t io n ,  mode c o n v e rs io n , d i f f r a c t i o n ,  and th e  e f f e c t s  o f  

bonded t r a n s d u c e r s .  The p r in c i p a l  m easurem ent e r r o r s  r e s u l t  from  mode 

c o n v e rs io n , d i f f r a c t i o n ,  and th e  e f f e c t s  o f  bonded t r a n s d u c e r s .  We 

s h a l l  d is c u s s  e a c h  o f  th e s e  p rim ary  s o u rc e s  o f  e r r o r  s e p a r a te ly .

A. Mode c o n v e rs io n

Mode c o n v e rs io n  r e s u l t s  from  boundary  e f f e c t s  on th e  t r a n s m is s io n  

2 8o f  th e  a c o u s t ic  wave. C o n sid e r th e  c a se  o f  a  lo n g i tu d in a l  wave p ro ­

p a g a tin g  a lo n g  th e  a x i a l  d i r e c t i o n  o f  c y l i n d r i c a l l y  shaped  s o l i d .

The a n g le  m easured  w ith  r e s p e c t  to  th e  a x i a l  d i r e c t i o n  a t  w hich mode

29c o n v e rs io n  o c c u rs  i s

0 = s i n -1  (Vg/VL) (72)

w here Vg and a r e  a c o u s t i c  s h e a r  and lo n g i tu d in a l  wave v e lo c i ty  

r e s p e c t iv e ly .  The tim e  o f  a r r i v a l  o f  th e  mode c o n v e rte d  wave i s
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where m, n  a r e  i n te g e r s  and D i s  th e  d ia m e te r  o f  th e  sam ple . In  

th e  f re q u e n c y  dom ain, th e  e f f e c t  o f  th e  mode c o n v e rte d  wave i s  to  

m o d u la te  th e  s p e c t r a  a s  shown in  f ig u r e  1 . The minimum in  t h e  m odula­

t i o n  ( c a n c e l l a t io n )  o c c u rs  w henever th e  c o in c id e n t  l o n g i tu d in a l  wave 

and mode c o n v e rte d  wave a r e  tr r a d ia n s  o u t o f  p h a se . The minimum 

o c c u rs  when th e  u l t r a s o n i c  f re q u e n c ie s  s a t i s f y  th e  e q u a tio n

w here p = 0 , 1 , 2 . . . . C ontinuous wave m easurem ents o f  fre q u e n c y  

s h i f t s  n e a r  th e  c a n c e l la t io n  p o in ts  a r e  s u b je c te d  to  e r r o r  caused  by 

th e  s u p e rp o s i t io n  o f  th e  mode c o n v e rte d  w aves.

The m o d u la tio n  o f  t h e  s p e c t r a  r e s u l t i n g  from  mode c o n v e rs io n  

n e a r ly  d is a p p e a rs  a t  h ig h e r  f r e q u e n c ie s  b e c au se  o f  d im in is h in g  d i f f r a c ­

t i o n  o f  th e  a c o u s t i c  beam. The a n g le  su b te n d e d  by an a c o u s t i c  beam 

m easured w ith  r e s p e c t  to  th e  p ro p a g a tio n  d i r e c t i o n  i s

where a  i s  th e  d ia m e te r  o f  th e  t r a n s d u c e r  and A i s  th e  w av e len g th  

o f  t h e  in c id e n t  wave. For h ig h  f r e q u e n c ie s ,  th e  a n g le  d e c re a s e s  and 

l e s s  a c o u s t i c  wave en erg y  s t r i k e s  t h e  c y l in d e r  w a l ls  to  be mode con­

v e r te d  .

B. D i f f r a c t io n

B ecause o f  th e  f i n i t e  s i z e  o f  th e  t r a n s d u c e r ,  th e  a c o u s t i c  wave 

r a d i a te d  from  th e  t r a n s d u c e r  s p re a d s  o u t i n to  a  d i f f r a c t i o n  f i e l d  w ith  

an  a n g le  <J> d e s c r ib e d  in  e q u a tio n  (7 5 ) . The d i f f r a c t i o n  e f f e c t  i s  

e s p e c i a l l y  l a r g e  f o r  low  f r e q u e n c ie s  and sm a ll t r a n s d u c e r s .  The

f  ,  <2P + D  VL vs (74)
P

<j> = s in  (1 .2 2  A/a) (75)



F ig u re  1 . -  E f f e c t  o f  mode c o n v e rte d  waves on th e  spectrum  

o f  a  c y l i n d r i c a l  r e s o n a to r
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The i n t e n s i t y  a t  d i s ta n c e  d in  th e  sam ple a lo n g  th e  a x is  o f  th e  

t r a n s d u c e r  i s  shown to  b e 2®

1 = 1  s in 2 { i t / A [ ( a 2 + d2 )^  -  d ] } (76)o

w here I  i s  th e  maximum v a lu e  o f  I .  The re sp o n se  o f  a t y p i c a l  p i s to n

s o u rc e  i s  shown as  a  fu n c t io n  o f  i n t e n s i t y  1 and d i s ta n c e  d in

f ig u r e  2 . The s p a c in g  o f  t h e  peaks in c r e a s e s  w ith  d i s ta n c e  from  th e

t r a n s d u c e r .  The re g io n  betw een th e  t r a n s d u c e r  and th e  p o s i t i o n  o f  th e
2

f i n a l  i n t e n s i t y  maximum o c c u r r in g  a t  a p p ro x im a te ly  d = 1 .05  a /X i s  

d e s c r ib e d  a s  th e  F re s n e l  zo n e . Beyond th e  F re s n e l  zone l i e s  th e  

F ra u n h o fe r  zone . The i n t e n s i t y  in  th e  F ra u n h o fe r  zone f a l l s  o f f  w ith  

th e  in v e r s e  sq u a re  o f  th e  p ro p a g a tio n  d i s ta n c e  a s  can be seen  from 

e q u a tio n  (76) when d -* “

I  a  (tra2 /2Xd) 2 (77)

The d i f f r a c t e d  wave in  th e  F ra u n h o fe r  zone c o n ta in s  energy  rem oved from 

th e  a x ia l  d i r e c t i o n .  When th e  d i f f r a c t e d  wave i s  r e f l e c t e d  a t  th e  

l a t e r a l  b o u n d a r ie s  o f  th e  sam ple back  in to  t h e  main beam p h ase  c a n c e l ­

l a t i o n  o f  th e  superim posed  wave may be o b se rv e d . T hus, th e  m easurem ents 

a r e  c o n fin e d  t o  t h e  F re s n e l  zone t o  m inim ize su ch  e f f e c t s .

In  th e  F re sn e l  zo n e , th e  i n t e n s i t y  v a r i a t i o n  o b ta in e d  by 

i n t e g r a t i n g  th e  in c id e n t  a c o u s t ic  wave a c ro s s  th e  f a c e  o f  th e  r e c e iv in g  

t r a n s d u c e r  in tro d u c e s  e r r o r  in  p u ls e  t i m e - o f - f l i g h t  m easurem ents o f  th e  

u l t r a s o n i c  v e lo c i ty .  A d e t a i l e d  c o r r e c t io n  i s  g iv en  by R ogers and 

Van B u re n .2^

C. E f f e c t  o f  bonded t r a n s d u c e r s

For b o th  c o n v e n tio n a l p u ls e  and c o n tin u o u s  wave (CW) m easurem ents 

o f  a c o u s t i c  wave v e l o c i t y ,  th e  p re s e n c e  o f  t h e  t r a n s d u c e r  and c o u p lin g



F ig u re  2 . -  V a r ia t io n  o f  a c o u s t ic  i n t e n s i t y  I  w ith  

d i s ta n c e  r e s u l t i n g  from  d i f f r a c t i o n
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bond f o r  s o l i d s  in d u ce  e r r o r s  in  th e  v e lo c i ty  m easurem ents o f  th e  sam ple . 

For p u ls e  te c h n iq u e s ,  th e  t r a n s d u c e r  and bond e r r o r s  a r e  o f  th e  o rd e r

o f  a  few p e r c e n t .  The c o r r e c t io n  o f  th e  m easurem ents a r e  d e s c r ib e d  by

32 33P ap ad ak is  and  McSkimin.

F or c o n tin u o u s  wave m easu rem en ts, th e  t r a n s d u c e r  and c o u p lin g  bond

p ro d u ces  s h i f t s  In  s ta n d in g  wave re so n a n c e  f re q u e n c ie s  o f  th e  s o l i d  in

a  c o m p lic a ted  m anner. However, one can  c o r r e c t  th e  m easurem ents u s in g

21th e  th e o ry  d e s c r ib e d  by B o le f  and M i l l e r ,  R ingerm acher, M oem er and 

34 35M il le r  * and th e  im proved fo rm u la s  d e r iv e d  by C hem , C a n t r e l l ,  and

36 37Heyman, and C hern , C a n t r e l l ,  Heyman, and W in free . The d e t a i l e d

d e r iv a t io n  and e x p e r im e n ta l  v e r i f i c a t i o n  o f  th e  new c o r r e c t io n  fo rm ula  

f o r  s ta n d in g  wave a c o u s t i c  p h ase  v e lo c i ty  m easurem ents in c lu d in g  th e  

e f f e c t  o f  th e  c o u p lin g  bond a re  f u l l y  d e s c r ib e d  in  A ppendix.

An a l t e r n a t i v e  app roach  i s  th e  u se  o f  n o n c o n ta c tin g  d r iv e r  -  

c a p a c i t iv e  r e c e iv e r  t r a n s d u c e r s .  The c a p a c i t iv e  system  s a t i s f i e d  f r e e  -  

f r e e  boundary  c o n d i t io n s  and no bond c o r r e c t io n s  a re  r e q u i r e d .  The 

sam ple i s  s e t  on th e  e l e c t r i c a l l y  g rounded  p o r t io n  o f  a  h o llo w  r in g  

assem b ly . The c a p a c i t iv e  d e te c to r  b u t to n  i s  c e n te re d  in  th e  r in g  

assem bly  and i s  r e c e s s e d  a p p ro x im a te ly  10 m ic ro m e te rs  so t h a t  th e  

e le c t r o d e  and sam ple f a c e  form  a  p a r a l l e l - p l a t e  c a p a c i to r .  The e l e c ­

t r i c a l l y  i s o l a t e d  d e te c to r  e le c t r o d e  i s  dc b ia s e d  a t  a p p ro x im a te ly  

110 V. The u l t r a s o n i c  v ib r a t io n  o f  t h e  sam ple f a c e  v a r i e s  th e  gap 

sp a c in g  and g e n e ra te s  an e l e c t r i c a l  s ig n a l .

In  th e  c a p a c i t iv e  d r i v e r ,  a  5 -m ic ro m ete r t h i c k  t e f l o n  s p a c e r  i s  

p la c e d  betw een th e  c a p a c i t iv e  d r iv e r  and th e  sam ple f a c e .  A p u lse d  

s in u s o id a l ly  v a ry in g  r f  v o l ta g e  i s  a p p lie d  a c ro s s  th e  e l e c t r o d e s .  

U l t r a s o n ic  waves a r e  g e n e ra te d  in  t h e  sam ple from  th e  e l e c t r o s t a t i c
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fo rc e s  a c t in g  on th e  sam ple s u r f a c e .  The u l t r a s o n i c  wave g e n e ra te d  in

th e  sam ple i s  p roduced  a t  tw ic e  th e  fre q u e n c y  o f  th e  r f  v o l ta g e

a p p lie d  t o  th e  d r i v e r .  The d e t a i l e d  d e s c r ip t io n  o f th e  c a p a c i t iv e

38system  i s  g iv en  by C a n t r e l l  and B re a z e a le .

A m o d if ic a t io n  o f  th e  c a p a c i t iv e  system  i s  made by im pedance

3<m atch in g  th e  c a p a c i t iv e  d e te c to r  fo llo w in g  th e  s u g g e s t io n  o f  C on rad i. 

The e q u iv a le n t  c i r c u i t  o f  th e  c a p a c i t iv e  d e te c to r  and tu n in g  c i r c u i t  

i s  shown in  f ig u r e  3 . The s ig n a l  v o l ta g e  V a c ro s s  th e  a m p l i f i e r  lo a d  

r e s i s t a n c e  R i s  c a lc u la te d  t o  be

v  = v  __________ I ___________  <78:
v s R + j  ( ujL -  _1_ -  1 )

u)C u)Cp

w here a) i s  th e  a n g u la r  f re q u e n c y , i s  th e  q u ie s c e n t  c a p a c i ta n c e

o f  t h e  d e t e c t o r ,  V i s  th e  s ig n a l  so u rc e  v o l ta g e ,  C i s  c a p a c i ta n c es

o f  th e  tu n in g  c a p a c i to r  and L i s  th e  in d u c ta n c e  o f  th e  tu n in g  in d u c ­

t o r .  When tu n e d  a t  re s o n a n c e , th e  s ig n a l  v o l ta g e  a c ro s s  th e  lo ad  R 

i s  e q u a l to  V .
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F ig u re  3 . -  The e q u iv a le n t  c i r c u i t  o f  th e  c a p a c i t iv e  

d e te c to r  and t im in g  c i r c u i t .
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2 . M easurement te c h n iq u e s

A. P u ls e  le a d in g  edge t i m e - o f - f l i g h t  te c h n iq u e

In  th e  p u ls e  le a d in g  edge t i m e - o f - f l i g h t  te c h n iq u e , one m easu res

th e  tim e  i t  ta k e s  a  f a s t  r i s e  tim e  p u ls e  to  t r a v e r s e  th e  sam ple.

S in c e  a p u ls e  i s  u s e d , t h i s  te c h n iq u e  m easu res a  g roup v e lo c i ty  r a t h e r  

th a n  a  p h ase  v e lo c i ty  and as such  i s  s t r o n g ly  in f lu e n c e d  by a t t e n u a t io n  

and d i s p e r s io n .  For exam p le , th e  h ig h e r  f r e q u e n c ie s  o f  th e  p u ls e  a r e  

more h ig h ly  ab so rb e d  th a n  a re  th e  low er f re q u e n c y  com ponents. T hus, f o r  

some lo s s y  sam p les, th e  i n i t i a l  s t a r t  p u ls e  may have a r i s e  tim e  o r d e r s  

m agn itude  f a s t e r  th a n  t h e  s to p  p u ls e  w hich  m ust t r a v e l  th ro u g h  th e  

sam ple.

The p u ls e  le a d in g  edge t i m e - o f - f l i g h t  m easurem ent u s e s  a  nanosecond  

r i s e t im e  p u l s e r  and a p u ls e  r e c e iv e r  t o  t r i g g e r  th e  s t a r t  and s to p  

ch an n e ls  o f  u n iv e r s a l  t im e  i n t e r v a l  c o u n te r .  A h ig h  r i s e t im e  p u ls e  

e n su re s  th e  s t a r t  c h a n n e l t r i g g e r  on th e  v e ry  le a d in g  edge o f  th e  p u ls e .  

The r e c e iv e d  p u ls e  i s  a m p l if ie d  to  t r i g g e r  th e  s to p  ch an n el o f  th e  tim e  

c o u n te r .

B. L o n g -p u lse  f r e q u e n c y - t r a c k in g  te c h n iq u e  (T o n e -b u rs t s p e c tro sc o p y )

In  lo n g -p u ls e  to n e - b u r s t  s p e c tro s c o p y , a  CU r f  s ig n a l  from  a 

t r a c k in g  g e n e ra to r  i s  s e n t  to  a  t r a n s m i t t e r  g a te  w i th  an o n -o f f  r a t i o  

o f  90dB. The g a te d  r f  p u ls e  from  th e  t r a n s m i t t e r  g a te  i s  a m p lif ie d  

and th e  s ig n a l  i s  used  t o  d r iv e  a  p i e z o e l e c t r i c  t r a n s d u c e r .  The t r a n s ­

ducer e m its  an u l t r a s o n i c  p u ls e  c a l l e d  a  t o n e - b u r s t  h av in g  th e  same 

fre q u e n c y  a s  th e  CW s o u rc e .  The t r a n s m i t t e r  g a te  w id th  i s  a d ju s te d  

su ch  t h a t  a  s ta n d in g  wave e q u il ib r iu m  c o n d it io n  i s  e s t a b l i s h e d  in  th e  

sam ple. In  th e  e q u i l ib r iu m  c o n d it io n  th e  wave en erg y  in p u t  to  th e  

sam ple e x a c t ly  b a la n c e s  th e  wave a t t e n u a t io n .  The r e c e iv e r  g a te  w id th
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and p o s i t i o n  a re  a d ju s te d  by lo g ic / t im in g  g e n e ra to r  such  t h a t  s ig n a l s  

a r e  r e c e iv e d  o n ly  a f t e r  th e  t r a n s m i t t e r  g a te  i s  tu rn e d  o f f .  The 

r e c e iv e r  r f  s ig n a l s  a re  a m p lif ie d  and s e n t  to  th e  sp ec tru m  a n a ly z e r .

As th e  t r a c k in g  g e n e ra to r  sweeps th ro u g h  ran g e  o f  f r e q u e n c ie s ,  th e  

spectrum  a n a ly z e r  c o n tin u o u s ly  m easures and d i s p la y s  a  s ig n a l  w i th in  a 

s e le c te d  bandw id th  a t  each  fre q u e n c y  p o in t  in  th e  sw eep. Such an 

a rrangem en t g iv e s  r e s u l t s  e q u iv a le n t  to  CW m easurem ents w ith o u t r f  

c r o s s - t a l k  p rob lem s in h e r e n t  to  CW m e a su re m e n ts ."^ ’^  T h is  te c h n iq u e  

can be used  in  one t r a n s d u c e r  r e f l e c t i o n  and two t r a n s d u c e r  t r a n s m is s io n  

c a se . The b lo c k  d iag ram s o f  th e  lo n g -p u ls e  f re q u e n c y  t r a c k in g  to n e -  

b u r s t  te c h n iq u e  f o r  r e f l e c t i o n  and t r a n s m is s io n  c a se s  a re  shown in  

f ig u r e  4 and f ig u r e  5 . The d e t a i l  d e s c r ip t io n  o f  t h i s  fre q u e n c y  

t r a c k in g  to n e - b u r s t  te c h n iq u e  i s  g iv en  by C a n t r e l l  and H ey m an .^

C. P u lse d  p h ase  lo ck ed  loop  s p e c t r o m e te r ^

2 2The p u lse d  p h ase  lo ck e d  loop  s p e c tro m e te r  ( P L )  was d ev e lo p ed  f o r

m easu rin g  changes in  p ro p a g a tio n  phase  v e lo c i ty  a lo n g  a  d e te rm in ed

p a th  le n g th .  T h is  te c h n iq u e  u t i l i z e s  im provem ents on th e  b a s ic  scheme
41

d ev e lo p ed  by Blume. A g a te d  to n e - b u r s t  d e r iv e d  from  a  v o l ta g e  

c o n t r o l le d  o s c i l l a t o r  (VCO) i s  a p p lie d  to  a  t r a n s d u c e r  a s  shown in  

f ig u r e  6 . The a c o u s t i c  wave g e n e ra te d  p ro p a g a te s  th ro u g h  th e  sam ple 

and i s  c o n v e rte d  to  an e l e c t r i c a l  p u ls e  by a  second  t r a n s d u c e r  (o r  th e  

same t r a n s d u c e r  f o r  th e  r e f l e c t i o n  c a s e ) .  The s ig n a l  i s  a m p lif ie d  and 

phase  d e te c te d .  The r e s u l t i n g  s ig n a l  i s  a  v o l ta g e  p u ls e  o f  d u ra t io n  

e q u a l to  t h e  g a te  w id th  and o f  a m p litu d e  d e te rm in e d  by th e  p hase  

r e l a t i o n s h ip  betw een th e  o s c i l l a t o r  and th e  r e c e iv e d  u l t r a s o n i c  p u ls e  

s ig n a l .
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F ig u re  4 . -  B lock  d iagram  o f  th e  f re q u e n c y  t r a c k in g  te c h n iq u e  ( to n e - b u r s t  

s p e c tro sc o p y )  f o r  r e f l e c t i o n  c o n f ig u r a t io n .
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F ig u re  5 . -  B lock  d iagram  o f  th e  fre q u e n c y  t r a c k in g  te c h n iq u e  f o r  

t r a n s m is s io n  c o n f ig u r a t io n .
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F ig u re  6 . -  B lock  d iag ram  o f  th e  p u ls e d  p hase  lo ck ed  lo o p .
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The v o l ta g e  p u ls e  i s  sam pled and h e ld  on command from  th e  lo g ic  

t im in g  g e n e ra to r .  A c o n t r o l  v o l ta g e  g e n e ra te d  by s ig n a l  c o n d it io n in g  

th e  sa m p le /h o ld  s ig n a l  a d ju s t s  th e  r f  fre q u e n c y  to  m a in ta in  phase  

q u a d ra tu re  betw een  an i n t e r n a l  VCO and th e  chosen r e c e iv e d  a c o u s t ic  

p u ls e .

The a c o u s t i c  p hase  s h i f t  <j> w hich  o c c u rs  in  p ro p a g a tio n  th ro u g h

th e  sam ple w ith  t r a n s i t  t im e  t  i s :  cf> = 2 irf t w here f  i s  th e  a c o u s-

2 2 20 t i c  f re q u e n c y . For th e  c lo s e d  lo o p  P L , <p i s  c o n s ta n t  so t h a t

d<}> = 2 ir ( td f  +  f d t )  = 0 (79)

Thus,

A f /f  = - A t / t  (80)

The m a th e m a tic a l r e s u l t  i s  th e  same as o c c u rs  from  e q u a tio n  (49) w ith

2 2Z/V r e p la c e d  by t .  T h e re fo re ,  th e  P L h as  th e  e q u iv a le n t  dim en- 

s io n l e s s  r e a d o u t :

A f /f  = - A t / t  = AV/V -  AZ/Z (81)

where f ,  V and Z a re  th e  i n i t i a l  v a lu e s  and t  i s  a  f i n a l  v a lu e .

In  c o n t r a s t  to  th e  group v e lo c i ty  m easurem ent o f  th e  p u ls e  echo te c h -  

2 2n iq u e , th e  P L m easures a  t r u e  p h ase  v e lo c i ty  in  th e  absence  o f  

v e lo c i ty  d i s p e r s io n .

The s t a b i l i t y  and a c c u ra c y  o f  th e  sy stem  r e q u i r e s  t h a t  th e  sam p le / 

h o ld  c i r c u i t  have  low droop r a t e  t o  m a in ta in  a  c o n s ta n t  VCO fre q u e n c y  

betw een u p d a te  c o r r e c t io n s .  The fe e d b a c k  loop  r a t e  i s  l im i te d  by th e  

sam ple a t t e n u a t io n  s in c e  t h e  a c o u s t ic  e n e rg y  in  th e  sam ple sh o u ld  decay

b e fo re  a  new g a t in g  sequence  i s  begun . The m easured  s h o r t  term

2 2 8 s t a b i l i t y  o f  th e  P L i s  a p p ro x im a te ly  a p a r t  in  10 w ith  te m p e ra tu re
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v a r i a t i o n  in  th e  sam ple d o m ina ting  th e  m easured f re q u e n c y  v a r i a t i o n .

For o u r e x p e r im e n ts , te m p e ra tu re  s t a b i l i t y  l im i te d  th e  u s a b le  r e s o lu t io n

7 2 2 11to  p a r t s  in  10 . A d e t a i l e d  d e s c r ip t io n  o f  P L i s  g iv e n  e lse w h e re .
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3 . L a b o ra to ry  e x p e rim e n ts

A. S t r e s s  a c o u s t ic  m e a s u re m e n ts ^ ’ ̂

A ll  sam ples u se d  in  th e  s t r e s s  a c o u s t i c  m easurem ents w ere 

c y l i n d r i c a l l y  shaped  p o l y c r y s t a l l i n e  m e ta ls  in c lu d in g  aluminum 2024-T4, 

c o p p e r, phosphor b ro n z e , t i t a n iu m , m ild  s t e e l ,  ca rbon  s t e e l  and s t a i n ­

l e s s  s t e e l .  The sam ples w ere 2 .5 4  cm in  d ia m e te r , 30 .5  cm in  le n g th  

and th re a d e d  on th e  ends to  f i t  th e  sam ple h o ld e r .  A f te r  p r e p a r a t io n  

th e  sam ples w ere m ounted in  an MTS-810 m a te r i a l  t e s t  sy stem  and a x i a l l y  

lo ad ed  in  te n s io n  in c re m e n ta l ly  from  z e ro  to  180 MPa in  s te p s  o f  1 MPa. 

A f te r  each  in c re m e n ta l  in c r e a s e  in  lo a d  th e  s t r a i n  was m easured  w ith  an 

MTS-632.13B e x te n so m e te r  p la c e d  on th e  sam ple s u r f a c e  midway betw een 

th e  p la n a r  e n d s . The change in  th e  n a tu r a l  v e lo c i ty  o f  th e  sam ple was

m easured u s in g  th e  p u ls e d  p h ase  lo c k e d  loop  te c h n iq u e  d e s c r ib e d  in  th e

2 2p re v io u s  s e c t io n .  I t  i s  shown in  e q u a tio n  (50) t h a t  th e  P L te c h ­

n iq u e  a llo w s  one to  m easure d i r e c t l y  th e  change in  th e  n a tu r a l  v e lo c i ty  

by m easu ring  th e  f r a c t i o n a l  change in  th e  u l t r a s o n i c  d r iv e  f re q u e n c y .

A th ro u g h - tr a n s m is s io n  le a d in g  edge t i m e - o f - f l i g h t  te c h n iq u e  i s  

a ls o  used  in  p a r a l l e l  w i th  th e  p u ls e d  p h ase  lo ck e d  loop  te c h n iq u e . A 

20 p ico se c o n d  r e s o lu t io n  tim e  i n t e r v a l  c o u n te r  was u sed  in  i t s  i n t e r ­

v a l  s t a t i s t i c s  mode to  a v e rag e  o v e r  s e v e r a l  th o u sa n d  p u l s e s .  S ig n a ls  

w ere a m p lif ie d  to  s a tu r a t i o n  in  a  1000-MHz ban d w id th  low n o is e  a m p li­

f i e r  t o  p ro v id e  c le a n  le a d in g  edges f o r  th e  tim e  i n t e r v a l  c o u n te r .

The b lo c k  d iagram  o f  t h e  s t r e s s  a c o u s t i c  m easurem ents in c o rp o ra te d

w ith  th e rm a l a c o u s t i c  m easurem ents w i l l  be p re s e n te d  in  th e  n e x t s e c t io n .
9

B. Therm al a c o u s t i c  m easurem ents

In  o r d e r  t o  v e r i f y  th e  t h e o r e t i c a l  p r e d i c t i o n s  in  s e c t io n  4 o f  

C hap ter I I ,  l a b o r a to r y  e x p e rim e n ts  w ere p e rfo rm ed  u s in g  b o th  p u ls e d
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phase  lo ck e d  loop  and le a d in g  edge p u ls e  t i m e - o f - f l i g h t  m easu rin g  

te c h n iq u e s .  The sam ple used  i s  a  30.462 cm lo n g  2 .5 4  cm d ia m e te r  p o ly ­

c r y s t a l l i n e  aluminum (2024-T4) ro d . The b lo c k  d iagram  o f  e x p e r im e n ta l  

s e t  up i s  shown in  f ig u r e  7. The aluminum sam ple i s  i n s t a l l e d  In  an 

in s u la te d  o v e r  and i s  m ounted in  a  MTS-810 m a te r i a l  t e s t  sy s tem . An 

e x te n s o m e te r , a s o l i d  s t a t e  therm om eter and th erm o co u p le s  a r e  p la c e d

on th e  m idd le  and ends o f  th e  sam ple s u r f a c e .  A 2 .2 5  MHz g a te d  r f

2 2t o n e - b u r s t  from  th e  VCO o f  th e  P L  i s  t r a n s m i t t e d  v i a  a  PZT t r a n s ­

d u cer to  t h e  sam ple . The a c o u s t i c  s ig n a l s  a r e  r e f l e c t e d  from  th e  end

o f  t h e  sam ple and r e c e iv e d  by th e  same t r a n s d u c e r .  As w ith  th e  t r a n s -

2 2 2 2m iss io n  P L d e s c r ib e d  e a r l i e r ,  a  c o n t r o l  v o l ta g e  from  th e  P L VCO

a d ju s t s  th e  r f  f re q u e n c y  m a in ta in in g  p h ase  q u a d ra tu re .  The a c o u s t i c

a m p litu d e , p h ase  s ig n a l ,  and th e  sam p ling  p o s i t i o n  a r e  d is p la y e d  and

m o n ito re d  w ith  an o s c i l lo s c o p e .  In  a d d i t io n ,  th e  r f  p u ls e  i s  u sed

to  t r i g g e r  th e  s t a r t  c h an n e l o f  a  u n iv e r s a l  tim e  i n t e r v a l  c o u n te r .  A

second  t r a n s d u c e r  i s  bonded on th e  o th e r  end o f  th e  sam ple to  r e c e iv e

th e  a c o u s t i c  s ig n a l  w hich  i s  a m p lif ie d  and u sed  to  t r i g g e r  th e  s to p

ch an n el o f  th e  tim e  c o u n te r .  The e x p e rim e n ts  a r e  p e rfo rm ed  by s lo w ly

h e a t in g  up th e  aluminum sam ple from  room te m p e ra tu re . The s t r e s s ,

s t r a i n ,  te m p e ra tu re , t im e  o f  f l i g h t ,  and n o rm a liz e d  fre q u e n c y  a re

re c o rd e d  w i th  a  com puter c o n t r o l le d  d a ta  a c q u i s i t i o n  sy s tem . The

e x p e rim e n ts  in v o lv e  p ro p a g a tin g  2 .2 5  MHz lo n g i tu d in a l  waves a lo n g  t h e

u n ia x i a l  t e n s i l e  s t r e s s  d i r e c t i o n  o f  a  p o l y c r y s t a l l i n e  aluminum rod

o v e r  a  te m p e ra tu re  ran g e  o f  25°C-65°C and th e  s t r e s s  ra n g e  o f  0 -150  MPa.

The a m p litu d e  and th u s  t h e  p u ls e  le a d in g  edge a r r i v a l  tim e  i s  a f f e c te d

by d i f f r a c t i o n  and a t t e n u a t io n  w h ich  a r e  f u n c t io n s  o f  te m p e ra tu re  and

s t r e s s .  The r e s o l u t i o n  o f  th e  le a d in g  edge t im e - o f - f 1ig h t  te c h n iq u e  i s



F ig u re  7 . -  B lock  d iag ram  o f  th e  th e rm a l s t r e s s  t e s t  system
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a b o u t one p a r t  In  10 in  c o n t r a s t  to  th e  p u ls e d  p h ase  lo ck ed  loop 

r e s o lu t io n  o f  p a r t s  In  10^.



IV. EESULTS AND DISCUSSION

1. A x ia l s t r e s s  m easurem ents

The d e te rm in a tio n  o f  a x i a l  s t r e s s  u s in g  u l t r a s o n i c  te c h n iq u e s  

in v o lv e s  m a te r i a l  p a ra m e te rs  shown in  e q u a tio n  (51) combined w ith  known 

changes in  A f / f .  The s t r e s s  a c o u s t ic  c o n s ta n t  c o n ta in s  e l a s t i c  p ro p e r ­

t i e s  o f  th e  s t r e s s e d  m a t e r i a l  and v a r i e s  from  m a te r i a l  t o  m a te r i a l .

2 2F ig u re  8 shows a t y p i c a l  P L s t r e s s - a c o u s t i c  as w e l l  a s  

s t r e s s - s t r a i n  and s t r e s s - t r u e  v e lo c i ty  m easurem ent o f  an aluminum 2024-T4 

sam ple . The v a r i a t i o n  o f  s t r e s s  a c o u s t i c  c o n s ta n ts  f o r  v a r io u s  

m a te r i a l s  i s  shown in  f ig u r e  9 . The s lo p e  o f  th e s e  cu rv es  r e p r e s e n t  

s t r e s s  a c o u s t i c  c o n s ta n ts  and a r e  d e te rm in e d  from  th e  f ig u r e  a s :

H1  ̂ aluminum = 5 .3 8  x  10 ^/MPa; t i t a n iu m  = 2 .0 9  x 10 ^/MPa;

s t a i n l e s s  s t e e l  = 2 .3 3  x 10 ^ MPa; m ild  s t e e l  = 1 .59  x 10 "VMPa.

A f a c t o r  w hich in f lu e n c e s  u l t r a s o n i c  s t r e s s  m easurem ents i s  th e

p e rc e n ta g e  o f  sam ple u n d e r a x i a l  lo a d . The d e t a i l s  o f  p e rc e n ta g e

20lo a d in g  s tu d y  i s  g iv e n  e ls e w h e re . To e l im in a te  th e  nonun ifo rm  t e n s i l e  

lo a d in g , th e  sam ple geom etry  was c a r e f u l ly  s e le c te d  w ith o u t compro­

m is in g  d i f f r a c t i o n  e f f e c t s .

T em pera tu re  a l s o  p la y s  an i n t e r e s t i n g  r o l e  in  th e  s t r e s s  a c o u s t ic  

m easurem ents. For t h e  c a se  o f  aluminum 2024-T4, a  sm a ll change in  

te m p e ra tu re  such  as  5 C w i l l  p ro d u ce  a  c o rre sp o n d in g  A f /f  o f  10 o r  

ab o u t 20MPa e f f e c t i v e  s t r e s s .  A more s u b t l e  te m p e ra tu re  e f f e c t  in v o lv e s  

t h e  a d ia b a t i c  te m p e ra tu re  d e c re a s e  r e s u l t i n g  from  th e  therm odynam ic 

volum e e x p a n s io n . In  f ig u r e  10 , d a ta  a r e  p re s e n te d  f o r  te m p e ra tu re , 

s t r a i n  and A f /f  a s  a  fu n c t io n  o f  tim e  f o r  a  s te p  lo a d in g /u n lo a d in g

46



F ig u re  8 . -  T y p ic a l  s t r e s s - a c o u s t i c ,  s t r e s s - s t r a i n  and s t r e s s - t r u e  

v e lo c i ty  d a ta  f o r  an aluminum sam ple .
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F ig u re  9 . -  S t r e s s  a c o u s t i c  re sp o n se  f o r  v a r io u s  m a t e r i a l s .
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F ig u re  1 0 .-  E x p e rim en ta l d a ta  f o r  te m p e ra tu re , s t r a i n  and A f /f  a s  a 

fu n c t io n  o f  tim e  f o r  s te p  lo a d in g /u n lo a d in g  o f  an aluminum 

sam ple.
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o f  th e  aluminum sam p le . The te m p e ra tu re  drop o f  1°C r e s u l t e d  from  a 

125 MPa t e n s i l e  s t r e s s .  T h is  r e s u l t  I s  s im i la r  to  th e  sam ple e x p an sio n  

o f  a gas and I t s  su b seq u e n t c o o lin g .

2 . Therm al a c o u s t i c  s t r e s s  m easurem ents

T y p ic a l  e x p e r im e n ta l  d a ta  o f  n o rm a liz e d  f re q u e n c y  change w ith  

r e s p e c t  to  changes in  te m p e ra tu re  f o r  an a p p lie d  s t r e s s  i s  shown in  

f ig u r e  11. The th e rm a l a c o u s t i c  c o n s ta n ts  a r e  o b ta in e d  by a

l i n e a r  curve  f i t t i n g  r o u t in e  f o r  e a ch  th e rm a l s t r e s s  e x p e rim e n t. T her­

m al m easurem ents w ere o b ta in e d  f o r  s i x  s t r e s s  l e v e l s .  The p l o t  o f 

th e rm a l a c o u s t i c  c o n s ta n ts  a s  a fu n c t io n  o f  s t r e s s  i s  shown in  f ig u r e  

12. The sam ple co o le d  s lo w ly  u n t i l  i t  re a c h e d  e q u il ib r iu m  w ith  room 

te m p e ra tu re . The d a ta  i s  a ls o  l i n e a r l y  cu rve  f i t t e d  to  o b ta in  th e  

s t r e s s  d e r iv a t iv e  o f  th e  th e rm a l a c o u s t i c  c o n s ta n ts  w hich i s  th e  s lo p e  

o f  th e  c u rv e . The s t r e s s  d e r i v a t i v e  o f  th e  th e rm a l a c o u s t i c  c o n s ta n ts  

A K ^/A a^^ i s  found to  be 7 .780  x 10 ^/MPa°C.

F ig u re  12 p r e s e n t s  d a ta  show ing a  l i n e a r  r e l a t i o n s h ip  betw een th e

a p p lie d  s t r e s s  and th e rm a l a c o u s t i c  c o n s ta n t .  T h is  r e s u l t  v e r i f i e s  th e

t h e o r e t i c a l  a ssu m p tio n  upon w hich th e  ex p e rim en t was b a se d .

42S im ila r  e x p e rim e n ts  p e rfo rm ed  by Salam a and L ing  a ls o  show a 

l i n e a r  r e l a t i o n s h ip  betw een a p p lie d  s t r e s s  and th e  th e rm a l a c o u s t i c  

c o n s ta n ts .  T ab le  1 p r e s e n t s  Salam a and L in g 's  d a ta  f o r  c o m p re ss io n a l 

s t r e s s  a p p lie d  p e rp e n d ic u la r  to  th e  lo n g i tu d in a l  wave p ro p a g a tio n  in  

aluminum sam p les . They p r e s e n t  d a ta  a s  a change in  r e a l  v e lo c i ty  AV 

p e r  d e g re e  K f o r  t h r e e  aluminum 2024 sam p les . For a l l  sa m p le s , th e  

a p p l i c a t io n  o f  s t r e s s  d e c re a s e d  AV/AT w ith  h ig h e r  v a lu e  o f  s t r e s s  

p ro d u c in g  a  l a r g e r  d e c re a s e .
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F ig u re  1 1 . -  T y p ic a l  e x p e r im e n ta l  d a ta  o f  n o rm a liz e d  fre q u e n c y  change 

w i th  r e s p e c t  to  te m p e ra tu re .
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F ig u re  1 2 . -  Therm al a c o u s t i c  c o n s ta n ts  shown a s  a  fu n c t io n  o f  m a te r i a l  

s t r e s s .
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The p r e s e n t  e x p e r im e n ta l  r e s u l t s  a r e  shown in  T a b le  2 f o r  t e n s i l e  

s t r e s s  a p p lie d  a lo n g  th e  d i r e c t i o n  o f  wave p ro p a g a tio n . The change in  

n o rm a liz e d  n a t u r a l  v e lo c i ty  A f /f  p e r  d e g re e  C i s  th e  m easurem ent 

p a ra m e te r  chosen from th e  t h e o r e t i c a l  r e s u l t s .  For an a id  on com pari­

son w ith  Salam a and L in g 's  r e s u l t s ,  th e  v a lu e s  w ere tra n s fo rm e d  in to  

th e  r e p r e s e n ta t i o n  -AV/AT. I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  o u r v a lu e  

f o r  th e  z e ro  s t r e s s  s lo p e  o f  0 .9 2 7  m /sec°C  i s  in  c lo s e  agreem ent w ith  

t h a t  o f  Salam a and L in g 's  0 .9 2 3  m /sec°K  f o r  th e  "A" sam ple. V a r ia t io n  

in  th e  z e ro  v a lu e  r e p o r te d  by Salam a and L ing may be caused  by sam ple 

d i f f e r e n c e s  (su c h  as  t e x t u r e  o f  r e s i d u a l  s t r e s s ) .

In  summary, a  t h e o r e t i c a l  m odel h a s  been  d ev e lo p ed  p r e d i c t i n g  a 

l i n e a r  dependence o f  th e  s lo p e  o f  th e  th e rm a l a c o u s t i c  c o n s ta n ts  w ith  

m a te r i a l  s t r e s s .  The e x p e r im e n ta l  r e s u l t s  co n firm  th e  model and p r e ­

s e n t  new d i r e c t i o n s  f o r  f u r t h e r  in q u ir y .
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TABLE I

EXPERIMENTAL RESULTS OF SALAMA AND LING. COMPRESSIONAL 
STRESS IS APPLIED IN THE DIRECTION PERPENDICULAR TO 

WAVE PROPAGATION.

Specim en
A p p lied  

C om pressional 
S t r e s s  (MPa)

-AV/AT (m -s“

A (2024-0) 0 .0 0 .923

2 1 .4 0 .878

B (2024-0) 0 .0 0 .957

37 .2 0 .856

C (2024-0 ) 0 .0 1 .007

4 4 .1 0 .9 0 8
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TABLE 2

PRESENT EXPERIMENTAL RESULTS. TENSILE STRESS IS  APPLIED 
ALONG THE DIRECTION OF WAVE PROPAGATION.

A pplied  T e n s i le  . .  -
Specimen S t r e s s  (MPa) - (A f /f ) /A T  (10 /°C ) -AV/A (m*s *°C )

aluminum
0 1.654 0 .9 2 7

25 1.674 0 .9 3 8

50 1.697 0 .949

75 1.713 0 .957

100 1 .734 0.966

150 1.772 0 .9 8 8
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3 . R e la tiv e  s lo p e  in v a r ia n c e  o f  v e l o c i t y - s t r e s s  and s t r a i n - s t r e s s  
cu rv e s

R ecen t s tu d i e s  o f  r e s id u a l  s t r e s s  in  m a te r i a l s  have l e d  u s  to  

m easure  s im u lta n e o u s ly  th e  n a tu r a l  v e lo c i ty  and th e  s t r a i n  in  s e v e r a l  

p o l y c r y s t a l l i n e  m e ta ls  a s  a  fu n c t io n  o f  a p p lie d  s t r e s s .  We f in d  t h a t  

th e  cu rv es  a r e  a p p ro x im a te ly  l i n e a r  and t h a t  th e  r a t i o s  o f  th e  s lo p e  o f 

th e  v e l o c i t y - s t r e s s  c u rv e  to  t h e  s lo p e  o f  th e  s t r a i n - s t r e s s  c u rv e  f o r  

th e  m a te r i a l s  c l u s t e r  around  = - 3 .5 : 1 .  The v a lu e s  a r e  R = - 3 .5  f o r  

aluminum 2024-T4; R = - 2 .9  f o r  ca rb o n  s t e e l ;  R = - 3 .6  f o r  m ild  s t e e l ;

R = - 2 .9  f o r  c o p p e r; R = - 2 .8  f o r  phosphor b ro n z e . The d i f f e r e n c e  i s  

s u r p r i s in g ly  sm a ll when one c o n s id e r s  th e  la r g e  v a r i a t i o n  in  m ech an ica l 

p r o p e r t i e s  o f  th e  m a te r i a l  m easu red .

We exam ine th e  r e s u l t s  from  th e  th e r m o e la s t ic  th e o ry  in  te rm s o f  

in d ep en d en t m easurem ents o f  second  and t h i r d  o r d e r  e l a s t i c  c o n s ta n ts .  

The f r a c t i o n a l  change in  th e  n a t u r a l  v e lo c i ty  W o f  a  s o l i d  p e r  u n i t  

change in  e x t e r n a l l y  a p p lie d  u n i a x i a l  s t r e s s  o f m agnitude  P in  u n i t  

d i r e c t i o n  n i s

1 M  = 1 9W n n (82)
W 9P W d a  r  Sr s

w here th e  g e n e ra l  s t r e s s  t e n s o r

o = P n n (83)r s  r  s

and  n ^  a re  th e  C a r te s ia n  com ponents o f  n .  U sing th e  r e s u l t s  o f  

e q u a tio n  ( 4 1 ) ,  we may w r i te

1 3W = 1 (C. „ + C ... . A. A, ) k . k .  S n n
—  -r= r  7T j  £mn i j  k£mn i  k '  j  £  mnrs r  s
W 3P 2p W o

+ S A A n n  (84)mnrs m n r s
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where th e  d e r iv a t iv e  i s  e v a lu a te d  in  th e  z e ro  s t r e s s  c o n f ig u r a t io n .

d e f in e d  as  th e  r a t i o  o f  t e n s i l e  s t r e s s  P to  th e  r e s u l t i n g  l i n e a r

s t r a i n  n in  th e  s o l i d .  The f r e e  m odulus can be  e x p re s se d  in  te rm s o f

43th e  com pliance  c o e f f i c i e n t s  a s

In  e q u a tio n  (85)

th e  ( 1111) component o f  th e  com pliance t e n s o r  d e f in e d  in  a (p rim ed) 

c o o rd in a te  system  a p p r o p r ia t e ly  r o ta t e d  w ith  r e s p e c t  to  a  f ix e d  

(unprim ed) c o o rd in a te  system  in  t h e  s o l i d .  L e t th e  t r a n s fo r m a t io n  from 

th e  unprim ed to  th e  p rim ed  c o o rd in a te  sy stem  b e  d e f in e d  by t h e  t r a n s ­

fo rm a tio n  t e n s o r

The f r e e  Y oung 's m odulus in  d i r e c t i o n  n o f  a  s o l i d  i s

n = n , .  n . ( 86)

a re  th e  com ponents o f  th e  s t r a i n  t e n s o r  and S

(87)

The com pliance t e n s o r  t ra n s fo rm s  a s

;p £q mnpq ( 88)

H ence,

S ' = S  n  n n n 1111 mnpq m n p q (89)



58

I f  we assume th e  wave p o l a r i z a t io n  A o f  a p p lie d  s t r e s s ,  th e n  

= n^  in  e q u a tio n  (8 4 ) . I f  we f u r t h e r  assume p u re  mode p ro p a g a t io n , 

th e n  = n^  and th e  r a t i o  R o f  th e  n a tu r a l  v e l o c i t y - s t r e s s  s lo p e  

to  th e  s t r a i n  s t r e s s  s lo p e  i s

E_ l  3W<n . , f  >_ _ ,R = — t =t/ — = 1 +  z- (C. „ S n . n . n n  +W 9P P _ tt2 i  ®'n,n mnrs j  I  r  s2p  w o

C • * < . S n . n . n. n  A n  n ) . /ijk£m n m nrs i  j  k  I  r  s  (90)

U sing th e  r e l a t i o n  o f  e q u a tio n  ( 3 9 ) ,  e q u a tio n  (90) becomes

Ef
R = 1 +  z- (1  + C .. .  . S n .  n . n n  n  n ) (91)2p w2 ljkJlmn mnrs a. j  k  I  m n

o

For l o n g i t u d in a l  waves p ro p a g a tin g  in  an i s o t r o p i c  s o l i d  a lo n g  th e  

d i r e c t i o n  o f  a p p lie d  s t r e s s ,  e q u a tio n  (91) re d u c e s  to

R = 1 +  is C /C  + ^ ^ 1 1 2 _ ^ 1 2  (92)

2 S1 1 C11

where we have c o n tr a c te d  th e  in d ic e s  o f  th e  e l a s t i c  c o e f f i c i e n t s  by 

u s in g  V o ig t n o t a t io n .

U sing e q u a tio n  (92) and th e  v a lu e s  o f  th e  e l a s t i c  c o e f f i c i e n t s  

o b ta in e d  from  th e  l i t e r a t u r e ,  we c a lc u la t e  R f o r  a  number o f

i s o t r o p ic  m a t e r i a l s .  T hese c a lc u la t io n s  a lo n g  w ith  th e  p r e s e n t  R 

v a lu e s  d a ta  a r e . l i s t e d  in  T ab le  3.

W ith  two e x c e p tio n s  ( A u s te n i t i c  s t e e l  and fu se d  s i l i c a )  th e  R 

v a lu e  f a l l  in  th e  ran g e  - 2 .7  to  - 3 .9  even  th o u g h  th e  e l a s t i c  c o e f f i ­

c i e n t s  o f  th o s e  m a te r i a l s  in  t h a t  ran g e  v a ry  more th a n  700%. The 

re a s o n  f o r  t h e  u n u s u a lly  l a r g e  n e g a t iv e  R v a lu e  f o r  A u s te n i t i c  s t e e l  

(R = - 6 .2 )  i s  n o t  c l e a r  b u t  may be  r e l a t e d  to  th e  c r y s t a l l i n e  s t r u c tu r e



TABLE 3

R VALUES OF ISOTROPIC MATERIALS CALCULATED FROM ELASTIC
COEFFICIENTS AND

M a te r ia l  

R a i l  S te e l  

H ec la  37 S t e e l  

H ec la  17 S te e l  

H ec la  138A 

Rex 535 

M ild  S te e l  

Carbon S te e l  

H ec la  ATV A u s te n i t ic  

Aluminum 2024-T4 

Magnesium 

Molybdenum 

T u n g sten  

Copper

Phosphor B ronze 

Fused S i l i c a

FROM PRESENT WORK

R v a lu e R e fe ren ce

- 3 .5 44

- 3 .9 45

- 3 .5 45

- 3 .8 45

- 3 .4 45

- 3 .6 p r e s e n t  work

- 2 .9 p r e s e n t  work

- 6 .2 45

- 3 .5 p r e s e n t  work

- 3 .9 45

- 2 .9 45

- 2 .7 45

- 2 .9 p r e s e n t  work

- 2 .8 p r e s e n t  work

+ 4 .9 46
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o f  th e  g r a in s .  The g r a in s  o f  A u s te n i t ic  s t e e l  have a  f e e  s t r u c t u r e

w hereas th e  g r a in s  o f  th e  o th e r  s t e e l  a l lo y s  e x h ib i t  a b ee  s t r u c t u r e .

The s ig n  o f  R f o r  fu se d  s i l i c a  i s  p o s i t i v e  (R = + 4 .9 )  in  c o n t r a s t

t o  th e  o th e r  s o l i d s  l i s t e d .  The p o s i t i v e  v a lu e  o f  R i s  d i r e c t l y

r e l a t e d  to  t h e  f a c t  t h a t  t h e  t h i r d  o r d e r  e l a s t i c  c o n s ta n ts  o f  fu sed

s i l i c a  a re  d o m in an tly  p o s i t i v e  w hereas f o r  a l l  o th e r  m a te r i a l s  l i s t e d

a r e  d o m in an tly  n e g a t iv e .  Fused s i l i c a ,  u n l ik e  th e  " q u a s i - i s o t r o p i c "

p o l y c r y s t a l l i n e  m e ta ls ,  h a s  an i s o t r o p i c  amorphous s t r u c t u r e  c o n s i s t in g

o f  a ne tw ork  o f  p a r t l y  i o n i c - p a r t l y  c o v a le n t  SiO^ t e t r a h e d r a  h a v in g

s h o r t - r a n g e  b u t n o t  lo n g -ra n g e  o r d e r .  T h is  a rran g em en t g iv e s  r i s e  to

a  num ber o f  anom alous p r o p e r t i e s  o f  fu se d  s i l i c a  in c lu d in g  a l a r g e

47n e g a t iv e  th e rm a l e x p a n s iv i ty  a t  low te m p e ra tu re  and a  d o u b le  p o t e n t i a l

48 49w e l l .  W hite and B irc h  s u g g e s t t h a t  such  p r o p e r t i e s  may be  th e

r e s u l t  o f  t r a n s v e r s e  v ib r a t i o n s  a s s o c ia te d  w ith  t h e  oxygen atom s o f

th e  t e t r a h e d r a l  n e tw o rk . M easurem ents by C a n t r e l l  and B reazeale"*^ o f

th e  lo n g i tu d in a l  mode s t r a i n  g e n e ra l iz e d  G riine isen  p a ra m e te rs  o f  fu se d

s i l i c a  a s  a  f u n c t io n  o f  te m p e ra tu re  g iv e  r e s u l t s  c o n s i s t e n t  w i th  t h i s

a ssu m p tio n .



APPENDIX

Im proved fo rm u la  f o r  CW m easurem ents o f  u l t r a s o n i c  p h ase  v e lo c i ty  

u s in g  one t ra n s d u c e r " ^

1 . Theory

C onsider a  o n e -d im e n s io n a l compound r e s o n a to r  c o n s is t in g  o f  a

t r a n s d u c e r  bonded to  a s o l i d  sam ple. The p r o p e r t i e s  o f  th e  compound

r e s o n a to r  a r e  l a b e le d  w ith  t h e  s u b s c r ip t  c . The s u b s c r ip t s  s ,  t

and b d e s ig n a te  t h e  p r o p e r t i e s  o f  t h e  sam ple , t r a n s d u c e r ,  and bond,

r e s p e c t iv e ly .  We seek  to  d e te rm in e  th e  v e lo c i ty  o f  sound in  th e

sam ple V from  m easured  CW reso n a n c e  f re q u e n c ie s  fm (m = in te g e r )  s c

o f  th e  compound r e s o n a to r .

T ra n sm iss io n  l i n e  th e o ry  p r e d i c t s  t h a t  f o r  l o s s l e s s  p ro p a g a tio n

m ed ia , th e  re so n a n c e  f re q u e n c ie s  o f  t h e  compound r e s o n a to r  o c cu r a t

21t h e  r o o ts  o f  t h e  t r a n s c e n d e n ta l  e q u a tio n

Z ta n  k £ + Z. ta n  k. £. + Z. t a n  k, £, -  (Z Z ./Z , )s  s s  t  t t  b i j b  s t ' b '

t a n  k £ t a n  k. £. t a n  k, £, = 0 (A -l)s s  t  t  T> b

w here k i s  th e  wave num ber and £ i s  th e  th ic k n e s s  o f  t h e  medium.

The a c o u s t ic  im pedance Z = pV, w here p i s  th e  d e n s i ty  and  V i s

t h e  sound v e lo c i ty  o f  th e  medium. A lthough  e q u a tio n  (A -l)  can be

s o lv e d  n u m b e r ic a lly  f o r  V w ith  th e  a id  o f  a  com puter, we w ish  tos

o b ta in  an ap p ro x im ate  b u t e x p l i c i t  s o lu t io n  f o r  V , w hich  i s  more
s

a c c u r a te  th a n  p re v io u s  s o lu t io n s  b u t w hich  a ls o  le n d s  i t s e l f  to

c a lc u la t io n  u s in g  equipm ent l e s s  s o p h i s t i c a te d  th a n  a  com puter.

61
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The p rob lem  can be g r e a t ly  s im p l i f ie d  by i n i t i a l l y  n e g le c t in g  th e  

c o n t r ib u t io n  o f  th e  bond to  th e  compound r e s o n a to r .  The e f f e c t  o f  th e  

bond w i l l  be c o n s id e re d  l a t e r .  S e t t i n g  to  z e ro  th e  term s in  e q u a tio n  

(A - l)  in v o lv in g  th e  bond, we o b ta in  th e  e q u a tio n

Z t a n  k  % + Z. t a n  k  1  = 0 (A-2)s s s t t t

I t  i s  c o n v e n ie n t to  r e w r i te  e q u a tio n  (A-2) in  a  form  w hich  em phasizes 

th e  fre q u e n c y  d i f f e r e n c e s  betw een a d ja c e n t  m ech an ica l re so n a n c e s  r a t h e r  

th an  th e  re so n a n c e  f re q u e n c ie s  th e m se lv e s . The m ec h a n ic a l re so n a n c e s
g

o f th e  i s o l a t e d  sam ple o c c u r a t  f r e q u e n c ie s  f  -  mV /2 %  (m = in te g e r )s s  s

w h ile  th e  fu n d am en ta l re so n a n c e  o f  th e  i s o l a t e d  t r a n s d u c e r  o c c u rs  a t

f  = V ^ / 2 % ^ .  The f re q u e n c y  d i f f e r e n c e s  betw een a d ja c e n t  m ech an ica l

re so n a n c e s  o f  th e  compound r e s o n a to r  a r e  w r i t t e n  as Afm = _ fmr  c c c

and o f th e  i s o l a t e d  sam ple a s  Afm = f®*^ -  f®. A lthough Afm v a r i e sr  s  s  s  °  c

w ith  th e  c h o ic e  o f  m, Af™ i s  in d ep e n d e n t o f  m, and  we may w r i te

Af = Afm = V 12% = f m/m. s s  s  s  s

I f  we w r i te  e q u a tio n  (A-2) f o r  each  o f  two a d ja c e n t  re so n a n c e s  

and employ th e  t r ig o n o m e tr ic  i d e n t i t i e s  ta n  (a  -  6) = ( ta n  a -  ta n  3) /  

(1  + ta n  a  t a n  3) and t a n  ( a  -  tt) = ta n  a , we o b ta in ,  a f t e r  s u b s t a n t i a l  

a lg e b r a ic  m a n ip u la t io n , th e  e q u a tio n

Af“  -  Af -A f B
ta n  ir (— ----- -)= ---------5-------  (A-3)

s (Af ) + As

where

„ _ _nri-l .m
A = 6 ( f  ) t a n  77 c t a n  77 c (A-4)

f t  f t
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B = 6f fc ( ta n (A-5)

and

(A -6)

516 i s  a  p a ra m e te r  t h a t  was o r i g i n a l l y  in tro d u c e d  by B o le f  and Menes

34and l a t e r  u sed  by R ingerm acher e t.  a l .  to  c h a r a c te r iz e  t h e  dom inant 

e x p e r im e n ta l ly  c o n t r o l le d  v a r i a b l e s .  I t  m ust be p o in te d  o u t t h a t  6 

i s  a  f u n c t io n  o f  th e  sam ple and t r a n s d u c e r  d e n s i t i e s  and le n g th s .  I n  

t h i s  c o n te x t changes in  6 w ere assumed to  r e s u l t  from  changes in  th e  

sam ple le n g th  o n ly  f o r  a  g iv en  s e t  o f  d e n s i t i e s  and t r a n s d u c e r  t h i c k ­

n e s s .

S in c e  th e  argum ent o f  t h e  ta n g e n t  fu n c t io n  in  e q u a tio n  (A-3) i s  

s m a ll ,  we can ap p ro x im ate  th e  ta n g e n t  fu n c t io n  by i t s  argum ent to  

o b ta in

An a c c u r a te  a p p ro x im a tio n  to  e q u a tio n  (A-7) can b e  o b ta in e d  by s e t t i n g

S o lv in g  e q u a tio n  (A -8) f o r  Af and u s in g  th e  r e l a t i o n  V = 2 1  Afs s s  s

we o b ta in  an e x p l i c i t  e x p re s s io n  f o r  Vg in  th e  form

Af [(A f ) 2 -  (B + Afm) Af ] + A Af -  A Afm = 0 s s  — c s s  c (A-7)

th e  f i r s t  Afg te rm  in  th e  ex p a n sio n  to  Af™. Making t h i s  s u b s t i t u ­

t i o n ,  we g e t

Af™ [ (Af ) 2 -  (B + Af™) Af ] + A Af -  A Af™ = 0 c s  — c s J s  c (A -8)
TT

V S  “ Z s  { A f c  +  2 -  A C a O " 1 1 [ ( Af“  +  I  -  A(Af™)- 1 ) 2 + 4A] h }

(A-9)
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w here A and B a r e  g iv e n  by e q u a tio n s  (A-4) and (A -5 ) . The 

ex p e rim e n ts  r e p o r te d  h e re  in d ic a te  t h a t  th e  p lu s  s ig n  in  e q u a tio n  (A-9) 

i s  u sed  f o r  a l l  re so n a n c e  p a i r s  e x c e p t th e  p a i r  c lo s e s t  to  th e  h a l f ­

reso n a n c e  o f  th e  t r a n s d u c e r .  For t h a t  p a i r  th e  n e g a t iv e  s ig n  i s  u sed .

In  th e  n e x t  s e c t io n  we compare th e  e r r o r  in  sam ple v e lo c i ty  u s in g  

e q u a tio n  (A-9) to  t h a t  o b ta in e d  u s in g  th e  c o r r e c t io n  fo rm u las  d e r iv e d  

by B o le f  and Menes and by R ingerm acher e t . a l .  The "1 + 6" fo rm ula  o f  

B o le f  and Menes'*'*' i s  w r i t t e n  as

V =2)1 Afm (1  + 6) s s  s (A-10)

and i s  o f te n  used  when 6 i s  v e ry  s m a l l .  L a t e r ,  R ingerm acher e t .  a l .

d e r iv e d  an e q u a tio n  f o r  Vg h a v in g  im proved a c c u ra c y  and an ex tended  

u s e f u l  ra n g e . T h e ir  fo rm u la  i s  g iv en  by

(A - l l )

c

w here

D = cos tt ( f m/ f . )  cos it [ ( f ”1 + Afm) / f  ] _________ c t _____ L c c t  J

s in  ir (Afm/ f . )c t (A -12)

and

T = t a n  u ( f m/ f  ) c t  * (A -13)
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2. Computer s im u la te d  e x p e rim e n ts

A. Two r e s o n a to r  ex p e rim e n ts

I n  o rd e r  to  d e te rm in e  th e  a c cu ra cy  o f  th e  ap p ro x im ate  v a lu e s  o f  Vg

from e q u a tio n  (A -9 ), th e  re so n a n c e  f r e q u e n c ie s  o f  th e  e x a c t  tw o -re s o n a -

t o r  c a se  w ere found by n u m e r ic a l ly  s o lv in g  e q u a tio n  (A-2) f o r  an

a s s ig n e d  v a lu e  o f  V . A l l  p a ra m e te rs  in  th e  e q u a tio n  w ere g iv ens

v a lu e s  c o rre sp o n d in g  to  a  t y p i c a l  u l t r a s o n i c  e x p e rim e n t. The sam ple

was g iv e n  v a lu e s  n e a r  th o s e  o f  aluminum 6 .5  x 10^ cm /sec  f o r  th e  sound
3

v e lo c i ty  o f  2 .5  cm f o r  th e  t h ic k n e s s ,  and 2 .7 5  g/cm f o r  th e  d e n s i ty .

The t r a n s d u c e r  was a s s ig n e d  v a lu e s  c o rre sp o n d in g  to  le a d  z irC o n a te  

t i t a n a t e  (PZT) : 4 .5  x  10^ cm /sec f o r  th e  sound v e l o c i t y ,  0 .1  cm f o r

th e  th ic k n e s s  (c o rre s p o n d in g  t o  a  re so n a n c e  fre q u e n c y  o f  2 .25  MHz), and 

7 .5 0  g/cm  f o r  d e n s i ty .  The p e rc e n t  e r r o r  in  th e  v a lu e  o f  Vg o b ta in e d  

from  e q u a tio n  (A-9) was c a lc u la t e d  w ith  r e s p e c t  t o  th e  a s s ig n e d  v a lu e  

o f  Vg and p l o t t e d  a s  a  f u n c t io n  o f  th e  d im e n s io n le s s  p a ra m e te r  6 

in  f ig u r e  13. A lso  p l o t t e d  in  f ig u r e  13 a r e  th e  p e rc e n t  e r r o r s  u s in g  

th e  a p p ro x im a tio n s  o f  e q u a tio n  (A -1 0 ), e q u a tio n  (A -1 1 ) ,  and th e  u n c o r­

r e c te d  fo rm u la  V =  2 1  Afm. The m ec h a n ic a l re so n a n c e s  u sed  f o r  th e s e  s s c

p l o t s  w ere th e  s i x t h  and s e v e n th  re so n a n c e  p a i r  on th e  h ig h -f re q u e n c y  

s id e  o f  th e  t r a n s d u c e r  re s o n a n c e . As in d ic a te d  in  f ig u r e  13, th e  p r e ­

s e n t  a p p ro x im a tio n  Vg g e n e ra te s  an e r r o r  w hich  i s  s m a l le r  th a n  th e  

e r r o r  in  th e  o th e r  a p p ro x im a tio n  fo rm u la s  f o r  each  v a lu e  o f  6 e x c ep t 

f o r  t h e  l a r g e s t  v a lu e  o f  6 shown ( 0 . 6) .

The e r r o r  in  each  o f  th e  fo rm u la s  i s  s t r o n g ly  dependen t on th e  

c h o ic e  o f  re so n a n c e  p a i r s .  In  f ig u r e  14 , th e  p e rc e n t  e r r o r  in  th e  

p r e s e n t  fo rm u la  i s  p l o t t e d  a s  a  f u n c t io n  o f  6 f o r  a  c h o ic e  o f
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F ig u re  1 3 .-  P e rc e n t  e r r o r  in  th e  v a lu e  o f  th e  v e lo c i ty  o f  sound V , 

a s  a  fu n c t io n  o f  6 f o r  v a r io u s  c o r r e c t io n  fo rm u las  in  

one t r a n s d u c e r  r e f l e c t i o n  c a se .
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F ig u re  14 P e rc e n t  e r r o r  in  V a s  a  f u n c t io n  o f  <5 f o r  s e v e r a ls
p a i r s  o f  m ec h a n ic a l re s o n a n c e s .
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s e v e r a l  re so n a n c e  p a i r s .  A ll  re so n a n c e  p a i r s  u sed  in  f ig u r e  14 a re  on 

t h e  h ig h -f re q u e n c y  s id e  o f  th e  t r a n s d u c e r  re so n a n c e  f re q u e n c y . A lthough 

a  c o r r e l a t i o n  betw een minimum p e rc e n t  e r r o r  and a  p a r t i c u l a r  re so n a n c e  

p a i r  i s  n o t  a p p a re n t from  f ig u r e  14, we se e  t h a t  th e  s m a l le r  v a lu e s  o f 

6 t y p i c a l l y  r e s u l t  in  l e s s  e r r o r  f o r  a  p a r t i c u l a r  c h o ic e  o f  re so n a n c e  

p a i r .

F ig u re  15 shows p l o t s  o f  th e  p e rc e n t  e r r o r s  in  th e  fo u r

a p p ro x im a tio n  fo rm u la s  a s  a  fu n c t io n  o f  f re q u e n c y  6 = 0 .1 0 9 . We se e

t h a t  th e  p r e s e n t  a p p ro x im a tio n  fo rm u la  h a s  th e  s m a l le s t  e r r o r  a t  each

fre q u e n c y  p o in t  shown e x c e p t th e  p o in t  n e a r e s t  th e  re so n a n c e  freq u en cy

o f  th e  t r a n s d u c e r  (2 .2 5  MHz). T h e re , th e  p r e s e n t  a p p ro x im a tio n  and th e

fo rm u la  o f  R ingerm acher e t .  a l .  a re  ro u g h ly  e q u a l in  a c c u ra c y . N ote

t h a t  th e  minimum e r r o r  f o r  6 = 0 .109  i s  o f  th e  o r d e r  o f  a few p a r t s  
4

in  10 .
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F ig u re  1 5 . -  R e s u l ts  o f  com puter s im u la te d  e x p e rim e n ts  com paring p e rc e n t  

e r r o r  in  Vg a s  a  fu n c t io n  o f  fre q u e n c y  f o r  2 .2 5  MHz PZT 

t r a n s d u c e r  bonded to  an aluminum sam ple (6 = 0 .1 0 9 ) .
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B. Bond e f f e c t s

We now c o n s id e r  th e  e f f e c t  o f  th e  bond w hich  c o u p le s  th e  t ra n s d u c e r  

to  th e  sam ple s u r f a c e .  Bond e f f e c t s  on s ta n d in g -w a v e  m easurem ents in  

s o l i d s  have g e n e r a l ly  been  n e g le c te d  in  th e  l i t e r a t u r e  b e c au se  th e  t h in  

bond was th o u g h t to  c o n t r ib u te  n e g l ig ib ly  to  th e  m easu rem en ts. We have

exam ined th e  e f f e c t  o f  th e  bond on th e  m easurem ents o f  V by n u m eri-s J

c a l ly  s o lv in g  e q u a tio n  (A -l)  f o r  m ec h a n ic a l re so n a n c e  f re q u e n c ie s  f™^g 

o f t h e  tra n s d u c e r -b o n d -s a m p le  r e s o n a to r  and e q u a tio n  (A-2) f o r  re so n a n c e  

f re q u e n c ie s  f™g o f  t h e  t ra n s d u c e r - s a m p le  r e s o n a to r .  I d e n t i c a l  p a ra ­

m ete rs  f o r  th e  t r a n s d u c e r  (PZT) w ith  2 .2 5  MHz re so n a n c e  f re q u e n c y ) and 

sam ple (alum inum ) w ere used  in  e q u a tio n s  (A -l)  and (A -2 ). The freq u en cy  

d i f f e r e n c e s  betw een a d ja c e n t  m ec h a n ic a l re so n a n c e  i s  Af™^ f o r  th e  

tra n s d u c e r-b o n d -s a m p le  r e s o n a to r ,  Af™ f o r  th e  tra n s d u c e r -s a m p le  

r e s o n a to r ,  and Af™ f o r  th e  i s o l a t e d  sam ple . The e r r o r  in  Vg was 

c a lc u la te d  from  (Af™, -  Af™ )/Af™ a t  each  sam ple re so n a n c e  fre q u e n c y
£  DS £  S  S

f™ betw een 0 and 5 MHz. s

P lo t s  o f  th e  p e rc e n t  e r r o r  a s  a  fu n c t io n  o f  fre q u e n c y  f o r  bond 

th ic k n e s s e s  o f  1 ,  5 , and 10 m ic ro m e te rs  a r e  shown in  f ig u r e  16. Each 

p o in t  in  th e  f ig u r e  i s  a t  a re so n a n c e  f re q u e n c y  o f  th e  sam ple . The 

c u rv e  i s  p e r io d i c  w i th  a  p e r io d  c o rre sp o n d in g  to  th e  t r a n s d u c e r  

re so n a n c e  f re q u e n c y . At m u l t ip le s  o f  th e  t r a n s d u c e r  re so n a n c e  f r e ­

quency th e  c u rv e s  s im u lta n e o u s ly  p a s s  th ro u g h  z e ro  and e a c h  cu rve  a g a in  

p a s s e s  th ro u g h  z e ro  a t  n o n p e r io d ic  p o in ts  betw een th e  m u l t ip l e s .  An 

im p o rta n t f e a t u r e  o f  a l l  th e  c u rv e s  in  t h a t  th e  e r r o r  in c r e a s e s  a s  th e  

f re q u e n c y  in c r e a s e s .  The e r r o r  a ls o  in c r e a s e s  w i th  in c r e a s in g  bond 

th ic k n e s s  and a p p ro ach es  a m ag n itu d e  o f  a p p ro x im a te ly  0 . 6% a t  th e  h ig h e r  

f r e q u e n c ie s .
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F ig u re  1 6 . -  P lo t  o f  p e rc e n t  e r r o r  f o r  v a r io u s  bond th ic k n e s s  in  one 

t r a n s d u c e r  c a se .
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We conclude  from  e q u a tio n  (A-5) t h a t  th e  e r r o r  due to  th e  bond can 

in  some c a se s  be l a r g e r  th a n  th e  e r r o r  in  th e  tw o - re s o n a to r  approxim a­

t i o n  fo rm u las  f o r  V . F u r th e r ,  in  o rd e r  to  m in im ize  th e  c o n t r ib u t io ns *

o f  th e  bond to  th e  m easurem ent e r r o r  th e  bonds m ust be t h i n  and th e

compound r e s o n a to r  re so n a n c e  f re q u e n c ie s  m ust be chosen  a s  n e a r  as

p o s s ib le  to  th e  t r a n s d u c e r  re so n a n c e  fre q u e n c y .

3 . L a b o ra to ry  e x p e rim e n ts

In  o rd e r  to  t e s t  th e  above com puter m o d e ls , l a b o r a to r y  m easurem ents

w ere made on a  2 .5 1 7  cm t h i c k  p o l y c r y s t a l l i n e  aluminum sam ple u s in g  th e

21sam pled  c o n tin u o u s  wave ( to n e - b u r s t  s p e c tro sc o p y )  te c h n iq u e . M easure­

m ents w ere i n i t i a l l y  made w ith  a  1 .0 6  cm -d iam eter PZT t r a n s d u c e r  bonded 

to  t h e  aluminum sam ple w ith  c a s to r  o i l .  To m in im ize  bond e f f e c t s ,  th e  

f i r s t  and second  m ech an ica l re so n a n c e s  on th e  h ig h -f re q u e n c y  s id e  o f  

th e  t r a n s d u c e r  re so n a n c e  fre q u e n c y  (2 .0 6 5  MHz) w ere u se d . The v a lu e  o f  

Vg o b ta in e d  from  e q u a tio n  (A-9) w ere c a lc u la te d  to  be 6 .375  x 10"* cm /sec .

An in d ep e n d e n t m easurem ent o f  th e  sam ple v e lo c i ty  was o b ta in e d  by 

r e p la c in g  th e  s in g l e  bonded PZT t r a n s d u c e r  w ith  c a p a c i t iv e  t r a n s m i t t i n g  

and r e c e iv in g  t r a n s d u c e r s .  S in c e  th e  c a p a c i t iv e  t r a n s d u c e r s  a r e  non­

c o n ta c t in g ,  th e  sam ple ends v ib r a t e d  w ith  e f f e c t i v e l y  f r e e - f r e e  boundary 

c o n d it io n s  and no t r a n s d u c e r  on bond c o r r e c t io n s  w ere r e q u i r e d .  H ence, 

t h e  p rob lem  red u c e d  to  t h a t  o f  a  s im p le  s ta n d in g -w a v e  m easurem ent on a 

s in g l e  r e s o n a to r  -  th e  sam ple.

The v a lu e s  o f  Vg o b ta in e d  w ith  th e  c a p a c i t iv e  t r a n s d u c e r s  i s  

ta k e n  as  th e  r e f e r e n c e  v a lu e  f o r  th e s e  e x p e rim e n ts  and was found to  be 

6 .3 6 3  x 10^ cm /sec . T h is  v a lu e  i s  0.189% lo w er th a n  th e  v a lu e  o b ta in e d  

w ith  th e  bonded PZT t r a n s d u c e r  u s in g  e q u a tio n  (A -9 ). The 6 v a lu e  

f o r  t h e  bonded t r a n s d u c e r  m easurem ents was c a lc u la t e d  to  be 0 .1 1 5 .
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A ccord ing  to  f ig u r e  14, th e  e r r o r  in  e q u a tio n  (A-9) f o r  6 = 0 .115  i s  

e s t im a te d  to  be +0.25% when th e  f i r s t  and second  re so n a n c e  p a i r  i s  u se d . 

The p lu s  s ig n  means t h a t  th e  bonded t r a n s d u c e r  m easurem ent g iv e s  a  v a lu e  

o f  Vg w hich  i s  g r e a t e r  th a n  th e  r e f e r e n c e  c a p a c i t iv e  t r a n s d u c e r  

m easurem ent. The s ig n  o f  th e  e r r o r  and i t s  s ig n i f i c a n c e  was d e te rm in ed  

from an e x a m in a tio n  o f  th e  com puter d a ta  w hich g e n e ra te d  th e  p o in t  in  

t h e  p lo t  o f  f ig u r e  14. The m agn itude  and s ig n  o f  th e  e r r o r  i s  c o n s is ­

t e n t  w ith  th e  e r r o r  a c t u a l l y  r e a l i z e d  betw een  t h e  bonded t r a n s d u c e r  

m easurem ents and th e  c a p a c i t i v e  t r a n s d u c e r  m easurem ents.

The c o n t r ib u t io n  o f  th e  bond to  th e  c o n ta c t in g  PZT t r a n s d u c e r  

m easurem ent e r r o r  was m in im ized  by s e le c t i n g  th e  compound r e s o n a to r  

re so n a n c e  p a i r  n e a r e s t  th e  re so n a n c e  fre q u e n c y  o f  th e  t r a n s d u c e r  

( f fc = 2 .0 6 5  MHz) and by  w rin g in g  th e  t r a n s d u c e r  o n to  th e  sam ple s u r f a c e  

to  m inim ize th e  bond t h ic k n e s s .  The bond th ic k n e s s  was e s t im a te d  to  be 

3-5  m ic ro m e te rs  w hich a c c o rd in g  to  f ig u r e  16 p ro d u ce s  an e r r o r  in  th e  

m easurem ents o f  a p p ro x im a te ly  -0 .09% . The n e g a t iv e  s ig n  means t h a t  

th e  e f f e c t  o f  t h e  bond i s  to  y i e l d  a m easurem ent o f  Vg w ith  th e  con­

t a c t i n g  PZT t r a n s d u c e r  w hich i s  l e s s  th a n  th e  r e f e r e n c e  v a lu e  o b ta in e d  

w ith  t h e  c a p a c i t iv e  t r a n s d u c e r s .  Combining th e  -0.09%  bond e r r o r  w i th  

th e  +0.25% e r r o r  in  e q u a tio n  (A -9 ) , we o b ta in  a  r e s u l t i n g  t h e o r e t i c a l  

e r r o r  o f  +0.16% . T h is  t h e o r e t i c a l  e r r o r  i s  c o n s i s t e n t  w ith  th e  +0.189% 

e r r o r  m easured  e x p e r im e n ta l ly .

For th e  p a r t i c u l a r  c h o ic e  o f  p a ra m e te rs  u sed  in  e x p e r im e n ts , th e  

c o n tr ib u t io n  o f  t h e  bond to  t h e  m easurem ent e r r o r  i s  sm a ll compared to  

th e  e r r o r  in  th e  tw o - re s o n a to r  e x p re s s io n  f o r  Vg (e q u a tio n  (A -9 )) .  I t  

i s  c l e a r  from  f ig u r e  1 6 , how ever, t h a t  a  t h i c k  bond and a  p o o r c h o ic e  

o f  re so n a n c e  p a i r  w ould have p roduced  an e r r o r  from  th e  bond much l a r g e r  

th a n  t h a t  from  e q u a tio n  (A -9 ) .
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4 . C onclusion

We hav e  deve loped  a  more a c c u r a te  fo rm u la  f o r  th e  e x p l i c i t  

c a lc u la t io n  o f  th e  sam ple v e lo c i ty  from  s ta n d in g  wave m easurem ents o f 

th e  compound r e s o n a to r .  The l i m i t a t i o n s  o f  th e  e q u a tio n  have been  

e x p lo re d  u s in g  com puter m odels o f  t y p i c a l  e x p e rim e n ta l c o n d i t io n s .  The 

a c cu ra cy  o f  th e  fo rm u la  in c r e a s e s  w i th  d e c re a s in g  v a lu e s  o f  6 and 

depends on th e  c h o ic e  o f  th e  re so n a n c e  p a i r .  L a b o ra to ry  m easurem ents 

o f  th e  sam ple  v e lo c i ty  u s in g  a  PZT t r a n s d u c e r  bonded to  a  s o l i d  w ere 

compared to  m easurem ents o f  t h e  v e lo c i ty  u s in g  n o n c o n ta c tin g  c a p a c i t iv e  

t r a n s d u c e r s  and w ere found to  be c o n s i s t e n t  w ith  p r e d i c t i o n s  o f  t h e  

com puter m odels u s in g  th e  p r e s e n t  fo rm u la .

For a  s o l i d  th ic k n e s s  o f  th e  o r d e r  o f  a few c e n t im e te r s ,  v a lu e s  
- 3

o f  6 a p p ro a c h in g  10 a re  p r a c t i a b l y  p o s s ib le  f o r  f re q u e n c ie s  o f  th e  

o r d e r  o f  10 MHz o r  above . Such v a lu e s  o f  6 y i e l d  t h e o r e t i c a l  

a c c u r a c ie s  o f  p a r t s  in  10^ when th e  p r e s e n t  fo rm u la  i s  u s e d .  However, 

th e s e  a c c u r a c ie s  a re  s e v e r e ly  l im i t e d  by o n e 's  a b i l i t y  to  m in im ize  th e  

e r r o r  from  th e  bond. The p r e s e n t  com puter m odel o f  th e  bond e r r o r  

s u g g e s ts  t h a t  t h e  t h e o r e t i c a l  l im i t  can be  approached  o n ly  when th e  

bond th ic k n e s s  i s  m in im ized  and  when th e  re so n a n c e  p a i r  n e a r e s t  th e  

t r a n s d u c e r  re so n a n c e  f re q u e n c y  i s  chosen  f o r  th e  m easurem ents. For 

l i q u i d  sa m p le s , bond c o n s id e r a t io n s  a r e  n o t  n e c e s s a ry  and  th e  t h e o r e t i ­

c a l  l i m i t s  o f  a c c u ra c y  a re  more e a s i l y  a p p ro ach ed .

The c o r r e c t io n  fo rm u la  f o r  s ta n d in g  wave p h ase  v e lo c i ty  m easurem ents 

f o r  t h e  two t r a n s d u c e r  th ro u g h  t r a n s m is s io n  m ethod i s  o b ta in e d  u s in g  

th e  same a p p ro ach  a s  in  th e  one t r a n s d u c e r  r e f l e c t i o n  c a s e .  The d e r i ­

v a t io n  o f  t h e  im proved c o r r e c t io n  fo rm u la  a lo n g  w ith  th e  com puter and 

l a b o r a to r y  v e r i f i c a t i o n  a re  g iv e n  in  d e t a i l  in  r e f e r e n c e  37.
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