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1. Introduction
1.1. Main definitions and main results

Let © be an open subset of R™. We recall that, given m € N and p € [1,0¢], the
homogeneous Sobolev space L;*(€2) consists of all functions f € Ly 0.(£2) whose dis-
tributional partial derivatives on Q of order m belong to L,(2). See, e.g., Maz’ya [27].
Ly (£2) is seminormed by

£ L) =Y D i, ¢ lal =m}.

As usual, we let W*(€2) denote the corresponding Sobolev space of all functions
f € L,(R?) whose distributional partial derivatives on € of all orders up to m belong to
L,(£2). This space is normed by

1fllwm o) = Z{”DafHLp(Q) sal < mj}.

Definition 1.1. We say that a domain 2 C R" has the Sobolev L}'-extension property
if there exists a constant 6 > 1 such that the following condition is satisfied: for every
[ € L;(9) there exists a function F' € L*(R") such that F|o = f and

IFlLm@ey < Ol fllLmo) - (1.1)

We refer to any domain €2 which has this property as a Sobolev Ly -extension domain.
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Note that in this definition we may omit the requirement of the existence of a constant
0 satisfying inequality (1.1). (This follows easily from the Banach Inverse Mapping The-
orem, see Subsection 7.1.) Nevertheless for our purpose it will be convenient to introduce
the parameter 0 and the following “index” associated with this parameter

e(Ly"(2)) := inf 0 (1.2)

which provides us with a way of quantifying the Sobolev extension property of .

We define Sobolev W,"-extension domains in an analogous way. (For various equiva-
lent definitions of Sobolev extension domains we refer the reader to Subsection 7.1.)

In this paper we study the following

Problem 1.2. Given p € [1,00] and m € N find a geometrical characterization of the
class of Sobolev L;'-extension domains in R™.

We give a complete solution to this problem for the family of bounded simply con-
nected domains in R? whenever p > 2 and m € N. Our main result is the following

Theorem 1.3. Let 2 < p < oo and let m € N. Let Q C R? be a bounded simply connected
domain. Then Q is a Sobolev L;'-extension domain if and only if for some constant
C > 0 the following condition is satisfied: for every x,y € ) there exists a rectifiable
curve v C Q joining x to y such that

/dist(u,aﬂ)ﬁ ds(u) < C'||lz — y||57j . (1.3)
v

Here ds denotes arc length measure along 7.

Inequality (1.3) motivates us to express the statement of Theorem 1.3 in terms of
certain intrinsic metrics. Following Buckley and Stanoyevitch [4], given « € [0,1] and a
rectifiable curve v C 2, we define the subhyperbolic length of v by

leny o(y) == /dist(u, o) ds(u). (1.4)
¥
Then we let do o denote the corresponding subhyperbolic metric on Q given, for each
xz,y € Q, by

doo(z,y) = inf leny o(7) (1.5)
¥

where the infimum is taken over all rectifiable curves v C € joining z to y.
The metric d, o was introduced and studied by Gehring and Martio in [12]. Note that
leng o and dp o are the well-known quasihyperbolic length and quasihyperbolic distance,
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and len; o and d; o are the length of a curve and the geodesic metric on () respectively.
For various equivalent definitions and other properties of subhyperbolic metrics we refer
the reader to [2-5,26,34,35]. See also Subsection 7.2.

Now inequality (1.3) can be reformulated in the form

dog(z,y) <Cllz—y|* with o=22
which leads us to work with a certain class of domains, essentially those which were
introduced in [12]. See also [2-5,26]. In our context here, it seems convenient to use the
following terminology which is different from that of [12] and other papers.

Definition 1.4. For each « € (0, 1], the domain  C R"™ is said to be a-subhyperbolic if
there exists a constant C, o > 0 such that for every z,y € € the following inequality

dao(@,y) < Coallz —yl* (1.6)
holds.

For instance, a domain €2 is a 1-subhyperbolic if and only if ) is a quasiconver domain,
i.e., if the geodesic metric in ) is equivalent to the Fuclidean distance.

Given an a-subhyperbolic domain 2 C R™ we define a measure of its subhyperbolicity
by letting

54(2):=  sup L"Q(x’y) ) (1.7)

z,y€eN, x#y ||33‘ - yH(x
Now Theorem 1.3 can be reformulated as follows: For each p > 2 and each m € N,
a simply connected bounded domain Q@ C R? is a Sobolev Ly -extension domain if and
only if Q is a Z%f—subhyperbolic domain.
Actually we prove a slightly stronger version of this result which reveals a universal
quantitative connection between Sobolev extension properties of a simply connected

bounded domains and their interior subhyperbolic geometry.

Theorem 1.5. Let 2 < p < 0o and let m € N. Let Q C R? be a bounded simply connected
domain. Then § is a Sobolev Ly -extension domain if and only if so(S2) is finite. In that
case £ also satisfies

Le(L(Q) < 5a(Q) < Ce(LI(Q)77T  where a = £=2 (1.8)

= P
and C > 0 is a constant depending only on p and m.
An approach which we develop in this paper when combined with certain results which

were obtained earlier in [34] enables us to prove the following interesting self-improvement
property of Sobolev extension domains. Its proof can be found in Subsection 7.2.
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Theorem 1.6. Let 2 < p < oo and let m € N. Let Q C R? be a bounded simply connected
domain. Suppose that € is a Sobolev Lj'-extension domain.

Then Q is a Sobolev L’;—efctension domain for all ¢ > p and k € N where p € (2,p) is
a constant depending only on m, p and €.

We refer to this result as an “open ended property” of planar Sobolev extension
domains.

1.2. Historical remarks

Before we discuss the main ideas of the proof of Theorem 1.3 let us recall something
of the history of Sobolev extension domains. It is well known that if € is a Lipschitz
domain, i.e., if its boundary 902 is locally the graph of a Lipschitz function, then Q is a
W -extension domain for every p € [1,00] and every m € N (Calderén [7], 1 < p < o0,
Stein [37], p = 1,00). Jones [21] introduced a wider class of (e, d)-domains and proved
that every (g, d)-domain is a Sobolev W-extension domain in R™ for every m > 1 and
every p > 1. Burago and Maz’ya [6,27], Ch. 6, described extension domains for the space
BV(R™) of functions whose distributional derivatives of the first order are finite Radon
measures.

Let us list several results related to Theorem 1.3. An analogue of Theorem 1.3 for
the space W) (R?) has been earlier noted in the literature, see [34]. In particular, the
necessity part of this result was proved by Buckley and Koskela [2], and the sufficiency
part by Shvartsman [34].

For p = oo inequality (1.3) is equivalent to the quasiconvexity of the domain €. In
particular, it can be easily seen that the class of bounded L!_-extension domains coincides
with the class of quasiconvex bounded domains. The situation is much more complicated
for m > 1. This case has been studied by Whitney [38] and Zobin [42] who proved the
following;:

(i). (Whitney) Let m > 1 and let Q be a bounded quasiconver domain in R™. Then Q
is an L7 -extension domain;

(ii). (Zobin) Every finitely connected bounded planar L -extension domain is quasicon-
ve.

Zobin [41] also proved that for every m > 1 there exists an infinitely connected
bounded planar domain £2,, which is an L7 -extension domain but it is not an
LE -extension domain for any k,1 < k < m. In particular, £, is not an L!_-extension
domain, so that it is not quasiconvex.

The first result related to description of Sobolev extension domains in R? for 1 <
p < 0o was obtained by Gol’dstein, Latfullin and Vodop’janov [14-16] who proved that a
simply connected bounded planar domain €2 is a Sobolev Li-extension domain if and only
if its boundary is a quasicircle, i.e., if it is the image of a circle under a quasiconformal
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mapping of the plane onto itself. See also [13]. Jones [21] showed that every finitely
connected domain Q C R? is a Wj-extension domain if and only it if its boundary
consists of finite number of points and quasicircles; the latter is equivalent to the fact
that © is an (e, d)-domain for some positive ¢ and §. Christ [8] proved that the same
result is true for W2-extension domains.

Maz’ya [27] gave an example of a simply connected domain  C R? such that Q is a
Wz}—extension domain for every p € [1,2), while R2\ Q¢ is a W}}—extension domain for
all p > 2. However the boundary of 2 is not a quasicircle. See also [25].

Koskela, Miranda and Shanmugalingam [24] showed that a bounded simply connected
planar domain €2 is a BV-extension domain if and only if the complement of Q is qua-
siconvez. (This result partly relies on the above-mentioned work of Burago and Maz’ya
[6].)

We refer the reader to [8,18,19,22,23,27,28,39,40] and references therein for other
results related to Sobolev extension domains and techniques for obtaining them.

1.8. Our approach: “The Wide Path” and “The Narrow Path”

Let us briefly indicate the main ideas of the proof of Theorem 1.3.
Shvartsman [34] proved that e(W;"(2)) < C(m,p) s4(Q2) provided that p > n > 1,

p—n
p—17
means that (2 satisfies inequality (1.6) for all z,y € Q such that ||z — y|| < ¢ where § is

a = and € is an arbitrary locally a-subhyperbolic domain in R™. (The locality
a positive constant depending only on « and 2.)

Trivial changes in the proof of this result (mostly related to omitting calculation of
L,-norms of derivatives of order less than m) lead us to a similar statement for the space
Ly (R™) which we now formulate.

Theorem 1.7. Let n < p < oo and let Q C R"™ be an a-subhyperbolic domain where

o= I;T’f. Then § is a Sobolev Ly -extension domain for every m > 1.
Furthermore, e(L;' () < Cs4(Q2) where C is a constant depending only on n, m

and p.

Applying this theorem to an arbitrary bounded simply connected domain Q C R? we
obtain the sufficiency part of Theorem 1.3 and the first inequality in (1.8).

We turn to the proof of the necessity part of Theorem 1.3 and the second inequality
n (1.8). These statements are equivalent to the following

Theorem 1.8. Let 2 < p < oo, m € N, and let o = g%?. Let Q C R? be a bounded simply

connected domain. Suppose that there exists a constant 0 > 1 such that every function
f e L7 (Q) extends to a function F e L7 (R?) for which [ Fll @)y < O fllLm @)
Then for every x,y € Q the following inequality

do0(2,9) < Cllz —y|* (1.9)
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holds. Here C' = 59% where C is a positive constant depending only on m and p.

Let us describe the main steps of the proof of inequality (1.9). Let 2 be a domain
satisfying the hypothesis of Theorem 1.8. Suppose that £ and y are a pair of points in
Q) for which there exists a function F,, € L'(f2) (depending on Z and %) which has the
following properties:

DPF,(z)=0 forall 8, || =m—1, (1.10)
[Emllzm @) < C1 (1.11)
and
dao(®,9) "7 < C2 Y |D°Fu(y) (1.12)
|8|=m—1

where C7 and Cs are certain positive constants depending only on m, p and 6. We shall
prove that the existence of such a function F},, implies that

doa(2,9) < Cllz —g|* with a = £ (1.13)

and C' = C(m,p,0).
In fact, since (2 is an Lj'-extension domain, the function F,, extends to a function
2 .
F € L (R?) with
[FllLm @2y < O Fmllom@) < C16. (1.14)

By the Sobolev—Poincaré inequality, the partial derivatives of F of order m — 1 satisfy
the Hoélder condition of order 1 — %, ie.,

|DPF(u) — DPF(v)] < Cs | Fllpmelu— o] (1.15)

for all B with || =m — 1 and all u,v € R% Here C5 = C3(m,p). See, e.g., [27] or [28].
By (1.10),

Y. IDPEapl= Y |ID'F(@) - D°F(y)

|8l=m—1 |8l=m—1

so that applying (1.15) to & and § we obtain

_2 _ _nl1=2
> IDPFn@)| < CaCs[|Fllrpme 2 —gll' > < CaCsCrOlz -]
|Bl=m—1

(1.16)
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Here Cy = Cy(m). Hence, by (1.12),

doa(#,9)' 77 < Cy > |IDPFu(y)| <C1CC5Ca0llz—g'™r  (117)
|Bl=m—1

proving (1.13).

These observations enable us to reduce the proof of Theorem 1.8 to constructing a
function F,, = (- 2 z,y) € L' (S2) satisfying conditions (1.10), (1.11) and (1.12). This
must be done for each pair of points Z and g in Q (subject of course to the requirement
that € satisfies the hypotheses of the theorem). We refer to F,,, as a “rapidly growing”
function associated with the points x and y.

As we have mentioned above, two particular cases of Theorem 1.8 were proved earlier
by Zobin [41] (for the space L™ (R?), m € N), and by Buckley and Koskela [2] (for the
space L;,(R2), 2 < p < 00). In [41] a construction of the “rapidly growing” function
F,, suggested by Zobin relies on the existence of a certain chain of subdomains of €2,
so-called “rooms” and “enfilades”, which joins Z to g in Q. In [2] Buckley and Koskela
construct the function Fj, using another approach which involves cutting the domain €2
into certain disjoint pieces of suitable geometry (so-called “slices”). See [41] and [2] for
the details. These two approaches are very different. We were not able to find a direct
and simple generalization of either of them to the case of the Sobolev space L;*(Q) for
arbitrary p > 2 and m € N.

In this paper we suggest a new method for constructing the “rapidly growing” func-
tions defined on bounded simply connected planar domains. In a similar spirit to [41] and
[2], given Z,y € Q we also construct the function Fy,, = F,,,(- : Z,y) using a special chain
of touching subdomains of €2 joining z to y. A convenient feature of our construction is
that each subdomain of this chain has a very simple geometrical structure — it is an open
square lying in ).

Let us describe our approach in more detail. It is based on the existence of two
geometrical objects associated with the points Z,y € . We refer to these objects as
“The Wide Path” and “The Narrow Path”. Both “The Wide Path” and “The Narrow
Path” are open subsets of {2 and they both have a rather simple geometrical structure.
More specifically, each of these sets is a chain of open touching subsquares of €} joining
T toy.

We describe the geometrical structure of “The Wide Path” more precisely in the next
theorem. In its formulation and everywhere below the word “square” will mean an open
square in R? whose sides are parallel to the coordinate azes. By E! we denote the closure
of a set E C R?, and by E° its interior.

Theorem 1.9 (“The Wide Path Theorem”). Let 2 be a simply connected bounded domain
in R?, and let &,y € Q. There exists a finite family

Sa(Z,y) = {51, 52,..., 5k}
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of pairwise disjoint squares in € such that

(i). © €Sy and y € SY;
(it). S{'NSA L NQ#0 foralli=1,.... k=1, but S{'NSTNQ =0 forall 1 <i, j <k
such that |i — j| > 1;
(iii). For everyi=2,...,k — 1 the open set Q\ S§! is not connected, and the sets

U Sj and U Sj

Jj<i j>i
belong to distinct connected components of 0\ S$.

This result is the main ingredient of our geometrical construction. We consider the
proof of Theorem 1.9, which we present in Sections 2 and 3, to be the most difficult
technical part of this paper.

It may happen that for certain i € {1,...,k — 1} the intersection S§' NS¢ | is exactly
a singleton {w;}. In this case we define an additional square S; centered at {w;} of
diameter 26 where § is a sufficiently small positive number. See Definition 4.7. We put
S; := 0 whenever i = k or when S¢tn SEL, is ot a singleton and 1 < i < k.

Let

WpED (CJ (Sfl U §)> . (1.18)

We refer to the open set ng,g) as a “Wide Path” joining Z to y in €.
See Fig. 1 for an example of a domain 2, points z,y € 2 and a “Wide Path” joining
Z to gy in  which consists of twelve consecutively touching squares S;,i =1,...,12.

/=7

SS

X { s N\
S 10
S S
s, S, ’ Q Si
‘ J | s
y

Fig. 1. An example of a “Wide Path” joining Z to y in Q.
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The set W’Pg 9 s an open subset of ) possessing a number of pleasant proper-
ties which we present and prove in Section 3. In Section 4 we study Sobolev extension
properties of “The Wide Path”. The following extension theorem is the main result of
that section.

Theorem 1.10. Let p > 2 and m € N. Let z,y €  where Q0 is a simply connected
bounded domain in R2. If  is a Sobolev Ly -extension domain, then any “Wide Path”
W= ng,g) Jjoining T to y in ) has the Sobolev Ly -extension property.

Furthermore,

e(Ly'(W)) < Ce(Ly'(2)) (1.19)
where C' is a constant depending only on m and p.

(See (1.2) for the definition of the indices appearing in (1.19).)

Our next step is to construct “The Narrow Path”. More specifically, in Section 5, given
any “Wide Path” W = ng’g) generated from a family {S1,Ss, ..., Sk} of squares, we
prove the existence of a family Qq(z,y) = {Q1, @2, ..., Qx} of pairwise disjoint squares
having several “nice” properties. Let us list some of them: (i). @; = S1, Qr = Sk, and
Qi CS;, 1 <i <k (ii). Q'NQFL, #0,1 < i < k—1; (iii). diam Q41 < 2dist(Qs, Qit2)
provided Qfl N S’f_l‘_z =@ and 1 <3<k — 2. See Proposition 5.3.

Let

NPED = (Q (le U g)) _ (1.20)

We refer to the open set Npg’g) as a “Narrow Path” joining Z to g in Q.
Fig. 2 shows a “Narrow Path” corresponding to “The Wide Path” shown in Fig. 1.

S, S,

S5 S,

=5
Ql 1 0 Q5 Q9
: 0, g
5
A_I Qm
5
0 7 0,-5,
o) 2 Q4 @ 8 Qn
S,
S, s, 0, =S, S
y

Fig. 2. A “Narrow Path” joining Z to g in Q.
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“The Narrow Path” AN/ = N Pg P has a simpler geometrical structure than “The
Wide Path” W = ng %) Furthermore its extension properties are similar to those
of ng D In particular Theorem 5.11, which is proved in Section 5, states that every
function f € L7Y(N) extends to a function F € L' () such that

3

L (Q) < C(m,p) 92Hf| L (N) (1.21)
provided 2 satisfies the hypothesis of Theorem 1.8.

In Section 6 we construct the “rapidly growing” function Fj,,. We do this in two steps.
In the first step we define a function h,, on “The Narrow Path” N = Npg’y) (see
Definition 6.8). We prove that

DPhp,(z) =0, 1Bl =m —1, (1.22)
ol iy SC D2 1D (@)l daa(@9) < C D ID hu(®)| (1.23)
|B|=m~—1 [Bl=m~—1

where C' is a constant depending only on m and p. (See Proposition 6.11.)
In the second step of this procedure, using Theorem 5.11, we extend h,, to a function
Hy, € L*(S2) such that

||Hm||L;"(Q) < C(m,p,0) ||hmHL;"(N)'

(See inequality (1.21).) In Proposition 6.12 we prove that properties similar to (1.22)
and (1.23) also hold for the function H,,. (See (6.2), (6.3) and (6.4).)
Finally, we define the function Fj, by

Tl=

Fp(u:2,9):=| Y [DPHu@)|| - Hn(u:2,9), ueQ.
|Bl=m—1

It can be readily seen that the above-mentioned properties of H,, imply (1.10), (1.11)
and (1.12) proving that F,, is a “rapidly growing” function associated with z and y.

This completes the proof of inequality (1.9) and therefore also the necessity part of
Theorem 1.3.

2. “The Square Separation Theorem” in simply connected domains
2.1. Notation and auxiliary lemmas
Let us fix some additional notation. Throughout the paper C, Cy, Cs, . .. will be generic

positive constants which depend only on m and p. These constants can change even in
a single string of estimates. The dependence of a constant on certain parameters is
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expressed, for example, by the notation C' = C(p). We write A ~ B if there is a constant
C > 1 such that A/C < B < CA.

As is customary, the word “domain” means an open connected subset of R2. By S(R?)
we denote the family of all open squares in R? whose sides are parallel to the coordinate
axis. Given a square S € S(R?) by cs we denote its center and by rg half of its side
length. Given A > 0 we let A.S denote the dilation of S with respect to its center by a
factor of X. We let S(c,7) denote the square in R? centered at ¢ with side length 2r.
We refer to r = rg as the “radius” of the square S(c,r). Thus S = S(cg,rs) and
AS = S(cg, Arg) for every constant A > 0.

We say that squares S7 and Sy are touching squares

if S1NS,=0 but SINSS £0.

We denote the coordinate axes by Oz, and Oz,. We also refer to the axis Oz; as the
zj-axis, j = 1,2. Given z = (z1,22) € R? by

[[2[] := max{[z1], [z2[} (2.1)

and by [|z]|2 := (|z1]*> + |22/2)2 we denote the uniform and the Euclidean norms in R?2
respectively.
Let A, B C R?. We put diam A := sup{|la — @/ : a,a’ € A} and

dist(A4, B) :=inf{|la—b|| : a € A,be B}.
Given ¢ > 0 and a set A C R? by [A]. we denote the e-neighborhood of A:
[A]. := {z € R? : dist(z, A) < ¢}. (2.2)

The Lebesgue measure of a measurable set A C R? will be denoted by |A|. By #4 we
denote the number of elements of a finite set A.

Lettg=0<t; <ty <--- <ty =1, andlet ¥ :[0,1] — R? be a continuous mapping
which is linear on every subinterval [¢;,¢;41]. We refer to the curve v = ¥([0,1]) as a
polygonal curve. Thus + is the union of a finite number of line segments [U(¢;), U(¢;11)],
i =0,...,m — 1. We refer to these line segments as edges. An endpoint of an edge is
called a vertez.

In what follows the word “path” will mean a polygonal curve. We say that a path
is simple if it does not self intersect. We also refer to a simple closed path as a simple
polygon.

Finally, for each pair of points z; and 23 in R? we let [21, 23], (21, 22), [21, 22), (21, 22]
denote respectively the closed, open and semi-open line segments joining them.

Let us present several auxiliary geometrical results which we use in the sequel. First
of them relates to certain properties of squares in R2. Recall that we measure distances
in R? with respect to the uniform norm in R?, see (2.1).
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Lemma 2.1. Let S; = S(c1,71) and Se = S(ca,72) be squares in R2. Then:
(i). S1 C Sy if and only if 11 <19 and ||c; — ez < 1o — 1y
(ii). S1N Sz # 0 if and only if ||c1 —co|| <r1+72;
(iii). S1 and Sy are touching squares if and only if ||c1 — co|| = r1 + ro. In this case
SN SS = 081 N DSy, and the set S{' N SS is either a line segment or a point.
Furthermore,

[Cl, CQ] n Siﬂ N Sgl = {A} (23)
where A = acy + (1 — a)cg with a :=ro/(r1 + r2).

An elementary proof of the lemma we leave to the reader as an easy exercise.
The following statement is well known in geometry.

Lemma 2.2. Let Q be a domain in R2.

(7). Every two point in  can be joined by a simple path;

(ii). Let x,y € Q and let T’ be a path connecting x to y in Q. Then there exists a
simple path v C I which joins x to y.

We will also need certain well known results related to the Jordan curve theorem for
polygons and certain properties of simply connected planar domains. We recall these
results in the next statements. See, e.g. [9] and [10].

Statement 2.3. (i). Consider a simple polygon P in the plane. Its complement R? \ P
has ezxactly two connected components. One of these components is bounded (the interior)
and the other is unbounded (the exterior), and the polygon P is the boundary of each
component;

(ii). Let Q@ be a simply connected planar domain. Then the interior of any simple
polygon P C Q) lies in Q2.

Definition 2.4. Let y/,y” € R? and let P C R? be a simple polygon. We say that the
line segment [y, y"'] strictly crosses P if [/, y"] N P = {A} for some A € P, and one of
the following conditions is satisfied:

(). A is not a vertex of P;

(ii). If A is a common vertex of edges [/, A] and [A4, 2] in the polygon P, then the
straight line ¢ passing through ' and 3" strictly separates z’ and 2”. (Le., 2’ and 2" lie
in distinct open half-planes generated by £.)

Statement 2.5. Let y/,y"” € R? and let P C R? be a simple polygon. If [y, y"] strictly
crosses P, then y' and y" lie in distinct connected components of R?\ P.

In particular, let v be a simple path with ends at points x and y. If v crosses P exactly
once at a point which is not a vertex of P and not a vertex of v, then x and y lie in
distinct components of R?\ P.
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We turn to the proof of Theorem 1.9. Its main ingredient is the following statement.

Theorem 2.6 (“The Square Separation Theorem”). Let Q be a simply connected domain
in R%. Let S C Q be a square such that

2SN o # 0.
Let B € Q\ Sl Then there exists a square Q@ C '\ Sel satisfying the following
conditions:
(). QLN SN Q #0;
(i3). Either B € Q°! or

S and B lie in different connected components of 2\ Q°'. (2.4)

See Fig. 3.

Fig. 3. The square @ “separates” the square S from the point B in .

In the sequel we let ¢ and R denote the center and the “radius” of S respectively; thus

S = S( R).

The proof of Theorem 2.6 relies on a series of auxiliary results. Towards their formu-
lation let us introduce several definitions and notations.

Definition 2.7. Fix a point w € a5 N oN. By < we denote the total ordering on the set
95\ {w} induced by the clockwise direction on 95S.

Given a,b € 8S \ {w}, a # b, we define the open interval (a,b),3, closed interval
[a,b],g and semi-open intervals (a,b],g and [a,b),5 by letting

(a,b)agz{x685\{w}:a<x<b,x7§a,b},

la,blyg = (a,b) 55 U {a,b} and (a,b],5 = (a,b),5 U {b}, [a,b)y5 = (a,b),5 U {a}.



P. Shvartsman, N. Zobin / Advances in Mathematics 287 (2016) 237-346 251

In particular, every connected component T of a8 \ 0N = 08N is an open interval
in 8§\ {w}, completely determined by its beginning b7 and its end er. Thus by, er €
08 NON, by <er and T = (br,e1)s5 -

It is also clear that for every two distinct connected components Ty and 7y of 95\ 99
either ey, < by, or e; < by,. We also notice the following important properties of the
components To and 71:

(e70,077) 55 MO # O provided ey < br;.

Lemma 2.8. (i). Let G be a connected component of O\ S°. There exists a unique
connected component T = T(G) of S\ 00 having the following property:

YV z € G and every y € T can be joined by a path v such that v\ {y} CG (2.5)

(ii). For every connected component T of o8 \ O there exists a unique connected
component G of Q\ S which satisfies condition (2.5).

Proof. First we prove the following

Statement A: Let G be a connected component of Q\ S and let 7 be a connected
component of 95 \ 9Q. Let xg € G and let py € T. Suppose that

there exists a path 7 which joins zg to pg such that v \ {po} C G. (2.6)

Then condition (2.5) holds.

Let us prove this statement. Since every z € GG can be connected to xg by a path in G,
to prove (2.5) it suffices to show that for each y € T there exists a path v which joins
xo to y such that v\ {y} C G.

Without loss of generality we can assume that py and y belong to the same side of
the square S. In other words, we can assume that I := [pg,y] C 7. Since I is a compact
subset of Q, we have ¢ := dist(I,08)/2 > 0.

Recall that [I]. denotes the e-neighborhood of I, see (2.2). Then, by definition, [I]. C
Q. Furthermore, the set D, := [I]. \ S is an open rectangle.

Since 7p is a continuous curve which joins xg to pg, there exists a point p € vo N [1]..
Since 7o \ {po} € G C 2\ S, we conclude that j € D.. Let v, := [p,y] and let 7o be
the union of «; and the subarc of vy from x(y to p. Since the rectangle D, is convex,
v\ {y} C D: C Q so that 2 \ {y} C Q. Since zg € 72 we conclude that v, \ {y} C G
proving Statement A.

Let us prove part (i) of the lemma. Fix a point gy € G. By 79 we denote a path in Q
which connects g to the point ¢, the center of the square S. See Lemma 2.2.
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Since xo ¢ S and ¢ € §C17 there exists a point
po€dS\ 9N =05NQ

such that 7o \ {po} C G. Let T = T(G) be a connected component of 85 \ 9 which
contains pg. Since condition (2.6) is satisfied, by Statement A, condition (2.5) holds.

Prove the uniqueness of the component 7 = T (G). Suppose that the set a8 \ 00
contains two distinct connected components, T’ and T, T' # T", such that for every
x € G and every 3y € T',y" € T" there exist paths ' and 7" joining = to 3" and y”
respectively such that

Y\{y'} CG and "\ {y"} CG. (2.7)

Fix a point £ € G and points p’ € T’ and p” € T”. Without loss of generality we can
assume that p’ < p”. Let

Vo:=(p")ys and Vi:= 35\ '.0"]55-

Then Vo UV, = 3§\ {v',p"}.

Since p’ € T', p”" € T"” and T’ # T", we have Vo € Q. In fact, if Vj C ©, then p’ and
p" belong to the same connected component of S \ 9 so that T/ = T, a contradiction.
In the same way we prove that V3 ¢ Q.

Thus there exist points yo € V5 \ 2 and y; € V1 \ Q. Prove that the existence of these
points leads us to a contradiction. By (2.7), there exist paths IV and T which connects
Z to p’ and p” respectively, and such that the sets TV \ {p'} and T\ {p”} lie in G. Hence
I:=T/UT” is a path which joins p’ to p” such that T'\ {p’,p”} C G.

By part (ii) of Lemma 2.2, there exists a simple path v1 C I" which connects p’ to p”.
Hence, v \ {p/,p”"} C G so that v, \ {p/,p"} € R2\ S

Let v2 := [p/, ¢ and let 3 := [¢, p”’]. Then the loop 7 := 1 U2 U~y is a simple closed
path in €, i.e., 7 is a simple polygon. See Fig. 4.

Fig. 4. p' € T',p"” € T" and ~; joins p’ to p’’ in R?\ 5.
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By the Jordan curve theorem, see part (i) of Statement 2.3, the complement of 7,
the set R?\ 7, consists of exactly two connected components — the interior component
(which is a bounded set), and the exterior component (which is an unbounded set). We
denote these components by D;,; and D.,; respectively. The polygon 7 is the boundary
of these domains, i.e.,

i = 0Djnt = 0D eyt

Furthermore, since € is a simply connected domain and 7 C 2 is a simple polygon, by
part (ii) of Statement 2.3,

D C €L (28)

Clearly, there exists a polygonal path 4/ (with at most two edges) which joins yg to
y1 in S and crosses (p’, ¢ U [é,p") exactly once at a point which is not ¢ or a vertex of
/an
~'. Since

7 \ {p/,p//} C R2 \ Sv/cl7

the path 7/ has no common points with 71, so that 4’ crosses the simple polygon

Y=y U Unrs

exactly once at a point which is not a vertex of 5 or 4'. Hence, by Statement 2.5, the
points yo and y; lie in different components of R? \ 7.

Thus the component Dj,; contains either 3y or yi. But 39,71 € R? \ Q so that
Diny € Q. On the other hand, by (2.8), Dy,: C Q. We have obtained a contradiction
which proves part (i) of the lemma.

Prove (ii). Let 7 be a connected component of 95 \ 89 and let py € T. Since the
point po € 95 \OQ = SN Q, for an £ > 0 small enough the square S (po, e) C Q. Clearly,

J. = S(po,e) \ S

is a non-empty connected set. Also there exists a point xg € J. such that the line segment
[3707p0) C Je. _

Let G be a connected component of 2\ S which contains zg, and let o := [0, po)-
Since J. is a connected subset of Q\§°1 containing xq, we have J. C G. Hence vy \{po} C
G so that condition (2.6) is satisfied. On the other hand, by Statement A, condition (2.6)
implies (2.5) proving the existence of a connected component G satisfying part (ii) of
the lemma.

This proof also enables us to show the uniqueness of the component G. In fact, let G’
be a connected component of 2\ S such that any = € G’ and any y € T can be joined
by a path v with v\ {y} C G'. Let v be such a path which connects x € G’ to y = py.
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Since « is a continuous curve, there exists a point z € v N S(pg,e). But v C 2\ 5 so
that

z € S(po,e) \ 5 = J..

Since J. C G, we obtain that G NG’ # 0 proving that G’ = G.
The proof of the lemma is complete. O

Lemma 2.8 shows that 7 = T(G) is a one-to-one mapping between the families of
connected components of {2\ S and the families of connected components of 95 \ 092

We let G denote the mapping which is inverse to 7(G). Thus for every connected
component 7~ of 85\ 99 the set G = G(T) is the (unique) connected component of
Q\ S such that (2.5) is satisfied.

We also notice a simple connection between 7 and G = G(T):

T(G) =90G\ 9Q =9GN Q.
We turn to the next step of the proof of Theorem 2.6.
2.2. A parameterized family of separating squares and its main properties

Definition 2.9. Let B € Q\ S°. By Gz we denote the connected component of Q \ S¢!
containing B, and by Tg = T (Gpg) we denote the corresponding connected component
of 95\ 90 associated with G'g. We represent 7p in the form T = (b, e7,)y5 where
b1y, ers € 05, by, < er,. See Definition 2.7.

By Lemma 2.8, the component Tg is well defined.

Our aim at this step of the proof is to introduce a certain parametrization of squares
touching the square S = S(¢,R) and lying in Gp. Let z € dS and let r > 0. By K.(2)
we denote a square with “radius” r and center

2z =2+ 5(2—8).
Since ||z — ¢|| = R, we have
lzr el =llz+ (-8 —el =0+ pllz—¢l =R+r
so that, by part (iii) of Lemma 2.1,
K,(z) and S are touching squares. (2.9)

Furthermore, if 0 < r1 < ro, then

lzr, = 2l = llz+ F(z =) = (2 + E(z =)l =r2 — 1.
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Therefore, by part (i) of Lemma 2.1,
K, (z) C K,(z) whenever 0< 71y <rg

proving that the family of squares {K.(z) : r > 0} is ordered with respect to inclusion.
This motivates us to introduces the following

Definition 2.10. Let z € Tp. By K(z) we denote the mazimal (with respect to inclusion)
element of the family of squares

K(z) :={Kr(z): 7> 0,K,(z) CQ}.
We let ¢, and r, denote the center and the “radius” of K(z) respectively.

Thus K (z) is the square of the mazimal diameter belonging to the family of squares
K(z). It can be represented in the form

K(z) = S(Cmrz)a z€TB
where
c.=z+ E(z-20). (2.10)

See Fig. 5.

Fig. 5. Examples of squares K(z;), ¢ =0,...3.

Let us describe several simple properties of the squares K(z),z € Tp.

Lemma 2.11. Let z € Tg.
(a). The square K(z) is well defined;
(b). K(z) and S are touching squares such that K(z)' N 9S NQ # 0;
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(c). K(z) C Q\ 5 and dist(K(z), 00\ d5) = 0;
(d). The line segment [¢, c,] lies in Q:

[¢,c.] C Q. (2.11)
Furthermore,
ze K()NSInQ; (2.12)

(e). For every u € K(2)' N there exists a path vy which joins u to B in ) such that
(7\ {u}) 5 = 0.

In particular, this implies that K(z) and B belong to the same connected component
of Q\ S (i.e., the component G ).

Proof. Since Q is a bounded domain and K (z) is the square of the maximal diameter
from the family K(z), this square is well defined. This proves (a).

In turn, property (b) follows from (2.9), and property (c) from the maximality of
the square K(z). Property (d) follows from the fact that the point z € T C Q and
SUK(z) c Q.

Prove (e). Since z € Tg, by Definition 2.9 and Lemma 2.8, there exists a path v,
which joins B to z in Q such that v, \ {z} C Gp. Recall that z € Q so that for some
¢ > 0 small enough the e-neighborhood of z, the square S(z,¢) C Q.

Clearly, (v, \ {z}) N S(z,¢) # 0 and K(z) N S(z,¢) # 0 so that there exist points
a € v\ {z}, and b € K(z) which belong to S(z,¢).

Let v1 be the arc of v from B to a. Clearly, S(z,¢) \ S is an open connected set so
that there exists a path 75 in S(z,¢) \ 59 joining a to b. Finally, let 73 := [b, u].

Let v := 1 Uy U~vs. Then « is a path which joins u to B in Q. Since

’ylﬂ§°1:72ﬂ§C1:®,

be K(z) and u € K(2)? N, the path v\ {u} does not intersect 5.

Prove the second statement of part (e). Since K (z) NS = 0, we conclude that every
point u € K(z) can be joined to B by a path v C  such that yN Sel = (). Clearly, this
implies that K (z) and B belong to the same connected component of €\ S¢.

The lemma is proved. O

Lemma 2.12. Let y, z € Tp,y # z. Suppose that y and z lie on a side [a,b] of the square S.
(i). If y, z € (a,b), then

- dist({z,y},{a,b})

|7y — 72|
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(i). If z € {a,b} and y € (a,b), then

(R+r:)lly — =l
Ty STyt —
Y ly — Al

where h := {a,b} \ {z}.

Proof. Without loss of generality we may assume that ¢ = (0,—R), a = (—R,0) and
b= (R,0). See Fig. 6.

.

Fig. 6. The squares K(y) and K (z) associated with the points y and z.

Since y,z € [a,b] C Oz, we have y = (y1,0) and z = (21,0) where |y1] < R and

cl

|z1] < R. Since K(z) and S are touching squares, intersection of K(z)® with the axis

Oz is a closed line segment which coincides with a side of K (z). Let (a,,0) € Oz and
(b.,0) € Ox be the ends of this side so that
K(2)* N0z = [(az,0), (b.,0)]. (2.13)
In the same way we define points (ay,0), (by,0) € Ox; thus
K(y) 0Oz = [(ay,0), (by, 0)].
Let us give explicit formulae for these points. By (2.10),
c.=z+%z-8=(xn(1+%),r.)

so that
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a, =21 (1 + %) —r, and b,=2z (1 + %z) +7r,. (2.14)
In the same way we obtain formulae for a, and by:
ay=11 (1+%)—r, and b, =y (1+ %) +ry. (2.15)
Prove that either
ay <a, and by, <b, (2.16)
or
a, <a, and b, <b,. (2.17)
In fact, assume that both (2.16) and (2.17) do not hold. Then either
ay <a, and b, <b, (2.18)
or
a, <ay, and b, <b,. (2.19)

Prove that (2.18) contradicts the maximality of the square K(z). In fact, if (2.18)
holds, then K (2)°! C K (y) so that K (2)°! C Q. But this inclusion contradicts the equality

dist(K (z), 00\ 8S) = 0,

see part (¢) of Lemma 2.11. In the same way we show that (2.19) is not true proving
that either (2.16) or (2.17) holds.

We are in a position to prove part (i) of the lemma. Suppose that y,z € (a,b) and
the option (2.16) holds. By (2.14) and (2.15), inequality a, < a, is equivalent to the
inequality

b () =y <2 (14 ) -
Hence

b s BTG =)
R—1y

In turn, inequality b, < b, implies that

(R+7.)(21 — 1)
R+ 1y '

(2.20)

ry — 7y <
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In the same way we prove that (2.17) implies the following:

R — R _
re 7y > (Btm)—y) o S (B+my)p —=)
R— = R+

Summarizing these estimates, we obtain

Iry — 72| < 21| ma Rtr. Riry R4r R+Ty}
— Izl = - X ) ) 9 .
Y 9 ! R4+y1"R+2z1 " R—y1" R— =1
But |y1 — z1] = ||y — 2|| so that

ly =2l (R+7ry +72) _ly—=l(R+ry+r2)
min{R+y1,R—y1,R+2z1,R— 21} dist{{y, z}, {a,b}}

ry — 72| <

proving part (i) of the lemma.
Prove (ii). Let z = b and let y € (a,b) so that z; = R and —R < y; < R. By (2.14)
and (2.15),

ay=y1(1+%)—ry=y+ry, (% -1) <y
and

a, =21 (1—1—%) —TZ:R(1+%) —-r, =R
so that a, < a.. Therefore, by (2.16), b, < b.. Hence, by (2.20),

L (Rt -w)

Ty — T, <

Reroly—el
R+ R+

Since ¢ = (—R,0) and y = (y1,0), we have R+ y1 = ||y — a| proving part (ii) of the
lemma in the case under consideration. In the same fashion we prove (ii) whenever z = a.
The proof of the lemma is complete. O

Lemma 2.13. Let z € T and let € > 0. There exists 6 > 0 such that for every y € Tp,
ly — z|| < 8, the following inclusion

K(y) C [K(2)] (2.21)
holds. Recall that the symbol | - |- denotes the e-neighborhood of a set.
Proof. Clearly, [K(2)]. is a square with center ¢, and “radius” r, + ¢, i.e.,

[K(2)]e = S(c,rs. + ).
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By part (i) of Lemma 2.1, inclusion (2.21) is equivalent to the inequality
lley — .|| + 1y <7, +e. (2.22)

Let us consider two cases.
The first case: z is not a vertex of the square S, i.e.,

7= dist(z, V7, ) > 0.

Here Vr,, is the family of vertices of S which belong to 7p. In particular, every point
y € Tp such that |y—z|| < 7/2 belongs to the same side of S as the point z. Furthermore,

dist(y, V) > 7/2 > 0. (2.23)
By part (i) of Lemma 2.12,

(R+ry+r2)lly — 2|l
- dist({y, 2}, V1)

ry — 72|
so that, by (2.23),

ry = 72| < 2/T) (B A1y + )|y — 2l =y — 2|

where v; == 2(R+ry +1.)/T.
By (2.10),

c:=z+%(z—¢ and ¢, =y+ Ey—2
so that
ley = eall < lly = =l + gLz — all + Flly - =
Since ||z — €| = R, we obtain
ley —call < (U +3) lly — 2l + |ry —72]. (2.24)
Hence,
ley —call < L+ 3 +m) lly — 2]l = 2lly — =]

with v9 : =1+ % + 71
Now we are in a position to estimate the left-hand side of (2.22):

ley = ezl +ry <lley = call +ry =72+ 72 <nelly = 2l + mlly = 2 + 72

=Mm+7)ly -z +r.



P. Shvartsman, N. Zobin / Advances in Mathematics 287 (2016) 237-346 261

This proves that whenever ||y — z|| < ¢ with § := min{7/2,¢/(y1 +72)} the inequality
(2.22) holds.

The second case: z is a vertez of S. Let y € Tg, ||y — 2| < R/2. Hence, ||y —al| > R/2
for every vertex a of g, a # z. Then, by part (ii) of Lemma 2.12,

(R+72) lly — =]

Ty <1y (R/2) =r,+2(1+7r./R)|ly— 2| . (2.25)

Prove inequality (2.22). If r, > r,, then, by (2.24),

ey — el +my < (1+%) Hy_2|‘+|7'z_7"y|+ry:(1+%) ly — 2| + ..

(2.26)
If r, < ry, then, by (2.24) and (2.25),
ey —eall+my < (1+ %) ly =zl + (ry —72) + 1y
< (U4l =2l + 20y = 7)o
S@A+B) Ny =2l +4(1+%)lly— =) +7-
so that
ey —call +ry <51+ 2 +22) |y — 2 + 7. (2.27)

Combining this estimate with (2.26), we conclude that inequality (2.27) is true for all
choices of y. This shows that inequality (2.22) is satisfied provided ||y — z|| < § where

d :==min{R/2, ¢/5(1+ (ry +7.)/R).
The proof of the lemma is complete. O
Lemma 2.14. Let K be a square such that K C Gpg,
KINTg#0 and KNoQ+#0p. (2.28)

Suppose that B € Gp \ K. Then there exists at most one connected component
T = T(K) of the set Tg \ K" which has the following property:

Jy e T and a path vy joining y to B such that y, \ {y} € Gg\ K. (2.29)
See Fig. 7.

Furthermore, every point x € T has this property, i.e., it can be joined to B by a path
vz such that v, \ {x} C Gp\ K.
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Fig. 7. The path ~, connects y to B in Gg \ K°.

Proof. Since K C Gg C R?\ S and KN Tp # (), we have

SNK =0 and §CIOKC1#@,

so that S and K are touching squares. Clearly, for each p € Sl N K< we have

[cr,p) CK CGp

so that, by Lemma 2.8, p € Tg. Thus
TN K =0SNK = 54N K, (2.30)

so that, by part (iii) of Lemma 2.1, T N K¢ is either a line segment or a point. In
particular, 7z \ K¢ has at most two connected components. Prove that 75 \ K has at
most one connected component 7 satisfying (2.29).

Suppose that there exist two distinct connected components 7’ and 7" of Tz \ K¢,
points ¢/ € 7' and y” € T”, paths IV and I'” joining B to 3’ and 3" respectively such
that

D'\ {y 3"\ {y"} € G \ K<

We may assume that ¢’ < y”. Since 7' and 7" are distinct connected components of
75\ K9, we have 95 N 0K C (', y")5g- See Fig. 8.

By part (ii) of Lemma 2.2, there exist a simple path v; C IV UT" which joins y’ to
y”" such that

n\{y'y"} € Gp\ K. (2.31)
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Fig. 8. Paths I and T join B to y’ and y”/ in G \ K.

Let v2 := [/, 9"],5 and let 7 := YL U2

We know that v = [3/, "] 55 C S N Q and, by (2.31). 11 \{v,y"} C Gp C Q. This
shows that v2 N (1 \ {¢/,¥"”}) = 0 so that the path 7 is a simple polygon in . Hence, by
part (i) of Statement 2.3, the set R?\ 7 consists of exactly two connected components
— the interior D;,; (which is a bounded set), and the exterior component D, (which
is an unbounded set). Furthermore, ¥ = 0Dt = 0Dyt Since ) is a simply connected
domain and ¥ C 2 is a simple polygon, by part (ii) of Statement 2.3, D;,; C Q.

We also notice that 7 is a compact subset of 2 so that

dist(3, Q) > 0. (2.32)

Prove that the centers of squares S and K , the points ¢ and cgk, belong to distinct
connected components of R? \ 7.
Since S and K are touching squares, by part (iii) of Lemma 2.1,

[E,cx] N ST N KD = {A}

for some A € R?, see (2.3). Hence, by (2.30), A € Tp N[, cx]. On the other hand, A is
the unique point of intersection of dS and [¢, ck]. Since Tp C Bg, we conclude that
{A} =T N ¢ cxl. B

Furthermore, since K C Gg and SN~y =0,

{A} =7ynlé ekl

We also notice that, by Definition 2.4, [¢, ck] strictly crosses the polygon 7, so that,
by Statement 2.5, ¢ and cx belong to distinct connected components of R? \ 7.

Since YN K = (), for every x € K the line segment [z, cx] does not intersect 5 so that
K lie in the same connected component . of R?\ ¥ as cx. The same is true for the square
S and & This proves that the squares S and K lie in distinct connected components of

R2\ 7.
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Thus either K C D;,; or S c Dy Recall that Dy, € Q and 9Dy, = 7 so that, by
(2.32),

dist(0Dns, 9) > 0. (2.33)

This inequality immediately leads us to a contradiction. In fact, if K C Dy,, then
K C (D) so that, by (2.33), dist(K<,09Q) > 0. But, by the lemma’s hypothesis,
KN oQ # 0, see (2.28), a contradiction.

On the other hand, if Sc Dy, then the same consideration shows that dist(gd, o) >
0 which contradicts the assumption that S N o€ # 0.

It remains to show that every point z € T can be joined to B by a path , such that

v \ {z} C GB\KCI.

We prove this statement using precisely the same arguments as used in the proof of
Statement A from Lemma 2.8. We leave the details to the interested reader.
The proof of the lemma is complete. O

2.8. The final step of the proof of “The Square Separation Theorem”

At this step we make the following

Assumption 2.15. For every z € Tp the following conditions are satisfied:
(i). B ¢ K(2)
(ii). There exist a point 2’ € Tp and a path v joining 2’ to B in Q such that

P\ {Z'} CGp\ K(2)°.

We will show that this assumption leads us to a contradiction which immediately
implies the statement of Theorem 2.6.
Assumption 2.15 and Lemma 2.14 motivate the following

Definition 2.16. Let z € Tp. By Tp,, we denote a connected component of 7p \ K(2)9
having the following property: for every point y € Tp . there exists a path v which
connects y to B in ) such that

Y\ {y} € Gp\ K(2)°.
We refer to Tp_. as a B-accessible component of the set Tp \ K(2)° (with respect to 2).

By Assumption 2.15 and Lemma 2.14, the B-accessible component 7, is well defined
and non-empty for each z € Tg.
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Thus for every z € Tp the set Tp \ K(2)°' contains at least one and at most two
connected components. One of them is the B-accessible component 7p , consisting of
all points of Tz connected to B by paths which lie in G \ K (). Another connected
component (if it exists) consists of “B-inaccessible” points, i.e., those points y € Tp for
which any path connecting y to B in G crosses K (z)!. See Fig. 9.

B -inaccessible

partof T B -accessible

component of T

Fig. 9. “B-accessible” and “B-inaccessible” subsets of Tg.

The next definition enables us to specify the position of the B-accessible component
Ts,» with respect to the interval 95 N K (z)°.

Definition 2.17. By TéB we denote a set consisting of all points z € Tg such that
r<y forevery z€TpNK(2)? andevery y€Tp..
Correspondingly, TB9 is a subset of Tp consisting of all points z such that

y=<x forevery z€TpNK(2)? andevery y€Tp..

In particular, the point z in Fig. 9 belongs to 7}@ while the point 2’ on this picture
belongs 755 . Note that, by Lemma 2.14,

T NTg =0. (2.34)

In turn, by Assumption 2.15,
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TS UTE =Ts (2.35)

so that TE? and 7—3@ is a partition of Tg.

Our goal at this step of the proof is to show that representation (2.35) leads to a
contradiction. Our proof of this fact relies on the following two lemmas which state
that 77 and 75 are open subsets of 7, and, under Assumption 2.15, these sets are
non-empty.

Lemma 2.18. The sets T5; and T;S are open subsets of T in the topology induced by the
Euclidean metric on Tg. In other words, for each z € 7',;9 there exists € > 0 such that
every pointy € Tp, ||y —z|| < e, belongs to T (and the same statement is true for T ).

Proof. Let z € ’TB@ . As we have noted above, the set Tp . of all B-accessible points
is non-empty so that there exists a point z; € Tp .. Recall that z; € Tg \ K (2)l. By
Definition 2.16, there exists a path ~v; which connects z; to B in §2 such that v \ 21 C
Gp \ K(2)%. Furthermore, since z € T};, we have z < z; for every z € T N K (2)L.

Let 7 := dist(K(2),y1). Since 41 \ 21 C G\ K(2), the path 4; and K (2)° have
no common points, so that e; > 0. Since z; € 71, we have z1 ¢ [K(2)]., so that

p <z forevery p€ TpN[K(2),- (2.36)

By Lemma 2.13, there exists 6 > 0 such that for every y € Tg, ||y — z|| < d, we have
K(y) C [K(2)].,. Hence,

Ky)ny =0 forevery yeTg, |y—-z| <4

See Fig. 10.

Fig. 10. The path ~; joins z1 to B in Gp \ K(2)°.
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Prove that y € T for every y € Tg, |ly — 2| < 4.

Suppose that there exists y € T such that ||y — z|| < 0 but y ¢ Tg}_ Since the square
K(Y) C [K(2)]s, by (2.36), p < 21 for every p € Tp N K (y)°.

By (2.34) and (2.35), y € T so that there exists a point 22 € Tp \ K (y)! such that
2y <z for every x € Tp N K (y)°'. Furthermore, there exists a path 72 joining z, to B in
Q such that v \ {22} C Gp \ K(y). See Fig. 10.

Thus the point B can be joined by paths -; in € to the points z;,7 = 1,2 which
belong to distinct connected components of Tz \ K (y). These paths have the following
property: v; \ {z;} € G\ K(y), i = 1, 2. Furthermore, the square K = K (y) satisfies
conditions (2.28) of Lemma 2.14.

However, by this lemma, B can be joined to at most one connected component of the
set Tz \ K (y)! by a path of such a kind, a contradiction. This contradiction proves that
each point y € T in the d-neighborhood of z belongs to T§9 .

In the same way we prove a similar statement for the set 7,5 .

The lemma is completely proved. O

Lemma 2.19. Under Assumption 2.15 both 7—];9 and TB@ are non-empty subsets of Tg.

Proof. Let us prove that 7,5 # 0.
Suppose that TBe = {). Since T];B and TBe are a partition of 7p, we conclude that
T = TB$ . This equality implies the following

Statement B. For every z € Tp there exists a point y € T \ K(2)! such that:
(i). z < y for every x € Tp \ K(2);
(ii). There exists a path =, connecting y to B in Q such that v, \ {y} C G\ K(2).

See Fig. 11.

Fmmmm——————

Fig. 11. The path v, connects y to B in Gp \ K(z)°.
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Prove that Statement B leads to a contradiction whenever z tends to the point ey,
along Tp. As in Lemma 2.12; without loss of generality we may assume that ¢ = (0, —R)
where R is the “radius” of S. Furthermore, z € [a,b) and er,, € (a,b] where a = (—R,0)
and b = (R,0). Thus [a,b] is a side of S lying on the real axes.

Let z = (21,0) and ey, = (h,0) where —R < z; < h and —R < h < R. We use the
same notation as in Lemma 2.12. As in formulas (2.13) and (2.14), K (2)'NOx = [a., b.]
where a, = z1(1+7r,/R) —r, and b, = z1(1 +r,/R) + r,. See Fig. 12.

Fig. 12. The squares K(z) and K(z), and the paths 7, and ~, connecting B to = and y.

Let z € Tp and z — ey, i.e., z1 — h. Consider two cases.
The first case. Let us assume that

limsup 7, =L >0. (2.37)

z—ery, 2€TE
Prove that in this case there exists Z = (21,0) € [a,eT) such that er, € [az,bs].

Note that, since az < z; < h, this property is equivalent to the inequality h < bz.
Simple calculations show that if

rs>L/2 and |7 - er,| < bmin{1,L/R} ler, — al. (2.38)
then et € [az, bz]. In fact, since rz > L/2, we obtain

r:(1+2)>L(1+2)=L|z—q
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Furthermore, by (2.38),
12— all > llery, —all = |2 = ez || = llers, — all = llers, — all = Fllers — all
proving that
rz (L+ %) > 8% les —all.
Hence, by (2.38),
r:(1+3)>z—enll=h-2
so that
bg:51(1+r—é)+TgZh
proving the required inclusion ey, € [az, bz].
Of course, condition (2.37) guarantees the existence of a point z € Tp satisfying
requirements (2.38).
Combining the inclusion er, € [az,bs] with the equality K(2)' N Oz = [a,,b.] we
conclude that K(2)® 3 er, so that the point y satisfying conditions of part (i) of

Statement B does not exist. This contradiction shows that equality (2.37) does not hold.
The second case.

lim ry =0. (2.39)

z2—ery, 2€TE
Let 2= (z1,0), —R <z < h, and let
K(’Z?)Cl N Oz = [az, b]
By Statement B, there exist a point y = (y1,0), bz < y1 < h, and a path 7, which joins
y to B in Q such that v, \ {y} C Gp \ K(y)°. See Fig. 12.
Let € := dist(y,, 0f). Since v, is a compact subset of {2, the number ¢ is positive.
Note that the point e, = (h,0) € 9 so that
dist(7y,, e1,) > €. (2.40)
By (2.39), there exist § € (0,¢/4) such that

r, <¢/8 forevery z€Tp,|z—eml <d.

See Fig. 12.
Fix such a point z = (z1,0) satisfying these conditions. Then
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dist(K(2),emy) <z —ems|| +llz —cal| + 72 <d+2r, <d+e/d <e/2

so that, by (2.40), v, N K ()" = 0.

On the other hand, by part (ii) of Statement B, there exists a point 2 = (x1,0) such
that

(a). 2/ <z for all 2/ € K(2)°' N Tp;

(b). There exists a path «, connecting = to B in Q such that v, \ {z} C Gp \ K(2)°.

Thus both connected components of 75 \ K(2)°! are B-accessible which contradicts
Lemma 2.14. This contradiction shows that Statement B is wrong in both cases proving
that T3 # 0.

In the same way we show that the points of Tp which are close enough to the point
b7, belong to 75 proving that 7,5 # 0.

The proof of the lemma is complete. O

We are in a position to finish the proof of Theorem 2.6.

Proof of Theorem 2.6. Under Assumption 2.15 the sets T,;B and TBe are a partition of
Tp. Clearly, Tp is a connected topological space in induced Euclidean topology. But TE,B
and TBe are non-empty and open subsets of Tp in this topology, see Lemma 2.18 and
Lemma 2.19. This contradicts the connectedness of Tg.

Thus Assumption 2.15 is not true which easily implies the statement of Theorem 2.6.
In fact, if there exists z € Tp such that B € K(z), then we put Q := K(z). Since
z € K(2)?NSTNQ, see (2.12), condition (i) of the theorem is satisfied. Furthermore,
the first option of part (ii) of this theorem (i.e., the requirement B € K(z)) holds, and
the proof in this case is complete.

Suppose that B ¢ K(z) for every z € Tp. Since Assumption 2.15 is not true, there
exists z € Tp such that part (ii) of Assumption 2.15 does not hold. This means that

V2 € Tp,V path v joining 2’ to B, v\ {#'} € G, we have yN K (2)! # 0. (2.41)

We again put @ := K(z). Since part (i) of Theorem 2.6 is satisfied and, by the

assumption, B ¢ @ = K(z), it remains to prove the statement (2.4). This statement is
equivalent to the following:

VaeSand every path + joining a to B in Q we have y N K (2) # 0.  (2.42)

Prove this fact by representing v in a parametric form, i.e., as a graph of a continuous
mapping I : [0, 1] — Q such that I'(0) = @ and I'(1) = B. Let a’ := I'(¢max) where

tmax := max{t € [0,1] : y(t) € 8S}.

Since a € S and B ¢ 5S¢l the point @’ is well defined. By 7/ we denote the arc of ~ from
a’ to B. By definition of t,x,
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Y \{a} NS =9, (2.43)

so that, by Lemma 2.8 and Definition 2.9, a’ € Tg and 7'\ {a’} C Gp. Then, by (2.41),
7' N K(2) # () proving (2.42).
The proof of “The Square Separation Theorem” 2.6 is complete. O

Remark 2.20. Note that we are able to prove the following slight improvement of the
statement (2.42):

Vae S9NQ and V path 4 joining a to B in Q we have y N K(2) £ 0. (2.44)

In fact, let a € 2SN If 705 # (), then the proof of (2. 44) is reduced to the previous
case of a € S proven below. If v N S = (), then we can put @’ = a in (2.43) so that this
equality will be satisfied.

This enables us to modify the statement (2.4) of Theorem 2.6 as follows:

SNQ and B lie in different connected components of 2\ Q<. <

We finish the section with two remarks which present certain additional useful prop-
erties of the square @ from formulation of Theorem 2.6.

Remark 2.21. We notice that the square @) from Theorem 2.6 coincides with a square
K(z) for some z € Tp. Applying part (d) and part (e) of Lemma 2.11 to K(z) = Q we
conclude that @ has the following properties:

(i). The line segment [¢, cq] C

(ii). For every point u € Q' N there exists a path v which joins u to B in  such
that (y\ {u}) N ST =0. <

Our next remark relates to a certain improvement of part (ii) of “The Square Separa-
tion Theorem” 2.6, see Remark 2.23 below. This improvement is based on the following

Lemma 2.22. Let K be a square and let x,y € Q\ K. Suppose there exists a polygonal
path v which joins x to y in Q such that yN K = ().
Then there exists a polygonal path ¥ joining x to y in Q such that ¥ N K = ().

Proof. We will obtain the path 7 by a slight modification of v around the set H :=
v N OK. Since +y is a polygonal path in €2, the set H can be represented as a union of a
finite number of pairwise disjoint subarcs of v lying on 0K. In other words,

H=~yNK"= U%

where each +; is either a subarc of v or a point of v, and v, Nv; =0, 1 < i, j <m, i # j.
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Let us represent v as a graph of a continuous mapping I' : [0,1] — € such that
I'(0) = 2 and T'(1) = y. Then each ~; is the graph of the mapping T : [a;, b;] — © where
0 < a; <b; < 1. Since the arcs +; are disjoint, the line segments [a;, b;], i = 1,...,m, are
disjoint as well.

Let A; :=I'(a;) and B; := T'(b;) be the beginning and the end of the arc 7; respectively.
Let

€= Jin  {dist(y,00),dist(yi,7;)}-

Then [y;]c € 2, 1 <4 <m, and
Mile NV[yle =0, d5=1,...,m, i #j.
(Recall that [-]. denotes the e-neighborhood of a set.) Clearly, the set
T; == [yie \ K¢

is a connected open subset of Q.

Let 'yi(p) be the arc of « joining = to A;, and let 'y(

Z-f) be the arc of « joining B; to y.
Since 7 is a continuous curve and z, y ¢ K¢, there are exist points A; € 71-(17 N T; and
B; € 'ylgf i T;. Since T; is a connected subset of €2, there exists a polygonal path 7;
joining ﬁl to El in T;.

Now we replace the arc v; by 7; for each i € {1,...,m}. As a result we obtain a new
polygonal path 7 which connects z to y in € and has no common points with K. 0O

Remark 2.23. Lemma 2.22 and Remark 2.20 enable us to make further improvement of
part (ii) of “The Square Separation Theorem” 2.6:
(ii’). Either B € Q' or

59NQ and B lie in different connected components of \ Q. (2.45)
Thus v N Q # O for every z € S Q and every path v which joins z to Bin Q. <«

3. Proof of “The Wide Path Theorem”

Basing on “The Square Separation Theorem” 2.6 given z,y € (1 we construct “The
Wide Path” ngc’y), see Theorem 1.9, as follows.
Let

Sy = S(z, dist(z, 0)).

Thus S is the maximal (with respect to inclusion) square in 2 centered at 7. If j € S,
then we put k& = 1 and stop. If § € 2\ S§!, we apply Theorem 2.6 to S := S; and B := 7.
By this theorem, there exist a square Sy C '\ S¢! such that
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SINSnQ#£0,
and either § € SS! or
Sy and gy lie in distinct connected components of '\ SSI.

If i € S, then we put k = 2 and stop. If not, using “The Square Separation Theorem”
we construct a square S3, etc.

Continuing this procedure we obtain a sequence {51, Sa, ..., S, ...} of squares (finite
or infinite). Let k be the number of its elements; thus k = co whenever the sequence is
infinite.

In the next lemma we present main properties of the squares S;, i = 1,2,.... Let ¢;
and r; be the center and “radius” of the square S; respectively, i.e.,

Si:S(Ci,Ti), i:1,2,....

Lemma 3.1. (a). 7 € S1 and y € SS! provided k < oo. Furthermore, if 1 < k < oo, then
dist(y, Sk—1) = diam Sk;
(b). S; CQ and SS NI # D for every 1 <i < k;
(c). For alli,1 <i <k, we have S§' N S;41 =0, but S NS5, NQ # 0.
Furthermore,

[Ciaci-‘rl] C Qa 1<i< ka (31)

(d). Let 1 <i < k—1and leta € SINQ. Then yNS;y1 # 0 for any path ~y connecting
a toy in §;

(e). For every 1 < i < k and every z € 51-15-1 N Q there exists a path v joining z to y
in Q such that (v \ {z}) NS = 0.

Proof. Parts (a) and (b) follow from the construction of the squares {S;} and the proof
of “The Square Separation Theorem” 2.6; see part (b) of Lemma 2.11. Since the unique
requirement to the square Si is that Si > y and Sy touches Si_1, one can choose S in
such a way that dist(y, Sx—1) = diam S.

Note that part (c) of the lemma directly follows from the construction of the squares
{S;}, part (i) of Theorem 2.6 and (2.11). In turn, part (d) and part (e) are consequences
of (2.45), see Remark 2.23, and part (ii) of Remark 2.21 respectively. O

In the next four lemmas we present additional properties of the squares {S1, Sa,...}
which we need for the proofs of Theorems 1.9 and 1.10.

Lemma 3.2. (3). Let k > 1 and let 1 < i < k—1. Let a € S NQ and let v be a path
joining a to y in Q. Then yNS; # 0 for every j,i < j <k;
(ii). SN S; =0 foralli, j >1,i# j.
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Proof. (i). See Fig. 13 for an example of a path  joining in 2 a point a € S§' N to 7.

Fig. 13. A path ~ connects a point a € Sy to y in Q.

We prove property (i) by induction on j. For j = ¢ + 1 it follows from part (d) of
Lemma 3.1. Suppose that yNS; # 0 for some j > i+ 1. Prove that yN.Sj11 # 0 as well.

In fact, let b € yN.S; and let 7, be the arc of v from b to y. Since b € qul N Q, by
property (d) of Lemma 3.1, v, N Sj11 # 0, proving the statement (i) of the lemma.

(ii). Let ¢ < j. Prove this statement by induction on j. By part (c¢) of Lemma 3.1,
Sfl NSit1 = 0.

Suppose that S¢'NS; = () for some j > i + 1, and prove that SN Sj1 = 0 as well.
Assume that it is not true, i.e., that there exists z € S§' N Sj+1. Since z € Sjy1, by part
(e) of Lemma 3.1, there exists a path -7 joining z to g in £ such that v N S;?I = 0.

On the other hand, z € S$'NS;1 C SENQ so that, by part (i) of the present lemma,
Y1 N S;l # (), a contradiction which proves part (ii) for ¢ < j.

Let j < 4. As we have proved, in this case SJ‘?1 NS; = 0 so that S; NS; = 0 as well.
Hence S¢' N S; = (), and the proof of the lemma is complete. O

Lemma 3.3. k < oo, i.e., {S1,52,...} is a finite family of squares.

Proof. Let v be a path connecting & to § in Q. Since T = cg, € Si, by part (i) of
Lemma 3.2, yN.S; # 0 for every 1 <i < k.

Note that the path + is a compact subset of Q so that e := dist(y,9Q) > 0. Prove
that for each square S;, ¢ > 1, we have diam S; > ¢.

In fact, let a € y N S;. Then dist(a, 9Q) > dist(y, 0N) = ¢.

Recall that S; = S(¢;,7i), @ = 1,2,.... By part (b) of Lemma 3.1, S; C Q and
SN0 # 0, so that r; = dist(c;, 092). Hence,

e < dist(a,dN) < |la — ¢ + dist(c;, 0Q) < r; + r; = diam S;.
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By part (ii) of Lemma 3.2, the squares of the family S = {S; : 1 < i < k} are
non-overlapping. Since the diameter of each square from S is at least €, the domain {2
contains at most |Q|/e? squares from this family. Since Q is bounded, this number is
finite, and the proof is complete. O

The next lemma provides a certain improvement of Lemma 3.2.

Lemma 3.4. (i). Let k> 1 andlet 1 <i<m—1<k—1. Letac SINQ, be SINQ,
and let v be a path joining a to b in Q. Then v N S; # 0 for every j,i < j <m;

(ii). S$' N S;?l NQ =0 for every 1 <14, j <k such that |i — j| > 1;

(iii). Let 1 <i<m <k and let a € Sfl N, be Sf,i N Q. There exists a simple path
~v which joins a to b in Q such that

yC Q (s¢Ne). (3.2)

Furthermore, ~ N SJ‘?l =0 provided j >m+1 or j <i—1, and (y\ {a}) NS, =0 and
(Y \{b}) NSy =0.

Proof. (i). We prove the statement (i) by induction on n =m — j, 1 <n < m — i. Let
n=1,ie., j=m— 1. Prove that yN S,,_1 # 0.

Since b € S N Q, by property (e) of Lemma 3.1, there exists a path v, joining b to ¥
in  such that

(rm \{p}) NS5, =0. (3.3)

Let 7 := v U~;. Then 7 is a path which connects a to g in © so that, by part (i) of
Lemma 3.2, ¥ N Sp_1 # 0.

Recall that b € S¢. Since S N'S,,_1 # 0, see part (i) of Lemma 3.2, b ¢ Sp_1.
Combining this with (3.3) we conclude that v N S,,—1 = 0. Since

YN Sm—1 = (YU1) N St # 0,

we obtain that v N S,,_1 # 0.
Now given j = m —n + 1 suppose that v N S; # (. Prove that v N .S;_1 # 0 as well.
We follow the same scheme as for the case j =m — 1. Let b € v N S;. Since be S; C
SN, by part (e) of Lemma 3.1, there exists a path 4’ which joins b to § in © such
that

(v \ {b}) N SsLy = 0. (3.4)

Let 7" be the arc of v from a to b. Then the path 7 := 7/ U~” joins a to ¢ in 2 so that,
by part (i) of Lemma 3.2, 3N .Sj_; # 0.
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Since b € S; and S;NS;_1 = 0, see part (ii) of Lemma 3.2, we conclude that b ¢ S;_;.
This and (3.4) imply that ' N S51, = 0. Since

FNSj_1=('uUy") #0,

we conclude that v N SJ‘?I_1 # (. But 4" is a subarc of v so that vy N SJC-I_1 # () proving
part (i) of the lemma.

(ii). Suppose that S$' N SJC-1 N # D for some 1 <4 < j <k such that ¢ +1 < 5. Let
z €S8N S;l N Q. Since S; NS; = 0, the point z € 9S; N IS;.

Let 7 = [¢;,2] U [z, ¢;]. (Recall that ¢; is the center of S;.) Clearly, ¢; € S N Q and
¢ € SJC-1 N 2 so that, by part (i) of the present lemma,

v N Sit1 # 0. (3.5)

However y\{z} C S;US;. Since S, Si+1 and S; are pairwise disjoint, S;4+1N(S;US;) =
0, so that, by (3.5), z € S;11. Since z € S, this implies S' NS, 11 # () which contradicts
part (ii) of Lemma 3.2.

(iii). Recall that S; = S(c¢j,7;). Let v = [a,¢] and let v3 := [cm,b]. (Whenever
a = ¢; or b = ¢, we ignore ~y; or -3 respectively.) By v2 we denote a polygonal path
with vertices in ¢;, ¢;41,...,¢m—1, ¢m. Then a path v := v, U~ U3 connects a to b.

Clearly, v1 = [a,¢;] € SN Q and 71 \ {a} C S;. Also v3 = [c;m, 0] € S N Q and
73 \ {b} C Sm.

On the other hand, by property (3.1), see part (c) of Lemma 3.1,

[ej,cin] © (S5 USTL) NGO

so that vo C U{S’]C-l NQ: 4 <j < m}. These properties of the paths v;, i = 1,2, 3, prove
(3.2).

The second statement of part (iii) immediately follows from the fact that the squares
{S;} are pairwise disjoint and S5 N .S$! N Q = () whenever |j; — ja| > 1. See part (ii) of
Lemma 3.2 and part (ii) of the present lemma.

The proof of the lemma is complete. O

Lemma 3.5. Let 1 < i < k. Then the set U{S; : i < j < k} and the point y belong to the
same connected component of Q\ S¢.

In turn, the set U{S; : 1 < j < i} and the point T belong to another connected
component of 0\ S¢.

Proof. Let a € U{S; : i < j < k} so that a € S; for some i +1 < j < k. Since y € S,‘él,
by part (iii) of Lemma 3.4, there exists a path v which connects a to § in © such that
Y\ {a} NS¢ = 0. But S; NS =0, see part (ii) of Lemma 3.2, so that v\ {a} NS = 0.
This proves that a and 3 belong to the same connected component of €2\ S¢.

In the same way we show that every point
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beU{S;:1<j<i}

belong to the same connected component of 2\ S§! as the point Z.

It remains to note that, by part (i) of Lemma 3.4, y NS # () for every path v joining
7 to g in Q so that z and ¢ belong to distinct connected components of €\ S¢.

The proof of the lemma is complete. O

Proof of “The Wide Path Theorem” 1.9. The proof immediately follows from lemmas
proven in this section. In fact, part (i) and part (ii) of Theorem 1.9 follow from part (a)
and part (c) of Lemma 3.1 respectively, and part (iii) follows from Lemma 3.5.

“The Wide Path Theorem” 1.9 is completely proved. O

4. Sobolev extension properties of “The Wide Path”
4.1. “The arc diameter condition” and the structure of “The Wide Path”

In this section we prove Theorem 1.10 which states that given z,y € Q any “Wide
Path” ng,g) joining Z to ¢ in 2, see (1.18), has the Sobolev extension property pro-
vided the domain 2 has.

We recall that, by the Sobolev imbedding theorem, see e.g., [27], p. 73, every function
f € L(82), p > 2, can be redefined, if necessary, in a set of Lebesgue measure zero so
that it belongs to the space C™~1(Q). Thus, for p > 2, we can identify each element
f e L7 () with its unique C™!-representative on Q. This will allow us to restrict our
attention to the case of Sobolev C™~!-functions.

In this section and in Sections 5 and 6 we assume that €2 is a simply connected bounded
domain in R? satisfying the hypothesis of Theorem 1.8:

There exists a constant 8 > 1 such that

Vf e Ly (Q) 3F € Ly (R?) such that Flo = f and ||[F| Ly @2y < 0| flLp@) - (41)

In other words, we assume that e,, ,(2) < 6, see (1.2).

The following well known property of Sobolev extension domains proven by Gol’d-
shtein and Vodop’janov [15] shows that every domain Q C R? satisfying (4.1) is “almost
quasiconvex”. Here we present a slight improvement of this property given in [17], Chap-
ter 6, Theorems 2.5 and 2.8.

Theorem 4.1. Let p > 2, m € N, and let Q be a domain in R? satisfying condition (}.1).
Then for every a,b € Q there exists a path v which connects a to b in Q such that
diam~y < 7lla — 0.
Here n is a positive constant such that the following inequality n < C(m,p) 0 holds.

Following [15] we refer to this property as “the arc diameter condition”.
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Theorem 4.1 enables us to prove an additional geometrical property of the family of
squares {S1, ..., Sk} defined in the previous section.

Consider two subsequent squares from this family, say S; and S;;1, 1 < i < k, such
that #(S¢' N S¢L,) > 1. Since S; and S;41 are touching squares, intersection of their
closures is a line segment which we denote by [u;, v;]:

[ui, v;] == S5 N SEL (4.2)
Note that in this case
(S USEL)° = 85U Sipr U (ug, v;). (4.3)

Lemma 4.2. Let Q be a simply connected bounded domain in R? satisfying condition (/.1).
Let Z,y € Q and let Sq(Z,y) = {S1,...,Sk} be the sequence of squares constructed in
Theorem 1.9.

(i). Let 1 < i < k and let S;, S;11 be two consecutive squares from this family such
that #(S$' N S¢L,) > 1. Then (u;,v;) C Q and

(U S 0
(ii). #(S8 N S¢hy) <1 foralli, 1 <i<k—2, and
SINSt =0 difli—j>2 1<i,j<k; (4.4)
(iii). If #(S¢' N SEL,) =1 for some i, 1 <i <k, then S NSS, NSS, ={aip1} is a
singleton. The point a;41 € 0. This point is a common vertex of the squares S;, Siy1

and Siy2 and belongs to the boundary of the set S§' U SSL, U SEL,.
See Fig. 14. See also the squares Sg, S7 and Ss in Fig. 1.

i+

i+l

Fig. 14. The point a;4+1 € 99 is a common vertex of the squares S;, S;y1 and S;j2.
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Proof. Let us prove part (i) of the lemma. Note that Sf'NS¢ | is a line segment because
S; and S;1, are touching squares such that #(S¢' N .S¢L,) > 1.

Prove that (u;,v;) C Q. In fact, (u;,v;) N is an open set in the relative topology
of the straight line passing through w; and v;. By part (ii) of Theorem 1.9, this set is
non-empty, so that (u;,v;) N € can be represented as a union of a finite or countable
family Z of pairwise disjoint open subintervals of (u;, v;) with ends in 0.

Let us show that this family contains precisely one subinterval of (u;, v;), i.e., #Z = 1.
Suppose that it is not true, i.e., that there exist two distinct line intervals from this
family, say I’ = (2/,y') and I = (2", y"), I’ # I". Then z’, /', 2", 3" € 9Q and I'UI" C
(ui,v;) N Q. See Fig. 15.

i+l

i+l

Fig. 15. I’ and I are two distinct subintervals of the interval (u;,v;).

We may assume that y',2” € (2/,y”). Then there exists a rectangle R with sides
parallel to the coordinate axes and width small enough such that 3, 2”7 C R° and
OR C Q. See Fig. 15. Since € is simply connected, R C € so that 3y’ € Q. But ¢y’ € 09,
a contradiction.

Thus #7Z =1 so that (u;,v;) N Q = (2/,2") for some 2, 2" € [u;, v;].

We may assume that ||z — w;|| < [|2” —w]| and ||2" —vi]| < ||2" — v

Prove that 2/ = u; and 2" = v;. Suppose that it is not true, and, for instance, 2’ # ;.
Then the line segment [u;, z'] C 9.

Let 2 := (u; + 2’)/2. Then there exist sequences {a;}32; C S; and {b;}32; C Si+1
such that a; — z and b; — Z as j — oo.

Since [u;, 2] C 02, any path +y joining a; to b; in Q has the diameter at least ||u;—2'||/8
provided a; and b; are close enough to Z. On the other hand, ) satisfies condition (4.1)
so that, by Theorem 4.1, the points a; and b; can be joined by a certain path 7; such
that diamy; < n|la; — b;|.

Hence, ||a; — 2'||/8 < diam~y; < n|la; — b,|| — 0 as j — occ.

Since a; — Z, we have Z = 2’ so that 2’ = w;, a contradiction. In the same fashion we
prove that z” = v; so that (u;,v;) = (2/,2") C Q.
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Finally, we obtain that
(S$'USEL1)° = S USi1 U (uzyv;) CQ

proving part (i) of the lemma.
Prove part (ii) and (iii). First prove that

#(S7'N S <1 provided |i—j|>1, 1<4,j <k (4.5)

Suppose that 1 <4 < j < k and S§' N S;?l # 0.
Since S; N S; = 0, we have S§' NSS! = 8S; N AS; so that

SN S5 =[a,b] for some a,b € R>. (4.6)
We know that S§' N .S9'NQ = ) whenever |i — j| > 1, see part (i) of Lemma 3.4.
Hence [a,b] C R?\ Q. On the other hand, by (4.6), [a,b] C Q! so that [a,b] C 9.
Let us assume that #(S$' N Sj?l) > 1, ie., that @ # b. Let z := (a + b)/2. Since
z € S¢'N SS', there exist sequences of points

{sn}or, CS; and {t,}pe; CS; suchthat s,,t, -2z asn—oo. (4.7)

Since {2 satisfies condition (4.1) and s,,t, — z, by Theorem 4.1, there exists a path
Yn connecting s, to t, in 2 such that

diam v, < 7nl/sp — t,]| (4.8)
provided n > N where N is big enough. We may also assume that IV is so big that
Iz = snll <lla—bll/(8n) and |z —tnll <lla—0l[/(8n) forn>N. — (4.9)

Note that the straight line passing through a and b separates s,, and t, and the path
~n does not cross the line segment [a, b]. Therefore

diam ,, > %Ha—b” —%Ha—b” = %Ha—bH. (4.10)
On the other hand, by (4.8) and (4.9),

, la — 0
diam yn < nllsn = tall < nllz = sull + Iz = tall) < 20 == = 1lla =l

This inequality contradicts to inequality (4.10) proving (4.5).
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Now suppose that
1 1 .
SiNSS #( forsome 1 <i<j<k,

and prove that this condition is satisfied only for j =i + 2.
In fact, by (4.5), Sf' NSS! = {a} for some a € QN IS; N IS;. Prove that

ac S forevery i << j. (4.11)

As above, by {s,}52, and {£,}52; we denote the sequences of points satisfying (4.7),
and by 7, we denote a path joining s, to t, in Q such that (4.8) holds. Then, by part
(i) of Lemma 3.4, v, NS¢ # O for every £, 1 < £ < j.

Let bén) € Y NSy, © < € < j. We also put bgn) := s, and b§»n) :=t,. Then, by (4.8),

165" — s|| < diam y, < pl|s, — tll-

Since ||sp, — tn|| — 0 and s, — a as n — oo, we conclude that bg") — a for every /,
i << j.Hence, a € S proving (4.11).

Thus, by (4.5) and (4.11), if i +2 < j < k and S§'N S;?l # (), then there exists a point
a € 0S; such that

SN S ={a} foralll, i <l<j. (4.12)

Since {Sy : ¢ < ¢ < j} are pairwise disjoint squares, this property easily implies the
required restriction j = i + 2. In fact, since S; NSy = () and S§' N S§! = {a}, the point a
is a vertez of the square Sy for every ¢, ¢ < ¢ < j. In particular, a is a common vertex
of S; and S;42. Note that, by (4.12), a € S’ﬁ_l. Since S;, Sit1, Sito are pairwise disjoint
squares, this implies that the point a;11 = a is a vertex of the square S;y; as well.

By part (i) of Lemma 3.4, S¢' N S, NQ = 0 so that a € 9Q. It is also clear that a
is a boundary point of the set S U S&, U SE,. See Fig. 16.

i+2

i+1

Fig. 16. The point a is a common vertex of the squares S;, S;;1, Si42 and S;.
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But, a is also a vertex of the square S;. Since S;, Sit1, Si+2 and S; are pairwise
disjoint squares, and a is a common vertex of these squares, the intersection of S and
S’;l is a line segment (of positive length). See Fig. 16.

Thus # (S ﬂSjc.l) > 1 whenever j > ¢+ 2 which contradicts (4.5). Hence, SEIQS;?I =0
provided |i — j| > 2.

The proof of the lemma is complete. O

Part (iii) of Lemma 4.2 motivates us to introduce the following

Definition 4.3. Let 1 <i < k — 1 and let a;+1 € 02 be a common vertex of the squares
Sel, Sf}rl and Sz(':l+2a ie.,

{air1} =S¢ N S7L NS,

We refer to the point a; 1 as a rotation point of “The Wide Path” W = ng’g), and
to the square S; 11 as a rotation square of W.

See Fig. 14. Another example is given in Fig. 17.

Fig. 17. a;41 is a rotation point, and S;41 is a rotation square of “The Wide Path”.

Here {a;1+1} and {a;12} are the rotation points corresponding to the rotation squares
Siy1 and S;y2. Note that rotation points and rotation squares play an important in
construction of “The Narrow path”. See Section 5.

4.2. Subhyperbolic properties of elementary squarish domains

We will need several auxiliary results related to subhyperbolic properties of domains in
R? consisting of a “small number” of open squares. We refer to such sets as “elementary

squarish domains”.
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Lemma 4.4. Let Q be a square in R? and let a,b € Q. Then there exists a path vap
joining a to b and consisting of at most two edges such that va \ {a,b} C Q and for
every « € (0,1] the following inequality

leng, @ (Yab) < 2 [la — b (4.13)
holds. See (1.4).

Proof. Let a = (a1,a2), b = (b1,b2) and let Q = (u1,u2) X (v1,v2). Suppose that |ag —
ba| < |a; — b1| = |ja — b]|. Since ag, by € [v1, v2] and

[v1 — 2| = dlam @ > [la — b[| > |az — b
there exists a line segment [s1, s2] such that
ag,bs € [s1,82] C [v1,v2] and |sy — so| = |ay — b1| = |la =]

Let Qqp := (a1,b1) X (81, 82). Then Qqup C Q, a,b € 0Qqp and diam Qqp = ||a —b||. Let
Qab = S(c,7), i.e., c is the center of Qqp and r = 3|la — b| is its “radius”, and let

Yab := [a, ] U [c, b].

Clearly, vqp is a two edges path connecting a to b such that vg \ {a,b} C Q.
Prove inequality (4.13). By definition (1.4),

leng g (Yab) := /dist(z,(’?Q)O‘_1 ds(z)

Yab

< / dist(z, 0Qap)* ! ds(z) + / dist(z, 0Qup)* ! ds(z)
la,c] [e,b]

— I + L.

Note that dist(z,0Qqp) = ||z — al| for every z € [a, ¢]. Hence,
1
. / dist (2, 0Qus) L ds(» / |2 — al]*=t ds(z :/ la— el )2l — || » dt
o] o 0

where || - |2 denotes the Euclidean norm in R2.
Recall that a € 0Qgp so that

la—c||=r= %diamQab = % lla —0].
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We obtain:
1
I <oV /t@ Lat = Y2y,
0

In the same way we prove that

I = / dist(z, 0Qap)* ' ds(z) < ? e
[c,D]

Hence,

leno.@(ran) < T+ o < 227 = 242 g pj|* < 3 la — b|".
The proof of the lemma is complete. O
Lemma 4.5. Let Q1 and Qo be squares in R? such that #(Q$' N QYY) > 1, and let
G = (Qf v Q).

Then for every a,b € G, a # b, there exists a path v.,(G) consisting of at most four
edges which joins a to b in G such that v (G) \ {a,b} C G and for every o € (0,1]

leng 6 (vab(G)) < 4 fla — 0] (4.14)

Proof. Suppose that a € Q! and b € Q5. If a,b € Qf or a,b € QS, then the lemma
directly follows from Lemma 4.4. Thus we can assume that a € Q$'\ QS and b € Q§'\ Q.
Let a = (a1,a2),b = (b1,b2) and let

H(CL, b) = [al,bl] X [ag,bg].

Thus II(a,b) is the smallest closed rectangle with sides parallel to the coordinate axes
containing a and b. Then by Helly’s intersection theorem for rectangles

Qf N Q5 NTI(a,b) # 0.
Let w € QY N QS NIl(a,b). Since w € Il(a,b), we have
lla —wll, ||b — w]| < [la—b|. (4.15)

Let R:=GNQE$NQS. Then R is either an open line interval or an open rectangle.
In both cases w € R so that there exists w € R such that ||[@ — w|| < [la — b||. By this
inequality and (4.15),
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la —wl|, b = wl| < 2[la —b]|. (4.16)

Since w € Q$!, by Lemma 4.4, there exists a path v; (consisting of at most two edges)
which joins a to w such that v; \ {a,w} C @ and

lena,q, (11) < 3 lla—w|*.

In a similar way we construct a path 2 (consisting of at most two edges) which
connects b to w such that v2 \ {b,w} C Q2 and

lena, g, (72) < 3 [Ib—w]™.

Since @; C G, we have dist(z,0Q;) < dist(z,0G) for every z € @Q;, so that, by
Definition 1.4, leny ¢ (Vi) < leng,g, (i), ¢ = 1,2. Hence,
3

lengg(m) < 3 la—w|* and lensc(y2) < 5 [lb—wl|*.

Let vap(G) := 71 U 2. Then ~,,(G) is a path consisting of at most four edges which
connects a to b in G such that

leng, ¢ (Yab(G)) = lena,c (1) +lena,c(12) < 3 lla — wl|* + 3 [|b — w]|*.
This inequality and (4.16) imply (4.14) proving the lemma. O

Lemma 4.6. (7). Let G C R? be one of the following sets:

(a). G = (Q$'UQS)° where Q1 and Qo are disjoint squares such that #(Q$NQS) > 1;

(b). G =Q1UQyUQ3 where Q1 and Qo are disjoint squares such that Q5N QS is a
singleton, and Q3 is a square centered at Q' N QS'.

Then G is an a-subhyperbolic domain for every o € (0,1]. See Definition 1./. Fur-
thermore, for every a,b € G, a # b, there exists a path v, (G) which joins a to b in G
such that v.(G) \ {a,b} C G and for every o € (0, 1]

lena, ¢ (Yan(G)) < 2 la — b (4.17)
(ii). Every domain G satisfying either condition (a) or condition (b) is a Sobolev
Lyt -extension domain with e(Ly'(G)) < C(m,p). See (1.2).

Proof. If G satisfies condition of part (a), then the statement (i) of the lemma directly
follows from Definition 1.4 and Lemma 4.5.

Let G be a domain from part (b) of the lemma, and let a,b € G°. If a,b € Q U Q%!
or a,b € Q5 UQS, then, by Lemma 4.5, there exists a path v,,(G) satisfying inequality
(4.17).

Now suppose that a € Q$'\ Q3 and b € QS'\ Q5. Let ¢ be the center of the square Q3,
ie., {c} = Q¥NQS. Then, by Lemma 4.4, there exists a path 7, joining a to ¢ such that
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Yac \ {a,c} C Q1 and leny g, (Yac) < 2 [la — ¢[|*. In the same way we prove the existence
of a path 7, joining ¢ to b such that v \ {b, ¢} C Q2 and leng g, (ye) < 2 [|b— ¢|*.
Let ’Yab(G) = Yac U Yeb- Since Qh QQ C Ga

lena,G('Yab(G)) = lena,G(’Yac) + lena,G(’ch) S lena,Ql (’Yac) + lena,Qg (’ch)
so that
lena,c(7ab(G)) < 2 (la —c|* + (b —¢]|®).

Clearly, ¢ € II(a,b) where II(a,b) := [a1,b1] X [az2,b2] provided a = (ai,a2) and
b = (b1,b2). Hence

lla —cll,[Ib—cl < lla—b] so that lens(var(G)) < 2 lla—0]"
proving inequality (4.17) and part (i) of the lemma.
It remains to note that part (ii) of the lemma directly follows from part (i) of the

present lemma and Theorem 1.7.
The proof of the lemma is complete. O

4.8. Main geometrical properties of “The Wide Path”

Let us give a precise definition of the family of sets {§Z : 1 < i < k} which we have
used in definition (1.18) of “The Wide Path”. See Section 1.

Definition 4.7. We put

Sit=0 if i=k or #(S'NSH)>1. (4.18)
We also put
Si = S(wi, ) if #(SENSL)=1 (4.19)
where
{wi} == 57 NS5 (4.20)
and
0 := t min{d;,ds, 85} (4.21)

Here §; := min{dist(wy,, Q) : m € I}, 5 := min{diam S, : 1 <m < k}, and

03 := min{dist(wy,, S;) :m € [,1 < j < k,j #m,m+1} (4.22)



P. Shvartsman, N. Zobin / Advances in Mathematics 287 (2016) 237-346 287

where
Ii={me{l,....;k—1} : #(S5 N S%,,) =1}.

Prove that § > 0, i.e., that the squares §Z in (4.19) are well defined. In fact, since
w; € [¢, ¢it1], @ € I, by inclusion (3.1), w; € . (Recall that ¢; denotes the center of the
square S;.) Hence, &; > 0. It is also clear that 6, > 0. By part(ii) of Lemma 3.4, w; ¢ S;?I
whenever j # i, i + 1, so that b5 > 0 as well. Hence, & > 0. o

Our proof of the Sobolev extension property of “The Wide Path” W := W’Pg ) relies

on a series of results which describe a geometrical structure of W and its complement
H := Q\ W. Let us recall that

W:<Q(S§1U§i)>o. (4.23)

In the next lemma we present several useful properties of the sets §Z- which directly
follow from Definition 4.7.

Lemma 4.8. Let 7,y € Q and let S;, Si11 € Sa(Z,9) be two squares such that S§* N SfIH
is a singleton. Then

diam §Z < % min{diam S;, diam S; ;1 }.

Furthermore, the sets of the family {2,/5'\2» :1=1,...,k} are pairwise disjoint subsets
of Q satisfying the following condition:

2SNNSt =0 forevery 1<i,j<k, j#ii+l. (4.24)
In particular,
diam §; < 2dist(5;,5;) forall 1<ij<k, j#ii+1,
and
diam S; + diam S; < 4dist(5;,5;) for all 1<i,j <k, j#i.

Proposition 4.9. “The Wide Path” W := W’Pgﬂ) is an open connected subset of 2 which
has the following representation:

k—1
w=U(stUshUS) - (4.25)
i=1
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Proof. Let
—~ k_l —~ (o)
W= (s'UshUS) -
i=1

Clearly, W D (S$'U Sﬂrl U §z)° for every i =1,...,k — 1, so that W D W.
Prove that W C W. Let a € W. Then, by (4.23), there exists ¢ > 0 such that

S(a,8) C O (S;l U §j) . (4.26)

Let us consider the following two cases.

The first case. There exists i € {1,...,k — 1} such that a € 25¢.

By Lemma 4.8, (25;) N (2S;) = 0 for every j # ¢, 1 < j < k. Furthermore, by (4.24),
(25 N Sjl #@ ifandonlyif j=4 or j=i+1. (4.27)

Hence, a ¢ 2§jc-1 provided j # i so that

m =% min{dist(a,55) : 1 <j <k, j#i} >0.

Thus the square S(a, 1) does not cross any square §j whenever j # 1.
Also note that, by (4.27),

n2 := & min{dist(a,S{") : 1< j <k, j#ii+1} >0. (4.28)

Let 6 := min{d, n1, n2}. Then the S-neighborhood of a, the square S(a, g), may contain
only points from the squares S§!, S | and S;. Hence, by (4.26),

ac (sgl U s U §) cw.
The second case. Let a € W but a ¢ 2§j for every 7, 1 < j < k. In particular,
a ¢ §j"1 for every 1<j<k.

Since
k o~
aewc|JEt S
=1

we conclude that there exists i € {1,...,k} such that a € S N Q.
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By part (ii) and (iii) of Lemma 4.2, we may choose the index ¢ in such a way that
either

a€eSFUSY, and a¢ SJC»1 for every j #4,i+ 1, (4.29)
or
{a} = {aiy1} = S NS5, NS5, ais a common vertex of S, Sit1, Siy2. (4.30)
Furthermore, in the last case
a ¢ S;fl for every j#4,i4+ 1,942, (4.31)

and a is a boundary point of the set S{'USS,;USS ,. In other words, a = a;41 is a rotation
point of “The Wide Path” W, and the square S; 1 is its rotation square associated with
a;+1. See Definition 4.3.

We begin with the first case described by (4.29). In this case the quantity 72 defined
by (4.28) is positive. Note that the following quantity

p1 = % min{dist(a,5) : 1 < j <k}

is positive as well.

Let p := min{d,n2, p1}. Clearly, p > 0. Then the p-neighborhood of a, the square
S(a, p), does not intersect SJ"-l forall j Z4,i+1,1 < j <k, and does not intersect §JCI for
all 1 < j < k. Hence, by (4.26), S(a,p) C S$'USS | proving that a € (S§'U S, )° C w.

Consider the second case determined by (4.30). Again in this case p; > 0. Let

7y == § min{dist(a, S§) : 1 < j < k,j #i,i+1,i+2}.

Then, by (4.31), 71 > 0, so that the quantity 7 := min{d, p1, 71} > 0 as well.
Then, by (4.26) and by the choice of 7, we have

S(a,7) C V; := S USE, USS,.

Thus a belongs to the interior of the set V;. On the other hand, a is a boundary point
of this set, a contradiction. This contradiction shows that the second case described by
(4.30) is impossible proving that a € W for all a € W.

It remains to show that W is a connected set. First consider points ¢; and ¢;, 1 <@ <
J <k, the centers of the squares S; and S; respectively. Let

j—1
Yij = U [em, em1].

m=t
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Prove that v;; C W. In fact, if S #0, e, #(S% NS, ) =1, then clearly
[Cms Cmy1] C (SDUSE L USM)° = Sy USmis USh.
Suppose that Sy, = 0, i.e., that SN S is a line segment
(Ui, U] =SS N SG 1 = 0Sm N OSmy1.
See (4.2).
By part (i) of Lemma 4.2, (U, vym) C (S5 NS )°. On the other hand, by (3.1),
[€m, cm+1] C Q. Let
Zm = [Cm), Cm41] N OSm N OSpm41-
Then z,, € 2 so that z,, € (um, vm). Hence
[Cm» Cmt1] C S U St U (i, vn) = (Sip U S5 41)°

proving that [¢y,, ¢m41] C W. This proves that v;; C W as well.
Let now a,b € W. Then, by (4.25), there exist i,j € {1,...,k} such that

a€ A= (SPUSE US) and be A; = (STUSY, US)".

By (4.25), A;, A; C W. Furthermore, it is clear that A; and A; are connected sets
containing c¢; and c; respectively. Therefore there exist a path v, connecting a to ¢; in
A;, and a path v, connecting b to ¢; in A;. Then the path v := v, U~;; U~; joins a to b
in W.

The proposition is completely proved. O

Proposition 4.9 and Lemma 4.2 enable us to give the following representation of “The
Wide Path” W := WPYY. To its formulation we recall that [u;,v;] = S NS¢,
whenever #(S¢' N SP ) > 1,1 <i < k. See (4.2).

Let 1 <4 < k and let

A4 cl
T {sz, if #(S9 NSl = (432)

(ui,vi), i #(SF N SEL) > 1.
We also put T}, := (). We notice a useful formula for the interval (u;,v;):
(ui,v;) = SN SE L NQ provided #(S5' N S§L,) >

Now, by (4.3) and by definition of §i, see (4.19),

(stUst US ) =5 | S U0 (4.33)
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Combining this with (4.25) we obtain the following representation of “The Wide Path”:

C~=

wW=wpi? =

(Si U T) . (4.34)

C.f. (1.18). We use this representation in the proof of the following important property
of “The Wide Path”.

i=1

Lemma 4.10. Let a € S;, b € Sit1, 1 <@ < k, and let v be a path joining a to b in
ng’y). Then yNT; # 0.

Proof. Assume that
YN T; =0. (4.35)

Since a € S; and b ¢ SE!, there exists a point h € 95; N such that the following condition
is satisfied: Let 7 be the subarc of the path v from h to b. Then

F\ {h} c R?\ S¢. (4.36)

Since h € 3N S, by (4.35), h ¢ S |. On the other hand, h € v € WPE¥) so that,
by representation (4.34), there exists j, 1 < j < k, j # 4, such that h € S; UT}. See
(4.32).

Clearly, since h € 0S; and the squares of “The Wide Path” are touching, h ¢ S; for
every j, 1 <j <k. HencehETjUS]C-l for some 7, 1 < j <k, j#i.

Prove that j = i — 1. (In particular, it shows that i > 2.) If #(S§' N S, ;) > 1 for
some j # i, 1 < j <k, then

Tj = (uj,v5) C S5 N S5y

See (4.32) and (4.2).

Hence S]C-lﬂSjc-Ll NSS! > hso that SJC-IQSJC-EA NS £ (). Then, by part (ii) of Lemma 3.4,
|7—i <land|j+1—14 <1.Since j # i, this implies that j =i — 1.

Now let #(S?1 N Sjc»h_l) =1 for some j #i,1<j <k ie, T; = §j, see (4.32). Then
§j NS¢+ () so that, by Lemma 4.8, see (4.24), either j =i or j = i — 1. But we know
that j # i so that in this case j =i — 1 as well.

Thus

hETi_lﬂ&S’iﬂﬁ

where 7 is a path joining h to b in  which satisfies (4.36).

Consider again two cases. If #(Sfll N Sfl) > 1, ie., if T,_1 = (u;—1,vi—1), we have
Ti—1 C S, NSS! (see (4.2)), so that h € S$L, NQ. But b € S;41 so that, by part (i) of
Lemma 3.4, ¥ N S; # @ which contradicts (4.36).
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Consider the remaining case where #(Sid_1 N Sfl) =1,ie., T;_1 = §¢,1. Choose a
point hesSi_in §i,1. It is clear that gi,l \ S’fl is a connected set so that we can join
h to h by a path »; which lies in §i_1 \ S¢. Then the path 72 := 7; U7 connects in
Q the point h € S;_; to the point b € S;; ;. Furthermore, 75 N S; = (). But this again
contradicts part(i) of Lemma 3.4.

The proof of the lemma is complete. O

Proposition 4.11. Let H = Q\ W and let H be a connected component of H. Suppose
that there exist © and j, 1 <1, j <k, such that

HNSINQ#0 and HNSSNQ#0.
Then |i — j] < 1.

Proof. Without loss of generality we may assume that ¢ < j. Suppose that i + 1 < j.
Let

ac HNSI'NQ andlet be HNS{ NAQ.

Since a,b € H and H is a connected component of H, there exists a path v connecting
a to b in H. We know that HNW = 0 so that yN'W = 0 as well. In particular, since
Sit1 C W, see (4.34), we conclude that and yN.S; 1 = (). We also notice that v C H C Q.

On the other hand, a € Sid NnNQ, be S’;l NQ and ¢ < j — 1, so that, by part (i) of
Lemma 3.4, v N S;11 # 0, a contradiction.

This contradiction shows that our assumption that ¢ +1 < j is not true, and the proof
of the lemma is complete. O

Proposition 4.12. Let H be a connected component of H = Q\ W. Then
(i) either there exists i € {1,2,...,k} such that

HNSY 40 and HHS;?IZ(Z) for every 1<j<k,j#i, (4.37)
(ii) or there exists i € {1,2,...,k — 1} such that

HNS 40, HNSE, #0 and HﬂSjc-lz(Z) foreveryl <j <k, j#i,i+1.
(4.38)

Furthermore, in case (1)
HUS; isa subdomain of €. (4.39)
In turn, in case (it)

HUS;US;;1UT; s a subdomain of €. (4.40)
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Proof. An example of connected components of the set H = 2\ W is given in Fig. 18. In
this example each of the connected components Hi, ..., Hs touches exactly one square
from the family of squares & = {S1,...,S10}. Thus the components H;,i = 1,...,5,
satisfy condition (i) of the lemma. Other connected components of H satisfy condition
(i), i.e., each of these components touches exactly two squares from S.

y
Sl()
H 4
Fig. 18. Connected components of the set H = Q\ W.
We turn to the proof of the lemma. First let us prove that
OHNH #0. (4.41)

Fix a point 2o € H. If 2o € OH, then (4.41) is proven. Suppose that zg € H°. We know
that & = ¢y, i.e., that & is the center of S;. Hence, z € W, see (4.34). Let v be a path
connecting T to zg in  so that « is a graph of a continuous mapping I : [0, 1] — Q such
that T'(0) = zp and I'(1) = .

Let Y :={t €[0,1] : I'(t) € W} and let ¢ := inf Y. Since I is a continuous mapping,
2o € H° and T € W° = W, we conclude that 0 < ¢/ < 1.

Let z := I'(t'). Then, by definition of ¢, the subarc of v from z to Z lies in the set
H = Q\ W. Since H is a connected component of H,z € H.

On the other hand, since ' = inf Y ¢ Y, there exists a sequence {¢,, : m =1,2,...} C
Y which converges to t' as m — oco. Let hy, := ['(t,,), m = 1,2,.... Then h,, € W,
him # hy, if m # n (because v is a simple path), and h,, — Z as m — oo. Hence
zZ € 0H N H proving (4.41).

Prove the statements (i) and (ii). Since the parameter k in representation (4.34) is
finite, there exists i € {1,...,k} and an infinite subsequence {h,,, : j = 1,2,...} of the
sequence {hp,, : m =1,2,...} such that h,,, € S; UT; for all j =1,2,....

Since h,,, — z as m — 0o, the subsequence h,,; — 2z as j — oo proving that
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Z7eSSuTe.

Recall that the set T} is defined by (4.32). In particular, Ty = () and T; C S$! whenever
#(S' N S¢L,) > 1. Thus, in this case z € S¢.
Suppose that 1 < i < k and #(S N Sf_ls_l) = 1. In this case S; # () and is defined by

A

the formula (4.19). Let us assume that Z € S¢' and prove that in this case
HNS#£0 and HN S, # 0.

In fact, since z € H = Q\ W and S;, Sit1, §2 C W, we have z € 8§i \ (S; U Sit1).

We also recall that, by Lemma 4.8, see (4.24), 2§§1 N S;l = () for every j € {1,...,k}
such that j # i, i + 1. This lemma also states that (25;) N (2§j) = () for every j €
{1,...,k}, j #i. Hence, by representation (4.25) (or (4.34)), we have

U, .= (23\1) \ (Sz USH_l Ugl) CH= Q\W

Clearly, there exist a point z; € S$'NU; and a path 7, in U; which joins Z to z;. Hence,
zi € HN Sfl. Also there exist a point z;41 € SZ»CIH N U; and a path 5 connecting z to
zi+1 in U;, so that z;4.1 € HN S»CJlrl. See Fig. 19.

7

Sl+l .
25,
~ Ui
z S;
il
V2| Z
U, "

Fig. 19. The path ~; connects z; with Z, and the path 2 connects z with z;41 in U;.

Thus we have proved that either there exists i € {1,...,k} such that H N S # (),
or there exists i € {1,...,k — 1} such that H N S{' # 0 and H N S{%, # 0. Then, by
Proposition 4.11, all the conditions of part (i) and part (ii) are satisfied. See (4.37) and
(4.38).

Prove (4.39). Let a € H U S;. We have to find § > 0 such that S(a,d) C HUS;
provided conditions (4.37) hold.

Since a ¢ S§! for every j # i,

&y := 3 dist(a, U SJC»I) > 0.
J#i
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As we have proved above, the property H N §fl # () implies that H N S # () and
H NS¢, # 0. But, by (4.37), HN S5, = 0 so that

Hﬂgjc-]:@ for every je{l,...,k}.

Hence

=1 dlst

HCa-
un>

Let 03 := 3 dist(a, 0Q) and let
4 := min{dy, d2, I3} .
Then, by (4.25), S(a,d) "W = S(a,d) N .S;. Hence,
S(a, ) NH = S(a,6) N (Q\W) = S(a,d)\ S;.

Clearly, S(a,d)\ S; is a connected set so that each z € S(a,d) \ S; can be joined to a by
a path v, C S(a,d) \ S; C H. This implies that z and a belong to the same connected

component of H, i.e., that z € H.
Hence S(a,0) \ S; C H proving that S(a,d) C S; UH.

Prove that S; U H is a connected set. We know that H N S¢! # () so that there exists
a€ HNS

Let z € H. Since H is a connected component of H, this set is connected so that there
exists a path v, joining z to a in H. Then a path v = v, U [a, ¢;] connects z to ¢; in
S; U H. Thus each point z € S; U H can be connected to ¢;, the center of S;, by a path
in S; U H proving that this set is connected.

We turn to the proof of the statement (4.40), the last statement of the proposition.
Let H be a connected component of H = Q \ W satisfying conditions (4.38). Let

Vii=85USiUT;, (4.42)
see (4.32), and let
aceG:=HUV;. (4.43)
Prove the existence of ¢ > 0 such that S(a,e) C G;. By (4.38),

€1 1= 1dlst U SC1
JFti+1

In the same way as we have proved (4.38), we show that
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Hﬂgjc-l:(l) forevery 1<j<k, j#i.

Hence
g9 1= 5 dist(a, U §]Cl) >0
J#i
Finally, we put 3 := %dist(a, 0N), €4 := %diamTi, and
€ :=min{ey,e9,€3,64}.
Then, by (4.25),

S(a,e) MW = S(a,e) N (SFU S, U S;)°
so that, by (4.33),
S(a,e) "W = S(a,e)N(S;USi+1UT;) = S(a,e)NV;.
See (4.42). Hence,
S(a,e)NH = S(a,e) N (Q\ W) = S(a,e) \ V;.

It can be readily seen that, by definition of &4, the set S(a,¢) \ V; is a connected set.
Therefore every z € S(a,e)\ V; can be joined to a by a path v, C S(a,e)\V; C H. Hence
it follows that z and a belong to the same connected component of , i.e., that z € H.

Thus we have proved that S(a,e)\ V; C H so that S(a,e) C V; UH = G;. See (4.43).

It remains to prove that the set H UV, is connected. The proof of this property is
similar to that for the case (4.37). As in that case we know that H N S§' # ) so that,
using the same approach, we show that for every z € H there exists a path v C HUV;
joining z to ¢;. Clearly, V; is a connected set and ¢; € V. Hence ¢; can be connected by
a path in H UV; to an arbitrary point z € H UV; proving the connectedness of this set.

The proof of the proposition is complete. O

4.4. Extensions of Sobolev functions defined on “The Wide Path”

Proposition 4.12 motivates us to introduce several important geometrical objects re-
lated to “The Wide Path” ng’y). Let

C:={H:H isa connected component of H = Q\W}.
Given i € {1,...,k} we define a subfamily F; of C by

Fi={HeC:HNS'#0 and HNS; =0V 1<j<k, j#i}.
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C.f., part (i) of Proposition 4.12. In turn, part (ii) of this proposition motivates us to
introduce a subfamily P; of C as follows: given ¢ € {1,...,k — 1} we put

Pi={HeC:HNS]#0, HNS{\, #0and HNS] =0V 1<j <k j#ii+]1}.
Note that, by Proposition 4.12, the family
FP .= {.7:1,...,.7:]@,731,...,731@71} (4.44)

provides a partition of the family C of all connected components of the set H = Q\ W.
In other words, FP consists of pairwise disjoint sets which cover the family C, i.e.,

k k—1
C= <U }'i> Ulur»]- (4.45)
i=1 j=1

The collection FP enables us to introduces the following families of subsets of €2
<1>Z-::< U H)USh 1<i<k, (4.46)
He F;
and
\Ili:_<UH>USiUSi+1UZFi, 1<i<k-—1. (4.47)
HeP;

Finally we put
A= {@17"'7¢k7\1/17"'?\11k7—1}'

The following proposition describes the main properties of the collection A. To its
formulation given a family A = {A, : a € I} of sets in R? we let M(A) denote its
covering multiplicity, i.e., the minimal positive integer M such that every point z € R?
is covered by at most M sets A, from the family A.

Proposition 4.13. (i) The family A consists of subdomains of  which cover Q with
covering multiplicity M (A) < 3;
(i) Let

Ay = {BL\W, .., B \W, T\ W, ..., T \ W}

Then the family Ay consists of pairwise disjoint sets;
(iii) For every domain G € A the set G N'W is a Sobolev L;'-extension domain
satisfying the following inequality
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(L7 (G W) < Clm, p).
See (1.2).

Proof. Prove (i). By Proposition 4.12, see (4.39), for each connected component H € F;,
1 <1 <k, the set HUS; is open and connected. In turn, by (4.40), the set H UV; where

V;'I:SZ‘USi+1UTi7 izl,...k—l, (448)

is open and connected provided H € P;. Combining these facts with formulae (4.46) and
(4.47), we obtain that every set G € A is a union of domains which have a non-empty
intersection. Hence G is a domain as well.

Recall that the family FP defined by (4.44) is a partition of C, see (4.45). Combining
this property with representation (4.34) of “The Wide Path” W we conclude that

o=|J ¢

GeA

proving that A is a covering of 2.
In a similar way we prove part (ii) of the proposition. In fact, by (4.46) and (4.47),

NH=0\W= |J H 1<i<k,
He F;

and

U,NH=¥\W= (] H 1<i<k-L
He P;

But the collection FP is a partition of the family C, see (4.45), so that distinct
members of the family Ay have no common points.

Prove that M(A) <3. Let z € H=Q\ W and let H € C be a connected component
of H containing z. Since FP, see (4.44), is a partition of the family C of all connected
component of H, there exists a unique domain G € A which contains z.

This also proves that M (A) = max{1, M (Ayy)} where

Aw ={O1NW,...., o, "W, U1 NW, ..., U1 N W}
Note that, by definitions (4.46) and (4.47),
AW = {Sla'”aSkaVvl?"'akal}

where V; is defined by (4.48).
It can be readily seen that M(Ayy) < 3. In fact, suppose that z € S; for some
i € {1,...,k}. Then the point z can also belong to V;_; = S;-1 US; UT;_; and V; =
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Si U Si+1 U T;. Other members of the family Ayy do not contain z. (This follows from
properties of the squares {S;} presented in Lemmas 3.1, 3.2 and 3.4.) Thus in this case
z can be covered by at most 3 members of the family Ay .

Let z € T; for certain ¢ € {1,...,k — 1}, see (4.32). Clearly, in this case z € V. By
(4.32), if #(S¢' N S¢L,) > 1, ie., if T; = (u;, v;), there are no exist other members of
Ayy which contain z. Whenever # (SN Sﬁ_l) =1,ie.,T; = §i, only the squares S; and
Si+1 from the family Ayy can contain z. (As in the previous case it directly follows from
Lemmas 3.1, 3.2 and 3.4.) Thus in this case again the point z is covered by at most 3
members of Ayy proving that M(Ayy) < 3.

Hence M (A) = max{1, M(Aw)} < 3.

Prove part (iii) of the proposition. Let G € A. Then either G = ®; for some ¢ €
{1,...,k}, or G = ¥, for certain index ¢ € {1,...,k — 1}. Hence either GNW =
O, MW =50t GNW =T, NW =V,. See (4.43).

Then, by (4.33), either V; = (S U Sﬁ_l)o or V; = S; US4 U §i. Combining this
description of V; with the statement of Lemma 4.6 we conclude that the set G W is a
Sobolev extension domain such that e(Ly'(G N W)) < C(m, p).

The proposition is completely proved. O

We turn to the proof of Theorem 1.10. Clearly, this theorem immediately follows from
definition (1.2) and the following result.

Theorem 4.14. Let p > 2 and m € N. Let x,y € Q0 where Q a simply connected bounded
domain in R?. Suppose that Q is a Sobolev L -extension domain.

Let W = ng,y) be a“Wide Path” joining T to y in Q and let f € L;*(W). Then f
can be extended to a function F' € L;'(Q) such that

[Fllm @) < Clm,p) | fllLmow) -
For the proof of Theorem 4.14 we are needed the following two auxiliary results.

Proposition 4.15. (See [29], p. 128.) Ifg is a collection of non-empty open sets in R"
whose union is U and if F' € Ly 10c(U) is such that for some multi-index o the a-th weak
derivative of F' exists on each member of G, then I has the a-th weak derivative on U.

Proposition 4.16. Let m € N and 1 < p < co and let V be a domain in R2.
Let G = {G; :i € I} be a family of domains in R? satisfying the following conditions:
(i) G has finite covering multiplicity M = M(G);
(ii) The sets of the family {G; \'V :i € I} are pairwise disjoint;
(iii) For every G € G the set G NV is a non-empty Sobolev L}'-extension domain.
Furthermore,

A= sup e(L,(GNV)) < oc. (4.49)
Geg
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Let

U::VU{UG}. (4.50)

Geg

Then every function f € L' (V') can be extended to a function F' € L (U). Further-
more, F' depends on f linearly and

1
| Fllm@y < CM? Al fllLm vy
where C' = C(m, p).

Proof. Let f € L}'(V). We define the required extension F' of f as follows. Let G € G.
Then, by (iii), the set GNW is a Sobolev extension domain such that e(L;"(GNV)) < A,
see (4.49). Therefore there exists a function Fg € L;T(Rz) such that Fg|lanv = flanv
and

IFellor e < AllflaavlizmGav) - (4.51)

By (4.50) and by condition (ii), for each z € U \ V there exists a unique domain
G® € G such that G*) \V >z
This property enables us to define the extension F' of f by the following formula:

[ f(2), z€V,
Flz) = {FG(Z)(Z)a zeU\V.

Thus
F|l¢ = Fglg forevery Geg. (4.52)

Prove that F' € L;'(U). We know that the restriction of F' to V" and to any subdomain
G € G is a Sobolev function on G so that each weak derivative of F of order at most m
ezists on G. Hence, by Proposition 4.15, all partial distributional derivatives of F' of all
orders up to m exist on all of U.

Now let us estimate the norm of F'in L;*(U). We add the set V' to the family G and
denote the new family by G. Clearly, by (4.50), the sets of the family G cover the set U
so that

IFN 0y < C > /\DaF|pdz§C >N /|DaF|sz

la|<m 7 lal<m Geg &

¢y Y [irra=cY, ¥ [IpvRep .

lal<m Ggeg G GeG lalsm &
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Here C = C(m, p). Hence, by (4.51),

1Pl <04 Y 30 [ pesra:

Geg lal<m Ay

=cAr Yy /|D"‘f|pdz.

lel<m Geg ghv

By condition (i), covering multiplicity of the family {GNV : G € QN} is bounded by
M + 1. Hence

1E iy < CAP (M +1) 3 [ (D fPdz < CAP M| f]5, .

) =

la|<m §,

It remains to note that, since Fg depends on f linearly, by (4.52), the function F
depends on f linearly. The proof of the proposition is complete. O

Proof of Theorem 4.14. Let z,y € Q and let W = ng,g) be “The Wide Path” joining
Z to g in 2. We suppose that € is a Sobolev extension domain satisfying condition (4.1)
for some @ > 1. Therefore, by Proposition 4.13, there exists a finite family

A= {@17"'a¢kaqll7"'7\pk—l}

of subdomains of Q satisfying conditions (i)—(iii) of this proposition. These conditions
imply conditions (i)—(iii) of Proposition 4.16 provided

U:=Q, V:= ng’g) and G:=A. (4.53)
In these settings, by conditions (i) and (iii) of Proposition 4.13,
M :=M(G)=M(A) <3 and A:=sup{e(L,(GNV)):GeG}<C(m,p).
Now applying Proposition 4.16 to U, V and G defined by (4.53) we prove that for
every m > 1, p > 2, and every f € L'(W) there exists a function F' € L'(Q) linearly

depending on f such that

Flw=f and |F]|

L;n(Q) < C(mvp) Hf| L;)"(W)'

The proofs of Theorem 4.14 and Theorem 1.10 are complete. O

We finish the section with the following useful consequence of Theorem 1.10 and
Theorem 4.1.
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Corollary 4.17. Let Q be a simply connected bounded domain in R? satisfying condition

(4.1). Then for every z,y € Q and every “Wide Path” ng,g) joining x to y in ) the
following condition is satisfied: for every a,b € WPSW) there exists a path v connecting

a tobin ng’g) such that
diam y < nw [la — b

Here nw is a positive constant satisfying the inequality nw < C(m,p) 0 where 0 is the
parameter from condition (4.1).

5. “The Narrow Path”
5.1. “The Narrow Path” construction algorithm

Let z,y € Q2 and let ng,g) be “The Wide Path” joining  to y in 2 which we have
constructed in the preceding section. We also recall that the domain (2 satisfies condition
(4.1).

In this section we construct a “Narrow Path” described in Section 1, and present its
main geometrical and Sobolev extension properties.

We begin with the following important

Lemma 5.1. Let € > 0. Let K, K| and Ky be pairwise disjoint squares in R? such that
KINK{ #£0, KINKS #0, and #(K§ N K§) < 1.
Then there exists a square K C K such that KN K # (0, KN KS # 0 and
diam K < 2dist(Ky, K2)  whenever K& N KS =0,
and
diam K = ¢ whenever K$'NKS' # 0. (5.1)
Furthermore, for every j € {1,2} the following is true:
if #(EINKY) >1 then #(KSNKT) >1. (5.2)
Proof. First prove the lemma whenever K§! N K§! = ().
We begin with the following statement: for every a,b € K¢ there exists a square K,
such that

a,b€ K,p C K9 (5.3)

and
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diam K, = |la — b||. (5.4)
(Recall that we measure distances in the uniform metric.)
Let K = (v/,2') x (y",2"). Hence, |y’ — 2’| = |y’ — 2"| = diam K. Let a = (a1, a2) and
b = (b1,b2). We may assume that
lay = b1| < |ag — ba| = [la —b||. (5.5)
Since a,b € K, we have [a1,b1] C [y, /] and
laz, bo] C [y, 2"]. (5.6)

Since |la — b|| < diam K = |y’ — 2’|, by (5.5),

a1 = by| < [la =l < [y - 2').

Hence there exists a closed interval [a], b]] such that |a} — b]| = |az — ba| = ||a — b|| and
[a1,b1] C [a},b)] C [, 2] (5.7)
Let K, = (a},b}) % (a2, b2). Then, by (5.6) and (5.7), inclusions (5.3) hold. Further-

more, by (5.5),
diam K, = |ag — ba| = ||a — b

proving that K, ; satisfies (5.3) and (5.4).

Note that the requirements K N K; # () and K N Ky # () imply the following
equality:

dist(K;, K») = dist(K$' N K9 KS'n K. (5.8)

A proof of this simple geometrical fact we leave to the reader as an easy exercise.

Let [ug,v1] := K{' N K and [ug,v2] := K§' N K. By (5.8), there exist points a’ €
[u1,v1] and b’ € [ug, v2] such that

||CLI — b/H = diSt(Kl, KQ)

Let a := @’ whenever u; = vy, and let

a bea point from (ur,v;) such that [la’ —al < 3 dist(K;, K») (5.9)

whenever u; # v1. In a similar way we define a point b by letting b := b’ whenever
Uy = Vg, and
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b be a point from (uz, v2) such that [|b" — b|| < 3 dist(K7, K>) (5.10)

provided ug # vs.
Let K = K, be the square satisfying (5.3) and (5.4). Then a,b € K C K¢ and

diam K = [la = b]| < [la — /|| + [|a = ¥'|| + o' — b]

S %diSt(Kl,KQ) + diSt(Kl,KQ) + %diSt(Kl,Kg) = 2diSt}(K1,K2) .

Furthermore, by (5.9) and (5.10), the square K satisfies (5.2).

It remains to prove the statement of the lemma whenever K$'N K§' is a singleton, see
(5.1). Thus {a} = KN K§! fore some a € R2. Since K1, K2 and K are pairwise disjoint
squares with sides parallel to the coordinate axes, the point a is a common vertex of
these squares. See Fig. 20.

diamK = ¢

Fig. 20. The point a is a common vertex of the squares K;, Ko and K.

This enables us to define the square K = K as follows: K is a (unique) subsquare
of K with the vertex a and diam K := ¢ as it shown in Fig. 20. Clearly, K satisfies
conditions (5.1) and (5.2).

The proof of the lemma is complete. O
We are also needed the following auxiliary result.

Lemma 5.2. Let 1 < m < k—3. Let Sy,41 be a rotation square and let a;,4+1 be a rotation
point associated with the square Sp,y1, see Definition 4.3. (We recall that in this case

S 0 Srcrlz+1 N Sﬁi+2 ={am+1}.)
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Let H be a square such that H C Sp,41, the point a,,41 is a vertices of H, and
diam H < % min{diam S,,, diam S, 11, diam S, 12} (5.11)
Then H NSS4 = 0.
Proof. First prove that
H {ams1} C S USpg1 USpio. (5.12)

In fact, by (5.11),

H\ {ami1} = HU((H NS\ {am1}) U ((H' N S50) \ {amia})-
We know that H C S,,,+1. Recall that

1 1 1 1
[Ums vm] = S5 NSy and [umar, vmga] = S5 NS5 -

See (4.2). (We can assume that %, = Umt1 = ami1.) We also know that T, =

(Um,Vm) C Q and Ty1 = (Umt1,Vmt1) C Q, see (4.32) and (4.34). These proper-
ties and inequality (5.11) imply the following;:

(H N S\ {ami1} C (U, vm) € Q and
(HCI N Sz}bJrz) \ {aerl} - (um+17 Uerl) C Q,
proving (5.12).
By (5.12) an Lemma 3.2, (H\ {am+41}) NSS4 5 = 0. On the other hand, am,11 € S5
and, by (/1./1), S,C,IL n Sf,ll+3 = (). Hence Am+1 ¢ S,?,,IL+3 Thus H ﬂ5$+3 = (), and the proof

of the lemma is complete. O

We turn to constructing “The Narrow Path”. Let Sq(z,y) = {S1,Se, ..., Sk} be the
family of squares constructed in “The Wide Path Theorem” 1.9.

Proposition 5.3. Let k > 2. There exists a family

Qﬂ(jag) = {Q17Q27 .. 'an}

of pairwise disjoint squares such that:
(1). Q1 = 51, Qr = Sk, and Q; C S; for every i, 1 < i < k. Furthermore, T is the
center of Q1. In turn, y € QS and dist(y, Qx—1) = diam Q ;
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(2). QCI NQS, # 0 for every i € {1,....k — 1}, and #(Q5 N QSL,) < 1 for every
i€ {l,...,k—2}. Furthermore,

QNQL =0 forall i,je{1,... .k}, |i—j|>2;

(3). If #(S'NSELL) > 1, then #(QS'NQSL,) > 1. In turn, if #(S$'NSS ) =1, then
#(QF'NQSL,) =1 as well;

(4). Let 1 <i <k —2. Then
diam Qi1 < 2dist(Qi, Qir2) i Q5 NSy =10, (5.13)

and

diam Q11 < imin{diam Q;,diam Q; 1o} if Q5 NSFL, #0; (5.14)
(5). If Q' NS¢ty # 0 then Q5L NS5y =0,1<i<k-—3.
See Fig. 2

Proof. We obtain the family Qq(Z,y) as a result of a k step inductive procedure based
on Lemma 5.1. This procedure depends on a certain parameter g > 0 which we define
as follows. Let

Ji={me{l,... k-3}:54nsd  nsd, #0}.

Thus for every m € J the square S,,11 is a rotation square, see Definition 4.3. Let
amy1 be the rotation point associated with S,,41 so that {a,41} = S9N SC1+1 n
Sekys

We let H,, denote a subsquare of S;, 1 such that a,,1 is a vertices of H,, and

diam H,, := % min{diam S,,,, diam S, 1, diam S, 1.2} (5.15)
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Let
g0 := § min{dist(Hy,, Sm+3) : m € J}. (5.16)

By Lemma 5.2, dist(H,,, Si13) > 0 for every m € J so that g > 0.
We are in a position to define the family of squares Qq(Z, 7). At the first step of our
inductive procedure we put @1 := S1 and turn to the second step. We know that

Qf Nsst A0, S5NSS A0 and #(QFNSE) <1,
see part (ii) of Lemma 4.2. We put
€= i min{diam @1, diam Ss, diam S5, &0}

and apply Lemma 5.1 to € and pairwise disjoint squares K := @1, K := S, and K3 :=
S3. By this lemma, there exists a square K such that K C S,

K'NQf'#£0 and KN Sg +£0.

Furthermore, diam K < 2dist(Q1, S3) if Q5! N S$t = (), and diam K = ¢ if Q' N S .

In addition, if #(Q$! N SSY) > 1, then #(Q5' N IN(CI) > 1, and if #(Q$'NSS") = 1, then
#(Q5' N K = 1 as well. The same is true for the squares S3 and Sy, i.e.,

it #(59NSSH) >1 then #(K9nSS) > 1,
and
if #(S$'NSS) =1 then #(K'NSY) =1.

We put Q5 := K and turn to the third step. We know that Q5 NS # 0, SN S 0
and #(Q5'NS§) < 1 (because Q2 C Sz and, by part (i) of Lemma 4.2, #(S5!NS§) < 1).
This enables us to apply Lemma 5.1 to

€= imin{diam Q2, diam S5, diam Sy, eo }

and pairwise disjoint squares K7 := @2, K := S3 and K3 := 54, and in this way to obtain
a square (J3, etc.

In a similar way we turn from the m-th step of this algorithm to its (m + 1)-th step
provided 1 < m < k — 1. After m steps of this procedure we obtain a collection of
squares {Q1,Q2, ..., Qm}. We know that Qp, C Spm, QENSL, #0, S, NSS ., #0
and #(QS N SS . 5) < 1 (because @, C Sy, and #(SS N S2,,) < 1, see part (ii) of
Lemma 4.2). We put
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= i min{diam Q,,, diam S, 11, diam Sy, 12,0},

K1 = Qm, K := Spn+1 and Ky := S,,49. Clearly, K7, K, Ky is a triple of pairwise
disjoint squares satisfying the hypothesis of Lemma 5.1.
By this lemma, there exists a square Q,,4+1 = K such that Q41 C Sim+1,

QSTIL N ngLJrl #0 and va11+1 N S7Crlz+2 # 0. (5.17)
Furthermore,
diam Q11 < 2dist(Qum, Smt2) Whenever QS N SS ., = 0. (5.18)
See Fig. 21.
Sm+l
Qm+l
Q Q Sm+l
S
Fig. 21. A square Q.41 satisfying conditions (5.17) and (5.18).
Now let

QNS5 #0. (5.19)

Since @, C S, we have S N SS , # 0, so that the square Sy, 11 is a rotation square
of “The Wide Path” W, see Definition 4.3. We know that in this case the intersection
SenSe NS, is the rotation point {am+1} associated with the rotation square
St

By Lemma 5.1, in this case

diam Q11 =€ = % min{diam Q,,, diam S,, 1, diam S, 2,0} (5.20)
In addition, by (5.2),

if #(Q%NS3,)>1 then #(Q%NQS, ) >1, (5.21)



P. Shvartsman, N. Zobin / Advances in Mathematics 287 (2016) 237-346 309

and
if #(S%,,NS%.,)>1 then #(Q%,;NS5H.,) > 1. (5.22)
See Fig. 22.
Sm+2
am+l
O
0,
0 S 5.

Fig. 22. {am+1} = S N Sfyll_H N S:,E,_'_Q is a rotation point of “The Wide Path” W.

After (k — 1) steps of this algorithm we obtain a family of squares {Q1,...,Qx—1}
Finally, at the last step of this procedure we put Qy := Sk and stop.

Let us prove that the obtained family {Q1,...,Qx} of squares possesses properties
(1)—(5) of the proposition.

Since Q1 = S1, Qx = Sk and Q1 C S, the first part of property (1) holds.
The second and third parts follow from part (a) of Lemma 3.1. Property (2) of the
proposition follows from (5.17) and part (ii) of Lemma 4.2. Property (3) directly follows
from properties (5.21) and (5.22) and the inclusion Q; C S;, 1 <i < k.

Prove property (4). Suppose that Q¢ N S,CTILJr2 = (). Since Q12 C Sz, by (5.18),

diam Q41 < 2dist(Qm, Smt2) < 2dist(Qm, Qm2)

proving (5.13).

Now prove (5.14) whenever Q% N S% , # 0, i.e., (5.19) holds. In this case Q1 is
a subsquare of S,,,+1, the rotation point a,, 11 is a vertices of @,,+1 and its diameter is
given by (5.20). See Fig. 22.

Comparing Q41 with the square H,, 1 defined at the beginning of the proof (see
(5.15)) we conclude that Q.11 C Hpq1. Note that, by (5.16) and (5.20),

diam Qm+1 <o < i dist(Hypn, Smy3)-
On the other hand, we know that QS ,, N QS # 0 and Q% , NS, 5 # 0 so that

diam Q42 > dist(Qm1, Smy3) > dist(Hpy1, Smi3) > 4eo.
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Hence diam Q11 < i diam @, 42.

In addition, by (5.20), diam Q+1 < idiam Q@ proving (5.14) and property (4) of
the proposition.

Prove property (5). Suppose that (5.19) holds so that a,,11 is a rotation point asso-
ciated with the rotation square Sy, +1. See Fig. 22.

Let H := Q.u+1- Then H C Sp,41, the point a,,41 is a vertices of H, and, by (5.20),
inequality (5.11) of Lemma 5.2 is satisfied. By this lemma, H' NSS! +3 = 0 proving that

+1 N Sm+3 = (). This implies property (5).

The proof of the proposition is complete. 0O

5.2. Main geometrical properties of “The Narrow Path”

We recall that “The Narrow Path” J\/'Pg’g) joining x to y in Q is defined by formula
(1.20):

e ()

Recall that {§1, cee §k} is the family of sets (more specifically, squares or empty sets)
introduced in Definition 4.7.

Let us present several useful geometrical properties of “The Narrow Path” which we
will use later on in the study of the extension properties of A P(m % and differential
properties of the “rapidly growing” functions.

Lemma 5.4. (i). S; = 0 whenever i =k or #(Q5'N QL) > 1, and

Si = S(wi, ) if #(Q¢N Qshy) =

Here {w;} = SN SSL ., see (4.20), and & is the number defined by (4.21).
(ii). {S1,...,Sk} is a family of pairwise disjoint subsets of Q@ such that

(SNNQL =0 forevery 1<i,j<k, j#ii+l. (5.23)

(). diam S % min{diam Q;, diam Q;4+1} for every i, 1 <i<k—1.
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Proof. By part (3) of Proposition 5.3,

#(Q'NQS,) =1 ifandonlyif #(S'NS5H,) =

This property, Definition 4.7 (see (4.18) and (4.19)) imply part (i) of the lemma.

Prove (ii). By Lemma 4.8, the sets of the family {2§Z :1=1,...,k} are pairwise
disjoint subsets of € so that the family {gz :1=1,...,k} consists of pairwise disjoint
subsets of Q as well. This property, (4.24) and the inclusion Q; C S; immediately imply
the statement (5.23) proving (ii).

Prove (iii). Suppose that S; £ 0, i.e., by part (i) of the present lemma, Q' N QY | =
{w;}. (Recall that w; is the center of the square S;.) Thus w; € Q.

If i = 1 then, by part (1) of Proposition 5.3, @1 = S1. In turn, by (4.21),

0o = min{diam S; : 1 < j < k}
so that
diam S; for every 1<4,j <k. (5.24)

In particular, diam §1 < idiam S1 = %diam Q1.
Now let ¢ > 1. Since fl_l N Qfl # 0 and Q;,—1 C S;_1, we have dist(w;, S;—1) <
diam @;. But, by (4.22) and (4.21),

~

diam S; = 26 < 33§ dist(w;, S;—1) < 7 diam Q.

1 1
1 1

In the same way we prove that diam §, < idiam Qi+1- In fact, let ¢ < k — 1. Since
ﬁ_l N Sfi_g # (), we have dist(w;, Si+1) < diam Q;11. Hence,

A

diam §z =20 S 2- %83 S %dist(wi,SiH) S idiam Qi+1.

If i = k — 1 then, by part (1) of Proposition 5.3, Q;+1 = Qr = Sk so that, by (5.24),
diam Sj_1 < idiam SE = idiam Qr proving part (iii) and the lemma. 0O

The next proposition is an analog of Proposition 4.9 for “The Narrow Path”. Its proof
literally follows the scheme of the proof of Proposition 4.9; we leave the details for the
interested reader.

Proposition 5.5. “The Narrow Path” N := ./\/Pg’g) is an open connected subset of the
domain Q0 which has the following representation:

- k_Ul (Q?U 4 S ) _ (5.25)
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Let @; and Q;11, 1 < i < k, be two subsequent squares from “The Narrow Path”
such that #(Q¢' N QS +1) > 1. Since Q; and @; 1 are touching squares, intersection of
their closures is a line segment. We denote the ends of this segment by s; and ¢;. Thus

[si, ;] := QCI z+1 whenever #(QCl z+1) > 1, (5.26)

so that in this case
Q5 UQS ) = Qi UQis1 U (sisty). (5.27)
Let 1 <i < k and let

§i7 if #(QCI N Qz+1)

= { (5.28)
(sisti), if #(Q5' N QL) >

We also put Yy := 0.
Then, by (5.27) and by definition of S;, see (4.19),

(Qfl Ued.USs: ) =Q:Join |Jv. (5.29)

Combining this equality with (5.25) we obtain the following representation of “The Nar-
row Path”:

k

N=NPE? = (@ UY) - (5.30)

In the next two lemmas we present additional geometrical properties of “The Narrow
Path”.

Lemma 5.6. (i) Let 1 <i < k—2 and let Q5" N SF, = 0. Then
diain+1 S 4dISt(K,Y;+1) (531)
Furthermore,
diam @1 < 4dist(z,Y7) and diam Qg < 4dist(y, Yi—1). (5.32)
Proof. (i) Suppose that #(Qf N Q%) = 1 so that V; = S;. See Definition 4.7. Consider
two cases.
The first case: #(Q5, N Q% ,) = 1. In this case Vi1 = S;41. Recall that the center

of the square Sz+1, the pomt Wit1, is a common vertex of the squares QS ~1 and Qfﬂrz.
Furthermore, since S; N SH_l = (), we have w; # w;11.
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Since w; is a vertex of Q¢! as well, we conclude that
|wi — wita || = diam Qi1 . (5.33)

By part (iii) of Lemma 5.4, diam Sl, diam Sz+1 <1 7 diam Q; 1. Combining this inequality
with (5.33), we obtain that

diSt(Y;‘, }/;+1) = diSt(gi, §1‘+1) Z % diam Qi+1 .

In the same fashion, basing on property (1) of Lemma 5.3, we prove inequalities (5.32).

The second case: #(Q5\ 1 NQS,5) > 1. In this case Y11 = (si+1,ti+1) C QF 1 NQT,,.
Since Q' N S5y, = 0, by (5.13),

diam Qi1 < 2dist(Q;, Qit2) < 2dist(w;, Yii1).

On the other hand, by part (iii) of Lemma 5.4, diam 5’; < i diam Q;41. Therefore, for
each z € S; we have

dist(Yiq1,2) > dist(Yip1, w;) — ||z — w;| > 3 diam Q41 — 1 diam Q41 = % diam Q44

proving (5.31) in the case under consideration
Let now #(Q§' NQSL ) > 1 and #(Q5,; N QS,,) > 1. In this case Y; = (s;,¢;) C QY
and Y41 = (8i41,ti41) C Q5,. Hence, by (5.13),

dist(S;, Si41) = dist(Y;, Yip1) > dist(Qi, Qizz) > L diam Q1.

Consider the remaining case where #(Qf' N Q5,;) > 1 and #(Q, NQ%,,) =1, ie.,
Y (S“ 1) QCI and Y;_H Sz+1

Recall that Sz+1 S(w,+1, 6) where {w;1} = Q% ; NQS,, and b is deﬁned by (4.21).
In particular, by S< i (53 < z dlst(lerhS’) But w;11 € Qz—i—l and z+1 NS+ 0 so
that dist(w;11,5;) < dlam Qz+1' Hence § < L gdiam Q1.

This inequality implies the following:

P

diSt(}/i, }/H-l) = diSt(Y;, §i+1) Z dist(Yi,wiH) -0 Z diSt(Qi, QH_Q) - %diam Qi—i—l-

On the other hand, by (5.13), dist(Q;, Qi+2) > % diam Q;+1 which proves (5.31) and the
lemma. O

5.3. Sobolev extension properties of “The Narrow Path”

Lemma 5.7. Let 1 <i < k—1 and let a € S;,b € S;12. Then there exists z € Q;4+1 U :S’\l U
Siy1 such that
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Iz —all < 3nwlla = b
Here ny is the constant from Corollary 4.17.
Proof. By Corollary 4.17, there exists a path  joining a to b in WPg” ¥ guch that
diam vy < ny|la — b]|. (5.34)
In turn, by part (i) of Lemma 3.4, yNS;11 # @ so that there exists a point z € yN.S;41.

However we cannot guarantee that z € Q;41.
By Lemma 4.10,

yNT; £ 0 and yNTiq #0 (5.35)
where T; is the set defined by (4.32).
Suppose that #(S¢' NS¢ ,) = 1. In this case, by part (3) of Proposition 5.3, we have
(QCl N QL) = 1 as well. Recall also that in this case T; = S;, see (4.32), so that
v S; 0.

In the same way we show that N Sis1 # 0 provided #(S5, N S¢L,) = 1. Thus there
exists z € v N (8; U S;11) whenever

either #(SS'NSH,) =1 or #(Sf,NSH,) =1
Since a, z € 7, by (5.34),
2 —all < diamy < nwlla — b]|.
Thus we can assume that
#(SCI S1+1) >1 and #(Szc—li-l n Sz+2)

so that T; = (u;,v;) and Tj41 = (uiy1,vi41). See (4.32). In particular, we have the
following: T = [u;, v;] = SE N Sz+1’ see (4.2).

By (5.35) there exist points a’ € T; and b’ € T;44. Clearly,

deynSINSA, and ¥ eynSH,NSH,.

Note that T¢' and T, ﬁ_l are closed line segments which lie on 95;. Since the squares
Si, Siy+1 and S; 4o are pairwise disjoint, intersection of TiCl and Tf_}rl contains at most one

point, i.e.,

#(TNTEL) < 1. (5.36)
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We also notice that, by part (2) of Proposition 5.3, Q' N Q¢ # 0. But Q; C S; and
Qi+1 C Sit1 so that Q1N SP' NS¢, # 0 proving that

S NT #0. (5.37)
In the same fashion we prove that
S NTey # 0. (5.38)

To finish the proof of the lemma we are needed the following simple geometrical

Statement C. Let S be a square in R? and let T C S and T" C 0S be closed line
segments such that #(T" NT") < 1. Let Q@ C S be a square such that

QUNT' #0 and QNT" #£0. (5.39)
Then for every a € T'\ QY, beT” \ Q% and z € Q' the following inequality
= =l < l|a - b]

holds.

We prove this statement with the help of projection on the coordinate axes. This
enables us to reduce Statement C to the following trivial assertion: Let Iy and Iy be
closed intervals in R such that #(I1 N1I3) < 1. Let I C R be a closed interval such that
LNI#Dand IyNI #0. Then |c — 1] < |e1 — ca| provided ¢y € 1\ I, co € I3\ I and
cel.

Now we finish the proof of the lemma as follows. First we notice that, by (5.34),

la’ = ¥'|| < diam~y < nyw|la — b]|. (5.40)

Let S := Siy1, Q := Qit1, and let T := TF', T” := T¢l,. Then (5.37) and (5.38)
imply (5.39), and (5.36) implies inequality # (7" NT") < 1. Hence, by Statement C, for
every z € Q@ = Qit1

Jo—a| <l — b provided o’ ¢ Q" =Q%, and b ¢Q"=Qd,.
Combining this inequality with (5.40) we obtain:
Iz = dll < 2nwla = bl|. (5.41)
If « € QS ,, then we choose z € Q41 such that ||z — /|| < |la — b|. In turn, if

Y € Q5,,, we can choose z € Q;41 for which ||z — V| < ||a — b||. This inequality and
(5.40) imply the following;:
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Iz =d'| < ]z = V[ + [la" = V[l < [la = bl + nwlla — bl < 2nwlla — b].
(Of course, we assume that ny > 1.)
These estimates show that there always exists a point z € Q;41 satisfying inequality
(5.41). Finally, by (5.41) and (5.34), we obtain that
Iz —all < [z = 'l + lla" = a]| < 2nw|la — bl + diamy < 3nw [|a — b]|
proving the lemma. 0O
Let us introduce two families of open subsets of 2, a family G and a family H, which

control Sobolev extension properties of “The Narrow Path”. We define the members of
these families as follows: Let

Ai::<Q§1U MUS), i=1,... k-1, (5.42)
and let
Gi=Ai|JAinn i=1,... k-2 (5.43)

Note that, by (5.25) and (5.42),

N =NPEY) = U A (5.44)
so that
k—2
N=] @G (5.45)
i=1
We also put

(SdUQH_lUS\i)o’ CiI:( z+1USz+2USZ+1) , i=1,...,k—2,
and, finally,
Hi::BiUCi i=1,...,k—2. (5.46)

Note several useful representations of GG; and H; which easily follow from their defi-
nitions and part (ii) of Lemma 4.2. In particular,

(@ Ut UehUSUS) . 1zisiee 6
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In turn,

(§WJ U WQUSlJSHQ, 1<i<k-2. (5.48)

We use representation (5.44) to prove the following important property of “The Nar-
row Path”.

Lemma 5.8. “The Narrow Path” N := Npgc,g) is a simply connected domain.

Proof. The statement of the lemma easily follows from (5.44) and the following properties
of simply connected domains: Let G and G’ be two simply connected domains in R? with
simply connected intersection GNG'. Then GUG’ is simply connected as well. See, e.g.,
[30], p. 175.

Let 1 <m < k-1, and let

:O&. (5.49)
=1

Thus, by (5.44), Ux_1 = N. Note that, by Proposition 5.3 and Lemma 5.4,
ApnNApi1 =Qpmyr forall m=1,... k—2. (5.50)

Prove that each set U,,, m=1,...,k—1, is a simply connected domaz'rg. We do this
by induction on m. First we note that each set A; = (Qd U Qz-i—l 2) is a simply
connected planar domain. (The reader can easily see that dA; is a connected set which
guarantees that A; is simply connected. See, e.g., [1], p. 81.)

In particular, U; = A; is a simply connected domain. Suppose that 1 < m < k — 2
and the set Uy, is simply connected. Then, by (5.49), Up,41 = Uy U App1. Furthermore,
by Proposition 5.3 and Lemma 5.4, A; N A; # 0 if and only if | — j| < 1 proving that
Un N Apg1 = Am N Apga. Hence, by (5.50), Uy, N A1 = Qs

Thus U,, and A,,+1 are two simply connected planar domains with simply connected
intersection. Therefore, by the above statement, their union U,, U A;t1 = Uppa1 S a
simply connected domain as well.

The proof of the lemma is complete. O

In Section 6 we will be needed the following important geometrical property of “The
Narrow Path”.

Lemma 5.9. Let v be a path joining T to i in “The Narrow Path” N = N’Pg’g). There
exist points sn,t, € v, 1 <n <k, such that:
(1). s1 =12, tr, = ¥,

SnEVHYTle forall 2<n<k, and tne'yﬂY:I forall 1<n<k-1.
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(2). Let 7y, be a subarc of v with the ends in s, and t,, 1 <n <k. Then v, C Q.
(8). The sets of the family {vn \ {sn,tn} : 1 <n <k} are pairwise disjoint.

Proof. Let 1 <n <k and let
i=1

In particular, N' = N, see (5.30).
Let

k
ae N\N, = | @ UV

1=n+1

Prove that the subarc vz, of the path v from Z to a intersects Y%, i.e.,

Yaa [\ Y # 0. (5.51)

In fact, since T € N,, and a ¢ N, we have vz, N ON,, # 0. On the other hand, the
subarc vz, C v C N. Hence

Vza ﬂaNn C N maj\/n
Using Proposition 5.3 and Lemma 5.4, we conclude that N'NON,, C Y.<\, Hence,
Yza n aNn C erl

proving (5.51).
In the same way we prove a similar statement: Let 1 <n < k — 1 and let

k

No= |J @ UYo)

1=n-+1

Then for every b € N\ N, = U1 (Qi UY;) the subarc 7,y of 7 from b to 4 intersects
Y,fl, ie.,

g (VY5 # 0. (55)
Note that, by (5.51), for every 1 <n < k — 1 we have v N Yl & ().
Now let us represent the path - in a parametric form, i.e., as a graph of a continuous

mapping I": [0,1] — N such that I'(0) = z and I'(1) = y. Let

B, :={uec0,1]:T(u) eI}, 1<n<k-1 (5.53)
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Then B,, is a non-empty compact subset of [0,1]. Let
vp :=min B, and V, :=maxB,.
Let
Sn i =T(Vho1), 2<n<k,

and let ¢, :=T'(v,), 1<n<k—1. Thens, €yNY, and t, € yNnY<.
Let v, be the subarc of v from s, to t,. Prove that

Yo \ {8n,tn} C Qn- (5.54)

Clearly, since the squares {Q;} are pairwise disjoint, this inclusion imply properties (2)
and (3) of the lemma.
First let us show that

('Yn \ {Smtn}) ﬂNn—l = 0.

In fact, suppose there exists a point b such that b € M,_; and b € v, \ {sp, ts}. Then,
by (5.52), 755 N Y,CL, # 0. Therefore there exists u € [0, 1] such that T'(z) € vy N Y.

Recall that b € y,, and =, is the subarc of v which joins s, = I'(V,,—1) to t,, = I'(vy,).
Since I'(u) € Yy, we conclude that @ > V,,_1. At the same time I'(a) € Y, | so that, by
(5.53), u € By,,—1. Hence, u < max B,,_1 = V,,_1, a contradiction.

In the same way, using (5.51), we show that (yn \ {Sn, tn}) N = 0.

Hence we conclude that

(I \ {8n,tn}) CN\ (N1 NA,) C Q
proving (5.54) and the lemma. O

The next lemma describes Sobolev extension properties of the sets from the families
G:={G;:1<i<k—-2}and H:={H;:1<i<k—2} See (5.47) and (5.48).

Lemma 5.10. Let m > 1, 2 < p < 00, and let Q be a domain satisfying condition (4.1).
Then each set G; and H;, 1 <i <k — 2, is a Sobolev extension domain. Furthermore,

e(Ly'(Gi)) < C(m,p)8 and e(L;(H;)) < C(m,p)0, 1<i<k-—2.(555)
Here 0 is the parameter from condition (4.1).

Proof. Let us show that for every a € (0,1) the sets G; and H; are a-subhyperbolic
domains. See Definition 1.4. More specifically, we shall prove that for every a,b € G;
there exists a path v C G; joining a to b such that
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leng, g, (7) < Cla) nw [la — b]|*. (5.56)

Here nyy is the constant from Corollary 4.17. We also show that the set H; has the same
property.

Note that, given a, b € G;, by representation (5.43), it suffices to consider the following
cases.

The first case: a,b € AS'NG; or a,b € ASy, NG;.

In this case, given a,b € A$' NG}, by part (a) and part (b) of Lemma 4.6, there exists
a path ~ which joins a to b in G; such that

leng 4, (7) < Zla —bl|* .

Since A; C G4, we have len, g, (7) < leny 4, () proving (5.56) with C' = 12/a.
In the same way we treat the case where a,b € Aﬁ_l NG;.

The second case: #(QS'N QL) =1, a € S; and b € Qipo UTiyy. See (.52).

Let {c} = Q¥ N QS ;. By Lemma 4.4, there exists a path 7,c connecting a to ¢ in S
such that len, g (Yac) < 2|la — c||*. Since S; C G;, we have leng, ¢, (Yac) < 2la—c°.

Note that ¢ € Aﬂ_l NG;. As we have proved in the preceding case, there exists a path
Yeb joining ¢ to b in G; such that lena g, (ve) < 22[[b — .

Let v = Y4e U vep. Then

lena,c, (7) = lena,q, (Yac) +lena,c, (ve) < Z(lla —c[* + [le = b]|*).

By Lemma 4.8, (2:9'\1) n (Sf_l‘_2 U §f_lH) = (. Since Q;y2 C Siio and Q1o UT;y1 C
U §§_1~_1, see (4.32), we conclude that b ¢ 25;.

Since a, ¢ € S;, we obtain that ||a — ¢|| < |Ja — b||. Hence ||b — ¢|| < 2||a — b|| proving
that leny g, (v) < 2|la — b]|*. Thus in the case under consideration (5.56) holds.

In the same way we treat the case where #( gh_lﬁ ZCL_Q) =1,a€e @Q;UT;andb € §i+1~

It remains to consider

The third case: a € Q;, b € Q2.

Since the point @ € Q; C S; and b € Q42 C Sit2, by Lemma 5.7, there exists a
point z € Qi1 U S; U Sj41 such that ||z — af < 2w |la — b|. Since a,z € 4; U S;4; and
z,be A1 U §i, from the results proven in the previous cases it follows the existence of
paths v1 C G; and 2 C G; connecting a to z and z to b respectively such that

leng,; (1) < Cla)lla—2z[|* and  lenag,(12) < C(a)llz = b[*.
Let v := 41 U~2. Then
lena, g, () = lena,q, (1) +lena, g, (12) < Cla)(fla = 2[|* + [z — b]|*).

Since ||z — al| < 2nw |la — b]|, we obtain
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lena,g, (7) < Cla)(lla = z[|* + ([Ib— al|* + lla = 2[|%))
< C(a)(1 +4my) o — bl < 5C (o) la— bl
proving (5.56) for all a,b € G;.
It remains to apply Theorem 1.7 to G; and the first inequality in (5.55) follows.
In the same fashion we prove the Sobolev extension property for each H;, 1 <1 < k—2.
We only notice that the main point in this proof is an analog of the third case whose
proof is based on Lemma 5.7. But this lemma holds for every a € S; and b € S; ;5 as

well proving the existence of the required point z € @Q;12 in this case.
The proof of the lemma is complete. O

The next theorem presents the main result of this section.

Theorem 5.11. Let p > 2, m € N, and let Q) be a simply connected bounded domain
in R2. Suppose that Q is a Sobolev L' -extension domain satisfying the hypothesis of

Theorem 1.8. Let T, € Q and let N' = NPS}"@) be a “Narrow Path” joining x to y in €.
Then every function f € Ly(N') extends to a function F € L' (Q) such that

1Pl < Cmp) 011l vy (5.57)

Proof. We prove the theorem in two steps.
The first step. At this step we extend f from “The Narrow Path” N to a wider domain
N CW. Let

Toga:=4{i:1<i<k—2, iisan odd number}.
For every i € 1,44 we put
Gi = (le Usa Uet.lJs U §Z—+1) . (5.58)
Let
N=NJ { U é} (5.59)
1€1 544

Comparing this definition with representation (5.25) we conclude that

N = U C?'Z whenever k is odd, (5.60)
€1 044

and

./\7—{ U él}UYklu,S'k if k 1iseven.

1€ odd
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Since Q; C S;, by (1.18), Gi; C W. Hence
NcNcw. (5.61)

By Ploposltlon 5.5, “The Narrow Path” N\ is a connected set. The reader can easily see
that each set G is a connected set as well. Clearly, G NN #  (because this intersection
contains ;) so that N is a connected set. Since N is open, this set is a domain in R2.

Let V :i= N, U := N, and G := {GZ 4 € Iogq}. Prove that U, V and G satisfy
conditions of Proposition 4.16.

First we notice that covering multiplicity of the family G is bounded by 3. This directly
follows from (4.4), (4.24), and the fact that the squares {§Z} are pairwise disjoint. See
Lemma 4.8.

Let us show that the members of the family {éz \N :i € I,44} are pairwise disjoint.
Let i, j € Iogq, i # j. Hence |i — j| > 1. By (5.58), (5.47) and (5.45), G; \ N C Se N

But, by part (ii) of Lemma 3.4, the sets S¢! 1 N Q and S’CEH N Q are disjoint so that
the sets G; \ \ and G; \ \V are disjoint as well.

Prove that
éi ﬂ./\/ = Gi, 1 € Loqq- (5.62)
Clearly, G; € G; NN, cf. (5.47) and (5.58). Note that if G; N G; = ) then, by (5.42)

and (5.43), |i — j| > 2. We also notice that, by (5.58) and (5.47), G; \ G; C S¢t . On the
other hand, by (5.47), for every j, 1 < j < k — 2, we have

css s UstUS U SN (5.63)
Since |i — j| > 2, we have |(i + 1) — j| > 1 so that, by part (ii) of Lemma 3.4,
S (S 2=0 forevery n=j,j+1,j+2. (5.64)
Also, since 7, 7+ 1 # i+ 1, by (4.24),
Si() S5 = Sja[) S5k = 0.
Combining this with (5.63) and (5.64) we conclude that
z+1ﬂG =0 provided G, mG =0.
Since G; C S¢! $11 UGy, see (5.58) and (5.47), we obtain that

éiﬂGj =( whenever GiﬂGj =0.
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This property and representation (5.45) imply that the set A"\ G; and the set G; N are
disjoint. Combining this property with the inclusion G; C él NN we obtain the required
equality (5.62).

Finally, we notice that, by Lemma 5.10, each set Gi; is a Sobolev L;'-extension domain
satisfying inequality (5.55).

Now applying Proposition 4.16 to the sets V', U, and the family G defined above we
conclude that the function f € L7*(N) can be extended to a function Fe L?(./\? ) such
that

1l < COmop) 1l - (5.65)

The second step. At this step we extend the function F € Lg“(J\N/‘) to a function
Fe L' (W) with the norm

|l ow) < Clm,p) 1| . i) (5.66)
We construct the extension F following the approach suggested at the fist step. Let
Teyen :={i:1<i<k—2, iisan even number}.
For every i € I.pen, we put

ﬁ;::(glLJgglLJSgQLJ§ikJ@+QO. (5.67)

Let

1€ Toven
Let V := /\~/, U: =W, and G := {I;Q : 1 € Iyen}. Prove that these objects satisfy

conditions of Proposition 4.16.
First let us prove that (4.50) holds, i.e.,

W=NJH.
This equality is based on the following representation of H;:
= (57U st US) U (st U st USn)

This and representation (4.25) imply the inclusion H; C W. Since N C W, see (5.61),
we obtain that W > N (JH.
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Prove that
WcN(JH. (5.68)

By (4.34), for every z € W there exists i € {1,...,k} such that z € S; UT;. See (4.32).
If ¢ = 1, then, by part (1) of Proposition 5.3, S; = @ so that

sseic(etUssUs) <

See (5.58). Combining this inclusion with (5.59), we obtain that z € A
Let ¢ = k. Then Ty, = 0, and, by part (1) of Proposition 5.3, Sy = Q. Hence

ZESkUTk:SkZQkCNC./f\V/’.

Let k be an odd number, and let + = k — 1. Then

SialUnac (st UstUsia) = (s Jet Usi)

so that
Sk_1 U Tp_1 C ék—l C./\~/.

See (5.58). Hence z € N.
Let 1 <i<k—1lori=%kK—1andk is even. If i is even, then i < k — 2 so that
1 € Iopen. Furthermore,

sUTc (s UshUS) ch.

If 7 is odd, then i — 1 € Iy, and

ssUnc (st UstUSa) i

Thus in each case z € H proving (5.68).

Note that covering multiplicity of the family G = {I;Z 24 € Ieyen} is bounded by 3.
As in the first case, this directly follows from (4.4), (4.24), and the fact that the squares
{S;} are pairwise disjoint. See Lemma 4.8,

Prove that the members of the family {I?IZ \/\7 : 4 € Ioyen} are pairwise disjoint. Let
i,j € Tepen, i # j. Hence |i — j| > 1. By (5.58), (5.59) and (5.67), H; \ N € S, Q.
By part (i) of Lemma 3.4, the sets S, N Q and S5, N are disjoint so that the sets
H;\ N and H; \ N are disjoint as well.
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Prove that
Hi(\N =H;, i€ Leyen (5.69)

See (5.46) and (5.48). Clearly, H; C H;, cf. (5.48) and (5.67). On the other hand, for
each i € Ioyen, by (5.46) and (5.58), H; = B; |JC; € Gi—1|JGis1. Since i — 1 and i + 1
are odd numbers, by definition (5.59), H; C N. Hence H; C ffi ﬂ./\?

Prove that H; ﬂ/\? C H;. Note that if H; ﬂéj = (0, then, by (5.58), either j < i — 2
or i+ 4 < j. These properties and part (ii) of Lemma 3.4 imply the following:

H; ﬂéj = provided H; méﬂ =0. (5.70)
This and representation (5.60) show that

the set N\ H; and the set H; ﬂ./\7 are disjoint (5.71)

whenever k is an odd number. If k is even, then N is represented by equality (5.60). In
this case Yj—1 U Sk C SE(NQ so that, by (5.67), part (ii) of Lemma 3.4 and (4.24), the
following is true:

if Hi()|(Yae1 | J Sk)#0 then i=k—2.

Clearly, H_2 D Yj;—1 U Sk. This inclusion, (5.70) and representation (5.60) show that
(5.71) holds for odd number k as well.

Now combining (5.71) with the inclusion H; C H; ()N we obtain (5.69).

Finally, we notice that, by Lemma 5.10, each set H; is a Sobolev L;'-extension domain
satisfying inequality (5.55).

These properties of the sets {I;TZ : 4 € Toyen} enable us to apply Proposition 4.16 to
the sets V, U and the family G defined at this step. By this proposition, the function
Fe Ly (N) can be extended to a function Fe L7 (W) satisfying inequality (5.66).

Finally we apply Theorem 4.14 to the function F. By this theorem the function F
can be extended to a function F' € L;'(€) satisfying the following inequality:

£

L) < Cm, p)|IF| o)

Combining this inequality with inequalities (5.65) and (5.66) we obtain the required
inequality (5.57).
The proof of Theorem 5.11 is complete. O

6. The “rapidly growing” function

Let © be a simply connected bounded domain satisfying the assumption (4.1). In this
section, given ,y € ) we construct the “rapidly growing” function
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Fp = F(z:7,5) € L'(9)

satisfying conditions (1.10), (1.11) and (1.12). For some technical reason it will be more
convenient for us to work with a function H,, = Hy,(z : Z,y) which we introduce below
than with the function F,. The function H,, is defined by

T
Hy(z:2,9) = Y |D?Fn) “Fn(z:2,9).
|B|l=m—1
Clearly,
—%
Fu(z:2,9):={ Y. |D’Hu(y) CHp(z:2,7). (6.1)
|Bl=m—1

We put this expression in (1.10), (1.11) and (1.12), and obtain the following conditions
for the function H,,:

DPH,,(Z) =0 for every multiindex B with |8 =m —1, (6.2)
Vol g < Colmp8) Y D Hon(s) (63)
|8=m—1
and
do(Z,9) < Ca(m,p,0) > |D°H,(9)]. (6.4)
|Bl=m—1

Recall that a = g%? and 6 is the constant from the hypothesis of Theorem 1.8.

We construct H,, following the approach suggested in Section 1. Thus first we con-
struct a function hy,, € L7*(N) such that

DPh,,(z) =0, for every multiindex S with |3|=m —1, (6.5)
[l pry < Clmap) D (D hin(3)] (6.6)
|8l=m—1
and
do2(Z,9) < C(m,p) > [DPhp (7). (6.7)
|8]=m—1

Recall that N := N’Pg’y) is “The Narrow Path” joining & to g in Q. See (1.20).
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Then using the Sobolev extension properties of “The Wide Path” and “The Narrow
Path” proven in Theorems 1.10 and 5.11 respectively, we extend h,, to a function H,, €
L' () such that

[ Hn L) < C(m,p,0) [[hinll L (1)-

The function H,, satisfies (6.2), (6.3) and (6.4) so that the function F,, = F,,(- : Z, )
defined by (6.1) satisfies (1.10), (1.11) and (1.12) proving that F,, is the required “rapidly
growing” function.

Thus the objective of this section is to determine a function h., € L}’ (N) satisfying
conditions (6.5), (6.6) and (6.7).

We define the function h,, with the help of a certain weight function w : N/ — [0, c0).

Definition 6.1. For every ¢ € {1,...,k} and every z € @); we put
w(z) := (diam Ql)ﬁ . (6.8)
In turn, we put
k
w(z):=0 forevery z€ N\ U Qi - (6.9)
i=1
Thus, in view of representation (5.30), w(z) = 0 provided
zelJ{iti) : #(@QF Q) > 1}
or
z € U {:5'\1 \ (QiﬂQi—l—l) D #QF N z+1) =1}
Recall that [s;,t;] = Q' N QS ,, see (5.26).

Definition 6.2. Given u,v € N we let £(u,v) denote the family of all paths joining u to
v in N with edges parallel to the coordinate azes. For each path v € L(u,v) we put

ety () = [ 0zl 5= 12

Y
We refer to len,, ;(y) as a w-length of 7 in the direction of the z;-axis.

Clearly, for every v € L(u,v)

len, ;(y) = / w(z) ds (6.10)

~@)

where () is the union of all edges of the path ~ parallel to the zj-axis.
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Definition 6.2 motivates us to introduce two important pseudometrics on R?2.

Definition 6.3. Let j € {1,2}. We introduce a pseudometric p, ; : N x N — [0, 00)
generated by the w-length in the direction of the z;-axis as follows:

pw,j(u,v) :==inf len, ;(v), u,v €N,
where the infimum is taken over all paths v € £(u,v).

Remark 6.4. Note that p,, ; a symmetric non-negative function on N x N satisfying the
triangle inequality. But, of course, p, j(u,v) may take the value 0 for distinct points
u,v € N. Thus for each j = 1,2 the function p,, ; is a pseudometric on “The Narrow
Path” N = NPSY).

In particular, for every line segment [a,b] C A such that [a,b] | Oz and every point
s € N we have py 1(8,a) = py1(s,b). Correspondingly, puw2(s,a) = py.2(s,b) provided
[a, ] is an arbitrary line segment in N parallel to Oz;. <

Let
@;(2) = puw,j(2,7), z€N, j=12. (6.11)

Lemma 6.5. For each j € {1,2} the function ¢; is a locally Lipschitz function on N
which belongs to Lzl,(./\/) and satisfies the following inequality:

k
||<PjHI£IlJ(N < Z diam Q;)*
i=1

Proof. Let j = 1 (the same proof holds for j = 2). Since p,,,1 satisfies the triangle
inequality, for every u,v € N’ we have

lp1(u) = @1(0)] = |pw,1 (1w, T) = puw1(v,7)] < pwi(u,v) = inf leny 1(u,v).
YEL(u,v)
(6.12)
Let

1
Winag 1= MAX w(z) = lrgfxé(k(dlamQ J R (6.13)

Then, by (6.12) and Definition 6.2,

|901 (u) - 801('0)‘ < Wiaz dl,N(ua U)-

Recall that d; »r denotes the geodesic metric on NV, see (1.5).
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Applying this inequality to an arbitrary square K C N and u,v € K we obtain the
following inequality

p1(u) = 1 (0)] < Winasllu —vl|- (6.14)

Thus ¢1 € Lip,;,.(NV) so that every point z € N has an open neighborhood where the

first order distributional partial derivatives of ¢ exist. Hence, by Proposition 4.15, ¢
has the first order distributional partial derivatives on all of the set N.

Let us estimate the norm [|¢1z1(a). As we have noted in Remark 6.4, the function
©1(2) = pw,i(z, ), z € N, is constant along straight lines parallel to the axis Oz,. Hence,

Opr, \ _

We also notice that, by (6.9),

lerllrovy = el

where

k
= U Qi -
i=1
By (6.12) and (6.10), for every u,v € @; the following inequality
lp1(u) =1 (v)| < M [lu — vl
holds. Here M; := max{w(x) : x € Q;} = (diam Ql)ﬁ, see (6.8). Hence

O1(c)

o z)| < (diam Qz)ﬁ a.e. on ;.

By this inequality and (6.15),

8901
o1, ) = / T
k

k
< Y (diam Q) ™7 Qi = Y (diam Qi) 51
=1

1=1

8901
dzg ;/’821 ’

proving the lemma. O
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Lemma 6.6. The following inequality

k
Z (diam Q)" < 8{p1(y) + ¢2(y)}
n=1

holds.

Proof. By (6.11) and Definitions 6.2 and 6.3, the statement of the lemma is equivalent
to the following fact: Let v1,v2 € L(Z,y), i.e., 71, Y2 are paths with edges parallel to the
coordinate azes each connecting T to i in N'. Then

k
3 (diam @) < 8 /w(z)uzl\ —|—/w(z)|dzz\

Y1 Y2

Let us apply Lemma 5.9 to the paths 7;, 7 = 1,2. By this lemma, there exist points
sgf),tgf) € 7v;, 1 <n <k, such that:
(1). sgj) =7z, t(j) =1,

sPeyny, forall 2<n<k, and

t;j)efyﬂerl forall 1<n<k-1,j=1,2;
(2). Let ’y(j) be a subarc of v with the ends in s(j) and t%j), 1<n<k,j=1,2. Then
A9 c Qe forall 1<n<k;

(3). For each j = 1,2, the sets {7(3) \ {S(J ) }:1 < n <k} are pairwise disjoint.
Prove that for every n, 1 < n < k—2, such that Q<'NS¢! "o = 0 the following inequality

(diam Qny1)* < 4 /w(z)|dz1|+ / w(z)|dz| (6.16)
'y(l) ’Y(Z)
n+1 n+1

holds. In fact, by Lemma 5.6, in this case
diam Qp+1 < 4dist(Yn, Yii1). (6.17)
Note that, by property (1), for each j € {1,2}

YD NY, #£0 forall 2<n<k, and
VSLJ)OY;I;AQ) forall 1<n<k-1. (6.18)
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We also notice that, by definition (5.28), each set Y,,, is either a line segment parallel to
one of the coordinate axis, or a square. For such sets the following formula

dist(Yy, Yat1) = max {dist(Pr1(Y,), Pr1(Ya41)), dist(Pra (Vs ), Pra(Ya41))}

holds. Here Pr;j(A) denotes the orthogonal projection of a set A on the z;-axis, j = 1,2.
By this formula and (6.17), there exists j € {1,2} such that

diam Q41 < 4dist(Pr;(Yy,), Prj(Yoi1)).
For simplicity, let us suppose that j = 1 so that
diam Q41 < 4dist(Pry(Yy,), Pri(Yay1)) - (6.19)
By (6.18),
7214)-1 N nyl #0 and 7214)-1 N Yrﬁu # 0.

S a . h
mce ’7n+1 is continuous curve, we nave

dist(Pry (Yy), Pri (Y1) < length(Pry (1))

so that, by (6.19), diam Q, 11 < 4length(Pr1( )) On the other hand,

length(Pry (v, / |dz1 |

1
Will

so that

diam Q41 < 4 / |dz1].

77(11«21
By property (2) of the present lemma, the path 7n +1 cQ 1, and, by Definition 6.1,
w(z) = (diam Qnﬂ)P*l, 2z € Qny1. Hence,

o o
(diam Q1) = diam Qp 41 - diam Q75 < 4diam Q11 / |dz1| = 4 / w(z)|dz1]

1 1
Vill Viil

proving (6.16).
In the same fashion, using inequalities (5.32), we prove (6.16) forn =0 and n = k—1.
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Now let us consider those numbers n, 1 <n < k — 2, for which Q' NS, # 0. Then,
by (5.14) and property (5) of Lemma 5.3, diam Q,,4+1 < diam Qp42 and Q41N Sp43 = 0.
As we have proved, in this case

(diam @Qp42)* <4 /w(z)|dz1|—|— / w(z)|dzs]

(1) (2)

Tn+2 Yn42
so that
(diam Q1) < 4 / w(z)|dz| + / w(z)|dzal b (6.20)
(1) (2)
Tnt2 Vn+2

It remains to consider the last case where n = k — 2 and Q oM QCI = (). In this case,
by (5.14), diam Qr—1 < diam Q.
As we have noted above, for the case n = k — 1 inequality (6.16) holds. Hence,

(diam Qg—1) < diam Qf < 4 / w(z)|dz1] + / w(z)|dza]| ¢ - (6.21)
’Y;il) 'Y]E,Q)
Summarizing inequalities (6.16), (6.20) and (6.21), we obtain the following:
k k
=Y (@diamQu)2 <8 Y /w(z)|dzl| + /w(z)|dz2|
" "L e

But, by property (3) of the present lemma, for each j = 1,2, the sets {’y \{s(]) tm}}
are pairwise disjoint. Hence,

Igsi [w@lal+ [w@ial| <s| [ @i+ [ e

e 42 A (D) 2

n

The proof of the lemma is complete. O

Lemma 6.7. The following inequality

k
do(Z,7) < (12/a) > (diam Q)
n=1

holds.
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Proof. Let ¢, be the center of the square @,,, n=1,...,k, and let

n — Qn U Qn+1 UYn
We know that G,, is an open subset of N. See (5.25), (5.27) and (5.29).

By part (i) of Lemma 4.6, there exists a path v,, n = 1,...,k — 1, connecting ¢, to
Cn+1 in G, such that

leng,a, (n) < L llen — cnga ||
See (1.4). Since @, and Q,+1 are touching squares,
len = ensal = 3 (diam @, + diam Q1)
In addition, since G,, C 2, we have len, o < len, ¢, so that

len, o(vn) <lengq, (vn) < %(diam Qn + diam Q. 41)”
< g {(diam @,,)* + (diam @Q,,+1)%} .

In turn, by Lemma 4.5, there exists a path 7, joining ¢ to 4 in Q such that
leng g, (vk) < g llew —l®
Since Qx C Q and y € , we obtain

1611@79(’)/]6) < %(diam Qk)a < g(diam Qk)a

Let
k
= U
n=1
Then
k k—1

len, o(y) = Z leng o(v,) < (6/a) {(diam Qr)* + Z((diam Qn)" + (diam Qn+1)o‘)}

n=1 n=1

k
< (12/«) Z (diam Q)
n=1

But, by (1.5), do.o(Z,y) < leny (), and the proof of the lemma is complete. O

We are in a position to define the “rapidly growing” function on “The Narrow Path” V.
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Definition 6.8. Let m > 1, p > 2, and let Q C R? be a simply connected bounded
domain. Given z,y € ) we put

hi(z) == @1(2) + p2(2), z €N, (6.22)

and
him(z) == /gol(u)(zl —u))™ % dug + po(u) (20 — up)™ 2 dusy ,
8!

2= (21,22) EN, (6.23)

whenever m > 1. Here v € L(Z, 2) is an arbitrary path joining Z to ¢ in N with edges
parallel to the coordinate axes.

Recall that the functions ¢;, j = 1,2, are defined by (6.11).

Remark 6.9. As is customary,

/Pl,z(u) duy + PQ,Z('U/) dusg

B

where
P .(u) == ¢j(u)(z; — uj)m_z, ji=1,2, (6.24)

denotes the standard line integral of the vector field F = (P15, P2 ) along the path .
<

Lemma 6.10. (7). The function h,,, m > 1, is well defined, i.e., its definition does not
depend on the choice of the path v € L(Z, z) in formula (6.25);

(it). Let n € {1,...,m — 2} and let j € {1,2}. Then for every path v € L(Z,z) and
every z = (21, 22) € N the following equality

0" hpm, m — 2)! o
o ) = (n”E— 2 —)n)! / ()25 = )" du (6.25)
! ¥
holds. Furthermore,
8m_1hm
(2) = (m =2)1p;(2), z€WN, (6.26)

9zt
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and for every 81,82 >0, 1+ B2 <m—1

Lﬁlﬂhhm = on N. (6.27)
8zf 10257

Proof. (i) Let us consider the components Py := P; , and P; := P, , of the vector field
F.= (P15, P2 ) defined by (6.24). By this definition and Remark 6.4, the function P is
constant on each interval in A/ parallel to the zo-axis. In turn, the function P, is constant
on each interval in A parallel to the z;-axis. Hence,

or, or,
a—uQ = and a—u1 =0 on N
proving that
oP, 0P,
8—UQ = a—UI on N

By Proposition 5.5 and Lemma 5.8, “The Narrow Path” N is a simply connected plane
domain with a piecewise smooth boundary. Therefore, by Green’s Theorem, the value of
the function h,, in formula (6.23) does not depend on the choice of the path ~ in this
formula.

In the same fashion we prove that the integral in the right hand side of formula (6.25)
does not depend on the choice of the path v € L(Z, 2).

Prove (ii). We begin with the formulae (6.25) and (6.26). Let us prove these formulae
for j =1 (in the same way we prove (6.25) and (6.26) for j = 2).

Let

hom (2) := /(pl(u)(zl —u)) " % duy, z=(z1,22) €EN.

ol

Prove that for every n € {0,...,m—2}, every path v € L(Z, z) and every z = (21, 22) €
N the following equality
0" hm
0z

(m —2)!
(m—2—n)!

(2) = / () (25 — )2 duy (6.28)

Y

holds. Clearly, this equality implies (6.25), see (6.23).

We prove (6.28) by induction on n. For n = 0 nothing to prove. Suppose that (6.28)
holds for given n, 0 <n < m — 2, and prove this statement for n + 1.

Let zg = (250)7 zéo)) € N and let hy = (£,0), t € R. Let v € L(Z, z) and let

Yt := v U [20, 20 + h¢).



336 P. Shvartsman, N. Zobin / Advances in Mathematics 287 (2016) 237-346

Then for ¢ small enough we have:

6n+lﬁm

1 s
27t (2) = Anm i 2{/ o1(u)(z1 +t —up)™ 2 "duy

Yt

- [ a2 )

Y

where A, 1 = (m —2)!/(m — 2 — n)!. Hence,

an-&-lﬁm .
s (2) = An lim (11 (t) + I (2)) (6.29)
where
_ m—2—n __ _ m—2—n
Li(t) 5:/801(u)(21+t w) ; (21 — 1) duy
¥
and

1
L(t) = 5 / o1 (W) (21 + £ — )™ 2" duy |
[z,24+h]

Since the function ¢1(2) = pw,1(2,Z) is continuous and n < m — 2, the standard limit
theorem for the Riemann integral lead us to the following formula:

", (m — 2)!
o = =3 —ny

/<p1 (u)(z1 —u)™ 3" duy .

~

This proves (6.28) for n + 1.
In particular, for n = m — 2, we have

om2h
——(2) = (m —2)! / u) du
() = m =201 [ orfu)duy
¥
where v € L(Z, z) is an arbitrary path. Applying formula (6.29) to this case with n =
m — 2 we obtain:

O Tom () = (m — 2)! Tim * / P1(w) dur

azgﬂfl =0 t
[2,2+hy]

Since 1 is a continuous function, we have
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amflﬁm
——m () = (m—=2)pi(2), z€N.
0z]
Clearly, this equality implies (6.26) for j = 1.
The remaining identity (6.27) directly follows from the fact that, by formula (6.25),
for every n € {1,...,m — 2} the partial derivative 0"

0z7
N parallel to the z9-axis, and aa ZZ;" is constant on each interval in N parallel to the

is constant on each interval in

Z1-axis.
The proof of the lemma is complete. O

The results obtained in this section lead us to the following

Proposition 6.11. The function h,, = h,(z : T,7), z € N, defined by formulae (6.22)
and (6.23) belongs to L' (N) and satisfies conditions (6.5), (6.6) and (6.7).

Proof. Clearly, (6.5) follows from (6.11), (6.26) and (6.27). Prove (6.6). By formulae
(6.25), (6.26) and (6.27), h,, € C™ 1(N). Furthermore, by Lemma 6.5, the functions ¢,
j = 1,2, are locally Lipschitz on NV, so that, by (6.26) and (6.27), the function h,, belongs
to the space Cl”;c_l’l (N) of functions whose classical partial derivatives of order m—1 are
locally Lipschitz functions on A. It is well known that this space coincides with the space
L7 15c(N) so that the function h,, has (locally) the distributional partial derivatives of
all orders up to m. Hence, by Proposition 4.15, h,, possesses such derivatives on all of
the set N.

Furthermore, by (6.26),

0" h,, 0p, .
= — =L =1,2.
3,2;” (2) = (m —2) 72, (2), z€N,J ,

Combining this equality with (6.27), we obtain:

Il oy = (m—2)! (lpall sy + le2llzyn) -

Hence, by Lemma 6.5,

Vol ) < (20m =2 37 (diam Qo)

1

k
1=

so that, by Lemma 6.6,

1|

o < 820m =2 {o1(5) + 92()}

In turn, by Lemma 6.10,

Y DPr) @) = (m = 2)H(1(7) + 2(8)) (6.30)

|8l=m—1
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so that

Iy =SB S (D) )

proving (6.6).
The remaining inequality (6.7) directly follows from Lemma 6.7, Lemma 6.6 and
(6.30). The proposition is completely proved. O

Let us construct the function H,,(z) = H,,(z : Z,y) mentioned at the beginning of
the section.

Proposition 6.12. There exists a function H,, = H,,(z : Z,7), z € Q, satisfying conditions
(6.2), (6.3) and (6.4) with constants C; = C(m,p) 0% and Cy = C(m,p).

Proof. By Theorem 5.11, the function A, (2) = hm(z : T, %), 2 € N, extends to a function
Hp = Hy(z:2,9), 2 € Q, such that H,,, € L'(2) and

[ Hom|

L) < C(m,p) 02 ||

Ln(N) -

This inequality and (6.6) imply the following:

1Honll7 ) < Clm,p) 6% > D hin(3)].
|Bl=m—1

Since H,|ar = b, we obtain

Y. IDPha@l= Y [D°Hu(y) (6.31)

|Bl=m—1 |Bl=m—1

proving (6.3) with C; = C(m, p) 6%°.
Since h,, and H,, coincide on N, (6.5) implies (6.2) as well. Finally, (6.31) and (6.7)
imply inequality (6.4) with a constant Cy = C'(m,p) proving the proposition. O

Proofs of Theorem 1.5 and Theorem 1.8. As we have mentioned in Section 1, the first
inequality in (1.8) follows from Theorem 1.7.

Let us prove the second inequality in (1.8) which is equivalent to the statement of
Theorem 1.8. We use the approach suggested in Section 1 (after formulation of Theo-
rem 1.8).

Let €2 be a domain satisfying the hypothesis of Theorem 1.8. Since Hy,, € Ly'(£2), this
function extends to a function H € L*(R?) such that

[H Ly g2y < 0| Hmll Ly o) -
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Hence, by (6.3),
[H Iy ey < Clm.p) 67 - 6% - D (6.32)
where

D:= Y |DPHu(y).
|61=m—1

On the other hand, since H|q = H,,, by (6.2),

p p

pP=| > |D’H.(j)-D°Hn(@)|| =| Y |D’H(y)—-D’H (@)
|8l=m—1 |8l=m—1

so that, by the Sobolev—Poincaré inequality, see (1.15), and by (6.32),
D < Clm.p) [H|%y oy |12~ 77~ < Clm,p) 6% D 12— g~
Hence,
DP=t < C(m,p) 0 ||z — g||P~2.
Finally, by inequality (6.7),
da,0(#,5) < C(m,p) D < Clm,p) 977 7 =

The proofs of Theorems 1.5 and 1.8 are complete. O
7. Further results and comments
7.1. Equivalent definitions of Sobolev extension domains

Let p € [1,00], m € N, and let Q be a domain in R™. We recall that 2 is said to be a
Sobolev W,"-extension domain if there exists a constant 6 > 1 such that every function
f € W () extends to a function F' € Wi"(R") such that [|F|lwm@n) < 0 f[lwr o)

Note that this definition is equivalent to the isomorphism of the Banach spaces
W (R") and W (R")|q, i.e., to the equality

W R = W (). (7.1)
Here W} (R")|q denotes the trace space of all restrictions of W} (R")-functions to Q:

W R")|g={f:Q—=R: thereexists F & W(R") suchthat Flg= f}.
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W;"(R”)\Q is equipped with the standard quotient space norm

[fllwommenyo = f{|[Fllwmp@ny : F € W(R"), Flo = f}.

It is well known that the above definition can be slightly weakened. Namely, we may
assume that the trace space W"(R")|o and the Sobolev space W}"(Q2) coincide as sets.
In other words, we assume that the restriction operator R : W (R") — W;"(Q) is
surjective, i.e., that every function f € W"(f2) extends to a Sobolev function F' €
W (R™). Then € is a Sobolev W"-extension domain.

In fact, let

ker(Rq) := {F € W,"(R") : Flo =0}

be the kernel of the restriction operator, and let T : W (R")/ker(Rq) — W,"(2) be
the projection operator which every equivalence class [F] € W;"(R")/ker(Rq), F €
WZZ"(R”), assigns the function f = F|q. Clearly, T is a well defined bounded linear
injection (whose operator norm is bounded by 1). Since each f € W"(R") extends
to a function from W;”(R")7 the operator T is a bijection so that, by Banach Inverse
Mapping Theorem, it has bounded inverse T-! : W*(€2) — W;*(R")/ker(Rg). Hence
we conclude that isomorphism (7.1) holds proving that €2 is a Sobolev W,''-extension
domain (with 8 = | T~1)).

For various equivalent definitions of Sobolev extension domains we refer the reader to
[18]. Here we notice the following important statement proven in this paper:

Let Q C R™ be an arbitrary domain, 1 < p < oo and m a positive integer. Then 2
is a Sobolev W -extension domain if and only if there exists a bounded linear extension
operator £ : W(Q) — W (R").

More specifically, in [18] it is proven that if Q is a Sobolev W, -extension domain then
Q is a regular set, i.e., that there exists a constant 1 > 1 such that for every x € 2 and
0 < r <1 the following inequality

[B(z,r)| < n|B(x,r)N QY

holds. Here B(x,r) is the Euclidean ball centered at z with radius r.

Rychkov [31] proved the existence of a bounded linear extension operator
EWI(R") g — WH(R")

provided E is an arbitrary regular subset of R™. See also Shvartsman [32] where a
description of the trace space W,"(R")|g in terms of sharp maximal functions is given.
For further results related to characterizations of Sobolev spaces on subsets of R" we
refer the reader to [33.36].

Finally, we notice that the existence of a bounded linear extension operator from the
trace space W,;"(R")|g into W)*(R") whenever E' C R" is an arbitrary closed set and
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p > n has been proven in papers [33] (m =1, p € (n,0)), [20,36] (n =2, m =2, p > 2),
and [11] (arbitrary m, n, p > n).

7.2. Self-improvement properties of Sobolev extension domains

We turn to the proof of the “open ended property” of planar Sobolev extension
domains, see Theorem 1.6. We will also present some other results related to self-
improvement properties of Sobolev extension domains and subhyperbolic domains.
Proofs of these properties rely on the construction of the “rapidly growing” function
suggested in Section 6, and the following improvement of Theorem 1.7.

Theorem 7.1. (See Shvartsman [34].) Let m € N, n < p < 00, o = ’;_Trf, and let Q be an

a-subhyperbolic domain in R™. There exists p € (n,p) depending only on n, p, m and

m

pJOC(Q) extends to a function

Q, such that the following is true: every function f € L
Fe LT (R") such that

[ELm@®n) < ClfllLm @) (7.2)
where C' is a positive constant depending only on n, p, m and ).
This result enables us to prove the following stronger version of Theorem 1.8.

Theorem 7.2. Let 2 < p < 0o, m € N, and let o = g%f Let Q C R? be a bounded simply
connected domain. Suppose that () is a Sobolev Ly'-extension domain.
Then Q is an a-subhyperbolic domain where & € (0, ) is a constant depending only

on p, m and Q.

Proof. Since {2 is a Sobolev L;'-extension domain, by Theorem 1.5, € is an a-subhyper-
bolic domain. Furthermore, s,(£2) < C(p, m, ).

Hence, by Theorem 7.1, there exists a constant p = p(p,m, Q) such that p € (2,p)
and every function f € L7'(Q) extends to a function F' € L%"(R”) satisfying inequality
(7.2).

Let @ = (p—2)/(p—1). Then 0 < & < «. Prove that 2 is an a-subhyperbolic domain,
i.e., that for every z,y € Q) the following inequality

dz0(@,9) < Clz—g[° (7.3)

holds. Here C' = C(p, m, ).

We prove this property by constructing corresponding “rapidly growing” function for
the exponent p. In other words, we repeat the definitions related to the “rapidly growing”
function for Z, y replacing in these definitions the exponent p with p. See Section 6.
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In particular, we modify Definition 6.1 by letting
(2) == (diam Q) 77,z € Qs

and w=0on N\ U{Q;:i=1,...,k}.

Then we define a pseudometric pg ;, j = 1,2, by replacing in (6.10) and Definition 6.3
the weight w with the new weight w.

At the next step we define functions ¢;, j = 1,2, by letting

SZJ(Z) = pﬁ,j(z7-’f), zeN.

Cf., (6.11). Note that repeating the proof of Lemma 6.5 we obtain an analogue of (6.14)
for ¢;, i.e., an inequality

lp1(u) — 1(0)] < Wmaz|u — ]| (7.4)

Here u, v are two arbitrary points of a square K C ) and

- ~ . =5
Wmaz = Ig?/\)/(’ll/(Z) - 112%}(19((11&111 Q’L) ! :
Cft., (6.13).
Now we are able to define a function h,, on N by replacing in Definition 6.8 the
function ¢; with @;, j = 1,2. Then the following analogues of (6.26) and (6.27) hold:

am—lﬁm B
o1 (B = (m=21g;(z), zeN,
J
and
6514‘,@'2%7”
SooE=0 on N A0S mo L
21 0%

Combining these properties of l~Lm with inequality (7.4), we conclude that for every
multiindex §,|8] = m — 1, and every square K C () the partial derivative DPh,, is a
Lipschitz function on K with the norm ||DB?Lm||Lip(K)~§ Waq- In other words, on each
square K C € the function h,, € C"™ Y (K) so that hy, € LZ(K) and [[hmllpm (k) <
Waz- By this inequality and Proposition 4.15, Em € L7 (Q) and H7Lm||ngo(Q) < Wmaz-

At the next step we construct an analogue of the function H,,, a function I;Tm, for
which analogues of (6.2), (6.3) and (6.4) hold. Thus

DPH, (z) =0 for every multindex S with |3]=m —1, (7.5)

| HollZ oy <G D2 D Hiu ()] (7.6)
|Bl=m—1
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and

dao(r,5) < Co > |DPHy(3)]: (7.7)
|Bl=m—1

Here @, j = 1,2, are positive constants depending only on p, m and e(L;'(€)).
Furthermore, we claim that

H, € L"(Q). (7.8)

Prove this property of ﬁm. Recall that ﬁm is an extension of h,, from N to Q. The
corresponding extension operator Tq : L;"(./\/') — L3'(2), p > 2, is constructed in the
proof of Theorem 5.11. This construction relies on the extensions of L;'-functions from
certain family D of domains D C €2 of very special geometrical structure. We mean the
domains G; and H;, see (5.47) and (5.48), and the domains {G} defined in Lemma 4.6.
See also Lemma 5.10 and Proposition 4.13.

Note that each special domain D € D is a union of at most three squares. Furthermore,
we have proved that every special domain is an a-subhyperbolic set for all o € (0, 1].

Recall that an extension operator £p : LI (D) — LI (R?) where D is a subhyperbolic
domain has been constructed in [34]. This operator is a Whitney-type extension operator,
and its definition does not depend on p. Various approximation properties of £p have
been studied in [34]. In particular, one of them, Theorem 3.1 proven in [34], and standard
estimates for the Whitney extension operators, see, e.g., Stein [37], Ch. 6, provide the
required property T : L7 (N) — L™ () proving (7.8).

We finish the proof of Theorem 7.2 following the scheme of the proof of Theorem 1.8.
More specifically, we use an analogue of formula (6.1) and define a function E, =
ﬁm(z;;@y), z €9, by

SIE

Fu(z:2,9):=| Y. [DPH,(5) - Hp(z:%,7).
|Bl=m—1

Then properties (7.5), (7.6) and (7.7) imply corresponding properties of F,,, which are
analogues of (1.10), (1.11) and (1.12). Thus D®F,,(z) = 0 for all g, |3| = m — 1, the
norm |[F, ||z (@) < C1, and

dan(@.9)' 77 < Co > [DPEL(5))
|Bl=m—1

Furthermore, by (7.8), Fy,, € L™ (). Since  is bounded, the function F,, € Ly (9).
This enables us to apply Theorem 7.1 to F,,. By this theorem, F},, extends to a function
Fe L%”(RQ) such that
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1F ] L r2) < Cll Pl () < C Ch. (7.9)

Inequality (7.9) is an analogue of inequality (1.14). We follow the scheme suggested
after this inequality, and replace in estimates (1.15), (1.16) and (1.17) the function F
with .7-" p with p, and F;, with F . As a result, we obtain an analogue of inequality
(1.17) which states that

daa(@,9)' "7 < Cllz —g)'"
proving (7.3) and the theorem. 0O

Proof of Theorem 1.6. By Theorem 7.2, the domain §2 is an a-subhyperbolic domain for
some @ € (0,a) depending only on p, m and Q. Let p : 2:—a7 so that a = ‘;%' Since
0<a<a,wehave 2 < p < p.

Let p < ¢ < oo and let o* = Z%f. Clearly, 0 < a < o < 1. Since  is an
a-subhyperbolic domain, by a result proven in [2] (see there Proposition 2.4) Q is an
a*-subhyperbolic domain. Furthermore, sqo~(Q) < C(a, a*, s4(2)). See (1.7).

Finally, using Theorem 1.7 we conclude that 2 is an L’;—extension domain proving the
theorem. 0O

Now we are able to prove the following property of subhyperbolic domains.

Theorem 7.3. Let a € (0,1) and let  C R? be a bounded simply connected a-subhyper-
bolic domain. Then Q is a B-subhyperbolic domain where B € (0,a) is a constant
depending only on a and €.

Proof. Let p : —g so that a = :é. Then, by Theorem 1.7,  is an Lzlj—extension
domain so that, by Theorem 7.2, Q is an a-subhyperbolic domain where & € (0, «) is a

’E

constant depending only on p and Q. O

For a discussion related to this self-improvement property of subhyperbolic domains
we refer the reader to [34], p. 2209-2210.
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