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Chapter 1

Introduction

I was standing under a large tree on a pleasant and still day several years ago. The stillness was
interrupted by a large branch, about six inches in diameter, crashing to the ground about ten feet
from where I was standing. I walked away knowing that I was just feet away from a major, random
catastrophe. We live in a world of events that occur at random, and probability is a way of measuring
and predicting this randomness. Consider the following examples:

e a reliability engineer contemplates the number of spare parts needed to support a fleet of
mining trucks;

e an actuary analyzes data compiled in life tables to determine appropriate premiums for term
life insurance policies;

¢ a medical doctor decides what action to take based on two tests—one with a positive result
and one with a negative result;

¢ a college student scans the sky to help determine whether to take an umbrella to class;

¢ a toddler slowly reaches up toward the counter to grab a forbidden cookie, contemplating
likely outcomes;

e a young mother sends her child off to kindergarten for the first time, wondering if the school
has adequate evacuation plans if it is hit by a meteor.

Each of these people, in one fashion or another, at one level of sophistication or another, and at one
level of rationality or another, is assessing probabilities. The notion of probability is very intuitive,
and all of us make dozens of decisions every day based on probability assessments.

The purpose of this book is to hone your already-intuitive probability notions into a mathematical
framework. In this way, when you are confronted with a complex problem involving probability, you
will be able to confidently use this framework to craft a solution.

Although intuition typically works well when it comes to probability, it occasionally breaks
down. The following two examples are probability questions whose solutions defy intuition.

Example 1.1 The “birthday problem” is usually stated along the following lines:

If 40 people are gathered in a room, what is the probability that two or more
people have the same birthday?

The year that the 40 people were born is not considered in this problem. People typically
guess too low when asked to estimate this probability. One of the more common guesses
that I encounter is 40/365. The probability is about 0.89, so it is very likely that one or
more birthdays will match in a room of 40 people. This problem will be solved using
complementary probabilities and the multiplication rule in Chapter 2.



Example 1.2 The second problem is alternatively called the “car and goats” problem,
the “Monty Hall” problem, or the “Let’s Make a Deal” problem after the popular tele-

vision game show.

Suppose you're On a game show and you're given the choice of three doors.
A car is placed behind one door; goats are placed behind the other two doors.
The car and the goats Were placed randomly behind the doors before the
show. The rules of the game show are as follows: After you have chosen
a door, the door remains closed for the time being. The game show host,
Monty Hall, who knows what is behind the doors, now has to open one of
the two remaining doors, and the door he opens must have a goat behind it.
If both remaining doors have goats behind them, he chooses one randomly.
After Monty Hall opens a door with a goat, he will ask you to decide whether
you want to stay with your first choice or to switch to the last remaining door.
Imagine that you chose Door 1 and the host opens Door 3, which has a goat.
He then asks you: Do you want to switch to Door Number 27 Is it to your
advantage to change your choice?

The intuitive answer to this question is that there is no advantage (o switching doors.
The car is behind one door and the second goat is behind the other door, so the two
results are equally likely. This problem was stated in a slightly different form in a letter
to Marilyn vos Savant’s Ask Marilyn column in Parade magazine in 1990. The solution,
which states that changing doors doubles the probability of getting the car from 1/3 to
273 created a barrage of about 10,000 letters, nearly 1000 of which came from PhD’s,
stating that the solution was WIOng. We will use Bayes” Rule in Chapter 2 to show that
her solution was indeed correct.

The next section gives a sampling of a few more probability questions that will appear sub-
sequently in the book, along with some pointers toward one of the most common applications of
probability: the analysis of data using statistical techniques.

1.1 Applications

Probability is a branch of mathematics that describes experiments whose outcome can’t be predicted
with certainty prior to performing the experiment. It was first studied by Blaise Pascal and Pierre de
Fermat in the 17th century and applied to gambling games. Here is an example of such a gambling
game.

Example 1.3 Toss a pair of dice 24 times. You win if you roll double sixes at least
once. Find the probability of winning.

This problem can be easily solved using the tools provided in this book. There are
certain assumptions that can be made, for example, the dice are fair and the rolls are
independent. Once these assumptions are made, the axioms and results provided in
Chapter 2 will yield a solution to this problem of

P(winning) = 1 — P(losing)

1 — P(tossing no double sixes)

24
(%
36

0.4914.

R

The fact that the probability is close to 0.5 will draw gamblers to the game; the fact that
the probability is slightly less than 0.5 assures that the house will draw revenue from
the game in the long run.
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The questions that can be addressed via probability techniques apply to many important ap-
plied fields beyond gambling games. Application areas include genetics, actuarial science, casualty
insurance, meteorology, stock market analysis, economics, quality control, reliability, medicine,
biostatistics, marketing, strength of materials, human factors, and sociology, just to name a few.

To illustrate the variety of problems that can be addressed using the tools of probability, two
more simple examples are presented below.

Example 1.4 Find the probability of dealing a five-card poker hand containing a full
house from a well-shuffled deck of playing cards.

Questions of this nature also require assumptions. For example, assume that we are
playing with a full deck and that all of the possible shufflings are equally likely. Again,
using the techniques from Chapter 2, the probability of dealing a full house (three cards
having one denomination and two cards having another denomination) is

DDEE)  13-12:4.6 3744 6
P(full house) = _ _ _ N
(full house) & 7,598 960 — 2,598,960 — a7g5 = 000144

The binomial coefficient (’:) will be defined in the next section. So with a probability
of dealing a full house being just a bit over 1 in 1000, one can conclude that this will
not occur often.

Leaving the realm of gambling games, we now switch from working with problems involving
discrete outcomes to a problem involving a continuous outcome,

Example 1.5 Probability problems involving sums of random quantities often arise. In
this example, let X;, X2, ..., X0 be independent random variables that are uniformly
distributed between O and 1. That is, each of the random variables assumes a con-
tinuous value between 0 and 1 with equal likelihood. Most calculators and computer
programs have a random number generator capable of producing such numbers. Find
the probability that their sum lies between 4 and 6, that is,

10
P(4< ZX,<6).

i=1

A well-known approximation known as the central limit theorem (introduced in Chap-
ter 8) yields only one digit of accuracy for this particular problem. Another approxima-
tion technique known as Monte Carlo simulation requires custom computer program-
ming, and the result is typically stated as an interval around the true vatue. This problem
can also be solved exactly using some of the techniques and software provided in this

text yielding
10
655177
P (4 & i);lxi < 6) S ~().7222.

Notwithstanding the obvious benefit of probability calculations to a gambler, a more significant
application of probability theory lies in the field of inferential statistics, which has the goal of draw-
ing inferences (conclusions) about the population from which a data set was drawn. The field of
statistics was first studied as numerical data was collected on political units (for example, a census).
This has eventually evolved into what is now known as “political science.” The following examples
illustrate the graphical and numerical analysis of a data set using standard statistical techniques. The
letter n is used nearly universally to denote the sample size, which is the number of data values
collected.
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Example 1.6 (Ball bearing failure times) Consider the data set of n = 23 ball bearing
failure times (measured in 100 revolutions):

17.88 28.92 33.00 41.52 4212 45.60 48.48 51.84
5196 54.12 55.56 67.80 68.64 68.04 68.88  84.12
93.12 98.64 105.12 105.84 127.92 128.04 173.40.

There are several things that one can do to analyze such a data set. Computing certain
numerical measures that summarize a data set is common, particularly with large data
sets. The two most commonly used sample statistics are the sample mean and the sam-
ple variance. Using the notation xj, X2, - . -, Xp to denote the data values, the formulas
for the sample mean X and sample variance s are
f*li"x-—7222 and o= i(x‘——i)2:14054
—nizll— ' n—1:= l o

The sample mean is a measure of the central tendency of a data set; the sample variance
is a measure of the dispersion of a data set. The sample mean has the same units as
the data values. The positive square root of the sample variance, known as the sample
standard deviation, s =37.49 for this data set, also has the same units as the data values.
These two quantities are random in the sense that a data setof n = 23 other ball bearings
would produce ditferent values for % and s2. These quantities are (0 be distinguished
from the population mean and the population variance 62, which would be obtained
if we sampled the entire population of ball bearings.

In addition to summarizing the data set with numerical values such as X and s, there
are also some graphical procedures that can be applied to a data set. A histogram is
useful for determining the shape of a probability distribution; it is the statistical analog
of a function to be introduced in Chapter 3 known as a probability density function. A
histogram for the ball bearing lifetimes is shown in Figure 1.1. The horizontal axis i8
the failure time and the vertical axis is the number of ball bearing failure times that fall
in each of the cells of width 20. The histogram reveals a clumping of the data around
50 million revolutions and also reveals that the largest of the ball bearing failure times,
173.40 million revolutions, lies significantly to the right of the others. The data set ap-
pears to come from a population with a single mode (peak) near 50 million revolutions.
Issues associated with a histogram include choosing the number of cells and cell bound-
aries, which are arbitrary decisions made by the data analyst. Unfortunately, histograms
are not good graphical instruments for comparing two or more distributions.
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Figure 1.1: Histogram of ball bearing failure times.






